
Abbreviations 
and Symbols* 

ABBREVIATIONS 

allow 
av 
er 
F.S. 
ft 
Hp 
Hz 
in. 

k 
kg 
kip 
ksi 
lb 
m 
max 
min 

A 
Pa 

allowable 
a erage 
critical 
factor of afety 
feet 
hor .epower 
hertz 
inche 
kip 
kilogram 
kilo-pound (1,000 lb) 
kip per quare inch 
pound (from Latin libra meaning weight) 
meter 
maximum 
minimum 
newton 
neutral axi 
pascal 

•With very few t:.\ccption,. the abbre, 1ations and letter symbol ~hown here conform wllh tho,t: 
approved by the American Standard Association. 

ROMAN LETTER SYMBOLS 

® area bounded by center line oft he perimeter of a thin tube 
A area, area of cro section 
A r~h1 partial area of beam cro ectional area 
b bread th, width 
c distance from neutral axis or from center of twi t to extreme fiber 
d diameter, di tance. depth 
E modulu of ela ticity in ten ion or com pre · ion 
e eccentricity 
F force. allowable tre . (AISC notation) 
J frequenc . computed tre · ( I C notation) 
G modulus of ela ticity in hear 
g acceleration of gravity 
h height. depth of beam 
I moment or inertia of cro sectional area 
J polar moment of inertia of cro ectional area 
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K 
k 
L 
M 

Mp 
111 

N 
n 
p 

p 
Q 
q 
R 
s 
r 
T 
I 

u 
II 

V 
V 

w 
w 

y 
z 
pl 
rad 
rpm 
s 
s 
ult 
w 

YP 

tress concentration factor 
spring constant, con tanc 
length 
moment, bending moment 
pla tic moment 
mass, moment caused by virtual unit load 
number of revolutions per minute 
number. ratio of moduli of elasticity 
force, concentrated load 
pressure inten ity 
fir tor tatical moment of area A rghj around neutral axis 
distributed load intensity, shear flow 
reaction, radius 
elastic ection-modulu (S= f ie) 
radius. radiu of gyration 
torque, temperature 
thickness. width, tangential deviation 
train energy, work 

internal force cau ed by virtual unit load, axial or radial displacement 
shearing force (often vertical), volume 
Iran ver e deflection of beam, velocity 
total weight, work 
weight or load per unit of length 
di lance from neutral axis 
pla tic section modulus 
pound per quare inch 
radian 
revolutions per minute 
S- hape (standard) steel beam 
second 
ultimate 
W- hape (wide flange) steel beam 
yield point 

GREEK LETTER SYMBOLS 

a (alpha) 
'Y (gamma) 
6 (delta) 
e (epsilon) 
0 (theta) 
K (kappa) 
>. (lambda) 
V (nu) 
p (rho) 
(I (sigma) 
T (tau) 

<P (phi) 

linear coefficient of thermal expansion, general angle 
hearing train. weight per unit volume 

total deformation or deflection, change of any de ignated function 
normal train 
slope angle for elastic curve, angle of inclination of line on body 
curvature 
eigenvalue in column buckling problems 
Poisson' ratio 
radius, radius of curvature 
ten ·ile or com pre ive stres (i.e., normal stress) 
shearing tre 
total angle of twi t, general angle 

,, 
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Preface to 
the Second Edition 

In the mid-sixties strong pressures developed to revise the first edition 
of this book. At that time this was prompted mainly by the need for a text 
with a more mathematically rigorous approach, which was favored in some 
of our engineering schools. In revising and re-arranging the original text, 
some of the sections were entirely re-written and some new material added. 
This changed the character of the book, and it was re-titled Introduction to 
Mechanics of Solids (Prentice-Hall, Inc., 1968). The new book had an 
excellent reception. Nevertheless, demand for the original text continued. 
It is remarkable that an unrevised engineering text, with numerous others 
available, was being reprinted twenty-three years after it had made its first 
appearance. Therefore it was decided to up-date the original text wherever 
necessary, but basically leave the treatment very similar to what it was 
before. This implied a practical orientation of the text, a gradual develop­
ment of the subject, and adherance to the widely used beam sign convention 
for shears and moments. The coming change to the Systeme Internationale 
system of units provided the immediate impetus for this work. 

In this edition the SI system of units is used side-by-side with the 
English. It is hoped that this approach will prove useful, both to the student 
and the teacher, for the necessary transition to the new units. If this subject 
were pure Newtonian mechanics, a strong temptation for consistency may 
have suggested the use of the SI system of units only. But in a design-oriented 
subject such as this is, and for a text which definitely emphasizes practical 
applications, this does not seem possible now. The data available on the 
mechanical properties of materials, as well as the commercially available 
sizes of angles, bolts, steel beams, timber, etc., in the United States, are still 
being given in the English system of units. It will take some time before 
such information becomes generally available in SI units; in the meantime, 
confusing as this may be, an engineering student will have to become 
acquainted with the dual system of units. 

This book is designed for use in an undergraduate course in Strength 
or Mechanics of Materials. Fundamental principles of the subject are 
emphasized throughout. Applications are selected from the various fields 
of engineering. 

xi 
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It is assumed that the reader has completed a course in Statics. How­
ever, those topics which are particularly important in Mechanics of Materials 
are reviewed where introduced. 

The various articles are arranged in a logical sequence that has proved 
very effective in the author's teaching experience. However, some instructors 
may wish to combine the study of Chapter 1 with Chapter 4, treating this 
part of the course as a review of Statics. Some may find it advantageous to 
proceed to the articles in Chapter 10 on the construction of shear and 
moment diagrams right after the study of Chapter 4. For this purpose 
Articles 10-5 through 10-8 are recommended. Other instructors may find it 
desirable to introduce combined stresses by assigning for simultaneous 
reading the early articles in Chapter 8 with those in Chapter 9. 

The book contains more material than can be covered in a one-quarter 
or a one-semester course. To assist instructors in selecting material for such 
courses, articles of an advanced or specialized nature are preceded by an 
asterisk for possible omission. Moreover, with very few exceptions, each 
chapter is written so as to introduce gradually the more complex material. 
Thus, study of a particular topic may be terminated where desired. Chapters 
14 and 16 may be entirely omitted. On the other hand, Chapters 10, 11 , 
12, 13, and 14 can form a basis for an introductory design course in structural 
steel, whereas Chapter 16 may be covered with more mathematically inclined 
classes. 

More advanced topics are interspersed throughout the book wherever 
justified for logical development of the subject. This treatment has two 
desirable effects. First, the more inquisitive reader is presented with the 
elaborate treatment he prefers. Second, the book can serve as a reference 
work after it has served its purpose as a text. 

Among the more advanced topics treated in this text are the generalized 
Hooke's Jaw, stress concentrations, inelastic torsion of shafts, plastic analysis 
of beams, curved bars, shear center, Mohr's circles of stress and strain, 
strain rosettes, a description of the photoelastic method of stress analysis, 
force and displacement methods of indeterminate analysis, virtual work 
method for deflection of beams and trusses, and analysis of thick-walled 
cylinders. The book includes an extensive practical treatment of concentrically 
and eccentrically loaded columns, as well as self-contained treatment of 
structural connections, including those with high-strength bolts, and welding. 

Numerous illustrative examples are given to show not only how to set 
up a problem, but to explain the limitations of the solution. A large number 
of problems for solution appear at the end of each chapter. These are 
presented to parallel the text discussion and are arranged approximately in 
order of difficulty. The longer or more difficult problems are identified with 
an asterisk. Answers are given to many problems. More than a third of all 
the problems were used in examinations. In many instances the data given 
are selected so as to simplify numerical solution for the reader. Some prob­
lems are academic, designed to emphasize the principles studied. And to 
maintain student interest, realistic problems are interspersed throughout the 

PREFACE TO SECOND EDITION xii 
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text. Many problem solutions require the use of free-body diagrams to 
bolster the student's knowledge of Statics and to make the course in 
Mechanics of Materials truly continuous with the one in Statics. 

The development of this book was strongly influenced by the author's 
colleagues, his students, and the numerous books published both here and 
abroad. The privilege of studying under S. Timoshenko and T. von Karman 
remains memorable. Special gratitude is due, however, as in the first edition, 
to the author's colleagues in the Division of Structural Engineering and 
Structural Mechanics in the Department of Civil Engineering at the Uni­
versity of California, Berkeley. Of this group the author wishes to especially 
thank Professors H. D. Eberhart, K. S. Pister, and A. C. Scordelis for 
stimulating discussions, for constructive criticism, and their generous assis­
tance with the problems for solution. Professor R. W. Clough kindly pro­
vided the photograph of a photoelastic experiment and several problems for 
solution. Other present and former members of the staff, including col­
leagues from the Mechanical Engineering Department, provided much 
valuable material for the problems for solution, among these it is a pleasure 
to acknowledge Professors F. Baron, J. Bouwkamp, B. Bresler, C. L. 
Monismith, J. Penzien, D. Pirtz, M. Polivka, C. W. Radcliffe, R . A. Seban, 
C. F. Scheffey, E. L. Wilson and the late C. T. Wiskocil. 

In preparing the second edition of the book the author is greatly 
indebted to two of his former students who made the appearance of this 
book possible. Dr. S. Nagarajan reviewed the entire text, revised example 
problems where appropriate into the SI units, and prepared drafts on the 
new material. Dr. Z. A. Lu assisted with the assembly of the problems for 
solution. In an effort to reduce possible errors, all problems offered for 
solution by the student were worked through main ly by J. K. Watt, and 
some by P. Hashimoto. 

The Prentice-Hall staff was most cooperative in bringing out this new 
edition of the book. Lastly, the author again is deeply indebted to his wife, 
Irene, for her continual help with the manuscript. 

PREFACE TO SECOND EDITION 

E. P. PoPov 
Berkeley, California 
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Stress 
Axial Loads 

1-1. INTRODUCTION 

In all engineering construction the component parts of a structure must 
be assigned definite physical sizes. Such parts must be properly proportioned 
to resist the actual or probable forces that may be imposed upon them. Thus, 
the waIJs of a pressure vessel must be of adequate strength to withstand the 
internal pressure; the floors of a building must be sufficiently strong for their 
intended purpose; the shaft of a machine must be of adequate size to carry the 
required torque; a wing of an airplane must safely withstand the aerodynamic 
loads which may come upon it in flight or landing. Likewise, the parts of a 
composite structure must be rigid enough so as not to deflect or "sag" exces­
sively when in operation under the imposed loads. A floor of a building may 
be strong enough but yet may deflect excessively, which in some instances 
may cause misalignment of manufacturing equipment, or in other cases 
result in the cracking of a plaster ceiling attached underneath . Also a member 
may be so thin or slender that, upon being subjected to compressive loading, 
it will collapse through buckling; i.e., the initial configuration of a member 
may become unstable. Ability to determjne the maximum load that a 
slender column can carry before buckling occurs, or determination of the 
safe level of vacuum that can be maintained by a vessel is of great practical 
importance. 

In engineering practice, such requirements must be met with minimum 
expenditure of a given material. Aside from cost, at times-as in the design 
of satelJites-the feasibility and success of the whole mission may depend on 
the weight of a package. The subject of mech,anics of materials, or the strength 
of materials, as it has been traditionally called in the past, involves analytical 
methods for determining the strength, stiffness (deformation characteristics), 
and stability of the various load-carrying member~lternately, the subje;t 
may be termed the mechanics of solid deformable bodies. 

Mechanics of materials is a fairly old subject, generally dated from the 
work of Galileo in the early part of the seventeenth century. Prior to his 
investigations into the behavior of solid bodies under loads, constructors 
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followed precedents and empirical rules. Galileo was the first to attempt to 
explain the behavior of some of the members under load on a rational basis. 
He studied members in tension and compression, and notably beams used in 
the construction of hulls of ships for the Italian navy. Of course much pro­
gress has been made since that time, but it must be noted in passing that much 
is owed in the development of this subject to the French investigators, among 
whom a group of outstanding men such as Coulomb, Poisson, Navier, St. 
Venant, and Cauchy, who worked at the break of the nineteenth century, 
has left an indelible impression on this subject. 

The subject of mechanics of materials cuts broadly across all branches 
of the engineering profession with remarkably many applications. Its methods 
are needed by designers of offshore structures; by civil engineers in the design 
of bridges and buildings; by mining engineers and architectural engineers, 
each of whom is interested in structures; by nuclear engineers in the design of 
reactor components; by mechanical and chemical engineers, who rely upon 
the methods of this subject for the design of machinery and pressure vessels; 
by metallurgists, who need the fundamental concepts of this subject in order 
to understand how to improve existing materials further; finally, by elec­
trical engineers, who need the methods of this subject because of the impor­
tance of the mechanical engineering phases of many portions of electrical 
equipment. Mechanics of materials has characteristic methods all its own. It 
is a definite discipline and one of the most fundamental subjects of an engi­
neering curriculum, standing alongside such other basic subjects as fluid 
mechanics, thermodynamics, and basic electricity. 

The behavior of a member subjected to forces depends not only on the 
fundamental laws of Newtonian mechanics that govern the equilibrium of the 
forces but also on the physical characteristics of the materials of which the 
member is fabricated. The necessary information regarding the latter comes 
from the laboratory where materials are subjected to the action of accurately 
known forces and the behavior of test specimens is observed with particular 
regard to such phenomena as the occurrence of breaks, deformations , etc. 
Determination of such phenomena is a vital part of the subject, but this 
branch of the subject is left to other books.* Here the end results of such 
investigations are of interest, and this course is concerned with the analytical 
or mathematical part of the subject in contradistinction to experimentation . 
For the above reasons, it is seen that mechanics of materials is a blended 
science of experiment and Newtonian postulates of analytical mechanics. 
From the latter is borrowed the branch of the science called statics, a subject 
with which the reader of this book is presumed to be familiar, and on which 
the subject of this book primarily depends. 

This text will be limited to the simpler topics of the subject. In spite of 
the relative simplicity of the methods employed here, however, the resulting 

*See H . E. Davis, G. E. Troxell, and C. T. Wiskocil, Testing and Inspection of Engi­
neering Materials (2nd ed.), New York: McGraw-Hill, 1955. See also L. H . Yan Vlack, 
Material Science for Engineers, New York : Addison-Wesley, 1970. 
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A 

(a) 

techniques are unusually useful as they do apply to a vast number of techni­
cally important problems. 

The subject matter can be mastered best by solving numerous problems. 
The number of formulas necessary for the analysis and design of structural 
and machine members by the methods of mechanics of materials is remarka­
bly small; however, throughout this study the student must develop an 
ability to visualize a problem and the nature of the quantities being computed. 
<;omplete, carefully drawn diagrammatic sketches of problems to be solved 
will a large dividends in a quicker and more complete wartery of tbi.uubfect. 

1-2. METHOD OF SECTIONS 

One of the main problems of mechanics of materials is the investiga­
tion of the internal resistance of a body, that is, the nature of forces set up 
within a body to balance the effect of the externally applied forces. For this 
purpose, a uniform method of approach is employed. A complete diagram­
matic sketch of the member to be investigated is prepared, on which all 
of the external forces acting on a body are shown at their respective points of 

(b) 

(c) 

application. Such a sketch is called a free-body 
P2 diagram. All forces acting on a body, including 

the reactive forces caused by the supports and the 
weight* of the body itself, are considered external 
forces. Moreover, since a stable body at rest is in 
equilibrium, the forces acting on it satisfy the 
equations of static equilibrium. Thus, if the forces 
acting on a body such as shown in Fig. 1-l(a) satisfy 
the equations of static equilibrium and are all 
shown acting on it, the sketch represents a free­
body diagram. Next, since a determination of the 
internal forces caused by the external ones is one of 
the principal concerns of this subject, an arbitrary 
section is passed through the body, completely 
separating it into two parts. The result of such a 
process can be seen in Figs. 1-l(b)and (c) where an 
arbitrary plane ABCD separates the original solid 
body of Fig. 1-1 (a) into two distinct parts. This 

Fig. 1 -1. Sectioning of a body 
process will be referred to as the method of sections. 

Then, if the body as a whole is in equilibrium, any part of it must also be 
in equilibrium. For such parts of a body, however, some of the forces 
necessary to maintain equilibrium must act at the cut section . These consi-

*Strictly speaking, the weight of the body, or more generally, the inertial forces due to 
acceleration, etc., are "body forces," and act throughout the body in a manner associated 
with the units of volume of the body. However, in most instances, these body forces can be 
considered as external loads. 
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Fig . 1-2. The normal 

and shearing compo­

nents of stress 

derations lead to the folJowing fundamental conclusion: 
the externally applied forces to one side of an arbitrary cut must be balanced by 
the internal forces developed at the cut, or briefly, the external forces are 
balanced by the internal forces. Later it will be seen that the cutting planes 
will be oriented in a particular direction to fit special requirements. However, 
the above concept will be relied upon as a first step in solving all problems 
where internal forces are being investigated. 

In discussing the method of sections, it is significant to note that some 
bodies, although not in static equilibrium, may be in dynamic equilibrium. 
These problems can be reduced to problems of static equilibrium. Fir~t, the 
acceleration of the part in question is computed, then it is multiplied by the 
mass of the body, giving a force F = ma. If the force so computed is applied 
to the body at its mass center in a direction opposite to the acceleration, the 
dynamic problem is reduced to one of statics. This is the so-called d'Alembert 
principle. With this point of view, all bodies can be thought ofas being instan­
taneously in a state of static equilibrium. Hence for any body, whether in 
static or dynamic equilibrium, a free-body diagram can be prepared on which 
the necessary forces to maintain the body as a whole in equilibrium can be 
shown. From then on the problem is the same as discussed above. 

1-3. STRESS 

In general, the internal forces acting on infinitesimal areas of a cut may 
be of varying magnitudes and directions, as is shown diagrammatically in 
Figs. 1-l(b) and (c). These internal forces are vectorial in nature and maintain 
in equilibrium the externally applied forces. In mechanics of materials it is 
particularly significant to determine the intensity of these forces on the 
various portions of the cut, as resistance to deformation and the capacity of 
materials to resist forces depend on these intensities. In general, these intensi­
ties of force acting on infinitesimal areas of the cut vary from point to point, 
and, in general, they are inclined with respect to the plane of the cut. In 
engineering practice it is customary to resolve this intensity of force perpen­
dicular and parallel to the section investigated. Such resolution of the intensity 
of a force on an infinitesimal area is shown in Fig. 1-2. The intensity of the 
force perpendicular or normal to the section is called the normal stress at a 
point. In this book it will be designated by the Greek letter (1 (sigma). As a 
particular stress genera lly holds true only at a point, it is defined mathe­
matically as 

1
. L\F 

(1 = 1m AA 
6A O L.l 

where Fis a force acting normal to the cut, while A is the corresponding area. 
It is customary to refer to the normal stresses that cause traction or tension 
on the surface of a cut as tensile st resses. On the other hand , those that are 
pushing against the cut are S!!!J21?ressive stresses. 
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ART. 1-3 STRESS 

The other component of the intensity of force acts parallel to the plane 
of the elementary area, as in Fig. 1-2. This component of the intensity of force 
is called the shearing stress. It will be designated by the Greek letter -.(tau). 
Mathematically it is defined as 

l
. .6V 

-r = un-
&A- o .6A 

where A represents area, and Vis the component of the force parallel to the 
cut. It should be noted that these definitions of stresses at a point involve the 
concept of letting .6A O and may be questionable from a strictly atomic 
view of matter. However, the homogeneous model implied by these equations 
has been a good approximation to inhomogenous matter on the macroscopic 
level. Therefore, this so-called phenomenological approach is used. 

The student should form a clear mental picture of the stresses called 
normal and those called shearing. To repeat, normal stresses result from 
force components perpendicular to the plane of the cut, while shearing 
stresses result from components parallel to the plane of the cut. 

It is seen from the above definitions of normal and shearing stresses 
that, since they represent the intensity of force on an area, stresses* are 
measured in units of force divided by units of area. Since a force is a vector 
and an area is a scalar, their ratio, which represents the component of stress 
in a given direction, is a vectorial quantity.t 

It should be noted that stresses multiolied bv the respective areas on 
which they act give forces• and it is the sum of these forces at an imaginary cu,t 
that keeps a body in equilibrium. 

In the English system, the usual units for stress are pounds per square 
inch, abbreviated in this text as "psi." In many cases it will be found con­
venient to use as a unit of force the coined word "kip," meaning kilo-pound 
or 1,000 lb. The stress in kips per square inch is abbreviated as "ksi." It 
should be noted that the unit pound referred to here implies a pound-force, 
not a pound-mass. Such ambiguities are avoided in the modernized version 
of the metric system referred to as the International System of Units or SI 
units.+ SI units are being increasingly adopted and will be used in this text 
along with the conventional English system in order to facilitate a smooth 
transition. The base units in the SI are meter (m) for length, kilogram (kg) 
for mass, and second (s) for time. The derived unit for area is a square 
meter (m 2) , and for acceleration a meter per second squared (m/s2

). The unit of 
force is defined as a unit mass subjected to a unit acceleration, i.e., kilogram­
meter per second squared (kg, m/s2), and is designated a newton (N). The unit 
of stress is the newton per square meter (N/m2), also designated a pascal (Pa). 
Multiple and submultiple prefixes representing steps of 1 000 are recommen-

*In some books the term "unit stress" is used to indicate stress per unit of area. However, 
in this text the word "stress" is used for this concept. 

tFor further details see Art . 8-2. 

tFrom the French, Systeme International d'Unites. 
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X 

ded. For example, force can be shown in mil/inewtons (I mN = 0.001 N), 
newtons, or kilonewtons {l kN = 1 000 N), length in millimeters (1 mm = 
0.001 m), meters, or kilometers (I km = 1 000 m), stresses in ki/opascals 
(1 kPa = 103 Pa), megapascals (1 MPa = 106 Pa), gigapascals (1 GPa = 
109 Pa), etc.* 

The stress expressed numerically in units of N/m2 may appear to be 
unusually small to those familiar with the English system of units. This is 
because the force of one newton is small in relation to a pound-force, and 
a square meter is associated with a much larger area than one square inch. 
Therefore, to some it may be more acceptable to think in terms of a force of 
one newton acting on one square millimeter. Since the notation N/mm2 is 
not recommended, however, one can simply employ its equivalent, the 
megapascal (MPa). 

If in addition to a plane such as ABCD in Fig. 1-l(a) another plane an 
infinitesimal distance away and parallel to the first were passed through the 

z 
body, a thin element of the body would be isolated. 
Then, if an additional two pairs of planes were 
passed normal to the first pair, an elementary cube 
of infinitesimal dimensions would be isolated from 

ax the body. Such a cube is shown in Fig. 1-3. Here, 
for identification purposes, the process of resolution 
of stresses into components has been carried further 

>--+--<a~y than discussed above. At each surface the shearing 
stress -r has been resolved into two components 

y parallel to a particular set of axes. The subscripts 
of the a's designate the direction of the normal 
stress along a particular axis, while the stress itself 
acts on a plane perpendicular to the same axis. The 
first subscripts of the -r's associate the shearing 
stress with a plane that is perpendicular to a given 

Fig. 1 •3 · The most general state 01 stress axis, while the second designate the direction of the 
acting on an element 

shearing stress. 
An infinitesimal cube, as shown in Fig. 1-3, could be used as the basis 

for an exact formulation of the problem in mechanics of materials. How­
ever, the methods for the study of the behavior of such a cube (which involve 
the writing of an equation for its equilibrium and making certain that such a 
cube, after deformations caused in it by the action of forces will be geomet­
rically compatible with the adjoining infinitesimal cubes) are beyond the 
scope of this course. They are in the realm of the mathematical theory of 
elasticity. The procedures used in this text do not resort to the generality 
implied in Fig. 1-3. The methods used here will be much simpler. 

• A detailed discussion of SI units, including conversion factors, rules for SI style, and usage 
can be found in a comprehensive guide published by the American Society for Testing 
and Materials under the designation ASTM E-380-1 974. For convenience, a short table of 
conversion factors is included on the inside of the back cover. 
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1-4. AXIAL LOAD; NORMAL STRESS 

1n many practical situations, if the direction of the imaginary plane 
cutting a member is judiciously selected, the stresses that act on the cut will 
be found both particularly significant and simple to determine. One such 
important case occurs in a straight axially loaded rod in tension, provided a 
plane is passed perpendicular to the axis of the rod. The !ensile str~cting on 
such a cut is the maximum stress, as any other cut not perpendicular to the 
axis of the rod provides a larger surface for resisting the applied force. The 
maximum stress is the most significant one, as it tends to cause the fai lure of 
the material.* 

To obtain an algebraic expression for this maximum stress, consider 
the case illustrated in Fig. l-4(a). If the rod is assumed weightless, two 
equal and opposite forces P are necessary, one at each end to maintain 
equilibrium. Then, as stated in Art. 1-2, since the body as a whole is in 
equilibrium, any part of it is also in equilibrium. A part of the rod to either 
side of the cut x-x is in equilibrium. At the cut, where the cross-sectional 
a rea of the rod is A, a force equivalent to P, as shown in Figs. l-4(b) and 
(c), must be developed . Whereupon, from the definition of stress, the normal 
stress, or the stress that acts perpendicularly to the cut, is 

X I a 
fp 

A 

(b) 

(c) 

force 
or area [:2] or [i~~2] 

d:! 
(d) 

p 
a= -

A 

(e) 

Fig. 1-4. Successive steps in the analysis of a body for stress 

(1-l) 

a 

a (/) 

~ (g) • 
(J 

Q (h) 

*Some materials exhibit a far greater relative strength to normal stresses than to shearing 
stresses. For such materials, failure takes place on an oblique plane. This will be discussed 
in Chapter 9. 
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This normal stress is uniformly distributed over the cross-sectional area A.* 
The nature of the quantity computed by Eq. 1-1 may be seen graphically in 
Figs. l-4(d) and (e). In general, the force Pis a resultant of a number of forces 
to one side of the cut or another. 

If an additional cut is made parallel to the plane x-x in Fig. l-4(a), the 
isolated section of the rod could be represented as in Fig. l-4(f), and upon 
further "cutting," an infinitesimal cube as in Fig. l-4(g) results . The only kind 
of stresses that appear here are the normal stresses on the two surfaces of the 
cube. Such a {fate of stew on an element is referred to as niax ia/ stress. In 
practice, isometric views of a cube as shown in Fig. l-4(g) are seldom employed; 
the diagrams are simplified to look like those of Fig. l-4(h). Nevertheless, the 
student must never lose sight of the three-dimensional aspect of the problem 
at hand. 

At a cut, the system of tensile stresses computed by Eq. 1-1 provides an 
equilibrant to the externally applied force. When these normal stresses are 
multiplied by the corresponding infinitesimal areas and then summed over the 
whole area of a cut, the summation is equal to the applied force P. Thus the 
system of stresses is statically equivalent to the force P. Moreover, the resultant 
of this sum must act through the centroid of a section. Conversely, to have 
a uniform stress distribution in a rod, the applied axial force must act through 
the centroid of the cross-sectional area invest igated. For example, in the 
machine part shown in Fig. l-5(a) the stresses cannot be obtained from Eq. 1-1 
alone. Here, at a cut such as A-A, a statically equivalent system of forces 

A 

Section 
A-A 

Fig. 1-5. A member with a nonuiform stress 
distribution at Section A-A 

developed within the material must consist not on ly 
of the force P but also of a bending moment M that 
must maintain the externally applied force in equi­
librium. This causes nonuniform stress distribution 
in the member. This will be treated in Chapter 7. 

In accepting Eq. 1-1, it must be kept in mind 
that the material's behavior is idealized. Each and 
every particle of a body is assumed to contribute 
equally to the resistance of the force. A perfect 
homogeneity of the material is implied by such an 
assumption. Real materials, such as metals, consist 
of a great many grains, while wood is fibrous. In 
real materials, some particles will contribute more 
to the resistance of a force than others. Stresses as 
shown in Figs. 1-4(d) and (e) actually do not exist. 
The diagram of true stress distribution varies in 
each particular case and is a highly irregular, jagged 
affair. However, on the average, or statistically 
speaking, computations based on Eq. 1-1 are 

*Equation 1-1 strictly applies only if the cross-sectional area is constant along the rod. 
For a discussion of situations where an abrupt discontinuity in the cross-sectional area 
occurs, see Art. 2-1 I. 
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correct, and hence the computed stress represents a highly significant 
quantity. 

Similar reasoning applies to compression members. The maximum 
normal or compressive stress can also be obtained by passing a section 
perpendicular to the axis of a member and applying Eq. 1-1. The stress so 
obtained will be of uniform intensity as long as the resultant of the applied 
forces coincides with the centroid of the area at the cut. However, one must 
exercise additional care when compression members are investigated. 
These may be so slender that they may not behave in the fashion considered. 
For example, an ordinary yardstick under a rather small axial compression 
force has a tendency to buck1e sideways and collapse. The consideration of 
such instability of compression members is deferred until Chapter 13. Equa­
tion 1-l is applicable only for axially loaded compression members that are 
rather chunky, i.e., to short blocks. As will be shown in Chapter 13, a block 
whose least dimension is approximately one-tenth of its length may usually 
be considered a short block. For example, a 2 in. by 4 in. wooden piece may 
be 20 in. long and still be considered a short block. 

Fig. 1-6. Bearing stresses occur 

between the block and pier 

Situations often arise where one body is 
supported by another. If the resultant of the applied 
forces coincides with the centroid of the contact 
area between the two bodies, the intensity of force, 
or stress, between the two bodies can again be 
determined from Eq. 1-1. It is customary to refer 
to this normal stress as a bearing stress. Figure 1-6, 
where a short block bears on a concrete pier and 
the latter bears on the soil, illustrates such a 
stress. The bearing stresses are obtained by dividing 
the applied force P by the corresponding area of 
contact. 

1-5. AVERAGE SHEARING STRESS 

Another situation that frequently arises in practice is shown in Figs. 
l-7(a), (c), and (e). In all of these cases the forces are transmitted from one 
part of a body to the other by causing stresses in the plane parallel to the 
applied force. To obtain stresses in such instances, cutting planes as A-A 
are selected and free-body diagrams* as shown in Figs. 1-7(b), (d), and (f) are 
used. The forces are transmitted through the respective cut areas. Hence, 
assuming that the stresses that act in the plane of these cuts are uniformly 
distributed, one obtains a relation for stress 

P force 
T = - or --A area L~2] or [i~~2] (1-2) 

*A small unbalance in moment equal to Pe exists in the first two cases shown in Fig. 1-7, 
but, being small, is commonly ignored. 
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(b) 

P, 

(c) 

(a) 

a b 

rc~CJA p -
p 

(e) 

;

I A A 

l g, 
._I ..-'-I _ ...,' ---t- p 

(g) 

Fig. 1-7. Loading conditions causing shearing stresses 

where -r by definition is the shearing stress, P is the total force acting across 
and parallel to the cut, often called shear, and A is the cross-sectional area of 
the cut member. For reasons to be discussed later, unlike normal stress, the 
shearing stress given by Eq. 1-2 is only approximately true. For the ca e 
shown, the shearing stresses actually are distributed in a nonuniform fashion 
across the area of the cut. The quantity given by Eq. 1-2 represents an 
average shearing stress. 

The shearing stress, as computed by Eq. 1-2, is shown diagrammatically 
in Fig. l-7(g). Note that for the case shown in Fig. l-7(e) there are two planes 
of the rivet that resist the force . Such a rivet is referred to as being in 
double shear. 

In cases such as those in Figs. l-7(c) and (e), as the force Pis applied, a 
highly irregular pressure develops between a rivet or a bolt and the plates. 
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The average nominal intensity of this pressure is obtained by dividing the 
force transmitted by the projected area of the rivet onto the plate. This is 
referred to as the bearing stress. The bearing stress in Fig. 1-7( c) is O" b = P/(td), 
where t is the thickness of the plate and dis the diameter of the nvet. For the 
case in Fig. l-7(e) the bearing stresses for the middle plate and the outer 
plates are q 1 = P/(t 1d) and q 2 = P/(2t 2d), respectively. 

1-6. PROBLEMS IN NORMAL AND SHEARING STRESS 

Once P and A are determined in a given problem, Eqs. 1-l and 1-2 are 
easy to apply. These equations have a clear physical meaning. Moreover, it 
seems reasonably clear that the desired magnitudes of stresses are the maxi­
mum stresses, as they are the greatest imposition on the strength of a material. 

-The greatest iliesses occur at a cut or section of minimum cross-sectional area 
and the greatest axial force. Such sections are called critical sections. The 
critical section for the particular arrangement being analyzed can usually be 
found by inspection. However, to de '.ermine the force P that acts through a · 
member is usually a more difficult task. In the majority of problems treated 
in this text the latter information is obtained from statics. 

For the equilibrium of a body in space, the equations of statics require 
the fulfillment of the following conditions: 

"I:, Fx = 0 

"I:, Fy = 0 

"I:, F, = 0 

(l-3) 

The first column of Eq. 1-3 states that the sum of all forces acting on a body 
in any (x, y, z) direction must be zero. The second column notes that the 
summation of moments of all forces around any axis parallel to any (x, y, z) 
direction must also be zero for equilibrium. In a planar problem, i.e., all 
members and forces lie in a single plane such as the x -y plane, relations 
I:, F, = 0, I:, Mx = 0, and I:, My = 0, while still valid, are trivial. 

These equations of statics are directly applicable to deformable solid 
bodies. The deformations tolerated in engineering structures are usually 
negligible in comparison with the over-all dimensions of structures. There­
fore,for the purposes of obtaining the forces in members, the initial undeformed 
dimensions of members are used in computations. 

There are problems where equations of 
statics are not sufficient to determine the forces in, 
or those acting on, the member. For example, the 
reactions for a straight beam, shown in Fig. 1-8, 
supported vertically at three points, cannot be 
determined from statics alone. In this planar prob­
lem there are four unknown reaction components, 

Fig. 1-8. A statically indeterminate beam while only three independent equations of statics 
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(a) 

L 
(b) 

are available. Such problems are termed statically indeterminate. The con­
sideration of statically indeterminate problems is postponed until Chapter 
11. For the present, and in the succeeding nine chapters of this text, all 
structures and members considered will be statically determinate, i.e., all 
of the external forces acting on such bodies can be determined by Eqs. 1-3. 
There is no 9-earth of statically determinate problems that are practically 
significant. 

Equations 1-3 should already be familiar to the student. However, 
several examples where they are applied will now be given, the professional 
techniques for their use being stressed. These examples will serve as an 
informal review of some of the principles of statics and will show applica­
tions of Eqs. 1-1 and 1-2. 

Im 

EXAMP LE 1-1 

The beam BE in Fig. 1-9(a) is used for hoisting machinery. It is anchored 
by two bolts at B, and at Cit rests on a parapet wall. The essential detail s 
are given in the figure. Note that the bolts are threaded as shown in Fig. 
1-9(d) with d = 16 mmat the root of the threads. If this arrangement is used 
to lift equipment of IO kN, determine the stress in the bolts BD and the 
bearing stress at C. Assume that the weight of the beam is negligible in com­
parison with the loads handled. 

2.5 m 

0.3 m 

Building 

(c) 

2.5 m 

0.2 m 

View A-A 

0.2 m x 0.3 m 
finished timber 

Two 20 mm bolts 

,~ 1 
Rs) Rey 

Distributed force 
equivalent to F 

(d) 

Fig. 1-9 
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SOLUTION 

To solve this problem, the actual situation is idealized, and a free-body 
diagram is made on which all known and unknown forces are indicated. 
This is shown in Fig. l-9(b). The vertical reactions at Band Care unknown. 
They are indicated respectively as Ray and Rey, where the first subscript 
identifies the location and the second the line of action of the unknown force. 
As the long bolts BD are not effective in resisting the horizontal force, only 
an unknown horizontal reaction at C is assumed and marked as Rex· The 
applied known force P is shown in its proper location. After a free-body 
diagram is prepared, the equations of statics are applied and solved for the 
unknown forces . 

'i,Fx = 0 

'i,Ma = OO+ , 10(2.5 + 1) - Reil) = 0, 

Rex= 0 

Rey = 35 kN j 

'i, Mc= 0 0 +, 10(2.5) - Ra))) = 0, Ray= 25 kN 

Check: 'i, Fy = 0 +, - 25 + 35 - 10 = 0 

These steps complete and check the work of determining the forces. 
The various areas of the material that resist these forces are determined next, 
and Eq. 1-1 is applied. 

Cross-sectional area of one 20 mm bolt: A '= n (0.02/2) 2 = 0.000 314 m 2 

This is not the minimum area of a bolt; threads reduce it. 
The cross-sectional area of one 20 mm bolt at the root of the threads is 

Anet = n(0.016/2) 2 = 0.000 201 m 2 

Maximum normal tensile stress* in each of the two bolts BD : 

O'max = ~:r = 2(0,o&; 20I) = 62000 kN/m 2 = 62 X 106 N /m 2 = 62 MPa 

Tensile stress in the shank of the bolts BD : -25 
O' = 2(0.000 314) = 39 800 kN/m 2 = 39.8 x 106 N /m 2 = 39.8 MPa 

Contact area at C: 

A = 0.2 X 0.2 = 0.04 m 2 

Bearing stress at C: 

O'b = ~y = /g
4 

= 875 kN/m 2 = 0.875 x 106 N /m 2 = 0.875 MPa 

EXAMPLE 1-2 

The concrete pier shown in Fig. 1-lO(a) is loaded at the top with a uniformly 
distributed load of 20 kN/m 2• Investigate the state of stress at a level of l m 
above the base. Concrete weighs approximately 25 kN/m3 • 

•see also discussion on stress concentrations, Art. 2-11. 
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Fig.1-10 

SOLUTION 

(b) 

(cJ 

P = 5 kN i 

Im 

I • R 

}sm 

.. 

In this problem the weight of the structure itself is appreciable and must 
be included in the calculations. 
Weight of the whole pier: 

W = [(0.5 + 1.5 ~](0.5)(2)(25) = 25 kN 

Total applied force: 

P = 20(0.5)(0.5) = 5 kN 

From ~ Fy = 0, reaction at base: 

R = W + P = 30kN 

These forces are shown schematically in the diagrams as concentrated 
forces acting through their respective centroids. Then, to determine the stress 
at the desired level, the body is cut into two separate parts. A free-body 
diagram for either part is sufficient to solve the problem. For comparison the 
problem is solved both ways. 
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I. 

Using the upper part of the pier as a free body, Fig. 1-lO(b), weight of 
the pier above the cut: 

W 1 = (0.5 + 1)(0.5)(1)(25/2) = 9.4 kN 

From ~ Fy = 0, force at the cut: 

Fa = P + W 1 = 14.4kN. 

Hence, using Eq. 1-1, the normal stress at the level a-a is 

This stress is compressive as Fa acts on the cut. 
Using the lower part of the pier as a free body, Fig. 1-lO(c), weight 

of the pier below the cut : 

W2 = (1 + 1.5)(0.5)(1)(25/2) = 15.6 kN 

From ~ Fy = 0, force at the cut: 

Fa = R - W2 = 14.4 kN 

The remainder of the problem is the same as before. The pier considered 
here has a vertical axis of symmetry, making the application of Eq. 1-1 
possible.* 

EXAMPLE 1-3 

A bracket of negligible weight shown in Fig. 1-ll(a) is loaded with a force 
P of 3 kips. For interconnection_purposes the bar ends are devised (forked). 
Pertinent dimensions are shown in the figure. Find the normal stresses in the 
members AB and BC and the bearing and shearing stresses for the pin C. 
All pins are 0.375 in. in diameter. 

SOLUTION 

First an idealized free-body diagram consisting of the two bars pinned at 
the ends is prepared, Fig. 1-ll(b). As there are no intermediate forces acting 
on the bars and the applied force acts through the joint at B, the forces in 
the bars are directed along the lines AB and BC, and the bars AB and BC 
are loaded axially. The magnitudes of the forces are unknown and are labeled 
FA and Fe in the diagram.t These forces can be determined graphically 
by completing a triangle of forces FA, Fe, and P. These forces may also be 

*Strictly speaking the solution obtained is not exact, as the sides of the pier are sloping. 
If the included angle between these sides is large, this solution is altogether inadequate. 
For further details see S. Timoshenko and J. N. Goodier, Theory of Elasticity (3rd ed .), 
New York: McGraw-Hill, 1970, p. 139. 

tin frameworks it is convenient to assume all unknown forces are tensile. A negative 
answer in the solution then indicates that the bar is in compression. 
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(e) ( f) 

Fig.1-11 

found analytically from two simultaneous equations ~ Fy = 0 and ~ Fx 
= 0, written in terms of the unknowns F,. and Fe, a known force P , a nd two 
known angles IX and p. Both these procedures are possible. However, in this 
course it will usually be found advantageous to proceed in a different way. 
Instead of treating forces F,. and Fe directly, their components are used; and 
instead of ~ F = 0, ~ M = 0 becomes the main tool. 

Any force can be resolved into components. For example, F,. can be 
resolved into F,. x and F,.y as in Fig. 1-ll(c). Conversely, if any one of the 
components of a directed force is known, the force itself can be determined. 
This follows from similarity of dimension and force triangles. In Fig. 1-1 I (c) 
the triangles Akm and BAD are similar triangles (both are shaded in the dia­
gram). Hence, if F,.x is known, 
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Similarly, F,4y = (AD/ DB)FAx· However, note further that AB/ DB or AD/ DB 
are ratios, hence relative dimensions of members can be used. Such relative 
dimensions are shown by a little triangle on the member AB and again on 
BC. In the problem at hand 

and 

Adopting the above procedure of resolving forces, a revised free­
body diagram, Fig. 1-11 (d), is prepared. Two components of force are neces­
sary at the pin joints. After the forces are determined by statics, Eq. 1-1 is 
applied several times, thinking in terms of a free body of an individual mem­
ber: 

~ M c= 00 +, + FAx(3 + 6) - 3(6) = 0, FA x = + 2 kips 

~MA = OO+ , 

FAy = FAx/2 = 2/2 = l kip, 

FA = 2(,,/5/2) = + 2.23 kips 

+ 3(6) + Fcx(9) = 0, 

Fcx = - 2 kips (compression) 

Fey= Fcx = - 2 kips, 

Fe = ,v'2(-2) = - 2.83 kips 

FA x + Fcx = 2 - 2 = 0 Check: ~ Fx = 0, 

~ Fy = 0, FAy - Fey - P = 1 - ( - 2) - 3 = 0 

Stress in main bar AB: 

FA 2.23 17 8 k . 
<JAB = A = (0.25X0.50) = . SI (tension) 

Stress in clevis of bar AB, Fig. 1-ll(e): 

( ) FA 2.23 11 2 k . 
(J AB clevis = Anet = 2(0.20X0.875 - 0.375) = · SI 

Stress in main bar BC: 

(tension) 

Fe 2.83 12 9 k . 
<J BC = A = (0.875X0.25) = . SI 

(compression) 

In the compression member the net section at the clevis need not be investi­
gated; see Fig. 1-11 (f) for the transfer of forces. The bearing stress at the pin 
is more critical. Bearing between pin C and clevis: 

Fe 2.83 188 k . 
(Jb = Abea rina = (0.375X0.20)2 = ' SI 

Bearing between the pin C and the main plate: 

Fe 2.83 30 2 k . 
(Jb = A = (0.375X0.25) = · SI 
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Double shear in the pin C: 

Fe 2.83 129 k. 
-r = A = 27t(0.375/2) 2 = . SI 

For a complete analysis of this bracket, other 
pins should be investigated. However, it can be seen by 
inspection that the other pins in this case are stressed 
either the same amount as computed above or less. 

The advantages of the method used in the 
above example for finding forces in members 
should now be apparent. It can also be applied 
with success in a problem such as the one shown 
in Fig. 1-12. The force F,. transmitted by the 
curved member AB acts through points A and B, 
since the forces applied at A and B must be collinear. 
By resolving this force at A', the same procedure 
can be followed. Wavy lines through F,. and Fe 
indicate that these forces are replaced by the two 
components shown. Alternatively, the force FA 
can be resolved at A, and since FAY = (x/y)F,.x, 
the application of I; Mc = 0 yields FAx· 

In frames where the applied forces do not 
act through a joint, proceed as above as far as 
possible. Then isolate an individual member, and 
using its free-body diagram, complete the deter­
mination of forces . If inclined forces are acting 
on the structure, resolve them into convenient 

Fig. 1-12 components. 

1-7. ALLOWABLE STRESSES; FACTOR OF SAFETY 

The determination of stresses would be altogether meaningless were it 
not for the fact that physical testing of materials in a laboratory provides 
information regarding a material's resistance to stress. In a laboratory, speci­
mens of known material, manufacturing process, and heat treatment are 
carefully prepared to desired dimensions. Then these specimens are subjected 
to successively increasing known forces. In the most widely used test, a round 
rod is subjected to tension and the specimen is loaded until it finally ruptures. 
The force necessary to cause rupture is called the ultimate load. By dividing 
this ultimate load by the original cross-sectional area of the specimen, the 
ultimate strength (stress) of a material is obtained. Figure 1-13 shows a testing 
machine used for this purpose. Figure 1-14 is a photograph of a tension-test 
specimen. The tensile test is used most widely. However, compression, bend­
ing, torsion, and shearing tests are also employed. Table 1 of the Appendix 
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Fig. 1-13. Universal testing machine (Cour­
tesy SATEC Systems). 

Fig . 1-14. A typical tension test specimen of 
mild steel : (a) before fracture, ( b) after frac -
ture . 

gives ultimate strengths and other physical properties for a few materials. 
For the design of members the stress level called the allowable stress is 

set considerably lower than the ultimate strength found in the so-called 
"static" test mentioned above. This is necessary for several reasons. The 
exact magnitudes of the forces that may act upon the designed structure are 
seldom accurately known. Materials are not entirely uniform. Some of the 
materials stretch unpermissible amounts prior to an actual break, so to hold 
down these deformations, stresses must be kept low.* Some materials seri­
ously corrode. Some materials flow plastically under a sustained load, a 
phenomenon called creep. With a lapse of time, this can cause large defor­
mations that cannot be tolerated. 

For applications where a force comes on and off the structure a number 
of times, the materials cannot withstand the ultimate stress of a static test. 
In such cases the "ultimate strength" depends on the number of times the 
force is applied as the material works at a particular stress level. Figure 1-15 
shows the results of testst on a number of the same kind of specimens at 

*See Chapter 2 for more details. 

tZambrow, J. L., and Fontana, M. G., "Mechanical Properties, including Fatigue, of 
Aircraft Alloys at Very Low Temperatures," Trans. ASM, 1949, vol. 41, p. 498. 
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Fig . 1-15. Fatigue strength of 18-8 stainless steel at various tempera ­
tures (reciprocating beam test) . 

different stresses. Experimental points indicate the number of cycles required 
to break the specimen at a particular stress under the application of a fluc­
tuating load. Such tests are called "fatigue tests," and the corresponding curves 
are termed S-N (stress-number) diagrams. As can be seen from Fig. 1-15, 
at smaller stresses the material can withstand an ever-increasing number of 
cycles of load application. For some materials, notably steels, the S-N curve 
for low stresses becomes essentially horizontal. This means that at a low 
stress an infinitely large number of reversals of stress can take place before 
the material fractures. The limiting stress at which this occurs is called the 
endurance limit of the material. This limit, being dependent on stress, is 
measured in pounds per square inch or newtons per square meter. 

Some care must be exercised in interpreting S-N diagrams, particu­
larly with regard to the range of the applied stress . In some tests, complete 
reversal (tension to compression) of stress is made; in others the applied load 
is varied in a different manner, such as tension to no load and back to tension. 
The major part of fatigue testing is done on specimens in bending. 

In some cases another item deserves attention. As materials are manu­
factured , they are often rolled, peened, and hammered. In castings, materials 
cool unevenly. These processes set up high internal st resses, which are called 
residual stresses. In all cases treated in this text the materials are assumed to 
be entirely free of such stresses. 
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The aforementioned facts, coupled with the impossibility of determin­
ing stresses accurately in complicated structures and machines, necessitate a 
substantial reduction of stress compared to the ultimate strength of a material 
in a static test. For example, ordinary steel will withstand an ultimate stress 
in tension of 60,000 psi and more. However, it deforms rather suddenly and 
severely at the stress level of about 36,000 psi, and it is customary in the 
United States to use an allowable stress of around 22,000 psi for structural 
work. This allowable stress is even further reduced to about 12,000 psi for 
parts that are subjected to alternating loads because of the fatigue character­
istics of the material. Fatigue properties of materials are of utmost importance 
in mechanical equipment. Many failures in machine parts can be traced to 
disregard of this important consideration. (Also see Art. 2-11.) 

Large companies, as well as city, state, and federal authorities, prescribe 
or recommend* allowable stresses for different materials, depending on the 
application. Often such stresses are called the allowablefibert stresses. 

Since according to Eq. 1-1, stress times area is equal to a force, the 
allowable and ultimate stresses may be converted into the allowable and 
ultimate forces or "loads" that a member can resist. Also a significant ratio 
may be formed: 

ultimate load/or a member 
allowable load/or a member 

This ratio is called a factor of safety and must always be greater than unity. 
Although not commonly used, perhaps a better term for this ratio is a/actor 
of ignorance. 

This factor is identical with the ratio of ultimate to allowable stress for 
tension members. For more complexly stressed members, the former defini­
tion is implied, although the ratio of stresses is actually used. As will become 
apparent from subsequent reading, the two are not synonymous since the 
stresses do not necessarily vary linearly with load. 

In the aircraft industry the term factor of safety is replaced by another, 
defined as 

ultimate load _ 
1 design load 

and is known as the margin of safety. In normal usage this also reverts to 

ultimate stress _ 
1 maximum stress caused by the design load 

*For example, see the American Institute of Steel Construction Manual, Building Construc­
tion Code of any large city, ANC-5 Strength of Aircraft Elements issued by the Army-Navy 
Civil Committee on Aircraft Design Criteria, etc. 

tThe adjective fiber in the above sense is used for two reasons. Many original experiments 
were made on wood, which is fibrous in character. Also, in several derivations that follow, 
the concept of a continuous filament or fiber in a member is a convenient device for visualiz­
ing its action. 
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An alternative approach is to determine the ultimate collapse load* of 
a structure and then divide by a suitably chosen load factor to obtain the 
allowable or working load. Conversely, once the working load has been deter­
mined, members are proportioned such that the ultimate load of the structure 
is equal to the working load multiplied by the load factor. The two concepts, 
allowable stress design and ultimate load design, lead to the same results for 
a bar in simple tension or compression as well as for more complicated struc­
tures where failure is defined by an elastic criterion. However, significantly 
different designs may be obtained in most cases where inelastic material 
behavior is taken into account and the failure criterion is excessive plastic 
deformation. 

1-8. DESIGN OF AXIALLY LOADED MEMBERS AND PINS 

The design of members for axial forces is rather simple. From Eq. 1-1 
the required area of a member is 

p 
A = -­

a ,11ow 
(I-la) 

In all statically determinate problems the axial force P is determined from 
statics, and the intended use of the material sets the allowable stress. For 
tension members, the area A so computed is the required net cross-sectional 
area of a member. For short compression blocks, Eq. I- la is also applicable; 
however, for slender members, do not attempt to use the above equation prior 
to study of the chapter on columns. 

The simplicity of Eq. I-l a is unrelated to its importance. A large num­
ber of problems requiring its use occur in practice. The following problems 
illustrate some applications of Eq. I- I a as well as provide additional review 
in statics. 

EXAMPLE 1-4 

Reduce the weight of bar AB in Example 1-3 by using a better material such 
as chrome-vanadium steel. The ultimate strength of this steel is approxi­
mately 120,000 psi. Use a factor of safety of 2½. 

SOLUTION 

a , 110w = 120/2.5 = 48 ksi. From Example 1-3 the force in the bar AB: 
FA = + 2.23 kips . Required area: A0 • 1 = 2.23/48 = 0.0464 in. 2 • Adopt: 
0.20-in. by 0.25-in. bar. This provides an area of (0.20)(0.25) = 0.050 in .2, 
which is slightly in excess of the required area. Many other proportions of 
the bar are possible. 

With the cross-sect ional area selected, the actual or working stress is 
somewhat below the allowable stress : <7, ct uai = 2.23/(0.050) = 44.6 ksi. 

• see Art. 12-10 for further details. 
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(a) 

Rvx 

(b) 

The actual factor of safety is 120/(44.6) = 2.69, and the actual margin of 
safety is 1.69. 

In a complete redesign, clevis and pins should also be reviewed and, if 
possible, decreased in dimensions. 

EXAMPLE 1-5 

Select members FC and CB in the truss of Fig. 1-16(a) to carry an inclined 
force P of 650 kN. Set the allowable tensile stress at 140 000 kN/m 2• 

SOLUTION 

If all members of the truss were to be designed, forces in all members would 
have to be found. In practice this is now done by employing computer pro­
grams developed on the basis of matrix structural analysis* or by directly 

0.75 m 

0.75 m 

(c) 

Fee 

520 kN t 
325 kN 

(d) 

Fig.1-16 

*For example, see J.M. Gere, and W. Weaver, Jr., Analysis of Framed Structures, New 
York: Van Nostrand Reinhold, 1965. See also J. L. Meek, Matrix Structural Analysis, 
New York: McGraw-Hill, 1971. 
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analyzing the truss by the method of joints. However, if only a few members 
are to be designed or checked, the method of sections illustrated here is 
quicker. 

It is generally understood that a planar truss such as shown in the 
figure is stable in the direction perpendicular to the plane of the paper. 
Practically this is accomplished by introducing braces at right angles to the 
plane of the truss. In this example the design of compression members is 
avoided as this will be treated in the chapter on columns. 

To determine the forces in the members to be designed, the reactions 
for the whole structure are computed first. This is done by completely dis­
regarding the interior framing. Only reaction and force components definitely 
located at their points of application are indicated on a free-body diagram of 
the whole structure, Fig. l-16(b). After the reactions are determined, free­
body diagrams of a part of the structure are used to determine the forces in 
the members considered, Figs. l-l 6(c) and (d). 

Using free body in Fig. l-16(b): 

~ F., = 0 R ox - 520 = 0, Rox = 520 kN 

~ ME = 0 0 + , + R0 ,(3) - 390(0.5) - 520(1.5) = 0 

~Mo = 00 +, 

Check: ~ F, = 0, 

Using free body in Fig. l-16(c): 

R0 , = 325 kN 

+ RE(3) + 520(1.5) - 390(2.5) = 0 

RE = 65kN 

+ 325 - 390 + 65 = 0 

~MA = 0 0 +, + FFC(0.75) + 325(1) - 520(0.75) = 0 

Fpc = + 86.7 kN 

Ape = Fpc/a 1110w = 86.7/(140 000) = 0.000 620 m2 = 620 mm 2 

(use 12.5 mm x 50 mm bar) 

Using free body in Fig. 1-16(d): 

~ F, = 0, - (FcB), + 325 = 0, (FcB), = + 325 kN 

FcB = ,,/TI(FcB),/3 = + 391 kN 

AcB = FcB fa 1 11ow = 391/(140 000) = 0.002 790 m 2 = 2 790 mm 2 

(use two bars 30 mm x 50 mm) 

EXAMPLE 1-6 

Consider the idealized dynamic system shown in Fig. 1-17. The shaft AB 
rotates at a constant frequency of 10 Hz.* A light rod CD is attached to this 
shaft at point C, and at the end of this rod a weight of 50 N is fastened. In 
describing a complete circle the weight at D spins on a "frictionless" plane. 
Select the size of the rod CD so that the stress in it will not exceed 70 000 
kN/m2 • In calculations, neglect the weight of the rod. 

*Hz (abbreviation for hertz) or cycles per second is the SI unit for frequency. 
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Fig. 1-17 

SOLUTION 

The acceleration of gravity g is 9.81 m/s 2• The angular velocity w is 20,r 
radians• per second. For the given motion the body Wis accelerated toward 
the center of rotation with an acceleration of w 2R, where R is the distance 
CD. By multiplying this acceleration a by the mass m of the body, force 
F is obtained. This force acts in the opposite direction to that of the 
acceleration (d'Alembert principle); see Fig. 1-17. 

W 50 
F = ma = gw 2R = 9.81 (201!)2(0.27) = 5 430 N = 5.43 kN 

A 00 , = _f_ = 
7
5
0
.4
000

3 = 0.000077 m2 = 77 mm 2 

Gallow 

A 10 mm round rod provides the required cross-sectional area. The additional 
pull at C caused by the mass of the rod, not considered above, is 

where m 1 is the mass of the rod per unit length and (m 1dr) is its infinitesimal 
mass at a variable distance r from the vertical rod AB. The total pull at C 
caused by the rod and the weight Wat the end is F + F 1 • 

1-9. BASIC APPROACH 

The method of attack for problems in mechanics of materials follows 
along remarkably uniform lines. Now, by way of a bird's-eye view of the 
subject, the typical procedure will be outlined. It has already been used, and 

*2,r radians correspond to one cycle or complete revolution of the shaft. 
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the reader will recognize the same method of approach in other problems 
that follow. At times it is obscured by intermediate steps, but in the final 
analysis it is always applied. 

1. From a particular arrangement of parts, a single member is isolated. Such a 
member is indicated on a diagram with all the forces and reactions acting on 
it. This is a free body of the whole member. 

2. The reactions are determined by the application of the equations of statics. In 
indeterminate problems, statics is supplemented by additional considerations. 

3. At a point where the magnitude of the stress is wanted, a section perpendicular 
to the axis of the body is passed, and a portion of the body, to either one side 
of the section or the other, is completely removed. 

4. At the section investigated, the system of internal forces necessary to keep the 
isolated part of the member in equilibrium is determined. In general, this 
system of forces consists of an axial force, a shear, a bending moment, and 
a torque.* These quantities are found by treating a part of the member as a 
free body. 

5. With the system of forces at the section properly resolved, the formulas of 
mechanics of materials enable one to determine the stresses at the section 
considered. 

6. If the magnitude of the maximum stress at a section is known, one can 
provide proper material for such a section; or, conversely, if the physical 
properties of a material are known, one can select a member of adequate 
size. 

7. In certain other problems, a further study of a member at a section enables 
one to predict the deformation of the structure as a whole and hence, if 
necessary, to design members that do not deflect or "sag" excessively. 

Very few basic formulas are used in mechanics of materials. These will 
be learned by their repeated application. However, visualization of the nature 
of the quantities being computed is essential. Free-body diagrams help visual­
ization immensely. 

PROBLEMS FOR SOLUTION 

1-1. If an axial tensile force of 110 kips is ap­
plied to a member made of a W 8 x 31 section, 
what will the tensile stress be? What will the 
stress be if the member is a C 12 x 20. 7 section? 
For designation and cross-sectional areas of these 
members see Tables 4 and 5 in the Appendix. 
Ans.12-1 ksi, 18.2ksi. 

1-2. Revise the data in Example 1-1 to read as 
follows: the distance BC is 3 ft, the distance CE 
is 8 ft, the thickness of the parapet wall at C is 
8 in ., the weight being lifted is 1 ton (2,000 lb), 
the actual timber size is 7.5 in. by 11.5 in. (8 in. by 
12 in. nominal, see Table 10 in the Appendix), 
the bolts are ¾ in. in diameter, and the cross-sec-

*A complete appreciation of these terms will result only after a study of Chapters 3 and 4. 
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tional area at the root of the threads is 0.302 in. 2 

Solve for the same quantities as done in the above 
example. Ans. a max = 8,800 psi, ab = 122 psi . 

1-3 and 1-4. Short cast iron members have the 
cross-sectional dimensions shown in the figures . 
If they are subjected to axial compressive forces of 
45 kN each, find the points of application for 
these forces to cause no bending, and determine 
the normal stresses. All dimensions are in mm. 

. ~OA mm 

25m~mm 

PROB. I - 3 

PROB. I - 4 

1-5. A gear transmitting a torque of 4,000 
in.-lb to a 2r311 in . shaft is keyed to it as shown in 
the figure. The ½ in . square key is 2 in. long. 
Determine the shearing stress in the key. Ans. 
3,650 psi. 

@Key 

PROB. 1 - 5 

1-6. Two 10 mm thick steel plates are fastened 
together as shown in the figure, by means of two 
20 mm bolts that fit tightly into the holes. If the 
joint transmits a tensile force of 45 kN, determine 

PROB. I - 6 

CHAP. 1 PROBLEMS FOR SOLUTION 

(a) the average normal stress in the plates at a 
section where no holes occur; (b) the average nor­
mal stress at the critical section; (c) the average 
shearing stress in the bolts; and (d) the average 
bearing stress between the bolts and the plates. 

1-7. Io Example 1-2, find the stress 0.5 m 
above the base. Show the result on an infinitesimal 
element. 

1-8. Determine the bearing stresses caused by 
the applied force at A, B, and C for the structure 
shown in the figure. Ans. a A = - 100 psi, a 8 = 
- 167 psi. 

6k 

" 

6' 4' 

PROB. 8 

1-9. A lever mechanism used to lift panels of a 
portable army bridge is shown in the figure. Cal­
culate the shearing stress in pin A caused by a 
load o_f 2.5 kN. Ans. 20.3 MPa. 

>- 4 

~,~~ ~ p 
-111'iii!..;i~ ,,- ~IOmm -

150 mm diameter pin 

2.5 k 

PROB. I - 9 

1-10. Calculate the shearing stress in pin A of 
the bulldozer if the total forces acting on the blade 
are as shown in the figure. Note that there is a 
1½ in. diameter pin on each side of the bulldozer. 
Each pin is in single shear. Ans. -r = 2.83 ksi. 
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PROB. I - 10 

1-11. A steel bar 1 in . in diameter is loaded in 
double shear until failure; the ultimate load is 
found to be 100,000 lb. If the allowable stress is 
to be based on a safety factor of 4, what must 
the diameter of a pin designed for an allowable 
load of 6,000 lb in single shear be? Ans. 0.69 in. 

1-12. A 150 mm x 150 mm wooden post deliv­
ers a force of 50 kN to a concrete footing, as 
shown in Fig. 1-6. (a) Find the bearing stress of 
the wood on the concrete. (b) If the allowable 
pressure on the soil is 100 kN/m 2, determine in 
plan view the required dimensions of a square 
footing. Neglect the weight of the footing. 

1-13. An arrangement of three rods is used to 
suspend a 50 kN weight as shown in the figure. 
The rods AB and BD are 20 mm in diameter, the 
rod BC is 13 mm in diameter. Find the stresses in 
the rods. Ans. <T,48 = 151 MPa. 

C 

PROB. I - 13 

1-14. A rod of variable cross section built in 
at one end is subjected to three axial forces as 
shown in the figure. Find the maximum normal 
st ress. Ans. 22.5 ksi . 

4 in? 
20k 2 in7 40 k 

PROB. I 14 

CHAP. 1 STRESS-AXIAL LOADS 

1-15. Rework the preceding problem, assum­
ing that the (axial) end force, instead of being 40 k, 
is to be such as to cause the same maximum nor­
mal stresses in the two sizes of the rod. The 20 k 
and the 70 k axial forces remain applied, and the 
maximum normal stress for the smaller part of the 
rod may be either between these two forces, or 
nearer to the free end. Investigate both conditions. 
Ans. 50 k. 

1-16. A short column is made up of two 
standard steel pipes, one on top of the other as 
shown in the figure. If the allowable stress in com­
pression is 15 ksi, (a) what is the allowable axial 
load P I if the axial load P 2 = 50 kips; (b) what is 
the allowable load P I if the load P2 = 15 kips ? 
Neglect the weight of the pipes. Ans. (a) 14.5 k, 
(b) 49.5 k . 

S" pipe 

PROB. I - 16 

1-17. Rework the above problem, assuming 
that the direction of the force P 1 is reversed, i.e., 
P I becomes a tensile force. Assume that the 
allowable tensile stress is also 15 ksi. 

1-18. For the structure shown in the figure, 
calculate the size of the bolt and area of the bear­
ing plates required if the allowable stresses are 
18,000 psi in tension and 500 psi in bearing. 
Neglect the weight of the beams. Ans. 1.25 in., 
30 in. 2 

One bolt 

3' 

PROB. I - 18 
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1-19. Rework Example 1-5 after revising the 
data as follows : the total height of the truss is 
60 in. , the total width is 120 in., the applied force 
P is 150 kips. Let the allowable tensile stress be 
20,000 psi. Ans. 1 in . 2, 4.51 in. 2 

1-20. A 30 kN weight is supported by means 
of a pulley as shown in the figure . The pulley is 
supported by the frame ABC. Find the required 
cross-sectional areas for members AC and BC if 
the allowable stress in tension is 140 000 kN/m 2 

and in compression, determined by the method of 
Chapter 13, is 96 000 kN/m 2• Ans. 306 mm2. 

2.4 m 

2.40 m 

PROB. I - 20 

1-21. A force of 500 kN is applied at joint B 
to a system of two pin-joined bars as shown in the 
figure . Determine the required cross-sectional 
area of the bar BC if the allowable stresses are 
100 MPa in tension and 70 MPa in compression. 

PROB. I - 21 

1-22. Find the stress in the mast of the derrick 
shown in the figure. All members are in the same 
vertical plane and are joined by pins. The mast is 
made from an 8 in. standard steel pipe weighing 
28.55 lb/ft . Neglect the weight of the members . 
Ans. -446 psi. 

CHA P. 1 PROBLE M S FOR SO LUTION 

10' 

5 k IO' 

PROB. 1- 22 

1-23. Find the required cross-sectional areas 
for all tension members in Example 1-5. The 
allowable stress is 140 000 kN/m 2 = 140 MPa. 

1-24. A signboard 4.5 m by 6.0 m in area is 
supported by two frames as shown in the figure. 
All members are actually 50 mm by 100 mm in 
cross section. Calculate the stress in each member 
due to a horizontal wind load of 960 N/m 2 on the 
sign. Assume all joints to be connected by pins 
and that one-quarter of the total wind force acts 
at Band at C. Neglect the possibil ity of buckling 
of the compression members. Neglect the weight 
of the structure. Ans. <J A D = 1.08 MPa. 

2.4 m 

2.4 m 

~ E 

PROB . I - 24 

1-25. What distances, a and b, are required 
beyond the notches in the horizontal member of 
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the truss shown? All members are nominally 8 in. 
by 8 in. in cross section (see Table 10, Appendix 
for actual size). Assume the ultimate strength of 
wood in shear parallel to the grain to be 500 psi . 
Use a factor of safety of 5. (This detail is not 
recommended.) Ans. a = 10.7 in. 

6' 12' 

PROB. I - 25 

1-26. What is the required diameter of the pin 
B for the bell crank mechanism shown in the figure 
if an applied force of 60 kN at A is resisted by a 
force P at C? The allowable shearing stress is 
JOO MPa. Ans. 23.2 mm. 

PROB. I 26 

1-27. What is the shearing stress in the bolt A 
caused by the applied load shown in the figure? 
The bolt is 6 mm in diameter, and it acts in double 
shear. All dimensions are in mm. 

800 N 

PROB. I - 27 

1-28. A control pedal for actuating a spring 
mechanism is shown in the figure. Calculate the 

CHAP. 1 STRESS-AXIAL LOADS 

shearing stress in pins A and B due to a force P 
when it causes a stress of 10,000 psi in the rod 
AB. Both pins are in double shear. Ans. 2,380 
psi, 2,240 psi . 

p 

Pin A 
1" 

4 diam 

PROB. I - 28 

1-29. A beam with a force of 100 kips at one 
end is supported by a strutted cable as shown in 
the figure. Find the horizontal and vertical com­
ponents of the reactions at A, B, and D. If the 
allowable tensile stress is 20,000 psi and the 
allowable compressive stress is 10,000 psi, what is 
the required cross-sectional area of members AC, 
BC, and CE? (Hint : Isolate the beam DF first.) 
Ans. AAc = AcE = 10 in .2 and Ase = 5.66 in .2 • 

40' 

PROB. I - 29 

1-30. A tower used for a highline is shown in 
the figure. If it is subjected to a horizontal force of 
540 kN and the allowable stresses are 100 MPa 
in compression and 140 MPa in tension, what is 
the required cross-sectional area of each member? 
All members are pin-connected. All dimensions 
are in meters. Ans. A Av = 3 640 mm. 
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3.0 m 

PROB. I - 30 

1-31. To support a load , P = 180 kN, deter­
mine the necessary diameter for the rods AB and 
AC for the tripod shown in the figure. Neglect the 
weight of the structure and assume that the joints 
are pin-connected . No allowance need be made 
for threads. The allowable tensile stress is 125 
MPa. All dimensions are in meters. 

PROB. I - 31 

1-32. A 10 lb weight moves in a horizontal 
circle at the end of a 5 ft wire with such an 
angular velocity that the wire makes an angle of 
30° with the vertical. What is the proper diameter 
for the wire if the allowable tensile stress for high 
strength steel is 40 ksi? Ans. 0.0192 in. 

1-33. A pin-connected frame for supporting 

CH A P. 1 PROBLE M S FOR SOLUTION 

a force P is shown in the figure. The stress a in 
both members AB and BC is to be the same. 
Determine the angle rx necessary to achieve the 
minimum weight of construction. Members AB 
and BC have a constant cross section. Ans. 
cos 2 rx = ½ or rx:::::: 55°. 

PROB. I - 33 

1-34. A joint for transmitting a tensile force 
is to be made by means of a pin as shown in the 
figure . If the diameter of the rods being connected 
is D, what should the diameter d of the pin be? 
Assume that the allowable shearing stress in the 
pin is one-half the maximum tensile stress in the 
rods. (In Art. 9-18 it will be shown that this ratio 
for the allowable stresses is an excellent assump­
tion for many materials.) Ans. D = d. 

I 

PROB. I - 34 
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2 Strain 
Hooke's Law 
Axial Load Problems 

2-1. INTRODUCTION 

This chapter will be devoted to the further examination of some of the 
physical properties of the materials of construction. An investigation of the 
nature of the deformations that take place in a stressed body will be the pri­
mary objective. These deformations will be related to the magnitudes of the 
stresses that cause them. Al o, some additional limitations that must be 
imposed on Eqs. 1-1 and 1-2 of the previous chapter are pointed out. 

2-2. STRAIN 

A 

B 

Fig . 2-1. Diagram of a tension 
specimen in a testing machine 

In Art. 1-7 it was stated that information 
regarding the physical properties of materials comes 
from the laboratory. In the particularly common 
tension test, not only the ultimate st rength, but 
other properties are usually observed, especially 
those pertaining to the study of deformation as a 
function of the applied force. Thus, while a speci­
men is being subjected to an increasing force P, as 
shown in Fig. 2-1, a change in length between two 
points, as A and B, on the specimen is observed. 
Initially, two such points can be selected an arbi­
trary distance apart. Thus, depending on the test, 
either a 2 in. or an 8 in. distance is commonly used. 
This initial distance between the two points is 
called a gage distance.* In an experiment it is the 
change in length of this distance that is noted. With 
the same load and a longer gage distance, a larger 
deformation is observed, or vice versa. Therefore it 
is more fundamental to refer to the observed elon-

*Now electric resistance strain gages that are bonded directly to the specimen are exten­
sively used. Their gage lengths vary widely from about 4 mm to 150 mm depending on 
application. See Art. 8-13 for further details. 
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Shape of 
specimen 
near the 
breaking 
point 

Original 
diameter 
of specimen 

Fig. 2-2. Typical con­
traction of a specimen 
of mild steel in tension 
near the breaking point 

gation per unit of length of the gage. If A is the total elongation in a given 
original gage length L, the elongation per unit of length, e (epsilon), is 

(2-1) 

This elongation per unit of length is termed strain.* It is a dimensionless 
quantity, but it is customary to refer to it as having the dimensions of inches 
per inch or meter per meter. Sometimes strain is given in percent. The quan­
tity e is a very small one, except for a few materials such as rubber. If the 
strain is known, the total deformation of an axially loaded bar is eL. Thjs 
relationship holds for any gage length until some local deformation takes 
place on an appreciable scale. The latter effect, exemplifying the behavior of 
a mild steel rod near a breaking point, is shown in Fig. 2-2. This phenomenon 
is referred to as "necking." Brittle materials do not exhibit this at usual tem­
peratures, although they too contract transversely a little in a tension test and 
expand in a compression test. 

2-3. STRESS-STRAIN DIAGRAM 

It is apparent from this discussion that for general purposes the deform­
ations of a rod in tension or compression are most conveniently expressed 
in terms of strain. Similarly, stress rather than force is the more significant 
parameter in the study of materials, since the effect on a material of an applied 
force P depends primarily on the cross-sectional area of the member. As a 
consequence, in the study of the properties of materials, it is yustomary to 
plot diagrams on which a relationship between stress and strain for a par­
ticular test is reported. Such diagrams establish a relationship between stress 
and strain, and for most practical purposes are assumed to be independent 
of the size of the specimen or its gage length. For these stress-strain diagrams, 
it is customary to use the ordinate scale for stresses and the abscissa for strains. 
Stresses are usually computed on the basis of the original area of a specimen, 
although, as mentioned earlier, some transverse contraction or expansion of 
a material always takes place. If the stress is computed by dividing the applied 
force by the corresponding actual area of a specimen at the same instant, the 
so-called true stress is obtained . A plot of true stress vs. strain is called a 
true stress-strain diagram. Such diagrams are seldom used in practice. 

Experimentally determined stress-strain diagrams differ considerably 
for different materials. Even for the same material they differ, depending on 
the temperature at which the test was conducted, the speed of the test, and 
several other variables.t However, broadly speaking, two types of diagrams 

*The term unit strain is sometimes used. 

tFor more details, see Davis, H . E., G. E. Troxell, and C. T. Wiskocil, Testing and Inspec­
tion of Engineering Materials, (2nd .ed.) New York : McGraw-Hill, I 955. 
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Fig. 2 -3. Stress-strain diagram for mild 
steel 

B 
·;;; 
0. 

ti 
V) .,, ., ... 

ci5 

Strain, e, in.fin . 

Fig. 2-4. Stress-strain diagram for a 
brittle material 

can be recognized. One type is shown in Fig. 2-3, which is for mild steel, 
a ductile material widely used in construction. The other type is shown in 
Fig. 2-4. Such diverse materials as tool steel, concrete, copper, etc., have 
curves of this variety, although the extreme value of strain that these materials 
can withstand differs drastically. The "steepness" of these curves varies con­
siderably. Numerically speaking, each material has its own curve. The 
terminal point on a stress-strain diagram represents the complete failure 
(rupture) of a specimen. Materials capable of withstanding large strains 
are referred to as ductile materials. The converse applies to brittle materials. 

2-4. HOOKE'S LAW 

Fortunately, one feature of stress-strain diagrams is applicable with 
sufficient accuracy to nearly all materials. It is a fact that for a certain distance 
from the origin the experimental values of stress vs. strain lie essentially on a 
straight line. This holds true almost without reservations for glass. It is true 
for mild steel up to some point, as A in Fig. 2-3. It holds nearly true up to 
very close to the failure point for many high-grade alloy steels. On the other 
hand, the straight part of the curve hardly exists in concrete, annealed copper, 
or cast iron. Nevertheless, for all practical purposes, up to some such point 
as A (also in Fig. 2-4), the relationship between stress and strain may be said 
to be linear for all materials. This sweeping idealization and generalization 
applicable to all materials became known as Hooke's law.* Symbolically, this 
law can be expressed by the equation 

a = Ee or E = !!_ 
e 

(2-2) 

• Actually Robert Hooke, an English scientist, worked with springs and not with rods. 
In 1676 he announced an anagram "c e iii nos s st tu v," which in Latin is Ut Tensio 
sic Vis (the force varies as the stretch). 
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which simply means that stress is directly proportional to strain where the 
constant of proportionality is £. This constant £ is called the elastic modulus, 
modulus of elasticity, or Young's modulus.* As e is dimensionless, £ 
has the units of stress in this relation. In the English system of units it is 
usually measured in pounds per square inch, while in the SI units it is mea­
sured in newtons per square meter (or Pascals). 

Graphically £ is interpreted as the slope of a straight line from the 
origin to the rather vague point A on a stress-strain diagram. The stress cor­
responding to the latter point is termed the proportional limit of the material. 
Physically the elastic modulus represents the stiffness of the material to an 
imposed load. The value of the elastic modulus is a definite property of a 
material. From experiments it is known that e is always a very small 
quantity, hence £ mu t be a large one. Its approximate values are tabulated 
for a few materials in Table I of the Appendix. For most steels, Eis between 
29 and 30 X 106 psi, or 200 and 207 x 109 /m2 • 

It follows from the foregoing discussion that Hooke's law applies only 
up to the proportional limit of the material. This is highly significant as in 
most of the subsequent treatment the derived formu las are based on this law. 
Clearly then , such formu las will be limited to the material's behavior in the 
lower range of stresses. 

Some materials , notably single crystals, posses different elastic moduli 
in different directions with reference to their crystallographic planes. Such 
materials, having different physical properties in different directions , are 
termed non isotropic. A consideration of uch materials is excluded from this 
text. The vast majority of engineering materials consist of a large number of 
randomly oriented crystals. Because of this random orientation of cry tals, 
properties of material become essentially alike in any direction.t Such mate­
rials are called isotropic. Throughout this text complete homogeneity (sameness) 
and isotropy of materials is assumed. 

2-5. FURTHER REMARKS ON STRESS-STRAIN DIAGRAMS 

In addition to the proportional limit defined in Art. 2-4, several other 
interesting points can be observed on the stres -strain diagrams. For instance, 
the highest points (Bin Figs. 2-3 and 2-4) correspond to the ultimate strength 
of a material. Stress associated with the remarkably long plateau ab in Fig. 
2-3 is termed the yield point of a material. As will be brought out later, this 
remarkable property of mild steel, in common with other ductile materials , 
is significant in stress analysis. For the present , note that at an essentially 
constant stress, strains 15 to 20 times those that take place up to the propor­
tional limit occur during yielding. At the yield point a large amount of 

*Young's modulus is so called in honor of Thomas Young, an English scientist. His Lectures 
011 Natural Philosophy, published in 1807, contain a definition of the modulus of elasticity. 

t Rolling operations produce preferential orientation of crystalline grains in some materials . 
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deformation takes place at a constant stress. The 
yielding phenomenon is absent in most materials, 
particularly in those that behave in a brittle 
fashion. 

A study of stress-strain diagrams shows that 
the yield point is so near the proportional limit 
that for most purposes the two may be taken as 
one. However, it is much easier to locate the former. 
For materials that do not possess a well-defined 
yield point, one is actually "invented" by the use 
of the so-called "offset method." This is illustrated 
in Fig. 2-5 where a line offset an arbitrary amount 
of 0.2 % of stra in is drawn parallel to the straight­
line portion of the initial stress-strain diagram.* 

Fig. 2-5. Off-set method of determining the 
yield point of a material Point C is then taken as the yield point of the 

material at 0.2 % offset. 
Finally, the technical definition of the elasticity of a material should be 

made. In such usage it means that a material is able to regain completely its 
original dimensions upon removal of the applied forces. At the beginning of 
loading, if a small force is applied to a body, the body deforms a certain 
small amount. If such a force is removed, the body returns to its initial size 
and shape. With increasing magnitude of force this continues to take place 
while the material behaves elastically. However, eventually a stress is reached 
that causes permanent deformation, or set, in the material. The correspond­
ing stress level is called the elastic limit of the material. Practically speaking, 
the elastic limit corresponds closely to the proportional limit of the material. 

For the majority of materials, stress-strain diagrams obtained for short 
compression blocks are reasonably close to those found in tension. However, 
there are some notable exceptions. For example, cast iron and concrete are 
very weak in tension but not in compression. For these materials the diagrams 
differ considerably, depending on the sense of the applied force. 

2-6. DEFLECTION OF AXIALLY LOADED RODS 

Equations 1-1, 2-1, and 2-2, plus a known elastic modulus for a given 
material, are sufficient to determine the deformations of axially loaded rods. 
However, the usual calculations apply only within the elastic range of a mate­
rial's behavior inasmuch as Hooke's law (Eq. 2-2) is used . To formulate this 
problem in general terms, consider the axially loaded bar shown in Fig. 2-6(a). 
In this bar the cross-sectional area varies along the length, and forces of 
various magnitudes are applied at several points. Now suppose that in this 
problem the change in length of the bar between two points A and B caused 

*For decreasing loads the stress-strain diagram is parallel to the straight-line portion of the 
initial stress-strain diagram. For further details see Fig. 15-2 and the accompanying text. 
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(b) l=ldx + edx 
Fig. 2-6. An axially loader bar 

by the applied forces is sought . The quantity wanted is the sum (or accumu­
lation) of the deformations that take place in infinitesimal lengths of the rod. 
Hence the amount of deformation that takes place in an arbitrary element of 
length dx is first formulated, then the sum or integral of this effect over the 
given length gives the quantity sought. 

An arbitrary element cut out from the bar is shown in Fig. 2-6(b). 
From free-body considerations, this element is subjected to a pull Px which, 
in general, is a variable quantity. The infinitesimal deformation dA that takes 
place in this element upon application of the forces is equal to strain e mul­
tiplied by the length dx. From Eq. 2-2, strain is equal to the stress <1 x divided 
by the elastic modulus E. However, in general, <1 x is a variable quantity 
obtained by dividing the variable force P x by the corresponding area Ax 
Hence, since e = <1xfE and <1x = PxfAx, 

Since the contribution of individual elements is now known, the total 
deformation between any two given points on a bar is simply their sum ,* 
that is, 

A = fa dfl = Ja px dx 
A A Ax£ 

(2-3) 

Three examples will now be solved to show applications of the above 
equations. 

*The limits of integration as stated represent the range of integration. Actually, they must 
be expressed in terms of the values of the variable. This nonrigorous usage of the limits will 
occasionally be employed in this text. 
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(b) (c) 

Fig. 2-7 

EXAMPLE 2-1 

Consider the rod AB of constant cross-sectional area 
A and of length L shown in Fig. 2-7(a). Determine 
the relative displacement of the end A with respect to 
B when a force P is applied, i.e. , find the deflection of 
the free end, caused by the application of a concentrated 
force P. The elastic modulus of the material is E. 

SOLUTION 

In this problem the rod may be treated as being weight­
less as only the effect of P on the deflection is investi­
gated. Hence, no matter where a cut C-C is made 
through the rod, Px = P, Fig. 2-7(b). The infinitesimal 
elements, Fig. 2-7(c), are everywhere the same, subjected 
to a constant pull P. Likewise, A x everywhere has a 
constant value A. Applying Eq. 2-3, 

(2-4) 

It is seen from Eq. 2-4 that the deflection of the rod is directly propor­
tional to the applied force and the length, and is inversely proportional to A 
and E. 

This equation will be referred to in subsequent work. 

EXAMPLE 2-2 

Determine the relative displacement of points A and D of the steel rod of 
variable cross-sectional area shown in Fig. 2-8(a) when it is subjected to the 
four concentrated forces P 1 , P 2 , P 3 , and P4 • Let E = 200 x 106 kN/m2 • 

,ooJ 2 m I Im 
1.5 m 

L. ~ 5-0kN 
0.001 m 2 

0.00 1 m 2 '0.002 m2c 
IC 1 

B I 2 1C3 
I - I I -I 

(a) :c1 I 
P

3 
= 200 k I 

I 'C3 I 

100 kN ' 100 kN P2 = 250 kN --4 1----
(b) 

100 kN 250kNE 
l--150kN --+ 

(c) 

100 kN - -50kN 
(d) 

Fig. 2-8 
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B 

SOLUTION 

In attacking such a problem, a check must first be made to ascertain that the 
body as a whole is in equilibrium, i.e., ~ Fx = 0. Here, by inspection it can 
be seen that such is the case. Next, the variation of P x along the length of the 
bar must be studied . This may be done conveniently with the aid of sketches 
as shown in Figs. 2-8(b), (c), and (d), which show that no matter where a 
section C1-C1 is taken between points A and B, the force in the rod is Px = 
+ I 00 kN. Similarly, between B and C, P x = - 150 kN, and between C and 
D, Px = + SO kN. The variation of Ax is shown in Fig. 2-8(a). Both P., and 
A x, mathematically speaking, are not continuous functions along the rod . 
Both have "jumps" or sudden changes in their values. Hence, in integrating, 
the limits of integration must be "broken." Thus, from Eq. 2-3, 

In the last three integrals the respective P_, and A x are constants between the 
limits shown. The subscripts of P and A denote the range of applicability of 
the function; thus PAn applies in the interval AB, etc. These integrals revert 
to the solution of the previous example, i.e. , Eq. 2-4. Applying it and sub­
sti tuting numerical values, 

" PL (I 00)(2) (I 50)(1) 
.6. = L..J AE = + (0.001)(200 X 106) - (0.002)(200 X 106) 

(50)(1 .5) 
+ (0.001)(200 X 106) 

= + 0.001 - 0.000 375 + 0.000 375 = + 0.001 m = + 1 mm 

The operation performed means that the individual deformations of the 
three "separate" rods have been added, or superposed. Each one of these 
"rods" is subjected to a constant force . The positive sign of the answer 

indicates that the rod elongates, as a posi tive sign is 
associated with tensile forces. The equality of the 
absolute values of the deformations in lengths BC and 
CD is purely accidental. Note that in spite of the 
relatively large stresses present in the rod , the value 
of .6. is small. t PX = \\ 'X 

·:i--w·+ X dx 

A 
-'----- ~ 

L 

c EXAMPLE 2-3 

Find the deflection, caused by its own weight, of the 
free end A of the rod AB having a constant cross­
sectional area A and weighing w N/m, Fig. 2-9(a). 

(a) (b) SOLUTION 

Here again Eq. 2-3 must be applied. However, in this 
Fig. 2-9 case Px is a variable quantity. It is conveniently ex­

pressed as wx if the origin of x is taken at A . Hence 
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Fig. 2-10 

J
8

Pxdx 1 JL w lx2 1L (wL)L WL 
!!,. - A AxE - AE 

O 
wx dx - AE 2 o - 2AE - 2AE 

where wL is the total weight of the rod, which is designated by capital W. 
Compare this expression with Eq. 2-4. 

If a concentrated force P, in addition to the bar's own weight, were 
acting on the bar AB at the end A, the total deflection due to the two causes 
would be obtained by superposition (direct addition) as 

!!,. = PL + WL = [P + (W/2)]L 
AE 2AE AE 

In problems where the area of a rod is variable, a proper function for it 
must be substituted into Eq. 2-3 to determine deflections. In practice, it is 
sometimes sufficiently accurate to analyze such problems by approximating 
the shape of a rod by a.finite number of elements as shown in Fig. 2-10. The 
deflections for each one of these elements are added to obtain the total deflec­
tion. 

2-7. POISSON'S RATIO 

In addition to the deformation of materials in the direction of the 
applied force, another remarkable property can be observed in all solid 
materials, namely, that at right angles to the applied force, a certain amount 
of lateral (transverse) expansion or contraction takes place. This phenome­
non is illustrated in Figs. 2-1 l(a) and (b), where the deformations are greatly 
exaggerated. For clarity this physical fact may be restated thus: if a solid 
body is subjected to an axial tension, it contracts laterally ; on the other hand, 
if it is compressed, the material "squashes out" sideways. With this in mind , 
directions of lateral deformations are easily determined, depending on the 
sense of the applied force. Mathematically, a plus sign is usually assigned to 
an increment of lateral dimension, and vice versa. 

Final sha pe 

Fig. 2-11 . Lateral contraction and expansion of solid bodies subjected 
to axial forces (Poisson effect) 
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Fig. 2-12 

For a general theory, it is preferable to refer to these lateral deforma­
tions on the basis of deformation per unit of length of the transverse dimen­
sion. Thus the lateral deformations on a relative basis can be expressed in 
inches per inch or m/m. These relative unit lateral deformations are termed 
lateral strains. Moreover, it is known from experiments that lateral strains 
bear a constant relationship to the longitudinal or axial strains caused by an 
axial force, provided a material remains elastic and is homogeneous and 
isotropic. This constant is a definite property of a material, just like the elastic 
modulus E, and is called Poisson's ratio.* It will be denoted by v (nu) and is 
defined as follows: 

= ' lateral strain' = _ lateral strain 
v axial strain axial strain 

(2-5) 

where the strains are caused by uniaxial stress only. The second, alternative 
form of Eq. 2-5 is true because the lateral and axial strains are always of 
opposite sign for uniaxial stress, thus invariably giving a positive value of v. 
The value of v fluctuates for different materials over a relatively narrow range. 
Generally it is in the neighborhood of 0.25 to 0.35. In extreme cases values 
as low as 0.1 (some concretes) and as high as 0.5 (rubber) occur. The latter 
value is the largest possible. It is normally attained by materials during plastic 
flow and signifies constancy of volume.t In this text, Poisson's ratio will be 
used only when materials behave elastically. 

In conclusion, note that the Poisson effect exhibited by materials causes 
no additional stresses other than those considered earlier unless the transverse 
deformation is inhibited or prevented. The same is found to be true with regard 
to thermal expansion or contraction of materials. This topic will be treated 
in the chapter on statically indeterminate structures. 

EXAMPLE 2-4 

Consider a carefully conducted test where an aluminum bar of 50 mm 
diameter is stressed in a testing machine as shown in Fig. 2-12. At a certain 
instant the applied force Pis I 00 kN, while the measured elongation of the rod 
is 0.219 mm in a 300 mm gage length, and the diameter's dimension is 
decreased by 0.012 15 mm. Calculate the two physical constants v and E 
of the material. 

SOLUTION 

Transverse or lateral strain : 

.l, 0.000 012 15 e, = D = - 0_050 = - 0.000 243 m/m. 

In this case the lateral strain e, is negative, since the diameter of the bar 
decreases by .l,, 

*Named after S. D. Poisson, a French scientist who formulated this concept in 1828. 

tA. Nadai, Theory of Flow and Fracture of Solids, vol. I., New York: McGraw-Hill, 1950. 
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Axial strain: !!J. 0.000 219 
e. = L = 0_3 = 0.000 73 m/m. 

Poisson's ratio: V = ~ = _ ( - 0.000 243) = 0_333 e. 0.000 73 

Next, as the area of the rod A = ¼n(0.050)Z = 1.96 x 10- 3 mz, from Eq. 
2-4, 

E - PL - (I00)(0.3) - 70 106 kN/ z 
- A!!J. - 1.96 X I0- 3(0.000 219) - X m 

In practice, when a study of physical quantities, as£ and v, is being 
made, it is best to work with the corresponding stress-strain diagram to be 
sure that the quantities determined are associated with the elastic range of the 
material. Also note that it makes no difference whether the initial or the final 
lengths are used in computing strains, since the deformations are very small. 

*2-8. GENERALIZED HOOKE'S LAW 

In the previous article, Poisson's ratio was defined as the ratio of lateral 
strain to the axial strain for an axially loaded member. This applies only to 
a uni-ax ial state of stress on an element. Now a more general state of stress 
acting upon an isotropic body will be considered, and equations relating 
stress to deformation will be developed . 

A block whose sides are a, b, c respectively is acted upon by tensile 
stresses uniformly distributed on all faces as shown in Fig. 2-13(a). * This 
diagram approaches the generality of Fig. 1-3. However, for the present, 
shearing stresses have been deleted , as it is a known experimental fact that 
the strains caused by normal stresses are independent of small shearing defor­
mations. The normal stresses are designated by a 's with appropriate sub­
scripts referring to the directions in which the stresses act. 

For the moment, attention will be directed to the change in length of 
the block in the x-direction. To find this change, use is made of the principle 
of superposition, which is based upon the premise that the resultant stress or 
strain in a system due to several forces is the algebraic sum of their effects 
when separately applied. This assumption is true only if each effect is directly 
and linearly related to the force causing it. It is only approximately true when 
the deflections or deformations due to one force cause an abnormal change 
in the effect of another force. Fortunately the magnitudes of deflections are 
relatively small in most engineering structures. Hence, by proceeding on the 
basis of the above principle, the separate effects shown in Figs. 2-13(b), (c), 
and (d) can be summed. The stress in the x-direction causes a positive strain 
e~ = a xi E. Each of the positive stresses in the y - and z-directions causes a 
negative strain in the x-direction as a result of Poisson 's effect. These strains 
are e~ = - vay/E and e~' = - va,/E, respectively. The strains in the y- and 

*This figure is adapted from G . Dreyer, Festigkeitslehre und Elastizitiitslehre, Leipzig : 
Jiinecke, p. 151. 
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X 

z 

J' 

(b) 

(c) 

Fig. 2-13. An element subjected to normal stresses acting in the 
directions of coordinate axes 

z-directions can also be obtained in a similar manner, and the net axial strains 
in the three coordinate directions are 

e = + O'x - VO'y - /1 , 
X E E E 

(2-6) 

e, = -vi - vi + i 
The application of Eq. 2-6 is limited to isotropic materials in the elastic 

range. If a particular stress is compressive, the sign of the corresponding term 
changes. The reader should verify this statement by physical reasoning, visu­
alizing the Poisson effect with reference to Fig. 2-11 . Also, it should be noted 
particularly that the above expression, which is known as the generalized 
Hooke's law, gives the deformation per unit of length or strain in a body. The 
strain given by Eq. 2-6 must be multiplied by the dimension of an element or 
member in the corresponding direction to obtain the total deformation in that 
direction.* The total extensional deformation in the x-di rection is 

(2-7) 

*The stresses must remain constant in the interval considered. 
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X 

Ty: 

d:: 

where L" is the dimension in the x-direction, as the a dimension in Fig. 
2-13(a). Similar relations exist for Ay and A,. 

EXAMPLE 2-5 

A 50 mm cube of steel is subjected to a uniform pressure of 200 000 kN/m 2 

acting on all faces. Determine the change in dimension between two parallel 
faces of the cube. Let E = 200 x 106 kN/m 2 and v = 0.25. 

SOLUTION 

Using Eq. 2-6 and noting that pressure is a compressive stress, 

(-200 000) ( 1 ) ( - 200 000) ( l ) (-200 000) 
6" = (200)106 - 4 (200)106 - 4 (200)106 

= - 5 x 10-4 m/m. 

Ax = exLx = - (5)10- 4 x 0.050 = - 0.000 025 m (contraction) 

In this case Ax = AY = A,. 

2-9. SHEARING STRESSES ON MUTUALLY PERPENDICULAR 
PLANES 

Article 2-8 dealt with a general case of deformations caused by normal 
stresses. Now the effect of shearing stresses on deformation will be con­
sidered. This requires some preparatory remarks. First, return to Fig. 1-3 and 
simplify it to the case shown in Fig. 2-14(a). In this figure only the -r,y and 
't'y. shearing stresses are shown. As before, the first subscript of -r associates 
the shearing stress with a plane perpendicular to a given axis and the second 
specifies its direction relative to another axis. The dimensions of the infini­
tesimal element considered are (dx)(dy )(dz). For any such element, as with 
normal stresses, the shearing stresses on parallel planes are numerically equal. 
This follows directly from the equilibrium of an element. Thus, multiplying 

- -- - A r =.r A 
B 

Ty: r_,·= I l r ,·: ;• 

2 
) ' 

0 C 
)' y 

r :_r 0 
f 

2 

(a) (b) (c) 

Fig. 2-14. An element of a body in pure shear 
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stresses by their respective areas and applying I; F, = 0, 

(-ry,)left-band face dx dz = ( 'fy,)riaht -band face dx dz 

Hence, the shearing stress 'fy, on the left- and the right-hand face of an infini­
tesimal element is numerically the same, but is opposite in direction. Similar 
reasoning applies to -r,r 

Although the three-dimensional aspect of the problem should not be 
forgotten, it is customary, for the sake of convenience, to deal with a plane 
representation of the problem as shown in Fig. 2-14(b). Using this represen­
tation and summing the moments of forces about axis 0, 

I; M 0 = 0 0 +, +(-r,y)(dy dx)(dz) - (-ry,)(dx dz)(dy) = 0 

where the parenthetical expressions correspond respectively to stress, area, 
and moment arm. Simplifying, 

(2-8) 

Similarly it can be shown that -rx, = -r,x, and 'fyx = 'f xy · Hence the subscripts 
for the shearing stresses are commutative, i.e., their order may be inter­
changed. 

The implication of Eq. 2-8 is very significant. The fact that subscripts 
are commutative signifies that shearing stresses on mutually perpendicular 
planes of an infinitesimal element are numerically equal. (Note that the mutu­
ally perpendicular planes referred to contain shearing stresses that act only 
toward or away from the intersection of such planes.) Moreover, it is possible 
to have an element in equilibrium only when shearing stresses occur on four 
sides of an element simultaneously. That is, in any stressed body where shear­
ing stresses exist, two pairs of such stresses act on the mutually perpendicular 
planes. Hence I; M O = 0 is not satisfied by a single pair of shearing stresses. 

In the subsequent work, situations where more than two pairs of shear­
ing stresses act on an element simultaneously will seldom occur. Hence the 
subscripts used above to identify the planes and directions of the shearing 
stresses become superfluous. Shearing stresses will normally be designated 
by -r without any subscripts. However, one must remember that shearing 
stresses always occur in two pairs. Moreover, on diagrams, as in Fig. 2-14(b), 
the arrowheads of the shearing stresses must meet at diametrically opposite 
corners of an element to satisfy the equilibrium conditions for the element. 

2-10. HOOKE'S LAW FOR SHEARING STRESS AND STRAIN 

In the above article it was shown that in an element of a body the shear­
ing stresses must occur in two pairs acting on mutually perpendicular planes. 
When only these stresses occur, the element is said to be in pure shear. Such 
a system of stresses distorts an element of an elastic body in the fashion 
shown in Fig. 2-14(c). Of course such a distortion is true only for a perfectly 
homogeneous, isotropic body having equal properties in all directions. The 
diagonals OA and BC are axes of symmetry for a distorted element. 
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If attention is confined to the study of small deformations, and further, 
if the behavior of an element is considered only in its elastic range, it is again 
found experimentally that there is a linear relationship between the shearing 
stress and the angle y (gamma) shown in Fig. 2-14( c). Hence, if y is defined as 
the shearing strain, mathematically the extension of Hooke's law for shearing 
stress and strain is 

T = Gy (2-9) 

where G is a constant of proportionality called the shearing modulus of elasticity 
or the modulus of rigidity. Like £, G is a constant for a given material. It is 
measured in the same units as £, while y is measured in radians, a dimen­
sionless quantity. (The shearing strain y can be stated in percent, in the same 
way as e). The expressions for the three different sets of shearing strains can 
be stated as follows: 

(2-9a) 

For convenience, Fig. 2-14(c) is redrawn with a different set of axes so 
that the complete angle* y appears on only one side of the distorted element, 

z or y 

y or x 

Fig. 2-15. Note that the shearing strains con­
sidered, numerically given by y, are always small. 
It is sufficiently accurate to assume that tan y, sin y, 
or y in radian measure are numerically equal. 
Likewise, the linear dimensions of a distorted 
element do not change appreciably. For example, 
in Fig. 2-15, OB cosy~ OB. 

The best arrangement available for direct ex-
Fig. 2-15. Distortion due to pure shear perimental verification ofEq. 2-9 is a thin tube sub-

jected to a twist or torque. As will be explained in 
the next chapter, in this arrangement there is uniform shearing stress through­
out the walls of the tube. From such experiments it is known that the appear­
ance of -r-y diagrams is similar to that of the u-e diagrams of a tension test 
for the same material. Similar points for the elastic limit in shear, yield point, 
and ultimate shearing stress can be obtained . However, for the same material, 
the numerical values of these points for the shearing stresses are generally much 
lower than (approximately one-half) the corresponding values for the normal 
stress. 

In Art. 8-14 it will be shown that the three elastic constants E, v, and 
G are not independent of each other for isotropic materials. In fact, 

E 
G = 2(1 + v) (2-IO) 

*Shearing strain is independent of the individual angles made with the coordinate axes. 
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Thus, for example, in the tension experiment described in Example 2-4, 

G = (70)106/2(1 + 0.333) = 26.2 x 106 kN/m2 . 

*2-11. STRESS CONCENTRATIONS 

The first fundamental formulas of stress analysis, Eqs. 1-1 and 1-2, were 
discussed in Chapter I, and from the preceding articles of this chapter it is 
seen that stresses are accompanied by deformations. If such deformations 
take place at the same uniform rate in adjoining elements, no additional 
stresses other than those given by the above equations exist in isotropic 
materials. However, if the uniformity of the cross-sectional area of an axially 
loaded member is interrupted, or if the applied force is actually applied over 
a very small area, a perturbation in stresses takes place. This is caused by the 
fact that the adjoining elements must be physically continuous in a deformed 
state. They must st retch or contract equal amounts at the adjoining sides of 
all particles. These deformations result from extensional and shearing deform­
ations involving the properties of materials E, G, and v and the app lied 
forces. Methods of obtaining this disturbed stress distribution are beyond 
the scope of this text. Such problems are treated in the mathematical theory 
of elasticity. Even by those advanced methods only the simpler cases have 
been solved. The mathematical difficulties become too great for many prac­
tically significant problems. For the group of problems that are not tractable 
mathematically, approximate numerical procedures formulated on the basis 
of finite elements or finite difference equations are now widely used for the 
so lution of complex problems. Digital computers are indispensable in such 
work. Alternatively, special experimental techniques (mainly photoelasticity, 
briefly discussed in Art. 9-4) have been developed to determine the actual 
stress distribution. 

In this text it seems significant to examine qualitatively the results of 
more advanced investigations. For example, in Fig. 2-l 6(a) a short block is 
shown loaded by a concentrated force P. This problem could be solved by 
using Eq. 1-1 , i.e., a = P/A. But is this answer really correct? Reasoning in 
a qualitative way, it is apparent that the st rains must be maximum in the 
vicinity of the applied force, hence the corresponding stresses must also be 
maximum. That indeed is the answer given by the theory of elasticity.* The 
end results for normal stress distribution at various sections are shown in 
the adjoining stress distribution diagrams, Figs. 2- I 6(b ), (c), and (d). For 
present purposes, physical intuition is sufficient to justify these results. Note 
particularly the high peak of the normal stress at a section close to the applied 
force. t Also note how rapidly this peak smoothes out to a nearly uniform 

*S. Timoshenko, and J. N. Goodier, Theory of Elasticity (3rd ed.), New York : McG raw­
Hill, 1970, p. 60. Fig. 2-16 is adopted from this source. 

t Tn a purely elastic material the stress is infin ite right under a "concentrated" force. 
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(b) (c) (d) 

Fig. 2-16. Stress distribution near a concentrated force 

stress distribution at a section below the top equal to the width of the bar. 
This illustrates the famed Saint Venant's principle of rapid dissipation of 
localized stresses. This principle asserts that the effect of forces or stresses 
applied over a small area may be treated as a statically equivalent system 
which, at a distance approximately equal to the width or thickness of a body, 
causes stress distribution that follows a simple law. Hence Eq. 1-1 is nearly 
true at a distance equal to the width of the member from the point of appli­
cation of a concentrated force. Note also that at every level where the stress 
is investigated accurately, the average stress is still correctly given by Eq. 1-1. 
This follows, since the equations of statics must always be satisfied. No matter 
how irregular the nature of the stress distribution at a given section through 
a member, an integral (or sum) of a dA over the whole area must be equal to 
the applied force. 

Because of the great difficulty encountered in solving for the above­
mentioned "peak" or local stresses, a convenient scheme has been developed 
in practice. This scheme consists simply of calculating the stress by the ele­
mentary equations (as Eqs. 1-1 or 1-2) and then multiplying the stress so 
computed by a number called the stress-concentration factor. In this text 
this number will be designated by K. The values of the stress-concentration 
factor depend only on the geometrical proportions of the member. These 
factors are available in technical literature in various tables and graphs* as 
a function of the geometrical parameters of members. Using this scheme, 
Eq. 1-1 may now be rewritten as 

(2-11) 

where K is the stress-concentration factor. From Fig. 2- I 6( d), at a depth 
below the top equal to one-quarter of the width of the member, K = 2.575. 
Hence <Tmax = 2.575 a, •. 

*R. J. Roark and W. C. Young, Formulas for Stress and Strain ( 5th ed.). New York: 
McGraw-Hill, 1975. 
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Fig . 2-17. Stress-concentration factors for flat bars in tension 

Two other particularly significant stress-concentration factors for flat 
axially loaded members are shown in Fig. 2-17. * The corresponding factors 
that may be read from this graph represent a ratio of the peak stress of the 
actual stress in the net or small section of the member as shown in Fig. 2-18 
to the average stress in the net section given by Eq. 1-1. A considerable 
stress concentration also occurs at the root of threads. This depends to a 
large degree upon the sharpness of the cut. For ordinary thread, the stress­
concentration factor is in the neighborhood of 2-¼- The application of Eq . 
2-11 presents no difficulties, provided proper graphs or tables of Kare avail­
able. 

Umax 

---------.u::::::::i. ____ ~ --

K= CT max 

CT avg 

(a) 

K = Gmax 

CT avg 

(b) 

Fig . 2-18. Meaning of the stress-concentration factor K 

EXAMPLE 2-6 

Find the maximum stress in the member AB in the forked end A in Example 
1-3. 

*M. M. Frocht, "Factors of Stress Concentration Photoelastically Determined." Trans., 
ASME, 1935, vol. 57, p. A-67. 
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SOLUTION 

Geometrical proportions: 

radius of ~he hole= 3/16 = 0.375 net width 1/2 

From Fig. 2-17:• K::::::: 2.15 for r/d = 0.375. 
Average stress from Example 1-3: Uav = P/A 00 , = 11.2 ksi 
Maximum stress, Eq. 2-11: Umax = Ku,v = (2.15)(11.2) = 24.1 ksi 

This answer indicates that actually a large local increase in stress 
occurs at this hole, a fact that may be highly significant. 

In considering stress-concentration factors in design, it must be remem­
bered that their theoretical or photoelastic determination is based on the use 
of Hooke's law. If members are gradually stressed beyond the proportional 
limit of the material, these factors lose their significance. For example, con­
sider a flat bar of mild steel, of the proportions shown in Fig. 2-19, that is 

subjected to a gradually increasing force P. The 
stress distribution will be geometrically similar to 
that shown in Fig. 2-18 until U max reaches the yield 
point of the material. However, with a further 

- p increase in the applied force, U max remains the same, 
as a great deal of deformation can take place while 
the material yields. Therefore the stress at A 
remains virtually "frozen" at the same value. Never­

Fig . 2-19. Behavior of a flat bar of mild steel theless, for equilibrium, stresses acting over the net 
when stressed beyond the yield point area must be high enough to resist the increased P. 

Omax:::::::: a at yield point 

As a result of this, the stress distribution begins to 
look something like that shown by line 1-1 in Fig. 2-19; then as 1-2, and 
finally as 1-3. Hence, for ductile materials prior to rupture, the local stress 
concentration is practically wiped out, and a nearly uniform, distribution 
of stress across the net section occurs prior to necking. 

The above argument is not quite as true for materials less ductile than 
mild steel. Nevertheless, the tendency is in that direction unless the material 
is unusually brittle, like glass or some alloy steels. The argument presented 
applies to situations where the force is gradually applied or is static in charac­
ter. It is not applicable for fluctuating loads as found in some machine parts. 
There the working stress level that is actually reached locally determines the 
fatigue behavior of the member. The maximum permissible stress is set from 
an S-N diagram (Art. 1-7). Failure of most machine parts can be traced to 
progressive cracking that originates at points of high stress. In machine design, 
then, stress concentrations are of paramount importance, although some 
machine designers feel that the theoretical concentrations are somewhat high. 

*Strictly speaking the stress concentration depends on the condition of the hole, whether 
it is empty, or filled with a bolt or pin. 

ART. 2-11 STRESS CONCENTRATIONS 51 

www.konkur.in



Apparently some tendency is present to smooth out the stress peaks even in 
members subjected to cyclic loads. 

From the above discussion and accompanying charts it should be appar­
ent why a trained machine designer tries to " streamline" the junctures and 
transitions of elements that make up a structure. 

PROBLEMS FOR SOLUTION 

2-1. A standard steel specimen of ½ in . dia­
meter elongated 0.0087 in. in an 8 in. gage length 
when it was subjected to a tensile force of 6,250 lb. 
If the specimen was known to be in the elastic 
range, what is the elastic modulus of the steel? 
Ans: 29.3 x 106 psi. 

2-2. A steel rod 10 m long used in a control 
mechanism must transmit a tensile force of 5 kN 
without stretching more than 3 mm, nor exceed­
ing an allowable stress of 150 MN/m2 . What must 
the diameter of the rod be? Give the answer to the 
nearest millimeter. E = 210 000 MN/m 2 . 

2-3. A solid cylinder of 50 mm diameter and 
900 mm length is subjected to a tensile force of 
J 20 kN . One part of this- cylinder, L 1 long, is of 
steel; the other part, fastened to steel, is aluminum 
and is L 2 long. (a) Determine the lengths L 1 and 
L 2 so that the two materials elongate an equal 
amount. (b) What is the total elongation of the 
cylinder? Es, = 210 000 MN/m2 = 210 GPa ; EA 1 

= 70 000 MN/m 2 = 70 GPa. Ans: (b) 0.39mm. 

2-4. Rework Example 2-2 after revising the 
data to read as follows: P 1 = 40 k, P2 = JOO k, 
P 3 = 80 k, P4 = 20 k, the cross-sectional area of 
the rod from A to Bis 2 in.2 , from B to C is 4 in.2 , 

and from C to Dis 2 in .2 • Ans: 0.032 in. 

2-5. Revise the data in Example 2-2 to read as 
follows : P 1 = 10 kips; P 3 = 100 kips; P4 = 30 
kips. Then find (a) the force P2 necessary for 
equilibrium and (b) the total elongation of the 
rod AD. The cross-sectional area of the rod from 
A to Bis 1 in .2, from B to C is 4 in. 2, and from C 
to Dis 2 in. 2 • Ans: 0.020 in . 

2-6. In Example 2-2, what two additional 
(equal and opposite) forces applied at the ends 
will bring the total deformation back to zero? 

2-7. A¼ in . by 3 in. plate, hanging vertically, 
consists of an aluminum portion 6 ft long fastened 
to a steel portion 8 ft long. At the lower end a 
load of 6,000 lb is suspended. Neglecting the 
weight of the plate, calculate the deflection of the 
lower end. Es, = 30 x 106 psi; EA 1 = 10 x 10 6 

psi. Ans: 0.083 in . 

2-8. A round steel bar having a cross section 
of 0.5 in . 2 is attached at the top and is subjected 
to three axial forces, as shown in the figure. Find 
the deflection of the free end caused by these 
forces . Plot the axial force and the axial deflection 
diagrams. Let E = 30 X 106 psi. Ans: Li min = 
0, Limax = 0.040 in. 

36" 

4k 

24" 

12· 2k 

8k 

PROB. 2 - 8 

2-9. A bar of steel and a bar of aluminum 
have the dimensions shown in the figure . Calcu-
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late the magnitude of the force P that will cause 
the total length of the two bars to decrease 
0.010 in. Assume that the normal stress distribu­
tion over all cross sections of both bars is uniform 
and that the bars are prevented from buckling 
sideways. Plot the axial deflection diagram. Let 
Es, = 30 x 106 psi, and £A 1 = 10 x 106 psi. 
Ans: 51.6 k. 

p 

2" X 2" 
steel bar 

4" X 4" 
aluminum bar 

PROB. 2 9 

2-10. In one of the California oil fields, a very 
long steel drill pipe got stuck in hard clay (see 
figure) . It was necessary to determine at what 
depth this occurred. The engineer on the job 
ordered the pipe subjected to a large upward 
tensile force. As a resu lt of this operation the 
pipe came up elastically 2 ft. At the same time 
the pipe elongated 0.0014 in . in an 8-in. gage 
length. Approximately where was the pipe stuck? 
Assume that the cross-sectional area of the pipe 
was constant and that the media surrounding the 
pipe hindered elastic deformation of the pipe in a 
static test very little. Ans: 11,400 ft. 

PROB. 2 - 10 

CHAP. 2 PROBLEMS FOR SOLUTION 

2-11. A wall bracket is constructed as shown 
in the figure. All joints may be considered pin­
connected. The steel rod AB has a cross-sectional 
area of 5 mm 2 • The member BC is a rigid beam. 
If a 1.00 m diameter frictionless drum weighing 
4 500 N is placed in the position shown, what will 
the elongation of the rod AB be? Ans: 8.04 mm. 

Pinned joint 

PROB. 2 - 11 

2-12. For the truss shown in the figure, deter­
mine the total elongation of the member BC due 
to the application of the force P = 450 kN. The 
member BC is made from steel and is 60 mm2 in 
cross-sectional area. E = 210 000 MN/m2 • 

B 

5 spaces at 0.90 m = 4.50 m 

PROB. 2 - 12 

2-13. If the deformation of any one member in 
Prob. 2-12 cannot exceed 0.1 % of its length, 
which member requires the largest cross-sectional 
area and what is this area? Ans: 21.4 x 102 mm 2. 

2-14. If in Example 2-3 the rod is a 1 in. 
square aluminum bar weighing 1.17 lb/ft , what 
should its length be for the free end to elongate 
0.250 in. under its own weight? E = 10 x 106 psi. 

2-15. What will the deflection of the free end 
of the rod in Example 2-3 be if, instead of Hooke's 
law, the stress-strain relationship is a = Ee•, 
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where n is a number dependent on the properties 
of the material? 

2-16. The tapered steel bar shown in the figure 
is cut out from a steel plate 25 mm thick and is 
welded at the top to a rigid structure. Find the 
deflection of the end A caused by the force of 
40 kN applied at B. Consider the origin of the 
coordinate axes at the point of intersection of the 
sloping lines. E = 210 GN/m 2• Ans: 0.093 mm. 

2-17. 
point B. 

150 mm 

PROB . . 2 - 16 

Rework Prob. 2-16 taking the origin at 

2-18. Two bars are to be cut from a I in. 
thick metal plate so that both bars have a con­
stant thickness of I in. Bar A is to have a constant 
width of 2 in. throughout its entire length. Bar 
B is to be 3 in. wide at the top and 1 in . wide at 
the bottom. Each bar is to be subjected to the 
same load P. Determine the ratio L ,4/L8 so that 
both bars will stretch the same amount. Neglect 
the weight of the bar. Ans: 1.10. 

p 

3" 
1----1 

/, 

~ I I-I " 
p 

PROB. 2 - 18 

2-19. The load P applied to the pin-con­
nected frame shown stretches cable CD 2.5 mm. 
The area of the cable is 150 mm 2 and E = 210 000 
MN/m2 . Determine P. Ans: 39.4 kN. 

3 m 

3 m 

2 m 2m 

PROB. 2 - 19 

2-20. Two wires are connected to a rigid bar 
as shown in the figure, and a weight of 9 000 N 
is applied . The cross-sectional area of the left wire 
is 60 mm 2 , and its E = 200 000 MN/m2 ; the cor­
responding quantities for the right wire are 
120 mm2 , and E = 70 000 MN/m2 . Calculate the 
vertical displacement of the weight. 

1.50 m 

9 000 

1.00 m 

PROB. 2 - 20 

2-21. The dimensions of a frustum of a right 
circular cone supported at the large end on a 
rigid base are shown in the figure. Determine the 
deflection of the top due to the weight of the body. 
The un it weight of material is }' ; the elastic 
modulus is E. (Hint : Consider the origin of the 
coordinate axes at the vertex of the extended 
cone.) Ans: 1.2 x 105y/E mm. 
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PROB. 2 - 21 

2-22. Find the total elongation ~ of a slender 
elastic bar of constant cross-sectional area A, 
such as shown in the figure, if it is rotated in a 
horizontal plane with an angular velocity of w 
radians per second. The unit weight of the mate­
rial is y. Neglect the small amount of extra 
material by the pin. (Hint: First find the stress at 
a section a distance r from the pin by integrating 
the effect of the inertial forces between r and L. 
See Example 1-6.) Ans: 2yw 2L 3/3gE. 

w 

L L 

PROB. 2 22 

2-23. A cast brass rod 2.25 in. in diameter and 
6 in. long is compressed axially by a uniformly 
distributed force of 45,000 lb. Determine the 
increase in diameter caused by the applied force. 
E = 12.5 x 106 psi; v = 0.30. 

2-24. A piece of 50 mm by 250 mm by 10 mm 
steel plate is subjected to uniformly distributed 
stresses along its edges (see figure). (a) If P x = 
100 kN and Py = 200 kN, what change in thick­
ness occurs due to the application of these forces? 
(b) To cause the same change in thickness as in 
(a) by P x alone, what must be its magnitude? Let 
E = 200 000 MN/m2 and v = 0.25 . 

CHAP. 2 PROBLEMS FOR SOLUTION 

250 mm 

PROB . 2 - 24 

2-25. A rectangular steel block, such as shown 
in Fig. 2-13(a), has the following dimensions: 
a= 50 mm, b = 15 mm, and c = 100 mm. The 
faces of this block are subjected to uniformly dis­
tributed forces of 180 kN (tension) in the x­
direction, 200 kN (tension) in the y-direction, and 
240 kN (compression) in the z-direction. Deter­
mine the magnitude of a single system of forces 
acting only in the y-direction that would cause 
the same deformation in the y-direction as the 
initial forces. Let v = ¼- Ans: 250 kN. 

2-26. A 6 mm by 75 mm plate 600 mm long 
has a circular hole of 25 mm diameter located in 
its center. Find the axial tensile force that may be 
applied to this plate in the longitudinal direction 
without exceeding an allowable stress of220 MPa. 

2-27. Determine the extent by which a 
machined flat tensile bar used in a mechanical ap­
plication is weakened by having an enlarged sec­
tion as shown in the figure. Since the bar is to be 
loaded cyclically, consider stress concentrations. 
Ans: About 57 %. 

1· 

__J2__ .!.: radius ==8 p J..s I-
+ 1· 

2 

PROB. 2 - 27 

2-28. A long slot is cut out from a 1 in. by 
6 in. steel bar 10 ft long as shown in the figure. 
(a) Find the maximum stress if an axial force 
P = 50 kips is applied to the bar. Assume that 
the upper curve in Fig. 2-17 is applicable. (b) 
For the same case, determine the total elongation 
of the rod. Neglect local effects of stress con-
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centrations and assume that the reduced cross­
sectional area extends for 2 ft. (c) Estimate the 
elongation of the same rod if P = 160 kips. As­
sume that steel yields 0.020 in . per inch at a stress 
of 40 psi. (d) On removal of the load in (c), what 
is the residual defle.ction? Let E = 30 x 106 psi. 
Ans: (a) 28.7 ksi; (b) 0.0367 in .; (c) 0.56 in.; (d) 
0.448 in. 

2' wide lot (I" radii at ends) 

p 
6' 

24" 

PROB. 2 - 28 

2-29. The bar shown in the figure is cut from 
a 1 in. thick piece of steel. At the changes in 
section, approximate stress concentration factors 
are as indicated. A force P is applied, producing 
a total change of length in the bar of 0.016 in. 

K = 2.5 

I 
1". 
I diam 

K,;. 2.0 

p 

141 •---'-'18=--·--_
2
_
1
=-?_4'-• __..*'I ,l----"18=--·-· ' ~ = 0. 0 I 6" 

PROB. 2 - 29 

Determine the maximum stress in the bar caused 
by this force. Neglect the effect of the hole and the 
stress concentrations on the axial deformation. 
Let E = 30 x 106 psi . Ans: O'm ax = 28,600 psi. 

• 2-30. A uniform timber pile, which has been 
driven to a depth Lin clay, carries an applied load 
of Fat the top. This load is resisted entirely by 
friction f along the pile, which varies in the 
parabolic manner shown in the figure. (a) Deter­
mine the total shortening of the pile in terms of 
F, L, A, and E. (b) If P = 420 kN, L = 12 m, 
A = 64 000 mm 2, and E = 10 000 MN/m2 = 
10 GPa, how much does such a pile shorten? 
(Hint: From the equilibrium requirement, first 
determine the constant k.) Ans: (a) FL/(4AE). 

y 

L 

t 
t 
• f 

PROB. 2 - 30 
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Torsion 

3-1. INTRODUCTION 

The first two chapters, besides giving general concepts of the subject of 
mechanics of materials, investigated in detail the behavior of axially loaded 
rods. By the application of the method of sections and by the assumption of 
equal strains in longitudinal fibers, a formula for stress in an axially loaded 
rod was developed . Then an expression was established for obtaining the 
axial deformation of members. In this chapter, similar relations for statically 
determinate members subjected only to torque about their longitudinal 
axes will be determined. Thus the investigation will be confined to the effect 
of a single type of action, i.e, of a torque causing twist or torsion in a member. 
Members subjected simultaneously to torque and bending, frequently occur­
ring in practice, will be treated in Chapter I 0. Statically indeterminate cases 
are discussed in Chapter 12. 

A major part of this chapter is devoted to the treatment of members 
with circular, or tubular, cross-sectional areas. Noncircular sections are dis­
cussed only briefly. In practice, members that transmit torque, such as shafts 
of motors, torque tubes of power equipment, etc., are predominantly circular 
or tubular in cross section. Thus, although mainly special cases of the torsion 
problem will be treated, the majority of important applications fall within 
the scope of the formulas developed. 

Shaft couplings are considered briefly at the end of the chapter, since 
their analysis is related to the method of analysis used for circular shafts. 

3-2. APPLI CATI ON OF METH OD OF SECTIONS 

In analyzing members subjected to torque, the basic approach outlined 
in Art. 1-9 is followed. First, the system as a whole is examined for equilib­
rium, and then the method of sections is applied by passing a cutting plane 
perpendicular to the axis of the member. Everything to either side of a cut is 
then removed, and the internal or resisting torque necessary to maintain 
equilibrium of the isolated part is determined. For finding this internal 
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A 

CHAP. 3 TORSION 

torque in statically determinate members, only one equation of statics, 
L M" = 0, where the x-axis is directed along the member, is required. By 
applying this equation to an isolated part of a shaft, it may be found that the 
externally applied torques* are balanced by the internal resisting torque 
developed in the material. Hence the external and internal torques are numer­
ically equal, but act in opposite directions. 

In this chapter, shafts will be assumed "weightless" or supported at 
frequent enough intervals to make the effect of bending negligible. Axial 
forces that may also act simultaneously on the member are excluded for 
the present. 

EXAMPLE 3-1 

Find the internal torque at section K-K for the shaft shown in Fig. 3-l(a) 
and acted upon by the three torques indicated. 

30 N·m 30 N·m 

20 m internal torque 

(a) (b) 

Fig . 3-1 

SOLUTION 

The 30 N · m torque at C is balanced by the two torques of 20 N · m and 
ION· mat A and B, respectively. Therefore, the body as a whole is in equilib­
rium. Next, by passing a cutting plane K-K perpendicular to the axis of the rod 
anywhere between A and B, a free body of a part of the shaft, shown in Fig. 
3-l(b), is obtained. Whereupon, from ~ Mx = 0, or 

externally applied torque = internal torque 

the conclusion is reached that the internal or resisting torque developed in the 
shaft between A and B is 20 N · m. Similar considerations lead to the conclu­
sion that the internal torque resisted by the shaft between Band C is 30 N · m. 

It may be seen intuitively that for a member of constant cross-sectional 
area the maximum internal torque causes the maximum stress and imposes 

•If two planes are used to isolate a portion of a body, the internal torque at one end of the 
isolated body must be treated as an external torque when the other section is considered. 
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the most severe condition on the material. Hence, in investigating a torsion 
member, several sections may have to be examined to determine the largest 
internal torque. A section where the largest internal torque is developed is 
the critical section. In Example 3-1 the critical section is anywhere between 
points B and C. If the torsion member varies in size, it is more difficult to 
decide where the material is critically stressed. Several sections may have to 
be investigated and stresses computed to determine the critical section. These 
situations are analogous to the case of an axially loaded rod, and means 
must be developed to determine stresses as a function of the internal torque 
and the size of the member. In the next several articles the necessary for­
mulas are derived. 

3-3. BASIC ASSUMPTIONS 

To establish a relation between the internal torque and the stresses it 
sets up in members with circular and tubular cross sections, it is necessary 
to make several assumptions, the validity of which will be justified further 
on. These, in addition to homogeneity of material, are as follows: 

I. A plane section of material perpendicular to the axis of a circular member 
remains plane after the torques are applied, i.e., no warpage or distortion of 
parallel planes normal to the axis of a member takes place.* 

2. In a circular member subjected to torque, shearing strains, y, vary linearly from 
the central axis. This assumption is illustrated in Fig. 3-2 and means that an 
imaginary plane such as A010 3C moves to A'0 10 3C when the torque is 
applied. Alternatively, if an imaginary radius 0 3 C is considered fixed in 
direction, similar radii initially at 0 2 B and 0 1A rotate to the respective new 
positions 0 2B' and 0 1A'. These radif remain straight. 

It must be emphasized that these assumptions hold only for circular and 
tubular members. For this class of members these assumptions work so well 
that they apply beyond the limit of the elastic behavior of a material. These 
assumptions will be used again in Art. 3-8 where stress distribution beyond the 

Fig. 3-2. Variation of strain in a circular member subjected to torque. 

*Actually it is also implied that parallel planes perpendicular to the axis remain a constant 
distance apart. This is not true if deformations are large. However, since the usual deforma­
tions are very small, stresses not considered here are negligible. For details see S. Timoshen­
ko, Strength of Materials (3rd. ed.), Part II, Advanced Theory and Problems. New York: 
Van Nostrand, 1956 Chapter VI. 
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proportional limit is discussed. However, if attention is confined to the elastic 
case, Hooke's law applies. 

3. Thus it follows that shearing stress is proportional to shearing strain. 

In the interior of a member it is difficult to justify the first two assump­
tions directly. However, after deriving stress and deformation formulas 
based on them, unquestionable agreement is found between measured and 
computed quantities. Moreover, their validity may be rigorously demon­
strated by the methods of the theory of elasticity based on the generalized 
Hooke's law, and by the requirements of strain compatibility. 

3-4. THE TORSION FORMULA 

In the elastic case, on the basis of the above assumptions, since stress 
is proportional to strain, and the latter varies linearly from the center, 
stresses vary linearly from the central axis of a circular member. The stresses 

induced by the assumed distortions are shearing 
stresses and lie in the plane parallel to the section 
taken normal to the axis of a rod. The variation of 
shearing stress is illustrated in Fig. 3-3. Unlike the 
case of an axially loaded rod, this stress is not of 
uniform intensity. The maximum shearing stress 
occurs at points most remote from the center 0 
and is designated t"max · These points, such as point 
C in Fig. 3-3, lie at the periphery of a section at a 
distance c from the center. While, by virtue of a 
linear stress variation, at any arbitrary point at a 

dA distance p from 0, the shearing stress is (p /c)t"max· 
Fig . 3- 3. Variation of stress in a circular Once the stress distribution at a section is 
member in the elastic range. established, the resistance to torque in terms of stress 

CHAP. 3 TORSION 

can be expressed. The resistance to the torque so 
developed must be equivalent to the internal torque. Hence an equality can 
be formulated thus: 

dA p 

..___,_...., ------
(stress) (area) 
~ 

(force) (a rm) ---­(torque) 

= T 

where the integral sums up all torques developed on the cut by the infinitesi­
mal forces acting at a distance p from a member's axis, 0 in Fig. 3-3, ·over 
the whole area A of the cross section, and where T is the resisting torque. 

At any given section, t"max and care constant; hence the above relation 
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can be written as 

't"maxf p2 dA = T 
C A 

(3-1) 

However, L p 2 dA, the polar moment of inertia of a cross-sectional area, is 

also a constant for a particular cross-sectional area. It will be designated 
by J in this text. For a circular section, dA = 2np dp, where 2np is the 
circumference of an annulus* with a radius p of width dp. Hence 

J = f P2 dA = f.c 2npl dp = 2n I p4 lc = nc4 = nd4 
A o 4._ Q 2 32 

J-.::.... rr. 'cL I' 
~ 

(3-2) 

where d is the diameter of a solid circular shaft. If c or d is measured in 
meters, J has the units of m4; if in inches, the units become in. 4 • 

By using the symbol J for the polar moment of inertia of a circular 
area, Eq. 3-1 may be written more compactly as _,,, 

t&"' ) ir/ 1 Tc 
't"max = J (3-3) 

This equation is the well-known torsion formu/at for circular shafts that 
expresses the maximum shearing stress in terms of the resisting torque and 
the dimension of a member. In applying this formula the internal torque 
T can be expressed in newton-meters (N · m)t or inch-pounds, c in meters 
or inches, and Jin m4 or in. 4 Such usage makes the units of the torsional 
shearing stress, . 

[N·m][m] = [NJ 
[m4] m2 

or pascals in SI units, or 

[in.-lb] [in.] [lb . 21 [in.4] = perm. 

or psi in English units. 
A more general relation than Eq. 3-3 for a shearing stress, -r, at any 

point a distance p from the center of a section is 

(3-3a) 

* An annulus is an area contained between two concentric circles. 

trt was developed by Coulomb, a French engineer, in about 1775 in connection with his 
work on electric instruments. His name has been immortalized by its use for a practical 
unit of quantity in electricity. 

tAlternatively one (N · m) is equal to one joule (J). However, in this text the symbol J is 
used only for the polar moment of inertia of a section. 
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Equations 3-3 and 3-3(a) are applicable with equal rigor to circular 
tubes, since the same assumptions as used in the above derivation apply. 
It is necessary, however, to modify J. For a tube, as may be seen from Fig. 
3-4, the limits of integration for Eq. 3-2 extend from b to c. Hence for a 
circular tube, 

J = p 2 dA = 2np 3 dp = - - -f J
c n;c4 n;b4 

A b 2 2 
(3-4) 

rmax or stated otherwise: J for a circular tube equals J 
for a solid shaft, using the outer diameter, minus 
J for a solid shaft, using the inner diameter. 

For thin tubes, if b is nearly equal to c, and 
c - b = t, the thickness of the tube, J reduces to 
a simple approximate expression: 

(3-4a) 

which is sufficiently accurate in many applications. 

Fig. 3-4. Variation of stress in a hollow cir­
cular member in the elastic range . 

The concepts used in deriving the torsion 
formula for circular members are summarized as 
follows: 

CHAP. 3 TORSION 

1. Equilibrium requirements are used to determine the internal or resisting torque. 
2. Deformation is assumed so that shearing strain varies linearly from the axis of 

the shaft. 
3. Material properties in the form of Hooke's law are used to relate the assumed 

strain variation to stress. 

Only item 3 must be modified suitably in treating the inelastic behav­
ior of circular shafts subjected ttl the action of torques. 

3-5. REMARKS ON THE TORSION FORMULA 

So far the shearing stresses as given by Eqs. 3-3 and 3-3(a) have been 
thought of as acting only in the plane of a cut perpendicular to the axis of 
the shaft. There indeed they are acting to form a couple resisting the exter­
nally applied torques. However, to understand the problem further, an 
infinitesimal cylindrical element,* shown in Fig. 3-5(b), is isolated from the 
member of Fig. 3-5(a). 

The shearing stresses acting in the planes perpendicular to the axis of 
the rod are known from Eq. 3-3(a). Their directions coincide with the direction 

*Two planes perpendicular to the axis of the rod, two planes through the axis, and two 
surfaces at different radii are used to isolate this element. Properties of such an element 
are expressible mathematically in cylindrical coordinates. 
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A B 

A B 

(a) (b) (c) 

Fig. 3-5. Existence of shearing stresses on mutually perpendicular 
planes in a shaft subjected to torque. 

of the internal resisting torque. (This should be clearly visualized by the 
reader.) On adjoining parallel planes of a disk-like element these stresses 
act in opposite directions. However, these shearing stresses acting in the 
plane of the cuts taken normal to the axis of a rod cannot exist alone, as 
was shown in Art. 2-9. Numerically equal shearing stresses must act on the 
axia l planes (such as the planes aef and beg in Fig. 3-5(b)) to fulfill the 
requirements of static equilibrium for an element.* 

Shearing stresses acting in the axial planes follow the same variation 
in intensity as do the shearing stresses in the planes perpendicular to the 
axis of the rod. This variation of shearing stresses on the mutually perpen­
dicular planes is shown in Fig. 3-5(c), where a portion of the shaft has been 
removed for the purposes of illustration. 

In isotropic materials it makes little difference in which direction the 
shearing stresses act. However, not all materials used in construction are 
isotropic. For example, wood exhibits drastically different properties of 
strength in different directions. The shearing strength of wood on planes 
parallel to the grain is much less than on planes perpendicular to the grain. 
Hence, although equal intensities of shearing stress exist on mutually per­
pendicular planes, wooden shafts of inadequate size fail longitudinally 
along axial planes. Wooden shafts are occasionally used in the process 
industries. 

EXAMPLE 3-2 

Find the maximum torsional shearing stress in the shaft AC shown in Fig. 
3-l(a). Assume the shaft from A to C to be of 10 mm diameter. 

*Note that maximum shearing stresses, as shown diagrammatically in Fig. 3-5(a), actually 
act on planes perpendicular to the axis of the rod and on planes passing through the axis 
of the rod. The representation shown is purely schematic. The free surface of a shaft is free 
of all stresses. 
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SOLUTION 

From Example 3-1 the maximum internal torque resisted by this shaft is 
known to be 30 N•m. Hence T = 30 N·m, and c = d/2 = 5 mm = 0.005 m. 
From Eq. 3-2 

J = nd4 = n (0.01)4 = 9 82 10-10 4 
32 32 . X m 

From Eq. 3-3 

_Tc_ (30)(0.005) _ 153 106 N/ 2 ( p ) 
'rmax - J - 9_82 X JQ-lO - X m or a. 

This maximum shearing stress at 5 mm from the axis of the rod acts in 
the plane of a cut perpendicular to the axis of the rod and along the longitu­
dinal planes passing through the axis of the rod (Fig. 3-5(c)). 

EXAMPLE 3-3 

Consider a long tube of 20 mm outside diameter, d0 , and of 16 mm inside 
diameter, d;, twisted about its longitudinal axis with a torque T of 40 N · m. 
Determine the shearing stresses at the outside and the inside of the tube, 
Fig. 3-6. 

SOLUTION 

From Eq. 3-4 

Fig . 3-6 

T 

J _ n(c4 - b4 ) _ n(d! - dt) _ n(0.024 - 0.0164 ) 

- 2 - 32 - 32 

= 9.27 X 10-9 m4 

From Eq. 3-3 

_ Tc _ (40)(0.01) _ 43 J 106 N/ 2 
'rmax - J - 9.27 X JQ-9 - . X m 

From Eq. 3-3(a) 

- Tp - (40)(0.008) - 34 5 106 N/ 2 
'r;n,lde - J - 9.27 X 10-9 - . X m 

Note that, for a tube, less material is required to transmit a given torque 
at the same stress than for a solid shaft, since no material operates at a low 
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stress. By making the waU thickness small and the diameter large, nearly 
uniform shearing stress 1: is obtained in the wall. This fact makes thin tubes 
suitable for experiments where a uniform "field" of pure shearing stress is 
wanted (Art. 2-10). To avoid local crimping or buckling, however, the wall 
thickness cannot be excessively thin. 

3-6. DESIGN OF CIRCULAR MEMBERS IN TORSION 

In designing members for strength, allowable shearing stresses must 
be selected. These depend on the information available from experiments 
and on the intended application. Accurate information on the capacity of 
materials to resist shearing stresses comes from tests on thin-walled tubes. 
Solid shafting is employed in routine tests. Moreover, as torsion members 
are so often used in power equipment, many fatigue experiments are done. 
Characteristically, the shearing stress that a material can withstand is lower 
than the normal stress. The ASME (American Society of Mechanical Engi­
neers) code of recommended practice for transmission shafting gives an 
allowable value in shearing stress of 8,000 psi for unspecified steel and 0.3 
of yield, or 0.18 of ultimate, shearing strength, whichever is smaller.* In 
practical designs, suddenly applied and shock loads warrant special consid­
erations. 

Once the torque to be transmitted by the shaft is known and the maxi­
mum shearing stress is selected, the proportions of the member become 
fixed. Thus, from Eq. 3-3, 

J 
C 

T 
't'max 

(3-5) 

where J/c is the parameter on which the elastic strength of a shaft depends. 
For an axially loaded rod such a parameter is the cross-sectional area of a 
member. For a solid shaft, J/c = nc 3/2, where c· is the outside radius. By 
using this expression and Eq. 3-5, the required radius of a shaft can be deter­
mined. For a hollow shaft, a number of tubes can provide the same numerical 
value of J/c, so the problem has an infinite number of possible solutions. 

Members subjected to torque are very widely used as rotating shafts 
for transmitting power. For future reference, a formula will be established 
for the conversion of horsepower, the conventional unit used in the industry, 
into torque acting through the shaft. By definition, 1 hp does the work of 
745. 7 N · m/s. One N · m/s is conveniently referred to as a watt (W) in the SI 
units. Thus 1 hp can be converted into 745.7 W. Likewise, it will be recalled 
from dynamics that power is equal to torque multiplied by the angle, mea­
sured in radians, through which the shaft rotates per unit of time. For a 
shaft rotating with a frequency off Hz, the angle is 2nf rad/s. Hence, if a 

*Recommendations for other materials may be found in machine design books. For 
example, see J.E. Shigley, Mechanical Engineering Design (2nd ed.), New York : McGraw­
Hill , 1972, or R. C. Juvinal, Stress, Strain, and Strength, New York: McGraw-Hill, 1967. 
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CHAP. 3 TORSION 

shaft were transmitting a constant torque T measured in N · m, it would do 
2nfT N · m of work per second. Equating this to the horsepower supplied 

or 

hp(745.7)[N ·m/s] = 2nfT[N-m/s] 

T - 119 hp 
- f [N·m] (3-6) 

where f is the frequency in hertz of the shaft transmitting the horsepower 
hp. This equation converts the horsepower delivered to the shaft into a 
constant torque acting through it as the power is applied. 

In the English system, I hp does work of 550 ft-lb per second, or 
550(12)60 in.-lb per minute. If the shaft rotates at N rpm (revolutions per 
minute), an equation similar to Eq. 3-6 can be obtained as 

T = 63,000 hp 
N 

[in.-lb] (3-6a) 

EXAMPLE 3-4 

Select a solid shaft for a 10 hp motor operating at 30 Hz. The maximum 
shearing stress is limited to 55 000 kN/m 2 • 

SOLUTION 

From Eq. 3-6 

From Eq. 3-5 

T = ll~hp = (11;~10) = 39.7N·m 

J 
C 

or 

T 
'l'max 

39.7 - 0 722 10-6 l 55 X 106 - . X m 

cl = J:.... !_ = 2(722 x 10-9) = 460 x 10-9 ml 
n c n 

Hence, c = 0.007 72 m or d = 2c = 0.015 4 m = 15.4 mm. 
For practical purposes a 16 mm shaft would probably be selected. 

EXAMPLE 3-5 

Select solid shafts to transmit 200 hp each without exceeding a shearing stress 
of 10,000 psi. One of these shafts operates at 20 rpm and the other at 20,000 
rpm. 

SOLUTION 

Subscript 1 applies to the low-speed shaft; 2 to the high-speed shaft. 
From Eq. 3-6 

T, = (hp)(~,OOO) = 200(~~000) = 630,000 in. -lb 
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(a) 

Similarly 

From Eq. 3-5 

and 

Similarly 

J1 
C 

T2 = 630 in.-lb 

J1 = ..IJ_ = 630,000 = 63 io.J 
C 't' max 10,000 

or di = ~6
(63) = 321 io. 3 

d1 = 6.85 in. 

d2 = 0.685 in. 

This example illustrates the reason for the modern tendency to use high­
speed machines in mechanical equipment. The difference in size of the two 
shafts is striking. Further saving in the weight of the material can be effected 
by making use of hollow tubes. 

3-7. ANGLE OF TWIST OF CIRCULAR MEMBERS 

So far in thi s chapter, methods of determining stresses in solid and 
hollow circular shafts subjected to torque have been discussed. Now atten­
tion will be directed to the method of finding the angle of twist for shafts 
ubjected to torsional loading. The interest in this problem is at least three­

fold. First, it is important to predict the twist of a shaft per se since at times it 
is not sufficient to design it only to be strong enough: it also must not deform 
excessively. Then, magnitudes of angular rotations of shafts are needed in 
the torsional vibration analysis of machinery, although this subject is not 
treated here. Finally, the angular twist of members is needed in dealing with 
statically indeterminate torsional problems, which are discussed in Chapter 
12. 

According to Assumption 1 stated in Art. 3-3, planes perpendicular 
to the axis of a circular rod do not warp. The elements of a shaft undergo 
deformation of the type shown in Fig. 3-7(b). The shaded element is shown 
in its undistorted form in Fig. 3-7(a). From such a shaft a typical element of 
length dx is shown isolated in Fig. 3-8. 

In the element shown a line or "fiber" such as AB is parallel initially 
to the axis of the shaft. After the torque is applied, it assumes a new position 
AD. At the same time, by virtue of Assumption 2, Art. 3-3, radius OB 
remains straight and rotates through a small angle d<p to a new position OD. 

(b) 

Fig . 3-7 . Circular shaft (a) before (b) after torque is applied . 
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X 

Fig. 3-8. An element of a circular shaft subjected to torque. 

Denoting the small angle DAB by Ymm from geometry one has 

arc BD = Ymax dx or arcBD = d</> c 

where both angles are smaJI and are measured in radians. Hence 

)/max dx = d</> C (3-7) 

Ymax applies only in the zone of an infinitesimal "tube" of uniform maximum 
shearing stress "t"max· Limiting attention to linearly elastic response makes 
Hooke's law applicable. Therefore, according to Eq. 2-9, the angle Ymax is 
proportional to -rm.., i.e., Ymax = -rm .. /G. Moreover, by Eq. 3-3, "t"max = Tc/J. 
Hence Ymax = Tc/(JG).* Substituting the latter expression into Eq. 3-7 and 
canceling c, 

qi= I... 
dx JG 

or d</> = Tdx 
JG 

This is the relative angle of twist of two adjoining sections an infinitesimal 
distance dx apart. To find the total angle of twist </> between any two sections 
A and B on a shaft, the rotations of all elements must be summed. Hence, 
the general expression f01" the angle of twist at any section for a shaft of a 
linearly elastic material is 

</> = Ind</> = I B Tx dx 
A A J_.G 

(3-8) 

The internal torque Tx and the polar moment of inertia Jx may vary 
along the length of a shaft. The direction of the angle of twist </> coincides 
with the direction of the applied torque T. 

Equation 3-8 is valid for both solid and hollow circular shafts, which 
follows from the assumptions used in the derivation. The angle</> is measured 
in radians. Note the great similarity of this relation to Eq. 2-3 for the defor­
mation of axially loaded rods. The following two examples illustrate applica­
tions of Eq. 3-8. 

*The foregoing argument can be carried out in terms of any y, which progressively becomes 
smaller as the axis of the rod is approached. The only difference in derivation consists in 
taking an arc corresponding to BD an arbitrary distance p from the center and using 
T p/J instead of Tc/J for "t'. 
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B EXAMPLE 3-6 
"L---,-----==-=- -:1,_.....---;r~ T 

Find the relative rotation of section B-B with respect 
to section A-A of the solid shaft shown in Fig. 3-9 
when a constant torque Tis being transmitted through 
it. The polar moment of inertia of the cross-sectional 
area J is constant. 

L 

I 

B 

Fig. 3-9 SOLUTION 

In this case T" = Tand J" = J; hence from Eq. 3-8 

(3-9) 

Equation 3-9 is an important relation. It can be used in the design of 
shafts for stiffness, i.e., for limiting the amount of twist that may take place in 
their length. For such an application T, L, and Gare known quantities, and 
the solution of Eq. 3-9 yields J. This fixes the size of the required shaft (see 
Eqs. 3-2 and 3-4). Note that for stiffness requirements, J, rather thanJ/c of the 
strength requirement, is the significant parameter. This equation is used in 
torsional vibration analyses. The term JG is referred to as the torsional stiffness 
of the shaft. 

Another application of Eq. 3-9 is found in the laboratory. There a 
shaft can be subjected to a known torque T, J can be computed from the 
dimensions of the specimen, and the relative angular rotation rp between two 
planes a distance L apart can be measured. Then, by using Eq. 3-9, the 
shearing modulus of elasticity in the elastic range can be computed, i.e., 
G = TL/Jrp. 

In using Eq. 3-9, note particularly that angle rp must be expressed in 
radians. Also observe the similarity of Eq. 3-9 to Eq. 2-4, .1. = PL/AE, 
formerly derived for axially loaded rods. 

EXAMPLE 3-7 

Consider the stepped shaft shown in Fig. 3-10 attached to a wall at£, and 
determine the rotation of the end A when the two torques at Band at D are 
applied. Assume the shearing modulus G to be 80 x 109 N /m2 , a typical 
value for steels. 

Bearing 

0.025 m 0.050 m 

~__.________..! ) o::r A 

X2 - X2 
X3 - X3 

I 
Ts = 150 N-m }

1 

0.25 m 0.20 m 

ART. 3-7 ANGLE OF TWIST OF CIRCULAR MEMBERS 

I 
Xi 

0.30 m 

Fig. 3-10 

1 X3 
Tn= IOOON·m 

0.50 m 

1/ 

E 
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CHAP. 3 TORSION 

SOLUTION 

From Eq. 3-2 

J = J = nd4 = n (2.5 x 10- 2)4 = 3 83 10- s 4 
AB BC 32 32 . X m 

From Eq. 3-4 

lco = JoE = ; 2(d! - df) = ; 2(54 - 2.54 )10- 8 = 57.5 x 10-s m4 

where subscripts indicate the range of applicability of a given value. Then by 
passing arbitrary sections X 1-X1, X i -Xi, and X 3-X3 , and each time con­
sidering a portion of the shaft to the left of such sections, the internal torques 
for the various intervals are found to be 

TAB = 0, Tao = Tse = Teo = l50N·m, To E = l J50N·m 

To find the rotation of the end A, Eq. 3-8 is applied with the limits of 
integration broken at points where Tor J changes its value abruptly. 

In the last group of integrals, Ts and Js are constant between the limits 
considered, so each integral reverts to a known solution, Eq. 3-9. Hence 

¢, = To ELoE + TcoLc o + TacLac + TAsLAs 
loEG lcoG lacG JAsG 

_ (1 150)(0.5) .J.. (150)(0.3) 
- (57.5 X J0- 8)80 X 109 ' (57 .5 X J0- 8)80 X 109 

(150)(0.2) 
+ (3.83 X J0- 8 )80 X 109 + O 

= 0.012 5 + 0.001 0 + 0.009 8 

= 0.023 3 radian or (360/2n)(0.023 3) = 1.33° 

The part AB of the shaft contributes nothing to the value of the angle 
¢, as no internal torque acts through it. It rotates as much as the section at B. 
Little is contributed to ¢, by the shaft from C to D because a small internal 
torque and a large J are associated with this segment. No doubt there is a 
disturbance in the strains at the step, but this local effect plays a small role in 
the overall rotation. 

The angle computed would hold equally true for a relative rotation of 
sections for an analogous problem of a rotating shaft. 

*3-8. SHEARING STRESSES AND DEFORMATIONS IN 
CIRCULAR SHAFTS IN THE INELASTIC RANGE 

The torsion formula for circula r sections derived above is based on 
Hooke's law. Therefore, it applies only up to the point where the propor­
tional limit of a material in shea r is reached in the outer annulus of a shaft. 
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Now the solution will be extended to include inelastic behavior of a material. 
As before, the equilibrium requirements at a section must be met. The 
deformation assumption of linear strain variation from the axis remains 
applicable. Only the difference in material properties affects the solution. 

A section through a shaft is shown in Fig. 3-1 !(a). The linear strain 
variation is shown schematically on the same figure. Some possible mechani­
cal properties of materials in shear, obtained, for example, in experiments 
with thin tubes in torsion, are as shown in Figs. 3-JJ(b), (c), and (d). The 
corresponding shearing-stress distribution is shown to the right in each 
case. The stresses are determined from the strain. For example, if the strain 
is a at an interior annulus, Fig. 3-1 l(a), the corresponding stress is found 
from the stress-strain diagram. This procedure is applicable to solid shafts 
as well as to integral shafts made of concentric tubes of different materials, 

r 

r 

(b) 

r 

(a) Assumed strain variation (c) 

r 

r 
I 

( d) Stress-strain relations 

Fig . 3-11. Stress in circular shafts. 

a 

(e) 

(f) 

a 

(g) Corresponding 
stress distribution 

ART. 3-8 SHEA RI NG STRESSES AND DEFORMATIONS IN CIRCULAR SHAFTS 

Tmax 
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providing the corresponding stress-strain diagrams are used . The derivation 
for a linearly elastic material is simply a special case of this approach. 

After the stress distribution is known, the torque T carried by these 
stresses is found as before, i.e., 

T = L [-r(dA)]p (3-10) 

Either analytical or graphical procedures can be used for evaluating this 
integral. 

Although the shearing-stress distribution after the elastic limit is 
exceeded is nonlinear and the elastic torsion formula Eq. 3-3 does not apply, 
it is sometimes used to calculate a fictitious stress for the ultimate torque. 
The computed stress is called the modulus of rupture; see the la rgest ordinates 
of the dashed lines on Figs. 3-11 (f) and (g). It serves as a rough index of 
the ultimate strength of a material in torsion. For a thin-walled tube the 
stress distribution is very near ly the same regardless of the mechanical prop-

erties of the material, Fig. 3-12. For this reason 
experiments with thin-walled tubes are widely used 

Elastic stress distribution 

Plastic stress distribution '\, 

in establishing the shearing stress-strain (-r-y) 
diagrams. 

If a shaft is strained into the plastic range 
and the applied torque is then removed, every 
"imaginary" annulus rebounds elastically. Because 
of the differences in the strai n paths, which cause 
permanent set in the material, residual stresses 
develop. This process will be illustrated in one of 
the examples that follow. 

Fig . 3-12. For th in-walled tubes the differ­
ence between elastic and plastic stresses is 
small. 

For determining the rate of twist of a circular 
shaft or tube, Eq. 3-7 can be used in the following 
form: 

(3-11) 

CHAP. 3 TORSION 

Here either the maximum shearing strain at c o r the strain at p. determined 
from the stress-strain diagram must be used. 

EXAMPLE 3-8 

A solid steel shaft of 24 mm diameter is so severely twisted that only an 8 mm 
diameter elastic core remains on the inside. Fig. 3- 13(a). If the material prop­
erties can be idealized as shown in Fig. 3- I 3(b), what residual stresses and 
residual rotation will remain upon release of the applied torque? 

SOLUTION 

To begin, the magnitude of the initially applied torque and the corresponding 
angle of twist must be determined. The stress distribution corresponding to 
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24 mm 

(a) 

+ 

rMN/m 
2 

I 60 1-----+----.
1
----

1
-r-----

/ I 

0 I 
I 

I 

(b) 

2 I 
I 

I 

I 

I 
I 

I 

' r 10 10- 3 m/m 

212 MN/m2~ ----------r--
51 M /m2 

89.3 MN/m2 

51 MN/m2 
1-.-h--+.J.~-

(c) Elastic-plastic stress 
distribution 

(d) Elastic rebound 
stresses 

(e) Residual stresses 

Fig. 3-13 

the given condition is shown in Fig. 3-J 3(c). The stresses vary linearly from 0 
to 160 MN/m2 when Os p s 4 mm; the stress is a constant 160 MN/m2 

for p > 4 mm. Equation 3-10 can be used to determine the applied torque T. 
The release of the torque T causes elastic stresses, and Eq. 3-3 applies, Fig. 
3-13(d). The difference between the two stress distributions, corresponding to 
no external torque, gives the residual stresses. 

f I° 10.004 

T = A -r:p dA = Jo 2n-r:p 2 dp = Jo [o.bo4 160 J 2np 2 dp 

J
0 .01 2 

+ (160)2np2dp =(l6 + 557)I0· 6 MN·m 
0.004 

= 573 x JQ- 6 MN·m = 573 N-m 

(Note the smallness of the contribution of the first integral.) 

_ Tc _ 573 X 0.012 _ 211 J06 N/ 2 _ 211 MN/ 2 
7:mu - J - (n/32)(0.024)4 - X m - m 

At p = 12 mm, -r: ,.,idu,1 = 211 - 160 = 51 MN/m2. 
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T 

(a) 

CHAP. 3 TORSION 

Two diagrams of the residual stresses are shown in Fig. 3-13(e). For 
clarity the initial results are replotted from the horizontal line. In the entire 
shaded portion of the diagram, the residual torque is clockwise; an exactly 
equal residual torque acts in the opposite direction in the inner portion of the 
shaft. 

The initial rotation is best determined by calculating twist of the elastic 
core. At p = 4 mm, y = 2 x 10- 3 • The elastic rebound of the shaft is given 
by Eq. 3-9. The difference between the inelastic and the elastic twists gives the 
residual rotation per unit length of shaft. If the initial torque is re-applied 
in the same direction, the shaft responds elastically. 

Inelastic: 
qj_ _ }'0 _ 2 X ]0- 3 _ 
dx - p. - 0_004 - 0.5 rad/m 

Elastic : qj_ _ T _ 573 _ 
dx - JG - (n/32)(0.024)4 (80) x 109 -

0·22 radlm 

Residual: ~ = 0.5 - 0.22 = 0.28 rad/m 

EXAMPLE 3-9 

Determine the torque carried by a solid circular shaft of mild steel when 
shearing stresses above the proportional limit are reached essentially every­
where. For mild steel , the shearing stress-strain diagram can be idealized to 
that shown in Fig. 3-I4(a). The shearing yield-point stress T y p is to be taken as 
being the same as the proportional limit in shear T pl· 

y Byp drt,/dx = B 

(b) (c) 

Fig. 3-1 4 

SOLUTION 

If a large torque is imposed on a member, large strains take place everywhere 
except near the center. Corresponding to the large strains for the idealized 
material considered, the yield-point shearing stress will be reached everywhere 
except near the center. However, the resistance to the applied torque offered 
by the material located near the center of the shaft is negligible as the corre­
sponding p's are small, Fig. 3-I4(b). (See the contribution to the torque T by 
the elastic action in Example 3-8 .) Hence, it can be assumed with a sufficient 
degree of accuracy that a constant shearing stress T yp is acting everywhere on 
the section considered. The torque corresponding to this condition may be 
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considered the ultimate or limit torque. (Figure 3-14(c) gives a firmer basis for 
this statement.) Thus 

Tutt = 1 (Typ dA) p = Le 21tp Z-.yp dp = 
2
~c

3 

Typ 

_ 4 Typ 7tc4 _ 4 Typl 
- 3 c 2 - 3 -c-

(3-J 2) 

Note that the maximum elastic torque capacity of a solid shaft is Typ = -r yp l /c 
according to Eq. 3-3. Therefore since Tutt is { times this value, only 33{ per 
cent of the torque capacity remains after -r YP is reached at the extreme fibers of 
a shaft . A plot of torque T vs. 0, the angle of twist per unit distance, as full 
plasticity develops is in Fig. 3-J4(c) . Point A corresponds to the results found 
in the preceding example; line AB is the elastic rebound; and point Bis the 
residual 0 for the same problem. 

It should be noted that in machine members, because of the fatigue 
properties of materials, the ultimate static capacity of the shafts as evaluated 
here is often of minor importance. 

*3-9. STRESS CONCENTRATIONS 

Equations 3-3, 3-3 a , and 3-5 apply only to solid and tubular shafts while 
the material behaves elastically. Moreover, the cross-sectional areas along the 
shaft should remain reasonably constant. If a gradual variation in the diameter 
takes place, the above equations give satisfactory solutions. On the other 
hand, for stepped shafts where the diameters of the adjoining portions 
change abruptly, large perturbations of shearing stresses take place. High 
local shearing stresses occur at points away from the center of the shaft. 
Methods of determining these local concentrations of stress are beyond the 
scope of this text. However, by forming a ratio of the true maximum shearing 
stress to the maximum stress given by Eq. 3-3, a torsional-stress-concentration 
factor can be obtained. An analogous method was used for obtaining 
the stress-concentration factors in axially loaded members (Art. 2-11). 
The stress-concentration factors depend only on the geometry of the member. 
Stress-concentration factors for various proportions of stepped round shafts 
are shown in Fig. 3-15.* 

To obtain the actual stress at a geometrical discontinuity of a stepped 
shaft, a curve for a particular D/d is selected in Fig. 3-15. Then, corresponding 
to the given r/(d/2) ratio, the stress-concentration factor K is read from the 
curve. Lastly, from the definition of K, the actual maximum shearing stress is 
obtained from the modified Eq. 3-3, i.e., 

(3-3b) 

where the shearing stress Tc/J is determined for the smaller shaft. 

*This figure is adapted from a paper by L. S. Jacobsen, "Torsional-Stress Concentrations 
in Shafts of Circular Cross-section and Variable Diameter," Trans. ASME., 1926, vol. 47, 
p. 632. 
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0 
Fig . 3-16 . Circular 

shaft with a keyway. 

CHAP. 3 TORSION 

K 

3.4 

3.0 

2.6 

2.2 

1.8 

1.4 

1.0 

1 

' -

0 0.04 0.08 0.12 0.16 0.20 0.24 

,. 
d/2 

Fig . 3-15. Torsional stress-concentration factors in circular shafts of 
two diameters. 

A study of stress-concentration factors shown in Fig. 3-15 emphasizes 
the need for a generous fillet radius rat all sections where a transition in the 
shaft diameter is made. 

Considerable stress raisers also occur in shafts at oil holes and at keyways 
for attaching pulleys and gears to the shaft. A shaft prepared for a key, Fig. 
3-16, is no longer a circular member. However, according to the procedures 
suggested by the ASME, for a usual design, computations for shafts with 
keyways are made using Eq. 3-3 or 3-5, but the allowable shearing stress is 
reduced by 25 %. This supposedly compensates for the stress concentration 
and reduction in cross-sectional area. 

Because of some inelastic or nonlinear response in real materials, for 
reasons analogous to those pointed out in Art. 2-11, the theoretical st ress 
concentrations based on the behavior of linearly elastic material tend to be 
high. 

~' 3-10. SOLID NONCIRCULAR MEMBERS 

The analytica l treatment of solid noncircular members in torsion is 
beyond the scope of this book. Mathematically the problem is complicated.* 
The first two assumptions stated in Art. 3-3 do not apply for noncircular 
members. Sections perpendicular to the axis of a member warp when a torque 
is applied. The nature of the distortions that take place in a rectangular sect ion 

*This problem remained unsolved until a famous French elastician, B. de St. Venant, 
developed a solution for such problems in 1853. The genera l torsion problem is sometimes 
referred to as the St. Venant problem. 
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(a) (b) 

Fig. 3-17. Rectangular shaft (a) before (b) after a torque is applied. 

can be seen from Fig. 3-17. * For a rectangular member, oddly enough, the 
corner elements do not distort at all. Shearing stresses at the corners are zero, 
and they are maximum at the midpoints of the long sides. Figure 3-18 shows 
the shearing-stress distribution along three radial lines emanating from the 
center. Note particularly the difference in this stress distribution compared 
with that of a circular section. For the latter, the stress is a maximum at the 
most remote point, but for the former, the stress is zero at the most remote 
point. This situation can be explained by considering a corner element as 
shown in Fig. 3-19. If a shearing st ress -r existed at the corner, it could be 
resolved into two components parallel to the edges of the bar. However, as 
shears always occur in pairs acting on mutually perpendicular planes, these 
components would have to be met by shears lying in the planes of the outside 
surfaces. The latter situation is impossible as outside surfaces are free of all 
stresses. Hence -r must be zero. Similar.considerations can be applied to other 

b 

'max 

C 

Fig. 3-18 . Shearing-stress distribution in 
a rectangular shaft subjected to a torque. 

Fig . 3-19. The shearing stress shown can­
not exist. 

*An experiment with a rubber eraser on which a rectangular grating is ruled demonstrates 
this type of distortion. 
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CHAP. 3 TORSION 

points on the boundary. All shearing stresses in the plane of a cut near the 
boundaries act parallel to them. 

Analytical solutions for torsion of rectangular, elastic members have 
been obtained .* The methods used are beyond the scope of this book. The 
final results of such analysis, however, are of interest. For the maximum 
shearing stress (see Fig. 3-18) and the angle of twist, these results can be put 
into the following form: 

T 
'I'max = CJ,bc2 and TL 

</J = Pbc3G 
(3-13) 

Tas before is the applied torque; bis the long side and c is the short side of the 
rectangular section. The values of parameters (I, and p depend upon the ratio 
b/c. A few of these values are recorded in the table below. For thin sections, 
when bis much greater than c, the values of (I, and p approach l 

TABLE OF COEFFICIENTS FOR RECTANGULAR SHAFTS 

b/c J.00 1.50 2.00 3.00 6.00 10.0 00 

a. 0.208 0.23 1 0.246 0.267 0.299 0.312 0.333 

p 0.141 0.196 0.229 0.263 0.299 0.312 0.333 

Formulas as above are avai lable for many other types of cross-sectional 
areas in more advanced books. For cases that cannot be conveniently solved 
mathematically, a remarkable method has been devised.t It happens that the 
solution of the partial differential equation that must be solved in the elastic 
torsion problem is mathematically the same as the equation for a thin mem­
brane, such as a soap film, lightly stretched over a hole. This hole must be 
geometrically similar to the cross section of the shaft being studied. Light air 
pressure must be kept on one side of the membrane. Then the following facts 
can be shown. 

1. The shearing st ress at any point is proportional to the slope of the stretched 
membrane at the same point, Fig. 3-20. 

2. The direction of a particular shearing stress at a point is at right angles to the 
slope of the membrane at the same point, Fig. 3-20. 

3. Twice the volume enclosed by the membrane is proportional to the torque 
carried by the section . 

The foregoing analogy is called the membrane analogy . In addition to its 
value in experimental applications, it is a very useful mental tool for visual-

*S. Timoshenko and J. N. Goodier, Theory of Elasticity (3rd ed .), New York: McGraw­
Hill, 1970, p. 312. 

tThis analogy was introduced by a German engineering scientist, L. Prandtl , in 1903. 
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(a) (b) 

(a) 

Weightless cap ' J 
=~ I I I I lffe'=, 

Membrane 

(b) 

Fig. 3-20. Membrane analogy: {a) simply connected region, (b) 
multiply connected (tubular) region. 

izing stresses and torque capacities of members. For example, all the sections 
shown in Fig. 3-21 can carry approximately the same torque at the same 
maximum shearing stress (same maximum slope of the membrane) since the 
volume enclosed by the membranes would be nearly the same in all cases. 
(For all these shapes, b = Land c = tin Eq. 3-13.) However, use of a little 
imagination will convince the reader that the contour lines of a soap film will 
" pile up" at a for the angular section. Hence, high local stresses will occur at 
that point. 

Another analogy, the sand-heap analogy, has been developed for plastic 
torsion.* Dry sand is poured onto a raised flat surface having the shape of the 
cross section of the member. The surface of the sand heap so formed assumes 
a constant slope. For example, a cone is formed on a circular disc, or a 

L 

(c) (d) 

___j_t 

t 

(e) 

c::::::::J _J_ t 

+ 

D 
Fig. 3-21. Members of equal cross -sectional areas of the same 
thickness carrying the same torque. 

*A. adai, Theory of Flow and Fracture of Solids, vol. I (2nd ed.), New York: McGraw­
Hill, 1950. 
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(a) 

CH A P. 3 TOR SIO N 

pyramid on a square base. The constant maximum slope of the sand corre­
sponds to the limiting surface of the membrane in the previous analogy. The 
volume of the sand heap, hence its weight, is proportional to the fully plastic 
torque carried by a section. The other items in connection with the sand 
surface have the same interpretation as those in the membrane analogy. 

*3-11 . TH IN-WALLED HOLLOW M EMB ERS 

Unlike solid noncircular members, thin-walled tubes of any shape can be 
rather simply analyzed for the magnitude of the shearing stresses and the 
angle of twist caused by a torque applied to the tube. Thus, consider a tube of 
an arbitrary shape with varying wall thickness, such as shown in Fig. 3-22(a) , 
subjected to a torque T. Isolate an element from this tube, as shown to an 
enlarged scale in Fig. 3-22(b). This element must be in equilibrium under the 
action of the forces F 1 , F 2 , F3 , and F4 • These fo rces are equal to the sheari ng 
stresses acting on the cut planes multiplied by the respective areas. 

dx 

(b) 

(c) 

Fig. 3-22 . Th in-walled member of variable th ickness. 

From I; Fx = 0, F1 = F3 ; but F1 = 1:2t 2 dx, and F3 = 7: 1t 1 dx, where 
-r:2 and 1: 1 are shearing stresses acting on the respective areas t 2 dx and t 1 dx. 
Hence, 1:2t2 dx = 1: 1t 1 dx , or 1: 1t 1 = 1:2 t 2 • However, since the longi tudinal 
cutting planes were taken an arbitrary distance apart, it follows from the 
above relations that the product of the shearing stress and the wall thickness 
is the same, i.e ., constant, on any such planes. This constant will be denoted 
by q, and if the shearing stress is measured in newtons per square meter and 
the thickness of the tube in meters, q is measured in newtons per meter (N/m). 

In Art. 2-9, Eq. 2-8, it was established that shearing stresses on mutua ll y 
perpendicular planes are equal at a corner of an element. Hence at a corner 
such as A in Fig. 3-22(b), 1: 2 = 1:3 ; similarly, 1: 1 = 7:4 • Therefore 7: 4 t 1 = 1: 312 , 

or in general q is constant in the plane of a cut perpendicular to the axis of a 
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member. On this basis an analogy can be formulated. The inner and outer 
boundaries of the wall can be thought of as being the boundaries of a channel. 
Then one can imagine a constant quantity of water steadily circulating in 
this channel. In this arrangement the quantity of water flowing through a plane 
across the channel is constant. Because of this analogy the quantity q has been 
termed the shear flow . 

Next consider the cross section of the tube as shown in Fig. 3-22(c). 
The force per meter of the perimeter of this tube, by virtue of the previous 
argument, is constant and is the shear flow q. This shear flow multiplied by 
the length ds of the perimeter gives a force q ds per differential length. The 
product of this infinitesimal force q ds and r around some convenient point 
such as 0, Fig. 3-22(c), gives the contribution of an element to the resistance 
of the applied torque T. Adding or integrating this, 

T = f rq ds 

where the integration process is carried around the tube along the center line 
of the perimeter. Since for a tube q is a constant, this equation may be written 
as 

T = q fr ds 

Instead of carrying out the actual integration, a simple interpretation 
of the above integral is available. It can be seen from Fig. 3-22(c) that r ds is 
twice the value of the shaded area of an infinitesimal triangle of altitude rand 
base ds. Hence the complete integral is twice the whole area bounded by the 
center line of the perimeter of the tube. Defining this area by a special symbol 
@ , one obtains 

T= :Q)q or q = T/(2@) (3-14) 

This equation* applies only to thin-walled tubes. The area 0 is approxi­
mately an average of the two areas enclosed by the inside and the outside 
surfaces of a tube, or, as noted above, it is an area enclosed by the center line 
of the wall's contour. Equation 3-14 is not applicable at all if the tube is slit. 

Since for any tube the shear flow q given by Eq. 3-14 is constant, from 
the definition of shear flow, the shearing stress at any point of a tube where 
the wall thickness is t is 

• = q/t (3-15) 

In the elastic range, Eqs. 3-14 and 3-15 are applicable to any shape of 
tube. For inelastic behavior, Eq. 3-15 applies only if the thickness t is constant. 
The analysis of tubes of more than one cell is beyond the scope of this book. 

*Equation 3-14 is sometimes called Bredt's formula in honor of the German engineer who 
developed it. 
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D 
20 mm -

Fig. 3-23 

CHAP. 3 TORSION 

For linearly elastic material the angle of twist of a hollow tube can be 
found by applying the principle of conservation of energy. The angle of twist 
per unit distance, 0, is then given by* 

EXAMPLE 3-1 0 

0 = '31!. = T f ds 
dx ~ t 

(3-16) 

Rework Example 3-3 using Eqs. 3-14 and 3-15. The tube has outside and 
inside radii of 10 mm and 8 mm, respectively, and the applied torque is 
40N·m. 

SOLUTION 

The mean radius of the tube is 9 mm and the wall thickness is 2 mm. Hence 

q T 40 
-r = t = 2@ = 2n:(0.009)2(0.002) = 39·3 x 106 N/mz. 

t Note that by using Eqs. 3-14 and 3-15, only one shearing stress is obtained and 
7 that it is just about the average of the two stresses computed in Example 3-3. 

m The thinner the walls, the more accurate the answer, or vice versa. 
12. 
m 

+ It is interesting to note that a rectangular tube, shown in Fig. 3-23, with 
a wall thickness of 2 mm, for the same torque will have nearly the same 
shearing stress as the above circular tube. This is so because its enclosed area 
is about the same as the@of the circular tube. However, some local stress 
concentrations will be present at the corners of a square tube . 

*3-12. SHAFT COUPLI NGS 

Frequently situations arise where the available lengths of shafting are 
not long enough. Likewise, for maintenance or assembly reasons, it is often 
desirable to make up a long shaft from several pieces. To join the pieces of 
the shaft together, the so-called flanged shaft couplings of the type shown in 
Fig. 3-24 are used. When bolted together, such couplings are termed rigid, to 
differentiate them from another type called flexible that provides for 
misalignment of adjoining shafts. The latter type is almost universa lly used 
to join the shaft of a motor to the equipment driven. Here only rigid-type 
couplings are considered. The reader is referred to machine design texts and 
manufacturer's catalogues for the other type. 

For rigid couplings it is customary to assume that shearing strains in 
the bolts vary directly (linearly) as their distance from the axis of the shaft. 
Friction between the flanges is neglected. Therefore, analogous to the torsion 
problem of circular shafts, if the bolts are of the same material, elastic 

*See, for example, E. P. Popov, lntrod11ctio11 to Mechanics of Solids, Englewood Cliffs, 
N.J .: Prentice-Hall, 1968. 
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(a) 
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, I 
O I 
O I 
Io , , 

----+-- _J L- - -

(b) 

Fig. 3-24. Flanged shaft coupling. 

(c) 

shearing stresses in the bolts also vary linearly as their respective distances 
from the center of a coupling. The shearing stress in any one bolt is assumed 
to be uniform and is governed by the distance from its center to the center of 
the coupling. Then, if the shearing stress in a bolt is multiplied by its cross­
sectional area, the force in a bolt is found. On this basis, for example, for bolts 
of equal size in two "bolt circles," the forces on the bolts located by the 
respective radii a and bare as shown in Fig. 3-24(c). The moment of the forces 
developed by the bolts around the axis of a shaft gives the torque capacity of 
a coupling. 

The above reasoning is the same as that used in deriving the torsion 
formula for circular shafts, except that, instead of a continuous cross section, 
a discrete number of points is considered. This analysis is crude, since stress 
concentrations are undoubtedly present at the points of contact of the bolts 
with the flanges of a coupling. A conversion of the torsion formula for this 
u e and for analyzing more difficult cases than couplings is discussed in 
Chapter 14. 

The above method of analysis is valid only for the case of a coupling in 
which the bolts act primarily in shear. However, in some couplings the bolts 
are tightened so much that the coupling acts in a different fashion. The initial 
tension in the bolts is great enough to cause the entire coupling to act in fric­
tion. Under these circumstances the above analysis is not valid, or is valid only 
as a measure of the ultimate strength of the coupling should the stresses in 
the bolts be reduced. However, if high tensile strength bolts are used, there is 
little danger of this happening, and the trength of the coupling may be 
greater than it would be if the bolts had to act in shear.* 

EXAMPLE 3-11 

Estimate the torque-carrying capacity of a steel coupling forged integrally 
with the shaft, shown in Fig. 3-25, as controlled by an allowable shearing 
stress of 40 000 kN/m 2 in the eight bolts. The bolt circle is 0.24 min diameter. 

*See "Symposium on High-Strength Bolts," Part T, by L. T. Wyly, and Part II by E. J. 
Ruble, Proceedings AISC, 1950. Also see Art. 14-2. 
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30 mm Bolts 

~ o 24 m q 
Fig. 3-25 

PROBLEMS FOR SOLUTION 

3-1. Find the shearing stress developed in the 
extreme fibers of a 75 mm diameter steel shaft due 
to an applied torque of 5 500 N · m. Assuming 
that the torque is applied in the direction shown 
in Fig. 3-5(a), indicate on a su itable sketch the 
directions of the computed stress. 

3-2. A hollow shaft is of 4 in. outside diameter 
and 3 in. inside diameter. If the allowable shear­
ing stress is 8,000 psi, what torque can it transmit? 
What is the stress at the inner surface of the shaft 
when the allowable torque is applied? Ans: 
68,700 in.-lb. 

3-3. A shaft of Douglas Fir is to be used in a 
certain process industry. If the allowable shearing 

SOLUTION 

Area of one bolt : 

A = (l /4)7t(30) 2 = 706 mm 2 = 7.06 x 10-4 m 2 

Allowable force for one bolt: 

P .11ow = ATal!ow = 7.06 X JQ- 4 (40 X 103) = 28.2 kN 

Since eight bolts are avai lable at a distance of 0.12 m 
from the central axis, 

Tallow= (28.2)(0.l'.LJ(8) = 27.1 kN•m 

stress parallel to the grain of the wood is 840 
kN/m2, calculate the maximum torque that can 
be transmitted by a 200 mm round shaft with 
the grain of the wood parallel to the axis. 

3-4. A 6 in. diameter core, i.e., an axial hole 
of 3 in. radius, is bored out from a 9 in . diameter 
solid circular shaft. What percentage of the tor­
siona l strength is lost by this operation? Ans: 
19.6 %. 

3-5. The solid cylindrical shaft of variable 
size shown in the figure is acted upon by the 
torques indicated. What is the maximum tor­
sional stress in the shaft, and between what two 
pulleys does it occur? Ans: 17.9 MPa. 

PROB. 3 - 5 
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3-6. A 150 mm diameter solid steel shaft is 
transmitting 600 Hp at 1.5 Hz. Compute the 
maximum shearing stress. Find the change that 
would occur in the shearing stress if the speed 
were increased to 6.0 Hz. Part. Ans: 72 MPa. 

3-7. Two shafts, one a hollow steel shaft with 
an outside diameter of 90 mm and an inside 
diameter of 30 mm, the other a solid shaft with 
a diameter of 90 mm, are to transmit 75 hp each. 
Compare the shearing stresses in the two shafts if 
both operate at 3 Hz. Part . Ans: 21 MPa. 

3-8. The solid 50 mm diameter steel line shaft 
shown in the figure is driven by a 30 hp motor 
at 3 Hz. Find the maximum torsional stresses in 
the sections AB, BC, CD, and DE of the shaft. 

30 Hp 

Bearing 5 Hp olT 15HpolT 10 Hp olT 

A 18 C D E 

i-,, ... ,+ ..... ~·_O_m_, \i---6_._0_m_..,, ~ 
1.5 m 

PROB. 3 - 8 

3-9. A motor, through a set of gears, drives a 
line shaft as shown in the figure, at 630 rpm. 
Thirty hp are delivered to a machine on the right ; 
90 hp on the left. Select a solid round shaft of the 
same size throughout. The allowable shearing 
stress is 5,750 psi. Ans: 2-in. diameter. 

90 hp 
s 

30' 

PROB. 3 - 9 

3-10. Design a hollow steel shaft to transmit 
300 hp at 75 rpm without exceeding a shearing 
stress of 6,000 psi. Use 1.2: I as the ratio of the 
outside diameter to the inside diameter. Ans: 
6.22 in . 

CHAP. 3 PROBLEM FOR SOLUTION 

3-11. Find the total angle of twist between A 
and E for the shaft in Prob. 3-8. G = 84 000 
MN/m 2. Ans: 8.6°. 

3-12. What must the length of a 5 mm dia­
meter aluminum wire be so that it could be 
twisted through one complete revolution without 
exceeding a shearing stress of 42 000 kN/m 2 ? 
G = 27 000 MN/m2 . Ans: 10.1 m. 

3-13. A hollow steel rod 6 in. long is used as a 
torsional spring. The ratio of inside to outside 
diameters is ½- The required stiffness for this 
spring is n of a degree per one inch-pound of 
torque. Determine the outside diameter of this 
rod. G = 12 x 108 psi. Ans: 0.25 in. 

\, 
\ - y, J 

3-14. A solid aluminum shaft 1.0 m long and 
of 50 mm outside diameter is to be replaced by a 
tubular steel shaft of the same length and the same 
outside diameter so that either shaft could carry 
the same torque and have the same angle of twist 
over the total length. What must the inner radius 
of the tubular steel shaft be? Gs, = 84 000 MN/m 2 

and GA 1 = 28 000 MN/m 2• Ans: 22.6 mm. 

3-15. A 2 in. diameter shaft of 3 ft in length is 
clamped at one end and is free at the other end. A 
J! in . diameter concentric bore is to be made in 
this shaft from the free end extending inward. 
Determine the required length of the bore such 
that the shaft would twist a total of 0 .120° due 
to the application of an end torque of 900 in.-lb. 
Let G = 12 x 106 psi. Ans: 17 in. 

3-16. A 100-hp motor is driving a line shaft 
through gear A at 26.3 rpm. Bevel gears at Band 
C drive rubber-cement mixers. If the power re­
quirement of the mixer driven by gear Bis 25 hp 
and that of C is 75 hp, what are the required 
shaft diameters? The allowable shearing stress in 

di A 
B 

1. 20' ·I· 10' 

PROB. 3 16 
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the shaft is 6,000 psi. A sufficient number of bear­
ings is provided to avoid bending. If G is 12 x 
106 psi , what is the angle of twist under load in 
the left section of the shaft? State answer in 
degrees. Ans: d i = 3.71 in ., d2 = 5.34 in ., and 
</> = 3.72°. 

3-17. Two gears are attached to two 50 mm 
diameter steel shafts as shown in the figure. The 
gear at B has a 200 mm pitch diameter; the gear 
at C a 400 mm pitch diameter. Through what 
angle will the end A turn if at A a torque of 560 
N · m is applied and the end D of the second shaft 
is prevented from rotating? G = 84 000 MN/m 2 • 

PROB. 3 - 17 

3-18. In Example 3-7, find the magnitude of 
a torque that applied at A alone would cause the 
same angular rotation at A as do the two torques 
applied at Band D. Ans: 282 N •m. 

3-19. (a) Determine the maximum shearing 
stress in the shaft subjected to the torques shown 

PROB. 3 19 

CHAP. 3 TORSION 

in the figure . (b) Find the angle of twist in degrees 
between the two ends. Let G = 12 x 106 psi . 
Ans: (a) 900 psi, (b) 0.11 °. 

3-20. A dynamometer is employed to calibrate 
the required power input to operate an exhaust 
fan at 20 Hz. The dynamometer consists of a 
12 mm diameter solid shaft and two disks at­
tached to the shaft 300 mm apart as shown in the 
figure. One disk is fastened through a tube at the 
input end; the other is near the output end. The 
relative displacement of these two disks as viewed 
in stroboscopic light was found to be 6° O'. Com­
pute the power input in hp required to operate 
the fan at the given speed. Let G = 84 000 
MN/m2 . Ans: 10 hp . 

300 mm 

/ 

Motor Dynamometer 
Fan 

PROB. 3 -2 0 

3-21. A solid , tapered steel shaft is rigidly 
fastened to a fixed support at one end and is sub­
jected to a torque Tat the other end (see figure) . 
Find the angular rotation of the free end if 
di = 6in. ; d2 = 2in.; L = 20in .; and T = 
27,000 in .-lb. Assume that the usual assumptions 
of strain in prismatic circular shafts subjected to 
torque apply, and let G = 12 x 1Q6 psi. Ans. 
0.264°. 

L T 

PROB. 3 - 21 
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• 3-22. A thin-walled elastic frustum of a cone 
has the dimensions shown in the figure. Deter­
mine the torsional stiffness of this member, i.e., 
the magnitude of torque per unit angle of twist. 
The shearing modulus for the material is G. 

PROB. 3 22 

• 3-23. A J 50 mm diameter shaft of a linearly 
elastic material has in it a conical bore that is 
600 mm long as shown in the figure. The shaft is 
rigidly attached to a fixed support at one end and 
is subjected to a torque Tat the free end. Deter­
mine the maximum angular rotation of the shaft. 

150 mm diam. rod 

PROB. 3 - 23 

• 3-24. Assume that during a drilling opera-
tion a shaft of constant torsional rigidity JG is 
loaded by a concentrated torque T 1 = - 1,000 
in.-lb and a distributed torque t x = 100 in.-lb per 
inch as shown in the figure. Find the angular 
rotation of the free end. Plot the torque T(x ) and 
the angle-of-twist q>(x) diagrams . Ans: 'Pmax = 
10,000/GJ. 

y 

X 

PROB.3 - 24 

CHA P. 3 PROBLEM FO R SO LUTIO N 

3-25. A tube of 50 mm outside diameter and 
2 mm thickness is attached at the ends by means 
of rigid flanges to a solid shaft of 25 mm diameter 
as shown in the figure. (All dimensions in mm.) 
If both the tube and the shaft are made of the 
same linearly elastic material, what part of the 
applied torque T is carried by the tube? Ans: 
83.7 %. 

2 

50 ! @k:~~~~~~~~~:~]2@ 
T j, 500 , I Section 

(All dimensions in mm) 

PROB. 3 - 25 

3-26. If the outside tube in the preceding prob­
lem is made of aluminum and the shaft is made of 
steel, what torque can be applied to the as­
sembly such that the shearing stress in the alumi­
num tube would not exceed 100 MPa? Let 
Gs, = 84 GPa, and GA 1 = 28 GPa. What would 
the angle of twist be in the 500 mm length of the 
aluminum tube for the above torque? 

3-27. A specimen of an SAE 1060 steel bar of 
20 mm diameter and 450 mm in length failed at 
a torque of 900 N · m. What is the modulus of 
rupture of this steel in torsion? Ans: 573 MPa. 

• 3-28. A 2 in. diameter steel bar is 100 in. 
long. One end of bar is fixed; the other is rotated 
through an angle¢ = 17.19°. What torque Twas 
applied at the free end to produce this rotation? 
Idealized mechanical properties for the material 
of the shaft are shown in the figure. Ans: 30.4 
k-in. 

~ 
A B Ji;~ 17.19" ........ _ _;;,__;_ __ __;;.___,~ w 
f---1_00_· --- 1L 1 

,,l:-i --
Yy 

PROB. 3- 28 

)' 

r y = 15 000 psi , 

r y = 0.0015 
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3-29. A solid circular shaft of 150 mm di­
ameter is machined down to a 75 mm diameter 
a long a part of the shaft. If at the transition point 
of the two diameters the fillet radius is 12 mm, 
what maximum shearing stress is developed when 
a torque of 2 700 N · m is applied to the shaft? 
What will the maximum shearing stress be if the 
fillet radius is reduced to 3 mm? 

3-30. Find the required fillet radius for the 
juncture of a 6 in. diameter shaft with a 4 in. 
diameter segment if the shaft transmits 110 hp at 
100 rpm and the maximum shearing stress is 
limited to 8,000 psi. Ans: 0.31 in. 

3-31. Compare the maximum shearing stress 
and angle of twist for members of equal length 
having a square section, a rectangular section, and 
a circular section of equal area. All members are 
subjected to the same torque. The circular sec­
tion is 100 mm in diameter and the rectangular 
section is 25 mm wide. For the square section, 
a; = 0.208 and p = 0.141; for the rectangular 

. p l sect10n, a; ::::::: ::::::: -:r· 

3-32. Compare the torsional strength and 
stiffness of thin-walled tubes of circular cross 
section of linearly elastic material wi th and 
without a longitudinal slot (see figure). Ans: 
3R/r, 12/(3R2). 

PROB. 3 32 

3-33 through 3-35. Find the maximum shearing 
stresses developed in members having the cross 
sections shown in the figures due to an applied 
torque of 500 in.-lb in each case. Neglect stress 
concentrations. Ans: Prob. 3-32; 5,560 psi. 

CHAP. 3 TORSION 

,. 
12 

PROB. 3 - 33 

Ellipse 0.06" 

PROB. 3 - 34 

R = 0.20" 
0.06" 

i 

2.00" 

PROB. 3 - 35 

1· 

2 

0.40" 

3-36. For a member having the cross section 
shown in the next figure, find the maximum shear­
ing stresses and angles of twist per unit length due 
to an applied torque of 1,000 in-lb. Neglect 
stress concentrations. Comment on the advantage 
gained by the increase in the wall thickness over 
part of the cross section. Ans: 11. I psi, 0.691 /G 
rad/in . 
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PROB. 3 36 

3-37. A rigid coupling with six 25 mm dia­
meter bolts in a 200 mm diameter bolt circle is 
subjected to a torque of 20 000 N · m . Compute 
the shearing stress in the bolts. 

3-38. A coupling is made with eight ¾ in. 
diameter high strength bolts located on a IO in. 
diameter bolt circle. (a) Calculate the torque 
that can be transmitted by this coupling if the 
allowable stress in the bolts is I 0,500 psi. (b) Find 

CHAP. 3 PROBLEM FOR SOLUTION 

the hp that can be transmitted when the shaft 
and couplings are rotating at 250 rpm. Ans: (b) 
737 hp. Ans: 67.9 MPa. 

3-39. A flange coupling has 6 bolts having a 
cross-sectional area of 0.2 in. 2 each in an 8 in. 
diameter bolt circle, and 6 bolts having a cross­
sectional area of 0.5 in. 2 each in a 5 in. diameter 
bolt circle. If the allowable shearing stress in the 
bolt is 16 ksi, what is the torque capacity of this 
coupling? Ans: 152 k-in. 

*3-40. Six 20 mm diameter bolts in the outer 
bolt circle of 175 mm radius are aluminum, and 
six 20 mm diameter bolts in the inner bolt circle 
of 125 mm radius are steel. What is the torque 
capacity of the coupling? Assume the allowable 
shearing stress for both materials at 40 000 kN/m 2 

and use GA 1 = 28 000 MN/m 2 and Gs, = 84 000 
MN/rn 2• Ans: 15.6kN -m. 
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4 Axial Force 
Shear 
and Bending Moment 

4-1. INTRODUCTION 

The effect of axial forces on straight members was treated in Chapters 
I and 2. Torsion of straight members was discussed in Chapter 3. It should be 
intuitively clear to the reader that these are not the only types of forces to 
which a member may be subjected. In fact, in many engineering structures 
members resist forces applied laterally or transversely to their axes. This type 
of member is termed a beam. Numerous applications of beams can be found 
in structural and machine parts. The main members supporti ng floors of 
buildings are beams, just as an axle of a car is a beam. Many shafts of 
machinery act simultaneously as torsion members and as beams. With modern 
materials, the beam is a dominant member of construction. The determina­
tion of the system of internal forces necessary for equilibrium of any beam 
segment will be the main objective of this chapter. ~' 

Beams may be straight or curved, but this chapter will concentrate on a 
study of straight beams. Straight beams occur more frequently in practice; 
moreover, the system of forces at a section of a straight beam is the same as 
in a curved one. Hence, if the behavior of a straight beam is understood, 
little needs to be added regarding curved beams. To simplify the work of 
this chapter,t the forces applied to the beams will be assumed to lie in the 
same plane, i.e., a "planar" beam problem will be discussed exclusively. 
Further, although in actual installations a straight beam may be vertical, 
inclined, or horizontal, for convenience, the beams discussed here will be 
shown in a horizontal position. All beams considered will be statically 
determinate, i.e., reactions can always be determined by applying the equa­
tions of static equilibrium. 

For the axially loaded or torsion members previously considered, only 
one internal force was required at a section to satisfy the conditions of 

*The contents of this chapter may be familiar to some students. Nevertheless, it is well 
to review the material presented here. A thorough knowledge of this material must be had 
prior to the study of the chapters that follow. 

t See Chapter 7 for treatment of the more general problem. 
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(a) 

equilibrium. However, in general, a system of three internal force compo­
nents can be recognized at a section of a beam. These quantities will be 
determined in this chapter by isolating segments of a beam and applying 
the equilibrium conditions to them. The analysis relating these forces to 
the stresses that they cause in the beam will be discussed in the next two 
chapters. 

4-2. DIAGRAMMATIC CONVENTIONS FOR SUPPORTS 

In studying beams it is imperative to adopt diagrammatic conventions 
for their supports and loadings inasmuch as several kinds of supports and a 
great variety of loads are possible. A thorough mastery of and adherence to 
such conventions avoids much confusion and minimizes the chances of 
making mistakes. These conventions form the pictorial language of engineers. 
As stated in the introduction, for convenience, the beams will usually be 
shown in a horizontal position. 

Three types of supports are recognized for beams loaded with forces 
acting in the same plane. These are identified by the kind of resistance they 
offer to the forces. One type of support is physically realized by a roller or a 
link. It is capable of resisting a force in only one specific line of action. The 
link shown in Fig. 4-l(a) can resist a force only in the direction of line AB. 
The roller in Fig. 4-l(b) can resist only a vertical force, while the rollers in 
Fig. 4-l(c) can resist only a force that acts perpendicular to the plane CD. 
This type of support will be usually represented in this text by rollers as 
shown in Figs. 4-l(b) and (c), and it will be understood that a roller support 
is capable of resisting a force in either direction* along the line of action of the 
reaction . To avoid this ambiguity, a schematic link will be occasionally 
employed to indicat~ that the reactive force may act in either direction (see 
Fig. 4-4). A reaction of this type corresponds to a single unknown when 

Beam Beam 

Roller 

(b) 

Fig. 4-1 . Link and roller type of support. (The only possible line of 
action of the reaction is shown by the dashed lines.) 

*This implies that in the actual design a link must be provided if the reaction acts away 
from the beam, in other words, the beam is not allowed to lift off from the support at A 
in Fig. 4-l(b). In this figure it may be helpful to show the roller on top of the beam in the case 
of a downward reaction in order to make it clear that the beam is constrained against mov­
ing up vertically at the support. This practice will be followed usually in the text. 
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Beam 

Pin 

(a) 

equations of statics are applied. For inclined reactions the ratio between the 
two components is fixed (see Example 1-3). 

Another type of support that may be used for a beam is a pin. In con­
struction such a support is realized by using a detail as shown in Fig. 4-2(a). 
In this text such supports will be represented diagrammatically as shown in 

Fig. 4-2(b). A pinned support is capable of resisting 
a force acting in any direction of the plane. Hence, 

(b) 

in general, the reaction at such a support may have * two components, one in the horizontal and one in 
the vertical direction. Unlike the ratio applying 
to the roller or link support, that between the 
reaction components for the pinned support is not 
fixed. To determine these two components, two 

Fig . 4 -2. Pinned support: (a) actual, (b) equations of statics must be used. 
diagrammatic. The third type of support used for beams is 

r--~ ------, 
L--

capable of resisting a force in any direction and is 
also capable of resisting a couple or a moment. Phys­
ically, such a support is obtained by building a beam 
into a brick wall, casting it into concrete, or welding 
the end of a beam to the main structure. A system 
of three forces can exist at such a support, two 
components of force and a moment. Such a support 

Fig . 4 -3. Fixed support . is called a.fixed support, i.e., the built-in end is fixed 
or prevented from rotating. The standard conven­

tion for indicating it is shown in Fig. 4-3. 
To differentiate fixed supports from the roller and pin supports, which 

are not capable of resisting moment, the latter two are termed simple supports. 
Figure 4-4 summarizes the foregoing distinctions between the three types of 
supports and the kind of resistance offered by each type. Practicing engineers 
normally assume the supports to be of one of the three types by "judgment," 
although in actual construction, supports for beams do not always clearly 
fall into these classifications. A more refined investigation of this aspect of 
the problem is beyond the scope of this text. 

r 
Resists horizontal 

and vertical forces 

~o~ f 1:, ' ~Link 

Resists vertical forces only 

Simple Supports 

Fig. 4-4. The three common types of support. 

ART. 4-2 DIAGRAMMATIC CONVENTIONS FOR SUPPORTS 

Resists horizontal 
and vertical forces 

and moment 

Fixed support 
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4-3. DIAGRAMMATIC CONVENTIONS FOR LOADING 

Beams are called upon to support a variety of loads. Frequently a force 
is delivered to the beam through a post, a hanger, or a bolted detail as shown 
in Fig. 4-5(a). Such arrangements apply the force over a very limited portion 
of the beam and are idealized for the purposes of beam analysis as concen­
trated forces. These are shown diagrammatically in Fig. 4-5(b). On the 
other hand, in many instances the forces are applied over a considerable 
portion of the beam. In a warehouse, for example, goods may be piled up 
along the length of a beam. Such forces are termed distributed loads. 

R 

w 
w 

(a) (b) 

Fig . 4-5. Concentrated loading on a beam (a) actual, (b) idealized . 

Many types of distributed loads occur. Among these, two kinds are 
particularly important : the uniformly distributed loads and the uniformly 
varying loads. The first could easily be an idealization of the warehouse load 
just mentioned, where the same kind of goods are piled up to the same height 
along the beam. Likewise the beam itself, if of constant cross-sectional area, 
is an excel}ent illustration of the same kind of loading. A realistic situation 
and a diagrammatic idealization are shown in Fig. 4-6. This load is usually 
expressed as force per unit length of the beam, unless specifically noted 
otherwise. In SI units it may be given as newtons per meter (N/m) ; in the 
English, as pounds per inch (lb/in.), as pounds per foot (lb/ft), or a kilopounds 
per foot (k/ft). 

Uniformly varying loads act on the vertical and inclined walls of a 

(a} 

Uniformly distributed load 
goods + beam w1 N m 

~ Beam w2 N m JJ II Ill II I rf l 
(b) 

Fig. 4-6. Distributed loading on a beam (a) actual , {b) idealized. 
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Uniformly 

h 3 

t 

' q 
O 

Nm (max) = y·h·I 

Fig. 4-7. Hydrostatic loading on a vertica l 
wall. 

vessel containing liquid. This is illustrated in Fig. 
4-7 where it is assumed that the vertical beam is 
one meter wide and y (N/m3) is the unit weight of 
the liquid. For this type of loading, it should be 
carefully noted that the maximum intensity of the 
load of q 0 N/m is applicable only to an infinitesimal 
length of the beam. It is twice as large as the aver­
age intensity of pressure. Hence the total force 
exerted by such a loading on a beam is (q0 h/2) N, 
and its resultant acts at a distance h/3 above the 
vessel's bottom. Horizontal bottoms of vessels 
containing liquid are loaded uniformly. 

Finally, it is conceivable to load a beam with 
a concentrated moment applied to the beam essentially at a point. One of 
the possible arrangements for applying a concentrated moment is shown in 
Fig. 4-8(a), and its diagrammatic representation to be used in this text is 
shown in Fig. 4-8(c). 

w 

w -
- ~ 

(a) (b) (c) 

Fig. 4 -8. A method of applying a concentrated moment to a beam. 

The necessity for a complete understanding of the foregoing symbolic 
representation for supports and forces cannot be overemphasized. Note 
particularly the kind of resistance offered by the different types of supports 
and the manner of representation of the forces at such supports. These 
notations will be used to construct free-body diagrams for beams. 

4-4. CLASSIFICATION OF BEAMS 

Beams are classified into several groups, depending primarily on the 
kind of support used. Thus, if the supports are at the ends and are either pins 
or rollers, the beams are simply supported or simple beams, Fig. 4-9(a) and (b). 
The beam becomes a fixed beam or fixed-ended beam, Fig. 4-9(c), if the ends 
have fixed supports. Likewise, following the same scheme of nomenclature, 
the beam shown in Fig. 4-9(d) is a beam fixed at one end and simply supported 
at the other. Such beams are also called restrained beams as an end is 
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(e)~ ___ L ______ 11 

Simply supported beams Cantilever 
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Fixed beam Overhanging beam 

' ' ' I ' ! 
' ' ' 1 t (gt L, 

' f L 1 f L.1 
(d) I· L 

Beam fixed at one eud and 
simply supported at the o ther end Continuous beam 

Fig . 4-9. Types of beams. 

"restrained" from rotation. A beam fixed at one end and completely free at 
the other has a special name, a cantilever beam, Fig. 4-9(e). 

If the beam projects beyond a support, the beam is said to have an 
overhang. Thus the beam shown in Fig. 4-9(f) is an overhanging beam. If 
intermediate supports are provided for a physically continuous member 
acting as a beam, Fig. 4-9(g), the beam is termed a continuous beam. 

For all beams the distance L between supports is called a span. In a 
continuous beam there are several spans that may be of varying lengths. 

In addition to classifying beams on the basis of supports, descriptive 
phrases pertaining to the loading are often used. Thus the beam shown in 
Fig. 4-9(a) is a simple beam with a concentrated load, while the one in Fig. 
4-9(b) is a simple beam with a uniformly distributed load. Other types of 
beams are similarly described. 

For most of the work in mechanics of materials it is also meaningful 
to further classify beams into statically determinate and statically indeter­
minate beams. If the beam, loaded in a plane, is statically determinate, the 
number of unknown reaction components does not exceed three. These 
unknowns can always be determined from the equations of static equilibrium. 
The next article will briefly review the methods of statics for computing 
reactions for statically determinate beams. An investigation of statically 
indeterminate beams will be postponed until Chapter 11. 
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4-5. CALCULATION OF BEAM REACTIONS 

All subsequent work with beams will begin with determination of the 
reactions. When all of the forces are applied in one plane, three equations of 
static equilibrium are available for this purpose. These are I; F" = 0, I; Fy = 
0, and I; M, = 0, and have already been discussed in Chapter 1. For straight 
beams in the horizontal position, the x-axis will be taken in a horizontal 
direction, the y-axis in the vertical direction, and the z-axis normal to the 
plane of the paper. The application of these equations to several beam 
problems is illustrated below and is intended to serve as a review of this 
important procedure. The deformation of beams, being sma!J, can be 
neglected when the above equations are applied. For stable beams the small 
amount of deformation that does take place changes the points of applica­
tion of the forces imperceptibly. 

EXAMPLE 4-1 

Find the reactions at the supports for a simple beam loaded as shown in 
Fig. 4-lO(a). Neglect the weight of the beam. 

100 160 N 

0.1 m 

(a) 

200 N·m 160 N 

RAx 

R,,t~•1------- 0._4_m ____ _..,.t•, 
(b) 

Fig . 4-1 0 

SOLUTION 

The loading of the beam is already given in diagrammatic form. The nature of 
the supports is examined next, and the unknown components of these reactions 
are boldly indicated on the diagram. The beam, with the unknown reaction 
components and all the applied forces, is redrawn in Fig. 4-lO(b) to delib­
erately emphasize this important step in constructing a free-body diagram. 
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At A, two unknown reaction components may exist, since the end is pinned. 
The reaction at B can act only in a vertical direction since the end is on a 
roller. The points of application of all forces are carefully noted. After a 
free-body diagram of the beam is made, the equations of statics are applied 
to obtain the solution . 

~Ma = 00 +, 

Check: 

~ Fy = 0 j +, 

200 + (100)(0.2) + (160)(0.3) - Ra(0.4) = 0 

Ra = + 670N j 

RAy(0.4) + 200 - ( I 00)(0.2) - (160)(0.1) = 0 

RA.v = - 410 N t 

- 410 - 100 - 160 + 670 = 0 

Note that ~ Fx = 0 uses up one of the three independent equations 
of statics, thus only two additional reaction components can be determined 
from statics. If more unknown reaction components or moments exist at the 
support, the problem becomes statically indeterminate. In Fig. 4-9 the beams 
shown in parts (c), (d), and (g) are statically indeterminate beams as may be 
proved by examining the number of unknown reaction components. (Verify 
this statement.) 

Note that the concentrated moment applied at Centers on ly into the 
expressions for the summation of moments. The positive sign of RB indicates 
that the direction of RB has been correctly assumed in Fig. 4-1 O(b). The inverse 
is the case of RAy, and the vertical reaction at A is downward . Note that a 
check on the arithmetical work is available if the calculations are made as 
shown. 

ALTERNATE SOLUTION 

In computing reactions some engineers prefer to make calculations in the 
manner indicated in Fig. 4-11. Fundamentally this involves the use of the 
same principles. Only the details are different. The reactions for every force 
are determined one at a time. The total reaction is obtained by summing these 
reactions. This procedure permits a running check of the computations as 
they are performed. For every force the sum of its reactions is equal to the 
force itself. For example, for the 160 N force, it is easy to see that the upward 
forces of 40 N and 120 N total 160 N. On the other hand, the concentrated 
moment at C, being a couple, is resisted by a couple. It causes an upward 
force of 500 Nat the right reaction and a down ward force of 500 Nat the left 
reaction . 

EXAMPLE 4-2 

Find the reactions for the partially loaded beam with a uniformly varying 
load shown in Fig. 4-12(a). Neglect the weight of the beam. 

CHAP. 4 AXIAL FORCE-SHEAR-AN D BENDING MOMENT 98 

www.konkur.in



r.Ma = Ol 
200 x I (0.4) = 500 
100 X (0.2)/(0.4) = 
160 X (0.1 )/(0.4) = 

200 N·m 
100 

C 

0.1 m 0.1 m 0.1 m 

t 
50 N 
40 N 

0.4 m 

160 N 

B 

0.1 m 

t LMA = 0 

500 = 200 x I /(0.4) (moment) 
50 N = 100 x (0.2)/(0.4) (100 N force) 

120 160 x (0.3)/(0.4) ( 160 N force) 
-----+---

R 8 = 670 t 500 

R , 
y 

3m 

S m 

= 410 N l 
Fig . 4-11 

P = x 3 x 100 = 150 N 
q

0 
= 100 N/m 

/. 

3=2m 3m 

(b) 
Sm 

Fig. 4-12 

SOLUTION 

An examination of the supporting conditions indicates that there are three 
unknown reaction components, hence the beam is statically determinate. 
These and the applied load are shown in Fig. 4-12(b). Note particularly that 
the configuration of the member is not important for computing the reactions. 
A crudely shaped outline bearing no resemblance to the actual beam is indi­
cated to emphasize this point. However, this new body is supported at points 
A and B in the same manner as the original beam. 

For calculating the reactions the distributed load is replaced by an 
equivalent concentrated force P. It acts through the centroid of the distributed 
forces. These pertinent quantities are marked on the working sketch, Fig. 
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(b) 

(a) 

A X ,--

R,1.y 

I 3' 

-

9' 

4-12(b). After a free-body diagram is prepared, the solution follows by apply­
ing the equations of static equilibrium. 

-

LFx = 0 

LMA = 0 0 + , 

LMB = OO+ , 

+(150)(2) - RB(5 ) = 0, 

-RA/.5) + (150)(3) = 0, 

R,1. x = 0 

RB = 60N t 
RAy = 90N t 

B Ro X 

J I 
I 

Ro 

I 

Fig.4-13 

L MA= 0 () +, 
LMB = OO+ , 

LFx = 0 -> +, 

Check : 

LFy = 0 j +, - 90 + 150 - 60 = 0 

EXAMPLE 4-3 

Determine the reactions at A and B for the "weightless" 
beam shown in Fig. 4-I3(a). The applied loads are 
given in kilo-pound or 1,000-lb units called kips, which 
are designated here by k. 

SOLUTION 

A free-body diagram is shown in Fig. 4-I3(b). At A 
there are two unknown reaction components, R Ax and 
RAr At B the reaction RB acts normal to the sup­
porting plane and constitutes a single unknown. It is 
expedient to replace this force by the two components 
RBy and RBx, which in this particular problem are 
numerically equal. Similarly, it is best to replace the 
inclined force with the two components shown. These 
steps reduce the problem to one where all forces are 
either horizontal or vertical. This is of great conve­
nience in applying the equations of static equilibrium. 

+ 4(3) - RB/12) = 0, 

+ RAy(I 2) - 4(9) = 0, 

+ RAx - 3 - 1 = 0, 

RBy = 1 k = I RBx I 
R,1.y = 3 k j 

R,1.x = 4k-> 

RA = ,v142 + 3 2 = 5 k 3~ 

I 

RB = ,v1 l2 + l2 = ,y'2 k ~ I 
Check: 

LFy = 0 i +, + 3 - 4 + I = 0 

4-6. APPLICATION OF METHOD OF SECTIONS 

The main object of this chapter is to establish means for determining 
the forces that exist at a section of a beam. To obtain these forces , the me-
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P2 

thod of sections, the basic approach of mechanics of materials, will now be 
applied. 

The analysis of any beam is begun by preparing a free-body diagram. 
The reactions can always be computed using the equations of equilibrium, 
provided the beam is statically determinate. The complete system of forces 
that maintains the beam in equilibrium is thus established , and no distinction 
need be made between the applied and reactive forces in the subsequent steps 
of analysis. The method of sections can then be applied at any section of 
the beam by employing the previously used concept that if a whole body 

is in equilibrium, any part of it is likewise in equi­

w; (total uniformly varying load) librium. 

pl 
/ US (total load) 1,,,,, 

--'---+--~ ........... =---~B 

To be more specific, consider a beam, such 
as the one shown in Fig. 4-14(a), with certain con­
centrated and distributed forces acting on it. The 
reactions are also presumed to be known since they 
may be computed as in the examples considered 
earlier in Art. 4-5. The externally applied forces and 
the reactions at the support keep the whole body in 
equilibrium. Now consider an imaginary cut X-X 
normal to the axis of the beam, which separates 
the beam into two segments as shown in Figs. 
4-14(b) and (c). Note particularly that the imaginary 
section goes through the distributed load and separ­
ates it too. Each of these beam segments is a free 
body that must be in equilibrium. However, the 
conditions of equilibrium require the existence of 
a system of forces at the cut section of the beam. 
In general, at a section of a beam a vertical force, 
a horizontal force, and a moment are necessary 
to maintain the part of the beam in equilibrium. 
These quantities take on a special significance in 
beams and therefore will be discussed separately. 

(a) 

(b) 

(c) 

RA, 

Rn 

.,___-===---~B 

1R
8 

Fig. 4-14. An application of the method of 
sections to a statically determinate beam. 

4-7. SHEAR IN BEAMS 

To maintain a segment of a beam such as shown in Fig. 4-14(b) in 
equilibrium there must be an internal vertical force Vat the cut to satisfy the 
equation ~FY= 0. This internal force V, acting at right angles to the ax is of the 
beam, is called the shear or the shearing force. The shear is numerically equal 
to the algebraic sum of all the vertical components of the external forces acting 
on the isolated segment, but it is opposite in direction. Given the qualitative 
data shown in Fig. 4-14(b), Vis opposite in direction to the downward load 
to the left of the section. The shear at the cut may also be computed by con­
sidering the right-hand segment shown in Fig. 4-14(c). It is then equal 
numerically and is opposite in direction to the sum of all the vertical forces, 
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including the reaction components, to the right of the section. Whether the 
right-hand segment or the left is used to determine the shear at a section is 
immaterial-arithmetical simplicity governs. Shears at any other section may 
be computed similarly. 

At this time a significant observation must be made. The same shear 
shown in Fig. 4-14(b) and (c) at the section X-X is opposite in direction in the 
two diagrams. For that part of the downward load W 1 to the left of section 
X-X, the beam at the section provides an upward support to maintain vertical 
forces in equilibrium. Conversely, the loaded portion of the beam exerts a 
downward force on the beam as in Fig. 4-14(c). At a section "two directions" 
of shear must be differentiated, depending upon which segment of the beam 
is considered. This follows from the familiar action-reaction concept of statics 
and has occurred earlier in the case of an axially loaded rod , and again in the 
torsion problem. 

The direction of the shear at section X-X would be reversed in both 
diagrams if the djstributed load W 1 were acting upward. Frequently a 
similar reversal in the direction of shear takes place at one section or another 
along a beam for reasons which will become apparent later. The adoption 
of a sign convention is necessary to differentiate between the two possible 
directions of shear. The definition of positive shear is illustrated in Fig. 
4-15(a).* A downward internal force acting on the left side of a cut or an 

_\' 

Resultant of all forces to the left of section 

t~ +v 
I 

+V 
+v 

(~) 
Beam segment 

...........-Arbitrary section 

(a) (b) 

Fig. 4-15. Definition of positive shear. 

*This definition of positive shear is contrary to a rigorous mathematical treatment associated 
with a right-hand rectangular Cartesian system. It will be used throughout this book, 
however, since it is the sign convention which is predominant in the technical literature. 
For a fully consistent treatment, see for example, E. P. Popov, /11troductio11 to Mechanics 
of Solids, Englewood Cliffs, New Jersey : Prentice-Hall, 1968. 
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upward force acting on the right side of the same cut corresponds to a 
positive shear. Positive shears are shown in Fig. 4-15(b) for an element iso­
lated from a beam by two sections. The shear at section X-X of Fig. 4-14(a) 
is a negative shear. 

4-8. AXIAL FORCE IN BEAMS 

-~--t----,r-==---.,._8 

In addition to the shear V, a horizontal force 
such as P, shown in Fig. 4-16(b) or (c), may be 
necessary at a section of a beam to satisfy the 
conditions of equilibrium. The magnitude and sense 
of this force follows from a particular solution of 
the equation I; Fx = 0. If the horizontal forc_e P 
acts toward the cut, it is called a thrust; if away 
from the cut, it is termed axial tension. In referring 
to either of these forces the term axial force is used. 
The effect of an axial force on a section of a member 
has already been discussed in Chapter I. It was 
shown there that it is imperative to apply this force 
through the centroid of the cross-sectional area of a 
member to avoid bending. Similarly, here the line 
of action of the axial force will always be directed 
through the centroid of the beam's cross-sectional 
area. 

(a) 

(b) 

(c) 

R.4, 

Ra 

Fig. 4-16. An application of the method of 
sections to a statically determinate beam 
(Repeated) 

Any section along a beam may be examined 
for the magnitude of the axial force in the above 
manner. The tensile force at a section is customarily 
taken positive. The axial force (thrust) at section 
X-X in Fig: 4-16(b) and (c) is equal to the hori­
zontal force P2 • 

4-9. BENDING MOMENT IN BEAMS 

The determination of the shear and axial force at a section of a beam 
completes two of the requirements of statics which a segment must fulfill. 
These forces satisfy the equations I; Fx = 0 and I; Fy = 0. The remaining 
condition of static equilibrium for a planar problem is I; M , = 0. This, in 
general, can be satisfied only by developing a couple or an internal resisting 
moment within the cross-sectional area of the cut to counteract the moment 
caused by the external forces. The internal resisting moment must act in a 
direction opposite to the external moment to satisfy the governing equation 
I; M, = 0. Likewise it follows from the same equation that the magnitude of 
the internal resisting moment equals the external moment. These moments 
tend to bend a beam in the plane of the loads and are usually referred to as 
bending moments. 
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The internal bending moment M is indicated in Fig. 4- l 6(b ). It can be 
developed only within the cross-sectional area of the beam and is equivalent 
to a couple. To determine this moment necessary to maintain the equilibrium 
of a segment, the sum of the moments caused by the forces may be made 
around any point in the plane; of course, all forces times their arms must be 
included in the sum. The internal forces V and P form no exception. To 
exclude the moments caused by these forces from the sum, it is usually most 
convenient in numerical problems to select the point of intersection of these 
two internal forces as the point around which the moments are summed. Both 
V and P have arms of zero length at this point, which is located on the cen­
troid of the cross-sectional area of the beam. 

Instead of considering the segment to the left of section X-X, the right­
hand segment of the beam, Fig. 4-16(c), may also be used to determine the 
internal bending moment. As explained above, this internal moment is 
equal to the external moment of the applied forces (including reactions). 
The summation of moments is made most conveniently around the centroid 
of the section at the cut. In Fig. 4- I 6(b) the resisting moment may be physically 
interpreted as a pull on the top fibers of the beam and a push on the lower 
ones. The same interpretation applies to the same moment shown in Fig. 
4-I6(c). 

If the load W 1 in Fig. 4-I6(a) were acting in the opposite direction, the 
resisting moments in Figs. 4-16(b) and (c) would reverse. This and similar 
situations necessitate the adoption of a sign convention for the bending 
moments. This convention is associated with a definite physical action of the 
beam. For example, in Figs. 4-16(b) and (c), the internal moments shown pull 
on the top portion of the beam and compress the lower. This tends to increase 
the length of the top surface of the beam and to contract the lower surface. 
A continuous occurrence of such moments along the beam makes the beam 

+M +M 

(a) (b) 

Fig. 4-17. The definition of a positive bending moment. 
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deform convex upwards, i.e., "shed water." Such bending moments are 
assigned a negative sign . Conversely, a positive moment is defined as one that 
produces compression in the top part and tension in the lower part of a 
beam 's cross section. Under such circumstances the beam assumes a shape 
that " retains water." For example, a simple beam supporting a group of 
downward forces deflects down as shown in exaggerated form in Fig. 4- l 7(a), 
a fact immediately suggested by physical intuition. In such a beam, a detailed 
investigation of bending moments along the beam shows that all of them are 
positive. The sense of a positive bending moment at a section of a beam is 
defined in Fig. 4-17(b). 

4-10. SHEAR, AXIAL-FORCE, AND BENDING-MOMENT 
DIAGRAMS 

By the methods discussed above, the magnitude and sense of shears, 
axial forces, and bending moments may be obtained at many sections of a 
beam. Moreover, with the sign conventions adopted for these quantities , a 
plot of their values may be made on separate diagrams. On such diagram s, 
from a base line representing the length of a beam, ordinates may be laid off 
equal to the computed quantities. When these ordinate points are plotted 
and interconnected by lines, graphical representations of the functions are 
obtained. These diagrams, corresponding to the kind of quantities they depict, 
are called respectively the shear diagram, the axial-force diagram, or the bending­
moment diagram. With the aid of such diagrams, the magnitudes and locations 
of the various quantities become immediately apparent. It is convenient to 
make these plots directly below the free-body diagram of the beam, using the 
same horizontal scale for the length of the beam. Draftsmanlike precision in 
making such diagrams is usually unnecessary, although the significant ordi­
nates are generally marked with their numerical value. 

The axial-force diagrams are not as commonly used as the shear and the 
bending-moment diagrams. This is so because the majority of beams investi­
gated in practice are loaded by forces that act perpendicular to the axis 
of the beam. For such loadings of a beam, there are no axial forces at any 
section. 

Shear and moment diagrams are exceedingly important. From them a 
designer sees at a glance the kind of performance that is desired from a beam 
at every section. In Chapter 10 on the design of members, methods of con­
structing these diagrams in a rapid manner will be discussed. However, the 
procedure discussed above of sectioning a beam and finding the system of 
forces at the section is the most fundamental approach. It will be used in the 
following illustrative examples. 

EXAMPLE 4-4 

Construct shear, axial-force, and bending-moment diagrams for the weight­
less beam shown in Fig. 4-18(a) subjected to the inclined force P = 5 kN. 
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(a) 

(b) 

(c) 

(e) 

(f) 

(g) 

(h) 

(i) 

(j) 

P = 5 kN 

A4 ;;;;;--- - '-- i; 
\ 5 m I 5 m I 

2 kN 4 kN ·m 4 k · m 2 kN 

3 kN 2 km_ '12 kN I 
-1 j ,fT3 kN \.~ 

2 kN~ (d) l.2-~.J 2 kN 

3 kN I 2 kN~- 10 kN·m -~==:'.===~, T 3 kN 

2 kN t ! I 
I· 5 ·r . 4 kN 

I 3kN f~I O 3 kN --, 
2 kN t 

I 

3kN 
-1 

2 kN 1 
I· 

1 

_,t~ kN·m 

5 m+ I 2 kN 

I
4kN 

3 kN ~ 2 kN x 8 m - 4 kN x 3 m 
I - I = 4kN·m 
I 

! 8 m • I 2 kN 

I I 

2 k N ~, +_2_k_N .. I_+___..,·1. : 

0 ! - l '-2 kN 

Shear 

0 I . . 
1-3kNt - .I I 

- J kN i kN·m~l 4 kN· 

~m 

0 

Axial force 

Bending moment 

Fig. 4-1 8. Bending moment. 
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SOLUTION 

A free-body diagram of the beam is shown in Fig. 4-18(b). Reactions follow 
from inspection after the applied force is resolved into the two components. 
Then several sections through the beam are investigated, as shown in Figs. 
4-18(c), (d), (e), (f), and (g). In every case the same question is posed: What 
are the necessary internal forces to keep the segment of the beam in equilibrium? 
The corresponding quantities are recorded on the respective free-body 
diagrams of the beam segment. The ordinates for these quantities are indicated 
by heavy dots in Figs. 4-18(h), (i), and (j), with due attention paid to their 
signs. 

Note that the free bodies shown in Figs. 4-l 8(d) and (g) are alternates, 
as they furnish the same information, and normally both would not be made. 
Note that a section just to the left of the applied force has one sign of shear, 
Fig. 4-18(e), while just to the right, Fig. 4-18(f), it has another. This indicates 
the importance of determining shears on either side of a concentrated force. 
For the condition shown, the beam does not resist a shear which is equal 
to the whole force. The bending moment in both cases is the same. 

In this particular case, after a few individual points have been estab­
lished on the three diagrams in Figs. 4- I 8(h), (i), and (j), the behavior of the 
respective quantit ies across the whole length of the beam may be reasoned 
out . Thus, although the segment of the beam shown in Fig. 4-J 8(c) is 2 m 
long, it may vary in length anywhere from zero to just to the left of the applied 
force, and no change in the shear and the axial force occurs. Hence the ordi­
nates in Figs. 4-18(h) and (i) remain constant for this segment of the beam. 
On the other hand, the bending moment depends directly on the distance 
from the supports, hence it varies linearly as shown in Fig. 4-18(j) . Similar 
reasoning applies to the segment shown in Fig. 4-18(d), enabling one to com­
plete the three diagrams on the right-hand side. The use of the free body of 
Fig. 4-18(g) for completing the diagram to the right of center yields the same 
result. 

EXAMPLE 4-5 

Construct shear and bending-moment diagrams for the beam loaded with 
the forces shown in Fig. 4-19(a). 

SOLUTION 

An arbitrary section at a distance x from the left support isolates the beam 
segment shown in Fig. 4-19(b). This section is applicable for any value of x 
just to the left of the applied force P. The shear, regardless of the distance from 
the support, remains constant and is + P. The bending moment varies linearly 
from the support, reaching a maximum of + Pa. 

An arbitrary section applicable anywhere between the two applied forces 
is shown in Fig. 4-19( c). No shearing force is necessary to maintain equilibrium 
of a segment in this part of the beam. Only a constant bending moment of 
+ Pa must be resisted by the beam in this zone. Such a state of bending or 
flexure is called pure bending. 

Shear and bending-moment diagrams for this loading condition are 
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(b) 
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'p 
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p Shear 
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p 

(e) / + ~+Pa 

0 Moment 

Fig. 4-1 9 

shown in Figs. 4-19(d) and (e). No axial-force diagram is necessary, as there 
is no axial force at any section of the beam. 

EXAMPLE 4-6 

Plot a shear and a bending-moment diagram for a simple beam with a uni­
formly distributed load, Fig. 4-20(a). 

SOLUTION 

The best way of solving this problem is to write down algebraic expressions 
for the quantities sought. For this purpose an arbitrary section taken at 
a distance x from the left support is used to isolate the segment shown in 
Fig. 4-20(b ). Since the applied load is continuously distributed along the beam, 
this section is typical and applies to any section along the length of the beam. 
In more difficu lt cases several zones of a beam may have to be investigated 
depending on the distribution of the applied loads. In some instances it is 
even advisable to resort to several origins of x to simplify the form of the a lge­
braic functions. 

The shear Vis equal to the left upward reaction less the load to the left 
of the section. The internal bending moment M resists the moment caused 
by the reaction on the left less the moment caused by the forces to the left of 

CHAP. 4 AXIAL FORCE-SHEAR-AND BENDING MOMENT 108 

www.konkur.in



T11•0 N/m 

l' ' ' r rT I I I I ll 
(a) 

111•0 L1 t ½ ll'o L 

I L I 

) M= 11'2L x -
, 

(b) ll ' oX -

2 
I ' L 2 u 0 

'-V=1 11·0 L 
X 

H' 0 X 

(c ) 

.!. 11·0 L 
2 

0
~ Shear 

~ -½ 1r0L 

Moment 

(d) ~ + ~ !+i '"vL~ 
Fig. 4-20 

the same section. The summation of moments is performed around an axis 
at the section. Although it is customary to isolate the left-hand segment, 
similar expressions may be obtained by considering the right-hand segment 
of the beam, with due attention paid to sign conventions. The plot of the V 
and M functions is shown in Figs. 4-20(c) and (d) . 

EXAMP LE 4-7 

Determine shear, axial-force, and bending-moment diagrams for the can­
tilever loaded with an inclined force at the end, Fig. 4-2l(a). 

SO LUTION 

First the inclined force is replaced by the two components shown in Fig. 
4-2J(b) and the reactions are determined. The three unknowns at the support 
follow from the familiar equations of statics. This completes the free-body 
diagram shown in Fig. 4-21(b). Completeness in indicating all of these forces 
is of the utmost importance. 

A segment of the beam is shown in Fig. 4-2J(c); from this segment 
it may be seen that the shearing force and the axial force remain the same 
regardless of the distance x . On the other hand, the bending moment is a 
variable quantity. A summation of moments around C gives (PL - Px) 
acting in the direction shown. This represents a negative moment. The moment 
at the support is likewise a negative bending moment as it tends to pull on the 
upper fibers of the beam. The three diagrams are plotted in Figs. 4-21 (d), 
(e), and (f). 
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Fig. 4-21 

EXAMPLE 4-8 

Given a curved beam whose centroidal axis is bent into a semicircle of 0.2 m 
radius as shown in Fig. 4-22(a). If this member is being pulled by the 1000 N 
forces shown, find the axial force, the shear, and the bending moment at the 
section A-A, a; = 45°. The centroidal axis and the applied forces all lie in the 
same plane. 

SOLUTION 

There is no essential difference in the method of attack in this problem 
compared with that in a straight-beam problem. The body as a whole is 
examined for conditions of equilibrium. From the conditions of the problem 
here, such is already the case. Next, a segment of the beam is isolated, Fig. 
4-22(b). Section A-A is taken perpendicular to the axis of the beam. Before 
determining the quantities wanted at the cut, the applied force P is resolved 
into components parallel and perpendicular to the cut. These directions are 
taken respectively as the y- and x-axes. This resolution replaces P by the 
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Fig. 4-22 

components shown in Fig. 4-22(b) . From L F" = 0, the axial force at the 
cut is + 707 N. From L Fy = 0, the shear is 707 Nin the direction shown . 
The bending moment at the cut can be determined in several different ways. 
For example, if L M O = 0 is used, note that the lines of action of the applied 
force P and the shear at the section pass through 0. Therefore only the axial 
force at the centroid of the cut times the radius needs to be considered, and 
the resisting bending moment is 707(0.2) = 141.4 N ·m, acting in the direction 
shown. An alternative solution may be obtained by applying L Mc = 0. 
At C, a point lying on the centroid, the axial force and the shear intersect. 
The bending moment is then the product of the applied force P and the 
0.1414 m arm. In both of these methods of determining bending moment, use 
of the components of the force P is avoided as this is more involved arith­
metically. 

It is suggested that the reader complete this problem in terms of a 
general angle ex. Several interesting observations may be made from such a 
general solution. The moments at the ends will vanish for ex = 0° and ex = 

180°. For ex = 90° the shear vanishes and the axial force becomes equal to 
the applied force P. Likewise the maximum bending moment is associated 
with ex = 90°. 

4-11. STEP-BY-STEP PROCEDURE 

In beam analysis it is exceedingly important to be able to determine 
the shear, the axial force, and the bending moment at any section. The 
technique of obtaining these quantities is unusually clear-cut and systematic. 
To lend further emphasis, the steps used in all such problems are summa­
rized . This summary is intended to aid the student in an orderly analysis of 
problems. Sheer memorization of this procedure is di scouraged. 
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1. Make a good sketch of the beam on which all of the applied forces are clearly 
noted and located by dimension lines from the supports. 

2. Boldly indicate the unknown reactions (colored pencil may be used to 
advantage). Remember that a roller support has one unknown, a pinned 
support has two unknowns, and a fixed support has three unknowns. 

3. Replace all of the inclined forces (known and unknown) by components acting 
parallel and perpendicular to the beam.• 

4. Apply the equations of statics to obtain the reactions.t A check on the 
reactions computed in the manner indicated in Examples 4-1, 4-2, and 4-3 is 
highly desirable. 

5. Pass a section at the desired location through the beam perpendicular to its 
axis. This imaginary section cuts only the beam and isolates the forces that act 
on the segment. 

6. Select a segment to either side of the proposed section and redraw this 
segment, indicating all external forces acting on it. This must include all the 
reaction components. 

7. Indicate the three possible unknown quantities at the cut section, i.e., show 
P, V, and M, assuming their directions. 

8. Apply the equations of equilibrium to the segment and solve for P, V, and 
M. If the solution indicates any of these quantities to be a negative value, then 
the originally assumed direction at the cut must be reversed. 

This procedure enables one to determine the shear, the axial force, and 
the bending moment at any section of a beam. Signs for these quantities 
follow from the definitions given earlier. If diagrams for this system of internal 
forces are wanted, several sections may have to be investigated. Do not fail 
to determine the abrupt change in shear at concentrated forces and the 
abrupt change in bending-moment value at points where concentrated 
moments are introduced. Algebraic expressions for the same quantities some­
times are also n.ecessary. 

In the above discussion the construction of shear and moment diagrams 
was illustrated principally for horizontal members. For inclined members, 
except for directing the coordinate axes along and perpendicular to the axis 
of a bar, the procedure is the same. In curved and in spatial structural systems 
the directions of the axes are along the axes of the member or members. In 
such cases one of the coordinate axes is taken tangent to the axis of the 
member-as shown for example in Fig. 4-22. To conform with the diagram­
matic scheme used in this text for horizontal beams, the ordinates for bending 
moment in curved and spatial systems should be plotted on the compression 
side:f: of a section. 

At this time it is suggested that Art. 1-9 on the basic approach of 
mechanics of materials be reviewed, as a better appreciation may now be 
had of the contents of that article. 

*More ingenuity may be required for curved beams. 

tThis step can be avoided in cantilevers by proceeding from the free end. 
fin some texts on structural analysis the opposite scheme is used. 
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PROBLEMS FOR SOLUTION 

(Note: In addition to beams, simple frames are 
included in the following problems. For the 
quantities asked, the analysis of these frames is 
analogous to that of beams.) 

4-1. Show that the effect on a structure of the 
tensile forces acting in a flexible cable going over 
a frictionless pulley is the same as that of the 
same two forces applied at the center of the axle. 

4-2. Compute the reactions at the hinged 
supports A and B. Ans: RAx = 18.75 kN, 
RAy = 75 kN. 

PROB. 4 - 2 

4-3. For the beam loaded as shown in the 
figure determine the magnitude and direction of 
the reactions. Ans: RA = 4 k. 

PROB. 4 - 3 

4-4 through 4-13. For the planar structures 
loaded as shown in the figures determine the 
reactions or all reaction components. All struc­
tures are to be assumed weightless. A correctly 
drawn free-body diagram is an essential part of 
each problem. Ans: Upward reaction com­
ponent for the left reaction is given in parentheses 
by the figures in the units of the applied loads. 

CHAP. 4 PROBLEMS FOR SOLUTION 

1.5 k /m Feiml 
4m 

PROB. 4 - 4 

PROB. 4 - 5 

(6) 

0.2 m rad 

( - 20) 

___.30 kN/m 

A ~ B *;;;n j, 2 m , 2 m , 

A 

~ I 

100 k 

( 10) 
PROB. 4 - 6 

I.Sm 1.5 m Im 

PROB. 4 - 7 
(69.2) 

7.07 kN 
45 

Im 

3.5 m 

PROB. 4 - 8 
(2.5) 

l 3 500 kN 

f 
1.5 m 

C D 
3m 3m 

(100) 
PROB. 4 - 9 
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PROB. 4 - IO 
(7) 

2' 

PROB. 4 - II 
(5.1) 

8k 
3' 

II' 

4k 

PROB. 4 12 (2) 

45 

( - 877) 

PROB. 4 - 13 

4-14. For the beam loaded as shown in the 
figure, find the shear and the bending moment at 
the center of the span caused by the applied load . 
Ans: V = - 1 k, M = - 13 .5 k-ft. 

PROB. 4 - 14 

4-15. A chain block used for raising 100 kN 
weights by means of a spreader beam is shown in 
the figure. The chain AB is 2.4 m long; chain BC 
is 3.2 m long. Neglecting the weight of the as-

sembly, find the components of all forces acting 
parallel and perpendicular to the beam when in 
use. Ans: R Ax = 36 kN. 

A C 

PROB. 4-15 

4-16. Two 3 lb weights are attached to a shaft 
by means of rigid arms as shown in the figure. 
Neglecting the weight of the shaft and the arms, 
find the reactions a t the bearings if the shaft 
rotates a t 600 rpm. Ans: R1.ri = 116 lb. 

Bearing 

6" 8" 

PROB. 4 - 16 

4-17. Determine the bending moment at the 
support B in Prob. 4-5. Ans: 30 kN -m. 

4-18. Determine the shear and the bending 
moment at a section midway between C and D in 
the beam AB of Prob. 4-9. Ans: + 300 k , 
+ l 350 kN-m. 

4-19. Compute the reaction components at 
A and B, and calculate the axial force, shear and 
bending moment at section a-a of the 12 by 12 
inch timber mast. Ans: P0 = - 45 k. 

12' 

I 2" x 12" 

3' 

_ t_4' 
5· 

I-· ___;1....::...6'_ .--j, I-· ___:_14'---· ------· 12·1-
PRos. 4 - 19 
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4-20. For the planar structure shown in the 
figure determine the axial force, the shear and the 
bending moment at section a-a. Ans: -6 k-ft. 

9 k 

PROB. 4 - 20 

4-21. A hydraulic jack exerts a downward 
force of 5 400 Non the linkage shown. What are 
the axial force, the shear, and the bending moment 
at section a-a caused by the application of this 
force? All dimensions are in meters. 

0.45 

PROB. 4 - 21 

4-22 through 4-33. For the planar structures 
shown in the figures, determine the axial force, 
the shear, and the bending moment at sections a-a, 
b-b, c-c, and d-d, wherever they apply. Neglect the 
weight of members. In every case, draw a free body 
of the isolated part of the structure and clearly show 
on it the sense of the compllfed quantities. Some 
sections are shown dose together. In these 
cases, determine the quantities asked for just to 
the left and just to the right of the point in ques­
tion, assuming that the widths of members are 
negligibly small. Ans: The answers for some 
problems are given in the following order: axial 

CH A P. 4 PROBLEMS FOR SOLUTION 

force, shear, and moment. The signs of shear and 
moment apply only for horizontal members. 

Prob. 4-22. -30kN, + 20kN, + 30kN·m. 
Prob.4-25. + lOkN, + 5kN, + 2.5kN·m. 
Prob. 4-26. At a-a: - 28 k, - 152 k-ft. At 

b-b: - 8k, - 152k-ft. Atc-c: - 8k, -176k-ft. 
At d-d: - 8 k, +24 k-ft. 

Prob. 4-27. At a-a: 0, + 44.4 k, + 77.2 k-ft. 
At b-b: + 50 k, -5.6 k, -222.8 k-ft. At c-c: 
+ so k, + 17.4 k, + 111.6 k-ft. 

Prob.4-28. At a-a: - 3.43 k, - 1.71 k, + 61.7 
k-in. 

Prob. 4-32. At a-a: - 7.2 k, 9.6 k, 24 k-ft. 
At b-b: -3.15 k, 12.6 k, 30 k-ft. 

Prob. 4-33. At a-a: + l.21 k, 0, 17.1 k-ft. 

SO kN 

2.4 m 2.4 m 

PROB. 4 - 22 

Rectangular bar 
600 N total wt. 

400 mm 

PROB. 4 D 

PROB. 4 - 24 

300 
mm 

3' 

IS' 

i 
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Hinge 

0.5 
Im 

m 
a a 25 kN 2.1 m 

~ 

Im 
2.1 m 

' Im I m Im 

PROB. 4 - 25 

20 k 

10 k 

4' 

PROB. 4 - 26 

PROB. 4 - 27 

PROB. 4- 28 
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5.4 m 
C 

b 
100 kN 

I C b 

0.6 m 

PROB. 4 - 29 

1.8 111 
125 kN 

1.2 111 

PROB. 4 - 30 

.t slll T" " 
2.5 Ill . 

PROB. 4 - 31 

B 

0.9 111 

50 k 

1.5 Ill 

B 

40 kN 

i~ ---'-"--~'----'___. I 2k 

E 

3' 

9' 
6' 

PROB. 4 - 32 
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PROB. 4 - 33 

4-34. Determine the axial force, the shear, and 
the bending moment at section a-a. There is no 
connection between members AD and BC at 
point E. 

2.4 m 
500 

PROB. 4 - 34 

4-35 through 4-40. Plot the shear and moment 
diagrams for the beams loaded as shown in the 
figures. Ans: Max. moment in parentheses by 
the figure. 

(+24) 
PROB.4 -35 

M, 

~ __ ;. _L _y 
PROB. 4 - 36 
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(500) 
PROB. 4 - 38 

10 lb 

~. 10·f 20• t 
PROB. 4 - 39 (80) 

(1 Pa) 

PROB. 4 - 40 

4-41 through 4-43. For beams loaded as 
shown in the figures, express the shear and bend­
ing moments by algebraic expressions for the 
interval AB. Ans: Prob. 4-42 : M = i k (L 2x -
x3) . 

p 

a b 
L 

PROB. 4 - 41 

PROB. 4 - 42 
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2 k/ft 

PROB. 4 - 43 

4-44. Establish general algebraic equations for 
the axial force, shear, and bending moment for 
the curved beam of Example 4-8. Ans: M = Pr 
sin rx.. 

4-45. A rectangular bar bent into a semicircle 
is built in at one end and is subjected to an internal 
radial pressure of p lb per unit length (see figure). 
Write the general expressions for P(0), V(0), and 
M(0), and plot the results on a polar diagram. 
Show positive directions assumed for P, V, and 
M on a free-body diagram. Ans: M = pr 2 

(1 - cos 0). 

p lb/ in . 

Bar radiu, = R 

PROB. 4 - 45 

4-46. A bar is made in the shape of a right 
angle as shown in the figure and is built in at one 
of its ends. (a) Write the general expressions for 
V, M, and T(torque) caused by the application of 
a force F normal to the plane of the bent bar. 
Plot the results. (b) If in addition to the applied 
force F the weight of the bar w lb per unit length 
is also to be considered, what system of internal 
force components develops at the built-in end? 
Ans: (a) M = - F(L - x ), (b) M = - (F + 
aw + ½wL)L. 

y 

F 

PR OB. 4 - 46 

(Note : For additional problems see Chapter 10.) 
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Pure Bending 
of Beams 

5-1. INTRODUCTION 

The system of forces that may exist at a section of a beam was discussed 
in the previous chapter. This was found to consist of an axial force, a shearing 
force, and a bending moment. The effect of one of these forces, the axial 
force, on a member was discussed in Chapters 1 and 2. In this chapter another 
element of the force system that may be present at a section of a member, the 
internal bending moment, will be considered. Moreover, since in some cases 
a segment of a beam may be in equilibrium under the action of a moment 
alone, a condition called pure bending or flexure, this in itself represents a 
complete problem. It is the purpose of this chapter to relate the internal 
bending moment to the stresses it causes in a beam. If, in addition to the 
internal bending moment, an axial force and a shear also act simultaneously, 
complex stresses arise. These will be treated in Chapters 7, 8, and 9. The 
deflection of beams due to bending will be discussed in Chapter 11. 

A major part of this chapter will be devoted to methods for determin­
ing the stresses in straight homogeneous beams caused by bending moments. 
Topics on beams, made from two or more different materials, curved beams, 
and stress concentrations are also included. 

5-2. SOME IMPORTANT LIMITATIONS OF THE THEORY 

Just as in the case of axially loaded rods and in the torsion problem, 
all forces applied to a beam will be assumed to be steady and delivered to 
the beam without shock or impact. Shock or impact problems will be con­
sidered in Chapter 15. Moreover, all of the beams will be assumed to be 
stable under the applied forces. A similar point was brought out in Chapter 
1, where it was indicated that a rod acting in compression cannot be too 
slender, or its behavior will not be governed by the usual compressive 
strength criterion. In such cases the stability of the member becomes impor­
tant. As an example, consider the possibility of using a sheet of paper on 
edge as a beam. Such a beam has a substantial depth, but even if it is used 
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to carry a force over a small span, it will buckle sideways and collapse. The 
same phenomenon may take place in more substantial members which may 
likewise collapse under an applied force . Such unstable beams do not come 
within the scope of this chapter. All the beams considered here will be 
assumed to be sufficiently stable laterally by virtue of their proportions, or 
to be thoroughly braced in the transverse direction. A better understanding 
of this important phenomenon will result after the study of the chapter on 
columns. The majority of beams used in structural framing and machine 
parts are such that the flexural theory to be developed here is applicable. 
This is indeed fortunate as the theory governing the stability of members 
is more complex . 

5-3. BASIC ASSUMPTIONS 

For the present it is assumed that only straight beams having constant 
cross-sectional areas with an axis of symmetry are to be included in the 
discussion. Moreover, it is assumed that the applied bending moments lie 
in a plane containing this axis of symmetry and the beam axis. Let it be further 
agreed that for the sake of simplicity in making sketches, the axis of sym­
metry will be taken vertically. Several cross-sectional areas of beams satisfying 
these conditions are shown in Fig. 5-1. A generalization of this problem will 
be made in Art. 5-7. 

A segment of a beam fulfilling the above requirements is shown in Fig. 
5-2(a), and its cross-section is shown in Fig. 5-2(b). For such a beam a line 
through the centroid of all cross-sections will be referred to as the axis of 
the beam. Next, imagine that two planes are passed through the beam per­
pendicular to its axis. The intersections of these planes with a longitudinal 
plane passing through the beam axis and the axis of symmetry is shown by 
lines AB and CD. Then it is not difficult to imagine that when this segment 
is subjected to the bending moments Mat its ends as shown in Fig. 5-2(c), 
the beam bends, and the planes perpendicular to the beam axis tilt slightly. 
Moreover, the lines AB and CD remain straight.* This can be satisfactorily 
verified experimentally.t Generalizing this observation for the whole beam, 

*This can be demonstrated by using a rubber model with a ruled grating drawn on it. 
Alternatively, thin vertical rods passing through the rubber block can be used. In the imme­
diate vicinity of the applied moments the deformation is more complex. However, in accord 
with the St. Venant's principle (Art. 2-11), this is only a local phenomenon which rapidly 
dissipates. 

t Rigorous solutions from the Mathematical Theory of Elasticity show that slight warpage 
of these lines may take place. Such warpage occurs if a beam carries a shear in addition to 
a bending moment. However, the warpage of the adjoining sections is exceedingly simi lar 
in shape. Thus the distance between any two points such as A and Con the adjoining sec­
tions remains practically the same whether warped or straight lines AB and CD are con­
sidered. And since the distance between the adjoining sections is the basis for establishing 
the elementary flexure theory, the foregoing assumption forms an excellent working hypo­
thesis for all cases. Moreover, a conclusion of far-reaching importance is that the existence 
of a shear at a section does not invalidate the expressions to be derived in this chapter. 
This will be implied in the subsequent work. 
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ART. 5-3 BASIC ASSUMPTIONS 

Fig. 5-1. Beam cross sections with a vertical axis of symmetry 
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Fig. 5-2. Behavior of a beam in bending 
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one obtains the most fundamental hypothesis* of the flexure theory, based on 
the geometry of deformations. It may be stated thus: 

I. Plane sections through a beam, taken normal to its axis, remain 
plane after the beam is subjected to bending. 

This means that in a bent beam two planes normal to the beam axis 
and initially parallel cease to be parallel. In a side view, the behavior of two 
such planes corresponds to the behavior of lines AB and CD of Figs. 5-2(a) 
and (c). An element of the beam contained between these planes is shown 
in Fig. 5-2(d). Under the action of the moments of the sense shown, the 
distance AC becomes smaller than BD. Further, because of the internal 
moment, a push must exist on the upper part of the beam and a pull on the 
lower. Hence, the undistorted beam element must be related to the distorted 
one, as A'C' D'B' is to ACDB, shown in more detail in Fig. 5-2(d). From this 
diagram it is seen that the fibers or "filaments" of the beam along the surfacet 
ab do not change in length. Hence, the.fibers in the su,face ab are not stressed 
at all, and, as the element selected was an arbitrary one, fibers free of stress 
exist continuously over the whole length and width of the beam. These 
fibers lie in a surface which is called the neutral swface of the beam. Its 
intersection with a right section through the beam is termed the .!!E:!.!.!:PI 
axis of the beam. Either term implies a location of zero stress in the member 
subJected to bending. 

The precise location of the neutral surface in a beam will be determined 
in the next article. First, a study of the nature of the strains in fibers parallel 
to the neutral surface will be made. Thus, consider a typical fiber such as 
cd parallel to the neutral surface and located at a distancet -y from it. 
During bending it elongates an amount Li. If this elongation is divided 
by the initial length L of the fiber, the strain e in that fiber is obtained. 
Next, note that from the geometrical assumption made earlier, elongations 
of different fibers vary linearly from the neutral axis since these elongations 
are fixed by the triangles aBB', bDD', aAA', and bCC'. On the other hand , 
the initial length of all fibers is the same. Hence the original fundamental 
assumption may be restated§ thus: 

la. In a beam subjected to bending, strains in its fibers vary linearly 
or directly as their respective distances from the neutral surface. 

This situation is analogous to the one found earlier in the torsion prob­
lem where the shearing strains vary linearly from the axis of a circular 
shaft. In a beam, strains vary linearly from the neutral surface. This varia­
tion is represented diagrammatically in Fig. 5-2(e). These axial strains are 

*This hypothesis with an inaccuracy was first introduced by Jacob Bernoulli (1645- 1705), 
a Swiss mathematician. In the correct form it dates back to the writings of the French 
engineering educator M. Na vier (1785-1836). 

tA rigorous solution shows that this surface is slightly cylindrical in two directions. In the 
present treatment this surface is assumed to be curved only in the direction shown. 

tPositive direction of y is taken upward from the neutral axis. 

§Experimentally, this assumption may be more easily verified than assumption (I}. 
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(a) 

associated with stresses which act normal to the section of a beam. The above 
corollary to the original assumption is applicable in the elastic as well as 
in the inelastic range of the material's behavior.* For the present this gen­
erality will be limited by introducing the second fundamental assumption 
of the flexure theory: 

2. Hooke's law is applicable to the individual fibers, i.e., stress is 
proportional to strain. The same elastic modulus E is assumed to apply to 
material in tension as well as in compression. The Poisson effect and the 
interference of the adjoining differently stressed fibers are ignored. 

Combining the foregoing assumptions, the basis for establishing the 
flexural theory for the elastic case is obtained: 

On a section of a beam, normal stresses resulting from bending vary 
linearly as their respective distances from the neutral axis. 

It should be firmly fixed in the reader's mind 

(b) 

c-BcEI 

that these stresses act normal to the section of a 
beam. They are the result of axial elongation or 
contraction of the various beam fibers. Their linear 
variation from the neutral axis, to repeat, is due to 
the linear variation of the strains and to the propor­
tionality of stress to strain. The distance to the 
various fibers of the beam is measured vertically 
from the neutral axis. Figures 5-3(a) and (b) illustrate 
the nature of the stress distribution in a beam resis­
ting a bending moment. Two alternative schemes 
of representing this three-dimensional problem in a 
plane are shown in Figs. 5-3(c) and (d). In subse­
quent work these will be the usual forms for showing 
the flexural stress distribution at a section of a 

(c) ( d) 

Fig. 5-3. Stress distribution at a section of a 
beam resisting a bending moment beam. 

5-4. THE FLEXURE FORMULA 

After the nature of the stress distribution in the elastic range at a 
section of a beam is understood, quantitative expressions relating bending 
moment to stress may be established. For this purpose the neutral surface 
is first located from considerations of static equilibrium. 

Consider a beam segment subjected to a positive bending moment 
M as shown in Fig. 5-4(a). At section X-X this applied moment is resisted 
by stresses which vary linearly from the neutral axis. The highest stresses 
occur at the points most remote from the neutral axis. For the beam shown 
this occurs along the line ed, Fig. 5-4(b). This stress, being a normal stress, 
is designated by O'mm Fig. 5-4(a). Any other normal stress acting on the cross­
sectional area is related to this stress by a ratio of distances from the neutral 

*Beams stressed beyond the elastic limit are treated in Art. 5-8. 
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Fig. 5-4. A beam in pure flexure 

axis. Thus, on an infinitesimal area dA, Fig. 5-4(b), at a distance y from the 
neutral axis, the stress is -(y/c) O"mm where distance c is measured from the 
neutral axis to the most remote fiber of the beam. Stresses below the neutral 
surface are given by a similar relation; the sign automatically reverses as 
y's are measured down from the neutral axis. This reversal of sign corresponds 
to the reversal in stress from compression to tension . Note that for a positive 
bending moment, the normal stresses at a section are positive (tension) for 
negative values of y, and negative (compression) for positive values of y. 
Hence the expression - (y/ c) a max is a general expression for the normal stress 
on any infinitesimal area of the beam's section at a distance y from the neutral 
axis. 

Since the segment of the beam shown in Fig. 5-4(a) must be in equi­
librium, the sum of all forces in the x-direction, which is taken horizontally, 
must vanish, i.e., I: Fx = 0. Therefore as the beam's segment resists only a 
couple, the sum ( or integral) of all forces acting on the section of the beam 
must vanish. Thus 

l (- ~ O" max) dA = 0 

~ -----(stress) (a rea) 

(force) 

where the subscript A of the integral indicates that the summation must be 
carried out over the entire cross-sectional area of the beam. At a section, 
however, O"max and care constants, so the integral may be rewritten as 

- O"max J Y dA = 0 
C A 

Since in a stressed beam neither c nor O"max can be zero, it follows that t y dA 

= 0. But by definition t y dA = yA, where y is the distance from a base 

line (neutral axis in the case considered) to the centroid of the area A, so 
yA = 0. Then since A is not zero, y must be. Therefore the distance from the 
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neutral axis to the centroid of the area must be zero, and the neutral axis 
passes through the centroid of the cross-sectional area of the beam. Hence the 
neutral axis may be quickly and easily determined for any beam by simply 
finding the centroid of the cross-sectional area . 

Next , the remaining significant equation of static equilibrium will be 
applied to the beam segment shown in Fig. 5-4(a) to evaluate the magnitudes 
of the normal stresses. This equation is :E M, = 0, which for the present 
purpose is more conveniently stated as: The external moment M is resisted 
by or equal to the internal bending moment developed by the flexural stresses 
at a section . The latter quantity is determined by summing forces acting on 
infinitesimal areas dA , Fig. 5-4(b), multiplied by their respective arms from 
the neutral axis. By formulating these statements mathematically, the 
following equality is obtained: 

M = J ( - 1!_ (1 ) dA A C max 

----.,-- ------(stress) (area) .._____,....__. 

y = _ (1 max J y2 dA 
C A 

(force) (arm) 

(moment) 

where (as before) (!max/ c is a constant, hence it appears outside the integral 
sign. The integration must be performed over the entire cross-sectional area 
A of the beam. 

The integral L y 2 dA depends only on the geometric properties of the 

cross-sectional area . In mechanics of materials this integral is called the 
moment of inertia of the cross-sectional area about the centroidal axis, when 
y is measured from such an axis. It is a definite constant for any particular 
area, and in this text it will be designated by /. With this notation the forego­
ing expression may be written more compactly as 

or 

It is customary to dispense with the sign for the normal stress as its sense 
can be found by inspection. At any section the normal stresses must act in 
such a manner as to build up a couple statically equivalent to the resisting 
bending moment, the sense of which is known. Hence the above equation 
can be written simply as 

Mc 
(!max = / (5-1) 

Equation 5-1 is the flexure formula* for beams. It gives the maximum 

•It took nearly two centuries to develop this seemingly simple expression. The first attempts 
to solve the flexure problem were made by Galileo in the seventeenth century. In the form 
in which it is used today the problem was solved in the early part of the nineteenth century. 
Generally, Na vier of France is credited for this accomplishment. However, some maintain 
that credit should go to Coulomb, who also derived the torsion formula. 
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normal stress in a beam subjected to a bending moment M. Moreover, since 
stress a on any point of a cross-section is -(y/c) a max• the general expression 
for normal stresses at a section is given as 

a= _My 
I 

(5-1 a) 

These formulas are of unusually great importance in mechanics of 
materials. In these formulas, Mis the internal or resisting bending moment, 
which is equal to the external moment at the section where the stresses are 
sought. The bending moment is expressed in newton•meter (N ·m) or in 
inch-pound units for use in these formulas. The distance y from the neutral 
axis of the beam to the point on a section where the normal stress a is wanted 
is measured perpendicular to the neutral axis and should be expressed 
either in meters or inches. When it reaches its maximum value (measured 
either up or down) it corresponds to c, and as y approaches this maximum 
value, the normal stress a approaches a max· In this equation I is the moment 
of inertia of the whole cross-sectional area of the beam about its neutral axis. 
To avoid confusion with the polar moment of inertia, I is sometimes referred 
to as the rectangular moment of inertia. It has the dimensions of m4 or in. 4 • 

Its evaluation for various areas will be discussed in the next article. The use 
of consistent units as indicated above makes the units of stress a, [N·m] 
[m]/[m4J = N/m2 = Pa, or [in.-lb][in.J/[in. 4] = [lb per in. 2] = psi. 

The student is urged to reflect on the meanings of the terms u ed in 
the derived equations. The stresses given by these equations indicate that 
they act perpendicular to the section and vary linearly from the neutral 
axis. These facts are very significant. Likewise, the three-dimensional aspect 
of the problem must be kept in mind. 

The foregoing discussion applies only to cases where the material 
behaves elastically. The important concepts used in deriving the flexure 
formula may be summaried as follows: 

1. Deformation was assumed giving the linear variation of strain from the neutral 
axis. 

2. Properties of materials were used to relate strain and stress. 
3. Equilibrium conditions were used to locate the neutral axis and to determine 

the internal stresses. 

These are the same concepts as were used to derive the torsion formula. 

5-5. COMPUTATION OF THE MOMENT OF INERTIA 

In applying the flexure formula, the moment of inertia I of the cross­
sectional area about the neutral axis must be determined. Its value is defined 
by the integral of y 2 dA over the entire cross-sectional area of a member, 
and it must be emphasized that for the flexure formula the moment of 
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inertia must be computed around the neutral axis of the cross-sectional area. 
This axis, according to Art. 5-4, passes through the centroid of the cross­
sectional area. For symmetrical sections the neutral axis is perpendicular 
to the ax.is of symmetry. Such an axis is one of the principal axes* of the 
cross-sectional area. Most readers should already be familiar with the method 
of determining the moment of inertia /. However, the necessary procedure 
is reviewed below. 

The first step in evaluating I for an area is to find the centroid of the 
area. An integration of y 2 dA is then performed with respect to the horizontal 
axis passing through the area's centroid. Actual integration over areas is 
necessary for only a few elementary shapes, such as rectangles, triangles, 
etc. After this is done, most cross-sectional areas used in practice may be 
broken down into a combination of these simple shapes. Values of moments 
of inertia for some simple shapes may be found in any standard civil or 
mechanical engineering handbook (also see Table 2 of the Appendix). To 
find / for an area composed of several simple shapes, the parallel-axis the-

orem (sometimes called the transfer formula) is 

dA 
~Centroid 

~ 

necessary; the development of it follows. 
The area shown in Fig. 5-5 has a moment of 

inertia I0 around the horizontal axis passing through 
its own centroid, i.e., I0 = f y 2 dA, where y is 
measured from the centroidal axis. The moment 
of inertia I ,, of the same area around another 
horizontal ax.is z-z by definition is 

' d 

z z 

Fig. 5-5. Shaded area used in 

deriving the paral lel -axis theorem 
I ,, = L (d + y)2 dA 

where as before y is measured from the axis through the centroid. Squaring 
the quantities in the parentheses and placing the constants outside the 
integral signs 

(: = d2 L dA + 2d Ly dA + L y2 dA = Ad2 + 2d Ly dA + I0 

However, since the axis from which y is measured passes through the cen­
troid of the area, f y dA or jiA is zero. Hence 

I,, = / 0 + Ad2 (5-2) 

This is the parallel-axis theorem. It can be stated as follows: The moment of 
inertia of an area around any axis is equal to the moment of inertia of the 
same area around a parallel ax.is passing through the area's centroid, plus 

*By definition the principal axes are those about which the rectangular moment of inertia 
is a maximum or a minimum. Such axes are always mutually perpendicular. The product 
of inertia, defined by J yz dA vanishes for the principal axes . An axis of symmetry of a 
cross-section is always a principal axis. For further details see the appendix to Chapter 8. 
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y 

dA 

y 

z 

Fig. 5-7 

the product of the same area and the square of the distance between the two 
axes .* 

The following examples illustrate the method of computing / directly 
by integration for two simple areas. Then an application of the parallel-axis 
theorem to a composite area is given. Values of I for commercially fabricated 
steel beams, angles , and pipes a re given in Tables 3 to 8 of the Appendix. 

y 

z 

y dA EXAMPLE 5-1 
dy 

Find the moment of inertia around the horizontal axis _i_ 
h 

T 2 
passing through the centroid for th{. rectangular area 

h shown in Fig. 5-6. 
z 

SOLUTION 

~ The centroid of this section lies at the intersection of 
the two axes of symmetry. Here it is convenient to 

Fig . 5-6 
take dA as b dy. Hence 

I,, = I. = y 2 dA = yzb dy = b L = - 1 
. f I +h/ Z I 3 I +h 2 bl 3 

A -h/ 2 3 - h 2 I 2 
(5-3) 

Similarly 

These expressions are used frequently, as rectangular beams are commonly 
employed in practice. 

EXAMPLE 5-2 

Find the moment of inertia about a diameter for a circular area of radius c, 
Fig. 5-7. 

SOLUTION 

Since there is some chance of confusing / with J for a circular section, It IS 
well to refer to I as the rectangular moment of inertia of the area in this case. 

To find I for a circle, first note that p 2 = z 2 ,-- y2, as may be seen 
from the figure. Then using the definition of J, noting the symmetry around 
both axes, and using Eq. 3-2 

J = Lp2 dA= L(y2 + z 2)dA= Ly2 dA + Lz2 dA 

= I,, + lyy = 21,, 

J n c4 
I ,, = !yy = 2 = 4 (5-4) 

*A similar theorem can be proved for the product of intertia (for definition of the product 
of inertia see the appendix to Chapter 8): l y, = !y.,, + Ad1d 2 where !y,z, is the product of 
inertia of an area A about the centroidal axes Ye, zc and l y, is the product of inertia of the 
same area about a set of parallel axes y, z. The distance between y and Ye is d 1, and that 
between z and Zc is d2 . 

CHAP. 5 PURE BENDING OF BEAMS 128 

www.konkur.in



28.3 

In mechanical applications circular shafts often act as beams, hence 
Eq. 5-4 will be found useful. For a tubular shaft, the moment of inertia of the 
hollow interior must be subtracted from the above expression. 

40 

IO 20 10 

IO 

60 

EXAMPLE 5-3 

Determine the moment of inertia / around the hori­
zontal axis for the area shown in Fig. 5-8 for use in 
the flexure formula. 

SOLUTION 

(A ll dimensions in mm ) 

Fig . 5-8. (A ll d imensions in mm) 

As the moment of inertia wanted is for use in the 
flexure formula, it must be obtained around the axis 
through the centroid of the area. Hence the centroid of 
the area must be found first. This is most easily done 
by treating the entire outer section and deducting from 
it the hollow interior. For convenience, the work is 
carried out in tabular form. Then the parallel-axis 
theorem is used to obtain I. 

Area 

Enti re area 
Hollow interior 

A [mm 2) 

40(60) = 2400 
- 20(30) = - 600 

y [mm) 
(from bottom) 

30 
35 

Ay 

72000 
- 21 000 

I; A = 1800 mm 2 I; Ay = 51 000 mm 3 

__ I; A y _ 5 I 000 _ 
y - -p - 1 800 - 28.3 mm from bottom 

For entire a rea: I = bh 3 = 40(60)
3 = 72 104 4 

o 12 12 x mm 

Ad 2 = 2400(30 - 28.3)2 = 0.69 X 104 mm4 

I,, = 72.69 X 104 mm4 

. . . bh 3 20(30)3 
For hollow interior. /0 = 12 = -

1
-
2
- 4.50 x 104 mm4 

Ad 2 = 600(35 - 28 .3) 2 = 2.69 x 104 mm4 

I ,,= 7.19 x 104 mm4 

F or composite section: / ,, = (72.69 - 7.19)104 = 65.50 x 104 mm4 

Note particularly that in applying the parallel-axis theorem, each 
element of the composite area contributes two terms to the total /. One 
term is the moment of inertia of an area around its own centroidal axis, 
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the other term is due to the transfer of its axis to the centroid of the whole 
area. Methodical work is the prime requisite in solving such problems 
correctly. 

5-6. REMARKS ON THE FLEXURE FORMULA 

The bending stress at any point of a beam section is given by Eq. 5-la, 
a = -My/!. The largest stress at the same section follows from this rela­
tion by taking IY I at a maximum, which leads to Eq. 5-1 a max = Mc/! . 
In most practical problems the maximum stress given by Eq. 5-1 is the 
quantity sought; thus it is desirable to make the process of determining 
a max as simple as possible. This can be accomplished by noting that both 
I and care constants for a given section of a beam. Hence 1/c is a constant. 
Moreover, since this ratio is only a function of the cross-sectional dimen­
sions of a beam, it can be uniquely determined for any cross-sectional area. 
This ratio is called the elastic section modulus of a section and will be des­
ignated by S. With this notation Eq. 5-1 becomes 

Mc M M 
(J max = / = - ,- = S (5-5) 

C 

or stated otherwise 

maximum bending stress = 
1 

bend in~ mome~t 1 
e ast1c section mo u us 

If the moment of inertia Jis measured in in. 4 (or m 4) and c in in. (or m), 
Sis measured in in. 3 (or m 3). Likewise, if Mis measured in inch-pounds 
(or N,m), the units of stress, as before, become pounds per square inch 
(or N/m2). It bears repeating that the distance c as used here is measured 
from the neutral axis to the most remote fiber of the beam. Thi s makes 
1/c = Sa minimum, and consequently M /S gives the maximum stress. The 
efficient sections for resisting bending have as large an S as possible for a 
given amount of material. This is accomplished by locating as much of the 
material as possible far from the neutral axis. 

The use of the term elastic section modulus in Eq. 5-5 corresponds 
somewhat to the use of the area term A in Eq. 1-1 (a = P/ A). However, 
only the maximum flexural stress on a section is obtained from Eq. 5-5, 
but the stress computed from Eq. 1-1 holds true across the whole section of 
a member. 

Equation 5-5 is widely used in practice because of its si mplicity. To 
facilitate its use, section moduli for many manufactured cross sections are 
tabulated in handbooks. Values for a few steel sections are given in Tables 
3 to 8 in the Appendix. Equation 5-5 is particularly convenient for the 
design of beams. Once the maximum bending moment for a beam is deter­
mined and an allowable stress is decided upon, Eq. 5-5 may be solved for 
the required section modulus. This information is sufficient to select a beam. 
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However, a detailed consideration of beam design will be delayed until 
Chapter I 0. This is necessary inasmuch as a shearing force, which in turn 
causes stresses, usually also acts at a beam section. The interaction of the 
various kinds of stresses must be considered first to gain complete insight 
into the problem. 

The application of the flexure formulas to particular problems should 
cause little difficulty if the meaning of the various terms occurring in them 
has been thoroughly understood . The following two examples illustrate 
investigations of bending stresses at specific sections. 

EXAMPLE 5-4 

A 0.3 m by 0.4 m wooden cantilever beam weighing 0.75 kN/m carries an 
upward concentrated force of 20 kN at the end, as shown in Fig. 5-9(a). 
Determine the maximum bending stresses at a section 2 m from the free end. 

P = 20 kN 

I: 
(a) 

Douglas Fir timber 
0.75 kN/m ' 

~N/m 

~') 38. 5 k N · m 

I.. 2 m )1 8. 5 k 

(c) 

Fig. 5-9 

SOLUTION 

0.3 m 

ri1 -$-=ro.4m 
(b) 

~ 813kN/m
2 

~ 813kN/m
2 

(d) 

A free-body diagram for a 2 m segment of the beam is shown in Fig. 5-9(c). 
To keep this segment in equilibrium requires a shear of 20 - 0.75(2) = 18.5 
kN and a bending moment of 20(2) - 0.75(2)1 = 38.5 kN ·mat the cut sec­
tion. Both of these quantities are shown with their proper sense in Fig. 5-9(c). 
By inspecting the cross-sectional area, the distance from the neutral axis to 
the extreme fibers is seen to be 0.2 m, hence c = 0.2 m. This is applicable to 
both the tension and the compression fibers. 

F E 5-3 · I = bh
3 = (0.3X0.4)

3 = 16 10- 4 4 rom q. . " 12 12 x m 

F E 5 1. _ Mc _ (38.SX0.2) _ ± 4 813 kN/ 2 rom q. - . O"max - T - 16 X 10- 4 - m 
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From the sense of the bending moment shown in Fig. 5-9(c) the top 
fibers of the beam are seen to be in compression, and the bottom ones in 
tension. In the answer given, the positive sign applies to the tensile stress, 
the negative sign applies to the compressive stress. Both of these stresses 
decrease at a linear rate toward the neutral axis where the bending stress is 
zero. The normal stresses acting on infinitesimal elements at A and B are 
shown in Fig. 5-9(d). It is important to learn to make such a representation 
of an element as it will be frequently used in Chapters 7, 8, and 9. 

ALTERNATE SOLUTION 

If only the maximum stress is desired, the equation involving the section 
modulus may be used . The section modulus for a rectangular section in 
algebraic form is 

In this problem, S = (0.3)(0.4)2/6 = 8 x 10- 3 m 3 , and by Eq. 5-5 

O"mu = 1 = 8 ~
8jt-J = 4 813 kN/m 2 or kPa. 

Both solutions lead to identical results . 

EXAMPLE 5-5 

(5-6) 

Find the maximum tensile and compressive stresses acting normal to the 
section A-A of the machine bracket shown in Fig. 5-lO(a) caused by the 
applied force of 8 kips. 

SOLUTION 

The shear and bending moment of proper magnitude and sense to maintain 
the segment of the member in equilibrium are shown in Fig. 5-lO(c). Next 
the neutral axis of the beam must be located. This is done by locating the 
centroid of the area shown in Fig. 5-lO(b) (see also Fig. 5-IO(d)) . Then the 
moment of inertia about the neutral axis is computed. In both these calcula­
tions the legs of the cross section are assumed rectangular, neglecting fillets. 
Then, keeping in mind the sense of the resisting bending moment and apply­
ing Eq. 5-1, one obtains the desired values. 

Area Number 

1 
2 
3 

CHAP. 5 PURE BENDING OF BEAMS 

A [in. 2] 

4.0 
3.0 
3.0 

~A = 10.0 in. 2 

y[in.] 
(from ab) 

0.5 
2.5 
2.5 

Ay 

2.0 
7.5 
7.5 

~ Ay = 17.0 in.J 
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4• 

A 

4• 
(a) (b) Section A-A 

V LJ~-16' 
\.J8k 

8 X [6 k-in. 

(c) (d) (e) 

Fig. 5-10 

- ~ Ay I7.0 I 70. f h 1· b y = ~ = lO.O = . m. com t e me a 

I = .z (10 + Ad 2) = ~ 1]3 + 4(1.2) 2 + (2):~)3 + 2(3X0.8) 2 

= 14.43 in. 4 

_ Mc_ (8Xl6X2.3) _ 204 k. 
O'max - J - 14.43 - . SI 

,,. _ Mc _ (8X16Xl.7) _ 15 1 k . 
v max - J - 14.43 - • SI 

(compression) 

(tension) 

These stresses vary linearly toward the neutral axis and vanish there. 
If for the same bracket the direction of the force P were reversed, the sense 
of the above stresses would also reverse. The results obtained would be the 
same if the cross-sectional area of the bracket were made T-shaped as shown 
in Fig. 5-lO(e). The properties of this section about the significant axis are 
the same as those of the channel. Both these sections have an axis of symme­
try. 

The above example shows that members resisting flexure may be pro­
portioned so as to have a different maximum stress in tension than in com­
pression. This is significant for materials having different strengths in tension 
and compression. For example, cast iron is strong in compression and 
weak in tension. Thus, the proportions of a cast-iron member may be so 
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set as to have a low maximum tensile st ress. The potential capacity of the 
material may thus be better utilized. This matter will be further considered 
in the chapter on the design of beams. 

•s-7. PURE BENDING OF BEAMS WITH 
UNSYMMETRICAL SECTION 

Pure bending of elastic beams having an axis of symmetry was discussed 
in the preceding article . The applied moments were assumed to act in the 
plane of symmetry. These limitations, although expedient in developing 
the flexural theory, are too severe and may be greatly relaxed . The same 
formulas can be used for any beam in pure bending, providing the bending 
moments are applied in a plane parallel to either principal axis of the cross­
sectional area. The previous derivation can be repeated identically. Stresses 
vary linearly from the neutral axis passing through the centroid. As before, 
the stress on any elementary area dA, Fig. 5-11, is a = -(y/c) <Fmax· Hence 

y 

( 

(a) (b) 

Fig. 5-11. A beam with an unsymmetrica l cross-sectional area 

-(y/c) O'max dA is an infinitesimal force acting on an element. The sum of 
the moments of these internal forces around the z axis develops the internal 
moment. However, as symmetry is lacking, these internal forces may build 
up a moment around they axis. This must be reconciled. 

The moment arms of forces acting on infinitesimal areas around the 
y axis are equal to z. Thus a possible moment M y y around the y axis is 

M = J - L (1 dA z = - (1 max J y z dA 
yy A C max C A 

The last integral represents the product of inertia of the cross-sectional 
area. It is equal to zero if the axes selected are the principal axes of the 
area.* Since these axes are the ones used here and are assumed to be the 
principal axes, M y y = 0, and thus the formulas derived earlier apply to a 
beam with any shape of cross section. 

•see the appendix to Chapter 8. 
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If a bending moment is applied without being parallel to either principal 
axis, the procedures which will be discussed in Chapter 7 must be followed. 

•s-8. INELASTIC BENDING OF BEAMS 

The elastic flexure formula derived earlier is valid only while stress is 
proportional to strain. A more general theory will now be discussed for 
material that does not obey Hooke's law. 

The basic kinematic assumption of the flexure theory, as stated in 
Art. 5-3, asserts the plane sections through a beam taken normal to its 
axis remain plane after the beam is subjected to bending. This assumption 
remains applicable even if the material behaves inelastically. With no further 
assumptions, it means that strains in the fibers of a beam subjected to 
bending vary directly as their respective distances from the neutral axis. 
With this as a basis, together with equilibrium requirements and nonlinear 
stre s-strain relations, the generalized theory of flexure is constructed. 

Consider a segment of a prismatic beam subjected to bending mo­
ments. The cross-sectional area of this beam has a vertical axis of symmetry, 
Fig. 5-12(c). The linear variation of the strains from the neutral axis is 
diagrammatically represented for such a beam in Fig. 5-12(b). At the neutral 
axis, which as yet is undetermined, the strain is zero. Strains at points away 

,r (tension) y 

E 
a"3 t----- --:...--
(T 2 --- ~ ,r 

Unit a °3 c 

length 

(b) Strain distribution 

Ys ·-+--i----..--
Y4 

(c) Beam section 

<T4 
( compression) 

-----l~<T5 
F 

(a) Stress-strain diagram 

e 3 

(d) Stress distribution 

Fig. 5-12. Inelastic bending of a beam 

ART. 5-8 INELASTIC BENDING OF BEAMS 135 

www.konkur.in



from the neutral axis correspond to the horizontal distances from the line 
ab to the line cd in Fig. 5-12(b). For example, the strain of a fiber at a distance 
-y2 from the neutral axis is 82 • Such distances define the axial strain of 
every fiber in a beam. 

To make the argument general, the material will be assumed to have 
a different stress-strain curve in tension and compression . A possible curve 
for such a material is shown in Fig. 5-12(a). Such curves may be obtained 
from axial-load experiments. 

If the Poisson effect is neglected, the longitudinal fibers of a beam in 
bending behave independently. Each one of these may be thought of as 
an infinitesimal axially loaded rod, stressed to a level dependent upon its 
strain. Since the variation of the strain in a beam is set by the assumption, 
the stress pattern may be formulated from the stress-strain curve, Fig. 
5-l 2(a). For example, corresponding to the tensile strain 8 1, at a distance 
- y I from the neutral axis, a tensile stress a I acts in the beam. Similarly, 
8 4 is associated with -a 4, a compressive stress. The same thing applies 
to any other fiber of the beam. This determines the stress distribution shown 
in Figs. 5-12(d) and (e); it resembles the shape of the stress-strain curve 
(compare EF with ef by turning it clockwise through 90°). 

Since the beam acts in pure bending, the same equations of statics 
will be used here as were used in establishing the elastic flexure formula. 
The two applicable relations as before are 

or 

I; M, = 0 or 

La dA = 0 

-L a y dA = M 

(5-7) 

(5-8) 

where a is a normal stress acting on an infinitesimal element dA of the 
cross-sectional area A of the beam, and y is the distance from the neutral 
axis to an element dA. It should be noted that for a positive M the integral 
in Eq. 5-8 becomes positive since for positive y's the stress a is negative, 
whereas for negative y's the stress a is positive. 

The solution of the most general problem in inelastic bending, i.e., 
the satisfaction of the equilibrium Eqs. 5-7 and 5-8, requires a trial-and­
error procedure. Initially the location of the neutral axis is unknown. A 
possible method consists of assuming a strain distribution, thus locating a 
trial neutral axis and giving the stress distribution shown in Fig. 5-12(d). 
Such trials must be continued until the sum of the forces C on the com­
pression side of the beam is equal to the sum of the forces Ton the tension 
side of the beam. When such a condition is fulfilled , the neutral axis of the 
beam is located. Note particularly that in inelastic flexure the neutral axis 
of a beam may not coincide with the centroidal axis of the cross-sectional 
area. It does so only if the cross-sectional area has two axes of symmetry 
and the stress-strain diagram is identical in tension and compression. 

After the neutral axis is located and the magnitudes of C and T are 

CHAP. 5 PURE BENDING OF BEAMS 136 

www.konkur.in



(a) 

known, their line of action may be determined . This is possible since the 
stress distribution on the cross-sectional area is known. Finally, the resisting 
moment is T(a + b) or C(a + b). The foregoing process is equivalent to 
the integration indicated by Eq. 5-8. However, the resisting moment so 
computed, based upon assumed strains, may not be equal to the applied 
moment. Hence, the process must be repeated by initially assuming greater 
or smaller strain at the extreme fibers until the resisting moment becomes 
equal to the applied moment. 

The foregoing method of solving a general problem is tedious, and 
accelerated procedures for arriving at a solution have been developed.* 
However, the above discussion should be sufficient to give a picture of the 
behavior of a beam in flexure beyond the elastic limit. As a simple example, 
consider a beam of rectangular cross section subjected to bending. Let 
the stress-strain diagram of the beam material be alike in tension and com­
pression as shown in Fig. 5- I 3(a). Then, as progressively increasing bending 
moments are applied to the beam, the strains will increase as exemplified 
by et> e2 , and e3 in Fig. 5-13(b). Corresponding to these strains and their 
linear variation from the neutral axis, the stress distribution will look as 
shown in Fig. 5-13(c). The neutral axis coincides with the centroidal axis 

Proportional 
limit 

er 

cr3r----------::::;_.. 
0"2f-----,2'/f~ 

C 
(b) 

(c) 

Fig. 5-13. Rectangular beam in bending exceeding the proportional 
limit of the material 

*A. Nadai, Theory of Flow and Fracture of Solids, vol. I, New York: McGraw-Hill, 1950, 
p. 356. 
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in this case, as the section has two axes of symmetry and the stress-strain 
diagram is alike in tension and compression. 

If a 3 corresponds to the ultimate strength of the material in axial 
tension, the ultimate bending moment which the beam is capable of resisting 
may be predicted. It is associated with the stress distribution given by the 
curved line ab shown in Fig. 5-13(c). An equivalent resistance to the bending 
moment based on the assumption of linear stress distribution from the 
neutral axis is shown by the line cd in the same figure. Since both of these 
stress distributions supposedly resist the same moment and in the latter 
case lower stresses act near the neutral axis, higher stresses must act near 
the outer fibers. The stress in the extreme fibers, computed on the basis of 
the elastic flexure formula for the experimentally determined ultimate bend­
ing moment, is called the rupture modulus of the material in bending. It is 
higher than the true stress. For materials whose stress-strain diagrams 
approach a straight line all the way up to the ultimate strength, the discrep­
ancy between the true maximum stress and the rupture modulus is small. 
On the other hand, the discrepancy is large for materials with a pronounced 
curvature in the stress-strain curve. 

As another important example of inelastic bending, consider a rec­
tangular beam of elastic-plastic material, Fig. 5-14. In such an idealization 
of material behavior a sharp separation of the member into distinct elastic 
and plastic zones is possible. For example, if the strain in the extreme fibers 
is double that at the beginning of yielding, only the middle half of the beam 
remains elastic, Fig. 5-I4(a). In this case the outer quarters of the beam 
yield . The magnitude of the moment M 1 corresponding to this condition 
can be readily computed (see Example 5-7). At higher strains the elastic 
zone or core diminishes. Stress distribution corresponding to this situation 
is shown in Figs. 5-14(b) and (c). 

Elastic core 

Neutral axis 

(b) (c) 

Fig.5-14 Elastic-plastic beam at a moderate level of straining 

EXAMPLE 5-6 

Determine the plastic or the ultimate capacity in flexure of a mild steel beam 
of rectangular cross section . Consider the material to be ideally elastic-plastic. 
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(a) 

SOLUTION 

The idealized stress-strain diagram is in Fig. 5-l 5(a). It is assumed that the 
material has the same properties in tension and compression. The strains that 
can take place during yielding are much greater than the maximum elastic 
strain (15 to 20 times the latter quantity). Therefore, since unacceptably large 
deformations of the beam occur along with very large strains, the plastic 
moment may be taken as the ultimate moment. 

( h 

(b) 
~ 

(c) (d ) 

Fig. 5-15 

The stress distribution shown in Fig. 5-15(b) applies after a large 
amount of deformation takes place. In computing the resisting moment 
the stresses corresponding to the triangular areas af;c and bde may be neglected 
without unduly impairing the accuracy. They contribute little resistance to 
the applied bending moment because of their short moment arms. Hence the 
idealization of the stress distribution to that shown in Fig. 5-l 5(c) is permis­
sible and has a simple physical meaning. The whole upper half of the beam 
is subjected to a uniform compressive stress u yp, while the lower half is all 
under a uniform tension <Typ· That the beam is divided evenly into a tension 
and a compression zone follows from symmetry. Numerically 

C = T = u yp(bh/2), i.e., (stress) x (area) 

Each one of these forces acts at a distance h/4 from the neutral axis. 
Hence the plastic or ultimate resisting moment of the beam is 

where b is the breadth of the beam and h is its height. 
The same solution may be obtained by directly applying Eqs. 5-7 and 

5-8. Noting the sign of stresses, one can conclude that Eq. 5-7 is satisfied by 
taking the neutral axis through the middle of the beam. By taking dA = b dy 
and noting the symmetry around the neutral axis, one changes Eq. 5-8 to 

f
h/ 2 

M p= Mu11 = - 2 
0 

( - <T yp)yb dy = <T ypbh 2/4 (5-9) 

The resisting bending moment of a beam of rectangular section when the 
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outer fibers just reach a YP• as given by the elastic flexure formula, is 

therefore 

The ratio Mpf Mrp depends only on the cross-sectional properties of a mem­
ber and is called the shape factor. The shape factor above for the rectangular 
beam shows that M 1 p may be exceeded by 50 per cent before the ultimate 
capacity of a rectangular beam is reached. 

For static loads such as occur in buildings, ultimate capacities can be 
determined using plastic moments. The procedures based on such concepts 
are referred to as the plastic method of analysis or design. For such work 
plastic section modulus Z is defined as follows: 

(5-10) 

For the rectangular beam analyzed above Z = bh 2/4. 
The Steel Construction Manual• provides a table of plastic section 

moduli for many common steel shapes. An abridged list of plastic section 
moduli for steel sections is given in Table 9 of the Appendix. For a given 
MP and a YP the solution of Eq. 5-10 for Z is very simple. 

The method of limit or plastic analysis is unacceptable in machine 
design in situations where fatigue properties of the material are important . 

EXAMPLE 5-7 

Find the residual stresses in a rectangular beam upon removal of the ulti­
mate bending moment. 

SOLUTION 

The stress distribution associated with an ultimate moment is shown in 
Fig. 5-16(a). The magnitude of this moment has been determined in the 
preceding example and is Mp = a 1Pbh 2/4. Upon release of this plastic 
moment Mp every fiber in the beam can rebound elastically. The elastic range 
during the unloading is double that which could take place initially. There-

r----____.-i::_= -+,,!=L_";? 

+ (+----,--,I'----' M =0 1-------< 

E~~~p 

(b) (c) 

Fig. 5-16. Residual stress distribution in a rectangular bar. 

*American Institute of Steel Construction, A/SC Steel Constructio11 Manual, (7th Ed.), 
New York: AlSC, Inc., 1970, pp. 2- 14 through 2- 20. 
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p 

(a) 

fore, since M 1P = a 1 pbh 2/6 and the moment being released is a 1 p(bh 2/4) or 
1.5M1 p, the maximum stress calculated on the basis of elastic action is 1a1 P 
as shown in Fig. 5-l 6(b). Superimposing the initial stresses at MP with the 
elastic rebound stresses due to the release of Mp, one finds the residual stresses, 
Fig. 5-16(c). Note that both tensile and compressive longitudinal microre­
sidual stresses remain in the beam. The tensile zones are shaded in the figure. 
If such a beam were machined by gradually reducing its depth, the release 
of the residual stresses would cause undesirable deformations of the bar. 

EXAMPLE 5-8 

Determine the moment resisting capacity of an elastic-plastic rectangular 
beam. 

SOLUTION 

To make the problem more definite consider a cantilever loaded as in Fig. 
5-l 7(a). If the beam is made of ideal elastic-plastic material and the applied 

Elastic- plastic boundary 

Yo h/2 h/2 

X 
Yo h/2 

/ kLJ w 
(b) (c) 

Fig. 5-17. Elastic-plastic cant ilever 

force Pis large enough to cause yielding, plastic zones will be formed (shown 
shaded in the figure). At an arbitrary section a-a the corresponding stress 
distribution will be as shown in Fig. 5-17(c). The elastic zone extends over the 
depth of 2y0 • Noting that within the elastic zone the stresses vary linearly and 
that everywhere in the plastic zone the axial stress is a YP• one finds that the 
resisting moment Mis 

M = - 2 r• ( _ La1 p)(b dy) y - 2fh 2 

(- a 1 PXbdy)y 
Jo Yo Yo (5-1 I) 

where the last simplification is done in accordance with Eq. 5-9. It is inter­
esting to note that, in this general equation, if y 0 = 0, the moment capacity 
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Gmax 

Actual 

becomes equal to the plastic or ultimate moment. On the other hand, if 
y 0 = h/2, the moment reverts back to the limiting elastic case where M = 

<7ypbh 2/6. When the applied bending moment along the span is known, the 
elastic-plastic boundary can be determined by solving Eq. 5-11 for y 0 • As long 
as an elastic zone or core remains, the plastic deformations cannot progress 
without a limit. This is a case of contained plastic flow. 

*5-9. STRESS CONCENTRATIONS 

The flexure theory developed in the preceding articles applies only to 
beams of constant cross-sectional area. Such beams may be referred to as 
prismatic beams. If the cross-sectional area of the beam varies gradually, 
no significant deviation from the stress pattern discussed earlier takes place. 
However, if notches, grooves, rivet holes, or an abrupt change in the cross­
sectional area of the beam occur, high local stresses arise. This situation is 
analogous to the ones discussed earlier for axial and torsion members. Again 
it is very difficult to obtain analytical expressions for the actual stress. In 
the past most of the information regarding the actual stress distribution 
came from accurate photoelastic experiments. Numerical methods employ-

ing finite elements are now used extensively in 
conjunction with computers. 

Fortunately, as in the other cases discussed, 
only the geometric proportions of the member 
affect the local stress pattern. Moreover, since 
interest is in the maximum stress, the idea of the 

Mc stress-concentration factor may be used to advan-
(11 max) nominal - 1 tage. The ratio K of the actual maximum stress to 

the nominal maximum stress in the minimum section 
as given by Eq. 5-1 is defined as the stress-concent­

K = (amax) actual 
(11ma,) nominal 

ration factor in bending. This concept is illustrated 
rn Fig. 5-18. Hence, in general, 

Fig. 5-18. Stress-concentration factor in 
bending 

(5- 12) 

Figures 5-19 and 5-20 are plots of stress-concentration factors for two 
representative cases.* The factor K, depending on the proportions of the 
member, may be obtained from these diagrams. A study of these graphs 
indicates the desirability of generous fillets and the eJjmination of sharp 
notches to reduce local stress concentrations. These remedies are highly 
desirable in machine design. In structural work, particularly where ductile 
materials are used and the applied forces are not fluctuating, stress con­
centrations are ignored. 

*These figures are reproduced from a paper by M. M. Frocht, "Factors of Stress Concen­
tration Photoelastically Determined," Trans. ASME, vol. 57, p. A-67. 
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Fig. 5-19. Stress-concentration factors in 
pure bending for flat bars with various fillets 

Fig. 5-20. Stress-concentration factors in 
bending for grooved flat bars 

Jf the cross-sectional area of a beam is irregular itself, stress concentra­
tions also occur. This becomes particularly significant if the cross-sectional 
area has re-entrant angles. For example, high localized stresses occur at 
the point where the flange* and the web of an I-beam meet. To minimize 
these, commercially rolled shapes have a generous fillet at all such points. 

In addition to stress concentrations caused by changes in the cross­
sectional area of a beam, another effect is significant. Forces often are 
applied over a limited area of a beam. Moreover, the reactions act only 
locally on a beam at the points of support. In the previous treatment, all 
such forces were idealized as concentrated forces. In practice the average 
bearing pressure between the member delivering such a force and the beam 
are computed at the point of contact of such forces with the beam. This 
bearing pressure or stress acts normal to the neutral surface of a beam and 
is at right angles to the bending stresses discussed in this chapter. A more 
detailed study of the effect of such forces shows that they cause a disturbance 
of all stresses on a local scale, and the bearing pressure as normally com­
puted is a crude approximation. The stresses at right angles to the flexural 
stresses behave more nearly as shown in Fig. 2-16. An investigation of the 
disturbance caused in the bending-stress distribution by the bearing stresses 
is beyond the scope of this book.t 

The reader must remember that the stress-concentration factors apply 
only while the material behaves elastically. Inelastic behavior of material 
tends to reduce these factors. 

*The web is a thin vertical part of a beam. Thin horizontal parts of a beam are called flanges. 

tBy virtue of St. Venant's principle (Art. 2-11), at distances away from the concentrated 
forces comparable with the cross-sectional dimensions of a member, the formulas developed 
in this text are accurate, but the usual formulas are not applicable for short, stubby beams 
such as gear teeth. 
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*5-10. BEAMS OF TWO MATERIALS 

So far, the beams analyzed were assumed to be of one homogeneous 
material. Important uses of beams made of several different materials occur 
in practice. Beams of two materials are especially common. Wooden beams 
are often reinforced by metal straps, and concrete beams are reinforced 
with steel rods. The fundamental theory underlying the elastic analysis of 
such beams will be discussed in this article. Extension of the analysis into 
the inelastic range follows the procedures discussed in Art. 5-8. A solution 
for a beam behaving inelastically is given in one of the examples that follow. 

Consider a symmetrical beam of two materials with a cross section as 
shown in Fig. 5-2l(a). The outer material (material I) has an elastic modulus 

I Axis of symmetry 

dy 

y 
h 

'x 

Unit 
distance 

Cross section of beam of two 
materials 

Variation of strain Elastic stress distribution 

(a) 
(b) 

dy 

(c) 

Stress distribution in either 
equivalent section 

Equivalent section in Equivalent section in material 2 
(d) material I (e) (f) 

Fig. 5-21. Beam of two materials 
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£ 1 , and the modulus of the inner material (material 2) is £ 2 • If such a beam 
is subjected to bending, the basic deformation assumption used in the flexure 
theory remains valid. Plane sections at right angles to the axis of a beam 
remain plane. Therefore the strains must vary linearly from the neutral axis, 
as shown in Fig. 5-2l(b). For the elastic case, stress is proportional to strain, 
and the stress distribution, assuming £ 1 > £ 2 , is as shown in Fig. 5-2l(c). 
Note that at the surfaces of contact of the two materials a break in the 
intensity of stress is indicated. Although the strain in both materials at 
such surfaces is equal, a greater stress develops in the stiffer material. The 
stiffness of a material is measured by the elastic modulus E. The foregoing 
information is sufficient to solve any beam problem of two (or more) materials 
by using a trial-and-error solution similar to the one discussed in Art. 5-8. 
However, a considerable simplification of the procedure is possible. In for­
mally applying I; Fx = 0 to locate the neutral axis and I; M, = 0 to obtain 
the resisting moment, only the correct magnitudes and locations of the 
resisting forces (not stresses) are significant. The new technique consists of 
constructing a section of one material on which the resisting forces are the 
same as on the original section. Such a section is termed an equivalent or 
transformed cross-sectional area. After a beam of several materials is reduced 
to an equivalent beam of one material, the usual elastic flexure formula 
applies. 

The transformation of a section is accomplished by changing dimen­
sions of a cross section parallel to the neutral axis in the ratio of elastic 
moduli of the materials. For example, if the equivalent section is wanted in 
material I, the dimensions corresponding to material I do not change. The 
horizontal dimensions of material 2 are changed by a ratio n, where n = 
£ 2/£ 1 , Fig. 5-2I(d). On the other hand, if the transformed section is to be 
of material 2, the horizontal dimension of the other material is changed by 
a ratio n 1 = £ 1/£ 2 , Fig. 5-21(e). The ratio n 1 is the reciprocal of n. 

The legitimacy of transforming sections is seen by comparing the 
forces acting on the original and on the equivalent sections. The force 
from a known strain ex acting on an elementary area dz dy in Fig. 5-2l(a) 
is exE1 dz dy. The same element of area in Fig. 5-21(e) is n 1 dz dy. The 
force acting on it is exE2n 1 dz dy. However, from the definition of ni, £ 1 = 
n1E2 • So the forces acting on both elements are the same, and both, by virtue 
of their location, contribute equally to the resisting moment. 

In a beam with a transformed area, strains and stresses vary linearly 
from its neutral axis. The stresses calculated in the usual manner are correct 
for the material of which the transformed section is made. For the other 
material the computed stress must be multiplied by the ratio n or 11 1 of the 
transformed to the actual area. For example, the force acting on n1 dz dy 
in Fig. 5-2I(e) actually acts on dz dy of the real material. 

EXAMPLE 5-9 

Consider a composite beam of the cross-sectional dimensions shown in Fig. 
5-22(a). The upper 150 mm by 250 mm part is wood, Ew = 10 000 MPa; the 
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250 

10 

(a) 

150 7.5 = 150/20 

(b) 

Neutral axis ·--------· 

20 X 150 = 3 000 

(All dimensions in mm) 

Fig. 5-22. 

(c) 

183 

150 

bottom 10 mm by 150 mm strap is steel,£, = 200 000 MPa. If this beam is 
subjected to a bending moment of 0.03 MN· m around a horizontal axis, 
what are the maximum stresses in the steel and wood? 

SOLUTION 

The ratio of the elastic moduli E,/E.., = 20. Hence, using a transform,d 
section of wood, the width of the bottom strip is (0.15)(20) = 3 m. The 
transformed area is shown in Fig. 5-22(b). Its centroid and moment of inertia 
around the centroidal axis are 

= 150(250)125 + 10(3 000)255 = 183 _ O 183 
Y 150(250) + 10(3 000) mm - · m (from the top) 

! ,, = 150
~
2,1°)3 

+ (150)250(58)2 + (3 00
~}JO)l + (IOX3 OOOX72) 2 

= 478 x 106 mm4 = 478 x 10- 6 m4 

The maximum stress in the wood is 

( ) = Mc = (0.03XO. 183) = 11 5 MP 
(1w max I 478 X 10- 6 . a 

The maximum stress in the steel is 

co.03xo.on) 
( (1,)max = n(1 w = 20 478 X 10_6 = 96.5 MPa 

ALTERNATE SOLUTION 

A transformed area in terms of steel may be used instead. Then the equivalent 
width of wood is bin = 150/20 or 7.5 mm. This transformed area is shown in 
Fig. 5-22(c). 

Y - ( 7.5)250(J 35) + J50(J0)5 - 77 mm (from the bottom) 
- (7.5)250 + 150(10) -

!,, = <7·
51;50

)
3 + (7.5)250(58)2 + 15~t)J + (150)10(72)2 

= 23.9 x 106 mm4 = 23.9 x 10-6 m4 
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II 
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(b) 

(O.OJX0.077) 
(a,)max = 23 _9 X 10_6 = 96.5 MPa 

a, ( I ) (0.03XO. 183) 
(a,.)max = n = 20 23.9 X 10-6 = 11.5 MPa 

Note that if the transformed section is an equivalent wooden section, 
the stresses in the actual wooden piece are obtained directly. Conversely, 
if the equivalent section is steel, stresses in steel are obtained directly. The 
stress in a material stiffer than the material of the transformed section is 
increased since, to cause the same unit strain, a higher stress is required. 

EXAMPLE 5-10 

Determine the maixmum st ress in the concrete and the steel for a reinforced­
concrete beam with the section shown in Fig. 5-23(a) if it is subjected to a 
positive bending moment of 50,000 ft-lb. The reinforcement consists of two 
¢.: 9 steel bars. (These bars are I¼ in. in diameter and have a cross-sectional 
area of I in . 2). Assume the ratio of E for steel to that of concrete to be 15, 
i.e., II = 15. 

Unit distance 

SOLUTION 

10" 

20 - kd=I 1.64'' 

nA, =30 sq in. 

(c) 

Fig . 5-23 

(d) 

Plane sections are assumed to remain plane in a reinforced-concrete beam. 
Strains vary linearly from the neutral axis as shown in Fig. 5-23(b) by the 
line ab. A transformed section in terms of concrete is used to solve this prob­
lem. However, concrete is so weak in tension that there is no assurance that 
minute cracks will not occur in the tension zone of the beam. For this reason 
no credit is given to concrete for resisting tension . On the basis of this assump­
tion, concrete in the tension zone of a beam only holds the reinforcing steel 
in place.* Hence in this analysis it virtually does not exist at all, and the 
transformed section assumes the form shown in Fig. 5-23(c). The cross sec­
tion of concrete has its own shape above the neutral axis; below it no concrete 
is shown. Steel , of course, can resist tension , so it is shown as the transformed 
concrete area. For computation purposes, the steel is located by a single 

* Actually it is used to resist shear and provide fireproofing for the steel. 
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dimension from the neutral axis to its centroid. There is a neglibile difference 
between this distance and the true distances to the various steel fibers. 

So far the idea of the neutral axis has been used, but its location is 
unknown. However, it is known that this axis coincides with the axis through 
the centroid of the transformed section. It is further known that the first 
(or statical) moment of the area on one side of a centroidal axis is equal to 
the first moment of the area on the other side. Thus, let kd be the distance 
from the top of the beam to the centroidal axis as shown in Fig. 5-23(c), 
where k is an unknown ratio* and dis the distance from the top of the beam 
to the center of the steel. An algebraic restatement of the foregoing locates 
the neutral axis, about which / is computed and stresses are determined as in 
the preceding example. 

Hence 

10{kd) (kd/2) = 30 (20 - kd) 
--..--- ---- ..__,__.. ~ 

concrete arm transformed arm 
area steel area 

5(kd)2 = 600 - 30(kd) 

(kd )2 + 6(kd ) - 120 = 0 

kd = 8.36 in. and 20 - kd = 11.64 in. 

I = JO(~-J6
)

3 
+ 10(8.36) (

8·i6r + 0 + 30(11.64)2 = 6,020 in.4 

( ) _ M c_ (50,000)12(8.36) = 833 . 
(1 C max - I - 6,020 psi 

_ Mc _ 15(50,000)12(11.64) _ 
17400 

. 
a, - nl - 6,020 - ' psi 

ALTERNATE SOLUTION 

After kd is determined, instead of computing I, a procedure evident from 
Fig. 5-23(d) may be used. The resultant force developed by the stresses acting 
in a "hydrostatic" manner on the compression side of the beam must be 
located kd/3 below the top of the beam. Moreover, if b is the width of the 
beam, this resultant force C = ½_(a c)maxh(kd) (average stress times area) . 
The resultant tensile force Tacts at the center of the steel and is equal to 
A,a ,, where A, is the cross-sectional area of the steel. Then if jd is the distance 
between T and C, and since T = C, the applied moment M is resisted by a 
couple equal to Tjd or Cjd. 

jd = d - kd/3 = 20 - (8 .36/3) = 17.21 in . 

M = Cjd = ~ b(kdXac)maxUd) 

2M 2(50,000)12 . 
(ac)max = b(kd )(jd ) 10(8.36)(17.21) = 833 psi 

*This conforms with the usual notation used in books on reinforced concrete. In this text 
h is generally used to represent the height or depth of the beam. 
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M = T(jd) = A,a,jd 

M (50,000)12 . 
a,= A,(jd) = 2(17.21) = 17,400 psi 

Both methods naturally give the same answer. The second method is 
more convenient in practical applications. Since steel and concrete have 
different allowable stresses, the beam is said to have balanced reinforcement 
when it is designed so that the respective stresses are at their allowable level 
simultaneously. Note that the beam shown would become virtually worthless 
if the bending moments were applied in the opposite direction. 

EXAMPLE 5-11 

Determine the ultimate moment carrying capacity for the reinforced concre.te 
beam of the preceding example. Assume that the steel reinforcement yields 
at 40,000 psi and that the ultimate strength of concrete J; = 2,500 psi . 

SOLUTION 

When the reinforcing steel begins to yield, large deformations commence. 
This is taken to be the ultimate capacity of steel: hence Tu1, = A,aw 

At the ultimate moment, experimental evidence indicates that the 
compressive stresses can be approximated by the rectangular stress block 
shown in Fig. 5-24. It is customary to assume the average stress in this 

Mu1t 

C 

(a) 

Assumed stress 
distribution 

O"yp 

Fig. 5-24 

compressive stress block to be 0.85/:. On this basis, keeping in mind that Tu 1, 

= Cu11, one has 

Tua = a ypA, = 40,000 X 2 = 80,000 I b = C u11 

k 'd Cui, 80,000 3 77 · 
= 0.85/~b = 0.85 X 2,500 X 10 = . m. 

( k'd) ( 3.77) 1 
Mult = Tull d - T = 80,000 20 - 2 12 = 121,000 ft-lb 
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(a) 

*5-11. CURVED BEAMS 

The flexure theory for curved bars is developed in this article. Atten­
tion is confined to beams having an axis of symmetry of the cross section, 
with this axis lying in one plane along the length of the beam. Only the elastic 
case is treated,* with the usual proviso that the elastic modulus is the same 
in tension and compression. 

Consider a curved member such as shown in Figs. 5-25(a) and (b). 
The outer fibers are at a distance of r0 from the center of curvature 0. The 

(b) 

0 

Fig. 5-25. Curved bar in pure bending 

Straight beam 

(c) 

inner fibers are at a distance of r1• The distance from O to the centroidal 
axis is r. The solutiont of this problem is again based on the familiar assump­
tion: Sections perpendicular to the axis of the beam remain plane after a 
bending moment M is applied. This is diagrammatically represented by the 
line ef in relation to an element of the beam abed. The element is defined by 
the central angle <f>. 

Although the basic deformation assumption is the same as for straight 
beams, and, from Hooke's law, the normal stress a = Ee, a difficulty is 
encountered. The initial length of a beam fiber such as gh depends upon the 
distance r from the center of curvature. Thus, although the total deforma­
tion of beam fibers (described by the small angle d</>) follows a linear law, 

•For plastic analysis of curved bars see for example H . D. Conway, "Elastic-Plastic Bending 
of Curved Bars of Constant and Variabel Thickness," Journal of Applied M echanics, 27, 
no. 4 (Dec. 1960), 733- 34. 

tThis approximate solution was developed by E. Winkler in 1858. The exact solution of the 
same problem by the methods of the mathematical theory of elasticity is due to M. Golovin, 
who solved it in 1881. 
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.. 
strains do not. The elongation of a generic fiber gh is (R - r)d</>, where R 
is the distance from O to the neutral surface (not yet known), and its initial 
length is r</>. The strain e of any arbitrary fiber is (R - r)(d</>)/r</>, and the 
normal stress a on an element dA of the cross-sectional area is 

a = Ee = E~(R_-_r )~d~</> 
rq> 

For future use note also that 

_!!_!_ _ E d<f> 
R - , - </> 

(5-13) 

(5-14) 

Equation 5-13 gives the normal stress acting on an element of area 
of the cross section of a curved beam. The location of the neutral axis foHows 
from the condition that the summation of the forces acting perpendicular to 
the section must be equal to zero, i.e. 

J a dA = J E(R - r) d</> dA = 0 
A A r</> 

However, since £, R, <p, and d</> are constant at any one section of a stressed 
beam, they may be taken outside the integral sign and a solution for R 
obtained. Thus: 

E d<f> J R - r dA = E d<f> [R J dA _ J dAJ = 0 
<p Ar <p Ar A 

R = -A-
LdA/r 

(5-15) 

where A is the cross-sectional area of the beam and R locates the neutral 
axis. Note that the neutral axis so found does not coincide with the centroidal 
axis. This differs from the situation found to be true for straight elastic 
beams. 

Now that the location of the neutral axis is known, the equation for 
the stress distribution is obtained by equating the external moment to the 
internal resisting moment built up by the stresses given by Eq. 5-13. The 
summation of moments is made around the z axis, which is normal to the 
plane of the figure shown in Fig. 5-25(a). 

M = L adA (R - r) = J E(R - r)2 d<p dA 
A r<p ______. ___.. 

(force) (arm) 

Again remembering that E, R, <p, and d<p are constant at a section, by using 
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Eq. 5-14, and performing the algebraic steps indicated, the following is 
obtained: 

M = Ed<pf (R - ,)2 dA = _!!_!_I (R - ,)2 dA 
</> A r R - r A r 

= _!!_!_I R 2 - Rr - Rr + ,2 dA 
R - r A r 

= R ~ , [R2 
L d: - R L dA - R L dA + Lr dA J 

Here, since R is a constant, the first two integrals van ish as may be seen 
from the bracketed expression appearing just before Eq. 5-15. The third 
integral is A, and the last integral, by definition, is FA. Hence 

M = _!!_!_(,A - RA) 
R - r 

whence the normal stress acting on a curved beam at a distance r from the 
center of curvature is 

a = M(R - r) 
rA(r - R) 

(5-16) 

If positive y is measured toward the center of curvature from the neutral 
axis, and ;: - R = e, Eq. 5-16 may be written in a form which more closely 
resembles the flexure formula for straight beams 

a = My 
Ae(R - y) 

(5-17) 

These equations indicate that the stress distribution in a curved bar 
follows a hyperbolic pattern. The maximum stress is always on the inner 
(concave) side of the beam. A comparison of this result with the one that 
follows from the formula for straight bars is shown in Fig. 5-25(c). Note 
particularly that in the curved bar the neutral axis is pulled toward the center 
of the curvature of the beam. This results from the higher stresses developed 
below the neutral axis. The theory developed applies of course only to elastic 
stress distribution and only to beams in pure bending. For a consideration of 
si tuations where an axial force is also present at a section see Art. 7-2. 

EXAMPLE 5-12 

Compare stresses in a 50 mm by 50 mm rectangular bar subjected to end cou­
ples of 2 083 N · m in three special cases: (a) straight beam, (b) beam curved 
to a radius of 250 mm along the centroidal axis (i.e., r = 250 mm Fig. 5-26(a)) 
and (c) beam curved tor = 75 mm. 
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50 x 50 mm 

b 
dr 

r 

(a) (b) 

100 MPa 93.6 MPa 80.9 MPa 1~½M~1,~7 50mm 

100 MPa 107 MPa 128 MPa 
r= oo r=250 mm 7= 75 mm 

(c) 

Fig. 5-26 

SOLUTION 

Case (a) follows directly by applying Eqs. 5-6 and 5-5 in that order. 

S = bt = 50(~0)
2 

= 20.83 x 103 mm3 = 20.83 x 10-6 m 3 

_ M _ 2083 _ 6 _ 
O'max - S - 20.83 X 10_6 - ±100 X JO Pa - ±100 MPa 

This result is shown in Fig. 5-26(c). ; = co since a straight bar has an 
infinite radius of curvature. 

To solve parts (b) and (c) the neutral axis must be located first. This is 
found in general terms by integrating Eq. 5-15. For the rectangular section, 
the elementary area is taken as b dr, Fig. 5-26(b). The integration is carried 
out between the limits r1 and r0 , the inner and outer radii, respectively. 

R =-A- = bh h 

f dA /r f '• b dr/r = J'' dr/r 
A r , r, 

h h h 
(5-18) 

= I In r I~: = In ( ; ; ) = 2.3026 log (;;) 

where h is the depth of the section, In is the natural logarithm, and log is 
a logarithm with a base of 10 (common logarithm). 

For Case (b), h = 50 mm, r = 250 mm, r 1 = 225 mm, and r 0 = 275 
mm. The solution is obtained by evaluating Eqs. 5-18 and 5-16. Subscript i 
refers to the normal stress CT of the inside fibers; o of the outside fibers. 
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50 
R = In (275/225) = 249.164 mm 

e = r - R = 250 - 249.164 = 0.836 mm 

_ M(R - r1) _ (2 083)(0.249 164 - 0.225) 
(1, - r,A(r - R) - (0.225X0.002 5)(0.000 836) 

= 107 x 106 Pa = 107 MPa 

_ M(R - r0 ) _ (2 083)(0.249 164 - 0.275) 
(1° - r0 A(r - R) - (0.275X0.002 5)(0.000 836) 

= - 93.6 x 106 Pa = - 93.6 MPa 

The negative sign of (10 indicates a compressive stress. These quantities 
and the corresponding stress distribution are shown in Fig. 5-26(c); ;: = 
250mm. 

Case (c) is computed in the same way. Here h = 50 mm, r = 75 mm, 
r1 = 50 mm, and r0 = 100 mm. Results of the computation are shown in 
Fig. 5-26(c). 

50 50 
R = In (100/50) = In 2 = 72.1 3 mm 

e = r - R = 75 - 73.13 = 2.87 mm 

_ (2 083)(0.022 13) _ 6 _ 
(1 , - (0.05)(0.002 5)(0.002 87) - 128 X 10 Pa - 128 MPa 

_ (2 083X - 0.021 87) _ _ 6 __ 

(1° - (0. 1 )(0.002 5)(0.002 87) - 80.9 X 10 Pa - 80.9 MPa 

Several important conclusions, generally true, may be reached from 
the above example. First, the usual flexure formula is reasonably good for 
beams of considerable curvature. Only 7 per cent error in the maximum 
stress occurs in Case (b) for r/h = 5, an error tolerable for most applications. 
For greater ratios of r/h this error diminishes. As the curvature of the beam 
increases, the stress on the concave side rapidly increases over the one given 
by the usual flexure formula. When F/h = 1.5 a 28 per cent error occurs. 
Second, the evaluation of the integral for R over the cross-sectional area 
may become very complex. Finally, calculations of R must be very accurate 
since differences between R and numerically comparable quantities are used 
in the stress formula. 

The last two difficulties prompted the development of other methods 
of solution. One such method consists of expanding certain terms of the 
solution into a series,* another of building up a solution on the basi s of a 
special transfo rmed section. Yet another approach consists of working 
"in reverse." Curved beams of various cross-sections, curvatures, and 
applied moments are analyzed for stress; then these quantities are divided 

•s. Timoshenko, Strength of Materials (3rd ed.), Part I, (Princeton, N .J.: D . Van Nostrand, 
1955, p. 369 and p. 373. 
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by a flexural stress that would exist for the same beam if it were straight. 
These ratios are then tabulated.* Hence, conversely, if stress in a curved 
beam is wanted, it is given as 

Mc 
a = K-y (5-19) 

where the coefficient K is obtained from a table or a graph and Mc/I is 
computed as in the usual flexure formula. 

An expression for the distance from the center of curvature to the neu­
tral axis of a curved beam of circular cross-sectional area is now given for 
future reference: 

R = i + ,1,2 - c2 --.c__..,2~-- (5-20) 

where i is the di tance from the center of curvature to the centroid and c 
is the radius of the circular cross-sectional area. 

PROBLEMS FOR SOLUTION 6" x 4" x +· angles 

5-1 through 5-5. For the cross-sectional areas 
with the dimensions shown in the figures, deter­
mine the moment of inertia for each section with 
respect to the horizontal centroidal axis. For 
properties of steel wide-flange beams, channels, 
and angles shown for problems 5-3, 5-4, and 5-5, 
see Appendix Tables 4, 5, and 7, respectively. 
Ans: Prob.5-3:11,080 in. 4 ; Prob. 5-4: 1,120 in.4 ; 

Prob. 5-5: 410 in. 4 • 

200 mm 

PROB. 5 PROB. 5 - 2 

43½" xj" 

C 12 x 20.7 

0 
V') 

X 

00 

PROB. 5 - 4 

plate 44" 

PROB. 5 .1 

'~firr 
\ilC 10 X 15.3 

PROB. 5 5 

Roark, R. J., Formulas for Stress and Strain. New York: McGraw-Hill, 1965, Fourth 
Edition, Table VII, p. 165. 
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5-6 through 5-10. The beams having the cross­
sectional dimensions shown in the figures are 
each subjected to a positive bending moment of 
54 000 N · m acting around the horizontal neutral 
axis. For each case, determine the bending stress 
acting on each of the three infinitesimal areas 
shown by the heavy dots. For properties of the 
wide-flange steel section shown in Prob. 5-8 see 
Table 4 of the Appendix. Ans: Prob. 5-8: 23.1 
ksi (bottom); Prob: 5-9: - 13.6 ksi (top). 

100 mm 

PROB. 5 - 6 

50mm 
25 mm,_.. _______ .._._25 mm W 8 X 24 

I 

100mm 

50 mm ! '" 
PROB. 5 - 7 PROB. 5 - 8 

50mm 
I " 2" I " 

~~-
5" 35 mm - / I f-.-3 5 mm 

150 mm 

PROB. 5 - 9 PROB. 5 10 

5-11. Verify the section moduli given in the 
Appendix for S 12 x 40.8, W IO x 112, and C 
12 X 20.7. 

5-12. Determine the allowable bending mo­
ment for a rectangular wooden beam having a 
full-sized cross-section of 50 mm by 100 mm for 
an allowable bending stress of 8.4 MPa, (a) if 
bent around a neutral axis parallel to the 50 mm 

CHAP. 5 PURE BENDING OF BEAMS 

side, (b) if bent around a neutral axis parallel to 
the 100 mm side. Ans: (a) 701 N •m. 

5-13. If a pure bending moment of 23 kip-ft is 
to be resisted by a wide-flange section without 
exceeding a 22 ksi stress, (a) what size section 
should be used if the moment acts around the 
X-X axis, (b) around the Y-Y axis? . Ans: W 
8 X 17, W 10 X 45. 

\ 5~14. For a linearly elastic material, at the 
same maximum stress for a square member in the 
two different positions shown in the figure, deter­
mine the ratio of the bending moments. Bending 
takes place around the horizontal axis. Ans: 
,./2. 

______,· /· <) 
PROB. 5 - 14 

5-15. The cast iron machine part, a section 
through which is shown in the figure, acts as a 
beam resisting a positive bending moment. If the 
allowable stress in tension is 3,000 psi and in 
compression 12,000 psi, what moment may be 
applied to this beam? Ans: 69.5 k-in . 

I 1~ 
2" 

i-1" 

I 

3" 

2' 

PROB. 5 15 

5-16. A beam having a solid rectangular 
cross-section with the dimensions shown in the 
figure is subjected to a positive bending moment 
of 16 000 N · m acting around the horizonta l axis . 
(a) Find the compressive force acting on the 
shaded area of the cross-section developed by the 
bending stresses. (b) Find the tensile force acting 
on the cross-hatched area of the cross-section. 
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50 mm 

50mm 

25 111111 

-1 50 111111 

25 111111 

50 mm 

PROB. 5 - 16 

5-17. Two 2 in. by 6 in., full-sized wooden 
-ks are glued together to form a T section as 

shown in the figure. If a positive bending moment 
of 2,270 ft-lb is applied to such a beam acting 
around a horizontal axis, (a) find the stresses at 
the extreme fibers(/ = 136 in04,(b) calculate the 
total compressive force developed by the normal 
stresses above the neutral axis because of the 
bending of the beam, (c) find the total force due 
to the tensile bending stresses at a section and 
compare it with the result found in (b). Ans: (b) 
5,000 lb. 

2" X 6' 

PROB. 5 17 

5-18. • By integration, determine the force 
developed by the bending stresses and its position 
acting on the shaded area of the cross-section of 
the beam shown in the figure if the beam is sub­
jected to a negative bending moment of 3 500 N · m 
acting around the horizontal axis. 

PROB. 5 - 18 

CHAP. 5 PROBLEMS FOR SOLUTION 

• 5-19. A beam has the cross-section of an 
isoceles triangle as shown in the figure and is sub­
jected to a negative bending moment of 4 000 
N. m around a horizontal axis. Show by integra­
tion that / 0 = bh 3/36. Determine the location and 
magnitude of the resultant tensile and compres­
sive forces acting on a section. 

PROB. 5 - 19 

5-20. A gray cast iron channel-shaped mem­
ber, as shown in the figure, acts as a horizontal 
beam in a machine. When vertical forces are ap­
elied to this member the distance AB increases 
by 0.0010 in. and the distance CD decreases by 
0.0090 in. What is the sense of the applied mo­
ment, and what normal stresses occur in the 
extreme fibers?£ = 15 x 106 psi. Ans: + 5,620 
psi at the top, -22,500 psi at the bottom. 

s· 

n 
Section 

PROB. 5 20 

5-21. A solid steel beam having the cross­
sectional dimensions partially shown in the figure 
was loaded in the laboratory in pure bending. 
Bending took place around a horizontal neutral 
axis. Strain measurements showed that the top 

PROB. 5 - 21 
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fibers contracted 0.000 3 m/m longitudinally; the 
bottom fibers elongated 0.000 6 m/m longitudinal­
ly. Determine the total normal force in newtons 
which acted on the shaded area indicated in the 
figure at the time the strain measurements were 
made. E = 200 000 MN/m 2• All dimensions are 
in mm. Ans: 900 kN. 

When two concentrated forces were 
·i d to an W 18 x 50 steel beam as shown in 

the figure, an elongation of 0.0050 in. was ob­
served between the gage points A and B. What 
was the magnitude of the applied forces? £ = 
30 x 106 psi. Ans: 23.2 k. 

PROB. 5 - 22 

5-23. As the screw of a large, steel C clamp, 
such as shown in the figure, is tightened down 
upon an object, the strain in the horizontal direc­
tion due to bending only is being measured by a 
strain gage at point B. If a strain of 900 x 10- 6 

in. per inch is noted, what is the load on the 
screw corresponding to the value of the observed 
strain? Let £ = 30 x 106 psi. Ans: 26.9 k. 

section a-a 

PROB. 5 - 23 

5-24. In Example 5-4, reverse the sense of the 
concentrated force and find the maximum bend-

CHAP. 5 PURE BENDING OF BEAMS 

ing stresses in the beam at the built in end if 
L = 2.5 m. Ans: 6.54 MN/m2. 

5-25. In a small dam, a typical vertical beam is 
subjected to the hydrostatic loading shown in the 
figure . Determine the stress at point D of section 
a-a due to the bending moment. Ans: 7.29MPa. 

D 

250 mm 

50 mm 

~~50mm 

LJ L50mm 
150 mm 

Section a-a 

Im 

Im 

Im 

PROB. 5 - 25 

5-26. Find the maximum flexural stress at a 
section 250 mm from the support for the cantil­
ever beam loaded as shown in the figure . Show the 
result on an isolated element alongside the beam. 
The beam weighs approximately 350 N/m of 
length and P = 450 N. Ans: 2.18 MPa. 

PROB. 5 - 26 

5-27. At section a-a for the beam, loaded as 
shown in the figure, find : (a) the maximum nor­
mal stress; (b) the normal stress midway between 
the top and the bottom fibers . The beam weighs 
230 lb/ft and P = 2,100 lb. Ans: (a) - 572 psi. 
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4' 4' p 4' 8" 

I· ·I~ 'f' 'I t H" 
4--1~-----1,r r 

6" diam hole 

PROB. 5- 27 

5-28. A T beam shown in the figure is made 
of a material the behavior of which may be 
idealized as having a tensile proportional limit of 
20 000 kN/m 2 and a compres ive proportional 
limit of 40 000 kN/m 2• With a factor of safety of 
l½ on the initiation of yielding, find the magni­
tude of the largest force F which may be applied 
to this beam in a downward direction as well as 
in an upward direction. Base answers only on the 
consideration of the maximum bending stresses 
caused by F. Ans: 5.51 kN. 

100 mm 

i1 '1I E 
25 mm E 

,r, 
<'I 
<'I 

_! 

-..l l-2smm 

F 

2 111 I 111 

PROB. 5 - 2X 

5-29. Show that the maximum bending stress 
for a beam of rectangular cross-section is <1 max = 
(Mc//)[(2n + 1)/(311)] if, instead of Hooke's law, 
the stress-strain relationship is <1" = Ee, where 
11 is a number dependent on the properties of 
the material. 

• 5-30. A 150 mm by 300 mm, rectangular 
section is subjected to a positive bending moment 
of 240 000 N · m around the "strong" axis. The 
material of the beam is nonisotropic and is such 

CHAP. 5 PROBLEMS FOR SOLUTION 

that the modulus of elasticity in tension is l½ 
times as great as in compression, see figure. If the 
stresses do not exceed the proportional limit, find 
the maximum tensile and compressive stresses in 
the beam. 

u 

PROB. 5 -30 

5-31. Consider a linearly elastic beam sub­
jected to a bending moment M around one of its 
principal axes for which the moment of inertia 
of the cross-sectional area around that axis is /. 
Show that for such a beam the normal force F 
acting on any part of the cross-sectional area A 1 

is 

where 

F = MQ/1 

Q = f ydA=yA 1 
A, 

and y is the distance from the neutral axis of the 
cross section to the centroid of the area A 1 as 
shown in the figure. 

y 

Centroid of area A 1 

.Ji 
z 

PROB. 5 - 31 

5-32 through 5-36. Find the ratios Mu1t! M 1 p 

for mild steel beams resisting bending around the 
horizontal axes and having the cross-sectional 
dimensions shown in the figures. Assume the 
idealized stress-strain diagram used in Example 
5-6. Ans: Prob. 5-32: l.7. Prob. 5-34: 1.11. 
Prob. 5-36: 1.8. 
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200 mm ..,__ 4_"-.il// 

8 f" E 
E 
8 
M 
:rf 

4• 
' 

PROB. 5 - 32 PROB. 5 - 33 PROB. 5-'34 PROB. 5 - 35 PROB. 5 - 36 

5-37 through 5-39. Composite beams having 
the cross-sectional dimensions shown in the 
figures are subjected to positive bending mo­
ments of 80 kN·m each. Materials are fastened 
together so that the beams act as a unit. 
Determine the maximum bending stress in each 
material. Es, = 210 000 kN/m2 ; EAt = 70 000 
kN/m2 ; Ec1 = 105 000 kN/m 2 (Hint for Prob. 
5-39: for an ellipse with semi-axes a and b, I = 7t 

ab 3/4 around the major centroidal axis.) 

75 mm 

Al 

St 

CI1~5mm 
St 125 mm 

Al 100 mm 

PROB. 5 - 37 PROB. 5 - 38 

300 mm 
150 mm 

PROB. 5 - 39 

5-40 and 5-41. Determine the allowable bend-
ing moment around horizontal neutral axes for 
the composite beams of wood and steel having the 
cross-sectional dimensions shown in the figures. 
Materials are fastened together so that they act 
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as a unit. Es, = 30 x 106 psi; E.,. = 1.2 x 106 

psi. The allowable bending stresses are a 5, = 
20 ksi and a.,. = 1.2 ksi. Ans: Prob. 5-40: 480 
k-in., Prob. 5-41: 633 k-in . 

1" 2· 
8" 2 X 

PROB. 5 - 40 

I" 
2 

1" 
2 s· 

' 
I 2· 

PROB. 5 41 

5-42. A reinforced concrete beam having a 
cross-section as shown in the figure is subjected 
to a positive bending moment of 8,000 ft-lb. 
Determine the maximum compressive stress in the 
concrete and the maximum stress in the steel. 
Assume n = 15. Ans: + 5,150 psi. 

o. o,, • .moo 
- 0 . • 

.0 Oo ct-
0, • · >;;, . 

O o. ·, ' 
<¼ 0 .0 · 
oQ .~ oo•" oa• 

Cl O' • . 

15" 

7 H 

3 x round bars 

PROB. 5- 42 

5-43. A 150 mm thick concrete slab is longi­
tudinally reinforced with steel bars as shown in 
the figure. Determine the allowable bending mo­
ment per one meter width of this slab. Assume 
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11 = 12 and the allowable stresses for steel and 
concrete as 150 MN/m 2 and 8 MN/m 2 respec­
tively Ans: 11.9 kN · m/m. 

C>~"-~'. -~,~-, ,; ;"] 
·· -. o ·.· ·-P .f• -o 150 mm 
" • D-'• o • o:• ·• \ ·· .. . ·o . ,o -.•. 

10 mm rd. bars 25 mm 
80 mm on centers 

PROB. 5 - 43 

5-44. A section of a hollow rectangular rein­
forced concrete beam is made as shown in the 
figure. The area of steel in tension is 9 in. 2, and 
11 = 10. If the maximum compression stress in the 
concrete caused by bending is known to be 1,000 
psi, what is the stress in the steel and what bend­
ing moment is applied to the section? Ans: 
9,830 k-in. 

5" 20" 5" 

PROB. 5 - 44 

CHAP. 5 PROBLEMS FOR SOLUTION 

5-45. A beam bas a cross-section as shown in 
the figure, and is subjected to a positive bending 
moment which causes a tensi le stress in the steel 
of 20 ksi . If 11 = 12, what is the value of the bend­
ing moment? Ans: 122 k-ft. 

3' I 2" J" 

6' 

28" 

Total A, = 3.0 in .2 

PROB. 5 - 45 

5-46. Rework Example 5-12 by changing h 
to 100 mm. Ans: (c) + 48.1 MN/m 2. 

5-47. Derive Eq. 5-20. 

5-48. What is the largest bending moment 
which may be applied to a curved bar, such as 
shown in Fig. 5-25(a), with f = 3 in ., if it has a 
circular cross-sectional area of 2 in. diameter and 
the allowable stress is 12 ksi? Ans: 7.00 k-in . 
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Shearing Stresses 
in Beams 

6-1. INTRODUCTION 

It was shown in Chapter 4 that in a planar problem three elements of a 
force system may be necessary at a section of a beam to maintain the seg­
ment in equilibrium. These are an axial force, a shearing force, and a bending 
moment. The stress caused by an axial force was investigated in Chapter 1. 
ln Chapter 5 the nature of the stresses caused by a bending moment in a 
beam was discussed. The stresses in a beam caused by the shearing force will 
be investigated in this chapter. 

In all of previous derivations of the stress distribution in a member, 
the same sequence of reasoning was employed. First, a strain distribution 
was assumed across the section; next, properties of the material were brought 
in to relate these stra.ins to stresses; and, finally, the equations of equilibrium 
were used to establish the desired relations. However, the deve lopment of 
the expression linking the shearing force and the cross-sectional area of a 
beam to the stress follows a different path. The procedure described above 
cannot be employed, as no simple assumption for the strain distribution due 
to the shearing force can be made. Instead, an indirect approach is used. 
The stress distribution caused by.flexure, as determined in the preceding chapter, 
is assumed, which, together with the equilibrium requirements, resolves the 
problem of the shearing stresses. 

First it will be necessary to establish that the shearing force is inseparably 
linked with a change in the bending moment at adjoining* sections through 
a beam. Thus, if a shear and a bending moment are present at one section 
through a beam, it will be shown that a different bending moment will exist 
at an adjoining section, although the shear may remain constant. This will 
lead to the establishment of the shearing stresses on the imaginary longitu­
dinal planes through the members which are parallel to its axis. Then finally, 
since at a point equal shearing stresses exist on the mutually perpendicular 

• Adjoining sections are parallel sections taken perpendicular to the axis of the beam a 
small distance apart. 
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planes, the shearing stresses whose direction is coincident with the shearing 
force at a section will be determined. 

In this chapter the investigation of stresse will be limited to those in 
straight beams. The analysis of shearing stresses in curved beams is beyond 
the scope of this text. In the early part of this chapter only beams with a 
symmetrical cross section will be considered and the applied forces will be 
assumed to act in the plane containing an axis of symmetry and the axis of 
the beam. An illustration of shearing stress distribution in an elastic-plastic 
beam is also given. In addition to shearing stresses, the related problem of 
interconnection requirements for fastening together several longitudinal 
elements of built-up beams will also be considered. 

6-2. RELATION BETWEEN SHEAR AND BENDING MOMENT 

The interrelation of the bending moment and the shearing force must 
be established first. Later this will lead to the establishment of an expression 
for the shearing stresses in a beam. 

Consider an element dx long, isolated from a beam by two adjoining 
sections taken perpendicular to the axis of the beam. Such an element is 
shown as a free body in Fig. 6-1. At the sections shown the shearing forces 
and bending moments act on the element as indicated. The elements of this 
force system are shown with a positive sense (for sign conventions see Figs . 
4-15 and 4-17). Moreover, since the shear and the moment may each change 
from one section to the next, on the right-hand face of the element they are 
respectively noted as V + dVand M + dM. As axial forces have no bearing 
on the problem considered here, they a re not included. 

The distributed load q(x) acting on the beam and element is considered 
positive when acting in the upward direction. This load has the dimensions of 

+ q (x) 
y, q 

y, q + v q (x) Load per unit length 
+M + dM 

X 

+V + dV 

-dx 

(a) (b) 

Fig. 6-1. Beam and an element cut out from it by the two adjoin ing 
sections dx apart 
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(a) 

(b) 

force per unit length (N/m or lb/in.). The selected positive direction for the 
applied load results in a positive differential relation, which will be found 
convenient in subsequent work (Chapters 10 and 11). However, for downward 
loads, such as a beam's own weight w0 , such loads must be taken with a 
negative sign, i.e., q = -w0 • 

The element of a beam shown in Fig. 6-1 must be in equilibrium. 
Hence the summation of moments around the ax.is through point A perpen­
dicular to the plane of the figure must be zero, i.e., I: MA = 0. Noting that 
from point A the arm of the distributed force is dx/2, 

/'7 

I:MA = OC) +, ( dx 
(M + dM) - M - V + dV) dx + q dx2 = 0 

By simplifying and ignoring* the infinitesimals of higher order, one can 
reduce this to dM - V dx = 0. Hence, 

dM = Vdx or (6-J) 

Equation 6-1 means that if a shear is acting at a section, there will be a 
different bending moment at an adjoining section. When shear is present, 

the difference between the bending moments on the 

,,£! ! \ i 

adjoining sections is equal to V dx. If no shear acts 
at the adjoining sections of a beam, no change in 
the bending moment occurs. Conversely, the rate of 
change of the bending moment along the beam is 
equal to the shear. Thus although shear is treated 
in this chapter as an independent action on a beam, 
it is inseparably linked with a change in the bending 
moment along the beam's length. 

lp 
p 

Shea r Diagram As an illustration of the meaning of Eq. 6-1, 
the problem discussed in Example 4-5 for which 

~-- _ p the shear and bending moment diagrams were 
established is reproduced in Fig. 6-2. At any two 

tdM = VdY = Pdx 

(c) _f--~---1:---~ _!_a A Moment Diagram 

sections such as A and B taken through the beam 
anywhere between the applied forces P, the bending 
moment is the same. No shear acts at these sec­
tions. On the other hand, between any two sections 
such as C and D near the support, a change in the 
bending moment does take place. Shearing forces 
act at these sections. These shears are shown acting 

(d) 
CD 

M (1Df) M + dM = M + Pdx 
p p 

Fig. 6-2. Rela t ion between shear and bend- on an element of the beam in Fig. 6-2(d). Note that 
ing moment diagrams for the loading shown in this zone of the beam the change in the bending 

*This is not an approximation. Thus, consider an element of a beam 6.x long, instead of dx. 
Then a ll quantities on adjoining faces vary by an amount 6. . Summing moments around the 
right-hand end, and simplifying the results, 6.M/6.x = V + q(x) 6.x /2 and by definition, 
lim"x- o 6. M/6.x = dM/dx = V. The applied load q(x) may vary in the interval considered. 
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moment in a distance dx is P dx as the shear V is equal to P. The rate of 
change of the bending moment along the beam, dM/dx, is equal to the shear 
and is represented by the slope of the moment diagram. For subsequent dis­
cussion, the possibility of equal, as well as of different, bending moments on 
two adjoining sections through a beam must be appreciated. 

Before a detailed analysis is given, a study of a sequence of photographs 
of a model (Fig. 6-3) may prove helpful. The model represents a segment of 
an I beam. In Fig. 6-3(a), in addition to the beam itse lf, blocks simulating 
stress distribution caused by bending moments may be seen. The moment 
on the right is assumed to be larger than the one on the left. This system of 
forces is in equilibrium providing vertical shears V (not seen in this view) 
also act on the beam segment. By separating the model along the neutral 
surface, one obtains two separate parts of the beam segment as in Fig. 6-3(b ). 
Either one of these parts alone again must be in equilibrium. 

If the upper and the lower segments of Fig. 6-3(b) are connected by a 
dowel or a bolt in an actual beam, the axial forces on either the upper or 
the lower part caused by the bending moment stresses must be maintained 
in equilibrium by a force in the dowel. The force which must be resisted can 
be evaluated by summing the forces in the axial direction caused by bending 
stresses. In performing such a calculation either the upper or the lower part 
of the beam segment can be used. The horizontal force transmitted by the 
dowel is the force needed to balance the net force caused by the bending 
stresses acting on the two adjoining sections . Alternatively, by subtracting 
the same bending stress on both ends of the segment, the same results can be 
obtained. This is shown schematica lly in Fig. 6-3(c), where ass uming a zero 
bending moment on the left , only the normal stresses due to the increment in 
moment within the segment need be shown acting on the right. 

If initially the I beam con sidered is one piece requiring no bolts o r 
dowels, an imaginary plane can be used to separate the beam segment into 
two parts, Fig. 6-3(d). As before , the net force which must be developed 
across the cut area to maintain equilibrium can be determined. Dividing 
this force by the area of the imaginary horizontal cut gives average shearing 
stresses acting in this plane. In the analysis it is again expedient to work 
with the change in bending moment rather than with the total moments on 
the end sections . 

After the shearing stresses on one of the planes are found (i.e., the 
horizontal one in Fig. 6-3(d)) , shearing stresses on mutually perpendicular 
planes of an infinitesimal element also become known since they must be 
numerically equal. This approach establishes the shearing stresses in the 
plane of the beam section taken normal to its axis. 

The process discussed above is quite general; two additional illustrations 
of separating the segment of the beam are in Figs. 6-3(e) and (f) . In Fig. 6-3(e), 
the imaginary horizontal plane separates the beam just below the flange. 
Either the upper or the lower part of thi s beam can be used in calculat ing 
the shearing st resses in the cut. The imaginary vertical plane cuts off a part 
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Fig. 6-3. Shear flow model of an I-beam. (a) Beam segment with 
bending stresses shown by blocks. (b) Shearing force transmitted 
through dowel. (c) For determining the force on a dowel only change 
in moment is needed. (d) The shearing force divided by the area of 
the cut yields shearing stress. (e) Horizontal cut below the flange 
for determining the shearing stress. (f) Vertical cut through the flange 
for determining the shearing stress. 

of the flange in Fig. 6-3(f). This permits calculation of shearing stresses lying 
in a vertical plane in the figure. 

Before finally proceeding with the development of equations for 
determining the shearing stresses in connecting bolts and in beams, an 
intuitively evident example is worthy of note. Consider a wooden plank 
placed on top of another as in Figs. 6-4(a) and (b ). If these planks act as a 
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~ l~ ~ 
Secti on 

(a) (b) 

Fig. 6-4. Separate planks not fastened together slide on each other 
when loaded 

beam and are not interconnected, sliding at the surfaces of their contact 
will take place. The tendency for this sliding may be visualized by considering 
the two loaded planks shown in Fig. 6-4(b). The interconnection of these 
planks with nails or glue is necessary to make them act as an integral beam. 
In the next article an equation will be derived for determining the required 
interconnection between the component parts of a beam to make them act 
as a unit. In the following article this equation will be modified to yield 
shearing stresses in initially solid beams. 

6-3. SH EAR FLOW 

Consider a beam made from several continuous planks whose cross 
section is shown in Fig. 6-5(a). For simplicity the beam has a rectangular 
cross section, but such a limitation is not necessary. To make this beam act 
as an integral member, it is assumed that the planks are fastened at intervals 
by vertical bolts. An element of this beam isolated by two parallel sections, 
both of which are perpendicular to the axis of the beam, is shown in F ig. 
6-5(b). 

If the element shown in Fig. 6-5(b) is subjected to a bending moment 
+ MA at end A and to + MB at end B, bending stresses which act normal to 
the sections are developed. These bending stresses vary linearly from their 
respective neutral axes, and at any point at a distance y from the neu tral 
axis are-MBy/l on the Bend, and -MAy/1 on the A end. 

From the beam element, Fig. 6-5(b), isolate the top plank as in Fig. 
6-5(c). The fibers of this plank nearest the neutral axis are located by the 
distance y 1• Then, since stress times area is equal to a force, the forces acting 
perpendicular to the ends A and B of this plank may be determined. At the 
end B the force acting on an infinitesimal area dA at a distance y from the 
neutral axis is (-MBy/J)dA . The total force acting on the area fg~j (Ar,hi) is 
the sum, or the integral, of these elementary forces over this area . Denoting 
the total force acting normal to the areafghj by FB and remembering that, at 
a section, MB and / are constants, one obtains the following relation: 

FB = J. 
area 
fgh f 

_ MsY dA =- MBJ. ydA =- MBQ 
I I I 

area 
fghf 

(6-2) 
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Neutral axis f 

ti 

(a) I~ 
•! 

b 

where 

A 
a ~, h R 

8 • 

.( b 

(d) 

A 

(c) 

/1 ./ 
_ I I,,./ 

Neutral axis~ 

Fig. 6-5 . Elements for deriving an expression for the shear flow in 
a beam 

Q = f y dA = A1,h1.Y \ 
area 

B 
h ,~ 
j 

(6-3) 

The integral defining Q is the first or the statical moment of areafghj around 
the neutral axis. By definition ji is the distance from the neutral axis to the 

_centroid of A,.b1.* Illustrations of the manner of determining Q are in 
Fig. 6-6. Equation 6-2 provides a convenient means of calculating the 
longitudinal force acting normal to any selected part of the cross-sectional 
area. 

Next consider end A of the element in Fig. 6-5. One can then express 
the total force acting normal to the area abde as 

F,i = -~AJ. ydA = _MJQ 
are a 
abde 

(6-4) 

where the meaning of Q is the same as that in Eq. 6-2 since for prismatic 
beams an area such as fghj is equal to the area abde. Hence if the moments 
at A and B were equal, it would follow that F,i = FB, and the bolt shown in 

• Area fgpn and its y may be used for finding I Q 1-
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Centroid of AfghJ 

ji IJI y 

IJ I 

Neutral axis 
Shaded areas are AfghJ 

Fig . 6-6. Meaning of terms for finding IQ I 

the figure would perform a nominal function of keeping the planks together 
and would not be needed to resist any known forces. 

On the other hand, if MA is not equal to MJJ, which is always the 
case when shears are present at the adjoining sections, FA is not equal to 
FJJ. More push (or pull) develops on one end of a "plank" than on the 
other, as different normal stresses act on the section from the two sides. 
Thus if MA =t=- MJJ, equilibrium of the horizontal forces in Fig. 6-5(c) may 
be attained only by developing a horizontal resisting force R in the bolt. 
If MB > MA, then IFBI > IFAI, and IFAI + R = IFBI, Fig. 6-5(d). The 
force I F8 I - I FA I = R tends to shear the bolt in the plane of the plank 
edfg. * If the shearing force acting across the bolt at the level km (Fig. 6-5(a)) 
were to be investigated, the two upper planks should be considered as one 
unit. 

· If MA =f::. MB and the element of the beam is only dx long, the bend­
ing moments on the adjoining sections change by an infinitesimal amount. 
Thus if the bending moment at A is MA, the bending moment at B is M» = 
MA + dM. Likewise, in the same distance dx the longitudinal forces FA 
and F8 change by an infinitesimal force dF, i.e ., I F8 I - I FA I = dF. By sub­
stituting these relations into the expression for F8 and FA found above, with 
areasfghj and abde taken equal, one obtains an expression for the differential 
longitudinal push (or pull) dF: 

In the final expression for dF the actual bending moments at the adjoining 
sections a re eliminated. Only the difference in the bending moments dM 
at the adjoining sections remains in the equation. 

Instead of working with a force dF which is developed in a distance 

*The forces (\ Fn I - \FA\) and R are not collinear, but the element shown in Fig. 6-5(c) 
is in equilibrium. To avoid ambiguity, shearing forces acting in the vertical cuts are omitted 
from the diagram. 
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dx, it is more significant to obtain a similar force per unit of beam length. 
This quantity is obtained by dividing dF by dx. Physically this quantity 
represents the difference between FB and FA for an element of the beam of 
unit length. The quantity dF/dx will be designated by q and will be referred 
to as the shear flow. Since force is measured in newtons or pounds, shear 
flow q has units of newtons per meter or pounds per inch. Then, recalling 
that dM/dx = V, one obtains the following expression for the shear flow 
in beams: 

= dF = dM _!_ l dA = VA1ahJY = VQ 
q dx dx I y I I 

area 

(6-5) 

fghj 

In this equation I stands for the moment of intertia of the entire cross­
sectional area around the neutral axis, just as it does in the flexure formula 
from which it came. The total shearing force at the section investigated 
is represented by V, ~ the integral of y dA for determining Q extends 
on! over the cross-sect10nai ar the beam to one side of this area at 
which q is inve tigated. 

In retrospect, note carefully that Eq. 6-5 was derived on the basis of 
the elastic flexure formula, but no term for a bending moment appears in the 
final expressions. This resulted from the fact that only the change in the 
bending moments at the adjoining sections had to be considered, and the 
latter quantity is linked with the shear V. The shear V was substituted for 
dM/dx, and this ma ks the origin of the established relations. Equation 6-5 
is very useful in determining the necessary interconnection between the 
elements making up a beam. This will be illustrated by examples. 

ART. 6-3 SHEAR FLOW 

EXAMPLE 6-1 

Two long wooden planks form a T section of a beam as shown in Fig. 6-7(a). 
If this beam transmits a constant vertical shear of 3 000 N, find the necessary 
spacing of the nails between the two planks to make the beam act as a unit. 
Assume that the allowable shearing force per nail is 700 N. 

(a) 

__ 20_0_ _ ~ rYY1 25 
y = 62·5 I a h h a 

87.~= 62.5 

axis 162.5 u 
(b) 

(All dimensions in mm) 

Fig. 6-7. 
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SOLUTION 

In attacking such problems the analyst must ask: What part of a beam has a 
tendency to slide longitudinally from the remainder? Here it is the plane of 
contact of the two planks; Eq. 6-5 must be applied to determine the shear flow 
in this plane. To do this, the neutral axis of the whole section and its moment 
of inertia around the neutral axis must be found . Then as Vis known and Q 
is defined as the statical moment of the area of the upper plank around the 
neutral axis, q may be determined . The distance ye from the top to the neutral 
axis is 

= 50(200)25 + 50(200)150 = 87 5 Ye 50(200) + 50(200) · mm 

I = 
200

/~0)3 + (50)200(62 .5)2 + 50(f~0)3 + (50)200(62.5) 2 

= 113.5 x 106 mm4 = 113.5 x 10- 6 m4 

Q = AfghJ>' = (50)200(87.5 - 25) = 625 x 103 mm 3 = 625 x 10- 5 m 3 

= VQ = (3 000)(625 x 10- 6
) = 16 500 N/ 

q 1 I 13 .5 X 10- 6 m 

Thus a force of I 6 500 N must be transferred from one plank to the other in 
every linear meter along the length of the beam. However, from the data given, 
each nail is capable of resisting a force of 700 N, hence one nail can take care 
of 700/(J 6 500) = 0.043 linear meter along the length of the beam. As shear 
remains constant at the consecutive sections of the beam, the nails shou ld be 
spaced throughout at 43 mm intervals. Jn a practical problem a 40 mm 
spacing would probably be used . 

SOLUTION FOR AN ALTERNATE ARRANGEMENT OF PLANKS 

lf, instead of using the two planks as above, a beam of the same cross section 
were made from five pieces, Fig. 6-7(b), a different nailing schedule would be 
required. 

To begin , the shear flow between one of the 25 mm by 50 mm pieces 
and the remainder of the beam is found, and although the contact surface 
a-a is vertical, the procedure is the same. The push or pull on an element is 
built up in the same manner : 

Q = ArshJY = (25)50(62.5) = 78 x 103 mm3 = 78 x 10- 5 m3 

= VQ = (3 000)(78 x 10- 6
) = 2 060 N/ 

q J 113.5 X 10- 6 m 

Jf the same nails as before are u ed to join the 25 mm by 50 mm piece to the 
50 mm by 50 mm piece they may be 700/(2 060) = 0.340 m apart. This nail­
ing applies to both sections a-a. 

To determine the shear flow between the 50 mm by 250 mm vertical 
piece and either one of the 50 mm by 50 mm pieces, the whole 75 mm by 
50 mm area must be used to determine Q. It is the difference of pushes (or 
pulls) on this whole area that causes the unbalanced force that must be trans­
ferred at the surface b-b: 
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f 

100 

b b 

200 . ,~?, 
(a) 
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Q = AfghJY = (75)50(62.5) = 234 x 103 mm 3 = 234 x 10- 6 m3 

= VQ = (3 000)(234 x 10- 6
) = 6 190 N / 

q I 113.5 X 10- 6 m 

Nails should be spaced at 700/(6 190) = 0.113 m, or, in practice, at 0.1 m 
intervals along the length of the beam in both sections b-b. These nails could 
be driven in first , then the 25 mm by 50 mm pieces put on. 

EXAMPLE 6-2 

A simple beam on a 6 m span carries a load of 3 kN/m including its own 
weight. The beam's cross section is to be made from several full-sized wooden 
pieces as is shown in Fig. 6-8(a). Specify the spacing of the IO mm lag screws 

g 

YI Y2 

500 

r J kN/m Ji_ I J J 'i I I I 
;,: I , 

t9k : 9kNt 
(b) I, I 6 

m 'I 
9 kN I 

50 
100 

9kN 

Fig . 6-8. (All dimensions in mm) 

shown which is necessary to fasten this beam together. Assume that one 
JO mm lag screw, as determined by laboratory tests, is good for 2 kN when 
transmitting lateral load parallel to the grain of the wood. For the entire 
section, I is equal to 2.36 x 10- 3 m 4 . 

SOLUTION 

To find the spacing of the lag screws, the shear flow at section a-a must be 
determined. The loading on the given beam is shown in Fig. 6-8(b),and to show 
the variation of the shear along the beam, the shear diagram is constructed in 

Fig. 6-8(c). Next, to apply the shear flow formula, ( y dA = Q must be 
J area 

f gh j 

determined. This is done by considering the shaded area to one side of the cut 
a-a in Fig. 6-8(a). The statical moment of this area is most conveniently 
computed by multiplying the area of the two 50 mm by 100 mm pieces by the 
distance from their centroid to the neutral axis of the beam and adding to this 
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(a) 

product a similar quantity for the 50 mm by 200 mm piece. The largest shear 
flow occurs at the supports, as the largest vertical shears Vof 9 kN act there : 

Q = AfghJY = 2A 1Y1 + A2Y2 

= 2(50)100(200) + 50(200)225 = 4.25 x 106 mm 3 = 4.25 x 10- 3 m3 

- VQ - 9(4.25 X J0- 3) = 16 2 kN/ 
q - I - 2.36 X 10- 3 • m 

At the supports the spacing of the lag screws must be 2/16.2 = 0.123 m 
apart. This spacing of the lag screws applies only at a section where the shear 
Vis equal to 9 kN. Similar calculations for a section where V = 4.5 kN gives 
q = 8.1 kN/m; and the spacing of the lag screws becomes 2/8.l = 0.246 m. 
Thus it is proper to specify the use of 10 mm lag screws at 120 mm on centers 
for a distance of 1.5 m nearest both of the supports and 240 mm spacing of 
the same lag acrews for the middle half of the beam. A greater refinement in 
making the transition from one spacing of fastenings to another may be 
desirable in some problems. The same spacing of lag screws should be used at 
the section b-b as at the section a-a. 

(b) 

Fig. 6-9. Typical beam sections consisting of 
component parts: (a) plate girder, (b) I-beam 
re inforced with plates 

In a manner analogous to the above, the spa­
cing of rivets or bolts in composite beams made 
from continuous angles and plates, Fig. 6-9, may be 
determined. Welding requirements are established 
similarly. The nominal shearing stress in a rivet is 
determined by dividing the total shearing force 
transmitted by the rivet (shear fl.ow times spacing 
of the rivets) by the cross-sectional area of the rivet. 
For a detailed analysis of rivets, bolts, and welds, 
see Chapter 14. 

6-4. THE SHEARING STRESS FORMULA FOR BEAMS 

The shearing stress formula for beams may be obtained by modifying 
the shear flow formula. Thus, analogous to the earlier procedure, an element 
of a beam may be isolated between two adjoining sections taken perpendicular 
to the axis of the beam. Then by passing another imaginary section through 
this element parallel to the axis of the beam, a new element is obtained, which 
corresponds to the element of one "plank" used in the earlier derivations. 
A side view of such an element is shown in Fig. 6-JO(a) where the imaginary 
longitudinal cut is made at a distance y 1 from the neutral axis. The cross­
sectional area of the beam is shown in Fig. 6-lO(c). 

If shearing forces exist at the sections through the beam, a different 
bending moment acts at section A than at B. Hence more push or pull 
is developed on one side of the partial area fghj than on the other, and , as 
before, this longitudinal force in a distance dx is 

dMJ. dM - dM dF = T y dA = 1 A1,h1Y = - 1-Q 
area 
fghj 
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FB = FA+dF 

dy T 

Centroid offghj 

',:~-! ~-I 
- 1"4"' 

dF = qdx "-w i7 
\ 

YI 
r J 

X 
Neutral axis 

dx Cross section 

(b) (c) 

Fig. 6-10. Derivation of shearing stresses in a beam 

In a solid beam the force resisting dF may be developed only in the 
plane of the longitudinal cut taken parallel to the axis of the beam. There­
fore, assuming that the shearing stress -r is uniformly distributed across the 
cut of width t, the shearing stress in the longitudinal plane may be obtained 
by dividing dF by the area t dx. This yields the horizontal shearing stress 
-r. For an infinitesimal element, however, numerically equal shearing stresses 
act on the mutually perpendicular planes, Fig. 6-lO(b). Hence the same rela­
tion gives simultaneously the longitudinal shearing stress and the shearing 
stress in the plane of the vertical section at the longitudinal cut.* 

-r = dF = dM AfBhJY 
dx t dx It 

This equation may be simplified , since according to Eq. 6-1 dM/dx = V and 
by Eq. 6-5, q = VQ/1. Hence 

't' = VArshd = VQ = !L 
It It t 

(6-6) 

Equation 6-6 is the important formula for the shearing stresses in a 
beam.t It gives the shearing stresses at the longitudinal cut. As before, V 

*The appearance of y in this relation may be explained differently. If the shear is present 
at a section through a beam, the moments at the adjoining sections are Mand M + dM. 
The magnitude of M is irrelevant for determination of the shearing stresses. Hence alter­
nately, no moment need be considered at one section if at the adjoining section a bending 
moment dM is assumed to act. Then on a partial area of the section, such as the shaded 
area in Fig. 6-lO(c), this bending moment dM will cause an average normal stress (dM)y/l 
as given by the flexture formula . In the latter relation y locates the fiber which is at an 
average distance from the neutral axis in the partial area of a section. Multiplying (dM)y/l 
by the partial area of the section leads to the same expression for dF as above. 

t This formula was derived by D . I. Jouravsky in 1855. Its development was prompted by 
observing horizontal cracks in wood ties on several of the rai lroad bridges between Moscow 
and St. Petersburg. 
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(a) 

is the total shearing force at a section, and I is the moment of inertia of the 
whole cross-sectional area about the neutral axis. Both V and I are constant 
at a section through a beam. Here Q is the statical moment around the neutral 
axis of the partial area of the cross section to one side of the imaginary lon­
gitudinal cut, and y is the distance from the neutral axis of the beam to the 
centroid of the partial area A fahJ· Finally, t is the width of the imaginary 
longitudinal cut , which is usually equal to the thickness or width of the 
member. The shearing stress at different longitudinal cuts through the beam 
assumes different values as the values of Q and t for such cuts differ. 

Care must be exercised in making the longitudinal cuts preparatory for 
use in Eq. 6-6. The proper sectioning of some cross-sectional areas of beams 
is shown in Figs. 6-l l(a), (b), (d), and (e). The use of inclined cutting planes 

{b) 

j 

(c) h 

(d) Centroid of cross-hatched area (e) 

Fig . 6-11 . Proper sectioning for partial areas of the cross section for 
computing the shearing stresses in beams 

y 

should be avoided unless the cut is made across a small thickness.* When 
the axis of symmetry of the cross-sectional area of the beam is vertical 
and in the plane of the applied forces, the longitudinal cuts are usually 
made horizontally. In such cases the solution of Eq. 6-6 gives simultaneous 
values of horizontal and vertical shearing stresses, as such planes are mutually 
perpendicular. The latter stresses act in the plane of the transverse section 
through the beam. Collectively, these shearing stresses resist the shearing 
force at the same section, thus satisfying the relation of statics I; Fy = 0. 
The validity of this statement for a special case will be proved in Example 
6-3. 

For thin members only, Eq. 6-6 may be used to determine the shearing 
stresses with a cut such as f-g of Fig. 6-11 (b ). These shearing stresses act in a 
vertical plane and are directed perpendicularly to the plane of the paper. 
Matching shearing stresses act horizontally, Fig. 6-1 l(c). These shearing 
stresses act in entirely different directions than those obtained by making 
horizontal cuts, such as/-g in Figs. 6-ll(a) and (d). As these shearing stresses 

•Rigorous solutions of the problem indicate that wide inclined cuts through the section 
may lead to inconsistencies. 
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(a) 

do not contribute directly to the resistance of the vertical shear V, their 
significance will be discussed in Art. 6-6. 

The application of Eq. 6-6 to two particularly important types of cross­
sectional areas of beams will now be illustrated. 

EXAMPLE 6-3 

Derive an expression for the shearing-stress distribution in a beam of solid 
rectangular cross section transmitting a vertical shear V. 

SOLUTION 

The cross-sectional area of the beam is shown in Fig. 6-12(a). A longitudinal 
cut through the beam at a distance y 1 from the neutral axis isolates the par-tial 

V 
' avg = A 

'max =~ ~ H 
....------. 

• l i ! 
t t t t ' max 

(b) (c) (d) 

Fig. 6-12 

area fghi of the cross section. Here t = b and the infinitesimal area of the 
cross section may be conveniently expressed as b dy . By applying Eq. 6-6 the 
horizontal shearing stress is found at the level y 1 of the beam. At the same cut, 
numerically equal vertical shearing stresses act in the plane of the cross section. 

VQ VJ. V Jh12 
't' = It = It y dA = lb by dy 

area YI 
fghj 

- _!'.'. I y2 r/2 - _!'.'. [(.!!._) 2 - 2J 
- I 2 - 2/ 2 Y i 

I 

This equation shows that in a beam of rectangular cross section both 
the horizontal and the vertical shearing stresses vary parabolically. The 
maximum value of the shearing stress is obtained when y 1 is equal to zero. In 
the plane of the cross section, Fig. 6-12(b), this is diagrammatically represented 
by 't'max at the neutral axis of the beam. At increasing distances from the 
neutral axis, the shearing stresses gradually diminish. At the upper and lower 
boundaries of the beam, the shearing stresses cease to exist as y 1 = ± h/2. 
These values of the shearing stresses at the various levels of the beam may be 
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represented by the parabola shown in Fig. 6-12(c). An isometric view of the 
beam with horizontal and vertical shearing stresses is shown in Fig. 6-12(d). 

To satisfy the condition of statics ~ Fy = 0, at a section of the beam 
the sum of all the vertical shearing stresses 't' times their respective areas dA 
must be equal to the vertical shear V. That this is the case may be shown by 
integrating 't' dA over the whole cross-sectional area A of the beam, using the 
general expression for 't' found above. 

f Vf +ht
2

[(h) 2 J Vb [(h) 2 't' dA = "fl 2 - Yr bdy1 = 2/ 2 Y1 
A -h/2 

_ (Y?)J+h/2 
3 -h/2 

Vb [(h) 2 2 (h)l] 
= ( 2 b:D 2 h - 3 2 = V 

As the derivation of Eq. 6-6 was indirect, this proof showing that the shearing 
stresses integrated over the section equal the vertical shear is reassuring. 
Moreover, since an agreement in signs is found, this result indicates that the 
direction of the shearing stresses at the section through a beam is the same as 
that of the shearing force V. This fact may be used to determine the sense of 
the shearing stresses. 

As noted above, the maximum shearing stress in a rectangular beam 
occurs at the neutral axis, and for this case the general expression for 't'max 

may be simplified by setting y 1 = 0. 

Vh 2 VhZ 3 V 3 V 
't'max = 8/ - bh3 - 2 bh - 2 A 

812 
(6-7) 

where Vis the total shear and A is the entire cross-sectional area. The same 
result may be obtained more directly if it is noted that to make VQ/(It) a 
maximum, Q must attain its largest value, as in this case V, I , and t are 
constants. From the property of the statical moments of areas around a 
centroidal axis, the maximum value of Q is obtained by considering one-half 
the cross-sectional area around the neutral axis of the beam. Hence, alter­
nately, 

VQ 
't'max = ft = 

v(!!p)(¾) 3 V 

(~;
3)b = 2A 

(6-7a) 

Since beams of rectangular cross-sectional area are used frequently in 
practice, Eq. 6-7a is very useful. It is widely used in the design of wooden 
beams as the shearing strength of wood on planes parallel to the grain is small. 
Thus, although equal shearing stresses exist on mutually perpendicular planes, 
wooden beams have a tendency to split longitudinally along the neutral axis. 
Note that the maximum shearing stress is 1½ times as great as the average 
shearing stress* VI A. 

*Application of the expression -r = V/A is permissible only for rivets and bolts and must 
not be used in the design of beams. 
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(a) 

y 

X 

EXAMPLE 6-4 

Using the elementary theory, determine the shearing stress distribution due to 
shear Vin the elastic-plastic zone of a rectangular beam. 

SOLUTION 

The situation in the problem occurs, for example, in a cantilever loaded as 
shown in Fig. 6-l 3(a). In the elastic-plastic zone, the external bending moment 

X 

Elastic-plastic boundary 

(b) (c) (d) 

Fig. 6-13. Shearing stress distribution in a rectangular, elastic-plastic 
beam 

M = - Px, whereas, according to Eq. 5-11, the internal resisting moment 
M = MP - a,Pby;/3. Upon noting that y 0 varies with x and differentiating 
the above equations, one notes the following equality: 

dM = - P = _ 2by0 <1,p dy0 

dx 3 dx 

This relation will be needed later. First, however, proceeding as in the elastic 
case, consider the equilibrium of a beam element as shown in Fig. 6-13(b). 
Larger longitudinal forces act on the right side of this element than on the 
left. By separating it at the neutral axis and equating the force at the cut to the 
difference in the longitudinal force, one obtains 

1'0 dx b = (1 YP dy0 b/2 

where bis the width of the beam. After substituting dy0 /dx from the relation 
found earlier and eliminating b, one finds the maximum horizontal shearing 
stress 1'0 : 

G yp dy. 3P 3 P 
't'a - 2 dx - 4by

0 
- 2 A

0 

(6-8) 

where A0 is the cross-sectional area of the elastic part of the cross section. The 
shearing stress distribution for the elastic-plastic case is shown in Fig. 6-13(c). 
This can be contrasted with that for the elastic case, shown in Fig. 6-13(d). 
Since equal and opposite normal stresses occur in the plastic zones, no unbal­
ance in longitudinal forces occurs and no shearing stresses are developed. 
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(a) 

/ 

50 k 

This elementary solution has been refined by using a more carefully 
formulated criterion of yielding caused by the simultaneous action of normal 
and shearing stresses .* 

EXAMPLE 6-5 

An I-beam is loaded as in Fig. 6-14(a). If it has the cross section shown in 
Fig. 6-14(c), determine the shearing stresses at the levels indicated. Neglect 
the weight of the beam. 

SOLUTION 

A free-body diagram of a segment of the beam is in Fig. 6-14(b). It is seen from 
this diagram that the vertical shear at every section is 50 kips . Bending 

100 k 

Al 
I 

50 J 

IV -SOk 
q = 4,890 lb/in. rn,ax = 9,780 psi 

I " 

/ !. _:= _s:03.si 2 
I 
2 3 

I 

J 
4 4 12· 

I " .!." 
2 

,,_ _____ 
~x 

6" V 
(d) lravg = A 

web U) 
~ 

(g) (c) Section A-A 
(e) Shearing st res 

distribution 

Fig. 6-14 

moments do not enter directly into the present problem. The shear flow at the 
various levels of the beam is computed in the following table usi ng Eq. 6-5. 
Since-r = q/t (Eq. 6-6), the shearing stresses are obtained by dividing the shear 
flows by the respective widths of the beam. 

I = 6(12)3 
- (5.5)(11)3 = 254 . 4 

]2 12 ID . 

For use in Eq. 6-5 the ratio V/1 = 50,000/254 = 197 lb/io. 4 

*D. C. Drucker, "The Effect of Shear on the Plast ic Bending of Beams," Journal of Applied 
M echanics, 1956, vol. 23, pp. 509-14. 
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Level Ar8hj4 jib Q = AfghjY q = VQ/l t -r, psi 

1-1 0 6 0 0 6.0 0 

2-2 (0.5)6 = 3.00 5.75 17.25 3,400 
6.0 570 
0.5 6,800 

3-3 
(0.5)6 = 3.00 5.75 

l ;:~i} 18.56 3,650 0.5 7,300 
(0.5)(0.5) = 0.25 5.25 

4-4 
(0.5)6 = 3.00 5.75 17

·
25

}24 81 4,890 0.5 9,780 
(0.5)(5.5) = 2.75 2.75 7.56 . 

•AfghJ is the partial area of the cross section above a given level in square inches. 
bji is the distance from the neutral axis to the centroid of the partial area in inches. 

The positive signs oh show that, for the section considered, the stresses 
act downward on the right face of the elements. The sense of the shearing 
stresses acting on the section coincides with the sense of the shearing force V. 
For this reason a strict adherence to the sign convention is often unnecessary. 

It is always true that J. -r dA is equal to Vand has the same sense. 

Note that at the level 2-2 two widths are used to determine the shearing 
stress-one just above the line 2-2, and one just below. A width of 6 in. 
corresponds to the first case, and 0.5 in. to the second. This transition point 
will be discussed in the next article. The results obtained, which by virtue of 
symmetry are also applicable to the lower half of the section, are plotted in 
Fig. 6-14(d) and (e) . By a method similar to the one used in the preceding 
example, it may be shown that the curves in Fig. 6-14(e) are parts of a second­
degree parabola. 

The variation of the shearing stress indicated by Fig. 6-14(e) may be 
interpreted as is shown in Fig. 6-14(f). The maximum shearing stress occurs at 
the neutral axis; the vertical shearing stresses throughout the web of the beam 
are nearly of the same magnitude. The shearing stresses occurring in the flanges 
are very small. For this reason the maximum shearing stress in an I-beam is 
often approximated by dividing the total shear V by the cross-sectional area 
of the web (area abed in Fig. 6-14(f)). Hence 

('t'max)approx = V/ Aweb (6-9) 

In the example considered this gives 

This stress differs by about 15 per cent from the one found by the accurate 
formula. For most cross sections a much closer approximation to the true 
maximum shearing stress may be obtained by dividing the shear by the web 
area between the flanges only. For the above example this procedure gives a 
stress of 9,091 psi, which is an error of only about 8 per cent. It should be clear 
from the above that division of V by the whole cross-sectional area of the 
beam to obtain the shearing stress is not permissible. 
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An element of the beam at the neutral axis is shown in Fig. 6-14(g). At 
levels 3-3 and 2-2, bending stresses, in addition to the shearing stresses, act on 
the vertical faces of the elements. No shearing stresses and only bending 
stresses act on the elements at level 1-1. 

The maximum shearing stress was found to be at the neutral axis in 
both of the above examples. This is not always so. For example, if the 
sides of the cross-sectional area are not parallel, as for a triangular section, 
't' is a function of Q and t, and the maximum shearing stress occurs midway 
between the apex and the base, which does not coincide with the neutral axis. 

The same procedure as above applies to the investigation of the longi­
tudinal joints in beams in which such contact surfaces are glued. A knowl­
edge of the shearing stresses in the glued joint aids in the selection of an 
adhesive of proper strength. If beams of two materials are investigated, 
transformed sections can be used to obtain a solution. In reinforced concrete 
beams, concrete between the neutral axis and the reinforcing steel, as well as 
that above the neutral axis, is assumed to resist the shearing stresses. 

*6-5. LIMITATIONS OF THE SHEARING STRESS FORMULA 

The shearing stress formula for beams is based on the flexure formula . 
Hence all of the limitations imposed on the flexure formula apply. The 
material is assumed to be elastic with the same elastic modulus in tension 
as in compression. The theory developed applies only to straight beams. 
Moreover, there are additional limitations which are not present in the 

-1 
-2 

570 psi 

570 psi 
-2 
- 1 

Fig. 6-15. Boundary conditions are not satis­
fied by the flange elements at the levels 2 -2 

flexure formula. Some of these will be discussed 
now. 

Consider a section through the I-beam ana­
lyzed in Example 6-5. Some of the results of this 
analysis are reproduced in Fig. 6-15. The shearing 
stresses computed earlier for the level 1-1 apply to 
the infinitesimal element a. The vertical shearing 
stress is zero for this element. Likewise, no shearing 
stresses exist on the top plane of the beam. This is 
as it should be, since the top surface of the beam 
is a free surface. In mathematical phraseology this 
means that the conditions at the boundary are 
satisfied. For beams of rectangular cross section 
the situation at the boundaries is correct. 

A different situation is discovered when the shearing stresses deter­
mined for the I-beam at the levels 2-2 are scrutinized. The shearing stresses 
were found to be 570 psi for the elements such as b or c shown in the figure. 
This requires matching horizontal shearing stresses on the inner planes of 
the flanges. However, the latter planes must be free of the shearing stresses 
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(a) 

(b) 

a 

as they are free boundaries of the beam. This leads to a contradiction which 
cannot be resolved by the methods of mechanics of materials. The more 
advanced techniques of the mathematical theory of elasticity must be used 
to obtain a correct solution. 

Fortunately, the above defect of the shearing stress formula for beams 
is not too serious. The shearing stresses in the flanges which were considered 

Txy 

cos 'P 

are small.• The significant shearing stresses occur 
in the web and, for all practical purposes, are 
correctly given by Eq. 6-6. No appreciable error 
is involved by using the relations derived in this 
chapter for thin-walled members, and the majority 
of beams belong to this group. Moreover, as stated 
earlier, the solution for the shearing stresses for 
a beam with a rectangular cross section is satis­
factory. 

Fig. 6-16. Modification of a solution based 
on the shearing stress formula to satisfy the 
boundary conditions 

In mechanical applications circular shafts 
frequently act as beams. Hence beams having a 
solid circular cross section form an important class. 
These beams are not "thin-walled." An examination 
of the boundary conditions for circular members, 
Fig. 6-16(a), leads to the conclusion that when 
shearing stresses are present they must act parallel 
to the boundary. As no matching shearing stress can 
exist on the free surface of the beam, no shearing 
stress component can act normal to the boundary. 
However, according to Eq. 6-6, vertical shearing 
stresses of equal intensity act at every level such as 
ac in Fig. 6-J6(b). This is incompatible with the 
boundary conditions for the elements as a and c at 
the boundary, and the solution indicated by Eq. 
6-6 is inconsistent.t Fortunately, the maximum 
shearing stresses occurring at the neutral axis 
satisfy the boundary conditions and are very near 
their true value (within about 5 %P 

•other shearing stresses will be discussed in the next article. 

t The exact solution of this problem is beyond the scope of this text. However, a better approx­
imation of the true stresses may be obtained rather simply. First an assumption is made 
that the shearing stress as found by Eq. 6-6 gives a true component of the shearing stress 
acting in the vertical direction. Then, since at every level the shearing stresses at the boundary 
must act tangent to the boundary, the lines of action of these shearing stresses intersect 
at some point as A in Fig. 6-16(b). Thus a second assumption is made that all shearing 
stresses at a given level act in a direction toward a single point as A in Fig. 6-16(b). Whence 
the shearing stress at any point such as F becomes equal to 'ry,/cos ¢, . The stress system 
found in the above manner is consistent. 

t A.E.H. Love, Mathematical Theory of Elasticity (4th ed.), New York : Dover, 1944, p. 348. 
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h 

(a) 

*6-6 . FURTHER REMARKS ON THE DISTRIBUTION OF THE 
SHEARING STRESS ES 

In an I-beam the existence of shearing stresses lying in a longitudinal 
cut as c-c in Fig. 6-l 7(a) was indicated in Art. 6-4. These shearing stresses 
act perpend icular to the p lane of the paper. Their magnitude may be found 
by applying Eq. 6-6, and their sense follows by considering the bending 
moments at the adjoining sections through the beam. For example, if for the 
beam shown in Fig. 6-17(b) positive bending moments increase toward the 
reader, larger normal forces act on t he nearer cross section. For the elements 
shown, rt dx or q dx must aid the smaller force acting on the partial area of 
the cross section. This fixes the sense of the shearing stresses in the longi­
tudinal cuts. However, numerically equal shearing stresses act on the mutually 
perpendicular planes of an infinitesimal element, and the shearing stresses 
on such p lanes either meet or part with their directional arrowheads at 

(c) 

(b) 

b/2 

Variation of shear flow in 
upper flange 

C 

V 

(d) 

Fig. 6-17. Existence of shearing forces in the flange of an I-beam 
which act perpendicularly to the axis of symmetry 
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a corner. Hence the sense of the shearing stresses in the plane of the cross 
section becomes known also. 

The magnitude of the shearing stresses varies for the different vertical 
cuts . For example, if the cut c-c in Fig. 6-l 7(a) is at the edge of the beam, 
the shaded area of the beam's cross section is zero. However, if the thick­
ness of the flange is constant, and the cut c-c is made progressively closer 
to the web, the shaded area increases from zero at a linear rate. Moreover, 
as y remains constant for any such area, Q also increases linearly from zero 
toward the web. Therefore, since V and/ are constant at any section through 
the beam, the shear flow q c = VQ/1 follows the same variation. If the thick­
ness of the flange remains the same, the shearing stress 't'c = VQ//t varies 
similarly. The same variation of qc and 't'c applies on both sides of the axis 
of symmetry of the cross section. However, as may be seen from Fig. 6-17(b), 
these quantities in the plane of the cross section act in opposite directions on 
the two sides. The variation of these shearing stresses or shear flows is 
represented in Fig. 6-17(c), where for simplification it is assumed that the web 
is very thin. 

In common with all stresses, the shearing stresses shown in Fig. 6-l 7(c), 
when integrated over the area on which they act, are equivalent to a force. 
The magnitude of the horizontal force F 1 for one-half of the flange, Fig. 
6-17( d), is equal to the average shearing stress multiplied by one-half of the 
whole area of the flange, i.e., 

or 

If an I-beam transmits a vertical shear, these horizontal forces act in the 
upper and lower flanges. However, because of the symmetry of the cross 
section, these equal forces occur in pairs and oppose each other, and cause 
no apparent external effect. 

To determine the shear flow at the juncture of the flange and the web 
(cut a-a in Fig. 6-17(a)), the whole area of the flange times y must be used in 
computing the value of Q. However, since in finding qc·max one-half the 
flange area times the same y has already been used, the sum of the two 
horizontal shear flows coming in from opposite sides gives the vertical shear 
flow* at the cut a-a. Hence, figuratively speaking, the horizontal shear flows 
"turn through 90° and merge to become the vertical shear flow ." Thence 
the shear flows at the various horizontal cuts through the web may be 
determined in the manner explained in the preceding articles. Moreover, as 
the resistance to the vertical shear V in thin-walled I-beams is developed 
mainly in the web, it is so shown in Fig. 6-I7(d). The sense of the shearing 
stresses and shear flows in the web coincides with the direction of the shear 
V. Note that the vertical shear flow "splits" upon reaching the lower flange. 

*The same statement cannot be made with regard to the shearing stresses as the thickness 
of the flange may differ from that of the web. 
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This is represented in Fig. 6-17( d) by the two forces F1 which are the result 
of the horizontal shear flows in the flanges. 

The shearing forces which act at a section of an I-beam are shown in 
Fig. 6-17( d), and, for equilibrium, the applied vertical forces must act through 
the centroid of the cross-sectional area to be coincident with V. If the forces 
are so applied, no torsion of the member will occur. This is true for all 
sections having cross-sectional areas with an axis of symmetry. To avoid 
torsion of such members, the applied forces must act in the plane of sym­
metry of the cross section and the axis of the beam. A beam with an unsym­
metrical section will be discussed next. 

*6-7 . SHEAR CENTER 

Consider a beam whose cross section is a channel, Fig. 6-18(a). The 
walls of this channel are assumed to be so thin that all computations may be 
based on the dimensions to the center line of the walls. Bending of this channel 
takes place around the horizontal axis and although this cross section does 
not have a vertical axis of symmetry, it will be assumed that the bending 
stresses are given by the usual flexure formula. Assuming further that this 
channel resists a vertical shear, the bending moments will vary from one 
section through the beam to another. 

By taking an arbitrary cut as c-c in Fig. 6-18(a), q and -r may be found 
in the usual manner. Along the horizontal legs of the channel, these quantities 
vary linearly from the free edge, just as they do for one side of the flange in 
an I-beam. The variation of q and -r is parabolic along the web. The variation 
of these quantities is shown in Fig. 6-18(b), where they are plotted along the 
center line of the channel's section. 

The average shearing stress -r./2 multiplied by the area of the flange gives 
a force F1 = _(-r./2)bt, and the sum of the vertical shearing stresses over the 

S 
+h/ Z 

area of the web is the shear V = -rt dy. * These shearing forces acting in 
-h/ Z 

the plane of the cross section are shown in Fig. 6-18(c) and indicate that a 
force Vanda couple F 1h are developed at the section through the channel. 
Physically there is a tendency for the channel to twist around some longi­
tudinal axis. To prevent twisting and thus maintain the applicability of the 
initially assumed bending stress distribution, the externally applied forces 
must be applied in such a manner as to balance the internal couple F1h. For 
example, consider the segment of a cantilever beam of negligible weight, shown 
in Fig. 6-18(d), to which a vertical force Pis applied parallel to the web at a 
distance e from the web's center line. To maintain this applied force in equilib­
rium, an equal and opposite shearing force V must be developed in the web. 

•When the thickness of a channel is variable, it is more convenient to find F 1 and V by 

using the respective shear flows, i.e., F 1 = (q. /2)b and V = f +h/ Z q dy. Since the flanges 
-h/ 2 

are thin, the vertical shearing force carried by them is negligible. 

CHAP. 6 SHEARING STRESSES IN BEAMS 186 

www.konkur.in



h 

b 

(a) 

r. or q0 

F, 
-+-

y 
p 

f h 
0 I V = P 

-
~ 

F, 

(b) (c) (d) 

Fig. 6-18. Deriving the location of the shear center for a channel 

Likewise, to cause no twisting of the channel, the couple Pe must equal the cou­
ple F 1h. At the same section through the channel, the bending moment PL is 
resisted by the usual flexural stresses (these are not shown in the figure). 

An expression for the distance e, locating the plane in which the force P 
must be applied so as to cause no twist in the channel, may now be obtained. 
Thus, remembering that F,h = Pe and P = V, 

F,h (1 /2)1:0 bth bth VQ bth Vbt(h /2) b2h 2t 
e = P = P = 2P It = 2P It = 4T (6-10) 

Note that the distance e is independent of the magnitude of the applied 
force P, as well as of its location along the beam. The distance e is a property 
of a section and is measured outward from the center of the web to the applied 
force. 

A similar investigation may be made to locate the plane in which the 
horizontal forces must be applied so as to cause no twist in the channel. 
However, for the channel considered, by virtue of symmetry, it may be 
seen that this plane coincides with the neutral plane of the former case. The 
intersection of these two mutually perpendicular planes with the plane of the 
cross section locates a point which is called the shear center. The shear center 
is designated by the letter O in Fig. 6-18(c). The shear center for any cross 
section lies on a longitudinal line parallel to the axis of the beam. Any trans­
verse force* applied through the shear center causes no torsion of the beam. A 
detailed investigation of this problem shows that when a member of any 
cross-sectional area is twisted, the twist takes place around the shear center, 
which remains fixed. For this reason, the shear center is sometimes called 
the center of twist. 

For cross-sectional areas having one axis of symmetry, the shear center 
is always located on the axis of symmetry. For those which have two axes 
of symmetry, the shear center coincides with the centroid of the cross-

*See Art. 7-6 for the method of analysis of the lateral forces which do not lie in a plane 
parallel to one of the principal planes of the cross-sectional area. 
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sectional area . This is the case fo r the I-beam that was considered in the 
previous art icle. 

The exact location of the shear center for unsymmetrical cross sections 
of thick material is difficult to obtain and is known only in a few cases. 
If the material is thin, as has been assumed in the preceding discussion, rela­
tively simple procedures may always be devised to locate the shear center of 
the cross section. The usual method consists of determining the shearing 
forces, as F, and V above, at a section, and then finding the location of the 
external force necessary to keep these forces in equilibrium. 

EXAMPLE 6-6 

4 -
1 

h = 10· 

Find the approximate location of the shear center for a 
beam with the cross section of the channel shown in 
Fig. 6-19. 

SOLUTION 

Instead of using Eq. 6-10 directly, some further simpli­
fications may be made. The moment of inertia of a thin­
walled channel around its neutral axis may be found 
with sufficient accuracy by neglecting the moment of 

1.87" 

Fig. 6-19 inertia of the flanges around their own axes (only!). 
This expression for I may then be substituted into 

Eq. 6-10 and, after simplifications, a formula fore of channels is obtained. 

th 3 
( h ) 2 th 3 bth 2 

/ ::=:,;: lweb + (Ad 2
)r1anses = TI + 2bt 2 = TI + 2 

b2h2t b2h2t b 
e = 4T = 4 (bth 2 + th 3

) = 2 + h 
2 12 3b 

(6-lOa) 

Equation 6-lOa shows that when the width of flanges bis very large, e 
approaches its maximum value of b/2. When h is very large, e approaches its 
minimum value of zero. Otherwise, e assumes an intermediate value between 
these two limits. For the numerical data given in Fig. 6-19, 

e = 
5 

10 
= 1.87 in. 

2 + 3(5) 

Hence the shear center O is 1.87 - 0.05 = 1.82 in. from the outside vertical 
face of the channel. The answer would not be improved if Eq. 6-10 were used 
in the calculations. 

EXAMP LE 6-7 

Find the approximate location of the shear center for the cross section of the 
I-beam shown in Fig. 6-20(a). Note that the flanges are unequal. 
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(a) 

Fig . 6 -20 

SOLUTION 

Shear flow in the 
right-hand flange 

(b) 

This cross section has a horizontal axis of symmetry, and the shear center is 
located on it; where it is located remains to be answered. The applied forceP 
causes significant bending and shearing stresses only in the flanges, and the 
contribution of the web to the resistance of the applied force P is negligible. 

Let the shearing force resisted by the left-hand flange of the beam be 
V1, and by the right-hand flange, V2 • For equilibrium, V1 + V2 = P. Like­
wise, to have no twist of the section, from ~ M,1. = 0, Pe = V2h (or Pf = 
V1h). Thus only V2 remains to be determined to solve the problem. This may 
be done by noting that the right-hand flange is actually an ordinary rectangular 
beam. The shearing stress (or shear flow) in such a beam is distributed para­
bolically, Fig. 6-20(b), and since the area of a parabola is two-thirds of the 
base times the maximum altitude, V2 = jbi(q 2)m,x· However, since the total 
shear V = P, by Eq. 6-5 (q 2)max = VQ/1 = PQ/1, where Q is the statical 
moment of the upper half of the right-hand flange and / is the moment of 
inertia of the whole section. Hence 

(6-11) 

where / 2 is the moment of inertia of the right-hand flange around the neutral 
axis. Similarly, it may be shown that/ = hli/1, where / 1 applies to the left­
hand/lange. If the web of the beam is thin, as originally assumed,/:::::: 11 + 12 , 

and e + f = h, as is to be expected. 

A similar analysis leads to the conclusion that the shear center for a 
symmetrical angle is located at the intersection of the center lines of its legs, 
as shown in Figs. 6-2l(a) and (b). This follows since the shear flow at every 
section, as c-c, is directed along the center line of a leg. These shear flows 
yield two identical forces F1 in the legs. The vertical components of these 
forces equal the vertical shear applied through 0. An analogous situation is 
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(a) (b) 

Fig. 6-21 . Shear center for a symmetrical 
angle (equal legs) located by o. 

0 

(a) 

0 

\ 

(b) 

Fig. 6-22. Shear center for the secitons 
shown located by 0. 

also found for any angle or T-section as shown in Figs. 6-22(a) and (b). The 
location of the shear center for various members is particularly important 
in aircraft applications.* 

PROBLEMS FOR SOLUTION 

6-1. Assuming that a member consists of five 
2 in. by 6 in. full-sized wooden planks bolted 
together, as shown in the cross-sectional view in 
Fig. 6-5(a), show that Atsh/Yt = AfBpnY2 , where 
y1 is the distance from the centroid of the whole 
area to the area AtshJ> and y2 the corresponding 
distance for the area AtsP•· 

6-2. A cantilever 3 m long is fabricated from 
five full-sized 50 mm by 150 mm wooden planks. 
Its cross section is similar to the one shown in 
Fig. 6-5(a). The planks are fastened together by 
20 mm diameter vertical bolts spaced 120 mm 
apart. This beam carries a uniformly distributed 
load including its own weight of 3.0 kN/m. Find 
the shearing stresses in a bolt which is located 
1.5 m from the support. Make this investigation 
at all four planes of contact of the planks. 

6-3. A hollow wooden beam is to be made 
from full-sized planks as shown in the figure. At 
the section considered, the total vertical shear in 

the beam will be 930 lb and the bending moment 
50 ft-lb. The nailing is to be done with 16 d ( 16 
penny) box nails that are good for 50 lb each in 
shear. What must the spacing of nails be? Ans: 
2 in. 

N-2"x 4" Y-2" X IQ" 

PROB. 6-3 

6-4. A 15-ft wooden beam overhangs IO ft 
and carries a concentrated force P = 950 lb at 
the end. (See figure). The beam is made up of full­
sized, 2 in. thick boards nailed together with nails 
which have a shear resistance of 96 lb each. The 
moment of inertia of the whole cross section is 
approximately 1,900 in. 4 (a) What shou ld the 
longitudinal spacing of the nails be connecting 
board A with boards B and C in the region of 
high shear? (b) For the same region, what should 

•For further details, see E. F. Bruhn, Analysis and Design of Flight Vehicle Structures, 
Cincinnati, Ohio: Tri-Sta te, J 965. See also, P. Kuhn, Stresses in Aircraft and Shell Struc­
tures, New York: McGraw-Hill, 1956. 
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PROB. 6 -4 

be the longitudinal spacing of the nails connecting 
board D with boards B and C? In calculations 
neglect the weight of the beam. Ans: (a) 1.6 in., 
(b) 8 in. 

6-5. A IO in. square box beam is to be made 
from four wood pieces 2 in. thick. Two possible 
designs are considered as shown in the figure. 
Moreover, the design shown in (a) can be turned 
90° in the application. (a) Select the design re­
quiring the minimum amount of nailing for 
transmitting shear. (b) If the shear to be trans­
mitted by this member is 620 lb, what must the 
nail sr,acing be for the best design? The nailing is 
to be done with 16 d (16 penny) box nails that are 
good for 50 lb each in shear. Ans: (b) 2.44 in . 

R 
~ 
(a) (b) 

PROB.6 - 5 

6-6. A beam is fabricated from two channels 
and two cover plates as shown in the figure. If at 
the section investigated this member transmits a 

-C [5 X 33.9 

PROB. 6 -6 

CHAP. 6 PROBLEMS FOR SOLUTION 

vertical shear of 150 kips and a moment of 
450 kip-in., what must the spacing of Jin. rivets 
be in each row? Assume that one J in. rivet is 
good for 9.02 kips in shear. Ans: I = 1,351 in. 4 ; 

3.50 in. 

6-7. Two W 8 x 31 beams are to be ade­
quately fastened together with two rows of 
rivets, as shown in the figure, to make the two 
beams act as a unit. At the section considered, the 
total vertical shear is 40 kips and the bending 
moment is 2,700 ft-lb. Using¾ in. rivets, which in 
single shear are good for 6.63 kips each, specify 
the proper rivet spacing. Ans: 4.66 in . 

PROB. 6- 7 

6-8. A 40 mm by 50 mm rectangular bar is 
attached to a channel section by 10 mm machine 
screws at 150 mm on centers as shown in section 
in the figure. If the section transmits a vertical 

15 

~l 
15 ~ 175 =t:rl5 

(All dimensions are in mm) 

PROB. 6- 8 
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shear of 20 kN, (a) determine the shearing stress 
in the machine screws; (b) determine the shearing 
stress at the horizontal juncture of the web with 
the flanges; (c) find the maximum shearing stress. 

6-9. A plate girder is made up from two 14 in. 
by ½ in. cover plates, four 6 in . by 4 in. by t in. 
angles, and a 39½ in . by¾ in. web plate as shown 
in the figure. If at the section considered a total 
vertical shear of 150 kips is transmitted, what 
must the spacing of rivets A and B be? For the 
girder around the neutral axis, I is 14,560 in. 4 • 

Assume ¾ in. rivets and note that one rivet is 
good for 6.63 kips in single shear, 13.25 kips in 
double shear, and 11.3 kips in bearing on ¾ in. 
plate. Ans: Rivets A, 3.40 in. apart. 

14" 

B 

41 " 

PROB. 6 9 

6-10. A simply supported beam has a cross 
section consisting of a C 12 x 20.7 and a W 18 
x 50 fastened together by ¾ in.-diameter bolts 

spaced longitudinally 6 in. apart in each row as 

C 12 x 20.7 

I I.SO" 

W 18 X 50 

PROB. 6 - 10 

CHAP. 6 SHEARING STRESSES IN BEAMS 

shown in the figure. If this beam is loaded with a 
downward concentrated force of 112 kips in the 
middle of the span, what is the shearing stress in 
the bolts? Neglect the weight of the beam. The 
moment of inertia I of the whole member around 
the neutral axis is 1,120 in. 4 • Ans: 12.6 ksi. 

6-11. A T-flange girder is used to support a 
900 kN load in the middle of a 7 m simple span. 
The dimensions of the girder are given in the 
figure in a cross-sectional view. If the 22 mm 
diameter rivets are spaced 125 mm apart longi­
tudinally, what shearing stress will be developed 
in the rivets by the applied loading? The moment 
of inertia of the girder around the neutral axis is 
approximately 4 300 x 106 mm4 • Ans: 112 MPa. 

25 

150 mm 

150 mm 

mm• 

I 

I 

-

f+-

~ 

B 

50 mm 
_j_ 

2 50 mm 

75 mm 

f2mm 3 75 mm 

PROB. 6 - 11 

*6-12. A beam is made up from five separate 
timbers bolted together, as shown in the cross­
sectional view. The bolts have a cross-sectional 
area of 320 mm 2 each and are spaced longi­
tudinally 150 mm apart. If this beam spans 2.5 m 
and supports a load of 18 kN/m including its own 
weight, what is the maximum shearing stress 

150 200 

i 
100 

Bolt~ 
40-- -40 

50 100 50 

(All dimensions in mm) 

PROB. 6 - 12 
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developed in the bolts? The moment of inertia of 
the beam's section is 243 x 106 mm4 • 

*6-13. A simply supported composite beam 
carrying a uniform load over a span of 10 m is 
made up by bolting a 100 mm by 300 mm timber 
to the upper flange of a steel beam as shown in 
the figure (all dimensions in the figure are in mm). 
Strain gages located at midspan on the inner sur­
faces of the steel flanges indicated strains as fol­
lows : Strain gage A: e = - 420 x 10- 6 ; Strain 
gage B: e = + 700 x I0-6 • (a) Compute the total 
force acting on the timber at this section . (b) If the 
bolts are placed two in a row at 600 mm apart 
uniformly, what is the average shear force carried 
by each bolt? Assume that each bolt contributes 
equally to the resistance of the total force. Let 
Estee! = 200 000 MN/m2 , and E ,;m ber = 10 000 
MN/m 2. Ans: 118 kN. 

t -
Gage A 

400 13 
Gage 8 

l t:::=========:::::l::::::;::::= 25 
(All dimensions are in mm) 

300 

PROB. 6 - 13 

6-14. If the allowable shearing stress for 
Douglas Fir is 700 kN/m2, determine the capacity 
of a beam having a full-sized cross section of 
50 mm by 100 mm to resist a vertical shear when 
placed with the 100 mm dimension vertical; when 
placed with the 30 mm dimension vertical. 

6-15. Show that a formula, analogous to Eq. 
6-7, for beams having a solid circular cross sec­
tion of area A is • max = 4 V/A. 

6-16. Show that a formula, analogous to 
Eq. 6-7, for thin-walled circular tubes acting as 
beams having a net cross-sectional area A is 
't'max = 2 V/A. 

6-17. A cast iron beam has a T section as 
shown in the figure([ = 53.1 x 106 mm4).Ifthis 
beam transmits a vertical shear of 240 kN, find 
the shearing stresses at the levels indicated. 

CHAP. 6 PROBLEMS FOR SOLUTION 

Report the results on a plot similar to the one 
shown in Fig. 6-14(e). 

l-'~150mml 
2 - i 50 mm 
3 

-: = t 65 mm 1150 mm 

t 65 mm 
6 - -~--

50 mm 

PROB. 6-1 7 

6-18. A beam has a cross-sectional area in the 
form of an isosceles triangle for which the base 
b is equal to one-half its height h. (a) Using 
calculus and the conventional stress analysis 
formula, determine the location of the maximum 
shearing stress caused by a vertical shear V. 
Sketch the manner in which the shearing stress 
varies across the section. (b) If b = 3 in., h = 6 
in., and 't'max is limited to 100 psi, what is the 
maximum vertical shear V that this section may 
carry? Ans: (a) h/2; (b) 600 lb. 

PROB. 6 - 18 

6-19. A beam having the cross section of an 
isosceles triangle with a base b = 150 mm and a 
height h = 450 mm is subjected to a shear of 
27 000 N at a section. Find the horizontal shear­
ing stress at the neutral axis and at mid-height. 
After determining a few additional points, show 
the results on a plot similar to that of Fig. 6-12(c). 
(Hint: see Prob. 6-18.) Ans: 't'max = 1.2 MPa. 

6-20. A beam is loaded so that the moment 
diagram for it varies as shown in the figure. (a) 
Find the maximum longitudinal shearing force in 
the 1-in. diameter bolts spaced 12 in. apart. (b) 
Find the maximum shearing stress in the glued 
joint. 
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5 k-ft 

10 · JQ· 

(a) Moment diagram 

l...d:Z"'2" 
~~+;, hohs 

~ Glucd jo1111 

I~ w ·1 
(b) 

PROB.6 - 20 

6-21. A beam has a rhombic cross-section as 
shown in the figure. Assume that this beam 
transmits a vertical shear of 5 000 N, and in­
vestigate the shearing stresses at levels 50 mm 
apart beginning with the apex. Report the results 
on a plot similar to the one shown in Fig. 
6-12(c). 

PROB. 6 - 21 

6-22. A cast-iron beam has the cross-sectional 
dimensions shown in the figure. If the allowable 
stresses are 7 ksi in tension, 30 ksi in compression, 
and 8 ksi in shear, what is the maximum allowable 
shear and the maximum allowable bending 
moment for this beam? Consider only the vertical 
loading of the beam and confine calculations at 
the holes to section a-a. Ans: 51.1 k, 197 k-in. 

CHAP. 6 SHEARING STRESSES IN BEAMS 

2-in.-diameter holes 

PROB. 6 - 22 

6-23. A box section having the dimensions 
shown in the figure is used for a beam on simple 
supports. In a certain region along the beam there 
is a constant, linear change in moment of 4 000 
N · m/m along the axis of the beam. What is the 
maximum shearing stress at a section in this 
region? 

D;15mm 

300mm 

25 mm 

25 mm 1 -.. 25 mm 

1
200 mm 

PROB. 6 - 23 

6-24. A machine bracket having a rectangular 
cross section of 40 mm by 150 mm is subjected to 
a horizontal centrally applied force of l O kN as 
shown in the figure. Determine the shearing 
stresses acting on infinitesimal elements located 
on a line perpendicular to the plane of the paper 

10 kN -
200 mm 50 mm 

100 mm 

A 

PROB. 6 - 24 
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at A . Show the results on an isolated element. 
Since this element is also subjected to a bending 
stress, without computing this stress, indicate the 
normal stresses of proper sense acting on the 
element. Ans. 2.22 MN/rn 2• 

6-25. Determine the maximum shearing stress 
at section A-A for the machine bracket in Exam­
ple 5-5 . Show the results on an infinitesimal ele­
ment drawn near a free body of the bracket. Does 
bending stress also act on this element? Ans: 
1.46 ksi. 

6-26. AW 14 x 87 beam supports a uniform­
ly distributed load of 4 kips/ ft, including its own 
weight as shown in the figure. Using Eq. 6-6, 
determine the shearing stresses acting on the 
elements at A and B. Show the sense of the com­
puted quantities on infinitesimal elements. If 
bending stresses also act on these elements, 
without additional computations, indicate the 
normal stresses of proper sense acting on the 
elements. Ans: "t',4 = 3.68 ksi. 

15' 5' 

PROB. 6 - 26 

*6-27. A solid beam having a 200 mm by 
300 mm cross section is loaded as shown in the 
figure. From this beam isolate a segment 50 mm 
by 150 mm by 200 mm shown shaded in the 
figure. Then on a free-body diagram of this seg­
ment indicate the location, magnitude, and sense 
of all resultant forces acting on it caused by the 

I 
300 mm 

3 m 

PROB. 6 - 27 

CHAP. 6 PROBLEMS FOR SOLUTION 

bending and shearing stresses. Neglect the weight 
of the beam. 

6-28. A girder fabricated from plywood has 
the cross-sectional dimensions shown in the figure. 
All longitudinal joints are glued. At a critical 
section this girder must resist a total vertical 
shear of 4.0 kips. Specify the quality of glue 
required by stating its capacity to resist shearing 
stress as controlled by the critical joint. For the 
whole section INA = 3,648 in. 4 Ans: 30.7 psi. 

:E" 
8" 

NA7 · 
8" -} l " - l " 

2·-1 

t2" 
PROB. 6 - 28 

6-29. A wooden I-beam is made with a nar-
row lower flange because of space limitations, as 
shown in the figure. The lower flange is fastened 
to the web with nails spaced longitudinally 1.5 in. 
apart, while the vertical boards in the lower 
flange are glued in place. Determine the stress in 
the glued joints and the force carried by each nail 
in the nailed joint if the beam is subjected to a 
vertical ·shear of 6 kips. The moment of inertia 
for the whole section around the neutral axis is 
2,640 in. 4 Ans: 60 psi, 565 lb. 

16' 

PROB. 6 - 29 

*6-30. A steel cantilever beam is made of two 
structural tees welded together as shown in the 
figure. Determine the allowable load P that the 
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' f 
Weld 

i 

PROB. 6---30 

beam can carry. Neglect the weight of the beam. 
The allowable stresses are : u = 150 MN/m 2 in 
tension and compression, -r = 100 MN/m 2 in 
shear on the rolled material, and q = 2 MN/m on 
the welded joint. Ans: 144 kN. 

6-31. A beam is made up of four 50 mm by 
100 mm full-sized Douglas Fir pieces which are 
glued to a 25 mm by 450 mm Douglas Fir ply­
wood web as shown in the figure. Determine the 
maximum allowable shear and the maximum 
allowable bending moment which this section can 
carry if the allowable bending stress is 10 000 
kN/m 2 ; the allowable shearing stress in wood is 
600 kN/m2 and the allowable shearing stress in 
the glued joints is 300 kN/m 2• All dimensions in 
the figure are in mm. 

50 X 100 

25 X 450 

PROB. 6 - 31 

6-32. The AJSI (American Iron and Steel 
Institute), in the Design Manual for Light Gage 
Steel, lists a beam section having the dimensions 
shown in the figure. Such beams are available in 
several gages of steel. (a) If the channels are made 
from No. 10 gage (0.135 in. thick) and the al­
lowable bending stress is 18,000 psi , what is the 
maximum allowable bending moment for this 
section? (b) What is the maximum allowable 

CHAP. 6 SHEARING STRESSES IN BEAMS 

shear for the same beam if the allowable shearing 
stress is 12,000 psi? In computations disregard the 
small curvature of the plates at the corners. Ans: 
(a) 67.2 k-in., (b) 15.8 k. 

M 

I I 
PROB. 6 - 32 

6-33. A steel welded box girder having the 
dimensions shown in the figure has to transmit a 
vertical shear force V = 360 k. D etermine the 
shearing stresses at the sections a, b, and c. For 
this section I = 45,000 in. 4 • Ans: 'fc = 8.22 ksi. 

a 

20· 

1 s· 

10· 

,. 
2 

100' 

C 

,. 
2 

PROB. 6 -33 

41.· 2 

NA 

12' =tr 
1.· 
2 

6-34. A beam is fabricated by slotting 4-in. 
standard steel pipes longitudinally and then 
securely welding them to a 23 in. by ¾ in . web 
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plate as shown in the figure. I of the composite 
section around the neutral axis is 1,018 in .4 • Ifat 
a certain section this beam transmits a vertical 
shear of 40 kips, determine the shearing stress in 
the pipe and in the web plate at a level 10 in. 
above the neutral axis. Ans: 1,500 psi, 634 psi . 

PROB. 6 - 34 

6-35. Determine the shearing stress along the 
section A shown in the figure for a W 10 x 21 
beam resisting a vertical shear of 20 kips and a 
bending moment of 30 kip-in. Ans: 1.80 ksi. 

PROB. 6 - 35 

*6-36. A beam having a cross section with the 
dimensions shown in the figure is in a region 
where there is a constant, positive vertical shear 

150 

30 
70 

A 
Dt 

C 20 

10 240 

30 

PROB. 6- 36 

CHAP. 6. PROBLEMS FOR SOLUTION 

of I 00 kN. (a) Calculate the shear flow q acting 
at each of the five sections indicated in the figure. 
(b) Assuming a positive bending moment of 
27 000 N · m at one section and a larger moment 
at the adjoining section 10 mm away, draw 
isometric sketches of each segment of the beam 
isolated by the sections 10 mm apart and the five 
sections (A, B, C, D, and £) shown in the figure, 
and on the sketches indicate all forces acting on 
the segments. Neglect vertical shearing stresses in 
the flanges. All dimensions are in mm. 

6-37. A beam having the cross section with 
the dimensions shown in the figure transmits a 
vertical shear V = 7 kips applied through the 
shear center. Determine the shearing stresses at 
sections A, B, and C. I around the neutral axis is 
35.7 in. 4 • The thickness of the material is -¼ in. 
throughout. Ans: 392 psi; 2,000 psi; 2,900 psi. 

3' 
C 

PROB. 6 - 37 

6-38. A cantilever beam 1.2 m long is built up 
of two kinds of pine planks glued together as 
shown in the figure. An upward concentrated 
force of 4 000 N is to be applied to this beam in 
such a manner as not to cause any torsional 
stresses. Where must the force be applied? As-

250 

Tso 
(All dimensions are in mm) 

PROB. 6 - 38 
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sume that the planks may be considered thin. For 
hard pine E = 10 000 MN/m2 ; for soft pine E = 
7 000 MN/m2 . (Hint: transform the section into 
an equivalent section of one material.) 

*6-39 through 6-42. Determine the location of 
the shear center for the beams having the cross­
sectional dimensions shown in the figures. In 
Prob. 6-41 assume that the cross-sectional area of 
the plate is negligible in comparison with the 
cross-sectional areas A of the flanges. Ans: 
Prob. 6-41: e = (oc/sin oc)a from 0. Prob. 6-42: 
I = a 3t (oc - sin oc cos oc) and e = 2a[(sin oc -
oc cos oc)/(oc - sin oc cos a:)) . 

40mm 

I 

80mm 

+2mm 

i.=:::==---...,_10 mm 

PROB. 6 - 39 
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20mm 
6 mm ._...>---_..I 

-2mm 

p mm 

50 mm 

PROB. 6-40 

A (area) 

PROB.6 - 41 PROB.6 42 
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7 Compound 
Stresses 

7-1. INTRODUCTION 

All fundamental formulas used in this text for the stress analysis of 
deformable bodies have been established in the previous chapters. These 
were derived under the assumption that only a single element of a force sys­
tem is acting at a section of a member. For linearly elastic materials, these 
formulas are summarized below : 

1. Normal stresses 

(a) due to an axial force 
p 

a =;r (1-1) 

(b) due to bending•straight members M y 
a = -T (5-la) 

• symmetrical a = My (5-17) curved bars Ae(R - y) 
2. Shearing stresses 

(a) due to torque•circular shaft r = Tp 
J 

(3-3a) 

• rectangular shaft T 
't"max = IX bc2 (3 -13) 

• closed thin- T 
(3-14, 3-15) walled tube r =2 @t 

(b) due to shearing force in a beam r = VQ 
It (6-6) 

In the case of inelastic material behavior, however, the large variety and 
complexity of the constitutive relations necessitates that each individual case 
be analyzed using the basic kinematic assumptions together with the ap­
propriate stress-strain relations and equilibrium equations. 

Attention will be directed to problems wherein several members of a 
force system may act simultaneously at a section of a member in order to 
satisfy the equilibrium conditions. The general problem of stress analysis 
arises when an axial force, a bending moment, a torque, and a shear occur 
simultaneously at a section through a member. However, a more limited 
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p -
(a) 

p -
(b) 

;4. 
r 

~ r b. 

objective is pursued in this chapter. To begin, the principle of superposition 
and its limitations are discussed, and so are the determination of normal 
stresses which arise from the simultaneous action of axial force and bending 
moment. This is followed by a discussion of eccentric loading, as well as 
unsymmetric bending problems. Shearing stresses due to the simultaneous 
action of torque and direct shear are then studied. Finally, at the end of the 
chapter, a special topic (a closely coiled helical spring) is considered. 

7-2. SUPERPOSITION AND ITS LIMITATION 

The basic stress analysis developed in this text thus far is completely 
predicated on small deformations of members. Situations such as those 

occuring in flexible rods, Fig. 7-1, are considered 
in Chapter 13. Superposition of several separately 

,,¢;; 

~ 

p -

p -

applied forces is not applicable if, for exam­
ple, deflections significantly change the bending 
moments calculated on the basis of undeformed 
members. In Fig. 7-l(b), because of deflection v, an 
additional bending moment Pv is developed . In 
many problems, however, the deformation effect 
on stresses is small and can be neglected. This will 
be assumed in this chapter. 

\. 
Deftect1011 ,, 

In members in which the overall deformations 
are small in the sense discussed above, superposi­
tion of the effects of separately applied forces is 
permissible. In considering this it is more bas ic to 
superpose strains than to superpose stresses as this 
enables one to treat both the elastic and the inelastic 
cases. 

Fig. 7-1. Deflection in axially compressed 
beams induces an increase in bending For a member simultaneously subjected to an 
moments axial force P and a bending moment M , strain 

superposition is shown schematically in Fig. 7-2. 
For clarity the strai ns are greatly exaggerated. Because of an axial force P a 
plane section perpendicular to the beam axis moves along it parallel to itself, 
Fig. 7-2(a). Because of a moment M applied around one of the principal axes 
a plane section rotates, Fig. 7-2(b). Superposition of strains due to P and M 
moves a plane section axially and rotates it as shown in Fig. 7-2(c). Note that 
if the axial force P causes a larger strain than that caused by M, the combined 
strains due to P and M will not change their sign within the member. 

In addition to the moment which causes rotation of a plane section 
such as shown in Fig. 7-2, another moment acting around the other principal 
axis, the vertical axis in the diagram, can be applied. This second moment 
rotates the plane section around the vertical axis. The axial strain combined 
with strains caused by rotating the plane section around both principal axes 
is the most general case in an axially loaded bent member. 
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(a) Axial strai n due to P (b) Bending strains due to M (c) Combined strains due to 
Pand M 

Fig. 7-2. Combined strains 

By supplementing the above basic kinematic assumptions with the 
stress-strain relations and conditions of equilibrium, one can solve either 
elastic or inelastic problems. Except for the case of symmetrical sections, 
however, only linearly elastic problems will be considered here. The more 
general cases of inelastic behavior, although susceptible to the same type of 
analysis, are very cumbersome. Discussion of combined shearing stresses also 
will be limited to linearly elastic cases. 

In linearly elastic problems, a linear relationship exists between stress 
and strain . Therefore, unlike the case in inelastic problems, not only strains 
but also stresses can be superposed. This means that if on the same element 
and for the same coordinate system two sets of stresses are known, algebraic 
addition of the components of the stress is possible, just as it is for vector 
components. It is important to note, however, that superposition of stresses 
is applicable only in elastic problems where deformations are small. 

Four examples illustrating solutions for stress distribution in sym­
metrical members subjected to axial loads and bending moments follow. The 
solution of an elastic-plastic problem is given as the third example of this 
group. 

EXAMPLE 7-1 

A 50 mm by 75 mm, 1.5 m long bar of negligible weight is loaded as shown in 
Fig. 7-3(a). Determine the maximum tensile and compressive stresses acting 
normal to the section through the beam, i.e., find the maximum compound 
normal stresses. Assume elastic response of the material. 

SOLUTION 

To emphasize the method of superposition, this problem is solved by dividing 
it into two parts. In Fig. 7-3(b) the bar is shown subjected only to the axial 
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Fig . 7-3. (All dimensions in mm) 
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force, and in Fig. 7-3(c) the same bar is shown subjected only to the transverse 
force. For the axial force the normal stress throughout the length of the bar is 

P 25 
<1 = A = (0.05)(0.075) = 6.67 x 103 kN/m 2 = 6.67 MPa (tension) 

This result is indicated in Fig. 7-3(d). The normal stresses due to the transverse 
force depend on the magnitude of the bending moment, and the maximum 
bending moment occurs at the applied force. As the left reaction is 2.7 kN, 
M max = (2. 7)(0.3 7 5) = 1.013 kN · m. From the flexure formula, the maximum 
stresses at the extreme fibers caused by this moment are 

Mc 6M 
<1 = I = bh 2 = ± 21.6 x 103 kN/m2 = ± 21.6 MPa 

These stresses act normal to the section of the beam and decrease linearly 
toward the neutral axis as in Fig. 7-3(e). Then, to obtain the compound stress 
for any particular element, bending stresses must be added algebraically to 
the direct tensile stress. Thus, as may be seen from Fig. 7-3(f), at point A the 
resultant normal stress is 14.93 MPa compression, and at Cit is 28.27 MPa 
tension. 

Side views of the stress vectors as commonly drawn are in Fig. 7-3(g). 
Although in this problem the given axial force is larger than the transverse 
force, bending causes higher stresses. However, the reader is cautioned not to 
regard slender members, particularly compression members, in the same light 
(see Fig. 7-l(b)). 

Note that in the final result, the line of zero stress, which is located at 
the centroid of the section for flexure, moves upward. Also note that the local 
stresses, caused by the concentrated force, which act normal to the top 
surface of the beam, were not considered. Generally these stresses are treated 
independently as local bearing stresses. 

The stress distribution shown in Figs. 7-3(f) and (g) would change if, 
for example, instead of the axial tensile forces of 25 kN applied at the ends, 
compressive forces of the same magnitude were acting on the member. The 
maximum tensile stress would be reduced to 14.93 MPa from 28.27 MPa, 
which would be desirable in a beam made of a material weak in tension and 
carrying a transverse load. This idea is utilized in prestressed construction. 
Tendons made of high-strength steel rods or cable passing through a beam 
with anchorages at the ends are used to precompress concrete beams. Such 
artifically applied forces inhibit the development of tensile stresses. Prestress­
ing also has been used in racing-car frames. 

EXAMPLE 7-2 

A 50 mm by 50 mm elastic bar bent into a U shape as in Fig. 7-4(a) is acted 
upon by two opposing forces P of 8.33 kN each. Determine the maximum 
normal stress occurring at the section A-B. 

SOLUTION 

The section to be investigated is in the curved region of the bar, but this makes 
no essential difference in the procedure. First, a segment of the bar is taken as 
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(a) 

3.33MPa 128 MPa 131 MPa 

250 
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80.9 MPa B 77.6 MPa 

8.33 kN 13 ~ MPa 

(b) (d) 

Fig. 7-4. (All dimensions in mm) 

a free body, as shown in Fig. 7-4(b). At section A-B the axial force, applied at 
the centroid of the section, and the bending moment necessary to maintain 
equilibrium are determined. Then, each element of the force system is con­
sidered separately. The stress caused by the axial forces is 

(1 = ~ = O.O~(t~05) = 3.33 x 103 kPa = 3.33 MPa (compression) 

and is shown diagrammatically in the first sketch of Fig. 7-4(c). The normal 
stresses caused by the bending moment may be obtained by using Eq. 5-16. 
However, for this bar, bent to a 75 mm radius, the solution is already known 
from Example 5-12. The stress distribution corresponding to this case is 
shown in the second sketch of Fig. 7-4(c). By superposing the results of these 
two solutions, the compound stress distribution is obtained. This is shown in 
the third sketch of Fig. 7-4(c) . The maximum stress occurs at A and is a com­
pressive stress of 131 MPa. An isolated element for the point A is shown in 
Fig. 7-4(d). Shearing stresses are absent at section A-Bas no shearing force is 
necessary to maintain equilibrium of the segment shown in Fig. 7-4(b). The 
relative insignificance of the stress caused by the axial force is striking. 

Problems similar to the above commonly occur in machine design. 
Hooks, C clamps, frames of punch presses, etc. illustrate the variety of 
situations to which the foregoing methods of analysis must be applied. 

· EXAMPLE 7-3 

Consider a rectangular elastic-plastic beam bent around the horizontal axis 
and simultaneously subjected to an axial tensile force. Determine the mag­
nitudes of the axial forces and moments associated with the stress distribu­
tions shown in Figs. 7-5(a), (b), and (e) . 

SOLUTION 

The stress distribution shown in Fig. 7-5(a) corresponds to the limiting elastic 
case, where the maximum stress is at the point of impending yielding. For 

CHAP. 7 COMPOUND STRESSES 204 

; 
www.konkur.in



(a) 

h 

2 

h 
2 

(d) 

1.5 

1.0 

0 

M 
M yp 

b I • I • I 

--- --

y 

(b) (c) 

a M3 

YI ~ 
I Ila 
I 

2y, 

<Typ 

a a 

<Typ 

(e) (f) 

Fig . 7-5. Combined axial and bending stresses : (a) elastic stress 
distribut ion ; (b) and (c) elast ic plast ic stress distribut ion ; (e) and 
(f ) fully plastic stress distribution. 

At impending yield 

p 

P yp 

this case the stress-superposition approach can be used . 
Hence 

(7- 1) 

The force Pat yield can be defined asP,p = Aa,P; from 
Eq. 5-5 the moment at yield is Myp = (//c)CT,p. Dividing 
Eq. 7-1 by CTn and making use of the relations for 
P yp and M yp, one obtains 

(7- 2) 

This establishes a relationship between P 1 and M 1 so 
that the maximum stress just equals a yp· A plot of this 
equation corresponding to the case of impending yield is 
in Fig. 7-6. Plots of such relations are called interaction 
curves. 

Fig. 7-6. Interaction curves for P and M for 
a rectangular member 

The stress distribution shown in Figs. 7-5(b) and 
(c) occurs after yielding has taken place in the lower 
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quarter of the beam. With this stress distribution given, one can determine 
directly the magnitudes of P and M from the conditions of equilibrium. If 
on the other hand P and M were given, since superposition does not apply, a 
cumbersome process would be necessary to determine the stress distribution. 

For the stresses given in Figs. 7-5(b) and (c), one simply applies Eqs. 
5-7 and 5-8 developed for inelastic bending of beams, except that in Eq. 5-7 
the sum of the normal stresses must equal the axial force P. Noting that in the 
elastic zone the stress can be expressed algebraically as a = (a1 p/3) -
[8a YPy/(3h)] and that in the plastic zone a = a YP• one has 

J f +h/ 2 (l ( 8 ) J - h/
4 bh 

P 2 = adA = r1-fbdy+ Uypbdy= a 1 P4 
A -h/ 4 - h/ 2 

J f +h/ 2 ( 8 ) J -h/ 4 
M 2 = - a ydA = - ar 1 - ; ybdy - U1 pybdy 

A -M4 -M2 

- 3 bl 2 - 16Uyp l 

Note that the axial force found above exactly equals the force acting on the 
plastic area of the section. The moment M 2 is greater than M 1 P = Uypbh 2/6 
and less than Mui, = Mp = Uypbh 2/4 (see Eq. 5-9). 

The axial force and moment corresponding to the fully plastic case 
shown in Figs. 7-5(e) and (f) are simple to determine. As may be seen from 
Fig. 7-5(e) the axial force is developed by a1 P acting on the area 2y 1b. Because 
of symmetry, these stresses make no contribution to the moment. Forces 
acting on the top and the bottom areas ab = [(h/2) - yi]b, Fig. 7-5(d), form 
a couple with a moment arm of h - a = (h/2) + y 1 • Therefore 

or 

and M 3 = aba1 p(h - a) = Uypb (~
2 

-yr)= Mp - Uypby~ 

_ 3M1 p P ~ 
- - 2- - 4ba yp 

Then dividing by MP = 3M1p/2 = Uypbh 2/4 and simplifying, one obtains 

2M3 + (P3) 2 = l 
3M1 p P1 p 

(7-3) 

This is a general equation for the interaction curve for P and M necessary to 
achieve the fully plastic condition in a rectangular member (see Fig. 7-6). 
Unlike the equation for the elastic case, the relation is nonlinear. 

EXAMPLE 7-4 

A small dam of triangular shape as shown in Fig. 7-7(a) is made from con­
crete, which weighs approximately 25 kN/m3 . Find the normal stress dis­
tribution at section A-B when the water behind the dam is at the level indi­
cated. For the purpose of calculation, consider one linear foot of the dam in 
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Fig. 7-7. 

3 

the direction perpendicular to the plane of the paper as an isolated beam. Use 
units of meters and kilonewtons. 

SOLUTION 

Pass a section at the required level* and isolate a part of the body as shown in 
Fig. 7-7(b). The hydrostatic pressure acting on the vertical upstream face of 
the dam causes the horizontal force H. This force is equal to the average 
pressure acting on the dam multiplied by the contact area, and as the pressure 
varies linearly from the free surface of the water, it acts 0.9 m above the A-B 
level. The unit weight of water is assumed to be 10 kN/m 3 • 

The weight of the "beam" W, which is the weight of a meter section of 
the dam, is equal to the volume of concrete above the A-B level multiplied by 
the unit weight of concrete. The resultant of this gravity force acts through 
the centroid of the concrete volume, i.e., 0.6 m from the upstream face of the 
dam. The plan view of section A-Bis shown in Fig. 7-7(c). The centroid and 
the neutral axis of this cross-sectional area are midway between the upstream 
and the downstream faces of the dam. Thus the usual free-body diagram for a 
segment of the beam is completed as shown in Fig. 7-7(b), where an "axial" 

*This section is made horizontally. This departs from strict adherence to the method of 
sectioning discussed earlier. The axis of the dam bisects the angle ACB, and according to the 
procedures discussed earlier the section should be made perpendicular to this axis. How­
ever, it is customary to analyze masonry structures by taking horizontal sections. This fol­
lows from analogy with the section at the ground level which is horizontal. 
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force, a shear, and a bending moment are indicated. The problem of deter­
mining the compound normal stresses at section A-Bis then solved by applying 
Eqs. 1-1 and 5-1 and superposing the results. This process is shown in Fig. 
7-7(d). 

H = V = [(½)(2.7)(10)](2.7)1 = 36.4 kN 

W = P = [C½)( !.8X3)IJ25 = 67.5 kN 

M = H (0.9) - W(0.3) = (36.4X0.9) - (67.5)(0.3) = 12.5 kN-m 

_ W Mc _ 67.5 (12.5)(0.9) _ 
(1B - - A + I - - (l.8)(1) + (J.8)3/J2 - - 37.5 + 23.2 

= - 14.3 kN/m2 (compression) 

W Mc 
Cl,4 = - A - 1 = - 37.5 - 23.2 = - 60.7 kN/m2 (compression) 

The normal stresses caused by bending vary linearly from the neutral 
axis of the cross-section at A-B. When these stresses are superposed on the 
uniform stress caused by the force P, the final stress distribution shown in 
Fig. 7-7(d) results. Note that in this particular case all normal stresses at the 
section A-B are compressive, and no line of zero stress occurs within the 
investigated cross-section. Shearing stresses also exist at the level A-B, 
although their analysis is omitted here. 

The results obtained are not exact since the horizontal cross-sectional 
area of the dam changes rapidly. Equations 1-1 and 5-1 apply only to prismatic 
members. Normal stresses at the downstream face of the dam do not satisfy 
the boundary conditions, since they act vertically, whereas the downstream 
face is inclined . Moreover, dams are rather short beams, and an analysis based 
on the ordinary formulas is approximate. An analysis for the shearing 
stresses on the basis of Eq. 6-6 leads to wrong results .• 

*7-3. REMARKS ON PROBLEMS INVOLVING AXIAL FORCES 
AND BENDING MOMENTS : THE DAM PROBLEM 

In the above example all normal stresses at the section A-B were found 
to be compressive. This resulted from the particular values of the axial force 
and the bending moment, and a different situation may easily arise . For 
example, if the base of the dam were narrower, the dam would weigh le s, 
while the bending moment caused by the water pressure would remain the 
same. The compound stress in such a case may be tensile stress on the up­
stream face. However, some materials, such as concrete, are notably weak in 
resisting tensile stresses. This fact leads to a practically important problem: 
What must be the proportions of a concrete dam or pier so that no tension 
will exist in the material when forces are applied to the structure? 

To answer this question , consider a segment of a member above a sec-

*For further details see S. Timoshenko, and J . N . Goodier, Theory of Elasticity (3rd ed.), 
New York : McGraw-Hill, 1970, pp. 51 and 109. 
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tion A-Bas shown in Fig. 7-8(a). The cross-sectional 
area at A-Bis assumed to be rectangular as shown 
in Fig. 7-8(b). Let the resultant of all of the applied 
forces above the section A-B be a vertical force, and 
Jet it act at a distance e from the centroid of the 
cross-sectional area at A-B. Then at the section 
A-B, to maintain this segment in equilibrium, there 
must be an axial force P and a bending moment Pe, 
Fig. 7-8(a). The stress caused by the axial force is 
a = Pf A = P/(bh), while the maximum stress caused 
by bending is G max = Mc/I = M/S = 6Pe/(bh 2

), 

where bh2/6 is the section modulus of the rec­
tangular cross section. The complete stress distri­
butions across the section A-B corresponding to 
these two effects are shown in Figs. 7-8(c) and (d), 
respectively. 

To satisfy the desired condition that the stress 
at B be zero, it follows that 

Fig. 7-8. Establishing the location of the force 
P to cause zero stress at B. 

or 

AB AB 
6 2 

p 

Fig . 7-9. The resul­
tant shown acting at its 
extreme left-hand position 
to cause no tension 
at B. 

which means that if the force P is applied at a distance of h/6 from the cen­
troidal axis of the cross section, the stress at B is just zero. The compound 
normal stress distribution across the whole section becomes "triangular" as 
is shown in Fig. 7-8(e). If the force P were applied closer to the centroid of the 
section, a smaller bending moment would be developed at the section A-B, 
and there would be some compression stress at B. The same argument may be 
repeated for the force acting to the right of the centroidal axis. Hence a 
practical rule, much used by designers of masonry structures, may be for­
mulated thus: If the resultant of all vertical forces acts within the middle third 
of the rectangular cross section, there is no tension in the material at that 
section . It is understood that the resultant acts in a vertical plane containing 
one of the axes of symmetry of the rectangular cross-sectional area. 

The foregoing discussion may be generalized in order to apply to any 
planar system of forces acting on a member. The resultant of these forces 
may be made to intersect the plane of the cross section as is shown in Fig. 
7-9. At the point of intersection of this resultant with the section it may be 
resolved into horizontal and vertical components. If the vertical component 
of the resultant fulfills the conditions of the former problem, no tension will 
be developed at point B, as the horizontal component causes only shearing 
stresses. Hence, a more general " middle third" rule may be stated thus: there 
will be no tension at a section of a member of a rectangular cross section if 
the resultant of the forces above this section intersects one of the axes of 
symmetry of the section within the middle third. 
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*7-4. A SPECIAL LIMITATION: THE CHIMNEY PROBLEM 

At times it is impossible to achieve a situation where the resultant would 
pass through the "middle third" of a rectangular cross section as discussed 
in the previous article. However, at some sections through a member, or 
between two different members, no tensile stresses may be transmitted. For 
example, no tensile stresses can be developed at the surface of contact of a 
concrete foundation for a tall chimney with the soil. On the other hand, the 
resultant of a horizontal force caused by the wind blowing on the chimney 
and the vertical force due to the weight of the chimney itself may pass outside 
the "middle third" of the rectangular foundation. Under these circumstances 
the method of analysis discussed in the preceding article must be modified. 

Consider the weightless rectangular block shown in Fig. 7-lO(a) to 
which is applied, outside of the "middle third," a vertical force Pat a dis-

A 

(a) 

p p 

k 

(b) 

fEE] T. 
A x/2 ...L 

(c) 

Fig. 7-10 Stress distribution between two surfaces that are unable to 
transmit tensile forces 

tance k from one of the faces in the middle of the block's dimension b. Sup­
pose next that at the contact surface of the block with the foundation no 
stresses exist to the right of the point B shown in Fig. 7-1 O(b). Thus, it is 
assumed that only the portion AB of the foundation, of length x and width 
b, is effective in resisting the applied force P. This corresponds to the shaded 
area in Fig. 7-lO(c). The stress along the line B-B is zero by assumption. 
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Hence the following equation for the stress at B may be written. 

p (X ) 6 an = - xb + p 2 - k bx2 = 0 

where (x/2) - k is the eccentricity of the applied force with respect to the 
centroidal axis of the cross-hatched contact area, and bx2/6 is its section 
modulus. Solving for x, it is found that x = 3k, and the pressure distribution 
will be "triangular" as shown in Fig. 7-IO(b) (why?). As k decreases, the 
intensity of pressure on the line A-A increases; when k is zero, the block 
becomes unstable. 

Similar reasoning can be applied to problems where a number of forces 
are acting on a member and the contact area is of any shape. Such problems 
are important in the design of foundations. However, since soil is never com­
pletely elastic and the solutions are based on a number of idealizations, they 
are approximate. 

7-5. A FORCE APPLIED TO A PRISMATIC MEMBER 
ANYWHERE PARALLEL TO ITS AXIS 

The compound stresses considered so far were caused by an axial force 
and a bending moment which acts around an axis perpendicular to the plane 
of symmetry of the cross section. The same procedure may be used in an 
analogous situation where the cross sectional area is unsymmetrical, provided 
the bending moment acts around one of the principal axes of the cross sec­
tion (Art. 5-7). 

Situations arise occasionally, however, where the bending moments 
are not applied in the above manner. For example, consider the case of a 
weightless rectangular block, Fig. 7-1 l(a), on which a force P, acting parallel 
to the axis of the member, is applied eccentrically with respect to the cen­
troidal axis of the member. 

The y and z axes shown in Fig. 7-1 l are the axes of symmetry of the 
block's cross section,* and the location of the force P may be defined by the 
coordinates y 0 and z0 • By applying two equal and opposite forces P at the 
centroid, as shown in Fig. 7-1 l(b), the problem is changed to that ofan axial 
force P and a bending moment Pd in the plane of the applied force P and the 
axis of the member. This bending moment does not act in the plane of 
either of the principal axes, however, and no adequate formula has been 
derived in this text for such a loading condition. Hence, two additional equal 
and opposite forces of magnitude P are introduced at a point on the z axis 
at a distance z0 from the centroid of the section. The five forces now shown 
in Fig. 7-1 l(c) still represent the initial problem from the point of view of 

*For an unsymmetrical cross section these axes should br the principal axes. 
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Fig. 7-11 Resolution of a problem into three problems. each one of 
which can be solved by the methods previously discussed 

z 

statics. However, this equivalent problem may now be conveniently resolved 
into three separate problems as indicated in Figs. 7-ll(d), (e), and (f), which 
involve, respectively, an axial force P, a bending moment MY, = + Pz0 act­
ing around the y-axis,* and a bending moment M ,, = -Py

0 
acting around 

the z-axis. The usual axial and flexural stress formulas are applicable for these 
cases, and the compound normal stress at any point (y, z) of the cross section 

*The moment is taken positive if it has the sense that would tend to advance a right-hand 
screw in the positive direction of the axis. 
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of an eccentrically loaded member can be found by superposition. Hence 

(7-4) 

where A is the cross-sectional area of the member, and / ,, and ! yy are the 
moments of inertia of the cross-sectional area around the respective principal 
axes. In Eq. 7-4 positive signs correspond to tensile stresses, negative signs 
correspond to compressive stresses. 

EXAMPLE 7-5 

Find the stress distribution at the section ABCD for the block shown in Fig. 
7-12(a) if P = 64 kN. At the same section, locate the line of zero stress. 
Neglect the weight of the block. 

1~ 300 

• le )I 

D 

I z 150 
I B 
I 

A' 
75 I 500 

ID 
,,,.--f--.._ _,,,. I .._ 

(b) 

+2.86 MPa 

- 5.7 MPa 
(d) 

Fig. 7-12. {all dimensions in mm) 

SOLUTION 

The forces acting on the section ABCD, Fig. 7-12(c), are P = -64 kN, 
M n= - 64(0.15) = - 9.6 kN ·m, and M,, = - 64(0.075 + 0.075) = - 9.6 
kN · m. The cross section of the block A = (0.15)(0.3) = 0.045 m2, and the 
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respective section moduli are S,, = (0.3)(0.15) 2/6 = 1.125 x 10- 3 m3 and 
Syy = (0.15)(0.3)2/6 = 2.25 x 10- 3 m3 • Hence, using a relation equivalent to 
Eq. 7-4 gives the compound normal stresses for the corner elements: 

P ± M,, ± M yy 64 ± 9.6 , 9.6 
a = A s,, S yy = - 45 x 10- 3 1.125 x 10- 3 ' 2.25 x 10- 3 

= ( - 1.42 ± 8.55 =f 4.27)103 

Here the units of stress are kilonewtons per square meter or kilopascals. The 
sense of the forces shown in Fig. 7-12(c) determines the signs of stresses. 
Therefore if the subscript of the stress signifies its location, the corner normal 
stresses are: 

a A = (- 1.42 - 8.55 - 4.27)10 3 = - 14 240 kPa = -14.24 MPa 

a8 = (-1.42 - 8.55 + 4.27)103 = - 5 700 kPa = - 5.70 MPa 

ac = (- 1.42 + 8.55 + 4.27)103 = + I 1 400 kPa = + 11.40 MPa 

av = (-1.42 + 8.55 - 4.27)10 3 = + 2 860 kPa = + 2.86 MPa 

These stresses are shown in Fig. 7-l 2(d). The ends of these four stress vectors 
at A', B', C' , and D' lie in the plane A'B'C'D '. The vertical distance between 
the planes ABCD and A'B' C' D' defines the compound stress at any point on 
the cross section. The interestion of the plane A'B'C' D' with the plane ABCD 
locates the line of zero stress FE. 

By drawing a line B'C" parallel to BC, similar triangles C'B'C" and 
C'EC are obtained: thus the distance CE= [11.4/(11.4 + 5.7)]150 = 100 
mm. Similarly, the distance AF is found to be 125 mm. Points E and F locate 
the line of zero stress. If the weight of the block is neglected, the stress dis­
tribution on any other section parallel to ABCD is the same. 

If the compound stresses at a section are all tensile or all compressive, 
the planes corresponding to the planes ABCD and A' B ' C' D' may be extended 
beyond the actual cross-sectional area of the member until they intersect. 
This gives a fictitious line of zero stress. However, as in the former case, the 
stresses vary linearly from the line of zero stress as their respective perpendicu­
lar distances from this line. 

EXAMPLE 7-6 

Find the zone over which the vertical downward force P0 may be applied to 
the rectangular weightless block shown in Fig. 7-13(a) without causing any 
tensile stresses at the section A-B. 

SOLUTION 

The force P = - P0 is placed at an arbitrary point in the first quadrant of the 
y-z coordinate system shown. Then the same reasoning used in the preceding 
example shows that with this position of the force the greatest tendency for a 
tensile stress exists at A. With P = - P0 , M,, = + P0 y, and MYY = - P0 z, 
setting the stress at A equal to zero fulfills the limiting condition of the 
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(a) 

X 

(b) 

Fig. 7-13 

problem. Using Eq. 7-4 allows the stress at A to be expressed as 

<T,1. = 0 =(-Po)_ (PoYX-b/2) + (-P0 zX - h/2) 
A I,, I ,,,, 

or P0 + P0 y + Poz 0 
- A b 2h/6 bh 2/6 = 

Simplifying [z/(h/6)] + [y/(b/6)] = 1, which is an equation of a straight line. 
It shows that when z = 0, y = b/6; and when y = 0, z = h/6. Hence this line 
may be represented by the line CD in Fig. 7-13(b). A vertical force may be 
applied to the block anywhere on this line and the stress at A will be zero. 
Similar lines may be established for the other three corners of the section; 
these are shown in Fig. 7-13(b). If the force .f is applied on any one of these 
lines or on any line parallel to such a line toward the centroid of the section, 
there will be no tensile stress at the corresponding corner. Hence the force P 
may be applied anywhere within the shaded area in Fig. 7-13(b) without 
causing tensile stress at any of the four corners or anywhere else. This zone of 
the cross-sectional area is called the kern of a section. By limiting the possible 
location of the force to the lines of symmetry of the rectangular cross section, 
the results found in this example verify the "middle third" rule discussed in 
Art. 7-3 . 

The foregoing method of analysis may also be used for tension mem­
bers, but it applies only for short blocks in compression. Slender bars in com­
pression require a special treatment (Chapter I 3). Near the point of applica­
tion of the force, the analysis used in this and the preceding example is 
incorrect. In the neighborhood of this point the stress distribution is some-
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z 

(a) 

what similar to the one shown in Fig. 2-16. On the other hand, although the 
cross-sectional area of the block considered in this example was rectangular, 
the theory is not so limited. The same method of stress analysis may be used 
for a member with any cross-sectional area, provided the axes of the cross­
sectional area around which bending moments are taken are the principal 
axes.* By definition the principal axes are those about which the rectangular 
moment of inertia is a maximum or a minimum. An axis of symmetry is 
always a principal axis, and the principal axes are mutually perpendicular. 

7-6. UNSYMMETRICAL BENDING 

In Chapter 5 on the flexure of members it was emphasized that the 
derived flexure form ula is valid only if the applied bending moment acts 
around one or the other of the principal axes of the cross section. However, 
a member may be subjected to a bending moment which is inclined with 
respect to the principal axes . 

An illustration of bending which does not fulfill the limitation imposed 
in Chapter 5 is shown in Fig. 7-14(a), where the plane in which the bending 
moment acts makes an angle rJ, with the vertical axis. Since this type of bend­

y 

M cos ex. M sin a 
(b) 

Fig. 7-14. (a) Bending moment in a plane 
that is not coincident with either of the prin­
ci pal axes, and (b) components ofthe bending 
moment in the planes of the principal axes. 

ing does not occur in a plane of symmetry of the 
cross section, it is called unsymmetrical bending.t It 
represents the general case of bending or flexure 
for which a general flexure formula can be derived . 
Since such a formula is relatively complicated and 
can be avoided entirely, it will not be discussed in 
this texU In principle, the general problem has 
a lready been solved in Art. 7-5 by the method of 
superposition . There, as may be seen from Fig. 
7-1 l(a), in addition to the stresses caused by the 
axial force P, the bending stresses caused by the 
moment applied in an inclined plane were deter­
mined. This is an example of unsymmetrical bend­
ing and will be elaborated upon here. 

From the principles of mechanics, any couple, which may be a bending 
moment at a section of a beam, may be resolved into components. Hence a 
bending moment such as shown in Fig. 7-14(a) may be resolved into the two 
components shown in Fig. 7-14(b). The component of the bending moment 
M acting around the z-axis is M cos rJ,, while the one acting around the y-axis 

•see the appendix to Chapter 8. 

t Since the problem is more general than something lacking symmetry, it may be termed 
skew bending. This corresponds to the use of the words schiefe in German and k osoi in 
Russian, which mean inclined or skew. 

t See E. F. Bruhn, Analysis and Design of Flight Vehicle Structures, Cincinnati, Ohio : 
Tri-State, 1965. 
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is IM sin rx I-* The sense of each component follows from the sense of the 
total moment M. This procedure may always be used to find the bending 
moments which act only around the principal axes of the cross section. Then 
these moments may be used separately in the usual flexure formula, and the 
compound normal stresses follow by superposition. If a member is subjected 
to pure unsymmetrical bending, this procedure gives all the stresses acting at 
a section through the member. On the other hand, if the bending moment is 
caused by a transverse force, shearing stresses will also be developed. These 
will be discussed later. 

EXAMPLE 7-7 

The 0.1 m by 0.15 m wooden beam shown in Fig. 7-15(a) is used to support a 
uniformly distributed load of 4 kN (total) on a simple span of 3 m. The 
applied load acts in a plane making an angle of 30° with the vertical, as shown 
in Fig. 7-15(b) and again in Fig. 7-15(c). Calculate the maximum bending 
stress at midspan, and, for the same section, locate the neutral axis. Neglect 
the weight of the beam. 

SOLUTION 

The maximum bending in the plane of the applied load occurs at the midspan, 
and according to Example 4-6 it is equal to w0 L2/8 or WL/8, where Wis the 
total load on the span L. Hence 

WL 4(3) 
M = 8 = g = l.5kN·m 

Next, this moment is resolved into components acting around the respective 
axes, i.e., 

M ,, = Mcos rx = 1.5(,/3/2) = 1.3 kN-m 

IMnl = Msin rx = 1.5(0.5) = 0.75 kN ·m 

By considering the nature of the flexural stress distribution about both prin­
cipal axes of the cross section, it may be concluded that the maximum tensile 

stress occurs at A. The maximum compressive stress is 
at C. The values of these stresses follow by superposing 

Y the stresses caused by each moment independently. 
Stresses at the other two corners of the cross section 
are similarly determined. 

*In vectorial representation of a couple, Fig. 7-A, the bending 
moment Mis shown by a vector with a double-headed arrow, 
the sense of which coincides with the direction in which a 
right-hand screw would advance if turned in the direction of 
the sense of rotation of the moment. Thence resolution of 

Fig. 7-A this moment is carried out as for a force. 
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A 

4kN :1 
tl<"-,~~~3~rn ===1:J 
(a) 

I) 

z 

.., 

(C) 

y -i~ 
View A-A 

Direction of load 

= 30° 
a D =---= 4 70 k Pa ,....D __ __,c 

r 

-6 470 kPa D 
/ 

I 
I 

I 
I 

ii. 

t 
0.1 Sm 

B a 

(d) 

af 

I 

__J 

+6 470 kPa A 

(c) 

B + 470 kPa 

( f) 

Fig. 7-15 

i 
0.15 - (I 

i ? 

A 

(g) 

a A ~ M,,c1 + MyyCz = (1.3)(0.075) + (0.75)(0.05) 
I,, l yy (0.1)(0.15) 3/12 (0.15)(0.1)3/12 

= + 3 470 + 3 000 = + 6 470 kPa 

aB = + 3 470 - 3 000 = + 470 kPa 

Ge= - 3 470 - 3 000 = - 6470kPa 

Gv = -3470 + 3000 = -470kPa 

(tension) 

(tension) 

(compression) 

(compression) 

B 

It is seen from this solution that the compound normal stresses at A and C 
are numerically equal. 

The neutral axis, which is a line of zero stress in a beam, may be located 
as in Example 7-5. However, the simplified diagrams shown in Figs. 7-15(d) 
and (f) serve the same purpose. From similar triangles, a/(0.15 - a) = 
470/(6 470) or a = 0.0102 m or 10.2 mm. This locates the neutral axis shown 
in Fig. 7-15(e). Note that since no axial force acts on the member, the line 
of zero stress passes through the centroid of the cross-sectional area. 

When unsymmetrical bending of a beam is caused by applied transverse 
forces, another procedure equivalent to the above is usually more convenient. 
The applied forces are first resolved into components which act parallel to 
the principal axes of the cross-sectional area. Then the bending moments 
caused by these components around the respective axes are computed for 
use in the flexure formula. For the above example, such components of the 
applied load are shown in Fig. 7-l 5(g). Note that to avoid torsional stresses, 
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0 -; 
Shear center 

Fig. 7-16. Applica­
tion of a lateral force 
through the shear 
center. No torsion is 
caused in the beam. 

the applied transverse forces must act through the shear center. For bilat­
erally symmetrical sections, e.g., a rectangle, a circle, an I-beam, etc., the 
shear center coincides with the geometric center (centroid) of the cross section. 
For other cross sections, such as a channel, the shear center lies elsewhere, 
as at O shown in Fig. 7-16, and it is at this point that the transverse force 
must be applied to prevent occurrence of torsional stresses. Single angles 
acting as beams must be treated similarly (see Fig. 6-22). For analysis of 
unsymmetrical bending, the applied forces must be resolved at the shear 
center parallel to the principal axes of the cross section. 

7-7. SUPERPOSITION OF SHEARING STRESSES 

In some situations, shearing stresses arise from torsion and a direct 
shearing force. The shearing stresses caused by each of these were discussed 
earlier in the text. In the chapter on torsion, only circular and thin-walled 
members were discussed in detail. This limits the type of problems which may 
be solved here. For problems where both torsional and direct shearing stresses 
may be determined, the compound shearing stress may be found by super­
position. This procedure is analogous to the one used earlier for compound 
normal stresses. However, while normal stresses act only toward or away 
from an element of a member, shearing stresses in the plane of a cut may act 
in any direction. This results in a more difficult stress analysis problem, and 
the general solution is beyond the scope of this book. Attention will be 
directed to instances where the shearing stresses being superposed have the 
same line of action. This limitation excludes relatively few significant prob­
lems. 

EXAMPLE 7-8 

Find the maximum shearing stress due to the applied forces in the plane A-B 
of the 10 mm diameter high-strength shaft shown in Fig. 7-17(a). 

SOLUTION 

Since only the stresses due to the applied forces are wanted, the weight of the 
shaft need not be considered. The free body of a segment of the shaft is shown 
in Fig. 7-l 7(b). The system of forces at the cut necessary to keep this segment 
in equilibrium consists of a torque, T = 20 N · m, a shear, V = 250 N, and a 
bending moment, M = 25 N · m. 

Due to the torque T, the shearing stresses in the cut A-B vary linearly 
from the axis of the shaft and reach the maximum value given by Eq. 3-3, 
'rmax = Tc/J. These maximum shearing stresses, agreeing in sense with the 
resisting torque T, are shown at points A, B, D, and E in Fig. 7-17{c). 

The "direct" shearing stresses caused by the shearing force V may be 
obtained by using Eq. 6-6, -r = VQ/(It). For the elements A and B, Fig. 
7-17(d), Q = 0, hence -r = 0. The shearing stress reaches its maximum value 
at the level ED. For this Q is equal to the cross-hatched area shown in Fig. 
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(c) 

B 

E D 

A 

(d) (e) 

Fig. 7-17 

7-17(d) multiplied by the distance from its centroid to the neutral axis. The 
latter quantity is y = 4c/(3n), where c is the radius of the cross-sectional area. 
Hence 

Moreover, since t = 2c, and I = J/2 = nc4/4, the maximum direct shearing 
stress is 

VQ V2c 3 4 4V 4V 
't'max - It - 2c 3 nc4 - 3nc 2 = 3A 

where A is the entire cross-sectional area of the rod. (A similar expression was 
derived in Example 6-3 for a beam of rectangular section.) In Fig. 7-17(d) 
this shearing stress is shown acting down on the elementary areas at£, C, and 
D. This direction agrees with the direction of the shear V. 

To find the maximum compound shearing stress in the plane A-B, the 
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F 

F 
(a) 

stresses shown in Figs. 7-l 7(c) and (d) are superposed. Inspection shows that 
the maximum shearing stress is at E, since in the two diagrams the shearing 
stresses at E act in the same direction. There are no direct shearing stresses at 
A and B, while at C there is no torsional shearing stress. The two shearing 
stresses act in opposite directions at D. The five points A, B, C, D, and E thus 
considered for the compound shearing stress are all that may be adequately 
treated by the methods developed in this text. However, this procedure 
selects the point where the maximum shearing stress acts. 

J = n
3
;

4 
= 7t(!~)

4 
= 9.82 x 102 mm4 = 9.82 x 10- 10 m4 

I=; = 4.91 X 10- 10 m4 

A = ! 1td 2 = 78.5 mm 2 = 78.5 x 10- 6 m2 

_ Tc _ 20(0.005) _ 6 
('rmax)torsioo - 7 - 9.82 X lQ-lO - 102 X 10 Pa 

_ VQ _ 4 V _ 4(250) _ 6 
( 'rmax)direct - It - 3A - 3(7S.5 X 10_6) - 4.25 X 10 Pa 

-rE::::::: (102 + 4)106 = 106 x 106 Pa = 106 MPa 

A planar representation of the shearing stress at E with the matching 
stresses on the longitudinal planes is shown in Fig. 7-17(f). No normal stress 
acts on this element as it is located on the neutral axis. 

F 
*7-8. STRESSES IN CLOSELY COILED 

HELICAL SPRINGS 

Fig . 7-1 8. Closely coiled helical spring 

Helical springs such as the one shown in Fig. 
7-l 8(a), are often used as elements of machines. With 
certain limitations, these springs may be analyzed 
for stresses by a method similar to the one used 
in the preceding example. The discussion will be 
limited to springs manufactured from rods or wires 
of circular cross section.* Moreover, any one coil 
of such a spring will be assumed to lie in a plane which 
is nearly perpendicular to the axis of the spring. This 
requires that the adjoining coils be close together. 
With this limitation, a section taken perpedicular 
to the axis of the spring' s rod becomes nearly 
vertical.t Hence to maintain equilibrium of a seg­
ment of the spring, only a shearing force V = F 

*For a complete discussion on springs see A. M., Wahl, Mechanical Springs, Cleveland, 
Ohio: Penton Publishing Co., J 944. 

t This eliminates the necessity of considering an axial force and a bending moment at the 
section taken through the spring. 
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0 

Fig. 7 - B 

and a torque T = p; are required at any section through the rod, Fig. 7-18(b). * 
Note that ; is the distance from the axis of the spring to the centroid of the 
rod's cross-sectional area. 

The maximum shearing stress at an arbitrary section through the rod 
could be obtained as in the preceding example, by superposing the torsional 
and the direct shearing stresses. This maximum shearing stress occurs at the 
inside of the coil at point E, Fig. 7-18(b). However, in the analysis of springs 
it has become customary to assume that the shearing stress caused by the 
direct shearing force is uniformly distributed over the cross-sectional area of 
the rod. Hence, the nominal direct shearing stress for any point on the cross 
section is -r = F/A. Superposition of this nominal direct and the torsional 
shearing stress at E gives the maximum compound shearing stress. Thus 
since T = p;, d = 2c, and J = nd4 /32, 

't"max = ~ + 7; = ~c(Jic + 1) = 
1;;\;, + 1) (7-5) 

It is seen from this equation that as the diameter of the rod d becomes 
small in relation to the coil radius ;, the effect of the direct shearing stress 
becomes small. On the other hand, if the reverse is true, the first term in the 
parenthesis becomes important. However, in the latter case the results indi­
cated by Eq. 7-5 are considerably in error, and Eq. 7-5 should not be used, 
as it is based on the torsion formula for straight rods. As d becomes numerical­
ly comparable to ;, the length of the inside fibers of the coil differs greatly 
from the length of the outside fibers, and the assumptions of strain used in 
the torsion formula are not applicable. 

The spring problem has been solved exactlyt by the methods of the 
mathematical theory of elasticity, and while these results are complicated, 
for any one spring they may be made to depend on a single parameter 
m = 2;jd, which is called the spring index. Thus Eq. 7-5 may be rewritten as 

(7-5a) 

where K may be interpreted as a stress-concentration factor for closely coiled 
helical springs made from circular rods. A plot of K vs. the spring index is 

*In previous work it has been reiterated that if a shear is present at a section, a change in 
the bending moment must take place along the member. Here a shear acts at every section 
of the rod, yet no bending moment nor a change in it appears to occur . This is so only 
because the rod is curved. An element of the rod viewed from the top is shown in the figure. 
At both ends of the element the torques are equal to Fr, and, using vectorial representation, 
act in the directions shown. The component of these vectors toward the axis of the spring 
0, resolved at the point of intersection of the vectors, 2Fr dt/>/2 = Fr di/>, opposes the couple 
developed by the vertical shears V = F, which are r di/> apart. 

tO. Goehner, "Die Berechnung Zylindrischer Schraubenfedern," Z eitschrift des Vereins 
deutscher lngenieure, March 1932, vol. 76 : l, p. 269. 
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~ 1.6 shown* in Fig. 7-19. For heavy springs the spring ... rr index is small, hence the stress-concentration factor 0 1.5 u 
~ K becomes very important. For all cases the factor 
g 1.4 H" ! 

K accounts for the correct amount of direct shearing 
~ u stress. Very high stresses are commonly allowed 
5 in springs because high-strength materials are used 
u 1.2 g in their fabrication. For good quality spring steel, 
u 

"' I.I working shearing stresses range anywhere from "' <.> ... 200 MPa to 700 MPa . vi 
1.02 4 6 8 IO 12 14 16 

S . . d 2 r 
pnng m ex m = d *7-9. DEFLECTION OF CLOSELY COILED 

HELICAL SPRINGS 
Fig. 7-19. Stress-concentraton factor for 
helical round-wire compression or tension 
springs As the subject of closely coiled helical springs 

was introduced above, for completeness, their 
deflection will be discussed in this article. Attention 

will be confined to closely coiled helical springs with a large spring index, 
i.e., the diameter of the wire will be assumed small in comparison with the 
radius of the coil. This permits the treatment of an element of a spring be­
tween two closely adjoining sections through the wire as a straight circular 
bar in torsion. The effect of direct shear on the deflection of the spring will be 
ignored. This is usually permissible as the latter effect is small. 

F 

F 

Fig. 7-20. Diagram 
used in deriving the 
expression for the 
deflection of a helical 
spring 

Consider a helical spring such as shown in Fig. 7-20. A typical element 
AB of this spring is subjected throughout its length to a torque T = Fi. 
This torque causes a relative rotation between the two adjoining planes A 
and B, and with sufficient accuracy the amount of this rotation may be ob­
tained by using Eq. 3-8, d<f> = T dx/(JG), for straight circular bars. For this 
equation, the applied torque T = Fi, dx is the length of the element, G is the 
shearing modulus of elasticity, and J is the polar moment of inertia of the 
wire's cross-sectional area. 

If the plane of the wire A is imagined fixed, the rotation of the plane B 
is given by the foregoing expression. The contribution of this element to the 
movement of the force Fat C is equal to the distance BC multiplied by the 
angle d<f>, i.e., CD = BC d<f>. However, since the element AB is small, the 
distance CD is also small, and this distance may be considered perpendicular 
(although it is an arc) to the line BC. Moreover, only the vertical component 
of this deflection is significant, as in a spring consisting of many coils, for any 
element on one side of the spring there is a corresponding equivalent element 
on the other. The diametrically opposite elements of the spring balance out 
the horizontal component of the deflection and permit only the vertical 

• An analytical expression which gives the value of K within 1 or 2 % of the true value is 
frequently used. This expression in terms of the spring index mis Ki = (4m - 1)/(4m - 4) 
+ 0.615/m. It was derived by A. M. Wahl on the basis of some simplifying assumptions 
and is known as the Wahl correction factor for curvature in helical springs. 
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deflection of the force F. Therefore, by finding the vertical increment ED of 
the deflection of the force F due to an element of the spring AB and summing 
such increments for all elements of the spring, the deflection of the whole 
spring is obtained. 

From similar triangles CDE and CBH, 

ED HB 
en = BC or 

CD 
ED = BCHB 

However, CD = BC d<p, HB = F, and ED may be denoted by dA, as it 
represents an infinitesimal vertical deflection of the spring due to rotation of 
an element AB. Whence dA = r d<p and 

A - Jd'A - J-dA- _ 1L _Tdx = TLF 
Ll - Ll - r 'I' - r JG JG 

0 

However, T = Fr, and for a closely coiled spring the length L of the wire may 
be taken with sufficient accuracy as 2nrN, where N is the number of live or 
active coils of the spring. Hence the deflection A of the spring is* 

A _ 2nFr3N 
Ll - JG (7-6) 

or if the value of J for the wire is substituted, 

A _ 64Fr3N 
Ll - Gd4 (7-6a) 

Equations 7-6 and 7-6a give the deflection of a closely coiled helical 
spring along its axis when such a spring is subjected to either a tensile or com­
pressive force F. In these formulas the effect of the direct shearing stress on 
the deflection is neglected, i.e., they give only the effect of torsional deforma­
tions. 

The behavior of a spring may be conveniently defined by a force re­
quired to deflect the spring a unit distance. This quantity is known as the 
spring constant. It is designated in this text by k. From Eq. 7-6a the spring 

constant for a helical spring made from a wire with 
a circular cross section is 

Bearing 
[~] or [i!.J 

• A convenient set-up for deriving the deflection of a helical 
spring consists of imagining the spring unwound as shown in 
the figure. The deflection hp = Ii of the force F due to the 
torsional effect on this rod is equivalent to the deflection of 

Fig. 7-C a helical spring with the same dimensions. 
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PROBLEMS FOR SOLUTION 

7-1. A W 14 x 61 beam is loaded with a uni­
formly distributed load of 2 kips/ft, including its 
own weight and an axial tensile force of 120 kips. 
Determine the maximum normal stress if the 
beam spans 10 ft. (Hint: see Example 4-6.) Ans. 
9.95 ksi. 

7-2. AW 10 x 49 connecting beam 8 ft. long 
is subjected to a pull P of 100 kips as shown in the 
figure. At the ends where the pin connections are 
made the beam is reinforced with doubler plates, 
although parts of the flanges are removed . Deter­
mine the maximum flange stress in the middle of 
the member caused by the applied forces P. Quali­
tatively briefly discuss the load transfer at the 
ends. Where most likely would the highest 
stressed regions in this member be? 

p ti) 
PROB. 7 - 2 

7-3. A machine part for transmitting a pull of 
15 kN is off-set as shown in the figure. Find the 
largest normal stress in the off-set portion of the 
member. Ans: - 50.7 MN/m 2• 

15 kN 

a 

t 
a 

e = 25 mm 

fi tso mm 

H 
50 mm 

PROB. 7 - 3 

7-4. An offset link is similar to the one shown 
in the preceding problem but is larger and has a 

CHAP. 7 PROBLEMS FOR SOLUTION 

cross section in the form of a T, see figure. At the 
ends of the link the tensile forces Pare applied 4 
in. above the bottom of the flanges, and the offset 
e = 2½ in. from the line of action of these forces. 
Find the maximum stress if P = 40 kips and the 
material behaves elastically. 

---1 ,. 
_1_~ 

7• 

PROB. 7-4 

7-5. A beam having the cross-sectional dimen­
sions shown in the figure is subjected at a given 
section to the following forces: a bending mo­
ment of + 20 kN · m a total vertical shear of + 20 
kN, and an axial thrust of 30 kN. Determine the 
resultant normal force on the shaded part of the 
cross-section. Ans: - 82.5 kN. 

-ITT-
H 
150mm 

PROB. 7- 5 

7-6. Compute the maximum compressive 
stress acting normal to section a- a of the mast of 
Problem 4-19. 

7-7. A large hook fabricated from a struc­
tural steel T (AISC designation: WT 48) is loaded 
as shown in the figure. D etermine the largest 
normal stress at the built-in end. For this section, 
A = 2.22 in. 2 and / 0 = 3.29 in. 4 Ans: 20 ksi . 
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a 

I " -u- . 
J 4_02,, ~ Centroid 

1--14.06" 
Section a- a 

PROB. 7 -6 

7-8. A cast iron frame for a punch press has 
the proportions shown in Lhe figure. What force P 
may be applied to this frame controlled by the 
stresses in the sections such as a-a, if the allow­
able stresses are 4,000 psi tension and 12,000 psi 
in compression? Ans: 9.12 k. 

a 

Section a - a 

PROB. 7 8 

7-9. A short 100 mm square steel bar with a 
50 mm diameter axial hole is built in at the base 

50mm--N__ 
diamhole~w 

IOOmml-__ P 

I 
I 
I 
I 400 mm 
I 
I 
I 
I 

PROB. 7 - 9 

CHAP. 7 COMPOUND STRESSES 

and is loaded at the top as shown in the figure. 
Neglecting the weight of the bar, determine the 
value of the force P so that the maximum normal 
stress at the built-in end would not exceed 140 
MPa. Ans: 129 kN. 

7-10. An inclined beam having a cross-section 
of 0.20 m by 0.30 m supports a downward load as 
shown in the figure. Determine the maximum 
stress acting normal to the section A-A. Assume 
no eccentricity of the load or reactions and neglect 
the weight of the member. 

PROB. 7 - 10 

7-11. A machine part having cross-sectional 
dimensions of 30 mm by 10 mm is loaded as 
shown in the figure. Determine the largest stress 
acting normal to the section A-A caused by the 
applied force. All dimensions given in the figure 
are in mm. 

Pin 

-::::::=~i:::__~~-=nr=.=---f..;2s 
-------------+-'30 

50 

2 

PROB. 7 -11 

7-12. A force of 169.8 kips is applied to a bar 
BC at C as shown in the figure. Find the maxi­
mum stress acting normal to the section A-A. The 
member BC is made from a piece of 6 in. b)l 6 in. 
steel bar. Neglect the weight of the bar. Ans: 
- 18 ksi. 
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PROB. 7 - 12 

7-13. A factory stairway having the centerline 
dimensions shown in the figure is made from two 
9-in., 13.4-lb steel channels on edge separated by 
treads framing into them. The loading on each 
channel, including its own weight, is estimated to 
be 200 lb per foot of horizontal projection. As­
suming that the lower end of the stairway is 
pinned and that the wall provides only horizontal 
support at the top, find the largest normal stress 
in the channels 5 ft above the floor level. Ans: 
- 2,600 psi. 

10' 

PROB. 7- 13 

7-14. Rt:;,vise Prob. 7-13 by assuming that the 
upper ends of the stair channels are pinned, and 
that the lower ends can slide freely horizontally. 
Ans: - 5,170 psi. 

7-15. Calculate the maximum compressive 
stress acting on section a- a caused by the applied 

CHAP. 7 PROBLEMS FOR SOLUTION 

load for the structure shown in the figure. The 
cross section at section a-a is that of a solid cir­
cular bar of2-in. diameter. Ans: - 1,110 psi. 

~ 07 1b 

a I~ 

a 
6· 5' 

PROB. 7- 15 

7-16. If in Prob. 4-31 the post is a circular 
timber 0.30 m. in diameter, what is the largest 
tensile stress acting normal to a section 2.5 m 
above the bottom of the post? 

7-17. Compute the maximum compressive 
stress acting normal to the section a-a for the 
structure shown in the figure. The post AB has a 
12-in.-by-12-in. cross section. Neglect the weight 
of the structure. Ans: - 174 psi. 

Pin 

ft' 

6' 

Cable 

I' 
12 ' 

8' 

PROB. 7 - 17 

7-18. Determine the largest stress acting nor­
mal to the critical section through the member AB 
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caused by the applied force of 11.3 kips. The joint 
C is "rigid" and the member AB is made of an 
W 8 x 31 section. (Hint: check sections just 
above and just below C.) Ans: - 13 ksi. 

8 

6' 

4' 2' 

PROB. 7 18 

7-19. A pin-joined bracket is loaded as shown 
in the figure. Determine the largest stress acting 
normal to the section A-A caused by the applied 
force of 18.4 kN. The cross-sectional area at A-A 
is 40 mm by 30 mm. All dimensions shown in the 
figure are in mm. 

18.4 k 
I 

75 

150 

450 

Clevis 

PROB. 7 - 19 

7-20. A jib crane is made from an 8-in., 18.4-
lb, steel I-shaped beam and a high-strength steel 
rod as shown in the figure. (a) Find the location 
of the movable load P that would cause the lar­
gest bending moment in the beam. Neglect the 
weight of the beam. (b) Using the load location 

CHAP. 7 COMPOUND STRESSES 

found in (a), how large may the load P be? 
Assume that the effect of shear in the beam is 
not significant, and let the allowable normal stress 
in the beam be 18,000 psi. Comment on the accu­
racy of the criterion established in (a). Ans: (a) 
5 ft., (b) 7,940 lbs. 

9' 

PROB. 7 - 20 

7-21. A steel frame fabricated from W 8 x 17 
steel sections supports a load P at a distance d 
from the center of the vertical column as shown in 
the figure. On the outside of the column at a dis­
tance 5 ft from the ground the following strains 
were measured: at A, e = 200 x 10- 6 in. per 
inch; and at B, e = - 600 x 10- 6 in. per inch. 
What are the magnitudes of the load P and the 
distance d? let E = 30 x 106 psi. Ans: 30 k, 
5.63 in. 

d I p .. 

10 I A 8 

S' 

,,,, 

PROB. 7 - 21 

7-22. A bar having a 0.10 m by 0.10 m cross­
section is subjected to a single force Fas shown in 
the figure. The longitudinal stresses on the ex-
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treme fibers at two sections 0.20 m apart are 
determined experimentally to be: U ,4 = O; u0 

= -30 MPa; U c = - 24 MPa; U n = - 6 MPa. 
Determine the magnitude of the vertical and hori­
zontal components of the force F. 

A B 

0.20 mt 

C D 

0.1 m 

1/. 

PROB. 7 - 22 

7-23. In order to obtain the magnitude of an 
eccentric vertical load F on a tee-shaped steel 
column, strain gages are attached at A and B as 
shown in the figure. Determine the value of F if 
the longitudinal strain at A is - 100 x l o- 6 in.fin. 
and at B is -800 x 10- 6 in.fin. Let E = 30 

A~ 

I· J", ! ' ; " 'I 
-le ----

I 

A 
j ___ 

B I 

I 
I 

I 
i 

~ 

PROB. 7 - 23 

CHAP. 7 PROBLEMS FOR SOLUTION 

x 106 psi, G = 12 x 106 'si. The cross-sectional 
area of the column is 24 in. 2 Ans: 261 k. 

7-24. A steel hook, having the proportions in 
the figure, is subjected to a downward load of 
19 kips. The radius of the centroidal curved axis 
is 6 in. Determine the maximum stress in this 
hook. 

PROB. 7- 24 

7-25. A steel bar of 50 mm diameter is bent 
into a nearly complete circular ring of 300 mm 
outside diameter as shown in the figure. (a) Cal­
culate the maximum stress in this ring caused by 
applying two 10 kN forces at the open end. (b) 
Find the ratio of the maximum stress found in (a) 
to the largest compressive stress acting normal to 
the same section. 

300mm 

PROB. 7 - 25 

7-26. The dimensions of a small concrete 
dam, retaining a water surface level with its crest, 
are shown in the figure. Assuming that concrete 
is capable of resisting some tension, determine the 
stresses acting normal to a horizontal section 2.0 
m below the top. Assume that water weighs l 0 
kNfm 3 and concrete 25 kNfm3• 
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Water surface 

3m 

I, 2 m 

PROB. 7 - 26 

7-27. What should the total height h of the 
dam shown in the cross-sectional view be so that 
the foundation pressure at A is just zero? Assume 
that water weighs 62.5 lb/ft 3 and concrete 150 
lb/ft3. Ans: 27.6 ft. 

4' 

Fl -----~ 

h 
20' 

PROB. 7 - 27 

7-28. What must the thickness t of a rectan-
gular concrete dam 1.5 m high be in order to 
retain a water level even with its crest, as shown 
in the figure, without causing tension on the foun­
dation at the upstream face? Assume the same 
unit weights as in Prob. 7-26. Ans: 1.04 m. 

PROB. 7 - 28 

CHAP. 7 COMPOUND STRESSES 

7-29. A short block has cross-sectional dimen-
sions in plan view as shown in the figure. Deter­
mine the range along the line A-A over which a 
downward vertical force could be applied to the 
top of the block without causing any tension at 
the base. Neglect the weight of the block. Dimen­
sions given in the figure are in mm. 

200 

A 

PROB. 7 - 29 

7-30. The cross-sectional area in plan view of 
a short block is in the shape of an "arrow" as 
shown in the figure. Find the position of the ver­
tical downward force on the line of symmetry of 
this section so that the stress at A is just zero. 
Ans: 6.944 in. from A. 

PROB. 7 JO 

7-31. Rework Example 7-5 by placing the 
vertical force P in line with the side AD and at a 
distance of 375 mm from the axis of symmetry. 

7-32. If the block shown in Fig. 7-12(a) is 
made from steel weighing 75 kN/m3, find the 
magnitude of the force P necl!ssary to cause zero 
stress at D. Neglect the weight of the small bracket 
supporting the load. For the same condition, 
locate the line of zero stress at the section A BCD. 

7-33. An 8-ft-diameter steel stack, partially 
lined with brick on the inside, together with a 
20-ft-by-20-ft concrete foundation pad weighs 
160,000 lb. This stack projects 100 ft above the 
ground level, as shown in the figure, and is an-
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chored to the foundation. If the horizontal wind 
pressure is assumed to be 20 lb per square foot of 
the projected area of the stack and the wind blows 
in the direction para llel to one of the sides of the 
square foundation, what is the maximum founda­
tion pressure? Ans: 1.21 k per square foot. 

8' 

20' 

PROB. 7-33 

100' 

7-34. A cast iron block is loaded as shown in 
the figure. Neglecting the weight of the block, 
determine the stresses acting normal to a section 
taken 0.5 m below the top and locate the line of 
zero stress. All dimensions given in the figure are 
in mm. Ans: ± 24.6 MPa, ± 9.6 MPa. 

PROB. 7 - 34 

7-35. An a luminum-alloy block is loaded as 
shown in the figure. The application of this load 
produces a tensile strain of 500 x 10- 6 mm. per 
mm at A as measured by means of an electrical 

CHAP. 7 PROBLEMS FOR SOLUTION 

strain gage. Compute the magnitude of the ap­
plied force P. Let E = IO x 106 kN/ m 2 • All 
dimensions given in the figure are in mm. 

400 

20 

Gage A_) 

PROB. 7 - 35 

7-36. If the application of an inclined force F 
at the centroid of the top surface of a member, as 
shown in the figure, causes a strain of - 0.000100 
at the gage A, what is the magnitude of the 
applied force P? Let E = 210 0Pa. 

2 
I ~----,, 
/ /' 

f-----
1 
I 

2' I 

F 

F 

0.50 m o~ffi 
I o.,6 m I 

-'---+----t-A 

PROB. 7-J6 

7-37. A T-beam of linearly elastic-plastic 
material has the dimensions shown in the figure. 
(a) If the strain is - e YP at the top of the flange 
and is zero at the juncture of the web with the 
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flange, what axial force P and bending moment M 
act on the beam? Assume <1 YP = 36 ksi. (b) Deter­
mine the residual stress pattern which would 
develop upon removal of the forces in (a). 

PROB. 7- 37 

7-38. A short compression member has the 
proportions shown in the figure; its A = 72.9 in. 2, 

I ,, = 1,199 in.4, and ! yy = 633 in. 4 Determine the 
distance r a long the diagonal where a longitudinal 
force P should be applied so that point A lies on 
the line of zero stress. Neglect the weight of the 
member. Ans: 53 in. 

PROB. 7 - 38 

7-39. D etermine the kern for a member hav-
ing a solid circular cross section. 

7-40. A 6 m long, 150 mm by 200 mm beam 
is loaded in the middle of the span with an inclin­
ed concentrated force of 5 kN, as shown in the 

PROB 7 40 

CHAP. 7 COMPOUND STRESSES 

cross-sectional view. Neglecting the weight of the 
beam, find the maximum bending stress and 
locate the neutral axis. Ans: NA passes through 
Cand D. 

7-41. A 6 m long, 150 mm by 200 mm beam 
is to be loaded in the middle of the span with an 
inclined concentrated force P, as shown in the 
cross-sectional view. If the maximum bending 
stress is 8 500 kN/m 2, neglecting the weight of the 
beam, what may the value of the force P be? All 
dimensions shown in the figure are in mm. 

PROB. 7 - 41 

7-42. A full-sized, 2 in. by 4 in . horizontal can­
tilever projects 4 ft from a concrete pier into 
which it is cast in a tilted position as shown in the 
figure. At the free end a vertical force of I 00 lb is 
applied which acts through the centroid of the 
section. Determine the maximum flexural stress, 
caused by the applied force, in the beam at the 
built-in end and locate the neutral axis. Neglect 
the weight of the beam. Ans: ± 1,423 psi, 3.34 
in. 

PROB. 7 - 42 

7-43. An inclined force Pacts on a cantilever 
beam in the plane shown in the cross-sectional 
view. At the section considered, the total resisting 
moment in the plane of the force is 8,000 ft-lb. 
Find the bending stress at point A. Ans: 325 psi. 
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p 4" 

2" 

12" 

2" 

2" 2" 

8" 

PROB. 7 - 43 

7-44. A tilted , simply supported beam with a 
depth to width ratio of 2 to 1 is to span 4 m and 
is to carry a uniformly distributed load of 15 kN 
per linear meter, including its own weight, ap­
plied as shown in the figure. (a) Determine the 
required dimensions of the beam so that the 
maximum stress due to bending does not exceed 
10 MN/m 2. (b) Locate the neutral axis of the 
beam and show its position on the sketch. 

15 kN/m 

PROB. 7 - 44 

7-45. A rectangular cantilever 250 mm long is 
loaded with P = 50 kN at the free end as shown 
in the figure. Determine the maximum shearing 
stress at the built-in end due to the direct shear 
and the torque. Show the result on a sketch analo­
gous to Fig. 7-17(e). All dimensions shown in the 
figure are in mm. Ans: 35.3 MPa. 

CHAP. 7 PROBLEMS FOR SOLUTION 

p 

100 

PROB. 7 - 45 

7-46. A helical compression spring is made 
from ¼ in. diameter phosphor-bronze wire and 
has an outside diameter of l¼ in. If the allow­
able shearing stress is 30,000 psi, what force may 
be applied to this spring? Correct the answer for 
stress concentrations. Ans: 17.6 lb. 

7-47. A helical value spring is made of¼ in. 
diameter steel wire and has an outside diameter of 
2 in. Ia operation the compressive force applied 
to this spring varies from 20 lb minimum to 70 lb 
maximum. If there are 8 active coils, what is the 
valve lift (or travel), and what is the maximum 
shearing stress in the spring when in operation? 
G = 11.6 x 106 psi. Ans: 0.38 in. 

7-48. A helical spring is made of 12 mm dia­
meter steel wire by winding it on a 120 mm dia­
meter mandrel. If there are 10 active coils, what 
is the spring constant? G = 82 x 106 kN/m 2• 

What force must be applied to the spring to 
elongate it 40 mm? Ans: 370 N. 

7-49. If a helical tension spring consisting of 
12 live coils of 6 mm steel wire and of 30 mm out­
side diameter is attached to the end of another 
helical tension spring of 18 live coils of 8 mm 
steel wire and of 40 mm outside diameter, what is 
the spring constant for this two spring system? 
What is the largest force that may be applied to 
these springs without exceeding a shearing stress 
of480 MN/m 2 ? G = 82 GN/m 2• 

Note: Problems on bending of unsymmetric sec­
tions are at the end of Chapter 8. 

233 

www.konkur.in



y 

(a) 

(b) 

p 

r 

Analysis of 
Plane Stress 
and Strain 
8-1. INTRODUCTION 

All fundamental formulas used in this text for determining the stresses 
at a section of a member have already been established. In the preceding 
chapter these formulas were classified into two groups. One group permits 
the determination of the normal stresses on the elements, the other, the 
shearing stresses. Superposition or compounding of like stresses was dis­
cussed in the same chapter. However, in some cases normal and shearing 
stresses may act simultaneously on an element of a member. For example, 
in a circular shaft that transmits torque with an axial force, all elements 
except those on the axis, simultaneously experience to rsional shearing stresses 
and axial normal stresses. In fact, if an axial force, or a bending moment, 

acts with a shear, or a torque, some elements are 
subjected to both normal and shearing stresses. In 
these cases, both shearing and normal stresses are 
needed to describe completely all the stresses acting 
on an infinitesimal element, i.e., to define its state 
of stress. For example, the state of stress for an 
infinitesimal element A of a beam shown in Fig. 
8-l(a) is given in Fig. 8-l(b). Using the procedures 
developed thus far, the planes that isolate this 
element are either parallel or perpendicular to the 
axis of the member. This method of isolating ele­
ments has been used throughout the text. 

In this chapter it will be shown that by chang­
ing the orientation of an element, as defined by the 
angle 0 for the element in Fig. 8-l(c), it is possible 
to describe the state of stress at a point in an 

a IJ + 90 in.finite number of ways, which are all equivalent. In 
developing this procedure, a combination and reso­
lution of normal and shearing stresses will be 

Fig . s-1. The state of stress at a point des- accomplished, whereas in the preceding chapter 

(c) 

cribed alternatively only the superposition of like stresses was treated. 
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For this, the laws of transformation of stress at a point will be developed, that 
is, equations will be derived that transform the information given by the 
conventional stress formulas into equivalent stresses acting on any plane 
through a given point. The planes where the normal or the shearing stresses 
reach their maximum intensity will also be determined, as the stresses asso­
ciated with these planes have a particularly significant effect on materials. 

The latter part of this chapter will deal with a topic parallel to the above 
for transformation of strains associated with one set of axes to a different 
set of axes. Some additional information on stress-strain relations for linearly 
elastic materials will also be presented. 

8-2. THE BASIC PROBLEM 

Although the components of stress at a point are vectorial in nature, they 
are not ordinary vectors. Mathematically they do not obey the laws of vector 
addition and subtraction. Stresses are vectors of a higher order,* because, 
in addition to having a magnitude and a sense, they are also associated with 
the unit of area over which they act. Hence, in combining the normal and the 
shearing stresses, the basic problem is solved by first converting the stresses 
into forces, which are vectors and consequently can be added or subtracted 
vectorially. 

This procedure will be first illustrated on a numerical example . Then 
the developed approach will be generalized to obtain algebraic relations for 
a stress transformation, which enable one to obtain stresses on any inclined 
plane from a given state of stress. The methods used in these derivations do 
not involve properties of a material. Therefore, providing the initial stresses 
are given, the derived relations are applicable whether the material behaves 
elastically or plastically. 

In deriving the laws of transformation of stress at a point, complete 
generality will be avoided in this text. Instead of treating a general three 
dimensional state of stress,t such as shown in Fig. 8-2(a), elements with 
stresses as shown in Fig. 8-2(b) will be considered. In practical applications 
this type of stress is particularly significant since it is usually possible to 
select at an outer boundary of a member one face of an element, such as 
ABCD in Fig. 8-2(b), which is free of significant surface stresses. On the 
other hand, the stresses acting on such elements right at the surface of a 
body are the highest ones stressed in a direction parallel to the surface. As 
before, for simplicity, the stresses acting on such elements will be shown as 
in Fig. 8-2(c). 

*In the mathematical theory of elasticity they are termed second rank tensors. 

tFor a more general treatment of stress transformation the reader is referred to books on 
elasticity or plasticity. In the derivation developed here, in addition to <Jx, the normal stress 
<Jy is considered. The situation of having two normal stresses will be encountered in the 
next chapter in connection with thin shells. 
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(b) (c) 

Fig . 8-2 . Representation of stresses acting on an element 

EXAMPLE 8-1 

Let the state of stress for an element be as shown in Fig. 8-3(a). An alternative 
representation of the state of stress at the same point may be given on an 
infinitesimal wedge with an angle of IX = 22-!° as in Fig. 8-3(b). Find the 
stresses which must act on the plane AB of the wedge to keep the element in 
equilibrium. 

A 

I 

~ ' 
C B C 

2 MPa --r,MPa 
I 

I I MPa 

(b) (c) 

Fig. 8 -3 

SOLUTI ON 

The wedge ABC is a part of the element in Fig. 8-3(a); therefore the stresses on 
the faces AC and BC are known. The unknown normal and shearing stresses 
acting on the face AB are designated in the figure by r,,. and -r ,., respectively. 
Their sense is assumed arbitrarily. 

To determine r,,. and -r,. , for convenience only, let the area of the face 
defined by the line AB be 1 m 2• Then the area corresponding to the line AC is 
equal to (I ) cos IX = 0.924 m2 ; and that to BC is equal to (I) sin IX = 0.383 
m. 2 (More rigorously, the area corresponding to the line AB should be taken 
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as dA, but this quantity cancels out in the subsequent algebraic expressions.) 
Forces F 1, F2 , F 3 , and F4 , Fig. 8-3(c), can be obtained by multiplying the 
stresses by their respective areas. The unknown equilibrant forces N and S 
act respectively normal and tangential to the plane AB. Then, applying the 
equations of static equilibrium to the forces acting on the wedge gives the 
forces N and S. 

F 1 = 3(0.924) = 2.78 MN 

F3 = 2(0.383) = 0.766 MN 

F2 = 2(0.924) = 1.85 MN 

F4 = 1(0.383) = 0.383 MN 

I: Fs = 0, 

N = F 1 cos rx, - F 2 sin rx, - F 3 cos rx, + F 4 sin rx, 

= 2.78(0.924) - 1.85(0.383) 

- 0.766(0.924) + 0.383(0.383) 

= 1.29 MN 

S = F 1 sin rx, + F 2 cos rx, - F 3 sin rx, - F 4 cos rx, 

= 2.78(0.383) + 1.85(0.924) 

- 0.766(0.383) - 0.383(0.924) 

= 2.12 MN 

The forces N and S act on the plane defined by AB, which was initially 
assumed to be 1 m2 • Their positive signs indicate that their assumed directions 
were chosen correctly. Dividing these forces by the area on which they act, 
the stresses acting on the plane AB are obtained. Thus a « = 1.29 MPa and 
'f« = 2.12 MPa and act in the direction shown in Fig. 8-3(b). 

The foregoing procedure accomplished something remarkable. It 
transformed the description of the state of stress from one set of planes to 
another. Either system of stresses pertaining to an infinitesimal element 
describes the state of stress at the same point of a body. 

The procedure of isolating a wedge and using the equations of the 
equilibrium of forces to determine stresses on inclined planes is fundamental. 
Ordinary sign conventions of statics suffice to solve any problem. The reader 
is urged to return to this approach whenever questions arise regarding the 
more advanced procedures developed in the remainder of this chapter. 

8-3. EQUATIONS FOR THE TRANSFORMATION OF PLANE 
STRESS 

Two algebraic expressions, one for the normal stress and one for the 
shearing stress, can be developed to give these stresses in terms of the initially 
known stresses and of an angle of inclination of the plane being investigated. 
The dependence of the stresses on the inclination of the plane thus becomes 
clearly apparent. The derivatives of these algebraic expressions with respect 
to the angle of inclination, when set equal to zero, locate the planes on which 
either the normal or the shearing stress reaches a maximum or minimum 
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value. The stresses on these planes are of great importance in predicting the 
behavior of a given material. 

The algebraic equations will be developed using an element, shown 
in Fig. 8-4(a), in a state of general plane stress. The normal tensi le stresses 
are positive, and the compressive stresses are negative. Positive shearing 
stress is defined as acting upward on the right face DE of the element . The 
senses of the other shearing stresses follow from the equilibrium require­
ments. This sign convention for shear stress is opposite to that established in 
Art. 4-7 and will be used only for this work. Here the transformation of stresses 
is sought from the xy system of coordinate axes to the x'y' system. The 
angle 0, which locates the x' axis, is positive when measured from the x axis 
toward the y axis in a counterclockwise direction. 

By passing a plane BC normal to the x' axis through the element, the 
wedge in Fig. 8-4(b) is isolated. The plane BC makes an angle 0 with the 

.r 

C D Ly -r Ox 
B E 

X 

(a) 

(b) (c) 

Fig. 8-4. Elements for derivation of formulas for stresses on an inclined 
plane 
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vertical axis, and, if this plane has an area dA, the are-as of the faces AC and 
AB are dA cos 0 and dA sin e , respectively. Multiplying the stresses by their 
respective areas, a diagram with the forces acting on the wedge can be 
constructed, Fig. 8-4(c). Then, by applying the equations of static equilib­
rium to the forces acting on the wedge, stresses q x'• and 't"x'y' are obtained: 

1: Fx, = 0, (1 x' dA = (1 x dA cos 0 cos 0 + (1 y dA sin 0 sin 0 

+ 'r xy dA cos 0 sin 0 + 'rxy dA sin 0 cos 0 

(Ix' = (Ix cos2 0 + (ly sin2 0 + 2-rxy sin 0 cos e 
_ (I + cos 20) + ( 1 - cos 20) + ,.. s·n 20 - (1 x 2 (1 y 2 • xy I 

(1x + (1y + (1x- (1y 20 + · 20 (Ix' = 2 2 cos 'r xy sm (8-1) 

Similarly, from I: Fy' = 0, 

(1 X - (1 y • 20 + 20 't"x'y' = -
2 

sm 'rxy cos (8-2) 

Equations 8-1 and 8-2 are the general expressions for the normal and 
the shearing stress, respectively, on any plane located by the angle 0 and 
caused by a known system of stresses. These relations are the equations for 
transformation of stress from one set of coorclinate axes to another. ote 
particularly that qx, qy, and 't"xy are initially known stresses. 

8-4. PRINCIPAL STRESSES 

Interest often centers on the determination of the largest po ible 
stress as given by Eqs. 8-1 and 8-2, and the planes on which such tre es 
occur will be found first. To find the plane for a maximum or a minimum 
normal stress, Eq. 8-1 is differentiated with respect to 0 and the derivative 
set equal to zero, i.e., 

Hence 

d:rr = - (1 X 2 (1 y 2 sin 20 + 2-r xy COS 20 = ~ 
~ o.; u_h c. lt\ 

o,'\ "' '" 

~I l\f't\ ~ 

(8-3) 

where the subscript of the angle 0 is used to designate the angle that defines 
the plane of the maximum or minimum normal stress. Equation 8-3 has 
two roots, since the value of the tangent of an angle in the diametrically 
opposite quadrants is the same, as may be seen from Fig. 8-5. These roots 
are I 80° apart, and, as Eq. 8-3 is for a double angle, the roots of 0 1 are 90° 
apart. One of these roots locates a plane on which the maximum normal 
stress acts; the other locates the corresponding plane for the minimum nor-
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Fig . 8-5. Angle functions for principal stresses 

ma! stress. To distinguish between these two roots, a prime and double 
prime notation is used. 

Before evaluating the above stresses, carefully observe that if the loca­
tion of planes on which no shearing stresses act is wanted, Eq. 8-2 must be 
set equal to zero. This yields the same relation as that in Eq. 8-3. Hence an 
important conclusion is reached: On planes on which maximum or mini­
mum normal stresses occur, there are no shearing stresses. These planes are 
called the principal planes of stress, and the stresses acting on these planes­
the maximum and minimum normal stresses-are called the pnnc1pal stresses. 

The magnitudes of the principal stresses can be obtained by substituting 
the values of the sine and cosine functions corresponding to the double 
angle given by Eq. 8-3 into Eq . 8-1. After this is done and the results are 
simplified, the expression for the maximum normal stress (denoted by a i) 
and the minimum normal stress (denoted by a 2) becomes 

~I I~{_ 
~~ s 

(8-4) 

where the positive sign in front of the radical must be used to obtain a 1, and 
the negative sign to obtain a 2 • The planes on which these stresses act can be 
determined by using Eq. 8-3. A particular root of Eq . 8-3 substituted into 
Eq. 8-1 will check the result found from Eq. 8-4 and at the same time will 
,locate the plane on which this principal stress acts . 

8-5. MAXIMUM SHEARING STRESSES 

If a x, a y, and 't' xy are known for an element, the shearing stress on any 
plane defined by an angle 0 is given by Eq. 8-2, and a study simi lar to the 
one made above for the normal stresses may be made for the shearing stress. 
Thus, similarly, to locate the planes on which the maximum or the minimum 
~hearing stresses act, Eq. 8-2 must be differentiated with respect to 0 and the 
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derivative set equal to zero. When this is carried out and the results are 
simplified, the operations yield 

where the subscript 2 is attached to 0 to designate the plane on which the 
shearing stress is a maximum or a minimum. Like Eq. 8-3, Eq . 8-5 has two 
roots, which again may be distinguished by attaching to 02 a prime or a 
double prime notation. The two planes defined by this equation are mutually 
perpendicular. Moreover, the value of tan 202 given by Eq. 8-5 is a negative 
reciprocal of the value of tan 20 1 in Eq. 8-3. Hence the roots for the double 
angles of Eq. 8-5 are 90° away from the corresponding roots of Eq. 8-3. 
This means that the angles that locate the planes of maximum or minimum 
shearing stress form angles of 45° with the planes of the principal stresses. 
A substitution into Eq. 8-2 of the sine and cosine functions corresponding 
to the double angle given by Eq. 8-5 and determined in a manner analogous 
to that in Fig. 8-5 gives the maximum and the minimum values of the shear­
ing stresses. These, after simplifications, are 

(8-6) 

Thus, the maximum shearing stress differs from the minimum shearing stress 
only in sign. Moreover, since the two roots given by Eq. 8-5 locate planes 
90° apart, this result also means that the numerical values of the shearing 
stresses on the mutually perpendicular planes are the same. This concept 
was repeatedly used after being established in Art. 2-9. In this derivation the 
difference in sign of the two shearing stresses arises from the convention for 
locating the planes on which these stresses act. From the physical point of 
view these signs have no meaning, and for this reason the largest shearing 
stress regardless of sign will be called the maximum shearing stress. 

The definite sense of the shearing stress can always be determined by 
direct substitution of the particular root of 02 into Eq. 8-2. A positive shear­
ing stress indicates that it acts in the direction assumed in Fig. 8-4(b), and 
vice versa. The determination of the maximum shearing stress is of utmost 
importance for materials that are weak in shearing strength. This will be 
discussed further in the next chapter. 

Unlike the principal stresses for which no shearing stresses occur on 
the principal planes, the maximum shearing stresses act on planes that are 
usually not free of normal stresses. Substitution of 02 from Eq. 8-5 into Eq. 
8-1 shows that the normal stresses that act on the planes of the maximum 
shearing stresses are O.~ v.. 4-,~ 

,_a,. + ay J~©{" 
(1 - 2 

,-A. Ol..°1-. 

(8-7) 
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Therefore a normal stress acts simultaneously with the maximum shearing 
stress unless a x + a Y vanishes . 

. If a x and a , in Eq. 8-6 are the S.....Zx, is zero and Eq. 8-6 
simplifies to 

(8-8) 

EXAMPLE 8-2 

For the state of stress in Example 8-1, reproduced in Fig. 8-6(a), (a) rework the 
previous problem for 0 = - 22±0

, using the general equations for the trans­
formation of stress; (b) find the principal stresses and show their sense on a 
properly oriented element; and (c) find the maximum shearing stresses with 
the associated normal stresses and show the results on a properly oriented 
element. 

SOLUTION 

Case (a). By directly applying Eqs. 8-1 and 8-2 for 0 = -22f , with a x = 

+ 3 MPa, Uy = + l MPa, and 'r xy = + 2 MPa, one has 

(1 x ' = 3 i 1 + 3 2 1 
cos ( - 45°) + 2 sin ( -45°) 

= 2 + 1 (0. 707) - 2(0. 707) = + 1.29 MPa 

'r x•, · = - 3 2 1 sin ( - 45°) + 2 cos ( - 45°) 

= + 1(0.707) + 2(0.707) = + 2.12 MPa 

The positive sign of Ux· indicates tension; whereas the positive sign of 'rx•y 

indicates that the shearing stress acts in the + y' direction, as shown in Fig. 
8-4(b). These results are shown in Fig. 8-6(b) as well as in Fig. 8-6(c). 

Case (b). The principal stresses are obtained by means of Eq. 8-4. The 
planes on which the principal stresses act are found by using Eq. 8-3. 

U 1 o r 2 = 3 i l ±J(3 2 1)2 + 22 = 2 ± 2.24 

a 1 = + 4.24 MPa (tension), a 2 = - 0.24 MPa (compression) 

20 'r xy 
tan I = (a x - Uy)/1 

2 
(3 - 1)/2 = 2 

20 1 = 63°26' or 63°26' + 180° = 243°26' 

Hence 0'1 = 31 °43 ' and 0'(= 121°43' 

This locates the two principal planes AB and CD, Figs. 8-6(d) and (e), on 
which a 1 and a2 act . On which one of these planes the principal stresses act 
is unknown. So, Eq. 8-1 is solved by using, for example, 01

1 = 31 °43'. The 
stress found by this calculation is the stress that acts on the plane AB. Then, 
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Fig . 8-6 

since 20'1 = 63°26', 

Io 

l(c) 
22 2 

(f) 

(i) 

<lx• = 
3 i 1 + 3 ;:- 1 cos 63°26' + 2 sin 63°26' = + 4.24 MPa = a 1 

This result , besides giving a check on the previous calculations, shows that 
the maximum principal stress acts on the plane AB. The complete state of 
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stress at the given point in terms of the principal stresses is shown in Fig. 
8-6(f). 

Case (c). The maximum shearing stress is found by using Eq. 8-6. The 
planes on which these stresses act are defined by Eq. 8-5. The sense of the 
shearing stresses is determined by substituting one of the roots of Eq. 8-5 
into Eq. 8-2. Normal stresses associated with the maximum shearing stress are 
determined by using Eq. 8-7. 

Hence 

't"max = ,v'[(3 - 1)/2]2 + 22 = ,.,/) = 2.24 MPa 

tan 20 2 = - <3 -
2 

l)/2 = -0.500 

202 = 153°26' or 

02 = 76°43 ' and 

I 53°26' + I 80° = 333°26' 

0'{ = 166°43' 

These planes are shown in Figs. 8-6(g) and (h). Then, using 202 = 153°26' in 
Eq. 8-2, 

3 - 1 -rx'y' = --2- sin 153°26' + 2 cos 153°26' = - 2.24 MPa 

which means that the shear along the plane EF has an opposite sense to that 
in Fig. 8-4(b). From Eq. 8-7 

a' = 
3 ! 1 

= 2 MPa 

The complete results are shown in Fig. 8-6(i). 
The description of the state of stress can now be exhibited in three 

alternative forms: as the originally given data, and in terms of the stresses 
found in parts (b) and (c) of this problem. All these descriptions of the state of 
stress at the given point are equivalent. 

8-6. AN IMPORTANT TRANSFORMATION OF STRESS 

A significant transformation of one description of a state of stress at 
a point to another occurs when pure shearing stress is converted into prin­
cipal stresses. For this purpose consider an element subjected only to shear­
ing stresses -rxy as in Fig. 8-7(a). Then from Eq. 8-4 the principal stresses 
<1 1 0 , 2 = ± -rxy• i.e., numerically <11> <1 2 , and 'rxy are all equal, although <1 1 

is a tensile stress and a 2 is a compressive stress. In this case, from Eq. 8-3 
the principal planes are given by tan 20, = oo , i.e., 202 = 90° or 270°. Hence 
01

1 = 45° and 0'i' = 135°; the planes corresponding to these angles are shown 
in Fig. 8-7(b ). To determine on which plane the tensile stress a I acts, a sub­
stitution into Eq. 8-1 is made with 201

1 = 90°. This computation shows that 
<1 1 = + -rxy ; hence the tensile stress acts perpendicular to the plane AB. 
Both principal stresses that are equivalent to the pure shearing stress are 
shown in Figs. 8-7(b) and (c). Therefore, whenever pure shearing stress is 
acting on an element it may be thought of as causing tension along one of 
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Fig. 8 -7. Pure shearing stress is equivalent to tension-compression 
stresses acting on inclined planes at 45 • to the saring planes 

the diagonals and compression along the other. The diagonal along which a 
tensile stress acts, such as DF in Fig. 8-7(a), is referred to as the positive 
shear diagonal. 

From the physical point of view, the transformation of stress found 
agrees completely with intuition. The material "does not know" the manner 
in which its state of stress is described, and a little imagination should con­
vince one that the tangential shearing stresses combine to cause pull along 
the positive shear diagonal and compression along the other diagonal. 

8-7. MOHR 'S CIRCLE OF STRESS 

In this article the basic Eqs. 8-1 and 8-2 for the stress transformation 
at a point will be re-examined in order to interpret them graphically. In 
doing this, two objectives wi ll be pursued. First, by graphically interpreting 
these equations, a greater ins ight into the general problem of stress transfor­
mation will be achieved. This is the main purpose of this article . Second, 
with the aid of graphical construction, a quicker solution of stress transfor­
mation problems can often be obtained. This will be discussed in the follow­
ing article. 

A careful study of Eqs. 8-1 and 8-2 shows that they represent a circle 
written in parametric form. That they do represent a circle is made clearer 
by first rewriting them as 

<lx + <ly _ <lx- <ly 20 + · 20 <lx• - 2 - 2 cos 't"xy sm (8-9) 

(l X - (l y 
O 20 + 20 't"x 'y' = - 2 sm 't"xy cos (8-10) 
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y 

(a) 

Then by squaring both these equations, adding, and simplifying 

( <1x + <Ty)
2 + 2 _ (<Tx - <Ty) 2 + 2 <Tx' - 2 Tx'y' - 2 Txy (8-11) 

In every given problem a x, <Ty, and Txy are the three known constants, and 
a x' and Tx'y' are the variables. Hence Eq. 8-11 may be written in more 
compact form as 

(ax' - a)2 + -r;,y' = b2 (8-12) 

where a = (a x+ ay)/2 and b2 = [(ax - <Ty)/2]2 + -r;y are constants. 
This equation is the familiar expression of analytical geometry 

(x - a) 2 + y 2 = b2 for a circle of radius b with its center at ( + a,O). Hence, 
if a circle satisfying this equation is plotted, the simultaneous values of a 
point (x, y) on this circle correspond to a x' and Tx'y' for a particular orienta­
tion of an inclined plane. The ordinate of a point on the circle is the shearing 
stress Tx'y' ; the abscissa is the normal stress ax'· The circle so constructed 
is called a circle of stress or Mohr's circle of stress.* 

A Mohr's circle based on the information for the given stresses in 
Fig. 8-8(a) is plotted in Fig. 8-8(b) with a and T as the coordinate axes. The 
center is located at (a,O), and the radius equals b. Point A on the circle 

X 

(b) 

r 

0 

I 
I 

I 
I 

I 

I Tmin I = rmax 

<Ti + Oj, 
-2-

I 

I 
I 

I 

Tmax 

I C 
I 

tr, - "'>· 
- 2-

Fig. 8-8. Mohr"s circle of stress 

(T 

*It is so named in honor of Professor Otto Mohr of Germany, who in 1895 suggested its 
use in stress analysis problems. 
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corresponds to the stresses on the right face of the given element when 0 = 
0°. For this point, ax,= ax, and r:x'y' = r:xy· As AJ/CJ = r:xy/[(ax - a) /2], 
according to Eq. 8-3, the angle ACJ is equal to 20 1 • 

With 0 = 90° the x' axis is directed upward and the y' axis points to 
the left. From this orientation of the axes, the coordinates for point Bon the 
circle are ax'= ay, and r:x'y' = - 1:xy· The coordinates of points Band A 
satisfy Eq. 8-11. The same reasoning can be applied to any other pair of 
points, such as D or E, on the circle. The coordinates of such points give 
the stresses associated with a particular orientation of the x'y' axes that 
define a plane passing through an element. All the possible ways of describ­
ing the stresses for an element for different O's are represented by points on 
the Mohr's circle of stress. Therefore the following important conclusions 
regarding the state of stress at a point can be drawn: 

1. The largest possible normal stress is a 1 ; the smallest is a 2 • No shearing 
stresses exist together with either one of these principal stresses. 

2. The largest shearing stress 7:max is numerically equal to the radius of the 
circle, also to (a 1 - a 2)/2. A normal stress equal to (a 1 + a 2)/2 acts on each 
of the planes of maximum shearing stress. 

3. If a 1 = a2 , Mohr's circle degenerates into a point, and no shearing stresses 
at all develop in the xy plane. 

4. If ax + ay = 0, the center of Mohr's circle coincides with the origin of the 
a-r: coordinates, and the state of pure shear exists. 

5. The sum of the normal stresses on any two mutually perpendicular planes is 
invariant, i.e. 

Ux + Uy= U 1 + Uz = ax'+ Uy= constant 

8-8. CONSTRUCTION OF MOHR'S CIRCLE OF STRESS 

Mohr's circle of stress is widely used in practice for stress transforma­
tion. To be of value, the procedure must be rapid and si mple. As an aid in 
application, the recommended procedure is outlined below. All the steps in 
constructing the circle can be justified on the basis of the previously developed 
relations . A typical Mohr's circle is in Fig. 8-9. 

1. Make a shtch of the element for which the normal and the shearing stresses 
are known and indicate on this element the proper sense of these stresses. In 
an actual problem the faces of this element must have a precise relationship 
to the axes of a member being analyzed. 

2. Set up a rectangular coordinate system of axes where the horizontal axis is 
the normal stress axis and the vertical axis is the shearing stress axis. 
Directions of positive axes are taken as usual, upward and to the right . 

3. Locate the center of the circle, which is on the horizontal axis at a distance 
of (ax + ay)/2 from the origin. Tensile stresses are positive, compressive are 
negative. 
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Fig. 8-9, Construction of Mohr"s circle of stress 

4. From the right face of the element prepared in Step(]), read the values for 
a x and 't' xy and plot the controlling point A on the circle. The coordinate 
distances to this point are measured from the origin. The sign of a x is 
positive if tensile, negative if compressive; that of 't'xy is positive if upward 
on the right face of the element, negative if downward. 

5. Connect the center of the circle found in Step (3) with the point plotted in 
Step (4) and determine this distance, which is the radius of the circle. 

6. Draw the circle using the radius found in Step (5). If only magnitudes and 
signs of stresses are of interest, this step completes the solution of the problem. 
The coordinates of points on the circle provide the required information. 

7. To determine the direction and sense of the stresses acting on any inclined 
plane, draw through point A a line parallel to the inclined plane and locate 
point B on the circle. The coordinates of point S lying vertically on the 
opposite side of the circle from B give the stresses acting on the inclined 
plane. In Fig. 8-9(b) such stresses are identified as a. and - 't' •. * A positive 
value of a indicates a tensile stress, and vice versa. The sense of the shearing 
stress can be determined using the interpretation in Fig. 8-9(c). A tendency 
of the shearing stresses on two opposite faces of an element to cause 
counterclockwise rotation of the element is associated with a positive shearing 

*Since the inclined plane a-a in Fig. 8-9(a) makes an angle 0 with the right hand face of the 
element, the angle ABS in Fig. 8-9(b) is equal to 0. From the construction shown on this 
diagram it follows that the central angle ACS is equal to 20, and that <10 and - ,. satisfy 
Eqs. 8-1 and 8-2, respectively. 
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stress. On this basis the result ( +a., - -r.) has the meaning shown in 
Fig. 8-9(d). 

8. By proceeding in the reverse order, the plane on which the stresses associated 
with any point on the circle act can be found. Thus, drawing a line from A 
toward E or F, i.e., having the point corresponding to B coincide with one 
of these intercepts, determines the inclination of the plane on which the 
respective principal stresses act. For this special case the distance BS 
degenerates into a point. The principal stress given by the particular intercept 
(either E or F) acts normal to the line connecting this intercept point with 
point A. As before, positive stresses indicate tension, and vice versa. 

By commencing with the highest or the lowest point on the circle, the 
planes on which the maximum shearing stresses and the associated normal 
stresses act can be found. For example, by imagining that point Sis moved 
to T, the plane on which the stresses at Tact is given by the new position of 
the line BA with point B moved to the highest point on the circle. 

To solve the problems of stress transformation using Mohr's circle, 
the foregoing procedures can be applied graphically. However, it is recom­
mended that trigonometric computations of the critical values be used in 
conjunction with the graphical construction. Then the work may be carried 
out on a crude sketch without scaling off the distances or angles, and the 
results will be accurate. Using Mohr's circle in this manner is equivalent to 
applying the basic equations of stress transformation. 

There are other problems involving the rotation of axes that give 
rise to transformation equations that are mathematically identical to the 
stress transformation equations. This suggests the possibility of using the 
Mol).r's circle construction by properly identifying the variables that cor­
respond to a x, a ,, 'l'x,, a x' and 'l'x',' · The Mohr's circle of strain is one such 
example and is dealt with in Art. 8-12. Another useful application of the 
Mohr's circle is for finding the centroidal principal axes and the correspond­
ing principal moments of inertia for an unsymmetrical cross section. The 
necessary equations are derived in the appendix to this chapter, where a 
numerical example is presented to illustrate the use of the Mohr's circle in 
this context. 

EXAMPLE 8-3 

Given the state of stress shown in Fig. 8-lO(a), transform it (a) into the 
principal stresses, and (b) into the maximum shearing stresses and the 
associated normal stresses. Show the results for both cases on properly 
oriented elements. 

SOLUTION 

To construct Mohr's circle of stress, the following quantities are required. 

J. Center of circle on the a axis: (-2 + 4)/2 = + I MPa 

CHAP. 8 ANALYSIS OF PLANE STRESS AND STRAIN 250 

www.konkur.in



(a) 

(b) 

T 

4 MPa 
,.,- ' 

.=.=::::;==/ ' 
/ ~MPa \ 
( 2 MPa I 
I I 

' I ::::;~~, // 
' / ----

I 
I F(l,5) 

B 
(6,0) 

Fig. 8-10 

2. Point A on circle from data on the right face of element: ( -2, - 4) 
MPa 

3. Radius of circle: CA = ,/CD2 + DA 2 = 5 MPa 

(J 

After drawing the circle, one obtains O' 1 = + 6 MPa, u 2 = -4 MPa, and 
'I'max = 5 MPa. 

Drawing a line from u I at B toward A locates the plane on which the 
stress 0' 1 acts. Similariy, beginning at point E and drawing a line toward A 
gives the plane on which the stress O' 2 acts. The maximum shearing stress 
'I'max and the associated normal stress u ' are given by the coordinates of point 
F. Directly downward at point G, the inclined line AG locates the plane on 
which 'I'max = + 5 MPa and u' = + I MPa act. 

The complete results are shown on sketches in Fig. 8-IO(b) on properly 
oriented elements. The angles shown are determined from suitable trigono­
metric relations. Thus since the tan DBA = AD/DB = ! = 0.5, the angle 
DBA = 26°34'. The plane of maximum shear is located at 45° from the planes 
of principal stress. Of course the solution could have been made entirely by 
graphics. 

It is significant to note that the approximate direction of the algebrai­
cally larger principal stress found in the above example might have been 
anticipated. Instead of thinking in terms of the normal and the shearing 
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(a) 

stresses as given in the original data, Fig. 8-ll(a), an equivalent problem in 
Fig. 8-1 I(b) may be considered. Here the shearing stresses have been replaced 
by the equivalent tension-compression stresses acting along the proper shear 
diagonals. Then, for qua litative reasoning, the outline of the original element 
may be obliterated, and the tensile stresses may be singled out as in Fig. 
8-1 l(c). From this new diagram it is apparent that regardless of the magni­
tudes of the particular stresses involved, the resultant maximum tensile 
stress must act somewhere between the given tensile stress and the positive 
shear diagonal. In other words, the line of action of the algebraically larger 
principal stress is "straddled" by the algebraically larger given normal stress 
and the positive shear diagonal. The use of the negative shear diagonal, 
located at 90° to the positive shear diagonal, is helpful in visualizing this 
effect for cases where both given normal stresses are compressive, Figs. 
8-ll(d) and (e). This procedure provides a qualitative check on the orienta­
tion of an element for the principal stresses. 

(b) 

4 MPa 

' / ' / ',./ 
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Fig. 8-11 . A method for estimating the direction of t he absolu te 
maximum principal stresses 

EXAMP LE 8-4 

0"2 

Using Mohr's circle, transform the stresses shown in Fig. 8-12(a) into stresses 
acting on the plane at an angle of 22¼° with the vertical axis. 

SOLUTION 

Here the center of Mohr's circle is at (3 + 1)/2 = + 2 MPa on the a axis. 
The stresses on the right face of the element give (3,3) for the coordinates of 
point A on the circle. Therefore the radius of the circle is 3.16. 

A line AB drawn parallel to the required inclined plane locates point B; 
directly above lies point D. The stresses acting on the required plane are given 
by the coordinates of point D. This solution is very easily accomplished by 
graphical construction; analytically the procedure is less direct. This type of 
graphical construction can be used effectively to provide a rapid qualitative 
check on analytical or experimental work. 

For numerical work special trigonometric schemes may be devised in 
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Fig. 8-12 

each particular case. However, this approach often proves cumbersome, and 
direct application of Eqs. 8-1 and 8-2 is easier. Alternatively, one can always 
construct a wedge bounded by two axes and the inclined plane and solve the 
problem as illustrated in Example 8-1. In some instances the latter approach 
is least ambiguous. 

*8-9. MOHR'S CIRCLE OF STRESS FOR THE GENERAL STATE 
OR STRESS 

Stress transformation and the associated Mohr's circle of stress for it 
have been presented for a plane-stress problem. The treatment of the general 
three-dimensional stress transformation problem is beyond the scope of this 
book. However, some results of such an analysis are necessary for a more 
complete understanding of this subject. Therefore, several comments on 
transformation of the three-dimensional state of stress will now be made. 

It is shown in books on elasticity and plasticity that any three dimen­
sional state of stress (see Fig. 1-3 or 8-2(a)) can be transformed into three 
principal stresses acting in three orthogonal directions. This is a direct gener­
alization of the case discussed earlier where two principal stresses were 
shown to act in two orthogonal directions in the plane-stress problem. An 
element after the appropriate stress transformation with three principal 
stresses acting on it is in Fig. 8-13(a). This element can be viewed from three 
different directions as in Fig. 8-13(b). 

Corresponding to each projection of the element in Fig. 8- 13(b) a 
Mohr's circle can be drawn using the procedures developed earlier. For 
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h r For 1-3 plane 

z 

(T 

Assume O'j > <T2 > 17) > 0 O'j 

O'j 

(b) 
Views of element on different principal axes 

Fig. 8-13. Three-dimensional state of stress 

example, for an element situated in the 1-3 plane, the corresponding Mohr's 
circle to it passes through a 1 and a 3 as in Fig. 8-13(c). Analogous circles can 
be drawn for the 1-2 and the 2-3 planes. The three circles cluster together 
as in Fig. 8-13(c). 

Next, suppose that instead of considering the planes on which principal 
stresses act, one considers an arbitrary plane such as the shaded plane Kin 
Fig. 8-l3(a). Then it can be shown* that the normal and shearing stresses 
acting on all such possible planes, when plotted as in Fig. 8-13(c), fall within 
the shaded part of the diagram. This means that the three circles already 
drawn give the limiting values of all possible stresses. This is an important 
fact and will be used in discussing material properties in a multiaxial state 
of stress. 

•see 0. Hoffman and G. Sachs, Introduction to the Theory of Plasticity for Engineers, 
New York: McGraw-Hill, 1953, p. 13. 
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In comparison with the general problem just presented, in the plane­
stress problem a 3 = 0. However, even in this less general problem the ele­
ment is three-dimensional. Therefore, it is possible to study stresses on 
arbitrarily oriented planes corresponding to the plane K of Fig. 8-13(a). 
This has not been done earlier. With a 3 = 0, three Mohr's circles are neces­
sary to exhibit on a plot all the stresses on all the possible orientations of 
planes. For example, consider an element with a 1 = a 2 , for which (from a 
two-dimensional point of view) Mohr's circle degenerates into a point. The 
same element, observed along different axes such as I and 3, with, for exam­
ple, a 1 =I= 0 and a 3 = 0, generates a circle with a ractius of a 1/2. Thus, the 
direction from which an element is viewed is of the utmost importance. 

*8-10. ANALYSIS OF PLANE STRAIN: GENERAL REMARKS 

In the following articles the transformation of known strains associated 
with one set of axes or with known directions will be related to strains in any 
direction . It will be shown that the transformation of extensional and shear­
ing strains completely resembles the transformation of normal and shearing 
stresses presented earlier. Thus, after establishing the strain transformation 
equations, Mohr's circle of strain will be introduced. Attention will be 
confined to the two-dimensional case, or more precisely to the plane-strain 
case, which means that e, = Y,x = y,y = 0. The extension of the strain 
transformation to the general case involving Mohr's circle of strain for the 
three-dimensional problem will not be considered. Since the maximum 
strains usually occur on the free outer surfaces of a member, the two dimen­
sional problem is by far the most important one. 

In studying the strains at a point, only the relative displacement of 
the adjoining points is of importance. Translation and rotation of an element 
as a whole are of no consequence since these displacements are rigid-body 
displacements. For example, if the extensional strain of a diagonal ds of the 
element in Fig. 8-14(a) is being studied, the element in its deformed condition 

X 

(a) Original element 

r-8 
~~--...J 

Original 
element 

(b) Deformed element (c) Comparison of deformed 
and original elements 

Fig. 8-14. Strains are determined on the basis of relative deformations 
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can be brought back for comparison purposes as in Fig. 8-14(c). It is immate­
rial whether the horizontal ( dashed) or the vertical ( dotted) sides of the defor­
med and the undeformed elements are matched to determine d!J... For the 
small strains considered throughout this text, the relevant quantity, elonga­
tion d !J.. in the direction of the diagonal, is essentially the same regardless of 
the method of comparison employed. 

In treating strains in the above manner, only kinematic questions have 
relevance. The mechanical properties of material do not enter the problem. 
However, after the main features of strain transformation have been pre­
sented, some additional relations between stress and strain for linearly elastic 
material will be given at the end of the chapter. 

*8-11. EQUATIONS FOR THE TRANSFORMATION OF PLANE 
STRAIN 

In establishing the equations for the transformation of strain, strict 
adherence to a sign convention is necessary. The sign convention used here 
is related to the one chosen for the stresses in Art. 8-3. The extensional strains 
ex and er corresponding to elongations in the x and y directions, respectively, 
are taken positive. The shearing strain is considered positive if it elongates 
a diagonal having a positive slope in the xy coordinate system. For conve­
nience in deriving the strain transformation equations, the element distorted 
by positive shearing strain will be taken as that shown in Fig. 8-l 5(a). As 
noted in the preceding article, this leads to perfectly general results providing 
the strains are small. 

Next, suppose that the strains e., , er, and Yxr associated with the xy 
axes are known and extensional strain along some new x' axis is required. 
The new x'y' system of axes is related to the xy axes as in Fig. 8-l 5(b). In 
these new coordinates, a length OA , which is dx' long, may be thought of as 
being a diagonal of a rectangular differential element dx by dy in the initial 
coordinates . 

By considering the point O fixed in space, one can compute the dis­
placements of point A caused by the imposed strains on a different basis in 
the two coordinate systems. The displacement in the x direction is AA' = 
exdx; in they direction, A'A" = erdy. For the shearing strain, assuming it 
causes the horizontal displacement shown in Fig. 8-15(a), A"A'" = Yxydy. 
The order in which these displacements occur is arbitrary. In Fig. 8- l 5(b ), 
the displacement AA' is shown first , then A'A", and finally A"A'". By 
projecting these displacements onto the x' axis, one finds the displacement of 
point A along the x' axis. Then , recognizing that by definition ex.dx' in the 
x'y' coordinate system is also the elongation of OA , one has the following 
equality: 

ex, dx' = AA' cos 0 + A'A" sin 0 + A"A'" cos 0 

On substituting the appropriate expressions for the displacements and divid-
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Ey dy 
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1 
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dy 

A" 

I 
I ,,,. 

I ,,,., 
/ 

/ 

-~ A" 

I A' 

\ Original element 

dy 

dx 

(b) 

Fig. 8-15. Exaggerated deformations of elements for deriving strains 
along new axes 

ing through by dx', one has 

_ dx 
0 

dy . 
0 

dy 
0 ex' - e x dx' cos + By dx' sm + Yxy dx' cos 

Since, however, dx/dx' = cos 0 and dy/dx' = sin 0 

ex' = e x cos2 0 + By sin2 0 + Yxy sin 0 cos 0 

x' 

(8-13) 

Equation 8-13 is the basic expression for the strain in an arbitrary direction 
defined by the x' axis. To apply this equation, e x, ey, and Yx, must be known. 
By use of the trigonometric identities already encountered in deriving Eq. 
8-1, Eq. 8-13 may be rewritten as 

e _ e x + By + e x - By cos 20 + YxY sin 20 
x' - 2 2 2 (8-14) 

To complete the study of strain transformation at a point, shearing 
strain transformation must be also established. For this purpose, consider 
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an element OACB with sides OA and OB directed along the x' and they' 
axes as in Fig. 8-15(b). By definition, the shearing strain for this element is 
the change in angle AOB. From the figure the change of this angle is 
(J, + p. 

For small deformations the small angle rJ, can be determined by pro­
jecting the displacements AA', A'A", and A" A"' onto a normal to OA and 
dividing this quantity by dx'. In applying this approach the tangent of the 
angle is assumed equal to the angle itself. This is acceptable if the strains 
are small. Thus 

- AA' sin 0 + A' A" cos 0 - A" A"' sin 0 
rJ,::::::: tan rJ, = dx ' 

dx . 0 + dy 0 dy . 0 = - ex dx' sm Sy dx' cos - YxY dx' sm 

= - (ex - ey) sin 0 cos 0 - Yxy sin 2 0 

By analogous reasoning 

P::::::: - (ex - ey) sin 0 cos 0 + Yxy cos2 0 

Therefore, since the shearing strain Yx·y' of an angle included between the 
x'y' axes is p + rJ, , one has 

or 

Yx'y' = - 2(e:c - ey) sin 0 cos 0 + Yxicos 2 0 - sin 2 0) 

Yx·y' = - (e., - ey) sin 20 + Yxy cos 20 (8-15) 

This is the second fundamental expression for the transformation of strain. 
Note that when 0 = 0°, the shearing strain associated with the xy axes is 
recovered. 

Equations 8-14 and 8-15 for strain transformation are analogous to 
Eqs. 8-1 and 8-2 for stress transformation. This feature will be emphasized 
further in discussing Mohr's circle of strain . 

*8-12. MOHR'S CIRCLE OF STRAIN 

The two basic equations for the transformation of strains derived in 
the preceding article mathematically resemble the equations for the trans­
formation of stresses derived in Art. 8-3. To achieve greater similarity between 
the appearances of the new equations and those of the earlier ones, Eq. 8-15 
after division throughout by two is rewritten below as Eq. 8-16 

e = ex + ey + ex - Sy cos 20 + Yxy sin 20 
x ' 2 2 2 

Yx'y' - - ex - ey sin 20 + Yx, cos 20 
2 - 2 2 (8-16) 
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Since these strain transformation equations with the shearing strains 
divided by two are mathematically identical to the stress transformation 
Eqs. 8-1 and 8-2, Mohr's circle of strain can be constructed. In this construc­
tion every point on the circle gives two values: one for the extensional strain, 
the other for the shearing st rain divided by two. Strains corresponding to 
elongation are positive; for contraction they are negative. Positive shearing 
strains distort the element as shown in Fig. 8-l 5(a). In plotting the circle the 
positive axes are taken in the usual manner, upward and to the right. The 
vertical axis is measured in terms of y/2. 

As an illustration of Mohr's circle of strain, consider that e.<> ey, and 
+ Yxy are given. Then on the e -½ y axes in Fig. 8-16 the center of the 
circle C is at [(ex + ey)/2, OJ and, from the given data, point A on the circle 
is at (e_., 'Yxy/2). An examination of this circle leads to conclusions analagous 
to those reached before for the circle of stress. 

r/2 

0 

Fig. 8-16. Mohr's circle of strain 

I . The maximum extensional strain is e 1 ; the minimum is e2 . These are the principal 
strains, and no shearing strains are associated with them. The directions of 
the extensional st rains coincide with the directions of the principal stresses. 
As can be deduced from the circle, the analytical expression for the principal 
strains is 

( ) ex + ey ± f(ex - ey) 2 + (Yxy) 2 

ex· :::r: = e1 a, 2 = --2- v --2- 2 (8-17) 

where the positive sign in front of the radical is to be used fore 1, the maximum 
principal strain in the algebraic sense. The negative sign is to be used 
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(b) 

for 8 2 , the minimum principal strain. The planes on which the principal strains 
act can be defined analytically from Eq. 8-16 by setting it equal to zero. Thus 

(8-18) 

since this equation has two roots, it is completely analogous to Eq. 8-3 and can 
be treated in the same manner. 

2. The largest shearing strain Ymax is equal to two times the radius of the circle. 
Extensional strains of (8 1 + 8 2)/2 in two mutually perpendicular directions are 
associated with the maximum shearing strain. 

3. The sum of extensional strains in any two mutually perpendicular directions 
is invariant, i.e., 8 1 + 82 = 8 ., + 8y = constant. Other properties of strains 
at a point can be established by studying the circle further . 

EXAMPLE 8-5 

It is observed that an element of a body contracts 0.00050 in. per inch along 
the x-axis, elongates 0.00030 in. per inch in the y direction, and distorts 
through an angle* of 0.00060 radian as in Fig. 8-l 7(a). Find the principal 
strains and determine the directions in which these strains act. Use Mohr's 
circle of strain to obtain the solution. 

y 

Defo rmed element 

X 

(a) 

£ 1 = 4 X 10- 4 

Fig. 8-17 

L X 10 4 
2 

104 

•This measurement may be made by scribing a small square on a body, straining the body, 
and then measuring the change in angle which takes place. Photographic enlargements of 
grids have been used for this purpose. 
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a 

b 

(a) 

SOLUTION 

The data given indicate that ex = - 5 x 10-4 , eY = + 3 x 10- 4 , and 
Yxy = - 6 x 10- 4 _ Hence, on a e - ½Y system of axes, the center C of the 
circle is located at (ex + ey)/2 = -1 x 10- 4 on thee axis, Fig. 8-17. Point A 
is at ( - 5 x 10- 4 , -3 x 10- 4). The radius of the circle AC is equal to 
5 x 10- 4 _ Hence e1 = + 4 x 10-4 in. per inch takes place in the direction 
perpendicular to the line A - e1 ; and e2 = - 6 x 10- 4 in. per inch occurs in 
the direction perpendicular to the line A - e2 • From the geometry of the 
figure, I 0 I = tan- 1 (0.0003/0.0009) = 18°25 ' . 

*8-1 3. STRAIN MEASUREMENTS; ROSETIES 

Measurements of extensional strain are particularly simple to make, 
and highly reliable techniques have been developed for this purpose. In such 
work, these strains are measured along several closely clustered gage lines, 
diagrammatically indicated in Fig. 8-18(a) by lines a-a, b-b, and c-c. These 

y 

b 

y 

X 

(b) (c) 

Fig. 8-18. (a) General strain rosette ; (b) rectangular or 45 • stra in 
rosette ; (c) equiangular or delta rosette 

X 

gage lines may be located on the member investigated with reference to some 
coordinate axes (as x and y) by the respective angles 01 , 02 , and 03 • By com­
paring the initial distance between any two corresponding gage points with 
the distance in the stressed member, the elongation in the gage length is 
obtained. Dividing the elongation by the gage length gives the strain in the 
01 direction, which will be designated e8 ,. By performing the same operation 
with the other gage lines, e8, and e8, are obtained . If the distances between 
the gage points are small, measurements approximating the strains at a 
point are obtained . 

As an alternate to the foregoing experimental procedure, electric 
strain gages are unusually convenient to employ. These consist of very thin 
wires or foil which is glued to the member being investigated. As the forces 
are applied to a member, elongation or contraction of the wires or foil takes 
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place concurrently with similar changes in the material. These changes in 
length alter the electrical resistance of the gage, which can be measured and 
calibrated to indicate the strain taking place. 

Arrangements of gage lines at a point in a cluster, as shown in Fig. 
8-18, are known as strain rosettes. If three strain measurements are taken at 
a rosette, the information is sufficient to determine the complete state of 
plane strain at a point. 

If the angles 01, 02 , and 03 , together with the corresponding strains 
e0, , e0,, and e0, are known from measurements, three simultaneous equations 
patterned after Eq. 8-13 can be written. In writing these equations, it is 
convenient to employ the following notation: ex' = e0,, ex" _ e0, , and 

ex"'= ee,· 

ee, = ex cos2 01 + ey sin 2 01 + 'Yxy sin 01 cos 01 

ee, = ex COS 2 02 + ey sin 2 02 + 'Yxy sin 02 cos 02 

ee, = ex COS 2 03 + ey sin 2 03 - 'Yxy Sin 03 COS 03 

(8-19) 

This set of equations can be solved for ex, ey, and 'Yxy, and the problem 
reverts back to the cases already considered. 

To minimize computational work, the gages in a rosette are usually 
arranged in an orderly manner. For example, in Fig. 8-18(b), 0 1 = 0°, 
02 = 45°, and 03 = 90°. This arrangement of gage lines is known as the 
rectangular or the 45° strain rosette. By direct substitution into Eq. 8-19, 
it is found that for this rosette 

or 

Thus ex, ey, and Yxy become known. 
Another arrangement of gage lines is shown in Fig. 8-18(c). This is 

known as the equiangular, or the delta, or the 60° rosette. Again , by substitu­
ting into Eq. 8-19 and simplifying, ex = e0 , , ey = (2e60' + 2e 120, - e0 ,)/3, 
and 'Y xy = (2/~)(e60' - e120 , ). 

Other types of rosettes are occasionally used in experiments. The data 
from all rosettes can be analyzed by applying Eq. 8-19, solving for ex, ey, 
and 'Y xy , and then applying Mohr's circle of strain. 

Sometimes rosettes with more than three lines are used. An additional 
gage line measurement provides a check on the experimental work. For 
these rosettes, the invariance of the strains in the mutually perpendicular 
directions can be used to check the data. 

The application of the experimental rosette technique in complicated 
problems of stress analysis is almost indispensable. 
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*8-14. ADDITIONAL LINEAR RELATIONS BETWEEN STRESS 
AND STRAIN AND AMONG £, G, AND v 

Additional relations between stress and strain for linearly elastic, 
isotropic materials are discussed in this article. These relations are useful 
for obtaining stresses from planar strains and for finding volumetric changes 
in elastic materials subjected to uniform external pressure. The fundamental 
relation among the elastic constants E, D, and v is also established. 

Relation between Principal Stresses and Strains 

In many practical investigations, strains on the surface of a member are deter­
mined by means of rosettes. By using Mohr's circle of strain or strain trans­
formation equations, the principal strains can be found. From these it is 
possible to determine the principal stresses directly. To establish the appro­
priate equations, it should be noted that in a plane-stress problem a, = 0, 
and Eq. 2-6 written in terms of the principal stresses simplifies to 

a, G2 d e1 = -- v- an E E 

Solving these equations simultaneously for the principal stresses, one obtains 
the required relations: 

(8-20) 

The elastic constants E and v must be determined from some appropriate 
experiments. With the aid of such. experimental work, very complicated 
problems can be solved successfully.* 

EXAMPLE 8-6 

At a certain point on a steel machine part, measurements with an electric 
rectangular rosette indicate that e0 , = - 0.00050, 8 45 , = + 0.0002, and 
ew = + 0.00030. Assuming that E = 200 x 103 MPa and v = 0.3 are 
accurate enough, find the principal stresses at the point investigated. 

SOLUTION 

From the data given, Bx = - 0.00050, By = + 0.00030, and 

Yxy = 2845 • - (eo· + 890•) 

= 2( + 0.0002) - ( -0.00050 + 0.00030) = + 0.00060 

•see M. Hetenyi, editor-in-chief, Handbook of Experimental Stress Analysis, Society for 
Experimental Stress Analysis, New York: Wiley, 1950. 
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The principal strains for these data were found in Example 8-5 and are 
e1 = + 0.00040 and e2 = - 0.00060. Hence, by Eq. 8-20, the principal 
stresses are 

(200)(10) 3 

a 1 = 1 _ (0. 3)2 [ + 0.00040 + 0.3( - 0.00060)] = + 48.3 MPa 

(200)(10) 3 

0'2 = l2 _ (0. 3/ - 0.00060 + 0.3( + 0.00040)) = - 105 MPa 

The tensile stress a I acts in the direction of e1 ; see Fig. 8-17. The compressive 
stress a 2 acts in the direction of e2 • 

Relation Among E, G, and v 

The methods of transforming one description of the state of stress or strain 
into another have been established. In Art. 8-6, particular emphasis was 
placed on the fact that pure shearing stresses can be transformed into purely 
normal stresses. Therefore, one must conclude that the deformations caused 
by pure shearing stresses must be related to the deformations caused by the 
normal stresses. Based on this assertion, a fundamental relat ion among £, 
G, and v for linearly elastic, isotropic materials can be established . 

According to Eq. 8-13, with only Yx , -=I=- 0, for an x' axis at 0 = 45°, 
the linear strain ex' = Yx,/2. This extensional strain ex, can be related to the 
shearing stress '<x, , since, according to Eq. 2-9, -rx, = Gyx,· On this basis, 

On the other hand, according to Art. 8-6, pure shearing stress '<x, 
can be expressed alternatively in terms of the principal st resses a 1 = -rx,, 
and a 2 = - -rx, , acting at 45° to the directions of shearing stresses (see Fig. 
8-7). So, by using Eq. 2-6, one finds that the linear strain a long the x' axis 
at 0 = 45° in terms of the principal stresses becomes 

Equating the two alternative relations for the strain along the positive 
shear diagonal and simplifying, 

E 
G = 2(1 + v) 

(8-21) 

This is the basic relation between E, G, and v; it shows that these quantities 
are not independent of one another. If any two of these are determined 
experimentally, the third can be computed. Note that the shearing modulus 
G is always less than the elastic modulus E, since the Poisson ratio v is a 
positive quantity. For most materials, v is in the neighborhood of¼-
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Dilatation; Bulk Modulus 

By extending some of the established concepts, one can derive an equation 
for volumetric changes in elastic materials subjected to stress. In the process 
of doing this two new terms are introduced and defined. 

The sides dx, dy, and dz of an infinitestimal element after straining 
become (l + e,.)dx, (l + e,)dy, and (1 + e,)dz, respectively. After subtract­
ing the initial volume from the volume of the strained element, the change 
in volume is determined. This is 

(l + ex) dx(l + e,) dx(l + e,) dz - dx dy dz:::::: (ex + e, + e,) dx dy dz 

where the products of strain exe, + e,e, + e,e,. + exe,e,, being small, are 
neglected. Therefore, in the infinitesimal (small) strain theory, e, the change 
in volume per unit volume, often referred to as dilatation, is defined as 

(8-22) 

where the last equality follows from the fact that e is an invariant. A more 
restricted case of strain invariance was encountered in Art . 8-12 for the 
two-dimensional case, where it was shown that e1 + e2 = ex+ e,. The 
shea ring strains cause no change in volume. 

Based on the generalized Hooke's law, the dilatation can be found in 
terms of stresses and material constants. For thi& purpose the first three 
parts of Eq. 2-6 must be added together. This yields 

1 - 2v 
e = ex + e, + e, = --E-(ax + a, + a ,) (8-23) 

which means that dilatation is proportional to the algebraic sum of all normal 
stresses. As a direct counterpart to the strain invariant, the sum 
(a,, + a, + a,) is the stress invariant. 

If an elastic body is subjected to hydrostatic pressure of uniform inten­
sity p, so that ax= a,= a, = - p , then from Eq. 8-23 

e = 3(1 - 2v) 
E p or 

- p E 
e = k = 3(1 - 2v) (8-24) 

The quantity k represents the ratio of the hydrostatic compressive stress 
to the decrease in volume and is called modulus of compression or bulk 
modulus. 
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* Appendix to Chapter 8 

Transformation of Moments of Inertia 
of Areas to Different Axes 

SA-1. TRANSFORMATION EQUATIONS FOR ROTATION 
OF AXES 

By defini tion, the moments and product of inertia of an area are given 
as 

Ix= f y 2 dA, and I xy = f xy dA (8A-l) 

Let x, y be a pair of orthogonal axes about which the moments of 
inertia Ix and Iy, and the product of inertia Ixy are known for the area shown 
in Fig. 8A-l. Now consider a positive (counterclockwise) rotation of the 

OM = X 

OQ = x ' 

OP = xcos 0 
PQ = y sin 0 

Fig. SA -1. Rotation of axes 

MN = r 
QN =/ 

RN = ,. cos 0 
RQ = x sin () 

axes through an angle 0 and denote the new axes as x' and y'. The coordinates 
(x,y) of an infinitesimal area dA of the planar section can then be transformed 
to (x' ,y') and written as 

x' = x cos 0 + y sin 0 

y ' = y cos 0 - x sin 0 
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Then , beginning with an expression analogous to Eq. 8A-I, 

or 

Ix'= f y' 2 dA = f (y cos 0 - x sin 0)2 dA 

= cos2 0 f y 2 dA + sin 2 0 f x 2 dA - 2 sin 0 cos 0 f xy dA 

= Ix cos 2 0 + fy sin 2 0 - l xy · 2 sin 0 cos 0 

= I ( 1 + cos 20) + I ( I - cos 20) _ I · 20 
X 2 y 2 xy sm 

I + ! / - / . 
Ix'=~+ ~ cos 20 + ( - In ) sm 20 

Similarly, 

and I - I . 
- fx'y" = -~ sm 20 + ( - In ) cos 20 

(8A-3) 

(8A-4) 

(8A-5) 

These equations relate the moments and product of inertia of areas 
(second moments) in the new x'y'-coordinates to the initia l ones in the 
xy-coordinates for rotation of the axes through an angle 0. 

SA-2. PRINCIPAL AXES AND PRINCIPAL MOMENTS 
OF INERTIA 

The dependence of Ix, , fy, , and /x'y' on the angle of rotation 0 is exhib­
ited in Eqs. 8A-3, 8A-4, and 8A-5. Since the principal axes* are defined as 
those around which the product of inertia vanishes, they may be located by 
setting fry' equal to O and solving Eq. 8A-5 for 0. However, a comparison 
shows that these transformation equations are identical to the stress trans­
formation equations of Chapter 8 if a x• a y, 'l"xy• a x, and 'l"x'y' are replaced by 
Ix, fy, - Ixy• Ix'• and - l x'y'· Hence, all the techniques using Mohr's circle as 
outlined in Art. 8-8 are equally applicable to the problem of finding the 
orientation of the principal axes, as well as the calculation of the correspond­
ing principal moments of inertia. 

EXAMPLE SA-1 

Using Mohr's circle, find the principal axes and principal moments of inertia 
for an angle section with unequal .legs shown in Fig. 8A-2. 

*If the origin is at the centroid, these are the centroidal principal axes. 
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SOLUTION 

The steel angle shown has dimensions of 200 mm x 
100 mm x 20 mm thickness. The centroid of the section 
can be verified to lie at 74.3 mm from the bottom face 
and 24.3 mm from the left face. A pair of orthogonal 
axes x and y are set up as shown in Fig. 8A-2. The 
moments and product of inertia about these axes can 
be calculated by breaking up the angle section into two 
rectangles as shown in the figure and using the parallel 
axis theorems, Eqs. 5-2 and 5-2a. 

Fig. SA-2 . Angle with unequal legs (all 
dimensions in mm). 

Ix = (20/ 12)(180)3 + (20)(180)(35.7) 2 + (100/12)(20)3 

+ (100)(20)(64.3) 2 = 22.64 x 106 mm 4 

f y = (180/12)(20) 3 + (20)(180)(14.3) 2 + (20/ 12)(1 00)3 

+ (100)(20)(25.7) 2 = 3.84 x 106 mm4 

f xy = (20)(180)( - 14.3)(35.7) + (100)(20)(25.7)( - 64.3) 

= - 5.14 x 106 mm4 

The Mohr's circle can then be constructed as shown in Fig. 8A-3 with 
the horizontal axis representing the moments of inertia and the vertical axes 
the negative of the products of inertia. 

-lr_,.x 10 - 0 

£ 
0 ~ / (/, ./,. ) X IQ - 6 

(2 .53,0) (23 .95.0) 

Fig. SA-3. Mohr's circle for princ ipal moments of inertia 
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1. Center of the circle: I:, i ly = 13.24 x 104 mm 4 

2. Point A on the circle: Ix = 22 .64 x 106 mm4, - l xy = 5.14 x 106 mm 4 

3. Radius of circle: [ (1
x ;- !yr+ ( - l xy)2]'

1 2 
= 10.71 x 106 mm4 

After drawing the circle, one obtains the principal moments of inertia as 
23.95 x 106 mm 4 and 2.53 x 106 mm4

• The principal axes are found by a 
positive rotation 0 of the assumed pair of axes x and y, where 0 can be obtain­
ed as 

AD 5.14 
tan 01 = DE = 22.64 - 2.53 = 0.256 or 01 = 14.33° 

The centroidal principal axes are shown in Fig. 8A-2, and the principal 
moments of inertia are Ix' = 23.95 x 106 mm4 and Iy' = 2.53 x 106 mm4 • 

Note that I_, + Iy = I", + fy,, i.e., the sum of the moments of inertia 
around two mutually perpendicular centroidal axes is invariant. 

These results can be obtained analytically by using the equations which 
a re analogous to the ones for finding principal stresses, Eq. 8-4, and the 
corresponding directions, Eq. 8-3. In the notation for the moments of iner­
tia, the required equations are 

(/ ) = Ix+ Iy ± / (Ix - fy)
2 + J2 

x' ~i: 2 'Y 2 X Y 
(8A-6) 

and (8A-7) 

For details of applying these equations, see Art. 8-4. 

PR OBLEMS FOR SOLUTION 

8-1. Infinitesimal elements A, B, C, D, and E 
are shown on the figures for two different mem­
bers. Draw each one of these elements separately, 
and indicate on the isolated elements the stress 

acting on it. For each stress clearly show its direc­
tion and sense by arrows, and state the formula 
one would use in its calculation. Neglect the 
weight of the members. 

D~ 

(a) (b) 

PROB. 8 
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8-2 through 8-5. For the infinitesimal elements 
shown in the figures, find the normal and shearing 
stresses acting on the indicated inclined planes. 
Use the "wedge" method of analysis discussed in 
Example 8-1. 
Ans: Prob. 8-2: a = + 40 MPa, 'C = 10 MPa; 
a = 0, -c = - 10 MPa. 
Prob. 8-3: a = - 1.2 MPa, -c = 7.1 MPa; a = 
+ 41.2 MPa, -c = 7.1 MPa. 
Prob. 8-4: a = - 400 psi, 'C = 4,970 psi. 
Prob. 8-5: a = - 13.08 ksi, 'C = 0; a = 7 ksi, 
-c = 6.08 ksi . 

10 MPa 

PROB. 8 - 2 PROB. 8 - 3 

3 ksi 

PROB. 8 - 4 PROB. 8 5 

Derive Eq. 8-2. 8-6. 

8-7. Using Eqs. 8-1 and 8-2, rework Prob. 8-2. 

8-8. Using Eqs. 8-1 and 8-2, rework Prob. 8-3. 

8-9. Using the equations derived in Art. 8-4, 
find the principal stresses and show their sense on 
a properly oriented element for the following 
data: a x= + 8,000 psi; G y = + 2,000 psi; and 
-c = + 4,000 psi. The sign convention of the 

stresses given follows that illustrated in Fig. 8-4(a). 
Ans: 10 ksi, 0, 0 = 26°34'. 

8-10. Rework Prob. 8-9 changing the data to 
G x = - 3 ksi; G y = + 1 ksi; 'C = - 2 ksi. Ans. 
1.83 ksi, - 3.83 ksi, 22½ 0

• 

8-11. Using the equations derived in Art. 8-5, 
find the maximum (principal) shearing stresses 
and the associated normal stresses for the data of 
Prob. 8-10. Show the results on a properly ori­
ented element. Ans. 2.83 ksi, - 1 ksi, 67½ 0

• 

The data given below for problems 8-12 
through 8-15 follow the convention of signs for 
stresses established in Fig. 8-4(a). In each case 
show the data on an infinitesimal element. Then, 
using the formulas developed in Arts. 8-4 and 8-5, 

, (a) find the principal stresses and show their sense 
on a properly oriented element; (b) find the maxi­
mum (principal) shearing stresses with the asso­
ciated normal stresses and show the results on a 
properly oriented element. 

8-12. G x = + 20 ksi, Gy = 0, 'C = - 10 ksi. 
Ans. 24.1 ksi, - 4.1 ksi; 14.1 ksi. 

8-13. G x = 0, G y = - 4 ksi, 'C = - 6 ksi. 
Ans. 4.33 ksi, - 8.33 ksi; 6.33 ksi. 

8-14. a x= - 10MN/m 2,ay = - 40MN/m2, 
-c = + 20 MN/m 2 • Ans: 0, - 50 MN/m 2 ; 25 
MN/m2• 

8-15. a x= - 10 000 kN/m 2, <1y = + 20 000 
kN/m2, -c = - 20 000 kN/m 2 • Ans: 30 kN/m 2, 

- 20 kN/m 2 ; 25 kN/m 2. 

8-16. Using Mohr's circle of stress, solve for 
the (a) part of Prob. 8-14. 

8-17. Using Mohr's circle of stress, solve for 
the (a) part of Prob. 8-15. 

8-18 through 8-21. Draw Mohr's circle o f 
stress for the states of stress given in the figures . 
(a) Clearly show the planes on which the principal 
stresses act, and for each stress indicate with 
arrows its direction and sense. (b) Same as (a) for 
the maximum shearing stresses and the associated 
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normal stresses, Ans: Prob. 8-21. (a) 6 ksi, - 4 
ksi; (b) 5 ksi, 1 ksi. 

t'o MPa 

..- IOMPa 

-D- JDf IOMPa 

! --
PROB. 8 - 18 PROB. 8 19 

ro k i __csi 
4 ksi 

-D-6ksi 4D~ 
f T 

PROB. 8 - 20 PROB. 8 21 

The data given below for problems 8-22 
through 8-28 follow the convention of signs for 
stresses established in Figs. 8-4(a) and 8-9(a). In 
each case show the data on an infinitesimal ele­
ment. Then, using Mohr's circle construction and 
trigonometry, (a) find the principal stresses and 
show their sense on a properly oriented element; 
(b) find the maximum (principal) shearing stresses 
with the associated normal stresses and show the 
results on a properly oriented element. 

8-22. q x = + 60 000 kN/m 2, <7y = + 30 000 
kN/m2, 't' = + 25 000 kN/m2• Ans: + 74.2 
MPa, 15.8 MPa, 29-! 0

; 29.2 MPa, 45 MPa. 

8-23. Same data as Prob. 8-9. Ans. 't'max 

= 5 ksi, a ' = 5 ksi. 

8-24. Same data as Prob. 8-10 Ans. 't'max 

= 2.83 ksi, a ' = - 1 ksi . 

8-25. a x = - 30MN/m2, a y = - 40MN/m 2, 

-r = + 30 MN/m 2• Ans: - 4.5 MN/m 2, - 65.5 
MN/m 2, 40¾0

; 30.5 M /m2, - 35 MN/m 2• 

8-26. <7x = - 15 MN/m2, <7y = + 35 MN/ 
m2, 't' = + 60 MN/m2• Ans: 75 MPa, - 55 
MPa; 56.3° ; 65 MPa, 10 MPa. 

CHAP. 8 PROBLEMS FOR SOLUTION 

8-27. <7x = + 20 ksi, <7y = 0, 't' = - 10 ksi. 
Ans: see Prob. 8-12. 

8-28. ax = 0, a Y = - 4 ksi, 't' = - 6 ksi. 
Ans: see Prob. 8-13 . 

8-29. If <7x = <71 = 0 and <7y= <7z = 

- 4,000 psi, using Mohr's circle of stress, find the 
stresses acting on a plane defined by 0 = + 30°. 
Ans: - I ksi, 1.73 ksi. 

8-30. Using Mohr's circle of stress, for the 
data of Prob. 8-21, find the stresses acting on 
0 = 30°. 

8-31. Rework the above problem with 
0 = 20°. 

8-32. Using Mohr's circle of stress, rework 
Prob. 8-3. 

8-33. At a particular point in a wooden mem­
ber, the state of stress is as shown in the figure. 
The direction of the grain in the wood makes an 
angle of + 30° with the x-axis. The allowable 
shearing stress parallel to the grain is 150 psi for 
this wood. Is this state of stress permissible? 
Verify your answer by calculations. 

____ro psi 

-lill-300p,i 
--,- IOOpsi 

PROB. 8 - 33 

8-34. A clevice transmits a force F to a 
bracket as shown in the figure. Stress analysis of 
this bracket gives the following stress compon­
ents acting on the element A: 1,000 psi due to 
bending, ,1500 psi due to axial force, and 600 psi 
due to shear. (Note that these are stress magni­
tudes only, their directions and senses must be 
determined by inspection.) (a) Indicate the resul­
tant stresses on a sketch of the isolated element 
A. (b) Using Mohr's circle for the state of stress 
found in (a), determine the principal stresses and 
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the maximum shearing stresses with the associ­
ated normal stresses. Show the results on pro­
perly oriented elements. Ans. (b) 900 psi, - 400 
psi; 650 psi , 250 psi. 

PROB. 8 34 

8-35. At point A on an unloaded edge of an 
elastic body, oriented ~s shown in the figure with 
respect to the xy axes, the maximum shearing 
stress is 3 500 kN/m2 (a) Find the principal 
stresses, and (b) determine the state of stress on 
an element oriented with its edges parallel to the 
xy axes. Show the results on a sketch of the 
element at A. (Hint: An effective solution may be 
obtained by constructing Mohr's circle of stress.) 
Ans. (b) O"x = 4 480 kN/m2 • 

y 

PROB. 8 - 35 

8-36. The magnitudes and directions of the 
stresses on two planes intersecting at a point are 
as shown in the figure. Determine the directions 

and magnitudes of the principal stresses at this 
point. Sketch the results on an element. 

PROB. 8 - 36 

8-37. Rederive Eq. 8-13 by assuming that the 
shearing deformation occurs first, then the defor­
mation in the y-direction, and finally the defor­
mation in the x-direction. 

8-38. With the aid of Fig. 8-15, show that 
p = - (e x - ey) sin 0 cos 0 + Yxy cos 2 0. 

8-39. If the unit strains are ex = - 0.00012, 
eY = + 0.00112, and y = - 0.00020, what are the 
principal strains and in which directions do they 
occur? Use Eqs. 8-17 and 8-18 or Mohr's circle 
of strain, as directed. Ans. + 0.00113, - 0.00013, 
4°35 '. 

8-40. If the unit strains are ex = - 0.00080, 
eY = - 0.00020, and y = + 0.00080, what are the 
principal strains and in which directions do they 
occur? Use Eqs. 8-17 and 8-18 or Mohr's circle, 
as directed. Ans. 0, - 0.00100. 

8-41. If the strain measurements given in the 
above problem were made on a steel member 
(E = 200 000 MN/m 2 and v = 0.3), what are the 
principal stresses and in which direction do they 
act? 

8-42. At a point in a stressed elastic plate the 
following information is known : maximum 
shearing strain Ymax = 5 X 10- 4 , and the sum of 
the normal stresses on two perpendicular planes 
passing through the point is 27 500 k /m2• The 
elastic properties of the plate are E = 200 000 
MN/m2, G = 80 000 MN/m 2, v = 0.25. Cal­
culate the magnitude of the principal stresses at 
the point. 

8-43. The data for a rectangular rosette, at-
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tached to a stressed steel member, are 8 0 , = 
- 0.00022, 8w = + 0.00012, and 8w = 
+ 0.00022. What are the principal stresses and in 
which directions do they act? £ = 30 x 106 psi 
and v = 0.3. Ans: ± 5.76 ksi, 14°18' . 

8-44. The data for an equiangular rosette, 
attached to a stressed aluminum alloy member, 
are 8 0 , = + 0.00040, 860' = + 0.00040, and 
8 1 20 , = - 0.00060. What are the principal 
stresses and in which directions do they act? 
E = 70000 MN/m 2 and v = 0.25. 

8-45. The data for a strain rosette with four 
gage lines attached to a stressed aluminum alloy 
member are 8 0 , = - 0.00012, 845 , = + 0.00040, 
8 90 , = + 0.00112, and 8 135 , = + 0.00060. Check 
the consistency of the data. Then determine the 
principal stresses and the directions in which they 
act. Use the values of E and v given in Prob 8-44. 

8-46. (a) Find the product of inertia for the 
triangular area shown in the figure with respect to 
the given axes. (b) For the same triangular area, 
using Eq. 5-2a and the result found in (a), deter­
mine the product of inertia with respect to the 
vertical and horizontal axes through the centroid. 
Ans: (a) b2/z 2/24. (b) - b 2h 2/72. 

•X 

PROB. 8 - 46 

8-47. (a) If in the above problem b = 6 in. 
and h = 3 in., find the principal axes and princi­
pal moments of inertia for the area. Make use of 
the results found in part (b) of the above problem, 
and use / 0 for a triangle around an axis as given 
in Table 2 of the Appendix. (b) If a beam having 
the above cross-section is subjected to a bending 
moment around the major principal axis, and the 
allowable bending stress a = 10 ksi, what mo­
ment can be applied? (See Art. 7-6). 

CHAP. 8 PROBLEMS FOR SOLUTION 

8-48. The angle having the dimensions shown 
in Fig. 8A-2 is simply supported at the ends on 
horizontal roller supports and spans 2 meters. 
What concentrated vertical force P may be ap­
plied at the mid-span if the allowable stress for 
the material is 200 MPa. Neglect the weight of the 
angle and use the pertinent results found in Exam­
ple 8A-1. (Note that the vertical force must be 
applied through the shear center, see Fig. 6-22. 
Also see Art. 7-6.) 

8-49. (a) Find the principal axes and principal 
moments of inertia for the cross-sectional area 
of an angle shown in the figure. Calculations are 
to be made using axes passing through the cen­
troid. (b) The given dimensions of the cross­
section, except for small radii at the ends and a 
fillet, correspond to the cross-sectional dimen­
sions of an 8 in. by 6 in. by 1 in. angle listed in 
Table 7 of the Appendix. Using the information 
given in that table, calculate the principal mo­
ments of inertia and compare with the results 
found in (a). (Hint: Note that per Art. 13-7 and 
Example 13-1, / min = Arii,1 •• The r listed in Table 
7 for the z-axis is r min· Further, from the invari­
ance condition, / min + I max = Ix' + !y, = I., + 
l y = f xx + Im hence one can readily solve for 
fmax•) 

] " 

t 

PROB. 8 - 49 

8-50. Find the largest bending moment which 
an 8 in. by 6 in. by 1 in. angle can carry without 
exceeding a stress of 20 ksi . (See hint for part (b) 
of the above problem and Art. 7-6.) Ans: 
358 k-in. 

8-51. A 6 in. by 6 in. by± in. steel angle with 
one of its legs placed in a horizontal position and 
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its other leg directed downward is used as a can­
tilever 70.7 in. long. If an upward force of 1,000 
lb is applied at the end of this cantilever through 
the shear center, what are the maximum tensile 
and compressive stresses at the built-in end? 

Neglect the weight of the angle. See Art. 7-6 and 
hint for part {b) of Problem 8-49. (Properties of 
the angle can be found in Table 6 of the Appen­
dix.) Ans: 14.7 ksi, - 18.4 ksi. 
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Combined Stresses 
Pressure Vessels 
Failure Theories 

9-1. INTRODUCTION 

As should have become apparent from the preceding chapters, a descrip­
tion of the state of stress at a point of a stressed member can be found by 
using the conventional formulas and may involve normal and shearing 
stresses. Formal methods for an alternate description of the state of stress 
at the same point in terms of principal stresses, or the principal shearing 
stresses and the associated normal stresses, were treated in Chapter 8. In 
this chapter, the method of redescribing the state of stress in terms of the 
principal stresses will be applied to some particular cases of stressed members. 
As examples, the principal stresses occurring in a circular shaft and a beam 
when they are subjected to some famiJjar loading conditions wrn be exam­
ined. For these, the existence at many points of biaxial principal stresses, 
i.e., both principal stresses different from zero, will be shown. Moreover, 
since the earlier treatment of allowable stresses was based on the uniaxial 
principal st ress determined from simple tension or compression tests, the 
resistance of materials to a biaxial stress will be discussed under the caption 
of strength or failure theories of materials. For the development of this 
topic, the stress formulas for thin-walled pressure vessels will be established, 
as experiments on pressure vessels provide information on the behavior of 
materials under biaxial stress. Early in this chapter, the stresses on inclined 
planes of a straight rod subjected to an axial force will also be determined. 

9-2. INVESTIGATION OF STRESSES AT A POINT 

To find the principal stresses or the stresses on any inclined plane at 
a point of a loaded member, the same basic procedure that was repeatedly 
used earlier must be employed (Art. 1-9). In statically determinate prob­
lems, the reactions are found first. Then a segment of the body is isolated 
by passing a section perpendicular to its axis through the point to be investi­
gated, and the system of forces necessary to maintain the equilibrium of the 
segment is determined. The magnitudes of the stresses are determined next 
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by the conventional formulas. Then on an element isolated from the member, 
the computed stresses are indicated. The sense of the computed stresses is 
noted on this element by arrows agreeing with the sense of the internal forces 
at the cut. Two sides of this element are parallel and two sides are perpen­
dicular to the axis of the member being investigated. The definite relation of 
the sides of this element to the actual member must be clearly understood by 
the analyst. After the sketch of an element is prepared and stresses of the 
same kind are compounded, the stresses may be determined on planes with 
any orientation through the same point. For this purpose, either analytical 
formulas or Mohr's circle of stress, discussed in the preceding chapter, can 
be used. The principal stresses, or the maximum shearing stress, are usually 
the quantities sought. 

In the following three examples, an axially loaded rod, a circular shaft 
in torsion, and a rectangular beam with transversely applied force will be 
examined for principal stresses and stresses acting on inclined planes. 

EXAMPLE 9-1 

Find the stresses acting on an arbitrarily inclined plane in an axia ll y loaded 
rod of constant cross-sectional area. 

SOLUTION 

Consider the prismatic bar subjected to axial tension in Fig. 9-1 (a). By passing 
a section X-X perpendicular to the axis of the rod through a general point 
G and applying Eq. 1-1, one finds the stress a = P/A, where A is the cross­
sectional area of the rod. Moreover, since this normal stress is the only 
stress acting on the element, Fig. 9-1 (b), it is the principal stress. Designating 
this stress as U y, and noting that a., = 0 and 't" xy = 0, the normal and the 
shearing stresses acting on any inclined plane defined by the x ' ax is normal 
to this plane can be found using Eqs. 8-1 and 8-2 : 

't" x 'y' = + ~ sin 20 
(9-1 ) 

where the signs follow the conventions adopted in Fig. 8-4(b). From Eq. 9-1 
it is seen that the maximum or the principal stress occurs when 0 = 90°. 
These equations emphasize the fact that the state of stress at a point can be 
described in an infinite number of ways . 

ALTERNATE SOLUTION 

Instead of solving this problem by the formulas already developed, it is 
instructive to rework it from basic principles. Thus, consider the same bar, 
Fig. 9-1 (a), and pass through it two parallel planes HJ and KL inclined at an 
angle 0 with the vertical. Every vertical fiber in the block HJLK, shown 
isolated in Fig. 9-1 (c), elongates the same amount. All of these fibers are 
subjected to the same intensity of force. Hence, although this has not been 
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Fig. 9-1 

done before in this text, the stress s acting in a vertical direction on an 
inclined plane may be said to be s = P/(A/sin 0), since A/sin 0 is the inclined 
cross-sectional area of the bar. This manner of expressing the stress is unusual, 
and for this reason it is resolved into the normal and shearing stresses (Art. 
1-3). This is done by direct resolution of s into the components, Fig. 9-l(d), 
since s, 0'9 , and r 9 all act on the same unit of area. Thus 

a 9 = s sin 0 = ~ sin 2 0 

and r 9 = s cos 0 = ~ sin 0 cos 0 = iA_ sin 20 

These results agree with Eqs. 9-1. 
It is instructive to carry the above solution a step further. By isolating 

the block H 'J 'L' K' (shown dashed in Fig. 9-1 (a)), whose sides are perpendi­
cular to those of the block HJLK, the element shown in Fig. 9-l(e) is obtained. 
All normal and shearing stresses acting on this element may be determined by 
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combining with the above solution an additional solution analogous to it for 
the block H'J'L' K'. The principal stresses for this element are obtained using 
Mohr's circle of stress as in Fig. 9-l(f). With the aid of trigonometry, it can 
be shown that the maximum principal stress a 1 = Pf A and acts normal to the 
line AE in the vertical direction, which is to be expected. The minimum 
principal stress on the vertical side of the element is zero. 

The above discussion also applies to stable compression members. 
In either tension or compression, in a state of pure uniaxial stress, there are 
shearing stresses acting on some planes. These shearing stresses reach their 
maximum value of a / 2 when 0 = ± 45°, as can be seen from Eq. 9-1. For 
materials that are strong in tension or compression but weak in shearing 
strength, failures may be expected along the 45° planes. This is found to be 
so for several materials. Concrete and Duralumin are notable examples.* 

EXAMPLE 9-2 

Determine the principal stresses occurring in a solid circular shaft subjected 
to a torque T, Fig. 9-2(a). 

SOLUTION 

In a circular shaft, the maximum shearing stress occurs in the outermost 
thin lamina (at but not on the outer surface) and, by Eq. 3-3, is 't'max = Tc/J, 
where c is the radius of the shaft and J is its polar moment of inertia . This 
state of pure shearing stress is shown acting on an element in Fig. 9-2(a). 
However, according to Art. 8-6, a state of pure shearing stress transforms 
into tensile and compressive principal stresses, which are equal in magnitude 
to the shearing stress and act along the respective shear diagonals. Therefore 
the principal stresses are a 1 = + Tc/J and a 2 = - Tc/J, acting in the direc­
tion shown in the figure. 

The above stress transformation enables one to predict the type of 
failure that will take place in materials weak in tension. Such materials 
fail by tearing in a line perpendicular to the direction of a 1 • An example of 
such a failure for a sandstone sample is shown in Fig. 9-2(b); cast iron shafts 
fail in the same manner.t The failure takes place along a helix, shown in 
Fig. 9-2(a) by the dashed lines. Shafts made from materials weak in shearing 
strength, such as mild steel, break squarely across. 

*Failures do not take place precisely on the 45° planes, since the normal stress existing 
simultaneously with the shearing stress also influences the breakdown of the material. 
This fact is rationalized in Mohr's theory of failure . 

tOrdinary chalk behaves similarly. This may be demonstrated in a classroom by twisting 
a piece of chalk to failure. 
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Fig . 9-2. (a) Alternative description of stresses for a shaft in torsion; 
(b) a core sample of sandstone after a torsion text . (Experiment by 
Professor D. Pirtz.) 

EXAMPLE 9-3 

A weightless rectangular beam spans I m and is loaded with a vertical 
downward force P = 80 kN at midspan, Fig. 9-3(a). Find the principal 
stresses at points K, L, M, L ' , and K ', and the stresses acting on an inclined 
plane of 0 = + 30° for the element L '. 

SOLUTION 

At section KK' a shear of 40 kN and a bending moment of IO kN. m are 
necessary to maintain the equilibrium of the segment of the beam. These 
quantities with their proper sense are in Fig. 9-3(c). 

The principal stress at points K and K' follows directly by applying 
the flexure formula, Eq. 5-1. Since the shearing stresses are distributed para­
bolically across the cross section of a rectangular beam, no shearing stresses 
act on these elements, Figs. 9-3(d) and (h). 

_ Mc _ M _ 6M _ 6(10) _ 3 
<1 Kor K' - I - S - bhl - (0.04)(0.3)2 - 16.67 X 10 kPa 
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Fig . 9-3. (Dimensions in meters) 

The normal stresses acting on the elements L and L ' shown in the 
first sketches of Figs. 9-3(e) and (g) are.,.ol1fained by direct proportion from the 
normal stresses acting on the elements Kand K ' (or Eq. 5-l(a) could be used 
directly). The shearing stresses acting on both these elements are alike. Their 
sense on the right face of the elements agrees with the sense of the shear at the 
section KK' in Fig. 9-3(c). The magnitude of these shearing stresses is obtained 

CHAP. 9 COMBINED STRESSES-PRESSURE VESSELS-FAILURE THEORIES 280 

www.konkur.in



(a) 

by applying Eq. 6-6, -r = VArahJYIUt). For use in this equation, the area 
ArahJ with the corresponding y is shown shaded in Fig. 9-3(b). 

(h or L' = ~: :1 X (J K = ± 15.56 X 103 kPa 

_ VArah JY _ (40)(0.04)(0.01)(0.145) _ 644 kP 
'rLorL'- it - (1/12)(0.04)(0.3)3(0.04) - a 

To obtain the principal stresses at L, Mohr's circle of stress is used . Its 
construction is indicated in Fig. 9-3(i), and the results obtained are shown 
in the second sketch of Fig. 9-3(e). Note the invariance of the sum of the 
normal stresses, i.e., ax+ ay = a 1 + a2 or -15.56 + 0 = - 15.59 + 0.03. 
A similar solution for the principal stresses at point L' yields the results indi­
cated in the second sketch of Fig. 9-3(g). 

Point M lies on the neutral axis of the beam, hence no flexural stress 
acts on the corresponding element shown in the first sketch of Fig. 9-3(f). 
The shearing stress on the right-hand face of the element at M acts in the 
same direction as the internal shear at the section KK'. Its magnitude can be 
obtained by app lying Eq. 6-6, or directly by using Eq. 6-7, i.e., 

- 3 V - 1.5(40) - 5 103 kP 
'rmax - 2 A - 0.04{0.3) - X a 

The pure shearing stress transformed into the principal stresses according to 
Art. 8-6 is shown in the second sketch of Fig. 9-3(f). 

It is significant to further examine qualitatively the results obtained. 
For this purpose the computed principal stresses acting on the corresponding 
planes are shown in Figs. 9-4(a) and (b). By examining Fig. 9-4(a), the charac­
teristic behavior of the algebraically larger (tensile) principal stress at a sec­
tion of a rectangular beam can be seen. This stress progressively diminishes 
in its magnitude from a maximum value at K ' to zero at K. At the same time 
the corresponding directions of a I gradually turn through 90°. A similar 
observation can be made regarding the algebraically smaller (compressive) 
principal stress a 2 shown in Fig. 9-4(b). 

0"1=0 
K 

5 MPa 
--+-

M 

(b) 

K 
16.67MPa 

M 

45° 5 MPa 

-.--... 0.03 MPa 
K' 

Fig. 9-4. (a) Behavior of-the algebraically larger principal streEs a,. 
(b) Behavior of the algebraically smaller principal stress a 2 
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To find the stresses acting on a plane of 0 = + 30° through point L', 
a direct application of Eqs. 8-1 and 8-2 using the stresses shown in the first 
sketch of Fig. 9-J(g) and 20 = 60° is made. 

a8 = + 1~· 56 + + li"56 cos60° + (- 0.644)sin 60° = + 11.11 MPa 

1:8 = - 11·56 sin 60° + (-0.644)cos60° = - 7.06 MPa 

These results are shown in Fig. 9-3(j). The sense of the shearing stress 1:8 is 
opposite to that shown in Fig. 8-4(b), since the computed quantity is negative. 
The "wedge technique" explained in Example 8-1 or the Mohr's circle method 
as explained in Art. 8-8 can be used to obtain the same results. 

*9-3. MEMBERS IN A STATE OF TWO-DIMENSIONAL STRESS 

Within the scope of the formulas developed in this text, bodies in a 
state of two-dimensional stress can be studied as was done in the preceding 
example. A great many points in a stressed body may be investigated for 
the magnitude and direction of the principal stresses. Then, to study the 
general behavior of the stresses, selected points can be interconnected to 
give a visual interpretation of the various aspects of the computed data. 
For example, the points of algebraically equal principal stresses, regardless 
of their sense, when connected , provide a "map" of stress contours. Any 
point lying on a stress contour has a principal stress of the same algebraic 
magnitude. 

Similarly, the points at which the directions of the minimum principal 
stresses form a constant angle with the x-axis can be connected.* Moreover, 
since the principal stresses are mutually perpendicular, the direction of the 
maximum principal stresses through the same points also forms a constant 
angle with the x-axis. The line so connected is a locus of points along which 
the principal stresses have parallel directions. This line is called an isoclinic 
line. The adjective isoclinic is derived from two Greek words , isos meaning 
equal and klino meaning slope or incline. Three isoclinic lines can be found 
by inspection in a rectangular prismatic beam subjected to transverse load 
acting normal to its axis. The lines corresponding to the upper and lower 
boundaries of a beam form two isoclinic lines as, at the boundary, the 
flexural stresses are the principal stresses and act parallel to the boundaries.t 
On the other hand, the flexural stress is zero at the neutral axis, and only 
there do pure shearing stresses exist. These pure shearing stresses transform 

*These angles are usually measured in a counterclockwise direction from the x-axis to the 
nearest line of action of the minimum principal stress. These angles vary from 0° to 90°. 
An alternative method, amounting to the same thing, consists of measuring angles counter­
clockwise from a vertical line to the line of ac tion of the algebra ically larger principal 
stress. 

tlf the bending moments are positive, the line corresponding to the upper boundary of 
a beam forms a 0° isoclinic line, while the lower boundary corresponds to a 90° isoclinic. 

CHAP. 9 COMB INED STRESSES-PRESSURE VESSELS-FAILURE THEORIES 282 

www.konkur.in



into principal stresses, all of which act at an angle of 45° with the axis of the 
beam. Hence, another isoclinic line (the 45° isoclinic) is located on the axis 
of the beam. The other isoclinic lines are curved and are more difficult to 
determine. 

Another set of curves can be drawn for a stressed body for which the 
magnitude and the sense of the principal stresses are known at a great many 
points. A curve whose tangent is changing in direction to conform with the 
direction of the principal stresses is called a principal stress trajectory or 
isostatic line. Like the isoclinic lines, the principal stress trajectories do not 
connect the points of equal stresses, but rather indicate the directions of the 
principal stresses. Since the principal stresses at any point are mutually 
perpendicular, the principal stress trajectories for the two principal stresses 
form a family of orthogonal (mutually perpendicular) curves.* An example 
of stress trajectories for a rectangular beam loaded with a concentrated 
force at the midspan is shown in Fig. 9-5. The principal stress trajectories 
corresponding to the tensile stresses are shown in the figure by solid lines; 
those for the compressive stresses are shown dashed. The trajectory pattern 
(not shown) is severely disturbed at the supports and at the point of applica­
tion of the load P. 

p 

Fig. 9-5. Principal stress trajectories for a rectangular beam 

*9-4. THE PHOTOELASTIC METHOD OF STRESS ANALYSIS 

The state of stress in any two-dimensional stress problem can be 
expressed in terms of the stress contours, the isoclinic lines, and the principal 
stress trajectories discussed in the preceding article. Moreover, it is significant 
that the application of the same forces in the same manner to any two geo­
metrically similar bodies made from different elastic materials causes the 
same stress distribution. The stress distribution is unaffectedt by the elastic 
constants of a material. Therefore, to determine stresses experimentally, 

•A somewhat analogous situation is found in fluid mechanics where in " two-dimensional" 
fluid flow problems the streamlines and the equipotential lines form an orthogonal system 
of curves- the flow net . 

tFor this to be true, strictly speaking, the bodies must be simply connected, i.e., without 
interior holes. 
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No light 

(a) 

instead of finding the stresses in an actual member, the test specimen is 
prepared from any material suitable for the type of test to be performed. 
Glass, celluloid, and particularly certain grades of Bakelite have the required 
optical properties for photoelastic work. More recently, additional materials 
such as polyurethane rubber, Plexiglas, epoxy resin, and Columbia resin 
(CR-39) have been used. In a stressed specimen made from one of these 
materials, the principal stresses temporarily change the optical properties of the 
material. This change in the optical properties can be detected and related 
to the principal stresses that cause it. The experimental and analytical 
technique necessary for the analysis of problems in this manner is known as 
the photoelastic method of stress analysis. Only a brief outline of this method 
will be given here,* commencing with some remarks on light. 

Light travels through any given medium in a straight line at a constant 
velocity. For the purposes at hand, the behavior of light may be explained 
by considering its single ray as a series of chaotic waves that travel in a 
number of planes containing the ray. By restricting the vibration of the 
waves to a single plane, a plane polarized light is obtained . This is done by 
passing the light through a polarizer, which may be a suitable pile of plates, 
a Nicol prism, or a commercially manufactured "Polaroid" element. The 

Monochromatic light source 

Direction of the principal 
stresses at A 

2nd polarizer (analyzer) 

(b) 

Only components of the resolved 
plane polarized light get through 
the analyzer 

Components of the plane polarized light 

Fig. 9-6 . The photoelastic method of stress analysis 

*For more details see M. M. Frocht, Photoelasticity, vols. I and Ir, New York: Wiley, 
1941 and 1948. 
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plane of the polarizer through which the transverse vibrations of the light 
are allowed to pass is called the plane of polarization. A schematic diagram of 
the foregoing definitions is shown in Fig. 9-6(a), where a second polarizer, 
called the analyzer, is also shown. Note that if the planes of polarization of 
the two polarizers are at right angles to each other, no light gets through 
the analyzer. This arrangement of the analyzer with respect to the polarizer 
is termed crossed. 

If the light source* used is monochromatic, i.e., of one color, the trans­
verse vibrations of the plane polarized light are regular, as the wave length 
in a given medium for any one color is constant. When propagating through 
the same medium, these transverse vibrations are described by a sinusoidal 
wave of constant amplitude and frequency. 

By inserting an annealed specimen made from a suitable transparent 
material between the polarizer and the analyzer in the arrangement shown 
in Fig. 9-6(a), no new phenomenon is observed. However, by stressing the 
speci men, the optical properties of the material change, and two phenomena 
take place :t 

l. At each point of the stressed body the polarized light wave is resolved into 
two mutually perpendicular components lying in the planes of the principal 
stresses occurring at that point. 

2. The linear velocity of each of the components of the light wave is retarded 
through the stressed specimen in direct proportion to the related principal 
stress. 

These facts are the basis of the photoelastic method of stress analysis. 
A schematic representation of the behavior of a monochromatic plane 
polarized wave as it passes through a stressed body and an analyzer is 
shown in Fig. 9-6(b). In the stressed specimen, a plane polarized wave is 
resolved into two components whose planes coincide with the planes of the 
principal stresses, as at point A. These components of the sinusoidal vibration 
leave the specimen with the same frequency but are out of phase. The latter 
effect is caused by the different amount of retardation of the light in the 
two principal planes of stress. Finally, the light waves emerging from the 
analyzer are again brought into the same plane, since only certain compo­
nents of the polarized light can go through the analyzer. The two mono­
chromatic light waves that leave the analyzer vibrate out of phase in the 
same plane with the same frequency. Their phase difference, which is directly 
proportional to the difference in the principal stresses at a point such as A of 
the stressed body, provides several possibilities that may be observed on a 
screen placed after the analyzer. If the two waves are out of phase by a full 

•Mercury-vapor lamps are commonly used for this purpose. 

tThe first phenomenon stated was discovered by Sir David Brewster in 1816. The quantita­
tive relation was established by G. Wertheim in 1854. The modern development of photo­
elasticity and its engineering applications probably owes most to the two professors from 
England, E.G. Coker and L. N. G. Filon, whose treatise on this subject was first published 
in 1930. 
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wave length of the light used, they reinforce each other, and the brightest 
light is seen on the screen. For other conditions, some interference takes 
place between the two light waves. A complete elmination of the light occurs 
if the amplitudes of the two light waves are equal and are out of phase by one­
ha/f wave length or its odd integer multiple. Therefore, since an infinite number 
of points in the stressed body affect the plane polarized light in a manner 
analogous to the point A, alternate bright and dark bands become apparent 
on a screen. The dark bands are called fringes. 

The greater the difference in the principal stresses, the greater the phase 
difference between the two light waves emerging from the analyzer. Hence, 
if forces are gradually applied to a specimen until the principal stresses differ 
sufficiently to cause a phase difference of one-half wave length between the 
two light waves at some points, the first fringe appears on the screen. Then 
as the magnitude of the applied forces is increased, the first fringe shifts to 
a new position and another "higher order" fringe makes its appearance on 
the screen. The second fringe corresponds to the principal stresses that 
cause a phase difference of I½ wave lengths. This process can be continued 
as long as the specimen behaves elastically, and more and more fringes 
appear on the screen. A photograph with several fringes for a rectangular 
beam loaded at midspan is shown in Fig. 9-7. In a separate experiment 

Fig. 9 -7. Fringe photograph of a rectangular beam 

fringes can be calibrated with a bar in tension or a beam in pure flexure. The 
stresses for these simple members can be accurately computed. It is neces­
sary to make the calibration specimens form the same material as the speci­
men to be investigated. With the calibration data, complex members sub­
jected to complicated loading may be investigated. For each fringe order, the 
difference of the principal stresses, a 1 - a 2 , is known from calibration; 
hence, fringes represent a "map" of the difference in the principal stresses. 
According to Eq. 8-8, the difference of the principal stresses divided by two 
is equal to the maximum shearing stress; therefore the fringes also represent 
the loci of the principal shearing stresses. 

A fringe photograph of a stressed body and calibration data are suffi­
cient for determining the magnitude of the maximum or principal shearing 
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stresses. The principal stress at any point of the unloaded boundary can 
also be obtained. At a free boundary, one of the principal stresses that 
acts normal to the boundary must be zero, and the fringe order is directly 
related to the other principal stress. Additional experimental work must be 
performed to determine normal stresses away from the boundaries. 

One method of completing the problem consists of obtaining some 
very accurate measurements of the change in thickness of the stressed specimen 
at a number of points. These measurements, which may be designated by 
llt, where t is the thickness of the specimen, are related to the principal 
stresses; i.e., from the generalized Hooke's law (Eq. 2-6) with a, = 0 one 
obtains 

or E 
(11 + (12 = - -llt 

vt 

Then, from an additional experiment on the same material in simple tension 
where a 1 =;t:. 0 and a 2 = 0, a new calibration chart can be prepared that 
gives the sum of the principal stresses versus llt. From the information 
obtained from these two experiments, a "map" of the sum of the principal 
stresses for the specimen investigated can be prepared. By superposing this 
"map" with the "map" of the differences of the principal stresses obtained 
from the fringe photograph, the magnitudes of the principal stresses at any 
point of the stressed specimen can be determined. 

Additional information must be found in the picture of fringes to 
determine the direction of the principal stresses. This information is given by 
the isoclinic line. This is a black line corresponding to the locus of the points 
where the direction of one of the principal stresses in the stressed body 
coincides with the plane of the polarized light leaving the polarizer. Rays 
passing through these points in the stressed specimen are not resolved and 
are blacked out by the analyzer. By rotating the polarizer into several known 
posi tions and maintaining the analyzer crossed, the isoclinic lines can be 
determined . These lines may be difficult to distinguish from the fringes, as 
both appear simultaneously on the screen. One method of differentiating the 
isoclinic lines from the fringes uses white instead of monochromatic light . 
Using white light makes isoclinics appear black, but the fringes are colored 
and contain all the visible spectral colors of the white light. On the other 
hand, to eliminate the isoclinic lines, which are undesirable for fringe photo­
graphs, two quarter-wave plates may be inserted into the optical system. 
Quarter-wave plates resolve the plane polarized light into two mutually 
perpendicular components; one of these is a quarter wave out of phase 
with the other. Combination of these components results in a "circularly 
polarized light." One of these plates is placed between the polarizer and the 
specimen and the other between the specimen and the analyzer. The fringe 
photograph shown in Fig. 9-7 was obtained by using this method. 

With the aid of analytical methods, a sequence of isoclinic lines and 
fringe photographs are sufficient to solve the photoelastic problem without 

ART. 9-4 THE PHOTOELASTIC METHOD OF STRESS ANALYSIS 287 

www.konkur.in



finding the sum of the principal stresses experimentally. These procedures 
are very detailed and laborious, and the reader is referred to books on photo­
elasticity for further information. 

The photoelastic method of stress analysis is very versatile and has 
been used to solve numerous problems . Nearly all solutions for the stress­
concentration factors have been established by photoelasticity. The inac­
curacy of the elementary formulas of mechanics of materials at concentrated 
forces is clearly brought out by the fringe photographs. For example, in Fig. 
9-7, according to the elementary formulas, the fringes in the upper half of 
the beam should be like those in the lower half. Also note the local distur­
bance of the stresses at the supports in the same photograph. 

The photoelastic method is best adapted to two-dimensional stress 
problems. Three-dimensional problems have also been analyzed by special­
ized techniques. The extension of the method to inelastic or plastic problems 
remains for the present unsolved. The Moire fringe method is another optical 
procedure that has met with much success. This method will not be described 
here.* 

9-5. TH IN-WALLED PRESSURE VESSELS 

The above investigations for the principal stresses in several stressed 
members illustrated numerous instances where biaxial stresses occur. On 
the other hand, all of the preceding philosophy of allowable st resses was 
based on the simple tension or torsion test. Therefore, before the study of 
the design of members is undertaken, it is important to reach some conclu­
sions regarding the effect of biaxial stresses on the resistance to failure of 
various materials. Since the answer to this question is found from experi­
ments on thin-walled pressure vessels, a method for analyzing them must 
be developed first. Attention will be confined to two types of these vessels, 
the cylindrical pressure vessel and the spherical. t Both of these types of 
pressure vessels are exceedingly important in industry; hence this topic is 
in itself of great practical importance. 

The walls of an ideal thin-walled pressure vessel act as a membrane, 
i.e., no bending of the walls takes place. A sphere is an ideal shape for a 
closed pressure vessel if the contents are of negligible weight. A cylindrical 
vessel is also good with the exception of the junctures with the ends, a matter 
to be commented on in more detail later. 

The analysis of pressure vessels will begin by considering a cylindri­
cal pressure vessel such as a boiler, as shown in Fig. 9-8(a). A segment is 
isolated from this vessel by passing two planes perpendicular to the axis of 

•see, for example, P. S. Theocaris, "Moire Fringes: A Powerful Measuring Device," 
Applied Mechanics Review, May 1962, vol. 15. 

tFor a more general discussion of membrane behavior of axisymmetrical shells of revolution 
see E. P. Popov, Introduction to Mechanics of Solids, Englewood Cliffs, N.J.: Prentice-Hall, 
1968. 
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Fig. 9-8. Diagrams for analysis of cylindrical pressure vessels 

the cylinder and one additional longitudinal plane through the same axis , 
shown in Fig. 9-8(b). The conditions of symmetry exclude the existence of 
any shearing stresses in the planes of the sections, as shearing stresses would 
cause an incompatible distortion of the tube. Therefore, the stresses that 
can exist on the sections of the cylinder can only be the normal stresses 
a 1 and a 2 shown in Fig. 9-8(b). These stresses are the principal stresses. 
These stresses, multiplied by the respective areas on which they act, maintain 
the element of the cylinder in equilibrium against the internal pressure. 

Let the internal pressure in excess of the external pressure be p psi or 
Pa (gage pressure), and let the internal radius of the cylinder be r,. Then the 
force on an infinitesimal area Lr,d0 (where d0 is an infinitesimal angle) 
of the cylinder caused by the internal pressure acting normal thereto is 
pLr, d0, Fig. 9-8(c). The component of this force acting in the horizontal 
direction is (pLr, d0) cos 0; hence the total resisting force of 2P acting on the 
cylindrical segment is 

f
n 12 

2P = 2 
0 

pLr, cos d0 = 2pr,L 

Again from symmetry, half of this total force is resisted at the top cut through 
the cylinder and the other half is resisted at the bottom. The normal stresses 
a 2 acting in a direction parallel to the axis of the cylinder do not enter into 
the above integration. 

Instead of obtaining the force 2P caused by the internal pressure by 
integration, as above, a simpler equivalent procedure is available. From an 
alternate point of view, the two forces P resist the force developed by the 
internal pressure p, which acts perpendicular to the projected area A I of the 
cylindrical segment onto the diametral plane, Fig. 9-8(d). This area in Fig. 

ART. 9-5 THIN-WALLED PRESSURE VESSELS 289 

www.konkur.in



9-8(b) is 2r,L, hence 2P = A 1p = 2r,Lp. This force is resisted by the forces 
developed in the material in the longitudinal cuts, and since the outside 
radius of the cylinder is r0 , the area of both longitudinal cuts is 2A = 
2L(r0 - ri). Moreover, if the average normal stress acting on the longitudinal 
cut is o- 1, the force resisted by the walls of the cylinder is 2L(r0 - r1)a 1• 

Equating the two forces, 2r,Lp = 2L(r0 - r1)a 1 • 

Since r0 - r, is equal to t, the thickness of the cylinder wall, the last 
expression simplifies to 

(9-2) 

The normal stress given by Eq. 9-2 is often referred to as the circum­
ferential or the hoop stress. Equation 9-2 is valid only for thin-walled cylin­
ders, as it gives the average stress in the hoop. However, as will be shown in 
Chapter 16, the wall thickness can reach one-tenth of the internal radius 
and the error in applying Eq. 9-2 will still be small. Since Eq. 9-2 is used 
primarily for thin-walled vessels where r, = r0 , the subscript for the radius 
is usually omitted . 

Equation 9-2 can also be derived by passing two longitudinal sections 
as shown in Fig. 9-8(e). In this treatment, the forces Pin the hoop must be 
considered acting tangentially to the cylinder. The horizontal components 
of the forces P maintain the horizontal component of the internal pressure 
in a state of static equilibrium. 

The other normal stress o-2 acting in a cylindrical pressure vessel acts 
longitudinally, Fig. 9-8(b), and it is determined by solving a simple axial 
force problem. By passing a section through the vessel perpendicular to its 
axis, a free body as shown in Fig. 9-8(f) is obtained. The force developed by 
the internal pressure is pnrf, and the force developed by the longitudinal 
stress o- 2 in the walls is ai(nr; - nrf). Equating these two forces and solving 
for a 2 , 

pnrf = ai(nr; - nrl) 

pr2 pr2 
0'2 = --'- = I 

r; - rf (r. + r,Xr. - r,) 

However, r0 - r, = t, the thickness of the cylindrical wall, and since this 
development is restricted to thin-walled vessels, r0 = r, = r; hence 

(9-3) 

Note that for cylindrical pressure vessels a 2 = a 1/2. 
An analogous method of analysis can be used to derive an expression 

for thin-walled spherical pressure vessels. By passing a section through the 
center of the sphere of Fig. 9-9(a), a hemisphere shown in Fig. 9-9(b) is 
isolated. By using the same notations as above, an equation identical to Eq. 
9-3 can be derived. However, for a sphere, any section that passes through 
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Fig. 9-10. An element of 
a thin-walled pressure 
vessel considered to be in 
a state of biaxial stress 

Fig. 9-11 . Dashed lines 
show the tendency (ex­
aggerated), for the cylin­
der and the ends to 
expand a different amount 
under the action of internal 
pressure. 

(a) (b) (c) 

Fig. 9-9. Spherical pressure vessel 

the center of the sphere y ields the same result. Equal principal stresses act on 
the elements of the sphere whatever the inclination of the element's side, 
Fig. 9-9(c). Hence, for thin-walled spherical pressure vessels, 

(9-3a) 

*9-6. REMARKS ON THIN-WALLED PRESSURE VESSELS 

The state of stress for an element of a thin-walled pressure vessel as 
given by Eqs. 9-2, 9-3, and 9-3(a) is considered biaxial, although the internal 
pressure acting on the wall causes a local compressive stress equal to this 
pressure. Actually a state of triaxial stress exists on the inside of the vessel, 
Fig. 9-10. However, for thin-walled pressure vessels this latter stress is much 
smaller than a 1 and a 2 and for this reason is generally ignored. The signifi­
cant stresses acting on the properly oriented elements for cylindrical and 
spherical pressure vessels are shown in Figs. 9-8(a) and 9-9(a), respectively. 

For the same internal pressure, diameter, and wall-thickness, the maxi­
mum stress in a spherical vessel is approximately one-half the maximum 
stress occurring in a cylindrical vessel. Also note that Mohr's circle of stress 
for the main stresses in a spherical vessel degenerates to a point. This means 
that regardless of the inclination of the plane in the element investigated, 
the normal stress remains constant and no shearing stresses exist.* The 
same conclusion is reached by passing an arbitrary cutting plane through the 
sphere's center, as was done in Fig. 9-9(c). 

A discontinuity of the membrane action occurs at the juncture of the 
cylindrical portion of a pressure vessel with the ends. Under the action of 
the internal pressure, the cylinder tends to expand as shown by the dashed 
lines in Fig. 9-11 , while the ends tend to expand a different amount, owing 
to differences in stress. This incompatibility of deformations causes local 

*By looking on an infinitesimal element from the top edge, a new orientation of the element 
is obtained . For this new orientation, a maximum shearing stress of u i/2 may be seen to 
exist in the material. 
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ft----'-=i 
Fig. 9-12. Single V­
butt joint 

bending and shearing stresses in the neighborhood of the joint, since there 
must be physical continuity between the ends and the cylindrical wall. For 
this reason, properly curved ends must be used for pressure vessels. Flat 
ends are very undesirable.* 

A majority of pressure vessels are manufactured from separate curved 
sheets that are joined. A common method of accomplishing this is to 
arc-weld the abutting material as shown in Fig. 9-12. Grooves into which 
the welding metal is deposited are prepared in a number of ways, depending 
on the thickness of the plates. The so-called single-V butt joint is shown in 
Fig. 9-12. Other types of butt welds are also used. Their nomenclature 
depends on the preparation of the groove. For example, if V-grooves are 
made from both sides, as is done for thicker plates, the weld is called a 
double-V butt joint. Other terms are single-bevel butt joint, double-bevel 
butt joint, single-U butt joint, etc. The calculations for the welds are made 
by assigning an allowable tensile stress to the weld, which is assumed to be 
of the same depth as the thickness of the plate. The allowable stresses are 
usually expressed as a certain percentage of the strength of the original 
solid plate of the parent material. This percentage factor varies greatly, 
depending on the workmanship. For ordinary work, a 20 % reduction in 
the allowable stress for the weld compared to the solid plate may be used. 
For this factor the efficiency of the joint is said to be 80 %. On high grade 
work, some of the specifications allow I 00 % efficiency for the welded joint. 

In conclusion it must be emphasized that the formulas derived for thin­
walled pressure vessels in the preceding article should be used only for cases 
of internal pressure. If a vessel is to be designed for external pressure, as in 
the case of a vacuum tank or a submarine, instability (buckling) of the walls 
may occur, and stress calculations based on the above formulas are mean­
ingless. 

The application of Eqs. 9-2, 9-3, and 9-3a is so direct that no illustrative 
examples are solved. However, a similar method 

0 
of analysis is applicable to a related problem, 
which will now be analyzed. 

EXAMPLE 9-4 

Determine the pressure p that can be carried by the 
wooden stave pipe shown in Fig. 9-13. Assume that 
the wooden staves are of adequate size to span between 
10 mm round steel hoops with upset endst spaced 0.1 m 
apart. Assume the allowable stress in the steel hoops 
at 165 MPa, and ignore the effect of crushing of the 
wood by the hoops. 

(a) 

0.1 m 0.1 m 

(b) 

Fig. 9-13 

*The ASME Unfired Pressure Vessel Code gives practical information on the design of 
ends; the necessary theory is beyond the scope of this text. In spite of this limitation, the 
elementary formulas for thin-walled cylinders developed here are suitable in the majority 
of cases. 

tThe diameter of the rod at the ends is enlarged by forging, i.e., " upset," in order to main­
tain the nominal rod diameter at the root of the threads. 
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Connection 
to high 
pressure 
pump 

Fig. 9-14. Arrangement 
for obtaining controlled 
ratios of the principal 
stresses 

SOLUTION 

This problem may be analyzed in the same manner as that of the cylindrical 
pressure vessel. Since the hoops are 0.1 m apart, each hoop resists the force 
developed by the pressure along one-tenth linear meter of the pipe, Fig. 
9-J3(b). Then, considering a segment of the pipe 0.1 m long similar to the 
one shown in Fig. 9-8(b), the internal force tending to burst the pipe in 
this distance is 2r,Lp = 2(0.5)0.lp = O. lp N. This force is resisted by two 
cross-sectional areas of the hoop. The area of each 10 mm diameter hoop 
is 78.5 mm 2 = 78.5 x 10- 6 m2 ; hence it is good for (78.5 x 10-6)(165 x 106 ) 

= 12 950 N. By equating the bursting force to the two resisting forces in 
the hoop, the allowable pressure in the pipe is found, i.e., O.lp = 2(12 950) 
and p = 259 000 Pa = 259 kPa. 

9-7. FAILURE THEORIES: PRELIMINARY REMARKS 

Most of the information on yielding and fracture of materials under 
the action of biaxial stresses comes from experiments on thin-walled cylinders. 
A typical arrangement for such experiments is shown in Fig. 9-14. The ends 
of a thin-walled cylinder of the material being investigated are closed by 
substantial caps. This forms the hollow interior of a cylindrical pressure 
vessel. By pressurizing the available space until yielding or bursting point, 
the elements of the wall are subjected to biaxial stresses of a constant ratio 
a 1/a 2 = 2. By applying an additional tensile force P to the caps, the a 2 

stress is increased to any predetermined amount a 2 + a". By applying a 
compressive force, the a 2 stress can be minimized or eliminated. Actual 
compressive stress in the longitudinal direction is undesirable, as the tube 
may buckle. By maintaining a fixed ratio between the principal stresses 
until the failure point is reached, the desired data on a material are obtained. 
Analagous experiments with tubes simultaneously subjected to torque, 
axial force, and pressure are also used. An interpretation of these data, 
together with all other related experimental evidence, including the simple 
tension tests, permits a formulation of theories of failure for various materials 
subjected to combined stresses. 

Unfortunately, at this date the quantitative criteria for yielding and 
fracture of materials under multiaxial states of stress are incomplete. A 
number of questions remain unsettled and are a part of an active area of 
materials research. As yet no complete answer can be given by any one 
theory, and there exist several failure or strength theories that are applica­
ble to specific groups of materials. The two widely accepted criteria for the 
onset of inelastic behavior for ductile materials under combined stresses 
will be discussed first. This is followed by the presentation of a fracture 
criterion for brittle materials. It must be emphasized that, in classifying 
the materials in this manner, strictly speaking, one refers to the brittle or 
ductile state of the material as this characteristic is greatly affected by tem­
perature as well as by the state of stress itself. More complete answers to 
such questions are beyond the scope of this book. 
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9-8. MAXIMUM SHEARING STRESS THEORY 

The maximum shearing stress theory,* or simply the maximum shear 
theory, results from the observation that, in a ductile material, slipping occurs 
during yielding along critically oriented planes. This suggests that tne maxi­
mum shearing stress plays the key role, and it is assumed that yielding of 
the material depends only on the maximum shearing stress that is attained 
within an element. Therefore, whenever a certain critical value Tc, is reached, 
yielding in an element commences.t For a given material this value is set 
equal to the shearing stress at yield in simple tension or compression. Thus, 
according to Eq. 8-6, if ax= ± a 1 =I= 0, and ay = Txy = 0, 

= -1±~1 -~ Tmax - Tc, - 2 - 2 (9-4) 

which means that if a rP is the yield-point stress found, for example, in a 
simple tension test, the corresponding maximum shearing stress is half as 
large. This conclusion also follows easily from Mohr's circle of stress. 

To apply the maximum shearing stress criterion to a given biaxial 
state of stress, first the maximum shearing stress is determined , and then 
equated to Tmax given by Eq. 9-4. Expressing the maximum shearing stresses 
for a given state of stress in terms of the principal stresses, then canceling 
the common 2 in the denominators leads to the following yield criterion: 

and 

and 

la 2 I< a ,P (9-5) 

(9-6) 

Equations 9-5 apply only when a I and a 2 are of the same sign, and Eq. 9-6 
applies only when a I and a 2 are of the opposite sign. In a biaxial case, if the 
principal stresses have the same sign, the maximum shearing stresses are 
found by viewing the element along the axis of the smaller stress (see Fig. 
8-13); for principal stresses of the opposite sign, the largest shearing stress 
is given by (a 1 - a 2)/2. 

For impending yield, the inequalities of Eqs. 9-5 and 9-6 are replaced 
by equalities. By considering a I and a 2 as the coordinates of a point in this 
a 1-a 2 stress space, these equations define the limiting hexagon of Fig. 9-15. 
Stresses falling with in the hexagon indicate that no yielding of the material 

*This theory appears to have been originally proposed by C. A. Coulomb in 1773. In 1868 
H. Tresca presented the results of his work on the flow of metals under great pressures to 
the French Academy. Now this theory often bears his name. 

tin single crystals slip occurs along preferential planes and in preferential directions. In 
studies of this phenomenon the effective component of the shearing stress causing slip 
must be carefully determined. Here it is assumed that because of the random orien tation 
of numerous crystals the material has isotropic properties, and so by determining Tmax 

one finds the critical shearing stress. 
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8(-1.0, -1.0) 

has occurred, i.e., the material behaves elastically. 
The state of stress corresponding to the points 
falling on the hexagon shows that the material is 
yielding. No points can lie outside the hexagon. 

Note that, according to the maximum shear 
theory, if hydrostatic tensile or compressive stresses 
are added, i.e., stresses such that a '1 = a; = a;, 
no change in the material response is predicted. 
Adding these stresses merely shifts the Mohr's cir­
cles of stress, such as in Fig. 8-13, along the a 
axis and 't'max remains the same. This matter will be 
commented upon further in the next article. 

Fig. 9-15. Yield criterion based on maximum 
shearing stress 

The yield criterion just derived is often 
referred to as the Tresca yield condition and is one 
of the widely used laws of plasticity. 

9-9. MAXIMUM DISTORTION ENERGY THEORY 

Another widely accepted criterion of yielding for ductile, isotropic 
materials is based on the energy concepts.* In this approach the total elastic 
energy is divided into two parts: one associated with the volumetric changes 
of the material, and the other causing shearing distortions. By equating the 
shearing distortion energy at yield point in simple tension to that under 
combined stress, the yield criterion for combined stress is established. 

It can be shownt that the yield condition for an ideally plastic material 
under a triaxial state of stress may be obtained in terms of the principal 
stresses as 

(9-7) 

For plane stress a 3 = 0, and Eq. 9-7 in dimensionless form becomes 

(9-8) 

This is an equation of an ellipse, a plot of which is shown in Fig. 9-16. Any 
stress falling within the ellipse indicates that the material behaves elastically. 
Points on the ellipse indicate that the material is yielding. This is the same 
interpretation as that given earlier for Fig. 9-15. On unloading, the material 
behaves elastically. 

*The first attempt to use the total energy as the criterion of yielding was made by E. Beltrami 
of Italy in 1885. In its present form the theory was proposed by M. T. Huber of Poland in 
1904 and was further developed and explained by R. von Mises (1913) and H . Hencky 
(1925), both of Germany and the United States. 

tSee, for example, E. P. Popov, Introduction to Mechanics of Solids, Englewood Cliffs, 
N. J.: Prentice-Hall, 1968. 
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It is important to note that this theory does 
not predict changes in the material response when 
hydrostatic tensile or compressive stresses are 
added. This follows from the fact that, since only 
differences of the stresses are involved in Eq. 9-7, 
adding a constant stress to each does not alter the 
yield condition. For this reason in the three­
dimensional stress space, the yield surface becomes 
a cylinder with an axis having all three direction 
cosines equal to 1/,/'J" . Such a cylinder is shown 
in Fig. 9-17. The ellipse in Fig. 9-16 is simply the 
intersection of this cylinder with the u 1-u 2 plane. 
It can be shown also that the yield surface for the 
maximum shearing stress criterion is a hexagon 
that fits into the tube, Fig. 9-17. 

Fig. 9-16. Yield criterion based on maximum 
distortion energy 

The yield condition expressed by Eq. 9-7 can 
be shown to be another stress invariant. It is also 
a continuous function. These features make the 
use of this law of plastic yielding for combined 

stresses particularly attractive from the theoretical point of view. This widely 
used law is often referred to as the Huber-Hencky-Mises or simply the van 
Mises yield condition.* 

9-10. MAXIMUM NORMAL STRESS THEORY 

The· maximum normal stress theory or simply the maximum stress 
theoryt asserts that failure or fracture of a material occurs when the maximum 
normal stress at a point reaches a critical value regardless of the other 
stresses. Only the largest principal stress must be determined to apply this 
criterion. The critical value of stress u "" is usually determined in a tensile 
experiment, where the failure of a specimen is defined to be either excessively 
large elongation or fracture. Usually the latter is implied. 

Experimental evidence indicates that this theory applies well to brittle 
materials in all ranges of stresses providing a tensile principal stress exists. 
Failure is characterized by the separation, or the cleavage, fracture. This 
mechanism of failure differs drastically from the ductile fracture, which is 

*In the past this condition has been also frequently referred to as the octahedral shearing 
stress theory. See A. Nadai, Theory of Flow and Fracture of Solids, New York: McGraw-Hill, 
1950, p. 104, or F. B. Seely and J. 0. Smith, Advanced Mechanics of Materials (2nd ed.), 
New York: Wiley, 1952, p. 61. 

tThis theory is generally credited to W. J. M. Rankine, an eminent British educator 
(1820- 72). An analogous theory based on the maximum strain, rather than stress, being the 
basic criterion of failure was proposed by the great French elastician, B. de Saint Yenant 
(1797- 1886). Experimental evidence does not corroborate the latter approach. 
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(a) 

(a) 

Center line of cylinder 
and hexagon 

(b) View along the axis of the cylinder 

Fig . 9-17. Yield surfaces for three-dimensional state of stress 

accompanied by large deformations due to slip along the planes of maximum 
shearing stress. 

The maximum stress theory can be interpreted on graphs as can other 
theories. This is done in Fig. 9-18. Failure opcurs if points fall on the surface. 
Unlike the previous theories, this stress criterion gives a bounded surface of 
the stress space. 

CT2 

CT ult 

A (1.0, 1.0 

,1.0 

0 ~ 
CT ult 

B (-1.0,- 1.0) 1~-I.O 
(b) 

Fig . 9-18. Fracture envelopes bssed on maximum stress criterion 
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9-11. COMPARISON OF THEORIES ; OTHER THEORIES 

Comparison of some classical experimental results with the yield and 
fracture theories presented above is shown in Fig. 9-19. * Note the particularly 
good agreement between the maximum distortion energy theory and experi­
mental results for ductile materials. However, the maximum normal stress 
theory appears to be best for brittle materials and can be unsafe for ductile 
materials. 

All the theories for uniaxial stress agree since the simple tension test 
is the standard of comparison. Therefore, if one of the principal stresses at 
a point is large in comparison with the other, all theories give practically 
the same results. The discrepancy between the theories is greatest in the 
second and fourth quadrants, when both principal stresses are numerically 
equal. 

+ Cast iron 
o Steel 
• Copper 

Maximum normal stress (_ 

Maximum distortion energ.y 

--- ....... 

I 
I 

I 
I 
I 
I 
\ 
\ 

' 

.,,. ' o& 
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//// ~ 

// +~ 

1
1 A- Maximum shcaringstress 

I. 

- l.O {) 

+ 

'~-------....11c;.... _______ ...J 
, ....... ______ ,,. -1.0 

A Aluminum 

Fig. 9-19. Comparison of yield and fracture criteria with test data 

*The experimental points shown on this figure are based on classical experiments by several 
investigators. The figure is adapted from a compilation made by G. Murphy, Advanced 
Mechanics of Materials, New York: McGraw-Hill, 1964, p. 83. 
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In the development of the theories discussed above it has been assumed 
that the properties of material in tension and compression are alike-the 
plots shown in several of the preceding figures have two axes of symmetry. 
On the other hand, it is known that some materials such as rocks, cast iron, 
concrete, and soils, have drastically different properties depending on the 
sense of the applied stress. An early modification of the maximum shear 
theory by C. Duguet in 1885 to achieve better agreement with experiment is 
shown in Fig. 9-20(a). This modification recognizes the high strength of 

(a) 

Duguet 

Compression 
experiment 

(b) 

Fig. 9-20. Possible fracture criteria 

Failure envelope 
(Mohr) 

some materials when subjected to biaxial compression. A. A. Griffith,* in 
a sense, refined the explanation for the above observation by introducing 
the idea of surface energy at microscopic cracks and showing the greater 
seriousness of tensile stresses compared with compressive ones with respect 
to failure. According to this theory art existing crack will rapidly propagate 
if the avai lable elastic strain energy release rate is greater than the increase 
in the surface energy of the crack. The original Griffith concept has been 
considerably expanded by G. R . lrwin. t 

Otto Mohr, in addition to showing the construction of the stress circle 
bearing his name, suggested another approach for predicting failure of a 
material. Different experiments such as one in simple tension, one in pure 
shear, and one in compression are performed first; see Fig. 9-20(b). Then an 
envelope to these circles defines the failure envelope. Circles drawn tangent 
to this envelope give the condition of failure at the point of tangency. This 
approach finds favor in soil mechanics. 

*A. A. Griffith, "The Phenomena of Rupture and Flow of Solids," Philosophical Transac­
tions of the Royal Society of London, Series A, 1920, vol. 221, pp. 163-98. 

tG. R. Irwin, "Fracture Mechanics," Proceedings, First Symposium on Naval Structural 
Mechanics, Long Island City, N.Y.: Pergamon Press, 1958, p. 557. Also see A Symposium 
on Fracture Toughness Testing and Its Applications, American Society for Testing and 
Materials Special Technical Publication No. 381, American Society for Testing and 
Materials and National Aeronautics and Space Administration, 1965. 
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Instead of studying the response of materials on stress-space plots as 
in Fig. 9-20, the stress invariant (ax + a Y + a,) and the stress given by 
Eq. 9-7 may be used as the coordinate axes. Useful fracture criteria have 
been established from studies based on this approach.* 

Sometimes the yield and fracture criteria discussed above are inconve­
nient to apply. In such cases, interaction curves such as in Fig. 7-6 can be 
used to advantage. Experimentally determined curves of this type, unless 
complicated by a local or buckling phenomenon, are equivalent to the 
strength criteria discussed here. 

In the design of members in the next chapter, departures will be made 
from strict adherence to the yield and fracture criteria established here, 
although unquestionably these theories provide the rational basis for design. 

PROBLEMS FOR SOLUTION 

9-1. A 50 mm square steel bar is subjected to 
an axial tensile force. If the maximum shearing 
stress caused by this force is 80 000 kN/m 2, what 
is the magnitude of the applied force? 

9-2. A concrete cylinder tested in a vertical 
position failed at a compressive stress of 30 MPa. 
The failure occurred on a plane of 30° with the 
vertical. On a clear sketch show the normal and 
the shearing stresses which acted on the plane of 
failure. Ans: 't' = 13.0 MN/m2 . 

9-3. A 50 mm by 100 mm wooden post has 
the grain of the wood running at an angle of 25° 
with its axis. If for this wood the allowable 
shearing stress in the direction parallel to the 
grain is 600 kN/m2, what is the allowable axial 
force for this post controlled by the shearing 
stress? Ans: 7.83 kN. 

9-4. A simple beam 50 mm wide by 120 mm 
high spans 1.50 m and supports a uniformly dis­
tributed load of 80 kN/m including its own weight 
Determine the principal stresses and their direc­
tions at points A, B, C, D, and Eat the section 
shown in the figure. Ans: O'c = ±6 MPa. 

A 80 kN/m 

. E + 30 mm 

I 0.50 m 1.00 m 

PROB. 9 - 4 

9-5. A very short /-beam cantilever is loaded 
as shown in the figure. Find the principal stresses 
and their direction at points A, B, and C. Point B 
is in the web at the juncture with the flange. 
Neglect the weight of the beam and ignore the 

9.22 k 

A--.., 

t 8~ 

½" 
12" c,.,, 

6' 

/ I. IO' ., 
PROB. 9 5 

*B. Bresler and K. Pister, "Failure of Plain Concrete Under Combined Stresses," Transac­
tions of the American Society of Civil Engineers, 1957, vol. 122, p. 1049. 
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effect of stress concentrations. I around the 
neutral axis for the whole section is 221 in. 4 Use 
the accurate formula to determine the shearing 
stresses. Ans: At A, 0, -2.50 ksi; at B, + 0.51 ksi, 
- 2.81 ksi; at C, ± 1.84 ksi. 

9-6. A 100 mm by 500 mm rectangular 
wooden beam supports an 40 kN load as in the 
figure. At section a- a the grain of the wood makes 
an angle of 20° with the axis of the beam. Find 
the shearing stress along the grain of the wood at 
points A and B caused by the applied concentrat­
ed force. Ans: TA = 835 kN/m2 • 

PROB. 9 6 

9-7. A cast iron beam is loaded as shown in 
the figure. Determine the principal stresses at the 
three points A, B, and C caused by the applied 
force. The moment of inertia of the cross-sec­
tional area around the neutral axis is 3 I 6.2 in. 4 

Ans: At A, 0, -2,220 psi; at B, + 37 psi, - 1,117 
psi; at C, + 1,960, 0. 

3" 2" 
8k H 

A 
3" 

1· B 11 · 8" 
C 

2½' 5' 

~ti. 
PROB. 9 - 7 

9-8. At a certain point in a masonry struc­
ture, the state of stress caused by the applied 
forces will be as shown in the sketch. The stone 
of which the structure is made is stratified and is 
weak in shear along planes parallel with the plane 
A-A. Is thi~ state of stress permissible? Assume 
that the allowable stresses in the stone in any 
direction are 225 psi in tension and 2,000 psi in 
compression and that the allowable shearing 
stress parallel with the A-A plane is 325 psi. 
Ans: Shear governs, 352 psi. 

CHAP. 9 PROBLEMS FOR SOLUTION 

PROB. 9 - 8 

9-9. After the erection of a heavy structure, it 
is estimated that the state of stress in the rock 
foundation will be essentially two-dimensional 
and as shown in the figure. If the rock is stratified, 
the strata making an angle of 30° with the vertical, 
is the anticipated state of stress permissible? As­
sume that the static coefficient of friction of rock 
on rock is 0.50, and along the planes of stratifica­
tion cohesion amou nts to 85 kN/m 2• 

PROB. 9 - 9 

9-10. A 0.10 m square bent bar is loaded as 
shown in the figure. Determine the state of stress 
at a point lying on the axis of this bar at section 

1.2 m 

PROB. 9 - 10 
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a-a caused by the applied inclined force. Show the 
results on an infinitesimal element. Principal 
stresses are not required. 

9-11. The maximum shearing stress at point 
A in a beam, see figure, is 120 psi. Determine the 
magnitude of the force P. Assume the beam to be 
weightless. 

p 

/. 

g• 

PROB. 9 - 11 

9-12. The bracket shown is loaded by a con­
centrated force P, which produces axial compres­
sion and bending but no torsion. (a) Set up an 
element showing the state of stress at point A in 
terms of the applied force. (b) If the horizontal 
(longitudinal) strain at A is 2 x 10- 4 in.fin. and 
E = 30 x 106 psi, what is the magnitude of the 
load P? For this member I = 136 in. 4 around the 
centroidal axis. Ans: (b) 20.8 k. 

Section 

2" JO" 20" 

i 
A 

PROB. 9 - 12 

9-13. At a point A on the upstream surface of 
a dam the water pressure is - 2 MPa. A measured 
compressive stress parallel to the surface is - 3 

MPa. Calculate the stresses a x, a y, and "C xy and 
indicate their direction on the element shown. 
Ans: a x = 2.36 MPa. 

A 0 
4 "· " 

"' 
4 0 

" .. (> 

PROB. 9 - 13 

9-14. A special hoist is loaded with a 15-kip 
load suspended by a cable as in the figure. Deter­
mine the state of stress at point A caused by this 
load. Show the results on an element with hori­
zontal and vertical faces. I of the cross-sectional 
area around the neutral axis is 165 in. 4 Ans: 
- 4.66 ksi, 1.17 ksi. 

2' 

===n==R~. ~r-
Section a-a 

PROB. 9 14 

9-15. By applying a vertical force P the toggle 
clamp, as shown in the figure, exerts a force of 
1,000 lb on a cylindrical object. The movable jaw 
slides in a guide which prevents its upward move­
ment. (a) Determine the magnitude of the applied 
vertical force P, and the downward force com-
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irf 
I • 

4 
C 

2" 

Sect. a-a 

PROB. 9 - 15 

ponent developed at hinge A, (b) determine the 
stresses due to axial trust, transverse shear, and 
bending moment acting on an element at point C 
of section a-a, (c) draw an element at point C 
with sides parallel and perpendicular to the axis 
of member BA and show the stresses acting on the 
element, (d) using Mohr's circle determine the 
largest principal stress and the maximum shearing 
stress at C. Ans: (a) 117 lb, 58.9 lb., (d) 1,250 
psi, 663 psi. 

9-16. A vertical T-beam is loaded as shown in 
the figure. Compute the normal and shearing 
stresses acting on an element at point A caused 
by the applied loading. Make a sketch of the ele­
ment and indicate on it the directions of the com­
puted stresses. The cross-sectional area of the 
beam is IO in. 2, and I around the neutral axis is 
20.8 in.4 Ans: -3,150 psi, 115 psi. 

3.5" 

Section b-b 

PROB. 9 - 16 

1,300 lb 

9-17. A short rod of 2 in . diameter is sub­
jected to an axial force of 61t kips and a torque of 

CHAP. 9 PROBLEMS FOR SOLUTION 

21r kip-in. Determine the maximum (principal) 
shearing stresses, and show the results on a pro­
perly oriented element. Ans. 5 ksi, 18½ 0 • 

9-18. A shaft of 2 in. diameter is subjected to 
an axial tensile force of 12n kips. What torque 
may be applied to this shaft in addition to this 
axial force without exceeding the maximum 
(principal) shearing stress of 10,000 psi? Ans. 
4n kip-in. 

9-19. A section of a 40 mm diameter shaft is 
simultaneously transmitting a torque of 314 N · m 
and a bending moment of 314 N·m. Determine 
the magnitude of the principal shearing stress. 

A shaft of 2 in. diameter is simul­
taneously subjected to a torque and a pure bend­
ing moment. It is known that at every section of 
the shaft the largest tensile principal stress caused 
by the applied loading is 24,000 psi, and that at 
the same point the largest tensile stress caused by 
bending, which is 18,000 psi, occurs. Determine 
the applied bending moment and the applied 
torque. Ans. M = 4.5n kip-in ., T = 6n kip-in. 

9-21. A 1 in. diameter drill bit (A = 0.196 
in. 2, I = 0.00306 in.4, J = 0.00612 in. 4) is in­
serted into a chuck as shown in the figure. During 
the drilling operation an axial force P = 3.92 
kips and a torque T = lOn/128 k-in. act on the 
bit. If a horizontal force of 35.7 lb. is accidentally 
applied to the plate being drilled, what is the 
magnitude of the largest principal stress which 
develops at the top of the drill bit? Determine the 
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critically stressed point on the drill by inspection. 
Ans: - 40 ksi. 

35.7 lbs 

PROB. 9 - 21 

9-22. A solid circular shaft is loaded as shown 
in the figure. At section ABCD the stresses due to 
the 10 kN force, and the weight of the shaft and 
round drum are found to be as follows : maximum 
bending stress is 40 MN/m 2, maximum torsional 
stress is 30 MN/ m 2, and maximum shearing 
stress due to Vis 6 MN/ m 2• (a) Set up elements at 
points A, B, C, and D and indicate the magni­
tudes and directions of the stresses acting on 
them. In each case state from which direction the 
element is observed . (b) Using Mohr's circle, find 
directions and magnitudes of the principal 
stresses and of the maximum shearing stress at 
point A. Ans: (b) -r = 36.1 MPa. 

PROB. 9 - 22 

9-23. A circular bar of 2 in. diameter with a 
rectangular block attached at its free end is sus­
pended as shown in the figure. Also a horizontal 

force is applied eccentrically to the block as 
shown. Analysis of the stresses at section ABCD 
gives the following results : max bending stress is 
1,000 psi, max torsional stress is 300 psi, max 
shearing stress due to V is 400 psi, and direct 
axial stress is 200 psi. (a) Set up an element at 
point A and indicate the magnitudes and direc­
tions of the stresses acting on it (the top edge of 
the element to coincide with section ABCD). (b) 
Using Mohr's circle, find the direction and the 
magnitude of the maximum (principal) shearing 
stresses and the associated normal stresses at 
point A. Ans. 141 psi, + 100 psi, 221°. 

PROB. 9 - 23 

9-24. A machine bracket is loaded with an 
inclined force of 4.44 kN as in the figure. Find the 
principal stresses at point A. Show the results on 
a properly oriented element. Neglect the weight 
of the member. Ans: - 17.3 MPa. 

Plan view 

A 

80 mrn 
Side view 

250 mrn 

PROB. 9 - 24 

45° 
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X 
z 

PROB. 9 - 25 

9-25. A 50 mm diameter rod is subjected at its 
free end to an inclined force F = 225n N as in the 
figure. (The force Fin plan view acts in the direc­
tion of the x axis.) Determine the magnitude and 
directions of the stresses due to Fon the elements 
A and B at section a- a. Show the results on ele­
ments clearly related to the points on the rod. 
Principal stresses are not required. 

9-26. A bent rectangular bar is subjected to 
an inclined force of 3 000 N as shown in the 
figure. The cross-section of the bar is 12 mm by 
12 mm. (a) Determine the state of stress at point 
A caused by the applied force and show the 
results on an element. (b) Find the maximum 
principal stress. Ans: (a) + 333 MPa, 578 MPa. 

I 
I 
I 
I 
I 
L I / _______ .],,/ 

PROB. 9 - 26 
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I 

~o 
~ o 

F = 4.45 N 
F 

PROB. 9 27 

9-27. A horizontal 12 mm by 12 mm rectan­
gular bar 100 mm long is attached at one end to a 
rigid support. Two of the bar's sides form an 
angle of 30° with the vertical as shown in the 
figure. By means of an attachment (not shown) a 
vertical force F = 4.45 N is applied acting 
through a corner of the bar. (See figure.) Calculate 
the stress at points A and B caused by the applied 
force F. Neglect stress concentrations. Show the 
results on the elements viewed from the top. 
Stress transformations to obtain principal stres­
ses are not required. 

9-28. A 2 in. by 2 in. square bar is attached to 
a rigid support as shown in the figure. Calculate 

-
-
~ 

Pacts / 
upwards 

- -
-

\ A s· 

PLA VIEW END VIEW 

PROB. 9 - 28 

the state of stress at point A caused by the ap­
plied force P of 50 lb. applied to the crank. 
Neglect stress concentrations and view element A 
from outside. Ans: - 212 psi, 167 psi. 

9-29. A solid triangular sign is rigidly attached 
to a 4 in. standard-weight steel pipe as shown in 
the figure. What principal stresses occur at point 
A if a wind having an intensity of 30 lb/ft 2 is 
blowing on the sign from the reader's side? 
Neglect the weight of the pipe and sign and the 
effect of the wind on the pipe itself. Disregard 
wind suction on the leeward side. Ans: + 20.4 
ksi, - 0.2 ksi. 

12' 

A 

PROB. 9 - 29 

9-30. A 400-lb sign is supported by a 2½-in. 
standard-weight steel pipe as in the figure. The 
maximum horizontal wind force acting on this 
sign is estimated to be 90 lb. Determine the state 
of stress caused by this loading at points A and B 
at the built-in end. Principal stresses are not 
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required. Indicate results on sketches of elements 
cut out from the pipe at these points. These ele­
ments are to be viewed from outside the pipe. 
Ans: For A: 13,295 psi, 1,422 psi; for B: 9,912 
psi, 1,523 psi. 

y 

400 lb 

10' 

/ 
--~~~I----Lx 

z 

PROB. 9 30 

9-31. Approximately what is the bursting 
pressure for a cold drawn sea mless steel tubing of 
60 mm outside diameter with 2 mm wall-thick­
ness? The ultimate strength of steel is 380 MN/m 2• 

9-32. A "penstock," i.e., a pipe for conveying 
water to a hydroelectric turbine, operates at a 
head of 90 m. If the diameter of the penstock is 
0.75 m and the allowable stress 50 MPa, what 
wall-thickness is required? (The allowable stress 
is set low to provide for corrosion.) 

9-33. A tank of butt-welded construction for 
the storage of gasoline is to be 40 ft in diameter 
and 16 ft high. Select the plate thickness for the 
bottom row of plates. Allow 20 ksi for steel in 
tension and assume the efficiency of welds at 80 %. 
Add approximately ¾ in. to the computed wall 
thickness to compensate for corrosion. Neglect 

CHAP. 9 PROBLEMS FOR SOLUTION 

local stresses at the juncture of the vertical walls 
with the bottom. (Specific gravity of the gasoline 
to be stored is 0.721.) Ans:¾ in. 

9-34. A steel spherical pressure vessel having 
an inside diameter of 650 mm is made of two 
halves welded together. If the efficiency of the 
welded joint is 75 % and the allowable stress in 
tension for the steel used is 70 000 kN/m 2, what 
should the thickness of the wall of this vessel be 
in order to sustain a pressure of 2 MPa? 

9-35. A cylindrical pressure vessel of 2.5 m 
diameter with walls 12 mm thick operates at 1.5 
MPa internal pressure. If the plates are butt­
welded on a 30° helical spiral (see figure), deter­
mine the stresses acting normal and tangential to 
the weld. Ans: 97.7 MPa, 33.8 MPa. 

PROB. 9 - 35 

9-36. For an industrial laboratory a pilot unit 
is to employ a pressure vessel of the dimensions 
shown in the figure. The vessel will operate at an 
internal pressure of 0.7 MPa. If for this unit 20 
bolts are to be used on a 650 mm bolt circle dia­
meter, what size bolts are required? Set the allow-

650 mm 

600 mm 
Bolts 

Rubber gasket 

500 mm 

PROB. 9 - 36 
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able stress in tension for the bolts at 125 MN/m 2 ; 

-however, assume that at the root of the bolt 
threads the stress concentration factor is 2-!, 

9-37. An air-chamber for a pump, the sec­
tional side view of which is shown in the figure, 
consists of two pieces. Compute the number of 
¾ in. bolts (net area 0.302 in. 2) required to attach 
the chamber to the cylinder at plane A-A. The 
allowable tensile stress in the bolts is 6 ksi, and 
the water and air pressure is 200 psi. 

18" diam. 

A A 

PROB. 9 37 

9-38. A water tank made of wood staves is 
5 min diameter and 4 m high. Specify the spacing 
of 30 mm by 6 mm steel hoops if the allowable 
tensile stress for steel is set at 90 MPa. Use uni­
form hoop spacing within each meter of the 
tank's height. Ans: 0.17 m, 0.22 m, etc. 

9-39. A piece of 250 mm diameter tubing of 
4 mm wall thickness was closed off at the ends as 
shown in Fig. 9-14. Then this assembly was put 
into a testing machine and subjected simulta­
neously to an axial pull P and an internal pres­
sure of 2 MPa. What was the magnitude of the 
applied force P if the gage points A and B, ini­
tially precisely 200 mm apart, were found to be 
200.04 mm apart after all of the forces were 
applied? E = 200 GPa and v = 0.25. 

9-40. A cylindrical pressure vessel of 120 in. 
diameter outside, used for processing rubber, is 
36 ft long. If the cylindrical portion of the vessel 
is made from 1 in. thick steel plate and the vessel 

operates at 120 psi internal pressure, determine 
the total elongation of the circumference and the 
increase in the diameter's dimension caused by 
the operating pressure. E = 29 x 106 psi and 
v = 0.3 Ans: 0.0778 in., 0.0247 in. 

9-41. A boiler made of ¼ in. steel plate is 40 
in. in diameter and 8 ft long. It is subjected to an 
internal pressure of 500 psi. How much will the 
thickness of the plate change due to this pres­
sure? E = 30 x 106 psi and v = 0.25. Ans: 
- 0.000125 in. 

9-42. A compressed air tank is hoisted off the 
ground by a crane as shown in the figure. The 
tank is 10 ft long and 2 ft in diameter and has a 
wall thickness of¾ in. The pressure in the tank is 
50 psi. Assume the tank and its contents weigh 
65 lb per lineal foot. Determine the principal 
stresses at points A and B, and show the results on 
infinitesimal elements. Ans: At A: 2,400 psi, 
1,045 psi; at B, 2,400 psi, I, 165 psi. 

Cable 
attachment 

PROB. 9 - 42 

9-43. A steel pressure vessel 20 in. in dia­
meter and of 0.25-in. wall thickness acts also as 
an eccentrically loaded cantilever as in the figure. 
If the internal pressure is 2:0 psi and the applied 
weight W = 31.4 kips, determine the state of 

a 

10· 

View a-a 

PROB. 9 - 43 
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stress at point A. Show the results on an infini­
tesimal element. Principal stresses are not requir­
ed. Neglect the weight of the vessel. Ans: 
<lx = 5 ksi , <ly = IO ksi, -r = 6 ksi . 

9-44. A tank open at the top and closed at the 
bottom has a diameter of 20 in., a wall-thickness 
of 0.425 in., and is 14.4 ft long as shown in the 
figure. This tank is filled to the top with liquid 
mercury which weighs 850 lb/ft 3 • If this tank is 
lifted off the ground by means of a cable and is 
simultaneously subjected to equal and opposite 
torques of 81,000 in.-lb at the top and bottom, 
what is the magnitude and direction of the princi­
pal stresses at point A, which is 1.44 ft from the 
top of the tank? Neglect the weight of the tank . 
Approximately, I = 1,350 in.4 and J = 1,700 in. 4 

Ans: + 1,100 psi, + 100 psi , 18° 26.5 ' . 

p 

F - ... 

20" F 

PROB. 9 44 

9-45. A fractionating column, 45 ft. long, is 
made of a 12 in. inside diameter standard steel 
pipe weighing 49.56 lb/ft. (See Table 8 of the Ap­
pendix.) This pipe is operating in a vertical posi­
tion as indicated on the sketch. If this pipe is 
internally pressurized to 600 psi, and is subjected 
to a wind load of 40 lb/ft of height, what is the 
state of stress at point A? Clearly show your cal­
culated stresses on an isolated element; principal 
stresses need not be found. Ans: 9.90 ksi, 4.81 
ksi; 0.22 ksi. 

CHAP. 9 PROBLEMS FOR SOLUTION 

Section 

40' 

40 lb./ fit 
45" 

Side View 

PROB. 9 - 45 

9-46. In a certain research investigation on 
the creep of lead, it was necessary to control the 
state of stress for the element of a tube. In one 
such case, a long cylindrical tube with closed 
ends was pressurized and simultaneously sub­
jected to a torque. The tube was 100 mm in out­
side diameter with 6 mm walls. What were the 
principal stresses at the outside surface of the wall 
of the cylinder if the chamber was pressurized to 
1.5 MPa and the externally applied torque was 
200 N · m? Ans: 12.0 MPa, 4.2 MPa. 
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Design of 
Members by 
Strength Criteria 

10-1. INTRODUCTION 

The selection or design of a member depends on its strength, or its 
stiffness (deflection), or its stability. Any one of these criteria may govern the 
size of a member. However, only the strength requirement of statically 
determinate members based on the assumption of elastic behavior of the 
materials will be considered in this chapter. Thus, the main objective of this 
chapter is to establish simple and rapid procedures which can be used in 
practical design problems for selecting a member of adequate strength. 
Several formulas developed in the earlier chapters and the information on 
principal stresses and failure theories discussed in the preceding chapter form 
the basis for the design of members by strength criteria. Study of this chapter 
will show that in some cases the usual design procedures are cruder than the 
available theoretical knowledge, but such procedures are usually on the safe 
side. 

This chapter contains only a brief review of the design of axially loaded 
and torsion members, as this subject was discussed earlier. However, a few 
additional comments are necessary at this time, since the preceding study of 
stress transformation at a point gives a more complete picture of the internal 
stresses. This will be followed by a detailed development of rapid design 
criteria for beams. 

10-2. DESIGN OF AXIALLY LOADED MEMBERS 

Axially loaded tensile members and short compression members* 
are designed by using Eq. 1-la, i.e., A = P/a.110.,. The critical section for an 
axialJy loaded member occurs at a section of minimum cross sectional area, 
where the stress is a maximum. If an abrupt discontinuity in the cross sec­
tional area is imposed by the design requirements, the use of Eq. 2-11, 
<Imax = KP/A, is appropriate. The use of the latter formula is necessary in 

*Slender compression members are discussed in Chapter 13. 
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the design of machine parts to account for the local stress concentrations 
where fatigue failure may occur. 

Besides the normal stresses, given by the above equations, shearing 
stresses act on inclined planes even in a state of uniaxial stress. Hence, if a 
material is weak in shearing strength in comparison to its strength in tension 
or compression, it will fail along planes approximating the planes of the 
maximum shearing stress. For example, concrete or cast-iron members in 
uniaxial compression and duralumin members in uniaxial tension fail on 
planes inclined to the direction of the load. 

Regardless of the type of failure that may actually take place, the allow­
able stress for design of axially loaded members is customarily based on the 
normal stress. This design procedure is consistent. The maximum normal 
stress that a material can withstand at the failure point is directly related to 
the ultimate strength of the material. Hence, although the actual break may 
occur on an inclined p lane, the maximum normal stress can be considered 
as the ultimate normal stress. 

10-3. DESIG N OF TORSION M EMB ERS 

The pertinent formulas for the design of torsion members were estab­
lished in Chapter 3. For circular shafts, the solution of Eq. 3-5, J/c = T/ r:mm 
at a critical section gives the required parameter, J/c, to provide a member of 
adequate strength. As shafts are mainly used as parts of machines, Eq. 3-3b, 
T:max = KTc/J, should be used in most cases. Equation 3-3b, with the stress­
concentration factor K, takes care of the high local shearing stress at the 
changes of the cross-sectional area. 

Most torsion members are designed by selecting an allowable shearing 
stress, which is substituted for T:max in Eq. 3-5 or 3-3b. This a mounts to a 
direct use of the maximum shear theory of failure. However, it is well to 
bear in mind that a state of pure shearing stress, which occurs in torsion, 
can be transformed into the principal stresses.* In some materials, failure 
may be caused by one of these principal stresses. For example, a member 
made of cast iron, a material strong in compression but weaker in tension 
than in shear, fails in tension. 

10-4. DESIGN CRITERIA FOR PRISMATI C BEAMS 

If a beam is subjected to pure bending, its fibers are in a state of uniaxial 
stress. If, further, a beam is prismatic, i.e., of a constant cross-sectional area 
and shape, the critical section occurs at the section of the greatest bending 
moment. By assigning an allowable stress, the section modulus of such a 
beam can be determined using Eq. 5-5, S = M/am,x· Then , once the required 

•By rotating an element through 45°, tension-compression stresses are found which are 
numerically equal to the shearing stresses, Art. 8-6. 
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section modulus is known, a beam of correct proportions can be selected. 
However, if a beam resists shear in addition to bending, its design becomes 
more involved. 

Consider the prismatic rectangular beam of Example 9-3 at a section 
0.25 m from the left support, where the beam transmits a bending moment 
and a shear, Fig. 10-l(a). The principal stresses at points K, L, M, L', and K' 
at this section were found before and are reproduced in Fig. 10-l(b). If 
this section were the critical section, it is seen that the design of this beam, 
based on the maximum normal stress theory, would be governed by the 
stresses at the extreme fibers as no other stresses exceed these stresses. For 
a prismatic beam, these stresses depend only on the magnitude of the bending 
moment and are largest at a section where the maximum bending moment 
occurs. Therefore, in ordinary design it is not necessary to perform the 
combined stress analysis for interior points. In the example considered, 
the maximum bending moment is at the middle of the span. The foregoing 
may be generalized into a basic rule for the design of beams: A critical sec­
tion for a prismatic beam carrying transverse force acting normal to its axis 
occurs where the bending moment reaches its absolute maximum* value. 

0.25 m 
a 

(a) 140 kN 

(b) 

0.04 m 

, ) 10 kN·m 

40 k 

80 kN 

16.67 MPa 

- - - -- - ---t-

K' 16.67 MPa 

L= Im 

Fig. 10-1 

*For cross-sections without two axes of symmetry, such as T-beams, made from material 
which has different properties in tension than in compression, the largest moments of both 
senses (positive or negative) must be examined . Under some circumstances, a smaller bend­
ing moment of one sense may cause a more critical stress than a larger moment of another 
sense. The section at which the extreme fiber stress of either sign in relation to the respective 
allowable stress is highest is the critical section. 
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The above criterion for the design of prismatic beams is incomplete, 
as attention was specifically directed to the stresses caused by the moment. 
In some cases, the shearing stresses caused by the shear at a section may 
control the design. In the example considered, Figs. 10-l(a) and (b), the 
magnitude of the shear remains constant at every section through the beam. 
At a small distance a from the right support, the maximum shear is still 
40 kN, while the bending moment, 40a kN · m, is small. The maximum 
shearing stress at the neutral axis corresponding to V = 40 kN is the same 
at point M' as it is at point M. * Therefore, since in a general problem the 
bending stresses may be small, they may not control the selection of a beam, 
and another critical section for any prismatic beam occurs where the shear 
is a maximum. In applying this criterion it is customary to work directly 
with the maximum shearing stress that may be obtained from Eq. 6-6, 
-r = VQ/(It), and not transform 'rmax so found into the principal stresses. 
For rectangular and I-beams, the maximum shearing stress given by Eq. 6-6 
reduces to Eqs. 6-7 and 6-9, 'rmax = (3/2)(V/A) and (-rmax)approx = V/ Aweb, 
respectively. 

Whether the section where the bending moment is a maximum or the 
section where the shear is a maximum governs the selection of a prismatic 
beam depends on the loading and the material used. For most materials, 
the allowable shearing stress is less than the allowable bending stress. For 
example, for steel the ratio between these allowable stresses is approximately 
0.6, while for some woods it may be as low as 1/ 15.t Regardless of these 
ratios of stresses, the bending stresses usually control the selection of a beam. 
Only in beams spanning a short distance does shear control the design. For 
small lengths of beams, the applied forces and reactions have small moment 
arms, and the required resisting bending moments are small. On the other 
hand, the shearing forces may be large if the applied forces are large. 

The two criteria for the design of beams are accurate if the two critical 
sections are in different locations. However, in some instances the maximum 
bending moment and the maximum shear occur at the same section through 
the beam. In such situations, sometimes higher combined stresses than 
O'max and 'rmm as given by Eqs. 5-5 and 6-6, may exist at the interior points. 
For example, consider an I-beam of negligible weight that carries a force P 
at the middle of the span, Fig. I0-2(a). The maximum bending moment occurs 
at the midspan. Except for sign, the shear is the same on either side of the 
applied force. At a section just to the right or just to the left of the applied 
force, the maximum moment and the maximum shear occur simultaneously. 
A section just to the left of P, with the corresponding system of forces acting 
on it, is shown in Fig. 10-2(b ). For this section, it can be shown that the stresses 
at the extreme fibers are 2.50 ksi, while the principal stresses at the juncture 

*At point M, the maximum shearing stresses are shown transformed into the principal 
stresses. 

tWood is very weak in shearing strength parallel to its grain. 
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0.51 ksi 
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t 2.50 ksi 

(cl I cctl 

2.50 ksi 
i===::::::;1~~ 2.81 ksi 

Fig. 10-2 

of the web with the flanges, neglecting stress concentrations, are ± 2.81 ksi 
and ::::: 0.51 ksi, acting as shown in Figs. I0-2(c) and (d). As usual, local dis­
turbance of stresses in the neighborhood of the applied force Pis neglected. 
From this example it is seen that the maximum normal stress does not always 
occur at the extreme fibers. Nevertheless, only the extreme fiber stresses and 
the shearing stresses at the neutral axis are investigated in ordinary design. 
In the design codes, the allowable stresses are presumably set low enough so 
that an adequate factor of safety remains, even if the higher combined stresses 
are disregarded. Also note that, for the same applied force, by increasing 
the span, the flexural stresses rapidly increase, while the shearing stresses 
remain constant. In most cases, the flexural stresses are dominant, and the 
extreme fiber stress is the maximum normal stress. Only for very short beams 
and ususual arrangements need the combined stress analysis be performed. 

From the above discussion it is seen that, for the design of prismatic 
beams, the critical sections must be determined in every problem, as the 
design is entirely based on the stresses developed at these sections. The 
critical sections are best located with the aid of shear and bending-moment 
diagrams. The required values of Mmax and Vmax can be determined easily 
from such diagrams. The construction of these diagrams has been already 
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treated in Chapter 4. However, the importance of these diagrams is so great 
that an alternative procedure for constructing them rapidly will be discussed 
next. The procedure to be developed is self-checking. 

10-5. SHEAR DIAGRAMS BY SUMMATION 

To construct shear diagrams by an alternate procedure, the summation 
method, certain fundamental relations must be established. Consider an 
element, Fig. 10-3, isolated from a beam by two adjoining sections taken 

y , q 
+ q (x) 

y, q 
q (x) Load per unit length +v 

+ M+dM 

X 

-- dx 
I I + V + dV 

l dx 1~ 

(a) (b) 

Fig. 10-3. Beam and an element cut out from it by two adjoining 
sections dx apart 

perpendicular to the axis of the beam, a distance of dx apart, as was done in 
Art. 6-2. As before, all forces acting on this element are shown with a positive 
sense. The positive distributed load* q acts upward and causes an increment 
in the shear from left to right. The shear and moment change along the beam, 
so on the right-hand face of the element these quantities are denoted by 
writing V + dV and M + dM. 

Writing the summation of the vertical forces and setting it equal to 
zero for equilibrium, 

V + q dx - ( V + dV) = 0 o, llfJ dx 
(10-1) 

which means that the rate of change of shear along the beam is equal to the 
applied force in a unit length. Transposing and integrating gives 

-l v~ f>dx +c-;\ ( 10-2) 

*A variation of this load within an infinitesimal distance is permissible. The proof of this 
is analogous to that given in a footnote to Art. 6-2. 
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By assigning definite limits to this integral, it is seen that the shear at a section 
is simply an integral (i.e., a sum) of the vertical forces along the beam from 
the left end of the beam to the section in question plus a constant of integration 
C . This constant is e ual to the shear on the left-hand end. Between any two 
e m e sections o a earn, e s ear changes by t e amount of the vertical 

force included between these sections. If no force occurs between any two 
sections, no change in shear takes place. I a ntrated force comes into 

mation a discontinuity or a "jump" in the va ue or a 
The continuous summa 10n pro valid never e e , ce a 
concentrated force may be thought of as being a distributed force extending 
for an infinitesimal distance along the beam. 

On the basis of the above reasoning, a shear diagram can be established 
by the summation process. For this purpose, the reactions must alwa }IS be 

etermi Then the vertical components of forces and reactions are 
succ ummed rom e e 111 l 
sign convention for s ear a op e e 
equal to the sum of all vertical forces up to that section. 

When the shear diagram is constructed from the load diagram by the 
summation process, two important observations can be made regarding its 
shape. First, the sense of the applied load determines the sign of the slope of 
the shear diagram. If the applied load acts upward. the slope of the shear, 
.diagram is positive. and vice versa. Second, this slope is equal to the _£9r­
responding applied load. For example, consider a segment of a beam with a 
uniformly distributed downward load w0 and known shears at both ends as 
shown in Fig. I0-4(a). Since here the applied load w0 is negative and uniformly 
distributed, i.e., q = -w. = constant, the slope of the shear diagram exhibits 
the same characteristics. Alternatively, the linearly var in load actin u -
ward on a beam segment wit nown s ears at the ends, shown in Fig. 

' 10-4(b), gives rise to a differently shaped shear diagram. Near the left end of 
this segment the locally applied upward load q I is smaller than the correspond­
ing one q 2 near the right end. Therefore, the positive slope of the shear diagram 
on the left is smaller than it is on the right, and the shear diagram is concave 
upward. 

Do not fail to note that a mere systematic consecutive summation of the 
vertical com onents o the forces is all that is necessar to obtain the shear 
· iagram. When the consecutive summation process is used, the diagram 
must close at the right-hand end of the beam, since no shear acts through the 
beam just beyond the last vertical force or reaction. The fact that the diagram 
closes offers an important check on the arithmetical calculations. This check 
should never be ignored. It permits one to obtain solutions independently 
with almost complete assurance of being correct. The semigraphical proce­
dure of integration outlined above is very convenient in practical problems. 
It is the basis for sketching qualitative shear diagrams rapidly. 

From the physical point of view, the shear sign convention is not com­
pletely consistent. Whenever beams are analyzed, a shear diagram drawn 
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q = -Wo 

"8 

dV Slope =-= -w0 dx 

~---->r--__,,,_-~_1hear diagram 

(a) 
(constant) 

(b) 

dV 
-= +q 
c/x I 

f d
. dV /+slope 

Slope o shear 1agram = dx = q _ Slope 

dV _ + 
dx - q1 

Fig. 10-4. The relation between the load and the shear diagrams 

from one side of the beam is opposite in sign to a diagram constructed by 
looking at the same beam from the other side. The reader should verify this 
statement on some simple cases, such as a cantilever with a concentrated 
force at the end, and a simply supported beam with a concentrated force in 
the middle. For design purposes the sign of the shear is usually unimportant. 

10-6. MOMENT DIAGRAMS BY SUMMATION 

To formulate the summation procedure for establishing moment 
diagrams, again the element shown in Fig. 10-3 must be considered. By 
taking the moment of forces around A and setting it equal to zero for equi­
librium, an expression formerly derived in Art. 6-2 is obtained. fiiJ (6-1) 

This equation states that the rate of change of the bending moment along 
the beam is equal to the shear. By a fundamental theorem of calculus, 
Eq. 6-1 also implies that the maximum or minimum moment occurs at a 
point where the shear is zero, since the derivative is then zero. This usually 
occurs at a point where the shear changes sign. 

Transposing and integrating gives 

M= f' Vdx + C2 ( 10-3) 
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which is analogous to Eq. 10-2 developed for the construction of shear 
diagrams. The meaning of the term V dx is shown graphically by the shaded 
areas of the shear diagrams in Fig. 10-5. The summation of these areas 
between definite sections through a beam corresponds to an evaluation of 
the above definite integral. If the ends of a beam are on rollers, pin-ended 
or free, the starting and the terminal moments are zero. If the end is built-in 
(fixed against rotation), in statically determinate beams the end moment is 
known from the reaction calculations. If the fixed end of a beam is on the 
left, this moment with the proper* sign is the initial constant of integration C2 • 

By proceeding continuously along the beam from the left-hand end and 
summing up the particular areas of the shear diagram with due regard to 
the sign of the shear, the moment diagram is obtained. This process of 
deriving the moment diagram from the shear diagram by summation is 
exactly the same as that employed earlier to go from loading to shear dia­
grams. The change in moment in a given segment of a beam is equal to the 

dM/dx = 

-MB 

Slope of moment diagram dM 
dx 

dx 

dM1 = V1 dx 

/+slope 
V 

~Slope 

Fi g . 10-5. The relation between the shear and the moment diagrams 

*Bending moments carry signs according to the convention adopted in Fig. 4-17. Moments 
which cause compression in the top fibers of the beam are positive. 
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area of the corresponding shear diagram. Qualitatively the shape of a moment 
diagram can be easily established from the slopes at some selected points 
along the beam. These slopes have the same sign and magnitude as the cor­
responding shears on the shear diagram, since dM/dx = V. Alternatively, 
the change of moment dM = V dx can be studied along the beam. Examples 
are shown in Fig. 10-5. According to these principles, variable shears cause 
nonlinear variation of the moment. A constant shear produces a uniform 
change in the bending moment, resulting in a straight line in the moment 
diagram. If no shear occurs along a certain portion of a beam, no change in 
moment takes place. 

In a bending-moment diagram obtained by summation, at the right­
hand end of the beam, an invaluable check on the work is avai lable again. The 
terminal conditions for the moment must be satisfied. UJhe end is free or 

com uted sum must equal zero. If the end is built-in, the entt - -. moment com uted by summa --=-..::.:i.:::.-c e one calculated initially for tne 
eact10n. These are the "boundary conditions" and must always be satisfied. 

EXAMPLE 10-1 

Construct shear and moment diagrams for the symmetrically loaded beam 
shown in Fig. 10-6(a). 

(a) 

(b) 

(c) 

(d) 

SOLUTION 

p p 

' ' fr. J .tt l 
2 

;rrn 
0 I I 

Dt- P I 1-ilY 
I I 

Pdx I: 
t 17/ t + P4l ~ t7 

0 

Elastic curve 
7 / ~~---~ 

Fig. 10-6 

The reactions are each equal to P. To obtain the shear diagram, Fig. 10-6(b), 
the summation of forces is started from the left end. The left reaction acts 
up so an ordinate on the shear diagram at this force equal to Pis plotted up. 
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Since there are no other forces until the quarter point, no change in the magni­
tude of the shear ordinate is made until that point. Then a downward force P 
brings the ordinate back to the base line, and this zero ordinate remains 
until the next downward force Pis reached where the shear changes to - P. 
At the right end the upward reaction closes the diagram and provides a check 
on the work. This shear diagram is antisymmetrical. 

The moment diagram, Fig. 10-6(c), is obtained by summing up the area 
of the shear diagram. As the beam is simply supported, the moment at the 
left end is zero. The sum of the positive portion of the shear diagram increases 
at a constant rate along the beam until the quarter point, where the moment 
reaches a magnitude of + PL/4. This moment remains constant in the middle 
half of the beam. No change in the moment can be made in this zone as there 
is no corresponding shear area. 

Beyond the second force, the moment decreases by - P dx in every dx . 
Hence the moment diagram in this zone has a constant, negative slope. Since 
the positive and the negative areas of the shear diagram are equal, at the right 
end the moment is zero. This is as it should be, since the right end is on a roller. 
Thus a check on the work is obtained. This moment diagram is symmetrical. 

EXAMPLE 10-2 

Construct shear and bending-moment diagrams for the beam loaded as 
shown in Fig. J 0-7(a). 

SOLUTION 

Reactions must be calculated first, and, before proceeding further, the inclined 
force is resolved into its horizontal and vertical components. The horizontal 
reaction at A is 30 kips and acts to the right. From ~ MA = 0, the vertical 
reaction at Bis found to be 37.5 kips (check this). Similarly, the reaction at 
A is 27.5 kips. The sum of the vertical reaction components is 65 kips and 
equals the sum of the vertical forces. 

With reactions known, the summation of forces is begun from the left 
end of the beam to obtain the shear diagram, Fig. J0-7(b). At first, the down­
ward distributed load accumulates at a rapid rate. Then, as the load intensity 
decreases, for an equal increment of aistance along the beam a smaller change 
in shear occurs. Hence the shear diagram in the zone CA is a curved line, 
which is concave up. The total downward force from C to A is 15 kips, and 
this is the negative ordinate of the shear diagram, just to the left of the support 
A. At A, the upward reaction of 27.5 kips moves the ordinate of the shear 
diagram to + J 2.5 kips. This value of the shear applies to a section through 
the beam just to the right of the support A. The abrupt change in the shear at 
A is equal to the reaction, but this total does not represent the shear through 
the beam. 

No forces are applied to the beam between A and D, hence there is no 
change in the value of the shear. At D, the 40 kip downward component of 
the concentrated force drops the value of the shear to - 27.5 kips. Similarly, 
the value of the shear is raised to + JO kips at B. Since between E and F 
the uniformly distributed load acts downward, a decrease in shear takes 
place at a constant rate of one kip per foot. Thus at F the shear is zero, which 
serves as the final check. 
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Fig . 10-7 
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To construct the moment diagram shown in Fig. 10-7(c) by the sum­
mation method, areas of the shear diagram in Fig. 10-7(b) must be contin­
uously summed from the left end. Jn the segment CA, at first less area is 
contributed to the sum in a distance dx than a little further along, so a line 
that is concave down appears in the moment diagram. The moment at A 
is equal to the area of the shear diagram in the segment CA. This area is 
enclosed by a curved line, and it may be determined by integration,* since 
the shear along this segment may be expressed analytically. This procedure 
often is tedious, and instead of using it, the bending moment at A may be 
obtained from the fundamental definition of a moment at a section. By 
passing a section through A and isolating the segment CA, the moment at A 
is found. The other areas of the shear diagram in this example are easily 
determined. Due attention must be paid to the signs of these areas. It is 
convenient to arrange the work in tabular form. At the right end of the beam, 
the customary check is obtained. 

MA...... -{(15)2(10) = -150.0 kip-ft 
+ 12.5(15) = + 187.5 

(moment around A) 
(shear area A to D) 

M 0 ..•. .•••...•..• •• . •. + 37.5 kip-ft 
- 27.5(5) = - 137.5 (shear area D to B) 

M 0 . .• . •.... . .. .. ... . .. - 100.0 kip-ft 
+ 10(5) = + 50.0 (shear area B to E) 

ME. . . . . . . . . . . . . . . . . . . . - 50.0 kip-ft 
+ -¼(10)10 = + 50.0 (shear area E to F) 

Mp...... . ..... . . ...... 0.0 kip-ft (check) 

The diagram for the axial force is shown in Fig. 10-7(d) (See also 
Art. 4-8). This compressive force acts in the segment AD of the beam. 

*10-7. FURTHER REMARKS ON THE CONSTRUCTION OF 
SHEAR AND MOMENT DIAGRAMS 

1n the derivation for moment diagrams by summation of shear-diagram 
areas, no external concentrated moment acting on the infinitesimal element in 
Fig. 10-3 was included, yet such a moment may actually be applied. Hence 
the summation process derived applies only to the point of application of an 

external moment. At a section just beyond an exter­
nally applied moment, a different bending moment 

f 
_____ M_o_(-~:1,,,~ )--M~-+M~~ is required to maintain the segment of a beam in 

~ equilibrium. For example, in Fig. 10-8 an external 
clockwise moment MA is acting on the element of 
the beam at A. Then, if the internal clockwise 

Fig. 10-8. An external concentrated moment moment on the left is M 0 , for equilibrium of the 
acting on an element of a beam element, the resisting counter-clockwise moment 

*In this case, the shear curve is a second-degree parabola with vertex on a vertical line 
through A. For areas enclosed by various curves see Table 2 of the Appendix. 
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on the right is M0 + MA. Situations with other sense of moments may be 
similarly analyzed. At the point of the externally applied moment, a discon­
tinuity or a "jump" equal to the concentrated moment appears in the moment 
diagram. Hence, in applying the summation process, due regard must be 
given the concentrated moments as their effect is not included in the shear­
diagram area summation process. The summation process may be applied 
up to the point of application of a concentrated moment. At this point a 
vertical "jump" equal to the external moment must be made in the diagram. 
The direction of this vertical "jump" in the diagram depends upon the sense 
of the concentrated moment and is best determined with the aid of a sketch 
analogous to Fig. 10-8. After the discontinuity in the moment diagram is 
passed, the summation process of the shear-diagram areas may be continued 
over the remainder of the beam. 

EXAMPLE 10-3 

Construct the bending-moment diagram for the horizontal beam loaded as 
shown in Fig. 10-9(a). 

p 

p 
P-n._M 
p~~ = ' 

4a 2a 
p ·---------~- --• p (a) 6 6 

2Pa 
T (dl 

-~~~'-------~ 
(b) 

~ 2Pa ! __ J I 

( c) ---J - Pa 

Fig. 10-9 

SOLUTION 

By taking moments about either end of the beam, the vertical reactions are 
found to be P/6. At A the reaction acts down, at Cit acts up. From ~ F" = 0 
it is known that at A a horizontal reaction equal to P acts to the left. The 
shear diagram is drawn next, Fig. 10-9(b). It has a constant negative ordinate 
for the whole length of the beam. After this, by using the summation process, 
the moment diagram shown in Fig. 10-9(c) is constructed. The moment at the 
left end of the beam is zero, since the support is pinned. The total change in 
moment from A to B is given by the area of the shear diagram between these 
sections and equals -2Pa/3. The moment diagram in the zone AB has a 
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Pin 

(a) 

constant negative slope. For further analysis, an element is isolated from the 
beam as shown in Fig. 10-9(d). The moment on the left-hand side of this 
element is known to be - 2Pa/3, and the concentrated moment caused by the 
applied force P about the neutral axis of the beam is Pa, hence for equilib­
rium, on the right side of the element the moment must be + Pa/3. At Ban 
upward "jump" of + Pa is made in the moment diagram, and just to the right 
of B the ordinate is + Pa/3. Beyond point B, the summation of the shear 
diagram area is continued. The area between B and C is equal to - Pa/3. 
This value closes the moment diagram at the right end of the beam, and thus 
the boundary conditions are satisfied. Note that the lines in the moment 
diagram which are inclined downward to the right are parallel. This follows 
froms the fact that the shear everywhere along the beam is negative and 
constant. 

EXAMPLE 10-4 

Construct shear and moment diagrams for the member shown in Fig. 10-lO(a). 
Neglect the weight of the beam. 

SOLUTION 

In this case, unlike all cases considered so far, definite dimensions are assigned 
for the depth of the beam. The beam, for simplicity, is assumed to be rectan­
gular in its cross-sectional area, consequently the neutral axis lies 0.08 m 
below the top of the beam. Note carefully that this beam is not supported 
at the neutral axis. 

A free-body diagram of the beam with the applied force resolved into 
components is shown in Fig. 10-IO(b). Reactions are computed in the usual 

0.02 m 400 N 

-jj- =1 +=-t--~ 
~T0. 16 m O H t' -400 N ,...._ ____ _. 

0.4 m 0.7 m 

(c) 

400 N 400 N 

600 N 
0.08 m 

- -1--+--4 ; 

0.12 m 

(b) 

B 

800 N 

280 N·m 

~ 48 N·m + 
o.___ ______ ~o 

(d) 

Fig. 10-10 
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manner. Moreover, since the shear diagram is concerned only with the 
vertical forces, it is easily constructed and is shown in Fig. 10-IO(c). 

In constructing the moment diagram shown in Fig. 10-JO(d}, particular 
care must be exercised. As was emphasized in Chapter 4, the bending moments 
may always be determined by considering a segment of a beam, and they are 
most conveniently computed by taking moments of external forces around 
a point on the neutral axis of the beam. Thus, by passing a section just to the 
right of A and considering the left-hand segment, it can be seen that a positive 
moment of 48 N · m is resisted by the beam at this end. Hence the plot of the 
moment diagram must start with an ordinate of + 48 N · m. The other point 
on the beam where a concentrated moment occurs is C. Here the horizontal 
component of the applied force induces a clockwise moment of 600(0.12) = 
72 N · m around the neutral axis. Just to the right of C this moment must be 
resisted by an additional positive moment. This causes a discontinuity in the 
moment diagram. The summation process of the shear-diagram areas applies 
for the segments of the beam where no external moments are applied. The 
necessary calculations are carried out below in tabular form. 

MA ............ + 600(0.08) = + 48N·m 
+ 400(0.40) = + 160 

-----
Moment just to left of C . ..... = + 208 N · m 

+ 600(0.J 2) = + 72 -----
Moment just to right of C .... = + 280 kN ·m 

- 400(0.70) = - 280 
-----

0 (check) 

(shear area A to C) 

(external moment at C) 

(shear area C to B) 

Note that in solving this problem the forces were considered wherever 
they actuaily act 011 the beam. The investigation for shear and moments at 
a section of a beam determines what the beam is actually experiencing. At 
times this differs from the procedure of determining reactions where the actual 
framing or configuration of a member is not important. 

Occasionally hinges or pinned joints are introduced into beams. A 
hinge is capable of transmitting only horizontal and vertical forces. No 
moment can be transmitted at a hinged joint. Therefore the point where a hinge 
occurs is a particularly convenient location for "separation'' of the structure 
into parts for purposes of computing the reactions. This process is illustrated 
in Fig. I 0-11. Each part of the beam so separated is treated independently. 
Each hinge provides an extra axis around which moments may be taken to 
determine reactions. The introduction of a hinge or hinges into a continuous 
beam in many cases makes the system statically determinate. The introduc­
tion of a hinge into a determinate beam results in a beam that is not stable. 
Note that the reaction at the hinge for one beam acts in an opposite direction 
on the other beam. 

In engineering practice it is also common to find several members 
rigidly joined to form a structure. Such a structure may be treated by the 
methods already discussed, if it can be separated into statically determinate 
individual beams. To illustrate, consider the structure shown in Fig. I0-12(a). 
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Fig. 10-11. Structures ··separated'" at hinges 
to determine the reactions by statics 

Fig . 10-12. A statically determinate frame 
separated into individual beams 

Beginning at point A, the portions of the structure AB, BC, and CD can be 
successively isolated as free bodies, and the system of forces at each of the 
cut sections may be determined. The reader should verify these forces shown 
in Fig. J0-12(b) . Thence, shear and moment diagrams can be constructed 
for each part, although the sign convention adopted in this text becomes 
ambiguous for vertical and inclined members. However, if the direction of 
these quantities is understood by the analyst in a physical sense, no par­
ticular difficulty should be encountered in stress analysis or design. 

Finally, it must be emphasized that if a moment or a shear is needed 
at a particular section through any member, the basic method of sections may 
always be used. For inclined members, the shear acts normal to the axis of 
the beam. 

*10-8 . MOM ENT DIAGRAM AND THE ELASTIC CURVE 

As stated in Art. 4-9, a positive moment causes a beam to deform con­
cave upwards or to "retain water," and vice versa. Hence the shape of the 
deflected axis of a beam can be definitely established from the sign of the 
moment diagram . The trace of this axis of a loaded beam in a deflected 
position is known as the elastic curve. It is customary to show the elastic 
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curve on a sketch where the actual small deflections tolerated in practice are 
greatly exaggerated. A sketch of the elastic curve clarifies the physical action 
of a beam. Moreover, it forms the most useful basis for quantitative calcula­
tions of beam deflections to be discussed in the next chapter. Some of the 
preceding examples for which bending-moment diagrams were constructed 
will be used to illustrate the physical action of a beam. 

An inspection of Fig. I0-6(c) shows that the bending moment through­
out the length of the beam is positil>e. Accordingly, the elastic curve shown 
in Fig. I0-6(d) is concave up at e1•ery point. In future work, definiteness 
regarding the direction of curvature will be essential. The ends of the beam 
are assumed to rest on immovable supports. 

In a more complex moment diagram, Fig. I0-7(c), zones of posit ive and 
negative moment occur. Corresponding to the zones of negative moment, 
a definite curvature of the elastic curve that is concave down takes place, 
Fig. I0-7(e). On the other hand , for the zone HJ where the positive moment 
occurs, the concavity of the elastic curve is upward. Where curves join, as at 
Hand J, there are lines which are tangent to the two joining curves since the 
beam is physically continuous. Also note that the free end FG of the beam is 
tangent to the elastic curve at F. There is no curvature in FG, si nce the 
moment is zero in that segment of the beam. 

The point of transition on the elastic curve into reverse curvature is 
called the point of inflection or contraflexure. At this point the moment 
changes its sign, and the beam is not called upon to resist any moment. This 
fact often makes these points a desirable place for a field connection of large 
members, and their location is calculated. A procedure for determining 
points of inflection will be illustrated in Example 10-5, which follows a 
summary of the above discussion. 

The important process of establishing the elastic curve qualitatively 
may be summarized as follows: 

1. Draw a bending-moment diagram. 
2. Sketch the elastic curve, corresponding to the signs of moments without 

reference to the supports, on the moment diagram. 
3. If the beam is on two supports, "bodily lift" the curve so drawn and "set it" 

on the supports, and, if it is a cantilever, the end of the curve is tangent 
to the built-in end. 

EXAMPLE 10-5 

Find the location of the inflection points for the beam analyzed in Example 
10-2, Fig. 10-7(a). 

SOLUTION 

By definition, an inflection point corresponds to a point on a beam where the 
bending moment is zero. Hence, an inflection point may be located by sett ing 
up an algebraic expression for the moment in a beam for the segment where 
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such a point is anticipated, and solving this relation equated to zero. By 
measuring x from the end C of the beam, Fig. I0-7(e), the bending moment 
for the segment AD of the beam is M = - ¼(l 5)(2)(x - 5) + (27.5)(x - 15). 
By simplifying and setting this expression equal to zero, a solution for x is 
obtained. 

M = 12.5x - 337.5 = 0 X = 27 ft 

Therefore, the inflection point occuring in the segment AD of the beam is 
27 - 15 = 12 ft from the support A. 

Similarly, by writing an algebraic expression for the bending moment 
for the segment DB and setting it equal to zero, the location of the inflection 
point J is found. 

M = - ¼(15)(2)(x - 5) + 27.5(x - 15) - 40(x - 30) = 0 

where x = 31 .36 ft, hence the distance AJ = 16.36 ft. 
Often a more convenient method for finding the inflection points 

consists of utilizing the known relations between the shear and moment dia­
grams. Thus, since the moment at A is - 150 kip-ft, the point of zero moment 
occurs when the positive portion of the shear-diagram area from A to H 
equals this moment, i.e., - 150 + 12.5x1 = 0. Hence the distance AH = 
150/12.5 = 12 ft as before. 

Similarly, beginning with a known positive moment of + 37.5 kip-ft 
at D, the second inflection point is known to occur when a portion of the 
negative shear-diagram area between D and J reduces this value to zero. 
Hence, the distance DJ = 37.5/27.5 = 1.36 ft, or the distance AJ = 15 
+ 1.36 = 16.36 ft, Fig. I0-7(e), as before. 

10-9. DESIGN OF PRISMATIC BEAMS 

The design of a prismatic member is controlled by the maximum 
stresses developed at the critical sections. One critical section occurs wh re e 
bending moment is a maximum, the other w ere e s ear ts a maximum. 

o e ermme t 10n o ese en 1ca ions, shear and moment 
diagrams are very useful.* The values of maximum moment and shear may 
be easily found from these diagrams. The absolutet maximum value of the 
moment is used in design, whether positive or negative. Likewise, the absolute 
maximum shear ordinate is the significa or examp e, con 
a simple beam wit a concen ra e oad, as ~hown in Fig. 10-13. The shear 
diagram, neglecting the weight of the beam, is shown in Fig. 10-13(a) as it is 
ordinarily constructed by assuming the app lied force concentrated at a point. 

•with experience construction of complete diagrams may be eliminated. After reactions 
are computed, and a section where V = 0 or changes sign is determined, the maximum 
moment corresponding to this section may be found by using the method of sections. For 
simple loadings, various handbooks give formulas for the maximum shear and moment. 

tThis is not always true for materials which have different properties in tension and 
compression. 

ART. 10-9 DESIGN OF PRI SMATIC BEAMS 329 

www.konkur.in



I 
J The shear diagram as it more nearly exists is shown 
t in Fig. I0-13(b). Here an allowance is made for the 

i:;::::=:'.O====;:a=i width of the applied force and reactions, assuming 
~ ~ ~ them to be uniformly distributed. The assumption 

q- Design f shear n~
Dcsign 

__ shear 

--~l 

of concentrated forces merely straightens the 
oblique shear lines. In either case, the design shear 
value is the greater of the positive or negative 
ordinates and is not the full value of the applied 
force . 

(a) (b) 

Fig. 10-13. Determination of a design ordi­
nate from the shear diagram 

The allowable stresses to be used in design are 
prescribed by various authorities. In most cases 
the designer must follow a code depending on the 

location of the installation. In different codes even for the same material 
and the same use the allowable stresses differ. The allowable stresses in 
bending and in shear are different, with the allowable shearing stresses 
usually being lower. 

Sometimes the design of beams is based on their ultimate (plastic) 
moment capacity. (See Art. 5-8 and Eq. 5-10, which defines the plastic sec­
tion modulus of a section.) In such problems the assumed design loads are 
multiplied by a load factor, which defines the ultimate load the beam must 
carry. For compact, statically determinate beams AISC Code (1970) specifies 
a factor of I. 70. This means that the collapse of a beam would occur after the 
design loads are increased by a factor of 1.70. Therefore, the load factor is 
analogous to the factor of safety in elastic stress analysis. Plastic or limit 
analysis of beams will be considered further in Chapter 12. 

In elastic design, after the critical values of moment and shear are 
determined and the allowable stresses are selected, the beam is usually first 
designed to resist a maximum moment using Eq. 5-5 or 5-1 (a max = M /S 
or a mu. = Mc/I). Then the beam is checked for shearing st ress. As most 
beams are governed by flexural stresses, this procedure is convenient. How­
ever, in some cases, particularly in timber (and concrete) design, the shearing 
stress frequently controls the dimensions of the cross section. 

The method used in computing the shearing stress depends on the type 
of beam cross section. For rectangular sections, the maximum shearing 
stress is 1.5 times the average stress, Eq. 6-7. For wide flange and I-beams, 
the total allowable vertical shear is taken as the area of the web multipUed by 
an allowable shearing stress, Eq. 6-9. For other cases, Eq. 6-6, -r = VQ/(It), 
is used . 

Usually there are several types or sizes of commercially available mem­
bers that may be used for a given beam. Unless specific size limitations are 
placed on the beam, the lightest member is used for economy. The procedure 
of selecting a member is a trial-and-error process. 

It should also be noted that some beams must be selected on the basis 
of allowable deflections. This topic will be treated in the next chapter. 
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EXAMPLE 10-6 

Select a Douglas fi r beam of rectangular cross section to carry two con­
centrated forces as shown in Fig. I0-14(a). The allowable stress in bending 
is 8 MPa, in shear 0.7 MPa, and in bearing perpendicular to the grain of the 
wood 1.4 MPa. 

(a} 

(b} 

(c} 

(d) 

(e) 

SOLUTION 

8 kN 8 k 
1.25 m, _ _ _ 2._5_m __ , l. 25 m 

8 kN I + 
0 '-· ----'------~--~ 

~~1 -S k 
+ JO k ·m 

+ 

t 0.68 I k · m 

o.....c::======+~======--
f Bearing pla t~ f 

- 50 mm minimum 

Fig . 10-14 

Shear and moment diagrams for the applied forces are prepared first and 
are shown respectively in Figs. 10-14(b) and (c) . From Fig. 10-14(c) it is 
seen that M max = 10 kN ,m. From Eq. 5-5 , 

_ M _ JO (kN -m) _ _3 3 
S - C1111ow - 8 000 (kN/m 2) - 1.25 x 10 m 

By arbitrarily assuming that the depth h of the beam is to be two times 
greater than its width b, from Eq. 5-6, 

bh 2 h 3 

s = 6 = TI = 1.25 X 10- 3 

hence h = 0.25 m and b = 0.12 m. 
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Let a surfaced beam 0.14 m by 0.24 m having a section modulus S = 
1.34 x 10- 3 m3 be used to fulfil this requirement . For this beam, from Eq. 6-7, 

3 V 3(8) 
't'max = 2A = 2(0.J 4)(0.24) = 357 kPa = 0.357 MPa 

This stress is well within the allowable limit. Hence, the beam is satisfactory. 
Note that other proportions of the beam can be used, and a more direct 

method of design is to find a beam of size corresponding to the wanted section 
modulus directly from a table similar to Table JO, which gives properties of 
standard dressed sections in the conventional units. 

The above analysis was made without regard for the beam's own 
weight, which initially was unknown. (Experienced designers usually make 
an allowance for the weight of the beam at the outset.) However, this may be 
accounted for now. Assuming that wood weighs 6.5 kN/m3, the beam selected 
weighs 0.218 kN per linear meter. This uniformly distributed load causes a 
parabolic bending-moment diagram, shown in Fig. 10-14(d), where the maxi­
mum ordin~ is.,,!Y:QL2/8 = 0.218(5)2/8 = 0.681 kN ·m (see Example 4-6). 
This bending-moment diagr1m should be added to the moment diagram 
caused by the applied forces. Inspection of these diagrams shows that the 
maximum bending moment due to both causes is 0.681 + 10 = 10.68 kN. m. 
Hence, the required section modulus actually is 

S = _!!!_ = 10.86 = 1.34 X J0-3 ml, 
O'allow 8 000 

The surfaced 0.14 m by 0.24 m beam already selected provides the required S. 
In actual construction, beams are not supported as is shown in Fig. 

10-14(a). Wood can be crushed by the supports or the applied concentrated 
forces. For this reason an adequate bearing area must be provided at the 
supports and at the applied forces. Assuming that both reactions and the 
applied forces are 8 kN each, i.e., by neglecting the weight of the beam, it is 
found that the required bearing area at each concentrated force, by Eq . 1-1 , is 

p 8 
A = -- = -- = 0.51 X 10- 2 m 2 

O'allow I 400 

These areas can be provided by conservatively specifying that the 
beam's ends rest on 50 mm by 140 mm (0.7 x 10- 2 m 2) pads, while at the 
concentrated forces 80 mm by 80 mm (0.64 x 10- 2 m 2) steel washers can be 
used. 

EXAMPLE 10-7 

Select an I-beam or a wide-flange steel beam to support the load shown in 
Fig. 10-15(a). Given, a,110.,. = 24,000 psi, -r, 11ow = 14,500 psi. 

SOLUTION 

The shear and the bending-moment diagrams for the loaded beam are 
shown in Figs. 10-15(b) and (c), respectively. The maximum moment is 
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1,300 lb/ft 

(a) 16.64 k 

(b) 

23.4 kip-ft. From Eq. 5-5 

S - (23.4)12 - 11 6 . 3 
- 24 - · m. 

Examination of Tables 3 and 4 of the Appendix shows 
that this requirement for the section modulus is met 
by a 7-in. S beam weighing 20.0 lb per foot. (S = 
12.l in .3) However, lighter members, such as an 8-in . 
S beam weighing 18.4 lb per foot (S = 14.4 in.3) and 
an 8-in . wide-flange section weighing 17 lb per foot 
(S = 14.1 in. 3) can also be used. For weight economy 
the W 8 x 17 section will be used. The weight of this 
beam is very small in comparison with the applied load 
and so is neglected. 

From Fig. 10-15(b), Vmax = 8.84 kips. Hence, 
from Eq. 6-9, 

(c) -23.4 k-ft 
( ) 

V 8,840 
4 800 

. 

-! 
(a) 

't'max approx = Aweb = (0.23)8 = ' ps1. 
Fig. 10-15 

This stress is within the allowable value, and the 
beam selected is satisfactory. 

At the supports or concentrated loads, S- and wide-flange beams should 
be checked for crippling of the webs . This phenomenon is illustrated at the 

(b) 

bottom of Fig. I0-16(a). Crippling of the webs is more 
critical for members with thin webs than direct bearing 
of the flanges, which may be invest igated as in the pre­
ceding problem. To preclude crippling, a design rule is 
specified by the AISC. It states that the direct stress on 
area, (a + k)t at the ends or (a 1 + 2k)t at the interior 
points, must not exceed 0.75<1 YP' In these expressions, 
a and a1 are the respective lengths of bearing of the 
applied forces at exterior or interior portions of a beam, 
Fig. 10-I6(b), t is the thickness of the web, and k is 
the distance from the outer face of the flange to the toe 

Fig. 10-16 of the web fillet. The values of k and t are tabulated 
in manufacturers' catalogues. 

For the above problem, assuming <1 yp = 36 ksi , the minimum widths 
of the supports, according to the above rule, are as follows: 

At support A: 

or 

At support B: 

or 

27(a + k)t = 4.16 

27(a + ¾)(0.23) = 4.16 a = 0.04 in. 

27(a 1 + 2k)t = 16.64 

27(a 1 + ¾)(0.23) = 16.64 a 1 = 1.43 in. 

In Chapter 14, another type of connection for beams to other members 
by small auxiliary angles is fully treated. 
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tt-
(a) (b) 

Fig.10-17. (a) Efficient 
and {b) inefficient sec­
tions in flexure 

The preceding two examples illustrate the design of beams whose cross 
sections have two axes of symmetry. In both cases the bending moments 
controlled the design, and, since this is usually true, it is significant to note 
which members are efficient in flexure. A concentration of as much material 
as possible away from the neutral axis results in the best sections for resisting 
flexure, Fig. I O-l 7(a). Material concentrated near the outside fibers works at 
a high stress. For this reason, I-type sections, which approximate this 
requirement, are wide ly used in practice. 

The above statements apply for materials having nearly equal prop­
erties in tension and compression. If this is not the case, a deliberate 
shift of the neutral axis from the mid-height position is desirable. This 
accounts for the wide use of T and channel sections for cast-iron beams (see 
Example 5-5). 

Finally, two other items warrant particular attention in the design of 
beams. In many cases, the loads for which a beam is designed are transient 
in character. They may be placed on the beam all at once, piecemeal, or in 
different locations. The loads, which are not a part of the "dead weight" of 
the st ructure itself, are called live loads. Live loads must be so placed as to 
cause the highest possible stresses in a beam. In many cases the placement 
may be determined by inspection. For example, in a simple beam with a 
single moving load, the placement of the load at midspan causes the largest 
bending moment, while placing the same load at the support causes the 
greatest shear. For most building work, the live load, which supposedly 
provides for the most severe expected loading condition, is specified in 
building codes on the basis of so many pounds per square foot of floor area. 
Multiplying this live load by the spacing of parallel beams gives the uniformly 
distributed live load per unit length of the beam. For design purposes, this 
load -is added to the dead weight of construction. Situations where the 
applied force is delivered to a beam with a shock or impacts are discussed in 
Chapter 15. 

The second item pertains to lateral instability of beam . The beam's 
flanges, if not held, may be so narrow in relation to the span that a beam 
may buckle sideways and collapse. The qualitative aspect of this problem 
was discussed in Art. 5-2. Special formulas applicable to these cases are 
given in Art. I 3-13. 

*10-10. DESIGN OF NONPRISMATI C BEAM S 

It should be apparent from the preceding discussion that the selection 
of a prismatic beam is based only on the stresses at the critical sections. At 
all other sections through the beam the stresses will be below the allowable 
level. Therefore the potential capacity of a given material is not fully utilized. 
This situation may be improved by designing a beam of variable cross 
section, i.e., by making the beam nonprismatic. Since flexural stresses 
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(a) 

(b) 

(c) 

(d) 

control the design of most beams, as has been shown, the cross sections 
may everywhere be made just strong enough to resist the corresponding 
moment. Such beams are called beams of constant strength. Shear governs 
the design at sections through these beams where the bending moment is 
small. 

EXAMPLE 10-8 

Design a cantilever of constant strength for resisting a concentrated force 
applied at the end . Neglect the beam's own weight. 

SOLUTION ,~ L 

1 , . 1 I 
~ 

A cantilever with a concentrated force applied at the 
end is shown in Fig. 10-18(a); the corresponding 
moment diagram is plotted in Fig. 10-18(b). Basing 
the design on the bending moment, the required section 
modulus at an arbitrary section is given by Eq. 5-5: 

r---_____j _ p L 

-~ ---__ i- - h 0 

A great many cross-sectional areas satisfy this require­
ment; so first, it will be assumed that the beam will be 
of rectangular cross section and of constant height h. 
The section modulus for this beam is given by Eq. 5-6 
as bh 2/6 = S, hence 

or b = [~]x= b0 x 
h <fall ow L 

Fig. 10-18 where the bracketed expression is a constant and is set 
equal to b0 /L, so that when x = L the width is b0 • A 

beam of constant strength with a constant depth in a plan view looks like 
the wedge* shown in Fig. 10-18(c). Near the free end this wedge must be 
modified to be of adequate strength to resist the shearing force V = P. 

If the width or breadth b of the beam is constant, 

or h = .j6Px = h • .jx 
b<lallow L 

This expression indicates that a cantilever of constant width loaded at the 
end is also of constant strength if its height varies parabolically from the 
free end, Fig. 10-18(d). 

*Since this beam is not of constant cross-sectional area, the use of the elementary flexure 
formula is not entirely correct. When the angle included by the sides of the wedge is small, 
little error is involved. As this angle becomes large, the error may be considerable. An 
exact solution shows that when the total included angle is 40° the solution is in error by 
nearly 10 %. 
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Beams of constant strength are used in leaf springs and in many machine 
parts that are cast or forged. In structural work, an approximation to 

a beam of constant strength is frequently made. 
For example, the moment diagram for the beam 

(a)l: : 
+ PL I B I 

loaded as shown in Fig. I0-19(a) is given by the 
lines AB and BC in Fig. I0-19(b). By selecting a 
beam of flexural capacity equal only to M 1 , the 
middle portion of the beam is overstressed. How­
ever, cover plates can be provided near the middle 
of the beam to boost the flexural capacity of the 
composite beam to the required value of the maxi­
mum moment. For the case shown, the cover plates 
must extend at least over the length DE of the beam, 

(b) ~':S:1~, 
A C 

Fig. 10-19 and in practice they are made somewhat longer. 

*10-11. DESIGN OF COMPLEX MEMBERS 

In many instances the design of complex members cannot be carried 
out in a routine manner as was done in the preceding problems. Sometimes 
the size of a member must be assumed and a complete stress analysis per­
formed at sections where the stresses appear critical. Designs of thi s type 
may require several revisions and much labor. Even experimental methods 
of stress analysis must be occasionally used since elementary formulas may 
not be sufficiently accurate. In accurate analyses of manufactured machine 
parts, the failure theories discussed in Chapter 9 are frequently used. 

As a last example in this chapter, a transmission shaft problem will be 
analyzed. A direct analytical procedure is possible in this problem, which 
is of great importance in the design of power equipment. 

EXAMPLE 10-9 

Select the size of a solid steel shaft to drive the two sprockets shown in Fig. 
10-20(a). These sprockets drive I¾ in. pitch roller chains* as shown in Figs. 
10-20(b) and (c). Pitch diameters of the sprockets shown in the figures are 
from a manufacturer's catalogue. A 20 hp speed-reducer unit is coupled 
directly to the shaft and drives it at 63 rpm. At each sprocket 10 hp is taken 
off. Assume the maximum shear theory of failure, and let Ta llow = 6,000 psi. 

SOLUTION 

According to Eq. 3-6a the torque delivered to the shaft segment CD is 
T = 63,000(Hp/N) = [(63,000)20]/63 = 20,000 in.-lb. Hence the torques 
T1 and T2 delivered to the sprockets are T/2 = 10,000 in.-lb each. Since the 
chains are arranged as shown in Figs. 10-20(b) and (c), the pull in the chain 
at sprocket B is P 1 = T1/(D i/2) = 10,000/(10.632/2) = 1,880 lb. Similarly, 

*Similar sprockets and roller chains are commonly used on bicycles. 
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-· ' 
(a) 

A 

Bearing 

5• 

-6,270 in-lb 

B 

5• 

19-tooth sprocket 

13-tooth sprocket 

20-hp speed reducer 

5• 

A 

(b) pitch diam (c) 

(e) Moment diagram for P 1 

(f) 

(g) 

a-- -------<>----~ 

- 4,550 in-lb 
Ro, 

-9, 100 in-lb 

Momeol , di,grnTo, P, 20,000 io-lb ' 

,o.ooo in-lb_f----' I 
O V . . f anat1on o torque X 

along the shaft (e) Moment diagrams for P1 and P2 

Fig. 10-20 

P 2 = 10,000/(7.313/2) = 2,730 lb. The pull P 1 on the chain is equivalent to 
a torque T1 and a vertical force at Bas shown in Fig. 10-20(d). At C the force 
P2 acts horizontally and exerts a torque T2 • A complete free-body diagram 
for the shaft AD is shown in Fig. 10-20(d). 

It is seen from the free-body diagram of the shaft that this shaft is 
simultaneously subjected to bending and torque. These effects on the member 
are best studied with the aid of appropriate diagrams, which are shown in 
Figs. 10-20(e), (f), and (g). Next, note that although bending takes place in 
two planes, a vectorial resultant of the moments may be used in the flexure 
formula, since the beam has a circular cross section. 

Bearing the last statement in mind, it will be seen that the general 
Eq. 8-6, which gives the principal shearing stress at the surface of the shaft, 
reduces in this problem of bending and torsion to 

't'max = (
CT bend Ina) 2 + ,,. 2 2 "torsion 

or 't"max = J(~;r + (~er 
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T 

However, since for a circular cross section, J = 21 (Eq. 5-4), J = nd 4 /32 
(Eq. 3-2), and c = d/2, the last expression simplifies to 

16 I M 2 T2 
't' max = nd3"' + 

Whence, by assigning the allowable shearing stress to 't'max, a design formula, 
based on the maximum shear theory* of failure, for a shaft subjected to bend­
ing and torsion is obtained as 

d = ~_1_6_ vM2 + T2 
1t1°allow 

(10-4) 

This formula may be used to select the diameter of a shaft simultant:ously 
subjected to bending and torque. In the problem investigated, a few trials 
should convince the reader that the v M 2 + T 2 is largest at the sprocket C; 
hence, the critical section is at C. Thus, 

M 2 + T 2 = (Mvert)2 + (Mboriz)2 + T 2 

= (3,130) 2 + (9,100) 2 + (20,000) 2 

= 492,600,000 in. 2-lb 2 

3
/ 16 ~~ . 

d = ,y 6,ooonv 492,600,000 = 2.68 m. 

A 2H in. diameter shaft, which is a commercial size, should be used. 

The effect of shock load on the shaft has been neglected in the foregoing 
analysis. For some equipment, where its operation is jerky, this condition 
requires special consideration. The initially assumed allowable st ress pre­
sumably allows for keyways and fatigue of the material. 

p 

Mc 
I 

Fig. 10-21. Analysis of a shaft with stress concentrations 

•see Problem 10-82 for the formula based on the maximum stress theory of failure. 
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Although Eq. 10-4 and similar ones based on other failure criteria are 
widely used in practice, the reader is cautioned in applying them. In many 
machines, shaft diameters change abruptly, giving rise to stress concentra­
tions. In stress analysis this requires the use of stress concentration factors 
in bending, which are usually different from those in torsion. Therefore, the 
problem must be analyzed by considering the actual stresses at the critical 
section. (See Fig. 10-21.) Then an appropriate procedure, such as Mohr's 
circle of stress, must be used to determine the significant stress, depending 
on the selected fracture criteria. 

PROBLEMS FOR SOLUTION 

10-1 through 10-48. For the beams and frames 
loaded in one plane as shown in the figures , 
neglecting the weight of the members, solve the 
following variations: 

A. Without formal computations, sketch 
shear and moment diagrams directly below a 
diagram of the given loaded member. 
B. Same as A, and, in addition, show the 
shape of the elastic curve. 

C. Plot shear, moment, and, wherever 
significant, axial force diagrams for the main 
horizontal members. Determine all critical 
ordinates. For Probs. 10-36, 10-45, 10-46 and, 
10-48 these diagrams must be made for the 
entire structure. 
D. Same as C, and, in addition, determine 
the points of inflection and show the shape of 
the elastic curve. 
E. Same as C, and, in addition, select the 
proper size beams of constant cross-sectional 
dimensions using the elastic approach. The 

50 k f 
2 m \ 

type of beam to be selected is identified in 
the upper left-hand corner of each figure as: 

• for wooden beams, for which the 
allowable bending (or normal) and 
shearing stresses are 8 400 kN/m 2 and 700 
kN/m2, respectively, and their width is 
one-half of their depth. 
® for standard steel I-shaped beams, and 
@ for wide-flange steel beams, for both 
of which the allowable bending and 
shearing stresses are 22 ksi and 14.5 ksi , 
respectively; 
e for solid round shafts, for which the 
allowable bending and shearing stresses 
are 90 MPa and 50 MPa, respectively. 

Assume all beams are laterally braced. Neglect 
stress-concentrations and the effect of small holes 
on strength. Ans: All shear and moment dia­
grams must close. For some cases the largest 
moment is given in parenthesis by the figures in 
the units of the problem. 

50 k f ®ro k "o k 

t=, =;:====1~ 

5' 5' I ,__ 

PROB. 10 (-40) PROB. 10 2 (-300) PROB. 10 3 (-150) 
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0 20 k (tota l) @) 
8k f8k i 

~ ' 
f I I I I I ~ ~ I. L .I I 12' ~I I 4 m 6 m I 

PROB. 10 - 4 ( - 100) PROB. 10 5 ( + 32) PROB. 10 6 (-2 800) 

0 [3 1 2 kjf~ 

~ - (lllJ 

I • 2' • I .1'. I . 3' • I 

p 

L2 ~-4_' _ 

8 k 

PROB. 10 7 (-15) PROB. IQ 8 (± PL 8) PROB. 10 9 ( + 48) 

G '°'I 2k/f< j/ Jl ti 
1. 8' J ,2, .I 

0 
36 kN-m 

~ .k, 
1. 6m .1 

PROB. 10 - 10 (+336) PROB. 10 - II (-36) 

PROB. 10 - 13 ( + 0128 WL) PROB. 10 14 (±13.8) 

D 50 kN/m 50 kN/m 

12' 

· 1 

6' . I fJ, 4m .rn 
PROB. 10 - 16 ( + 10.500) PRO B. 10 17 ( + 100) 

fc\ f 4 k/ft ~--rl I I I .fb:-k/fl 
k ft ' µ:

1 
,o, , 1,3' . \ 

PROB. 10 - 19 P ROB. 10 20 
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D~~ 
I! ~I! n! j! ~I! 11

~ / 

PROB. 10 - 12 ( +50) 

10 k (total) 

@ 

2' 4·-- ~4· 

PROB. 10 - 15 (-10) 

D 50 kN/m 50 kN/m 

µ]_ m 
~4 I· 4m ~ I , 1,21111 

PROB. 10 18 ( - 100) 

10 kN 10 k 

0 ' 10 kN/ 111 t 
t 1/ f ll , 

PROB. 10 - 21 
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A ,. L 

W (total) 

11 ' II' 

PROB. IO - 22 (- Wa/2) 

M , 

1: aj,_·_L_t 
PROB. IQ - 25 

PROB. 10 28 (7Pl , 16) 

@ 

2' 4' 
I 

PROB. 10 - 31 

D 

@ IO k (total) 
5k 

' rn 1o·t:.J 
PROB. 10 23 ( - 25) 

W(total) 
U' (tota l ) /1 
df1 ill 
lnn f': ~I r-=---i~l.k 

PROB. 10 - 26 (+2Wa) 

M 3M 2M 

rx ~ ~ 
' L2 L'2 

PROB. 10 29 (- 2M) 

PROB. 10 - 24 (-24) 

D~ 
~ ;ff ,: I.Sm.~, 

(-28.3) 

PROB. 10 - 27 (-28.3) 

@ 
8 kN 

8 kN/m {Em :IT' t + + I I 
I mj 
8 k 4m 

PROB. IO 30 (+ 17) 

0 
40N 

4' 2' 1.5 m 1.5 m 

(+60) PROB. IO 32 (-90) 

10 N 

l 

20 N 50 
100 mm 150 mm mm 

PROB. 10 - 33 ( +3 000) 
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® 

PROB. 10 34 ( - 60) 

D 
360 kN·m 20 kN/m 

f TT f f 

1· 1 m ~ 1 2 m 
~ 

PROB. 10 - 37 

PROB. 10 39 

D Cable 

/ 

Pin 

20" 

PROB. 10 - 41 

10 k IO k 10 k 

PROB. 10 35 

60 kN 

' I Im I Im 1/ ---------1 ~ 1 
( +330) 

(-73.5) 

2" 

( + 4) 

0 
50 N 

PROB. 10 - 36 

50 k 

4' 6'___j 

PROB. 10 - 38 

I I O"I 20" 20" 
f-- -------I 
PROB. 10 - 40 

(+90) 

10" 
5 k 

(+ 70) 

PROB. 10 - 42 (+25. -25) 
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60 kN/m 60 kN/m 

D 

2 m 

PROB. 10 - 43 ( ± 80) PROB. 10 - 44 (-67.+ 33) 

® 10 k 

11~0

' j I 1 
13' 5" 2-~ 

PROB. 10 - 45 (30. +4.5) PRO B. 10 - 46 (-60. 150) 

2·++-->--IO' 
8 k 2k 

,, \.)'2 

PROB. 10 - 47 (703) PROB. 10 - 48 ( + 12.5, +32, -20) 

*10-49. Plot shear, moment, and axiai force 
diagrams for one stairway beam of Prob. 7-13. 
Then, assuming that the maximum bending mo­
ment controls the design (does it exactly?), select 
the required size of channel. Allow 16 ksi in 
flexure, and 12 ksi in shear. 

10-50. Plot shear, moment, and axial force 
diagrams for the jib-crane loaded as shown in the 
figure. Neglect the weight of the beam. Ans: 
128.6 k-in. 

10-51. A small narrow barge is loaded as 
shown in the figure. Plot shear and moment dia-
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PROB. 10 - 50 
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grams for the applied loading. Ans: - ]Ok 

(maximum), + 50 k-ft (maximum). 

Water level 1.5 k/ft 15 k 

5' 10' 5' 10' 

PROB 10 - 5 1 

10-52. The load distribution for a small, 
single-engine airplane in flight may be idealized 
as shown in the figure. In this diagram the vector 
A represents the weight of the engine, B the uni­
formly distributed cabin weight, C the weight of 
the aft fu selage, and D the forces from the tail 
control surfaces. The upward forces E are devel­
oped by the two longerons from the wings. Using 
this data construct plausible, qualitative shear 
and moment diagrams for the fuselage. 

E 

PROB. 10 52 

For problems 10-53 through 10-55 statically inde­
terminate beams are loaded as shown in the 
figures. By the methods of analysis for indeter­
minate structures, certain quantities, given below, 
were computed which make the beams statically 
determinate. Plot shear and moment diagrams 
for these beams. Indicate all critical values. 

10-53. The reaction at A is 13 kips (upward). 

I klft !8 k 

~ft f ~ 
12' 06' 6'4-

1 • f-':--1---1 
PROB. 10 53 

10-54. The moment over the support B is 
- 400kN,m. 

I Sm S m t 
PROB. 10 54 ( + 612.5) 

10-55. The moment at the concentrated force 
is +so kip-ft. 

I k ·ft J1 2 
k 

t+faf_Hfl ~ 
1 10· 10· 5' 10· I 

PROB. 10 - 55 ( +80) 

10-56 through *10-61. The moment diagrams 
for beams supported at A and B are as shown in 
the figures . How are these beams loaded? All 
curved lines represent parabolas, i.e., plots of 
equations of the second degree. (Hint : construc­
tion of shear diagrams aids the solution.) Ans: 
Reaction at A in parentheses by the figure. 

2' 3' 2' 5' 2' 

PROB. 10 - 56 (35) 

+500N·m(vertex) 

~ 0
~N-i I 
~ 

PROB. 10 - 57 (750) 
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0
1 31'> 

0 

'--400 Nm 

(All dimensions in m) 

PROB. 10 - 58 (600) 

PROB. 10 - 59 

11 
mm 

3 m 

(12) 

Sm 

PROB. JO 60 ( - 100) 

+ 6 k-ft Straight line 
A Zero moment 
01'---t-r.,-.------s 

4 k-ft I I 
I I - I k-ft 9 k f 
2:i:li·.I · 3· ·I·~ .. i- t 

PROB. 10 - 61 (3) 

10-62. Rework Problem 10-58 considering 
the right-hand side of the moment diagram posi­
tive. 

10-63. A 2 in. by 4 in. (actual size) wooden 
beam is used in the device illustrated in the figure. 
What pull may be safely applied to the cables? 
The allowable bending stress is 1,500 psi, and the 
allowable shearing stress is 100 psi. Assume that 
the cables, yokes, etc., are adequate. Ans: 267 
lb. 

CHAP. 10 PROBLEMS FOR SOLUTION 

4" 

p 

24" 

PROB. 10 - 63 

10-64. A 4-in,-by-6-in. (actual size) wooden 
beam is to be symmetrically loaded with two 
equal loads Pas in the figure, Determine the posi­
tion of these loads and their magnitude when a 
bending stress of 1,600 psi and a shearing stress of 
l 00 psi are just reached. Neglect the weight of the 
beam. Ans: 1,600 lb, 24 in. 

£?' 'ti 
I. 6' • I 

PROB'. 10 - 64 

10-65. Laminated beams made up from 25 
mm by 100 mm boards are to be loaded as shown 
in the figure. If the allowable bending stress in the 
wood is 13 MPa, and the shearing strength at the 
glued joints is 350 kPa, determine: (a) the number 
of laminates required to carry the bending mo­
ment; (b) the number of laminates required to 
carry the shear force. The number of laminates 
selected in each case must be a multiple of two. 
Neglect the weight of the beam. 

Lam inated beam 

2 m 3 m 

0.5 m 0.5 m 

PROB. 10 - 65 
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10-66. A portion of the floor-framing plan for 
an office building is shown in the figure. Wooden 
joists spanning 12 ft are spaced 16 in. apart and 
support a wooden floor above and a plastered 
ceiling below. Assume that the floor may be 
loaded by the occupants everywhere by as much 
as 75 lb per square foot of floor area (live load). 
Assume further that floor, joists, and ceiling 
weigh 25 lb per square foot of the floor area 
(dead load). (a) Determine the depth required for 
standard commercial joists nominally 2 in . thick. 
For wood the allowable bending stress is 1,200 
psi and the shearing stress is JOO psi. (b) Select the 
size required for the steel beam A. Since the 
joists delivering the load to this beam are spaced 
closely, assume that the beam is loaded by a uni­
formly distributed load. The allowable stresses 
for steel are 20,000 psi and 13,000 psi for bending 
and shear, respectively. Use a W or an S beam, 
whichever is lighter. Neglect the width of the 
column. Ans: (a) 2 in . x 10 in. (nominal), (b) 
W 14 X 30. 

20' 

Direction of 
placement fo r 
wooden joists 

~ /H 
Steel beam A 

Column 

PROB. 101- 66 

12' 

12' 

10-67. A bay of an apartment house floor is 
framed as shown in the figure. Determine the 
required size of minimum weight for the steel 
beam "A". Assume that the floor may be loaded 
everywhere as much as 75 lb/ft 2 of floor area 
(live load). Assume further that the weight of the 
hardwood flooring, structural concrete slab, plas-

tered ceiling below, the weight of the steel beam 
being selected, etc., also amounts to approxi­
mately 75 lb/ft 2 offloor area (dead load). Use the 
allowable stresses given in part (b) of Prob. 10-66. 
Ans: S 10 x 25.4. 

.~ 
Columns 

I I 

··A·· .... 
20 

I I . 

PROB. IO 67 

10-68. Select the required cross section for a 
rectangular wooden beam that is to carry a load 
of w0 = 20 kN per meter, including its own 
weight, for the span in the figure. The allowable 
bending stress is 9 MPa and the allowable shear­
ing stress is I MPa. The beam is to be twice as 
high as it is wide. Let a = 3 m and b = 1.5 m. 

a 

PROB. 10- 68 

10-69. A T beam is supported in the same 
manner as the beam in the preceding problem; 
however, a = 5 m and b = 2.5 m. The cross­
sectional dimensions of the T are in the figure; the 

-.J(~)() ~15() 
---r-1. 250 J so 

PROll . 10 69 
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moment of inertia around the centroidal axis I is 
320 x 106 mm4 • If the a11owable stresses are 
8 400 kN/m 2 in bending and 700 kN/m 2 in shear, 
what is the largest load w0 in kN per meter that 
this beam can carry? All dimensions given in 
the figure are in mm. Ans: 4.68 kN/m. 

10-70. A box beam is fabricated from two 
pieces of ¾-in. plywood and two 41-in.-by-3-in . 
(actual size) solid wood pieces as shown in the 
cross-sectional view. If this beam is to be used to 
carry a concentrated force in the middle of a 
simple span, (a) what may the magnitude of the 
maximum applied load P be; (b) how long may 
the span be; and (c) what size bearing plate 
should be provided under the concentrated force? 
Neglect the weight of the beam and assume that 
there is no danger of lateral buckling. The allow­
able stresses are: 1,500 psi in bending, 120 psi for 
shear in plywood, 60 psi for shear in the glued 
joint, and 400 psi in bearing perpendicular to the 
grain. Ans: 3,210 lb, 244 in., 8 in. 2 

tY· 
3" 

p 

l/2 L/2 

PROB. 10 - 70 

10-71. Determine the size required for an I­
shaped beam rail of an overhead traveling crane 
of 4-ton capacity. The beam is to be attached to 
the wa11 at one end and hung from a bracket as in 
the figure. Assume pinned connection at the wa11, 
and in computations neglect the weight of the 
beam. Let the allowable bending stress be 12 ksi 
and the allowable shearing stress be 7 ksi . Ans: 
S 15 X 42.9. 

CHAP. 10 PROBLEMS FOR SOLUTION 

Hanger 

8' 6' 

PROB. IO - 71 

10-72. What is the largest a11owable load 
that may be placed at the center of a 4½ ft 
simple span beam made of a W 10 x 49 section 
if the a11owable bending stress is 24 ksi and the 
a11owable shearing stress is 14 ksi? Ans: 95.2 
kips. 

10-73. A plastic beam is to be made from two 
20 mm by 60 mm pieces to span 600 mm and to 
carry an intermittently applied, uniformly dis­
tributed load w. The pieces can be arranged in 
two alternative ways as in the figure . The allow­
able stresses are 4 MPa in flexure, 600 kPa shear 
in plastic, and 400 kPa shear in glue. Which 
arrangement of pieces should be used, and what 
load w may be applied? 

PROB. IO - 73 

10-74. Find the maximum allowable load w, 
including own weight, for the plastic beam shown. 
The a11owable stresses are: 3 500 kN/m 2 for 

Glued joints 

25 
IV 

f t f 

+ 
75 

600 
25 25 25 

PROB. IO - 74 (2) 

347 

www.konkur.in



flexure , 700 kN/m 2 for shear in plastic, 350 
kN/m 2 for shear in glue. All dimensions given in 
the figure are in mm. Ans: 3.97 kN/m. 

10-75. A 150 mm by 300 mm wooden beam is 

r p 

Im Im Im 

loaded as shown in the figure . Neglect the weight 
of the beam. Determine the allowable magnitude 
of the forces P if a 1110w = 10 000 kN/m2 and 
-r, 11ow = 800 kN/m2 • Ans: 11.25 kN. 

p 

Im 

0.15 m 

o0.30 m 

PROB. 10 - 75 

10-76. The allowable bending stress for the 
beam shown in the figure is ± 8 500 kN/m2 • This 
stress is exceeded if the 30 kN load is applied 
alone. (a) Determine the minimum value of the 

30 kN 

A 

. !. 4: 1.8 m 1.8 m 

load P in order not to exceed the allowable 
stress. (b) What is the maximum shearing stress 
in the fully loaded beam. Ans: (a) 13.1 kN 

p 150 mm 

B 

.1 
~300 mm 

f: 1.2m 

PROB. 10 - 76 

10-77. A four-wheel car running on rails is to 
be used in light industrial service. When loaded 
this car will weigh a total of 40 kN. If the bear­
ings are located with respect to the rails as in the 
figure, what size round axle should be used? 
Assume the allowable bending stress to be 80 
MN/m 2 and the allowable shearing stress to be 
40 MN/m 2 • Ans: 50.3 mm. 

0.4 m 

0.6 m 

PROB. JO - 77 

10-78. In many engineering design problems 

it is very difficult to determine the magn itudes of 
the loads that will act on a structure or a machine 
part. Satisfactory performance in an existing 
installation may provide the basis for extrapola-

10' 

·:,,,,,,,,, 30' 
I 

I I 

r i' 
11 II 
1' II 
, , 11 
11 II 
1' ,, 
,1 ,, 

1: :: 

PROB. 10 - 78 
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tion. With this in mind, suppose that a certain 
sign, such as shown in the figure, has performed 
satisfactorily on a 4-in . standard steel pipe when 
its centroid was JO ft above the ground. What 
should the size of pipe be if the sign were raised to 
30 ft above the ground. Assume that the wind 
pressure on the sign at the greater height will be 
50 per cent greater than it was in the original in­
stallation. Vary the size of the pipe along the 
length as required; however, for ease in fabrica­
tion, the successive pipe segments must fit into 
each other. In arranging the pipe segments also 
give some thought to aesthetic considerations. 
For simplicity in calculations, neglect the weight 
of the pipes and the wind pressure on the pipes 
themselves. 

10-79. Design a cantilever beam of constant 
strength for resisting a uniformly distributed 
load. Assume that the width of the beam is con­
stant. 

10-80. An S 10 x 25.4 beam is coverplated 
with two ½ in. by 6 in. plates as shown in Fig. 
10-19(a) (I of the composite section is 287.1 in.4), 

and it spnas 20 ft. (a) What concentrated force 
may be applied at the center of the span if the 
allowable stress in bending is 16,000 psi? (b) For 
the above load, where are the theoretical points 
beyond which the cover plates need not extend? 
Neglect the weight of the beam, and assume that 
the beam is braced laterally. Ans: (a) 13.9 kips. 
(b) 4.73 ft from ends. 

10-81. The middle part of a simple beam of 
2.5 m total length is 150 mm wide by 300 mm 
deep; the end fifths are 150 mm wide by 200 
mm deep. (See figure.) Determine the safe, uni­
formly distributed load this beam can carry if the 
allowable bending stress is 10 MPa and the 
allowable shearing stress is 1 MPa. Neglect 

~l J J J J ~* f ;;-,200 mm 
, 300 mm /, 

0.5 m 1.5 m 0.5 m 

2.5 m 

PROB. 10 - 81 

CHAP. 10 PROBLEMS FOR SOLUTION 

stres5 concentrations at the change in cross 
section. Ans: 16 kN/m. 

10-82. (a) Show that the larger principal 
stress for a circular shaft simultaneously sub­
jected to a torque and a bending moment is 
a 1 = (c/J)(M + ,./ M 2 + T2). 
(b) Show that the design formula for shafts, 
on the basis of the maximum stress theory, is 

d = 3 /_1_6_(M + ,JM2 + T2). 
'V 'ICO'allow 

10-83. At a critical section a solid circular 
shaft transmits a torque of 40 kN · m and a bend­
ing moment of 10 kN ·m. Determine the size of 
shaft required so that the maximum (principal) 
shearing stress would not exceed 50 MPa. 

10-84. The head shaft of an inclined bucket 
elevator is arranged as in the figure. It is driven 
at A at 11 rpm and requires 60 hp for steady 
operation. Assuming that one-half of the deli­
vered horsepower is used at each sprocket, 
determine the size of shaft required so that the 
maximum shearing stress would not exceed 6,000 
psi. The assigned stress allows for keyways. 

Sprockets 

Bearing 

g• 24" g• 

PROB. 10-84 

10-85. A shaft is fitted with pulleys as shown 
in the figure. The end bearings are self-aligning, 
i.e., they do not introduce moment into the shaft 

18' X 

12· r1 
F1 F2 

PROB. 10 ~85 
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at the supports. Pulley B is the driving pulley. 
Pulley A and C are the driven pulleys and take 
off 9,000 in-lb and 3,000 in-lb of torque, respec­
tively. The resultant of the pulls at each pulley is 
400 lb acting downward. Determine the size of 
shaft required so that the principal shearing stress 
would not exceed 6,000 psi. Ans: 2.24 in. 

10-86. If the shaft in Prob. J 0-85 is 2 in. m 
diameter, what is the magnitude and direction of 
the principal stresses at X? Ans: - 13,200 psi, 
2,500 psi, 23.5°. 

10-87. Two pulleys of 4n in. radius are at­
tached to a 2 in. diameter solid shaft which is 
supported by the bearings as shown in the figure. 
If the maximum principal shearing stress is 
limited to 5 ksi, what is the largest magnitude 
which the forces F can assume? The direct shear­
ing stress caused by V need not be considered. 
Ans: 500 lb. 

PROB. 10 87 

10-88. A low-speed shaft is acted upon by an 
ecentrically applied load P caused by a force 
developed between the gears. Determine the 
allowable magnitude of the force P on the basis 
of the maximum shearing stress theory if -r 1110 w 

= 6,500 psi. The small diameter of the overhung 
shaft is 3 in. Consider the critical section to be 
where the shaft changes diameter, and that M 
= 3P in-lb and T = 6P in-lb. Note that since the 
diameter size changes abruptly, the following 
stress concentration factors must be considered: 
K 1 = 1.6 in bending, and K 2 = J.2 in torsion. 
Ans: 4,000 lb. 

PROB. 10 88 

10-89. Neglecting the weight of the beam and 
stress concentrations at the change in cross sec­
tion, find the largest bending stress for the beam 
loaded as shown in the figure. All dimensions in 
the figure are in mm. 

150 [,i...'-, ___ ,---·---::~:::r:=r 100 

~ Side vie" 

• 

300 

Top view 

300 300 

_:£ 100 

4 k 

300 

PROB. 10 89 

10-90. Find the maximum stress in the 
machine part AB loaded as shown in the figure. 

7" 

100 lb 

,~, 
ni2" 

Section A-A 

PROB. 10 90 
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The part AB is made from ¼ in. hot-rolled steel 
plate. Assume that the joints are properly design­
ed. Neglect the weight of the parts. The / at sec­
tion AA around the neutral axis is 0.355 in. 4 

Ans: 2,260 psi. 

10-91. A 4 m long beam is loaded as shown 

in the figure. The two applied forces act perpen­
dicularly to the long axis of the beam and are 
inclined 30° with the vertical. If these forces act 
through the centroid of the cross-sectional area, 
find the location and magnitude of the maximum 
bending stress. Neglect the weight of the beam. 
Ans: ± 172 MN/m2 • 

w 

40 k 

J1somm 

100 mm 

PROB. 10 - 91 
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1 Deflection 
of Beams 

11-1. INTRODUCTION 

Under the action of applied forces the axis of a beam deflects from its 
initia l position. Accurate values for beam deflections are sought in many 
practical cases. Elements of machines must be sufficiently rigid to prevent 
misalignment and to maintain dimensional accuracy under load. In buildings, 
the floor beams cannot deflect excessively to obviate the undesirable psycho­
logical effect on the occupants and to minimize or prevent distress in brittle 
fini sh materials . Likewise, information on deformation characteristics of 
members is essential in the study of vibrations of machines as well as of sta­
tionary and flight structures. 

Basic differential equations for the deflection of beams will be developed 
in thi s chapter. Solution of these equations is illustrated in detail. Only deflec­
tions caused by forces acting perpendicularly to the axis of a beam are con­
sidered. Situations in which axial forces occur simultaneously are discussed 
in Chapter 13. 

The basic theory developed in this chapter is limited to deflections which 
are small in relation to span length. An idea of the accuracy involved may be 
gained by noting, for example, that there is approximately a 1 % error from 
the exact solution , if deflections of a simple span are on the order of one­
twentieth of its length. By doubling the deflection to one-tenth of the span 
length, which ordinarily would be considered an intolerably large deflection, 
the error is raised to approximately 4 %-As stiff flexural members are required 
in most engineering applications, this limitation of the theory is not serious. 
For clarity, however, the deflections of beams will be shown greatly exaggerat­
ed on all diagrams. 

Only deflections caused by bending are considered in this chapter. 
Those due to shear are discussed in Chapter 15 (see especially Example 
15-6). 

Both the elastic and the inelastic deflections of beams are considered in 
this chapter. However, since calculations for inelastic deflections of beams 
are tedious to perform, illustrations are drawn principally from elastic cases. 
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As the solution of some statically indeterminate elastic beam problems 
presents no additional mathematical difficulties in comparison with the deter­
minate cases, the solution of such problems is discussed in this chapter. A 
more complete treatment of statically indeterminate structural systems is 
given in the next chapter. 

After deriving the basic differential equations for beam deflections and 
exhibiting the boundary conditions, the remainder of the chapter is devoted 
to two methods for obtaining deflections ofa straight beam: direct integration 
procedures, which are useful if the complete elastic curve needs to be deter­
mined; and the so-called moment-area method, which is especially convenient 
if the deflection of only a few points on a beam are of interest. 

11-2. STRAIN-CURVATURE AND MOMENT-CURVATURE 
RELATIONS 

To develop the theory of beam deflection, the geometry or kinematics 
of deformation of a beam element must be considered. The fundamental 
kinematic hypothesis that plane sections remain plane during deformation, 
first introduced in Art. 5-3, provides the basis for the theory. This treatment 
neglects shear deformation of a beam. Fortunately the deflections due to 
shear usually are very small. (See Example 15-6.) 

A segment of an initially straight beam is shown in a deformed state in 
Fig. 11-l(a). This diagram is analogous to Fig. 5-2, used in establishing the 
stress distribution in beams due to bending. The deflected axis of the beam, 

L 0 

X 

Elastic curve 

(a) (b) 

Fig. 11-1. Deformation of a beam segment in bending 
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i.e., its elastic curve, is shown bent into a radius p. The center of curvature 0 
for the radius of any element can be found by extending to intersection any 
two adjoining sections such as A'B' and D'C'. For the present it will be 
assumed that bending is taking place around one of the principal axes of the 
cross section. 

In the enlarged view of the element A'B'C' D' in Fig. I 1-l(b), it can be 
seen that in a bent beam the included angle between two adjoining sections is 
110. If the distance y from the neutral surface to the strained fibers is mea­
sured in the usual manner as being positive upwards, the deformation 11u of 
any fiber can be expressed as 

11u = -y /10 (11-1) 

For negative ys this yields elongation, which is consistent with the deforma­
tion shown in the figure. 

The fibers lying in the curved neutral surface of the deformed beam, 
characterized in Fig. 11-l(b) by the fiber ab, are not strained at all. There­
fore the arc length 11s corresponds to the initial length of all fibers between 
sections A'B' and D'C'. Bearing this in mind, upon dividing Eq. 11-1 by 11s, 
one can form the following relations: 

. 11u . 110 hm -= -ylim -
As O /1 S As- 0 /i s 

or (11-2) 

One can recognize that du/ds is the linear strain in a beam fiber at a distance y 
from the neutral axis. Hence 

du/ds = e (11-3) 

The term d0/ds in Eq. 11-2 has a clear geometrical meaning. With the 
aid of Fig. 11-l(a) it is seen that, since 11s = p 110, 

. 110 d0 1 
hm- = -=-=K 
As- o l1 s ds p 

(11-4) 

which is the definition of curvature* ,c (kappa). 
On the above basis, upon substituting Eqs. 11-3 and 11-4 into Eq. 11-2, 

one may express the fundamental relation between curvature of the elastic 
curve and the linear strain as 

l e 
- = ,C =--
p y 

(11-5) 

It is important to note that as no material properties were used in deriving 
Eq. 11-5, this relation can be used for inelastic as well as for elastic problems. 

•Note that both 8 and s must increase in the same direction. 
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In the latter case, it is expedient to note that, since e = e" = a xf E, and 
a"= - My/I, 

( 11-6) 

This equation relates the bending moment M at a given section of an elastic 
beam having a moment of inertia I around the neutral axis to the curvature 
1 / p of the elastic curve. 

EXAMPLE 11-1 

For cutting metal a band saw ½ in. wide and 0.025 in . thick runs over two 
pulleys of 16-in. diameter. What maximum bending stress is developed in 
the saw as it goes over a pulley? Let E = 30 x 106 psi. 

SOLUTION 

In this application the material must behave elastically. As the thin saw 
blade goes over the pulley, it conforms to the radius of the pulley; hence, 
p::::::: 8 in. 

Using Eq. 5-la, a = - My/I, together with Eq. 11-6, (after some 
minor simplifications), yields a generally useful relation : 

a = - Ey/p (11-7) 

With y = ±c, the maximum bending stress in the saw is determined: 

_ Ee _ (30)106(0.0125) _ 46 SOO . a max - p - 8 - , psi 

The high stress developed in the band saw necessitates superior materials 
for this application. 

*11-3. THE GOVERNING DIFFERENTIAL EQUATION FOR 
DEFLECTION OF ELASTIC BEAMS 

In texts on analytic geometry it is shown that in Cartesian coordinates 
curvature of a line is defined as 

d 2v 

p 
dx2 v" 

[ 1 + (~;) 2T2 = [l + (v')2]3!2 
( 11-8) 

where x and v are rhe coordinates of a point on a curve. In terms of the prob­
lem being considered, the distance x locates a point on the elastic curve of a 
deflected beam, and v gives the deflection of the same point from its initial 
position. 
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If Eq. 11-8 were substituted into Eq. 11-5 or 11-6, the exact differential 
equation of the elastic curve would result. In general, the solution of such an 
equation is very difficult to achieve. However, since, the deflections tolerated 
in the vast majority of engineering structures are very small, the slope dv/dx 
of the elastic curve is also very small. Therefore the square of the slope v' is a 
negligible quantity in comparison with unity, and Eq. 11-8 simplifies to 

(11-9) 

On this basis the governing differential equation for the deflection of an 
elastic beam* follows from Eq. 11-6 and is 

(11-10) 

where it is understood that M = M,,, and I = I,,. 
Note that in Eq. 11-10 the xyz coordinate system is employed to locate 

the material points in a beam for calculating the moment of inertia /. On the 
other hand, in the planar problem, it is the xv system of axes that is used to 
locate points on the elastic curve. 

The positive direction of the v axis is taken to have the same sense as 
that of the positive y axis and the positive direction of the applied load q, Fig. 
11-2. Note especially that if the positive slope dv/dx of the elastic curve be­
comes more positive as x increases, the curvature 1/ p ~ d 2v/dx2 is positive. 
This sense of curvature agrees with the induced curvature caused by the ap­
plied positive moments M. For this reason the signs are positive on both 
sides of Eq. 11-10. 

In some texts the positive direction for deflection v is taken downward 
with the x-axis directed to the right. For such a choice of coordinates the 
positive curvature is concave downwards. Whereas, if the usual sense for 
positive moments is retained, Fig. l l-2(a), the corresponding curvature of the 
bent beam is concave upwards. Therefore, since the curvature induced by the 
positive moments Mis opposite to that associated with the positive curvature 
of the elastic curve, one has 

(11-11) 

In this text only Eq. 11-10 is employed. 
It is important and ,interesting to note that for the elastic curve, at the 

level of accuracy of Eq. 11-10, one has ds = dx. This follows from the fact 
that, as before, the square of the slope dv/dx is negligibly small compared 
with unity, and 

ds = ,./dx2 + dv 2 = ,./1 + (v')2 dx ~ dx (11-12) 

*The equation of the elastic curve was formulated by James Bernoulli, a Swiss mathe­
matician, in 1694. Leonhard Euler (1707-83) greatly extended its applications. 
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y 

+M··· 

z 

+M 
X 

E+M:=) 
+V·· · 1/" 

Curvature for M > 0 

(a) 

y 

Elastic curve with ;1- > 0 

V 

0 II X 

(b) 

Fig. 11-2. Moment and its relation to curvature 

Thus, in the small deflection theory, no difference in length is said to exist 
between the initial length of the beam axis and the arc of the elastic curve. 
Stated alternatively, there is no horizontal displacement of the points lying 
on the neutral surface, i.e., at y = 0. 

11-4. ALTERNATIVE DIFFERENTIAL EQUATIONS OF 
ELASTIC BEAMS 

The differential relations among the applied loads, shear, and moment 
(Eqs. 6-1 and 10-1) can be combined with Eq. 11-10 to yield the following 
useful sequence of equations: 

v = deflection of the elastic curve 

0 = ~; = v' = slope of the elastic curve 

M = Eld
2
v = Elv" 

dx2 

V = dM = !!._ (E1d
2
v) = (Elv")' 

dx dx dx 2 

(11-13) 

q = dV = !!::_ (Eld2v) = (Elv")" 
dx dx2 dx 2 
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1 n applying these relations, the sign convention shown in Fig. 11-2 must 
be adhered to strictly. For beams with constant flexural rigidity El, Eq. 11-13 
simplifies into three alternative equations for determining the deflection of a 
loaded beam: 

Eld
2
v = M(x) 

dx 2 

d 3v 
El dx 3 = V(x) 

d 4v EI-= q(x) 
dx4 

( 11-14) 

(11-15) 

(11-16) 

The choice of equation for a given case depends on the ease with which 
an expression for load, shear, or moment can be formulated. Fewer constants 
of integration are needed in the lower-order equations. 

11-5. BOUNDARY CONDITIONS 

For the solution of beam deflection problems, in addition to the dif­
ferential equations, boundary conditions must be prescribed. Several types of 
homogeneous boundary conditions are as follows: 

1. Clamped or fixed support: In this case the displacement v and the slope dv/dx 
must vanish. Hence at the end considered, where x = a, 

' 
v(a) = 0, v'(a) = 0 (ll-17a) 

2. Roller or pinned support: At the end considered, no deflection v nor moment 
M can exist . Hence 

O 
[ ,h :. 

v(a) = 0, M(a) = Elv"(a) = 0 (11-17b) 

Here the physically evident condition for M is related to the derivative of v 
with respect to x from Eq. 11-14. 

3. Free end: Such an end is free of moment and shear. Hence 

M(a) = Elv"(a) = 0, V(a) = (Elv")~=a = 0 (1 1-7c) 

4. Guided support: In this case free vertical movement is permitted, but the 
rotation of the end is prevented. The support is not capable of resisting any 
shear. Therefore 

v'(a) = 0, V(a) = (Elv")~ - a = 0 (ll-17d) 

The same boundary conditions for constant El are summarized in Fig. 
11-3. Note the two basically different types of boundary conditions. Some 
pertain to the force quantities and are said to be static boundary conditions. 
Others describe geometrical or deformational behavior of an end; these are 
kinematic boundary conditions. 
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{ v(a) = O 
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M (a) = Efv" (a) = 0 

(a) Clamped support (b) Simple support 

I) 
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{
M(a) = Efv"(a) = O 
V (a) = £Iv"' (a) = 0 

(c) Free end 
{ 

6'(a) = v'(a) - 0 
V(a) = Efv" ' (a) 0 

(d) Guided support 

Fig. 11-3. Homogeneous boundary conditions for beams with con­
stant El. In (a) both conditions are kinematic; in (c) both are static; 
in (b) and (d), conditions are mixed. 

t .. 
X 

Nonhomogeneous boundary conditions, where a given shear, moment, 
rotation, or displacement is prescribed at the boundary, also occur in 
applications. In such cases the zeros in the appropriate Eqs. l l-17a through 
ll-17d are replaced by the specified quantity. 

In some solutions the physical requirements of continuity of the elastic 
curve must be brought in to supplement the boundary conditions. This 
means that at any juncture of two zones of a beam the deflection and the 
tangent to the elastic curve must be the same, regardless of the direction from 

V 

X X 

(b) 

Fig. 11-4. Impossible situations in a continuous elastic curve. 
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which the common point is approached. The situations in Fig. 11-4 are impos­
sible. The requirements of force and moment equilibrium are contained 
implicitly in the conditions of continuity. 

11-6. SOLUTION OF BEAM DEFLECTION PROBLEMS 
BY DIRECT INTEGRATION 

As a general example of calculating beam deflection, consider Eq. 11-16, 
E/v1v = q(x). By successively integrating this expression four times, the formal 
solution for v is obtained. Thus 

Efviv = Eld
4
v = EI !!....(v'" ) = q(x) 

dx 4 dx 

Elv'" = s: q dx + C1 

Elv" = f: dx f: q dx + C 1x + C2 (11-18) 

Elv' = f: dx f: dx f: q dx + C1x 2J2 + C2x + C3 

Elv = f: dx f: dx f: dx f: qdx + C1x 3/3! + C2x 2/2! + C3 x + C4 

If, instead, one stated with Eq. 11-14, Elv" = M(x), after two integrations 
the solution is 

( 11-19) 

In both equations the constants C 1 , C 2 , C3 , and C4 , corresponding to the 
homogeneous solution of the differential equations, must be determined from 
the conditions at the boundaries. The constants C 1 and C2 were encountered 
in Chapter JO in the solution of the differential equations of equilibrium 
(Arts. 10-5 and 10-6). In Eq. 11-19 the constants C 1 and C2 are incorporated 
into the expression of M. The constants C I> C2 , C3/(£/), and C4/(£I), respec­
tively, are usually* the initial values of V, M, 0, and vat the origin. 

The first term on the right hand of the last part of Eq. 11-18 and the 
corresponding one in Eq. 11-19 are the particular solutions of the respective 
differential equations. The one in Eq. 11-18 is especially interesting as it 
depends only on the loading condition of the beam. This term remains the 
same regardless of the prescribed boundary conditions. The latter are brought 
into the problem from the homogeneous solution of the differential equation. 

If the loading, shear, and moment functions are continuous and the 
flexural rigidity EI is constant, the evaluation of the particular integrals is 

*In certain cases where transcendental functions are used, these constants do not have this 
meaning. Basically, the whole function, which includes the constants of integration, must 
satisfy the conditions at the boundary. 
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very direct. When discontinuities occur, solutions can be found for each 
segment of a beam in which the functions are continuous; the complete solu­
tion is then achieved by enforcing continuity conditions at the common 
boundaries of the beam segments. Alternatively, graphical or numerical 
procedures* of successive integrations can be used very effectively in the 
solution of practical problems. 

The procedures discussed above are quite general and are applicable to 
both statically determinate and indeterminate elastic beams. In the next four 
examples, however, alternative solutions for determinate cases only will be 
illustrated . In one of the examples the case of a variable/ is treated. Statically 
indeterminate beams will be considered in the following article. 

EXAMPLE 11-2 

A bending moment Mi is applied at the free end of a cantilever of length 
L and of constant flexural rigidity EI, Fig. 1 J -5(a) . Find the equation of the 
elastic curve. 

SOLUTION 

The boundary conditions are recorded near the figure from inspection of the 
conditions at the ends. At x = L, M(L) = + Mi, a nonhomogenoeus 
condition. 

From a free-body diagram of Fig. 11-5(b), it can be observed that 
the bending moment is + Mi throughout the beam. By applying Eq. 11-14, 
integrating successively, and making use of the boundary conditions, one 
obtains the solution for v : 

d 2v 
Eldx2 = M = Mi 

dv 
Eldx = Mix + C3 

But 0(0) = O; hence at x = 0 one has Elv'(O) = C3 = 0 and 

dv 
Eldx = Mix 

Elv = !Mix2 + C4 

But v(O) = O; hence Elv(O) = C4 = 0 and 

(11-20) 

The positive sign of the result indicates that the deflection due to Mi is 
upward. The largest value of v occurs at x = L. The slope of the elastic curve 
at the free end is + MiL/(EI) radians. 

*Such procedures are of great importance in complicated problems. For example, see N. M. 
Newmark, "Numerical Procedure for Computing Deflections, Moments, and Buckling 
Loads," Trans. ASCE, vol. 108, (1943), 1161. 
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Fig.11-5 

Equation 11-20 shows that the elastic curve is a parabola. However, 
every element of the beam experiences equal moments and deforms alike. 
Therefore the elastic curve should be a part of a circle. The inconsistency 
results from the use of an approxi mate relation for the curvature 1/ p. It 
can be shown that the error committed is in the ratio of (p - v)3 to p 3 • 

As the deflection v is much smaller than p, the error is not serious. 
It is important to associate the above successive integration procedure 

with a graphical solution or interpretation. This is shown in the sequence 
of Figs. 11-S(c) through (f). First the conventional moment diagram is shown. 
Then from Eqs. 11-9 and 11-10, 1/p = d 2v/dx 2 = M /(El), the curvature 
diagram is plotted in Fig. I 1-S(d). For the elastic case this is simply a plot of 
M /(El). By integrating the curvature diagram one obtains the 0 diagram. In 
the next integration the elastic curve is obtained. In this problem since the 
beam is fixed at the origin, the conditions 0(0) = 0, and v(O) = 0 are used in 
constructing the diagrams. This graphical approach or its numerical equiva­
lents are very useful in the solution of problems with variable EI. 
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EXAMPLE 11 -3 

A simple beam supports a uniformly distributed downward load w0 • The 
flexural rigidity El is constant. Find the elastic curve by the following three 
methods: (a) Use the second-order differential equation to obtain the deflec­
tion of the beam. (b) Use the fourth-order equation instead of the one in (a). 
(c) Illustrate a graphical solution of the problem. 

SO LUTI ON 

Case (a). A diagram of the beam together with the implied boundary condi­
tions is in Fig. 11 -6(a). The expression for M for use in the second-order 

{ 
v(O) = 0 y, v 

M(O) = 0 
8 

X 

L 
(a) 

V 

(b) 

8 

~~----- + W

0

/~2 __ ., 
X 

(c) 
(g) 

l/pk:J?<WoV + 8£/ 

0 • 
X 

(d) 

Fig . 11 - 6 
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differential equation has been found in Example 4-6. From Fig. 4-20 

M = w0 Lx _ w0 x 2 

2 2 

Substituting this relation into Eq. 11-14, integrating it twice in succession, 
and making use of the boundary conditions, one finds the equation of the 
elastic curve : 

Eld 2v = M = w0 Lx _ w0 x 2 

dx 2 2 2 

Eldv = w0 Lx 2 
_ w0 x 3 + C

3 dx 4 6 

El - w. LxJ w.x4 + C + C V-12- 24 3X 4 

But v(O) = O; hence Elv(O) = 0 = C4 ; and, since v(L) = 0, 

and 

v = -~(L3x - 2Lx3 + x 4 ) 
24EI 

(11-21) 

By virtue of symmetry, the largest deflection occurs at x = L/2. On substitut­
ing this value of x into Eq . 11-21 , one obtains 

lvlmax = 5w0 L 4 /(384EI) (11-22) 

The condition of symmetry could also have been used to determine the 
constant C 3 • As it is known that v'(L/2) = 0, one has 

Elv'(L /2) = w. L<f /2)2 - w.(t /2)3 + C3 = 0 

and, as before, C3 = - (I /24)w0 L3 . 
Case (b). Application of Eq. 11-16 to the solution of this problem 

is direct. The constants are found from the boundary conditions. 

d4v 
El dx4 = q = - w o 

d 3v 
El dx 3 = -w0 x + C 1 

But M(O) = O; hence Elv"(O) = 0 = C2 ; and , since M(L) = 0, 

hence 

Elv"(L) = 0 = - w. L
2 + C,L 

2 
or 

Eld 2v _ w0 Lx _ w0 x 2 

dx 2 - 2 2 
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The remainder of the problem is the same as in Case (a). In this approach 
no preliminary calculation of reactions is required. As will be shown later, 
this is advantageous in some statically indeterminate problems. 

Case (c). The steps needed for a graphical solution of the complete 
problem are in Figs. 1 l-6(b) through (f). In Figs. l 1-6(b) and (c) the conven­
tional shear and moment diagrams are shown. The curvature diagram is 
obtained by plotting M /(EI), as in Fig. 11-6( d). 

Since, by virtue of symmetry, the slope to the elastic curve at x = L/2 
is horizontal, 0(£/2) = 0. Therefore, the construction of the 0 diagram can 
be begun from the center. In this procedure, the right ordinate in Fig. 1 l-6(e) 
must equal the shaded area of Fig. 1 l-6(d), and vice versa. By summing the 
0 diagram, one finds the.elastic deflection v. The shaded area of Fig. ll-6(e) 
is equal numerically to the maximum deflection . In the above, the condition 
of symmetry was employed. A generally applicable procedure follows. 

After the curvature diagram is established as in Fig. 11-6(d), the 0 
diagram can be constructed with an assumed initial value of 0 at the origin . 
For example, let 0(0) = 0 and sum the curvature diagram to obtain the 0 
diagram, Fig. 11-6(g). Note that the shape of the curve so found is identical 
to that of Fig. l l-6(e). Summing the area of the 0 diagram gives the elastic 
curve. In Fig. 11-6(h) this curve extends from O to A. This violates the 
boundary condition at A, where the deflection must be zero. Correct deflec­
tions are given, however, by measuring them vert ically from a straight line 
passing through O and A . This inclined line corrects the deflection ordinates 
caused by the incorrectly assumed 0(0). In fact, after constructing Fig. I J -6(h), 
one knows that 0(0) = - d/L = - w0 L 3/(24EI) . When this value of 0(0) is 
used, the problem reverts to the preceding solution (Figs. 11-6(e) and (f)). 
In Fig. J J-6(h) inclined measurements have no meaning, The procedure 
described is applicable for beams with overhangs. In such cases the base line 
for measuring deflections must pass through the support points. 

EXAMPLE 11-4 

A simple beam supports a concentrated downward force P at a distance 
a from the left support, Fig. l J-7(a) . The flexural rigidity El is constant. 
Find the equation of the elastic curve by successive integration. 

SOLUTION 

The solution will be obtained using the second-order differential equation. 
The reactions and boundary conditions are noted in Fig. 1 J-7(a). The moment 
diagram plotted in Fig. l l-7(b) clearly shows that a discontinuity at x = a 
exists in M(x), requiring two different functions for it. At first the solution 
proceeds independently for each segment of the beam. 

For segment AD: For segment DB: 

d 2v M Pb d 2v M Pa Pa 
dx 2 = El = El L x dx 2 = El = El - El L x 

dv Pb x 2 

dx = EIL 2 + Ai 
dv Pa Pa x 2 

dx = EI x - EI L 2 + B 1 

Pb x 3 

V = EJL 6 + A 1X + A2 
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To determine the four constants Ai, A 2, Bi, and B2 , two boundary and 
two continuity conditions must be used. 
For segment AD: 

v(O) = 0 = A2 

For segment DB: 

PaL 2 
v(L) = 0 = 3£/ + BiL + B2 

Equating deflections for both segments at x = a: 

Equating slopes for both segments at x = a: 

, Pa 2b Pa 2 Pal 
0D =v (a) = 2EIL + Ai = El -2£/L + Bi 

Upon solving the four equations simultaneously, one finds 

Pb 
Ai = - 6£/L (L2 - b2) 

Bi = - 6;~L (2£2 + a2
) 

Pal 
Bz = 6El 

With these constants, for example, the elastic curve for the left segment 
AD of the beam becomes 

v = [(Pb/(6£/L)][xl - (L2 - b2)x] (11-23) 

The largest deflection occurs in the longer segment of the beam. If a > b, 
the point of maximum deflection is at x = ..j a(a + 2b)/3, which follows from 

ART. 11 -6 SOLUTION OF BEAM DEFLECTION PROBLEMS BY DIRECT INTEGRATION 367 

www.konkur.in



setting the expression for the slope equal to zero. The deflection at this point 
is 

Pb(L2 - b2)3 / 2 

lvlmax = 9,J3ElL (11-24) 

Usually the deflection at the center of the span is very nearly equal to the 
numerically largest deflection . Such a deflection is much simpler to determine, 
which recommends its use. If the force Pis applied at the middle of the span, 
i.e. a = b = L/2, it can be shown by direct substitution into Eq. 11-23 or 
11-24 that at x = L /2 

lvlmax = PL 3/(48El ) (11-25) 

EXAMPLE 11-5 

A simply supported beam 5 m long is loaded with a 20 N downward force at 
a point 4 m from the left support, Fig. l l-8(a). The moment of inertia of the 
cross section of the beam is 4/1 for the segment AB, and 11 for the remainder 
of the beam . Determine the elastic curve. 

SOLUTION 

A similar problem was solved in the preceding example. Another useful 
technique will be illustrated here which is convenient in some complicated 
problems where different M/ El expressions are applicable to several segments 
of the beam.* This method consists of selecting an origin at one end of the 
beam and carrying out successive integrations until expressions for 0 and v 
are obtained for the first segment. The values of 0 and v are then determined 
at the end of the first segment. Due to continuity conditions, these become the 
initial constants in the integrations carried out for the next segment. This 
process is repeated until the far end of the beam is reached, then the boundary 
conditions are imposed to determine the remaining unknown constants. A 
new origin is used at every juncture of the segments, and a ll x 's are taken to 
be positive in the same direction. 
For segment AB: 0 < x < 4 

M = 4x and El = 4£1 1 

d 2v M x 
dx 2 = El = El, 

d v x 2 

O = dx = 2£1
1 
+ A 1 

At x = 0: v(O) = vA = 0, and 0(0) = 0A. Hence, A 1 = 0A and A 2 = 0. 

*Singularity functions may be used to set up and solve the differential equations for many 
beam deflection problems. See, for example, E. P. Popov, Introduction to Mechanics of 
Solids, Englewood Cliffs, N.J .: Prentice-Hall, 1968. 
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At the end of segment AB: 

8 
0(4) = 0s = Eli + 0A and 

32 
v(4) = Vs = 3Efi + 40A 

For segment BC: 0 < Xi < J 

M = 4( 4 + x 1) - 20x 1 = I 6 - 16x 1 

d 2v 16 16x 1 
dxf = El 1 - Ef 1 

0 = dv = l6x1 _ 8xf + A
3 dx 1 Eli Eli 

8xr 8x? 
V = Eli - 3£11 + A1X1 + A4 

and El = Eli 
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4/1 
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At X1 = 0: v(O) = vs and 0(0) = 0s. Hence, A4 =vs= 32/(3£/1) + 40A, 
and A3 = 0s = 8/(E/1) + 0,4 . The expressions fore and Vin segment BC 
are then obtained as 

Finally, the boundary condition at C is applied to determine the value of 0 A· 

At x 1 = 1: v( I) = v, = 0 

and 
I IO 

~I f 

.l~~t 
0~ 

·m 

Substituting this value of 0 A into the respective expres­
sions for 0 and v, equations for these quant ities can be 
obtained for either segment. For example, the equation 
for the slope in segment AB is 0 = x 2/(2El1) -

24/(5£/1) . Upon setting this quantity equal to zero, x 
is found to be 3.1 m. The maximum deflection occurs 
at this value of x, and lvlmax = 9.95/(£/ 1). Character­
istically, the deflection at the center of the span (a tx = 
2.5 m) is nearly the same, being 9.4/(£/ 1) . 

16 
IO E/ 1 

M E/1 
El 

X1 

Fig . 11-9. Multiple selection of the origins of 
x for a discontinuous M/( EI) funct ion 

A self-explanatory graphical procedure is shown 
in Figs. I l-8(d) through (g). Variations in / cause vir­
tually no complications in the graphical solution, a 
great advantage in complex problems. Multiple origins 
can be used as shown in Fig. 11-9 to simplify the 
numerical work as in the present example. 

11-7. STATICALLY INDETERMINATE ELASTIC BEAM PROBLEMS 

In a large and important class of beam problems, react ions cannot be 
determined using the conventional procedures of statics. For example, for 
the beam shown in Fig. 11-lO(a), four reaction components a re unknown. 
The three vertical components cannot be found from equations of static 
equilibrium. Further examination of Fig. 11-IO(a) shows that any one of the 
vertical reactions can be removed and the beam would remain in equilibrium. 
Therefore any one of these reactions may be said to be superflous, or redun­
dant, for maintaining equilibrium. Problems with extra or redundant reactive 
forces and/or moments are called (externally ) statically indeterminate. 

When the number of unknown reactions exceeds by one that which 
can be determined by statics, the member is said to be indeterminate to the 
first degree. As the number of unknowns increases, the degree of indeter­
minacy also increases. For example, by providing one more support than 
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Fig. 11 -10. Illustrations of statical indeterminacy of beams. In (a) 
and (b), the beams are indeterminate to the first degree. If it is assumed 
that the horizontal components of the reactions are negligible, the 
beam in (c} is determinate and in (d) indeterminate to the second 
degree. 

shown for the beam in Fig. I 1- IO(a), the beam would become indeterminate 
to the second degree. The beam of Fig. 11-IO(b) is indeterminate to the first 
degree since either MA or Re can be considered redundant. 

As ds::::::: dx, for small deflections according to Eq. I 1-12 no significant 
axial strain can develop in a transversely loaded beam.* Therefore, the 
horizontal components of the reactions in situations with immovable sup­
ports, such as shown in Figs. 11-IO(c) and (d), are negligible. On this basis, 
the beam shown in Fig. 11-JO(c), with pins at both ends, is a determinate 
beam. The beam of Fig. 11-IO(d) is indeterminate to the second degree. 

To determine the elastic deflection of statically indeterminate beams, 
the procedure of solving the differential equations is practically the same as 
that discussed above for determinate beams. The only difference is that 
kinematic boundary conditions replace some of the static ones. As the degree 
of indeterminacy increases, as in continuous members, the number of simul­
taneous equations for determining the constants increases. In such problems 
the number of constants to be found is no longer limited to a maximum of 
four. 

EXAMPLE 11-6 

Find the equation of the elastic curve for the uniformly loaded, two-span 
continuous beam shown in Fig. 11-11 (a). The EI is constant. 

*The horizontal force becomes important in thin plates. See S. Timoshenko and S. Woi­
nowsky-Krieger, Theory of Plates and Shells (2nd ed.), New York: McGraw-Hill , 1959, 
p, 6. 
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SOLUTION 

It is possible to obtain the solution to this problem in a manner similar to 
that adopted in Example 11-5, by carrying out the successive integrations for 
one segment at a time (proceeding from A to Band then B to C), and imposing 
the continuity requirements and boundary conditions. However, the given 
problem is symmetrical around the support at B. Therefore the tangent to the 
elastic curve at Bis horizontal, and an equivalent problem involving one-half 
of the original beam shown in Fig. 11-1 l(b) can be analyzed instead. This 
new problem can be solved using the fourth-order differential equation with 
the following four boundary conditions: 

V ,4 = 0, MA = Elv"(O) = 0, Vs = 0, and i ·~ = 0 

Alternatively, on designating the unknown reaction at A as RA, one 
may state the bending moment within the span as 

By substituting this relation into Eq. 11-14, integrating it twice, and making 
use of three of the kinematic boundary conditions stated above, one finds 
the unknown constants RA, C3 , and C4 • 

Case (a): Fourth-order differential equation solution. 

d4v 
EI dx4 = q = - w. 

d 3v 
EI dx 3 = -w0 x + C1 

d 2v w x 2 

EI dx 2 = -T + C 1x + C2 
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Boundary conditions: 

v(O) = VA= 0 = C4 

v"(O) = v~ = 0 = C2 

v'(L) = v~ = 0 = - wf 
3 + C1 t2 + C3 

Solving the last two equations simultaneously, 

and C - _w.L3 
3- 48 

Substituting the values of these constants into the equation for the elastic 
curve, one obtains 

E/v = - (w0/48X2x4 
- 3Lx3 + L3x) 

for the span AB. The elastic curve for the span BC follows from the sym­
metry that exists around the support B. 
Case (b): Second-order differential equation solution. 

E/d2v = RAx - w.x2 
dx 2 2 

Eldv = RA x2 - w.xJ + CJ 
dx 2 6 

Boundary conditions: 

v(O) = v A = 0 = C4 

v'(L) = v~ = 0 = RA t2 

- wf 
3 + C3 

Once again solving the last two equations, 

RA = 3w0 L 
8 

and C _ _ w0 L 3 

3 - 48 

which, upon substitution into the equation for the elastic curve, leads to 

Elv = -(w0 /48X2x4 
- 3Lx3 + L3x) 
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which is the same as the equation obtained earlier using the fourth-order 
differential equation. 

11-8. REMARKS ON THE ELASTIC DEFLECTION OF BEAMS 

The integration procedures discussed above for obtaining the elastic 
deflections of loaded beams are generally applicable. The reader must realize, 
however, that numerous problems with different loadings have been solved 
and are readily available.* Nearly all the tabulated solutions are made for 
simple loading conditions. Therefore in practice the deflections of beams 
subjected to several or complicated loading conditions are usually synthesized 
from the simpler loadings, using the principle of superposition. For example, 
the problem in Fig. 11-12 can be separated into three different cases as 
shown. The algebraic sum of the three separate deflections caused by the 
separate loads for the same point gives the total deflection. 

l!1lnl1J1 k---p-

1 

---,,.. 

w 

Fig. 11-12. Resolut ion of a complex problem into several simpler 
problems in computing deflections 

Note that in applying superposition, the solution of Example 11-4 for 
a concentrated force P at an arbitrary location may be used for determining 
deflections of beams with the same boundary conditions for any loading. For 
distributed loads, P must be replaced by q dx and integrated over the loaded 
range. 

The procedures discussed above for determining elastic deflection of 
straight beams can be extended to structural systems consisting of several 
flexural members. For example, consider the simple frame shown in Fig. 
l l-13(a), for which the deflection of point C due to the applied force P is 
sought. The deflection of the vertical leg BC alone can be found by treating 
it as a cantilever fixed at B. However, due to the applied load, joint B deflects 
and rotates. This is determined by studying the behavior of the member AB. 

A free-body diagram for the member AB is in Fig. l 1-13(b). This mem­
ber is seen to resist the axial force P and a moment M 1 = Pa. Usually the 
effect of the axial force Pon deflections due to bending can be neglected. t The 
axial elongation of a member usually is also very small in comparison with 
the bending deflections. Therefore the problem here can be reduced to that 
of determining the deflection and rotation of B caused by an end moment M 1• 

•see any civil or mechanical engineering handbook. 

tRecall discussion in connection with Fig. 7-1 and see Chapter 13 on beam columns. 
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IA 
(a) 

(b) 

L 

B 

a 

C p 

) p 
• D 

M 1~ Pa 

Fig.11-13. A method of analyzing deflections of frames 

This has been done in Example 11-2; from it the angle 08 is noted on Fig. 
I l-13(c). By multiplying this angle 08 by the length a of the vertical member, 
the deflection of point C due to rotation of joint B is found. The cantilever 
deflection of the member BC when treated alone is augmented by the amount 
0 s<J. The vertical deflection of C is equal to the vertical deflection of point B. 

In interpreting the shape of deformed structures such as shown in Fig. 
ll-13(c) it must be kept clearly in mind that the deformations are greatly 
exaggerated. In the small deformation theory discussed here, the cosines of 
all small angles such as O 8 are taken to equal unity. Both the deflections and 
the rotations of the elastic curve are small. 

Beams with overhangs can also be analyzed conveniently using the 
concept of superposition in the manner described above. For example, the 
portion of a beam between the supports, as AB in Fig. 1 l-14(a), is isolated* 

A 

Fig. 11-14. A method of analyzing deflections of an overhang 

and rotation of the tangent at B is found . The remainder of the problem is 
analogous to the case discussed before. 

Approximations similar to those just discussed are also made in com­
posite structures. In Fig. l l-l 5(a), for example, a simple beam rests on a rigid 
support at one end and on a yielding support with a spring constantt k at the 

*The effect of the overhang on the beam segment AB must be included by introducing a t 
the support Ba bending moment - Pa. 

t See Art. 7-9, where k is defined as a force necessary to deflect a spring by a unit distance. 
More generally, a beam or any other member may be considered as a "spring" and k may 
be defined in the same manner at the point of load application. 
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X 

+:~ R4 
(a) I . L I 

(c) Hinge 

Fig. 11-15. Deflections in cor,1posite structure 

other end. If R8 is the reaction at B, the support B settles A = R8 /k, Fig. 
11-IS(b). A rigid beam would assume the direction of the line AB' making an 
angle 0 1 = tan- 1 (A/L)""" A/L radians with the horizontal line . For an 
elastic beam, the elastic curve between A and B' may be found in the usual 
manner. However, since the ordinates such as ab, Fig. 11-lS(b), make a very 
small angle 0 with the vertical, ab """ cb. Hence the deflection of a point such 
as b is very nearly 0 ,x + cb. Deflections of beams in situations where hinges 
are introduced, Fig. 11-IS(c), are treated similarly. For these, the tangent to 
the adjoining elastic curves is not continuous across a hinge. 

*11-9. ELASTIC DEFLECTION OF BEAMS IN UNSYMMETRICAL 
BENDING 

Fig. 11-16. Deflection of a beam subjected 
to unsymmetrical bending 

CHAP. 11 DEFLECTION OF BEAMS 

In the preceding discussion the deflection of 
beams was assumed to take place in one plane. More 
precisely, the foregoing theory applies to deflections 
of beams when the applied moments act around one 
of the principal axes of the cross section and when 
deflection takes place in a plane normal to such an 
axis.Unless this is the case, another moment develops 
tending to bend the beam around the other prin­
cipal axis (see Art. 5-7). If unsymmetrical bending 
occurs, the elastic deflection problem can be solved 
by superposition. The elastic curve in the plane con­
taining one of the principal axes is determined by 
considering only the effect of the components of 
forces acting parallel to this axis. The elastic curve 
in the plane containing the other principal axis is 
found similarly. A vectorial addition of the deflec­
tions so found at a particular point of a beam gives 
the total displacement of the beam at that point. 
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For example, if a certain beam made of a Z section is subjected to unsym­
metrical bending and the deflection at a particular point is v 1 in they direc­
tion, and w 1 in the z direction, F ig. 11-16, the total deflection is v 1 + w1, i.e., 
the distance AA'. Such deflections, without torsion, occur only if the applied 
forces pass through the shear center (see Art. 6-7). 

*11-10. INELASTIC DEFLECTION OF BEAMS 

All the preceding solutions for beam deflections apply only if the 
material behaves elastically. This limitation is the result of introducing 
Hooke's law into the strain-curvature relation, Eq. 11-5, to yield the moment­
curvature equation, Eq. 11-6. The subsequent procedures of approximating 
the curvature as d 2v/dx 2 and the integration schemes have nothing to do with 
the material properties. 

If attention is limited to statically determinate beams, the bending 
moments throughout a member can be determined regardless of the material 
properties of the beam. Then, if a relationship between the bending moment 
and curvature is available for a given cross section, the curvature diagram 
or function for the given beam can be established. Upon two successive 
integrations of the curvature relation, with adjustments for the boundary 
conditions, the inelastic deflection of a given beam can be found. This will 
be illustrated in the next two examples. 

Superposition does not apply in inelastic problems since deflections are 
not linearly related to the applied forces. As a consequence of this, time­
consuming trial-and-error solutions are often required to calculate deflec­
tions in the indeterminate beams. The bending moments depend on the 
reactions, and the latter depend on the nonlinear response of the beam to 
deformations. This will not be pursued in this book. An approach for the 
plastic strength analysis of statically indeterminate beams will be given, in 
the next chapter however. 

EXAMPLE 11-7 

Determine and plot the moment-curvature relationship for an elastic-idt:ally 
plastic rectangular beam. 

SOLUTION 

In a rectangular elastic-plastic beam at Yo, where the juncture of the elastic 
and plastic zones occurs, the linear strain e.,, = ± erP see Fig. 5-17. Therefore, 
according to Eq. 11-5, with the curvature 1/p = K, 

and ~ Kyp = - h/2 

where the last expression gives the curvature of the member at impending 
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yielding when y 0 = h/2. From the above relations 

On substituting this expression into Eq. 5-11, one obtains the required 
moment-curvature relationship: 

_ [ I (y0)2]- 3 [ I ("YP)2] M - Mp 1 - 3 h/2 - 2 Myp l - 3 K (11-26) 

This function is plotted in Fig. 11-17. Note how rapidly it approaches the 
asymptote. At curvature just double that of the impending yielding, eleven­
twelfths or 91.6 % of the ultimate plastic moment MP is a lready reached. At 
this point the middle half of the beam remains elastic. 

M 
Asymptote 

MP = i M yp1 ---------;--:'::/==::::::::=7 ~===== 
'---- ~7 

2K yp 

II 

i} M p I 
I 

I 
I 

48 ,\,fl' 

Residual curva ture 

I /fl = K 

Fig . 11 -17. Moment-curvature relation for a rectangular beam 

On releasing an applied moment the beam rebounds elastically as 
shown in the figure. On this basis residual curvature can be determined. 

The reader should recall that the ratio of MP to M yp varies fo r different 
cross sections. 

EXAMPLE 11-8 

A 3 in. wide mild-steel cantilever beam has the other dimensions as shown 
in Fig. l l-18(a). Determine the tip deflection caused by applying the two 
loads of 5 kips each. Assume E = 30 x 103 ksi, and <l yp = ± 40 ksi . 

SOLUTION 

The moment diagram is in Fig. ll-18(b) . From <lmax = Mc/I it is found 
that the largest stress in the beam segment ab is 24.4 ksi, which indicates 
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0 
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I 

I X 0 

(e) 

Fig.11-18 

X 

elastic behavior. An analogous calculation. for the shallow section of the 
beam gives a stress of 55 ksi , which is not possible as the material yields at 
40 ksi . 

A check of the ultimate capacity for the 2-in. deep section based on 
Eq. 5-9 gives 

bh 2 40 X 3 X 22 . 
MP = Mu 1, = o-,P4 = 4 = 120 k-m. 

This calculation shows that although the beam yields partially, it can carry 
the applied moment. The applied moment is H MP. According to the results 
found in the preceding example, this means that the curvature in the 2 in. 
deep section of the beam is twice that at the beginning of yielding. Therefore 
the curvature in the 11 in . segment of the beam adjoining the support is 

l - 2 - 2 61 P - 2 .;;I.b - 2 X 40 - 2 67 10- 3 . p - K yp - h/2 - Eh/2 - 30 X 103 X 1 - . X perm. 

The maximum curvature for segment ab is 

I - Mmax - O"ma x - 24.4 - 0 542 10-3 . p - El - Ee - 30 X 103 X J.5 - . X per m. 
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These data on curvatures are plotted in Fig. 11-lS(c). On integrating this 
twice with 0(0) = 0 and v(O) = 0, the deflected curve, Fig. 11-1 S(e), is 
obtained. The tip deflection is 0.89 in. upward. 

If the applied loads were released, the beam would rebound elastically. 
This amounts to 0.64 in. at the tip, and a residual tip deflection of 0.25 in. 
would remain. The residual curvature would be confined to the 2 in. deep 
segment of the beam. 

If the end load were applied alone, the beam would collapse. Super­
position cannot be used to solve this problem. 

*11-11. INTRODUCTION TO THE MOMENT-AREA METHOD 

In numerous engineering applications where deflections of beams must 
be determined, the loading is complex, and the cross-sectional areas of the 
beam vary. This is the usual situation in shafts of machines, where gradual or 
stepwise variations in the shaft diameter are made to accommodate rotors, 
bearings, collars, retainers, etc. Likewise, haunched or tapered beams are 
frequently employed in aircraft as well as in bridge construction. By inter­
preting semigrapbically the mathematical operations of solving the governing 
differential equation, an effective procedure for obtaining deflections in com­
plicated situations has been developed. Using this alternative procedure, one 
finds that problems with load discontinuities and arbitrary variations of 
inertia of the cross-sectional area of a beam cause no complications and 
require only a little more arithmetical work for their solution. The solution of 
such problems is the objective in the following articles on the moment-area 
method. * 

The method to be developed usually is used to obtain only the displace­
ment and rotation at a single point on a beam. It may be used to determine 
the equation of the elastic curve, but no advantage is gained in comparison­
with the direct solution of the differential equation. Often , however, it is 
the deflection and/or the angular rotation of the elastic curve, or both, at a 
particular point of a beam that are of greatest interest in the solution of prac­
tical problems. 

The method of moment areas is just an alternative method for solving 
the deflection problem. It possesses the same approximations and limitations 
discussed earlier in connection with the solution of the differential equation 
of the elastic curve. By applying it, one determines only the deflection due to 
the flexure of the beam; deflection due to shear is neglected. Here the applica­
tion of the method will be limited to statically determinate beams. Statically 
indeterminate situations will be considered in the next chapter. 

*The development of the moment-area method for finding deflections of beams is due to 
Charles E. Greene, of the Univeristy of Michigan, who taught it to his classes in 1873. 
Somewhat earlier, in 1868, Otto Mohr, of Dresden, Germany, developed a similar method 
which appears to have been unknown to Professor Greene. 
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*11-12. DERIVATION OF THE MOMENT-AREA THEOREMS 

The necessary theorems are based on the geometry of the elastic curve 
and the associated M /(El) diagram. Boundary conditions do not enter into 
the derivation of the theorems since the theorems are based only on the 
interpretation of definite integrals. As will be shown later, further geometrical 
considerations are necessary to solve a complete problem. 

For deriving the theorems, Eq. 11-10, d 2v/dx 2 = M /(El), can be 
rewritten in the following alternative forms: 

or (11-27) 

From Fig. 11-19(a), the quantity [M/(El)]dx corresponds to an infini­
tesimal area of the M /(El) diagram. According to Eq. 11-27 this area is equal 
to the change in angle between two adjoining tangents. The contribution of 
an angle change in one element to the deformation of the elastic curve is 
shown in Fig. l 1- l 9(b ). 

M 
El 

M 
+ El dx 

Q L------"""'""'---_._ __ X ,~, 

Fig . 11-19. Interpretation of a small angle change in an element 

If the small angle change d0 for an element is multiplied by a distance x 
from an arbitrary origin to the same element, a vertical distance dt is obtained, 
see Fig. 11-19(b ). As only small deflections are considered, no distinction 
between the arc AA' and the vertical distance dt need be made. Based on this 
geometrical reasoning, one has 

M 
dt = xd0 = E/xdx ( 11-28) 
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Formally integrating Eqs. 11-27 and 11-28 between any two points 
such as A and B on a beam (see Fig. 11-20), yields the two moment-area 
theorems . The first is 

(a) 

(b) 

M 
El 

V 

JB IBM d0 = Ba - eA = !J..0BA = - dx 
A AEI 

(11-29) 

Fig . 11 -20. Relation between the M l (El) diagram and the elastic curve 

This states that the change in angle measured in radians between the 
two tangents at any two points A and B on the elastic curve is equal to 
the M /(E!) area bounded by the ordinates through A and B. Therefore, if 
the slope of the elastic curve at one point, as at A, is known, the slope at 
another point on the right, as at B, can be determined : 

(11-30) 

The first theorem shows that a numerical evaluation of the M/(El) area 
bounded between the ordinates through any two points on the elastic curve 
gives the angular rotation between the correspond ing tangents. In performing 
this summation, areas corresponding to the positive bending moments are 
taken positive, and those corresponding to the negative moments are taken 
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(a) 

(b) 

negative. If the sum of the areas between any two points such as A and B is 
positive, the tangent on the right rotates in the counterclockwise direction; if 
negative, the tangent on the right rotates in a clockwise direction (see Fig. 
l l-20(b)) . If the net area is zero, the two tangents are parallel. 

The quantity dt in Fig. l l-20(b) is due to the effect of curvature of an 
element. By summing this effect for all elements from A to B, the vertical 
distance AF is obtained. Geometrically this distance represents the displace­
ment or deviation of a point A from a tangent to the elastic curve at B. 
Henceforth, it will be termed the tangential deviation of a point A from a 
tangent at Band will be designated t,rn· The foregoing, in mathematical form, 
gives the second moment-area theorem : 

J
B JB M 

(AB = d0 X = -X dx 
A AEI 

(I 1-31) 

This states that the tangential deviation of a point A on the elastic curve 
from a tangent through another point B also on the elastic curve is equal to 
the statical (or first) moment of the bounded section of the M /(EI) diagram 
around a vertical line through A. In most cases, the tangential deviation is 
not in it elf the desired deflection of a beam. 

Using the definition of the center of gravity of an area, one may for 
convenience restate Eq. 11-31 in numerical applications in a simpler form as 

(l 1-32) 

where <I> is the total area of the M /(EJ) diagram between the two points con­
sidered and i is the horizontal distance to the centroid of this area from A. 

By analogous reasoning the deviation of a point B from a tangent 
through A is 

(BA = <l>X l (l l-33) 

where the same M /(E/) area is used, but x I is measured from the vertical line 
through point B, Fig. I 1-21. Note carefully the order of the subscript letters 
for t in these two equations. The point whose deviation is being determined 
is written first. 

----r----Centroid of the 
M/ (El ) area 

between A and B 

(c) 

(d) 

Fig. 11-21. The meaning of signs for tangential deviation 
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(a) 

l I ,: 0.6 m ~1: 

In the above equations, the distances x or x 1 are always taken positive, 
and as E and I are also positive quantities, the sign of the tangential deviation 
depends on the sign of the bending moments. A positive value for the tangen­
tial deviation indicates that a given point lies above a tangent to the elastic 
curve drawn through the other point and vice versa, Fig. I 1-21. 

The above two theorems are applicable between any two points on a 
continuous elastic curve of any beam for any loading. They apply between 
and beyond the reactions for overhanging and continuous beams. However, 
it must be emphasized that only relative rotation of the tangents and only 
tangential deviations are obtained directly. A further consideration of the 
geometry of the elastic curve at the supports to include the boundary condi­
tions is necessary in every case to determine deflections. This will be illustrated 
in the examples that follow. 

In applying the moment-area method a carefully prepared sketch of 
the elastic curve is always necessary. Since no deflection is possible at a 
pinned or a roller support, the elastic curve is drawn passing through such 
supports. At a fixed support, neither displacement nor rotation of the tangent 
to the elastic curve is permitted, so the elastic curve must be drawn tangent 
to the direction of the unloaded axis of the beam. In preparing a sketch of the 
elastic curve in the above manner, it is customary to exaggerate the antici­
pated deflections. On such a sketch the deflection of a point on a beam is 
usually referred to as being above or below its initial position, without much 
emphasis on the signs. To aid in the application of the method, useful prop­
erties of areas enclosed by curves and centroids are assembled in Table 2 of 
the Appendix. 

EXAMPLE 11-9 

Consider an aluminum cantilever beam 1.6 m long with a JO k N force 
applied 0.4 m from the free end, as shown in Fig. J l-22(a). For a distance 

ro k 

I 

(c) 
1.2 m 

0.6 m lea, m /" 
,. ,r: • 

a ..,....,.'<""'"<~k-,C'tt-.,-,_..,....,...""""'~-----1 
d 

-24 X JO 6 '£ e 

-12 X 10 6
/£ 

-60 X JO 6
1£ g 

r 

0.8 m 

b 

'~ 

~'" - 12k ·m 

(b) (d) B 

Fig. 11-22 
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of 0.6 m from the fixed end, the beam is of greater depth than it is beyond, 
having/1 = 5 x 10- 4 m4 . Fortheremainingl mofthebeam,/2 = 1 x 10- 4 

m4 • Find the deflection and the angular rotation of the free end. Neglect the 
weight of the beam, and assume E for aluminum at 70 x 109 N/m2 . 

SOLUTION 

The bending-moment diagram is in Fig. 11-22(b). By dividing all ordinates 
of the M diagram by El, the M /(EJ) diagram in Fig. 11-22(c) is obtained .* 
Two ordinates appear at point D. One, - 12 x 106/E, is applicable just to 
the left of D; the other, - 60 x 106/E, applies just to the right of D. Since 
the bending moment is negative from A to C, the elastic curve throughout 
this distance is concave down, Fig. 1 l-22(d). At the fixed support A, the elastic 
curve must start out tangent to the initial direction AB' of the unloaded beam. 
The unloaded straight segment CB of the beam is tangent to the elastic 
curve at C. 

After the foregoing preparatory steps, from the geometry of the 
sketch of the elastic curve it may be seen that the distance BB' represents 
the desired deflection of the free end. However, BB' is also the tangential 
deviation of the point B from the tangent at A. Therefore the second moment­
area theorem may be used to obtain taA, which in this special case represents 
the deflection of the free end. Also, from the geometry of the elastic curve it 
is seen that the angle included between the lines BC and AB' is the angular 
rotation of the segment CB. This angle is the same as the one included be­
tween the tangents to the elastic curve at the points A and B, and the first 
moment-area theorem may be used to compute this quantity. 

It is convenient to extend the line ec in Fig. 11-22(c) to the point 
f for computing the area of the M /(EI) diagram. This gives two triangles, 
the areas of which are easily calculated. t 
The area of triangle afe: 

The area of triangle Jcg: 

(1) 2 = - ~ (0.6X4~ X 106) = - 14.4 X ]16 

JB M 28.8 X 106 
0a = ll.0aA = A EI dx = (1)1 + (1)2 = - 70 X lQY 

= - 0.411 x 10- 3 radians 

- t - ~ - + ~ - - - 14.4 X ]06(12) + - 14.4 X 106(08) 
V a - BA - '*'1X1 '*'2X2 - E · E · 

= - 0.411 x 10- 3 m = -0.411 mm 

*In constructing this diagram kilonewtons (kN) are changed to newtons (N). 

t A little ingenuity in such cases saves arithmetical work. Of course it is perfectly correct 
in this example to use two triangular areas dee and bfg, and a rectangle abed. 
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(a) 

(b) 

p 

Note the numerical smallness of both the above values. The negative sign of 
f:.0 indicates clockwise rotation of the tangent at Bin relation to the tangent 
at A. The negative sign of tBA means that point Bis below a tangent through 
A. 

EXAMPLE 11-10 

Find the deflection due to the concentrated force P applied as shown in 
Fig. 11-23(a) at the center of a simply supported beam. The flexural rigidity 
El is constant. 

SOLUTION 

The bending-moment diagram is in Fig. 11-23(b). Since El is constant, the 
M /(El) diagram need not be made, as the areas of the bending-moment 
diagram divided by El give the necessary quantities for use in the moment­
area theorems. The elastic curve is in Fig. 11-23(c). It is concave upward 
throughout its length as the bending moments are positive. This curve must 
pass through the points of the support at A and B. 

It is apparent from the sketch of the elastic curve that the desired 
quantity is represented by the distance CC'. Moreover, from purely geo­
metrical or kinematic considerations, CC' = C'C" - C" C, where the dis­
tance C" C is measured from a tangent to the elastic curve passing through 
the point of support B. However, since the deviation of a support point from 
a tangent to the elastic curve at the other support may always be computed 
by the second moment-area theorem, a distance such as C'C" may be found 
by proportion from the geometry of the figure. In this case, r An follows by 

1'1-_ a__,_,..,___a_..,.. ___ 2_a __ .....,t Ro = : 

L =4a 

3Pa 

~ oAJ 
(c) 

e 

(d) 

A1-::------;-ac-----t1-~-· ---;...-----i--=-:c 
I AC 

(e) 

Fig. 11-23 
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taking the whole M /(EI) area between A and B and multiplying it* by its 
x measured from a vertical through A, hence C'C" = ½tAB. By another appli­
cation of the second theorem, t eo, which is equal to C" C, is determined. For 
this case, the M /(EI) area is shaded in Fig. 11-23(b), and, for it, the xis mea­
sured from C. Since the right reaction is P/4 and the distance CB = 2a, the 
maximum ordinate for the shaded triangle is + Pa/2. 

Ve = C ' C " - C" C = (tAJJ/2) - feo 

_ "' - = _!__(4a3Pa)(a + 4a) _ + 5Pa 3 

1AB - '*' iX i El 2 4 3 - 2EL 

"' - _ 1 (2aPa)(2a) _ ..L Pa 3 

feo = '*'2X2 - El 2 2 - 3- - ' 3£1 

t,48 5Pa 3 Pa3 11Pa3 
t·e = 2 - teB = 4£1 - 3£/ = 12£1 

The positive signs of t ,48 and f eo indicate that points A and C lie above the 
tangent through B. As may be seen from Fig. l 1-23(c), the deflection at the 
center of the beam is in a downward direction. 

The slope of the elastic curve at C can be found from the slope at one 
of the ends and from Eq. 11-30. For point Bon the right 

or 

t ,48 5Pa 2 Pa 2 Pa 2 

Oe = L - <f> z = 8£1 - 2EI = 8£1 (radians counterclockwise) 

The above procedure for finding the deflection of a point on the 
elastic curve is generally applicable. For example, if the deflection of the 
point E, Fig. 1 l-23(d), at a distance e from Bis wanted, the solution may be 
formulated as 

v E = E 'E " - E" E = (e/L)tAo - tEB 

By locating the point £ at a variable distance x from one of the supports, 
the equation of the elastic curve be obtained. 

To simplify the arithmetical work, some care in selecting the tangent 
at a support must be exercised. Thus, although ve = t8,4/ 2 - t eA (not shown 
in the diagram), this solution would involve the use of the unshaded portion 
of the bending-moment diagram to obtain teA, which is more tedious. 

ALTERNATE SOLUTION 

The solution of the foregoing problem may be based on a different geo­
metrical concept. This is illustrated in Fig. l 1-23(e), where a tangent to the 
elastic curve is drawn at C. Then, since the distances AC and CB are equal, 

Ve = CC'= (t,4e + foe) /2 

*See Table 2 of the Appendix for the centroid of the whole triangular area . Alternatively, 
by treating the whole M/(E/) area as two triangles, 

1 _ I (a 3Pa)2a + 1 (3a3Pa)( + 3a) - + 5Pa 3 
AB El 2 4 3 EL 4 4 a 3 2EI 
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~ 

i.e., the distance CC' is an average of !Ac and foe· The tangential deviation 
t Ac is obtained by taking the first moment of the unshaded M/(El) area in 
Fig. 11-23(b) about A, and foe is given by the first moment of the shaded 
M /(El) area about B. The numerical details of this solution are left for com­
pletion by the reader. This procedure is usually longer than the first. 

Note particularly that if the elastic curve is not symmetrical, the 
tangent at the center of the beam is not horizontal. 

EXAMPLE 11-11 

For a prismatic beam loaded as in the preceding example, find the maximum 
deflection caused by the applied force P, Fig. 11-24(a). 

Ip 
ID mb: 

L 
d 

D' ,c;:-----t-------,c-+-==--..,.B 

.I. RA =3P/4 
a 3a 

t Ra = P/4 

IBD 

(a) 

(b) 

1: L~ 4a :1 (c) 

~ 
• 1. I, ,'' .j 

D' 
A..c-----t----------,,.-8 

IAD D IBD 

Horizontal 

(d) 

Fig. 11-24 

SOLUTION 

The bending-moment diagram and the elastic curve are in Figs. 11-24(b) 
and (c), respectively. The elastic curve is concave up throughout its length, 
and the maximum deflection occurs where the tangent to the elastic curve is 
horizontal. This point of tangency is designated in the figure by D and is 
located by the unknown horizontal distance d measured from the right 
support B. Then, by drawing a tangent to the elastic curve through point 
B at the support, one sees that fl.000 = 08 since the line passing through 
the supports is horizontal. However, the slope 00 of the elastic curve at B 
may be determined by obtaining t A8 and dividing it by the length of the span. 
On the other hand, by using the first moment-area theorem, ll.080 may be 
expressed in terms of the shaded area in Fig. 1 l-24(b). Equating ll.080 to 
08 and solving ford locates the horizontal tangent at D . Then, again from 
geometrical considerations, it is seen that the maximum deflection represented 
by DD' is equal to the tangential deviation of B from a horizontal tangent 
through D, i.e., t80 . 
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_ 5Pa3 

(AB = (l}I X1 = + 2£1 

0 _ tAB _ tAB _ 5Pa 2 

B - y - 4a - 8£1 

(see Example 11-10) 

(area between D and B) 

Since 0B = 0D + !:l.0BD and it is required that 0D = 0, 

Pd 2 5Pa 2 

8£1 = 8El hence d = ,/5 a 

= _!__(!!___ Pd) 2d = 5,/5 Pa 2 = 11.2Pa3 

El 2 4 3 12£1 12El 

After the distance dis found, the maximum deflection may also be obtained, 
as Vmax = t AD, or Vmax = (d/L)tAB - tDB (not shown). Also note that using the 
condition tAD = tBD, Fig. 11-24(d), an equation may be set up ford. 

It should be apparent from the above solution that it is easier to cal­
culate the deflection at the center of the beam, which was illustrated in Exam­
ple 11-10, than to determine the maximum deflection. Yet, by examining 
the end results, one sees that numerically the two deflections differ little: 
Vccntcr = 11Pa3/(12£1) as opposed tO Vmax = 11.2Pa3/(12£I). For this reason, 
in many practical problems of simply supported beams where all the applied 
forces act in the same direction, it is often sufficiently accurate to calculate 
the deflection at the center instead of attempting to obtain the true maximum. 

EXAMPLE 11-12 

In a simply supported beam, find the maximum deflection and rotation of the 
elastic curve at the ends caused by the application of a uniformly distributed 
load of w0 lb per foot, Fig. 11-25(a). The flexural rigidity El is constant. 

SOLUTION 

The bending-moment diagram is in Fig. 1 l-25(b). As established in Example 
4-6, it is a second-degree parabola with a maximum value at the vertex of 
w0 L2/8. The elastic curve passing through the points of the support A and B 
is shown in Fig. 11-25(c). 

In this case, the M /( El) diagram is symmetrical about a vertical line 
passing through the center. Therefore the elastic curve must be symmetrical, 
and the tangent to this curve at the center of the beam is horizontal. From 
the figure, it is seen that !:l.08c is equal to 0B, and the rotation of the end B 
is equal to one-half the area* of the whole M /(El) diagram. The distance CC' 
is the desired deflection, and from the geometry of the figure it is seen to be 
equal to tBc (or tAc, not shown). 

•see Table 2 of the Appendix for a formula giving an area enclosed by a parabola as well 
as for i . 
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(a) 

(c) 

Fig. 11 -25 

<I> = _!._(}:__f_ w0 L
2

) = w0 L
3 

£/ 3 2 8 24£/ 

w0 L 3 

0n = ll0sc = <I> = + 24£/ 

m - w0 L 3 5L 5w0 L 4 

Ve = Vmax = t BC = 'VX = 24£1 l6 = 384£/ 

The value of the deflection agrees with Eq. 11-22, which expresses the same 
quantity derived by the integration method. Since the point B is above the 
tangent through C, the sign of vc is positive. 

EXAMPLE 11 -1 3 

Find the deflection of the free end A of the beam shown in Fig. 1 l-26(a) 
caused by the applied forces . The El is constant. 

SOLUTION 

The bending-moment diagram for the applied forces is in Fig. 1 l-26(b). 
The bending moment changes sign at a/2 from the left support. At this point 
an inflection in the elastic curve takes place. Corresponding to the positive 
moment, the curve is concave up, and vice versa. The elastic curve is so drawn 
and passes over the supports at Band C, Fig. 11-26(c). To begin, the inclina­
tion of the tangent to the elastic curve at the support Bis determined by find­
ing ten as the statical moment of the areas with the proper signs of the M /(£1) 
diagram between the verticals through C and B about C. 
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(a) 

(b) 

(d) 

(e) 

3P 

r 
A i::::========::;::::;::=======t=====:l'C 

8 

p 
(I a a 

3P 

+Pa 

C' 

Fig. 11 -26. 
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(a) 

{b) 

(c) 

Pal 
= + 6£/ 

The positive sign of ten indicates that the point C is above the tangent through 
B. Hence a corrected sketch of the elastic curve is made, Fig. I 1-26(d), where 
it is seen that the deflection sought is given by the distance AA' and is equal 
to AA" - A'A". Further, since the triangles A'A"B and CC'B are similar, 
the distance A' A" = t cn/2. On the other hand, the distance AA" is the devia­
tion of the point A from the tangent to the elastic curve at the support B. 
Hence 

where the negative sign means that point A is below the tangent through 
B. This sign is not used henceforth, as the geometry of the elastic curve 
indicates the direction of the actual displacements. Thus the deflection of 
point A below the line passing through the supports is 

Pa l 1 Pal Pa l 
VA= 3£[ - 2 6£/ = 4£/ 

This example illustrates the necessity of watching the signs of the 
quantities computed in the applications of the moment-area method, although 
usually less difficulty is encountered than in the above example. For instance, 
if the deflection of the end A is established by first finding the rotation of the 
elastic curve at C, no ambiguity in the direction of tangents occurs. This 
scheme of analysis is shown in Fig. 11-26(e), where vA = ~Inc - t AC· 

A r ( tp B 

'fi I I t~ 
EXAMPLE 11-14 

A simple beam supports two equal and opposite forces 
Pat the quarter points, Fig. l 1-27(a). Find the deflection 
of the beam at the middle of the span. The £/ is con­
stant. l~~~I 

A 

C 

SOLUTION 

The bending-moment diagram and elastic curve with 
a tangent at C are shown in Figs. 1 l-27(b) and (c), 
respectively. Then, since the statical moments of the 

- 2 positive and negative areas of the bending-moment 
diagram around A and B, respectively, are numerically 
equal, i.e., ltAcl = ltncl, the deflection of the beam at 
the center of the span is zero. The elastic curve in this 
case is antisymmetrical. Noting this, much work may 

Fig. 11-27 be avoided in obtaining the deflections at the center of 

CHAP. 11 DEFLECTION OF BEAMS 392 

www.konkur.in



the span. The deflection of any other point on the elastic curve must be found 
in the usual manner. 

The foregoing examples illustrate the manner in which the moment-area 
method can be used to obtain the deflection of any statically determinate 
beam. No matter how complex the M /(EI) diagrams may become, the above 
procedures are applicable. In practice, any M /(£/) diagram whatsoever may 
be approximated by a number of rectangles and triangles . It is also possible 
to introduce concentrated angle changes at hinges to account for discon­
tinuities in the directions of the tangents at such points. The magnitudes of 
the concentrations can be found from kinematic requirements. * 

For complicated loading conditions, deflections of elastic beams deter­
mined by the moment-area method are often best found by superposition. In 
this manner the areas of the separate M /(£/) diagrams may become simple 
geometrical shapes. In the next chapter, superposition will be used in solving 
statically indeterminate problems. 

The method described here can be used very effectively in determining 
the inelastic deflection of beams, providing the M /(EI) diagrams are replaced 
by the appropriate curvature diagrams. 

PROBLEMS FOR SOLUTION 

11-1. A 2 mm by 6 mm steel strip 314 mm 
long is clamped at one end as shown in the figure. 
What is the required end moment to force the 
strip to touch the wall? What would the maxi­
mum stress be when the strip is in the bent condi­
tion? Let£ = 200 GPa. Ans: 2 MPa. 

.:-::. ..... .... , ,, ,, 
'~ 'I 

\1 ,, 
/I 

// 
-+-~~/=1-1/====~M 
2 mm 

PROB. 11 - I 

11-2. A round aluminum bar of 6 mm dia­
meter is bent into a circular ring having a mean 
diameter of 3 m. What is the maximum stress in 
the bar? E = 7 x 107 kN/m 2 • Ans: 140 MPa. 

11-3. What will the radius of curvature of a 
W 8 x 17 beam bent around the X-X axis be if 
the stress in the extreme fibers is 20 ksi? £ = 
29 x 106 psi. Ans: 483 ft . 

11-4. If the equation of the elastic curve for a 
simply supported beam of length L having a con­
stant El is v = (k/360£1)( - 3x 5 + 10x 3 L 2 -

7 xL 4), how is the beam loaded ? 

11-5. An elastic beam of constant El and 
of length L has the deflected shape El v(x) = 
Mo(x 3 - x 2L )/(4L). (a) Determine the loading 

*For a systematic treatment of more complex problems, see for example A. C. Scordelis 
and C. M. Smith, "An Analytical Procedure for Calculating Truss Displacements," 
Proceedings of the American Society of Civil Engineers, paper no. 732, July 1955, vol. 732. 
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and support conditions. (b) Plot the shear 
and moment diagrams for the beam and sketch 
the deflected shape. 

11-6. Rework Example 11-2 by taking the 
origin of the coordinate system at the free end. 
Ans: v = (M1/2El)(x 2 - 2Lx + L2). 

*11-7. Using the exact differential equation, 
Eq. 11-8, show that the equation of the elastic 
curve in Example 11-2 is x 2 + (v - p)2 = p z, 

where p is a constant. (Hint: let dv/dx = tan 0 
and integrate.) 

11-8 through 11-19. For the beams loaded as 
shown in the figures, determine the equations of 
the elastic curves using either the second-order 

IP 
~ t 

11•,. N/m 

~========:::r· 
I L I L 

differential equation or the fourth-order equa­
tion, as directed . Jn all cases, £/ is constant . 
Ans: See Table 11 in the Appendix for some of 
the answers, and 
Prob. 11-10: 

£Iv = - W (x 5 - 5L4x + 4L 5)/(60L2) 

Prob. ll-11: 

£Iv = k L3 x2/6 - kL 2 x: 3/ 12 + kx 5 /120 

Prob. ll-12: 

£Iv = - k(L/n )4 sin n x/L 

Prob. l/-13: 

£Iv= kl 3x 3/72 - kx6 /360 - kVx/90 

Prob. 11-17: 

£Iv= A[Lx 3/24 - x 5/(60L) - 5L 3x/ 192] 

~ 
J, L ( 

PROB. 11 - 8 PROB. 11 - 9 PROB. 11 10 

kl N/m y 

t==if[J10/ 
L I 

k sin (,,-x/L) 

PROB. 11 II PROB. 11 - 12 PROB. 11 13 

p p 

Mo 

eg-_, =:_=:_=L_ =_ =____,=:::J..t 
L 

PROB. II - 14 PROB. I I - 15 PROB. II - 16 

A lb/in. 

,A~ 
I . a • I . 

'! 
2a . I 

PROB. 11 - 17 PROB. 11 - 18 PROB. 11 - 19 
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11-20. If a cantilever is loaded as shown in 
Prob. 11-8 and its width and flexural strength are 
constant, see Fig. J0-18(d), what is the equation 
of the elastic curve? Neglect the increase in depth 
at the end of the beam for the shear force. Ans: 
E/0v = 2 PL2x - 4 PL312 x 312 - j PL3, where / 0 

is the moment of inertia of the cross-section at 
the fixed end. 

11-21. If in Prob. 11-15 the cross-sectional 
area of the beam is constant, and the left half of 
the span is made of steel (E = 30 x 106 psi) and 
the right half is made of aluminum (E = 10 
x 106 psi), determine the equation of the elastic 
curve. 

11-22. Rework Example 11 -4 using the pro-
cedure of Example 11-5. 

11-23. Determine the equations of the elastic 
curve for the beam loaded as shown in Fig. 11-9. 

11-24. Compute the maximum flexural stress 
and the maximum deflection for an S 15 x 42.9 
simply supported beam spanning 20 ft loaded 
with a 10 kip concentrated downward force in the 
middle of the span and a uniformly distributed 
gravity load, including the weight of the beam, of 
I kip per ft. E = 29 x 106 psi. Use the formulas 
given in the Appendix and the method of super­
position . Ans: 20.1 ksi, - 0.500 in. 

11-25. Using a semigraphical procedure such 
as shown in Figs. 11-6 and 11-8, find the deflec­
tion of the beam at midspan, see figure. Let 
El = 23,200 lb-in. 2 Neglect the effect of the 
axial force on the deflection. Ans: 0.0905 in. 

25 lb 251b 

PROB. 11 - 25 

11-26. A W 10 x 49 cantilever ([ = 113.6 
x 106 mm4 ) supports a concentrated force as 

CHAP. 11 PROBLEMS FOR SOLUTION 

shown in the figure. Calculate the deflections 
caused by the applied force (a) at the applied 
force, (b) at the free end. Use the formulas given 
in the Appendix. E = 200 x 106 kN/m 2 • (Hint: 
the slope of the beam between the applied force 
and the free end is constant.) Ans: 7.49 mm. 

l50kN 
i ! j 
,_/ ,_1.s_m---i. ,~.9 ~, 

PROB. 11 - 26 

11-27. A W 8 x 40 beam is loaded as shown 
in the figure. Using the equations given in the 
Appendix and the method of superposition, cal­
culate the deflection at the center of the span. 
E = 29 X 106 psi. 

PROB. 11 - 27 

11-28. The maximum deflection for a simple 
beam spanning 24 ft and carrying a uniformly 
distributed load of 100 kips (total) is limited to 
0.5 in. (a) Specify the required W beam. (b) 
Determine the maximum fiber stress. Let E = 
29 X 106 psi. 

11-29 through 11-31. Establish the equations 
of the elastic curves for the statically indeter­
minate beams shown in the figures. All beams 
have a constant El. 

w,,N/m I ,,,,. _ . 
./ , 

L J 
PROB. II - 29 
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PROB. 11 30 

X 

PROB. II - 31 

11-32. Rework Prob. 11-30 if the applied load 
q = sin x. Let L = n. Ans: Elv = sin x -
x 3/(2n2) + 3 x2/(2n) - x. 

11-33. For the beam loaded as shown in the 
figure, after obtaining the equation of the elastic 
curve, (a) determine the ratio of the moment at 
the built-in end to the applied moment M.; (b) 
determine the rotation of the free end. The El is 
constant Ans: -½ ; - M.L/(4£1). 

M 

~~ 
Elastic curve 

L 

PROB. II 33 

11-34. One end of an elastic beam is displaced 
an amount 11 relative to the other end as shown 
in the figure. No rotation of the ends is permitted 
to occur. Derive the expression for the elastic 

L 

PROB. 11 34 

CHAP. 11 DEFLECTION OF BEAMS 

curve, and plot the shear and moment diagrams. 
The El is constant. 

11-35. A S 3 x 5.7 cantilever is 42 in . long. 
What is its "spring constant" for the downward 
application of a force at the end? E = 29 x 106 

psi. Ans: 2.94 k/ in. 

11-36. AW 10 x 33 beam is loaded as shown 
in the figure. A 1 in. round steel rod 8 ft long 
provides the anchorage for the right-hand end. 
Determine the deflection of the left end caused by 
the applied concentrated force. E = 29 x 106 

psi. 

PROB. 11 - 36 

11-37. The data for a beam loaded as shown 
in Fig. 11-14 are: w0 = 30 kN/m, P = 25 kN, 
L = 3 m, and a = 1.2 m. If the beam is made 
from a W 8 x 20 section (/ = 29 x ]06 mm4), 

what is the deflection of the free end C caused by 
the applied loads? E = 200 x 106 kN/m2 . 

11-38. A small frame is loaded as shown in 
the figure. The cross-sectional areas of the ver­
tical and the horizontal parts of the frame are 
equal. Determine the vertical deflection of the 
end at the applied force. Neglect the effect of the 
axial force on deflection and neglect shortening of 
the column due to the same force. Express the 
result in terms of P, L , E and 1. (Hint : synthesize 
the solution from the results of Example 11-2 and 
the appropriate formula from the Appendix .) 
Ans: 13 PL3/( 192El ). 

D 
PROB. 11 - 38 
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11-39. Determine the deflection of the end of 
an S 8 x 18.4 cantilever 61 ft long due to an 
inclined force of J ,200 lb applied at the end as 
shown in the figure. Let E = 29 x 103 ksi. Ans: 
0.454 in ., 0.111 in. 

PROB. 11 J9 

11-40. The MJEI diagram for a simple beam 
is as shown in the figure. Draw a qualitative 
elastic curve and compute t A8 and l:!.0AB. Ans: 
878,000/£/ in., 6,000/El. 

v,~ Parabo:=+: 

A ~-----~ B 

90" ID 90" I 
PROB. 11 40 

11-41. If a positive M/El diagram for a simple 
beam were as shown in the figure, what would 
the statical moment of the shaded area around a 
line through X give? Illustrate on a sketch. 

PROB. 11 - 41 

11-42. An aluminum bar 40 mm wide and 30 
mm deep is supported and loaded as shown in the 
figure. Calculate the angles (in radians) between 
the tangent to the elastic curve at A and the 
corresponding tangents at B, C, and D caused by 

SOON 
A B C 

PROB. 11 42 

CHAP. 11 PROBLEMS FOR SOLUTION 

the applied loads. Let E = 1 x 107 kN/m2 • All 
dimensions shown in the figure are in meters. 

11-43. If an additional downward force of JO 
kN is applied at D to the beam of Example 11-9, 
what will be the deflection of the end B? 

11-44. Using the moment-area method, find the 
maximum deflection for the beam of Prob. 11-10. 

11-45 through 11-59. Using the moment-area 
method for the members loaded as shown in the 
figures, determine the deflection and the slope of 
the elastic curve at points A. Specify whether the 
deflection is upward or downward . lf the size of 
the member is not given, assume that EI is con­
stant over the entire length. Neglect the weight of 
the members. Wherever needed, assume E = 
29 x 106 psi or 200 GPa. Wherever the answer 
is expressed in terms of El, no adjustment for 
units need be made. Ans: The deflection sought 
is noted in the lower right-hand corner. 

p 

, I 6/ \ ' t=1 \ I I-A 
I ~ 6" 4· I 

f r • r 

PROB. 11 - 45 

<) 4 
I = 10 mm 

60 kN/m 

PROB 11 - 46 (5. 74) 

20 kN 
1 

m .A fr=80 x 106 mm 4 

1/ 

, __ 2_n_, ..,.+_2_m_ \ 
PROB. 11 47 
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p p 

p 

PROB. 11 - 48 

A 

( 25PL3 
) 

3072£/ 

Wl2 x65 

a a 

PROB. 11 49 

a 

(5P 3_\ 
I/ 

11 ·0N/m 

PROB. 11 - 50 

S IO x 25 .4 

IO k 

a a a a 
8' 8' 

PROB. 11 - 5 1 (0.286) 

M 
A 

lc====t:====~ , 

I 
L'2 -1-L2 

PROB. 11 54 (ML ') ,:El· 

30 k 30 k 

PROB. 11 - 57 ( ~~o) 

PROB. 11 - 52 

PROB. II - 55 

PROB . II - 58 

11-60. Using the moment-area method, estab­
lish the equation of the elastic curve for the beam 
of Prob. 11-8. 

11-61. Using the moment-area method, estab­
lish the equation of the elastic curve for the beam 
of Prob. 11-15. 

CHAP. 11 DEFLECTION OF BEAMS 

(
57w,, a4) 
24£/ 

(
Mi U) 
32 EI 

p 

' 
( 

PL J) 
48£/ 

3' I' 5' 3' 

PROB. 11 53 (0.0769) 

a 3a 

PROB. 11 - 56 

PROB. 11 - 59 

/M1a2) 
\2£/ 

( 
PL 3 

324£/) 

*11-62. Using the moment-area method, 
establish the equation of the elastic curve for the 
beam of Prob. I 1-50. 

11-63. Using the moment-area method, deter­
mine the maximum deflection for the beam of 
Prob. 11-54. 
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11-64. A beam of variable I is loaded as 
shown in the figure. (a) Determine the deflection 
at the center of the span caused by the two con­
centrated forces. (b) Locate the point at which the 
maximum deflection occurs. (The magnitude of 
this deflection need not be found.) Assume that 
E and I are given and have appropriate units. 
Ans: (a) 123/£/, (b) l.85 m from B. 

4 k 4 k 
2 / 

C I 
A 

3m i8 4m DI 3 m 

PROB. 11 64 

11-65. Determine the maxi mum deflection of 
the beam in Prob. l 1-49. 

11-66. Determine the maximum deflection of 
the beam in Prob. 11-52. 

11-67 through 11-72. Using the moment-area 
method for the members loaded as shown in the 
figures, determine the location and magnitude of 
the maximum deflection between the supports. 
Disregard the effect of axial forces on deflections 
wherever this condition occurs. Other conditions 
are the same as in Probs. 11-45 through 11-59. 
Ans: Lower right-hand corner of a figure. 

PROB. 11 67 

100 kN 

I= 120 x 106 
\

4 f ) = IOO x 106 mm 4 

J, ')~mt 
3m ~ 

PROB. 11 - 68 

CHAP. 11 PROBLEMS FOR SOLUTION 

El = I ,BOO lb-in .2 12 lb 12 1b 

PROB. 11 - 69 (0.078) 

3 111 3 m 

PROB. 11 - 70 

El = 23.200 lb-in. 

25 lb 25 lb 4r -
I~~ IOH 

PROB. II 71 (0. 10) 
6k 

PROB. 11 - 72 (1~;5 ) 
11-73. For the beam of Prob. 11-69, deter­
mine (a) the deflection at the center of the span 
and (b) the deflection at the point of inflection. 
Ans: (a) 0.o75 in., (b) 0.047 in . 

11-74. Rework Example 11-13 using the pro-
cedure shown in Fig. l l-26(e) . 

11-75 through 11-80. Using the moment-area 
method, determine the deflection and slope of the 
elastic curve of the overhang at A for the beams 
loaded as shown. Other conditions are the same 
as in Probs. 11-67 through 11-72. Ans: Deflec­
tion in lower right-hand corner of each figure. 
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El= 3 x 108 lb- in 2 
lk 

100 ·m 100 N·m 

A~m! 6m :µf 
PROB. 11 - 75 (~,o) 

6 kN/m 

t 10m fd• 
PROB. 11 - 78 

1 :8132 ) Is 

PROB. II 

i4 k 

,,A,, 

I 
6' 

I 
12' 

PROB. 11 - 79 

0.9 m I 

,40 kN 

76 

6 k 1 
¥P q , 

~ A 

(31;) 

PROB. 11 - 77 

PROB. 11 80 

(
13M0a

2
) 

6 El 

(~ ) 
40 

=ir,:::1 == 25kN 

t'~0=.6=m::::.::I ==3=.0=m=====;.,,.~i_=_=_=_l~.S~~m~~~kN 

0.3 m 

0.3 m 

PROB. 11 

11-81. Find the location and magnitude of 
the maximum upward deflection of the beam 
shown in the figure. Express results in terms of 
El. Ans: 0.824 m, 5.09/( EI) . 

11-82. Determine the maximum upward de­
flection for the overhang of a beam loaded as 
shown in the figure. The E and I are constant. 
Part Ans: At 2.93 ft from right support. 

36 k 
4 k/ ft 

' 1+ f I I fl 
1. 30 ' • I ,1 0; I 

PROB. 11 - 82 

11-83. A structure is formed by joining a 
simple beam to a cantilever beam with a hinge as 
shown in the figure. If a 10 N force is applied at 
the center of the simple span, determine the 
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deflection caused by this force at A. Use the 
moment-area method. The EI is constant over 
the entire structure. 

Hinge 
1/. 

f 10 kN 

A 

2 m 2 m 

PROB. 11 83 

11-84. Two beams, both of the same, con­
stant, flexural rigidity El, are connected by a 
hinge as shown in the figure. Find the deflection 
at A caused by the applied force P. Use the 
moment-area method . Ans: Pa 3/(3EI) . 

Hinge\ f p 

J;; Jb~ A* A 
\ a a ~ l~ I 

PROB. 11 - 84 

400 

www.konkur.in



.., 

1i.f 
P/2 

t= 3L/4 L/2 

PROB. II 

11-85. Determine the deflection at the mid-
span of a simple beam, loaded as shown in the 
figure, by solving the two separate problems 
indicated and superposing the results. Use the 
moment-area method. The EI is constant. Ans: 
1 IPL3 /(768EI). 

11-86. Consider the structure loaded with the 
force Pas shown in Fig. l l-l 3(a). What uniform­
ly distributed load w0 must be applied to the 
horizontal beam AB such that the horizontal 
displacement of point C will return to its un­
loaded condition? 

11-87. A steel beam is supported and loaded 
as shown in the figure. The force P = 10 kips, and 
MA = 1,200 k-in. with the horizontal line AC as 
a reference, determine the slope and the vertical 
deflection at end C. For this beam E = 30 x 106 

psi and I = 1,000 in . 4 The spring at B, when 
isolated, requires a force of 20 kips to shorten it 
1 in. Use any method you wish to compute the 
required slope and deflection . 

p 

C 

PROB. 11 - 87 

11-88. A 1-in . square bar of a linearly elastic­
plastic material is to be wrapped around a round 

PROB. 11 - 88 
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P/2 P/2 P/2 

+ 
L/2 

85 

mandrel as shown in the figure. (a) What mandrel 
diameter D is required so that the outer thirds of 
the cross sections become plastic, i.e., the elastic 
core is -¼ in. deep by 1 in. wide? Assume the 
material to be initially stress-free with a YP = 40 
ksi. Let E = 30 x 106 psi. The pitch of the helix 
angle is so small that only the bending of the bar 
in a plane need be considered. (b) What will be 
the diameter of the coil after the release of the 
forces used in forming it? Stated alternatively, 
determine the coil diameter after the elastic 
spring-back. Ans: (b) 482 in. 

11-89. A rectangular, weightless, simple beam 
of linearly elastic-plastic material is loaded in the 
middle by the force Pas shown in the figure. (a) 
Determine the magnitude of the force P that 
would cause the plastic zone to penetrate¾ of the 
beam depth from each side. (b) For the above 
loading condition sketch the moment-curvature 
diagram clearly showing it for the plastic zone. 

p 
h/2 

l /2 L,2 

PROB. 11 - 89 

11-90 and 11-91. Using the moment-area 
method, determine the deflection at the center of 
the span for the beams loaded as shown in the 
figures. In Prob. 11-91, 11 = 10 x 106 mm4, 
/ 2 = 20 x 106 mm4, E = 10 x 107 kN/m2 . 

Ans: Prob. 11-90; 4Pa 3/(3El) . 
p p p 

£1 
const. 

(I a I 1-

PROB. 11 - 90 
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5 k (total) 5 k (total) 

PROB. 11 91 

11-92. Beam AB is subjected to an end 
moment at A and an unknown concentrated 
moment M c as shown in the figure. Using the 
moment-area method, determine the magnitude 
of the bending moment Mc so that the deflection 
at point B will be equal to zero. The El is con­
stant. Ans: 23.5 kN · m. 

100 kN·m 

PROB. 11 - 92 

11-93. The beam shown in the figure has a 
constant El = 3,600 x 106 lb-in. 2 Determine the 
distance a such that the deflection at A would be 
0.25 in. if the end were subjected to a concen­
trated moment M 0 = rs k-ft. 

>,.i===========a =EiA 7_, _ l_O' _ _ f,_· - -=r 
PROB. 11 93 

11-94. A light pointer is attached only at A to 
a 6-in.-by-6-in. (actual) wooden beam as shown 
in the figure. Determine the position of the end 

CHAP. 11 DEFLECTION OF BEAMS 

of the pointer after a concentrated force of 1,200 
lb is applied. Let E = 1.2 x 106 psi. Ans: 
0.036 in. 

PROB. 11 94 

11-95. What must the ratio of the loads Wand 
P be for the beam loaded as shown in the figure so 
that the elastic curve shall be horizontal at the 
supports? The El is constant. Ans: l-

W (total) W(total) 

PROB. 11 95 

11-96. The beam ABCD is initially horizontal. 
A load P is then applied at C as shown in the 
figure. It is desired to place a vertical force at B 
to bring the position of the beam at B back to the 
original level ABCD. What force is required at 
B? Ans: 7P/8. 

p 

8 C 

a a a 

PROB. II 96 
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.I 

Statically 
Indeterminate 
Problems 

12-1. INTRODUCTION 

The simplest problems in the mechanics of materials are externally 
statically determinale. In such cases the reactions and the internal system 
of stress resultants at a section can be determined from statics without 
con idering deformations. In the preceding chapter, only on introducing the 
differential equations for the deflection of beams did methods for the analysis 
of statically indeterminate elastic beams become possible. In this chapter, 
procedures for the solution of statically indeterminate problems will be 
extended to include additional situations. 

In the next two articles of thi chapter, procedures for the analysis of 
statically indeterminate systems, which are applicable to both linear and 
nonlinear material response, will be discussed. It will be shown how the 
equations of static equilibrium can be supplemented by additional equations 
based on considerations of the geometry of deformation. The additional 
equations required will be formulated using displacement compatibility 
conditions. In the inelastic analysis of the indeterminate systems, such pro­
cedures can become very complex. 

The principle of superposition is then used to obtain general methods, 
which are very effective for the solution of highly indeterminate problems 
involving linear elastic materials. These are commonly referred to as the 
force method (or flexibility method)* and the displacement method (or stiff­
ness method). Further, a method of analysis is also developed for indeter­
minate beams by applying the moment-area technique in conjunction with 
the force method . Some attention is given to the three-moment equation, 
which is a useful recurrence formula for the analysis of continuous elastic 
beams. 

A procedure for determining the limit or the ultimate carrying capacity 
of determinate as well as indeterminate beams made of ductile materials is 
treated at the end of this chapter. 

•Also called the method of consistent deformations. 
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12-2. A GENERAL APPROACH 

In all statically indeterminate problems the equations of static equi­
librium remain valid. These equations are necessary but not sufficient to 
solve the indeterminate problems. The supplementary equations are estab­
lished from considerations of the geometry of deformation. In structural 
systems, of physical necessity, certain elements or parts must deflect together, 
twist together, expand together, etc ., or remain stationary. Formulating 
such observations quantitatively provides one with the required additional 
equations. For example, a statement of a common displacement of several 
members of a joint can give the required relation. Such kinematic equations 
are independent of the mechanical properties of materials and thus are not 
limited to the linear elastic response. 

The necessa ry procedures for determining the linear deformation of 
axially loaded rods, the angular twist of shafts, and the deflection of beams 
were developed earlier. Here, except for designating the forces acting on 
such members as unknowns by some appropriate algebraic symbols, the 
same procedures apply. As before, the smallness of the deformations in 
comparison with the linear dimensions of the body is tacitly assumed. 

Several examples illustrating the method of supplementing the equi­
librium equations with the displacement relationships follow. 

EXAMPLE 12-1 

A stepped bar is built in at both ends onto immovable supports, Fig. 12-1 (a) . 
The left part of the bar has a cross-sectional area A 1 ; the area of the right part 
is A 2 • (a) If the material of the bar is elastic with an elastic modulus£, what 
a re the reactions R 1 and R2 caused by the application of an axial force Pat 
the point of discontinuity of the section? (b) Jf A 1 = 6 x I 0- 4 m2 , A 2 = 
12 x 10- 4 m 2, a = 0.75 m, b = 0.50 m, and the material is linearly elastic­
perfectly plastic as shown in Fig. 12-l(d), determine the displacement 11 1 of 
the step as a function of the applied force P. Let £ = 200 x 109 Pa. 

SOLUTION 

Case (a). The point on the rod where the force Pis applied deflects the same 
amount whether the right or the left part of the bar is considered. By sepa­
rating the bar at P, the two free-body diagrams in Figs. 12-1 (b) and (c) are 
obtained. The left part of the rod is subjected throughout its length to a 
tensile force R 1 and elongates an amount u1 . The right part contracts u2 under 
the action of a compressive force R2 . Of physical necessity, the absolute values 
of the two deflections must be the same: 

From statics: 
From geometry:• 

R1 + R2 = P 
lu1l=l u2 I 

*By considering elongation of the bar positive and contraction negative, alternatively one 
has 11 1 + 11 2 = 0, which means that the deformation of the bar from end to end is zero. 
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p 
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On applying Eq. 2-4, .1. = u = PL/(AE), the above relation yields 

Solving the two equations simultaneously gives 

p 
Ri = 1 + aA2 /(bA 1) 

and 
p 

Rz = 1 + bA 1/(aA 2) 

Case (b). By direct substitution of the given data into Eq. 12-1, 

p p 
Ri = l + 0.75(12 X J0-•)/(0.5(6 X 10- 4 )) 4 

Hence the normal stresses are 

and 

0" 1 = R1 /A1 = 104P/24 

0" 2 = R 2/A2 = 104P/ 16 

and 

( compression) 

( 12-1) 

As I a 2 I > a 1, the load at impending yield is found by setting I a 2 I = 400 x 106 

Pa. At this load the right part of the bar just reaches yield, and the strain 
attains the magnitude of ey0 = a Yo! E. Therefore 

and 

P,0 = 16 X J0- 4 0'yp = 640 X 103 N = 640 kN 

lu2I = lu1 I= ey0b = 0.001 m = Imm 

These quantities locate point A in Fig. 12-l(e). 
On increasing P above 640 kN, the right part of the bar continues to 

yield carrying a compressive force R 2 = O" y0A 2 = 480 kN. At the point of 
impending yield for the whole bar, the left part just reaches yield. This occurs 
when R 1 = O' y0A 1 = 240 kN and the strain in the left part just reaches 
ey0 = a Yo! E. Therefore 

and u1 = e,00 = 0.001 5 m = 1.5 mm 

These quantities locate point Bin Fig. 12-l(e). Beyond this point the plastic 
flow is uncontained , and P = 720 kN is the ultimate or limit load of the rod. 

Note the simplicity of calculating the limit load, which, however, 
provides no information on the deflection characteristics of the system. In 
general, plastic limit analysis is simpler than elastic analysis, which in turn is 
simpler than tracing the elastic-plastic load-deflection relationship. 

Torsional problems may also be statically indeterminate. For example, 
if a shaft is built-in at both ends and a torque is applied at some intermediate 
point, the two torques at the ends cannot be found from statics alone. 
However, analogous to the above example, by separating the shaft at the 
applied torque and equating the angular rotation of one part of the shaft 
to the angular rotation of the other part, an auxiliary geometrical equation 
can be formulated and the problem solved. 
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EXAMPLE 12-2 

A steel rod 2 in. 2 in cross-sectional area and 15.0025 in. 
long is loosely inserted into a copper tube as in Fig. 
12-2. The copper tube has a cross-sectional area of 
3 in .2 and is 15.0000 in. long. If an axial force P = 25 
kips is applied through a rigid cap, what stresses will 
develop in the two materials? Assume that the elastic 
moduli of steel and copper are Es = 30 x 106 psi and 
Ecu = 17 X 106 psi, respectively. 

SOLUTION 

If the applied force P is sufficiently large to close the 
small gap, a force P, will be developed in the steel rod 
and a force P cu in the copper tube. Moreover, upon 

Fig . 12-2 loading, the steel rod will compress axially u,, which is 
as much as the axial deformation lieu of the copper tube 

plus the initial gap . Hence 

From statics: 

From geometry: 

P, + Pcu = 25,000 lb 

1.15 = Ucu + 0.0025 

On applying Eq. 2-4, /J,, = u = PL/(AE), 

or 
15.0025 15 

2(30)106P, - 3(17)106Pcu = 0.0025 

or P, - I.I 76Pcu = 10,000 lb 

Solving these equations simultaneously gives 

Pcu = 6,900 lb and P, = 18,100 lb 

and dividing these forces by the respective cross-sectional areas gives 

a cu = 6,900/3 = 2,300 psi and a, = 18,100/2 = 9,050 psi 

If either of these stresses were above the proportional limit of its material 
or if the applied force were too small to close the gap, the above solution 
would not be valid. Also note that since the deformations considered are 
small, it is sufficiently accurate to use L, = Leu· 

ALTERNATE SOLUTION 

The force F necessary to close the gap may be found first, using Eq. 2-4. In 
developing this force the rod acts as a "spring" and resists a part of the applied 
force. The remaining force P' causes equal deflections u; and u~u in the two 
materials. 

F _ uA,E, _ (0.0025)2(30)106 = 10 OOO lb= 10 k. 
- L , - 15.0025 ' ips 

P' = P - F = 25 - IO = 15kips 
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L 

(a) p 

Then if P ~ is the force resisted by the steel rod , in addition to the force F, and 
P ~u is the force carried by the copper tube, 

From statics: 

From geometry: 

P ; + P ~u = P' = 15 

or 

15 .0025 P' 15 P ' 
2(30) 106 ' = 3(17)106 cu, 

P , 17P ' 
cu = 20 • 

By solving the two appropriate equations simultaneously, it is found that 
P ~u = 6.9 kips and P ; = 8.1 kips, or P, = P ; + F = 18.1 kips. 

If (CT ,p), = 40 ksi and (CT yp)cu = 10 ksi, the limit load for this assembly 
can be determined as follows: 

At the ultimate load both materials yield , therefore the small discrepancy in 
the initial lengths of the parts is of no consequence. 

EXAMPLE 12-3 

Three bars of elastic-perfectly plastic material are symmetrically arranged in 
a plane to form the system shown in Fig. 12-3(a). Investigate the load­
deflection characteristics of joint C. The cross-sectional area A of each bar is 
the same. 

SOLUTION 

A free-body diagram of joint C is shown in Fig. 12-3(b), from which, for 
small deformations, an equation of equilibrium is obtained as 

(' 

C 

p 

(b) 

p 

o-yp A 

(12-2) 

F2 
/ 1 +2 cos at---------,,.-B ______ c_ 

I + 2 cos3a f------lf''---+---.-

Elastic range 

0 

(c) 

Fig . 12-3 
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This relation holds true regardless of the material response. The latter, 
however, depends on the attained magnitude of strain. 

The deformed structure is shown in Fig. 12-3(a) by the dashed lines 
AC', BC', and DC'. The elongation of the bar BC' is L\i , The elongation of the 
inclined bars is L\2 . For compatible displacements 

(12-3) 

where it is assumed that because of the smallness of the deformations being 
considered, the arc CC" with the center at A can be replaced by a normal to 
AC'. 

Equation 12-3 applies both in the elastic and the inelastic strain ranges 
provided the deformation remains small. For the elastic range, by noting that 
the inclined bars are L/cos a long, and applying Eq. 2-4 one has 

i.e., (12-4) 

Solving Eqs. 12-2 and 12-4 simultaneously yields 

F - p 
i - 1 + 2 cos 3 a and F - p 2 

2 - I + 2 cos 3 a cos a (12-5) 

From this it is seen that the maximum force and stress occur in the vertical 
bar. At impending yield, Fi = O' ypA and L\i = (O'yp/E)L. With Fi known, the 
maximum force P that can be carried elastically follows from Eqs. 12-2 and 
12-4. This condition, with P = a ypA(l + 2 cos 3 a), corresponds to point A in 
Fig. 12-3(c). 

On increasing the force P above the impending yield in the vertical bar, 
the force Fi = O' ypA remains constant, and Eq. 12-2 alone becomes sufficient 
for determining the force F2 • The inclined bars behave elastically until their 
stresses reaches a yp· This occurs when F2 = O' ypA. At impending yield in the 
inclined bars, using Eq. 12-2, P = a ypA(l + 2 cos a ). This condition corre­
sponds to the limit load for the system. 

At impending yield, L\2 = (O' yp/E)(L/cos a) . Hence, from Eq. 12-3, 
L\ i = (O'yp/E)L/cos 2 a. This value locates the abscissa for point B in Fig. 
12-3(c). Beyond this point uncontained plastic flow takes place. 

Note again the simplicity in finding the limit load as one works directly 
with a statically determinate system. 

EXAMPLE 12-4 

Two cantilever beams AD and BE of equal flexural rigidity El = 24 x 106 

N · m 2, shown in Fig. 12-4(a), are interconnected by a taut steel rod DC 
(E, = 200 x 109 Pa). The rod DC is 5 m long and has a cross section of 
3 x 10- 4 m2 • Find the deflection of the cantilever AD at D due to a force 
P = 50 kN applied at £. 

SOLUTION 

By separating the structure at D, the two free-body diagrams in Figs. 12-4(b) 
and (c) are obtained. In both diagrams the same unknown force Xis shown 
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' 

13 

' a = 1m 

(a) 

D 

Steel rod 5 m I 011!! 
m l ~A = ] x JQ - 4 

C 

11 = 2111 

! 
I 

P = 50 kN 

L 

(b) 
A 

Fig. 12-4 

50 kN 

acting (a condition of statics). The deflection of the point D is the same, 
whether the beam AD a t D or the top of the rod DC is considered. The 
deflection A1 of the point Din Fig. 12-4(b) is caused by X. The deflection A2 

of the point Don the rod is equal to the deflection vc of the beam BE caused 
by the forces P and X less the elastic stretch of the rod DC. 

From statics: Xpull on AD = Xpull on DC = X 

From geometry: or lvol = Ivel - Arod 

Beam deflections can be found using any one of the methods discussed 
. in the preceding chapter. From Table 11 of the Appendix, in terms of the 
notation of this problem, one has 

Xa 3 

Vo= -3£[ = 
X X 23 

3 X 24 X 106 

10- 6 x 
- -9- (down) 

J0-6 x 
Vcdue to X = +-9- (up) 

p IQ- 3(125) 
Ve due 10 p = - 6El [2(2a)3 

- 3(2a) 2a + a 3] = 9 

and using Eq. 2-4 

Then 

and 

and 

A XLco X(5) 
rod = AcDE = 3(10- 4)200(!09 ) 

10- 6 x 10- 3(125) 10- 6 x 10-6x -9- = 9 __ 9 ___ 1_2_ 

X = + 45 500 N = 45.5 kN 

10- 6(45 500) 
v0 = - 9 = - 0.005 05 m = - 5.05 mm 

(down) 

(down) 
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Note particularly that the deflection of point C is caused by the appl ied 
force P at the end of the cantilever as well as by the unknown force X. 

12-3. STRESSES CAUSED BY TEMPERATURE 

It was possible to disregard the deformations caused by temperature 
in statically determinate systems since in such situations the members are 
free to expand or contract. However, in statically indeterminate systems, 
expansion or contraction of a body can be inhibited or entirely prevented 
in certain directions. This can cause significant stresses and must be investi­
gated. 

The free deformations caused by a change in temperature must be 
known for the determination of stresses caused by temperature. For a body 
of length L having a uniform thermal strain, the linear deformation ~ due 
to a change in temperature of oT degrees is 

~ = a,(oT)L (12-6) 

where a, is the coefficient of thermal expansion. 
The solution of indeterminate problems involving temperature deforma­

tions follows the concepts discussed in the preceding article. Two examples 
follow to illustrate some of the details of solution. 

EXAMPLE 12-5 

A copper tube 12 in. long and having a cross-sectional area of 3 in. 2 is placed 
between two very rigid caps made of lnvar, * Fig. 12-S(a). Four¾ in. steel bolts 
are symmetrically arranged parallel to the axis of the tube and are lightly 
tightened. Find the stress in the tube if the temperature of the assembly is 

Final position 
Elastic deformations ----::=;::s.;;.--.... 

X 

s 

(a) (b) 

Fig. 12-5 

*Invar is a steel alloy which at ordinary temperatures has an a: """ 0 and for this reason is 
used in the best grades of surveyor's tapes and watch springs. 
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raised from 60°F to l 60°F. Let Ecu = 17 x 106 psi, E, = 30 x 106 psi, 
O:cu = 0.0000091 per °F , and IX, = 0.0000065 per °F. 

SOLUTION 

If the copper tube and the steel bolts were free to expand, the axial thermal 
elongations shown in Fig. l 2-5(b) would take place. However, since the axial 
deformation of the tube must be the same as that of the bolts, the copper tube 
will be pushed back and the bolts will be pulled out so that the net deforma­
tions will be the same. Moreover, as can be established by considering a free 
body of the assembly above some arbitrary plane such as X-X in Fig. 12-5(a), 
the compressive force Pcu in the copper tube and the tensile force P, in the 
steel bolts are equal. Hence 

From statics: 

From geometry: 

Pcu = P, = P 

.::\cu = .::\, = .::\ 

This kinematic relation, on the basis of Fig. l 2-5(b) with the aid of 
Eqs. I 2-6 and 2-4, becomes 

O:cu(OT)Lcu - : cu ~ cu = O:,(OT)L, + PA•~ • 
c:u cu s s 

or, since OT = 100° and 0.442 in. 2 is the cross section of one bolt , 

(0.0000091)100 - 3(~>"106 = (0.0000065)100 + 4(0.44~30(10)6 

Solving the two equations simultaneously, P = 6,750 lb. Therefore the 
stress in the copper tube is O'cu = 6,750/3 = 2,250 psi. 

The kinematic expression used above may also be set up on the basis of 
the following statement: The differential expansion of the two materials due 
to the change in temperature is accommodated by or is equal to the elastic 
deformations that take place in the two materials. 

EXAMPLE 12-6 

A steel bolt having a cross-sectional area A 1 = I in. 2 is used to grip two steel 
washers of total thickness L, each having the cross-sectional area A2 = 9 in. 2 , 

Fig. I 2-6(a). 1f the bolt in this assembly is tightened initially so that its stress is 
20 ksi, what will be the final stress in this bolt after a force P = 15 kips is 
applied to the assembly? 

SOLUTION 

A free body corresponding to the initial conditions of the assembly is in Fig. 
I 2-6(b), where /, is the initial tensile force in the bolt and l e is the initial 
compressive force in the washers. From statics, /, = l e. A free body of the 
assembly after the force Pis applied is shown in Fig. 12-6(c), where X des­
ignates the increase in the tensile force in the bolt, and Y is the decrease in the 
compressive force on the washers due to P. As a result of these forces X and 
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(a) 

~L 

Section X-X 

I, 

(b) 

Fig.12-6 

(c) 

p 

le - Y 

!, + X 

Y, if the adjacent parts remain in contact, the bolt elongates the same amount 
as the washers expand elastically. Hence the final conditions are the following: 

From statics : 

or since 

From geometry: 

P + Uo - Y) = (!, + X) 

le= I, 

X + Y = P 

L\bolt = .dwuben 

On applying Eq. 2-4, 

XL YL 
A 1E = °A;£' i.e., 

Solving the two equations simultaneously, 

p p 
X = J + (Az /A i) = l + 9 = 0.lP = 1,500 lb 

Therefore the increase of the stress in the bolt is X/ A 1 = J ,500 psi, and 
the stress in the bolt after the application of the force P becomes 21,500 psi. 
This remarkable result indicates that most of the applied force is carried by 
decreasing the initial compressive force on the assembled washers since 
Y = 0.9P. 

The solution is not valid if one of the materials ceases to behave 
elastically or if the applied force is such that the initial precompression of the 
assembled parts is destroyed. 

Situations approximating the above idealized problem are found in 
many practical applications. A hot rivet used in the assembly of plates, upon 
cooling, develops within it enormous tensile stresses. Thoroughly tightened 
bolts, as in a head of an automobile engine or in a flange of a pressure vessel, 
have high initial tensile stresses; so do the steel tendons in a prestressed 
concrete beam. It is crucially important that on applying the working loads, 
only a small increase occur in the initial tensile stresses. 
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12-4. ANALYSIS OF INDETERMINATE SYSTEMS BASED 
ON SUPERPOSITION 

Structural systems that experience only small deformations and are 
composed of linear elastic materials are linear structural systems. The 
principle of superposition is applicable for such structures and forms the 
basis for two of the most effective methods for the analysis of indeterminate 
systems . 

In the first of these methods, a statically indeterminate system is 
reduced initially to one that is determinate by removing redundant (super­
fluous) reactions for maintaining static equilibrium. Then these reactions are 
considered as externally applied loads, and their magnitudes are so adjusted as 
to satisfy the prescribed deformation conditions at their points of application. 
Once the redundant reactions are determined, the system is statically deter­
minate and can be analyzed for strength or stiffness characteristics by the 
methods introduced earlier. This widely used method is commonly referred 
to as the force method (or the flexibility method). 

In the second method, referred to as the displacement method (or the 
stiffness method), the joint displacements of a structure are treated as the 
unknowns. The system is first reduced to a series of members whose joints 
are imagined to be completely restrained from any movement. The joints are 
then released to an extent sufficient to satisfy the force equilibrium conditions 
at each joint. This method is extremely well-suited for computer coding and, 
hence, is even more widely used in practice than the force method, especially 
for the analysis of large-scale structures. 

While some of the older classical methods continue to have limited 
utility, the force and displacement methods are the two modern approaches 
to the solution of indeterminate structural systems. These methods may also 
be formulated in a more general context by using the energy principles in 
structural mechanics. They are then applicable to both linear and nonlinear 
problems. 

*12-5. FORCE METHOD 

The first step in the analysis of structural systems using the force 
method is the determination of the degree of statical indeterminacy, which 
is the same as the number of redundant reactions as discussed in Art. 11 -7. 
The redundant reactions are temporarily removed to obtain a statically 
determinate structure which is referred to as the released or primary st ructure. 
Then, since this structure is artificially reduced to statical determinacy, it is 
possible to find any desired deflection by the methods previously discussed. 
For example, by removing the redundant reaction* at A from the indeter-

*In the analysis of beams, the bending moments at the supports are often treated as redun­
dants. In such cases, rotations of tangents at the supports are considered instead of deflec­
tions. 
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Fig. 12-7. Illustration of the superposition technique for the force 
method 

minate beam shown in Fig. 12-7(a), the deflection v 1 at A, Fig. 12-7(b), can 
be found. By reapplying the removed redundant reaction RA to the same 
determinate beam, Fig. I 2-7(c), the deflection v2 , found as a function of RA> 
can also be determined. Then, superposing (adding) the two deflections, 
since v 1 + v2 = 0, one finds a solution for RA. The effect of this superposition 
is that, under the action of the applied forces and the redundant reaction, 
point A does not actually move. 

This procedure is often referred to as the force method, since the 
redundant forces are treated as the unknowns in this approach. Note especial­
ly that, after the redundant reactions are determined, the problem becomes 
statically determinate, and further analysis of stresses and deformations 
proceeds in the usual manner. 

EXAMPLE 12-7 

Rework Example 12-1 using the force method, Fig. 12-8(a). 

SOLUTION 

The rod is imagined cut at the left support. Then, in this determinate member, 
the cut end deflects an amount u 1 because of the applied force P, Fig. l 2-8(b). 
Reapplication of the unknown force R,, Fig. 12-8(c), causes a deflection u2 • 

Superposing these deflections in order to have no movement of the left end of 
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(a) 

(c) 

(a) p 

L 

b :j the rod, as required by the conditions of the problem , 
gives 

111 + Uz = Q 

Then, using Eq. 2-4, L\ = 11 = PL/(AE), and taking 
deflections to the right as positive, 

Pb _ (R I a + R I b) = 0 
A2E A1E A2E 

and 
p 

Ri = 1 + aA 2 /(bA 1) 

which is the same result as that obtained in Example 
J 2-1. The right reaction can be found from the condition 
of statics: R 1 + R2 = P. 

EXAMPLE 12-8 

Rework Example 12-3 using the force method, Fig. 
Fig. 12-8 J 2-9(a). 

(b) C (c) 
p 

Fig. 12-9 

SOLUTION 

The bar BC is imagined to be cut at support Band the displacement 11 1 with 
zero stress in the member BC is determined, Fig. 12-9(b). Then, the unknown 
force F 1 in the bar BC is applied, as shown in Fig. l 2-9(c), and causes a 
deflection 11 2 • The superposition of these two results, together with the 
geometrical condition that the deflection of support Bis zero, i.e., u1 + 112 

= 0, enables the determination of the force F 1 • Using Eq. 2-4, and arbitrarily 
taking downward deflections as positive, 

[(~)(coh) _1 J- [F1 L + (~)(eek) _1 ] - O 
AE cos IX AE AE cos IX -

and F - p 
1 

- 1 + 2 cos 3 IX 
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...; 

which is the same result as that obtained in Example 12-3. The force F 2 

in bars AC and DC can then be found from the conditions of statics: 
Fi + 2 F2 cos IX = P . 

The force method is also very convenient in the analysis of elastic 
statically indeterminate torsional problems. In such case5, the torsion member 
is imagined cut at one of the supports, and the rotation of the released end is 
computed . The magnitude of the redundant torque is determined by making 
it of sufficient magnitude to restore the cut end of the member to its true 
position. 

EXAMPLE 12-9 

Plot shear and moment diagrams for a uniformly loaded beam fixed at one 
end and simply supported a t the other, Fig. 12-JO(a). The El is constant. 

M( a;1"~ 1 1 1 , 6 1 1 11 q;,, 
(a} L 

(b) 

(c) 

(e) 

_ _!,II , [ 2 
X o 

(f ) 

Fig. 12-10 

SOLUTION 

_2 1F,, L 
8 

This beam is indeterminate to the first degree, but it can be reduced to 
determinacy by removing M,. as in Fig. 12-lO(b). A positive moment MA 
acting at A on the same structure is shown in Fig. 12-lO(c). The rotations at 
A for the two determinate cases can be found from Table 11 in the Appendix. 
(Also see Example 11-3.) The requirement of zero rotation at A in the original 
structure provides the necessary equation for determining MA. 

0AP = w0 L3/(24EI) (clockwise) 

and 0AA = MAL/(3EI) (clockwise) 

0 A = 0 AP + 0 AA = Q 

Taking clockwise rotations as positive, 

WoL3 MAL 
24£/ + 3EJ = O and 

w. L2 

= --8-
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(a) 

(b) 

The negative sign of the result indicates that MA acts in the direction opposite 
to that assumed. Its correct sense is shown in Fig. 12-lO(d). 

The remainder of the problem can be solved with the aid of statics. 
Reactions, shear diagram, and moment diagram are in Figs. 12-IO(d), (e), 
and (f), respectively. 

This problem may also be analyzed by treating Rn as the redundant. 

As stated earlier, the superposition procedure is applicable to linear 
systems that are indeterminate to a high degree. In such cases, it is essential 
to remember that the displacement of every point on a structure reduced to 
statical determinacy is affected by each reapplied redundant force. As an 
example, consider the beam in Fig. 12-1 !(a). 

D.,b 

~ ___f~~ 
C 

(e) 

h 

(f) 

Fig.12-11. Superposition method for a continuous beam 

On removing the redundant reactions* Rb and Re the beam becomes 
determinate, and the deflections at b and c can be computed, Fig. l 2-11 (d). 
These deflections are designated AbP and A cP, respectively, where the first 
subscript indicates the point where the deflection occurs, and the second 
the cause of the deflection. By reapplying Rb to the same beam, the deflections 
at band c due to Rb at b can be found Fig. 12-1 l(e). These deflections are 
designated Abb and A cb, respectively. Similarly, Abe and Ace , due to Re, can 
be established Fig. 12-1 l(f). Superposing the deflection at each support and 
setting the sum equal to zero, since points b and c actually do not deflect, one 
obtains two equations: 

Ab = AbP + Abb + Abe = Q 

Ac = AcP + Acb + A ce = Q 

*The choice of redundant reactions is arbitrary. 

(12-7) 
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\ 

These can be rewritten in a more meaningful form using.flexibility coefficients 
fbb,J;,eJeb, andfw which are defined as the deflections shown in Figs. 12-11 (b) 
and (c) due to unit forces applied in the direction of the redundants. Then, 
since a linear structural system is being considered, the deflection at point 
b due to the redundants can be expressed as 

and (I 2-8) 

and similarly at point c as 

and ( 12-9) 

where Xb and Xe are dimensionless factors which, on being multiplied by 
the respective unit forces , acquire the units of the redundant quantities. 
Using this notation, Eq. 12-7 becomes 

fbbxb + fbexe + AbP = 0 

!ebxb + fccXe + A eP = 0 
(12-10) 

where the only unknown quantities are Xb and Xe; simultaneous solution 
of these equations constitutes the solution of the problem. 

The canonical form of superposition equations* of the force method 
for a system with n unknown redundants reads: 

J •• x. + f.bxb + 
fb.xa + fbbxb + 

+ J •• x. + A.P = A. 

+ fb.xn + AbP = Ab (12-11) 

In general, the deflections of various points designated in Eq. 12-11 as 
A., Ab, ... , A. need not necessarily be zero. In these equations the quantities 
JIJ, AiP> and A1 represent either linear or angular deflections depending on 
whether they are associated with a force or a couple. 

It can be shownt that the matrix of the flexibility coefficients f/J is 
symmetric, i.e., f/J = fj ;· 

EXAMPLE 12-10 

For the fixed-ended beam shown in Fig. 12-12(a), using the force method, find 
the moments developed at the supports due to the applied force P. The El is 
constant. 

•sometimes these are referred to as the Maxwell-Mohr equations. 

t See, for example, E. P. Popov, Introduction to Mechanics of Solids, Englewood Cliffs, 
N .J.: Prentice-Hall, I 968, p. 494. 
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Fig.12-12 

SOLUTION 

This beam, indeterminate to the second degree, is reduced to determinacy by 
removing the end moments, Fig. 12-12(b). In this determinate beam the 
rotations of the tangents at the supports due to the applied load can be taken 
from the solution in Example 11-4. This yields 

I (dv) I Pab \d ,4p\ = dx x•O = 6£/L(a + 2b) 

I (dv) I Pab 
\dop\ = dx x• L = 6£/L (b + 20) 

The rotations of the beam ends due to the unit couples shown in Figs. 
12-12(c) and (d) can be found from Table 11 of the Appendix. With M 0 = 1, 
this gives 

L 
lfAA ! = \ fool = 3£1 and 

The sense of all of the above rotations is shown in Fig. 12-12. This 
must be carefully noted in setting up the superposition relations formally 
stated by Eq. 12-11. In each equation the positive displacements are measured 
in the direction of the displacement caused by the corresponding redundant 
quantity. On this basis two equations are obtained: 

O+ 

O + 

L L Pab 
d ,4 = eA = + 3EJXA + 6£/Xo + 6£/L(a + 2b) = 0 

L L Pab 
d o= 0o = + 6E[ XA + 3E1Xo + 6£/L(b + 2a) = 0 

Solving these equations simultaneously, 

and 
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where the negative signs of the bending moments indicate that the assumed 
directions were chosen incorrectly. 

This problem may also be solved by treating R» and X» as the redun­
dants since their temporary removal makes the structure determinate. This 
procedure is particularly convenient to apply if it is specified that one of the 
supports moves vertically. In such a case the deflection caused by the applied 
forces and the redundants is equated to the movement of the support. 

*12-6. DISPLACEMENT METHOD 

In the force method discussed in the preceding article, the redundant 
forces were assumed to be the unknowns, and a released structure was first 
obtained by removal of the redundants . In the displacement method, on the 
other hand, the displacement- both linear and angular-of the joints (points 
of contact of members with supports, points of intersection of two or more 
members or free ends of projecting members) are taken as the unknowns . 
The first step in applying this method is to prevent these joint displacements, 
which are also called kinematic indeterminants or degrees of freedom. The 
suppression of these degrees of freedom results in a modified system that 
is composed of a series of members each of whose end points are restrained 
from translations and rotations. The calculation of reactions at these artifi­
cially restrained ends due to the externally applied loads may be carried out 
using other methods of analysis such as the force method. However, the 
results of such calculations are usually available for a variety of loading 
conditions in tables such as Table 12 of the Appendix. In this type of analysis, 

counterclockwise moments and upward reactions 

RA f 
M,( ~~A ============,B 

acting on either end of a member are arbitrarily 
taken to be positive. This results in a consistent 
formulation of superposition equations. This sign 
convention differs from the previously used beam 
sign convention. 

(a) 
' Rs 

p 

ctr< 1 
~IJM, 

(b) 

(c) 

Fig. 12-13 

ART. 12-6 DISPLACEMENT METHOD 

Restraining the support B of a propped can­
tilever shown in Fig. 12-13(a) reduces the problem 
to that of a fixed-end beam, and the moment M 1 

can be found at B, Fig. 12-13(b ). The end-moment 
M 2 required to rotate the fixed-end B through an 
angle 08 can also be determined. Superposing the 
two moments, and noting that M 1 + M2 = 0 since 
the actual beam under consideration is simply sup­
ported at B, one finds a solution for 0 », the rotation 
of the beam at B. 

This procedure is often referred to as the dis­
placement method, since the joint displacements 
are treated as the unknowns in this approach. Note 
especially that, once the joint displacements are 
determined, all of the support reactions can be 
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obtained by superpos1t10n of the corresponding reactions such as those 
found in Fig. l 2-l 3(b) and (c) . Further analysis of stresses and deformations 
can then proceed in the usual manner. 

EXAMPLE 12-11 

Rework Example 12-9 using the displacement method, Fig. 12-14(a). 

11' 0 

A 

MA( l R.4 

1------L=-------•RB 
(a) 

Fig.12-14 

SOLUTION 

Assuming that axial deformations are neglected, this beam is kinematically 
indeterminate to the first degree since the only unknown joint displacement is 
the rotation of the beam at support B. A fixed-end beam is obtained by 
restraining the rotation at B, Fig. 12-14(b). The reactions at A and B due to the 
uniformly distributed load can be found from Table 12 of the Appendix. 
Here these reactions carry a double subscript; the first identifies their location, 
the second identifies that they are caused by the applied load, which is called 
P for generality. The same table can also be consulted to obtain the reactions 
on the unloaded fixed-end beam whose end Bis subjected to a rotation 0B. 
Here again the first subscript identifies the position of the reaction, and the 
second identifies the location of the applied displacement. The requirement of 
zero moment at Bin the original structure provides the necessary condition 
for determining 0 B· 

Using the above notation, and noting that the applied load w0 acts 
downward (negative), from Table 12 of the Appendix, 

MBP = -w. L 2/ l2, 
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(a) 

The equilibrium condition requires that the net moment M 0 at the end 
B be zero, i.e., 

Hence, 

Mn = Mop + Mon = 0 

_w0 L2 + 4EI O = O 
12 L 8 

' 
or 

Then using superposition, and again making use of Table J 2, 

w0 L 2 2Ele w0 L 2 

MA = MAP + MAD = +12 + y n = +-g- (counterclockwise) 

w.L 6Ele 5 
RA = RAP + R AB= T + V n = + 8 w.L (upward) 

w0 L 6E!e 3 
Rn = Rnp + Ron = 2 - V n = + 8 w.L (upward) 

The signs of all quantities are in accordance with the sign convention 
shown in Figs. 12-13(b) and (c). 

According to the beam sign convention, the moment MA at A is 
negative. The reactions and the conventional shear and moment diagrams are 
as shown in Figs. 12-JO(d), (e), and (f), respectively. 

EXAMPLE 12-12 

Rework Example 12-3 using the displacement method, Fig. 12-JS(a). 

C 

p (b) 
C Rep= 0 

Fig.12-15 

SOLUTION 

The unknown joint displacements in this problem are the horizontal 
and vertical movements of the point C. However, due to the symmetry 
involved, the horizontal displacement of C is zero, and only one degree of 
kinematic indeterminacy or degree of freedom remains. 

The first step in the solution of this indeterminate system, using the 
displacement method, is to eliminate this degree of freedom and obtain a 
system consisting of three restrained bars, Fig. 12-15(b). For such a system, 
the reaction* RCP at C is zero, since there are no externally applied loads 

*The same system of notation is used as in the preceding example. 
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(other than the load applied directly on the joint C) between the restrained 
ends on any of the three bars.• 

The next step in the solut ion process is to calculate the force R ec 
required to subject joint C to a vertical displacement ~ , Fig. 12-I S(c). For 
compatible deformations, ~ Be = ~ . and ~ Ac = ~oc = ~ cos rx . Then, 
using Eq. 2-4, 

and 

or 

(tension) 

F _ F _ (~cosrx)AE _ ~AE 2 rx 
Ac - oc - L/cos rx - L cos (tension) 

R ec = FBc + FAc cos rx + F oc cos (X 

~ AE 
R ec = ----r- (1 + 2 cos 3 rx) 

Finally, superposing the results of the two steps and imposing the force 
equilibrium condition in the vertical direction at the joint C, one obtains 

hence 

or 

R e = R e P + R ec = P 

~AE -y-0 + 2 cos3 rx) = P 

~ = PL 
AE( I + 2 cos3 rx) 

Substituting this expression for~ into the preceding equations for the 
member forces expressed in terms of ~ . one obtains 

F - p 
Be - 1 + 2 cos3 rx and 

P cos 2 rx 
FAc = Foe = -~-~­

I + 2 cos 3 rx 

which are the same as the results found in Examples 12-3 and 12-8. 

It should be noted that if in the above problem there were no symmetry 
about the vertical axis (either due to lack of symmetry in the structure itself 
or due to application of the load P at C other than in a vertical direction), 
a horizontal displacement would also have to be imposed on the joint C. 
Two force equilibrium equation , in the horizontal and vertical directions, 
must then be set up and solved simultaneously for the horizontal a nd vertical 
displacements of C. Further, it is interesting to note that the addition of any 
number of bars (Fig. 12-16), does not increase the kinematic indeterminacy 
of this structure, and the maximum number of simultaneous equations to 
be solved remains at two for such a system. In the force method, on the 
other hand, the number of statical redundants increases, and the number of 
simultaneous equations equals the number of redundants. However, this 
does not imply that the displacement method always involves the solution 
of fewer equations compared to the force method. Consider, for example, 

•suppose an additional downward load P acts on the bar BC at a distance L/4 above C. 
Using Eq. 12-1, one can then obtain Rep = - 3P/4. 
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B 
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Fig .1 2-16 Fig. 12-17 

the case of a propped cantilever with an overhang, Fig. 12-17. This beam is 
statically indeterminate only to the first degree but kinematically indeter­
minate to the third degree (rotations at B and C, and vertical displacement 
at C); hence one needs to solve only a single equation in the force method 
but three simultaneous equations need to be solved in the displacement 
method solution of this problem. 

Consider now the beam shown in Fig. 12-18(a), where the guided 
support at c allows for vertical displacement but no rotation of the beam at 
c. The other degree of freedom of this beam is the rotation of its tangent at 
the support b. This beam is thus kinematically indeterminate to the second 
degree. Upon restraining these two degrees of freedom, one obtains a system 
consisting of two fixed-end beams ab and be, Fig. 12-18(d). The effect of the 
externally applied loads on these two fixed-end beams is to produce a set of 
reactive forces at the supports that are referred to as the fixed-end actions. 
Thus, for example, SbP is the fixed-end moment at b, and S cP is the fixed-end 

w 
P1 

M( t~a[IDll ' 
p S hP p 

"1 r S,.p 

R" 
(a) B= 

~ 
(b) 

khc tJ.. = I 
(e) 

~a 1 A,,, ~a 

(c) (f) 

Fig . 12-18 
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reaction at c. Then the fixed support at b is rotated through an angle 0b 
which gives rise to S bb and Scb, as shown in Fig. 12-IS(e) at band c, respec­
tively. Similarly, Sbc and S ec are caused by a vertical movement of the fixed 
support at c through a distance ~ c, Fig. 12-1 S(f). Since there is no externally 
applied moment at b and no vertical force at c in the original structure, the 
respective resultant forces Sb and S c at these points are equal to zero. Alterna­
tively, these two forces may be found by superposing (summing) the results 
of three separate analyses, Figs. 12-lS(d) through (f). These considerations 
lead to two simultaneous equations: 

Sb = sbP + sbb + sbc = 0 

Sc = SCP + s,b + s ec = 0 
(12-12) 

These can be rewritten in a more meaningful form using stiffness coefficients 
kbb, kb,, k ,b, and km which are defined as the fixed-end actions shown in 
Figs. 12-lS(b) and (c) due to the unit displacements (linear or angular) cor­
responding to the kinematic indeterminants. Then, since a linear system is 
being considered, the moments at b due to the kinematic indeterminants can 
be expressed as 

and (12-13) 

and similarly the vertical reactions at c as 

and (12-14) 

where numerically Xb and X, are the unknown joint displacements to be 
determined at band c, respectively. Using this notation , Eq. (12-12) becomes 

kbbxb + kb,Xc + sbP = 0 

k ,bxb + k cc x c + s cP = 0 

which can be solved simultaneously for the unknowns Xb and Xe. 
The general form of these force equilibrium equations for 

having n degrees of kinematic indeterminacy can be written as 

k •• x. + k.bxb + 
kb.xa + kbbxb + 

+ k •• x. + s.p = s. 
+ kb.xn + s bP = Sb 

k •• x. + k.bxb + ... + k •• x . + s .P = s. 

(12-15) 

a system 

( 12-16) 

The right-side terms S, in these equations correspond to the external 
forces applied at the designated points. In the absence of such forces, which 
is often the case, these terms are zero. In these equations the quantities kiJ, 
SIP> and S, represent either forces or moments, depending on whether they 
are associated with a displacement or a rotation. 
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It is useful to note that the stiffness coefficients are symmetric*, i.e., 
kl}= k11· 

EXAMPLE 12-13 

Calculate the rotations at b and c for the continuous beam of constant EI 
loaded as shown in Fig. 12-19(a), using the displacement method. 

(c) (d) 

Fig.12-19 

SOLUTION 

The freedom of rotation at supports b and c render this beam kinematically 
indeterminate to the second degree. By temporarily restraining the supports 
at b and c against rotation, one obtains a system of two fixed-end beams 
acted on by the external forces , Fig. 12-19(b). The fixed-end moments SbP 

and S cP can be obtained using standard formulas such as those given in Table 
12 of the Appendix. Thus, noting that fixed-end moments act on the joint at 
b from both sides, 

S bP = [- PL] + [w0 (2L)
2J =_PL + w0 L2 

8 bo 12 be 8 3 

and S P = _ w0 (2L) 2 = _ w0 L 2 

' 12 3 

The stiffness coefficients can be calculated by subjecting the temporarily 
fixed ends band c, to unit rotations one at a time, Figs. 12-19(c) and (d) . Again, 
using formulas in Table 12 of the Appendix and by noting that the two 
adjoining spans contribute to the stiffness of the joint at b, one has 

k = [4EI] + [4EIJ = 6El 
bb L bo 2L be L 

k = [2£/J = El 
be 2L be L 

k _ [2EIJ = El 
cb - 2L cb L 

k = [4El] = 2El 
cc 2L cc L 

•see, for example, N. Willems and W. M. Lucas, Jr., Matrix Analysis for Structural Engi­
neers, Englewood Cliffs, N .J.: Prentice-Hall, 1968, p. 78 . 
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The sense of all the above fixed-end forces are shown in Fig. 12-19 and must 
be carefully noted in setting up the force equilibrium superposition equations 
formally stated in Eq. 12-16. In each equation, positive forces are measured 
in the direction of the forces caused by the corresponding kinematic unknown. 
On this basis two equations are obtained: 

Solving these equations simultaneously, 

and 

In this problem the joint a is fixed and does not rotate, therefore 00 = X. = 0. 
With this information on the rotation of the joints, the reactions caused by 
these rotations can be determined for each span with the aid of Table 12 in 
the Appendix. For each span these reactions are superposed with the fixed­
end actions caused by the applied load, Fig. 12-19(b). For example, by 
defining the moment at the end b for the beam be as M bc, then 

Analogous calculations for the moment M b• at the end b for the beam 
ba shows this moment to be numerically the same as M bc, but of opposite 
sign. This is as it should be, since in this case no external moment acts at b, 
and Sb = M b = Mb• + M bc = 0. 

*12-7. MOMENT-AREA METHODS FOR STATICALLY 
INDETERMINATE BEAMS 

The basic concept underlying the force method di scussed in Art. 12-5 
is used, together with the moment-area theorems derived in Art. 11-12, for 
the development of a special technique applicable for the a nalysis of indeter­
minate beams. This moment-area technique is then generalized in the next 
two articles to obtain a recurrence formula which is convenient for the analy­
sis of continuous beams. 

The application of the moment-area method with the superposition 
technique for solving indeterminate beam problems can be greatly accelerated, 
by the following reasoning: Restrained* and continuous beams differ from 
simply supported beams mainly by the presence of redundant moments at 

•Indeterminate beams with one or more ends fixed are called restrained beams. 
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M.4 

(a} 

A 

the supports. Therefore the bending-moment diagrams for these beams 
may be considered to consist of two independent parts-one part for the 
moment caused by all of the applied loading on a beam assumed to be simply 
supported, the other part for the redundant moments. Thus the effect of 
redundant end moments is superposed on a beam assumed to be simply sup­
ported. Physically this notion can be clarified by imagining an indeter­
minate beam cut through at the supports while the vertical reactions are 
maintained. The continuity of the elastic curve of the beam is preserved by 
the redundant moments. 

Although the critical ordinates of the bending-moment diagrams 
caused by the redundant moments are not known, their shape is known. 
Application of a redundant moment at an end of a simple beam results in 
a triangular-shaped moment diagram with a maximum at the applied 
moment and a zero ordinate at the other end. Likewise, when end moments 
are present at both ends of a simple beam, two triangular moment diagrams 
superpose into a trapezoidal-shaped diagram. (Verify these statements). 

The known and the unknown parts of the bending-moment diagram 
together give a complete bending-moment diagram. This whole diagram 

can then be used in applying the moment-area 

,,lR C 
A 0. 15 m 0.10 111 

theorems to the continuous elastic curve of a beam. 
The geometrical conditions of a problem, such as 
the continuity of the elastic curve at the support 
or the tangents at built-in ends which cannot rotate, 
permit a rapid formulation of equations for the 
unknown values of the redundant moments at the 
supports . 

For beams of variable flexural rigidity, M/(EI) 
diagrams must be used . 

(b) + M.4 =? 

(c) 
I + 156 8 o~--- ------i.---~ 

~----'143.2 

~m 

EXAMPLE 12-14 

Find the maximum downward deflection of the small 
aluminum beam shown in Fig. I 2-20(a) due to an 
applied force P = 100 N. The beam's constant flexural 
rigidity El= 60N-m2 • -4.gl~,=1~ 

(d) 0.25 R
8 

SO LUTIO N 

(e) -15 

The solution of this problem consists of two parts. First, 
a redundant reaction must be determined to establish 
the numerical values for the bending-moment diagram; 
then the usual moment-area procedure is applied to 
find the deflection. 

Imagining the beam is released from the redun­
dant end moment, a simple beam-moment diagram is 
constructed above the base line in Fig. I 2-20(b). The 

Fig . 12-20 moment diagram of known shape due to the unknown 
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redundant moment MA is shown on the same diagram below the base line. 
One assumes MA to be positive, since in this manner its correct sign is obtained 
automatically according to the beam convention. The composite diagram 
represents a complete bending-moment diagram. 

The tangent at the built-in end remains horizontal after the application 
of the force P. Hence the geometrical condition is t8 A = 0. An equation 
formulated on this basis yields a solution for MA.• The equations of static 
equi librium are used to compute the reactions. The final bending-moment 
diagram, Fig. 12-20(d), is obtained in the usual manner after the react ions are 
known. Thus, since tBA = 0, 

l [ l l l 2 J EI 2 (0. 25)(6)3 (0.25 + 0 .10) + 2 (0.25)MA3 (0.25) = 0 

Hence, MA = - 4.2 N·m 

I; MA = 0 +, 
I; Mo = 0 +, 

Check: 

100(0.15) - R o(0.25) - 4.2 = 0, R8 = 43.2 N 

100(0.10) + 4.2 - RA(0.25) = 0, RA = 56.8 N 

I;Fy = 0 i + , 43.2 + 56.8 - 100 = 0 

The maximum deflection occurs where the tangent to the elastic curve is 
horizontal , point C in Fig. l 2-20(a). Hence, by noting that the tangent at A is 
also horizontal and using the first moment-area theorem, point C is located. 
This occurs when the shaded areas in Fig. l 2-20(d) having opposite signs are 
equal , i.e., at a distance 2a = 2(4.2/56.8) = 0.148 m from A. The tangential 
deviation f Ac (or fcA) gives the deflection of point C. 

1,,max == Ve == f AC 

= i.J [ i X 0.074( + 4.2) ( 0.074 + ; X 0.074) 

+ + X 0.074( - 4.2)+ X 0.074] 

= (15.36)J0- 3/(£/) = 0.000 256 m (down) 

ALTERNATE SOLUTION 

A rapid solution can also be obtained by plotting the moment diagram by 
cantilever parts. This is shown in Fig. l 2-20(e). Note that one of the ordinates 
is in terms of the redundant reaction R8 . Again, using the geometrical condi­
tion tnA = 0, one obtains an equation yielding R8 . Other reactions follow by 
statics. From t8 A = 0 

1 [ 1 2 1 ( 2 ) ] El 2 (0.25)( + 0.25R8 ) 3 (0.25) + 2 (0.15)( - 15) 0 .1 + ) X 0 .15 = 0 

Hence, R8 = 43.2 N , up as assumed. 

I: MA = oc+, MA + 43 .2(0.25) - 100(0.15) = 0, MA = 4.2 N·m 

After the combined moment diagram is constructed, Fig. 12-20(d), the 
remainder of the work is the same as in the preceding solution. 

*See Table 2 of the Appendix for the centroidal distance of a whole triangle. 
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EXAMPLE 12-15 

Find the moments at the supports for a fixed-end beam loaded with a uni­
formly distributed load of w0 newtons per unit length, Fig. 12-21(a). 

(a) 

(d) 

SOLUTION 

M4 

0~ 

+ MA~-----------' 

0 ~ 

-11'
0 

L /2 

Fig. 12-21 

The moments at the supports are called fixed-end moments, and their deter­
mination is of great importance in structural theory. Due to symmetry in this 
problem, the fixed-end moments are equal, as are the vertical reactions which 
are w0 L/2 each. The moment diagram for this beam considered to be simply 
supported is a parabola as shown in Fig. 12-21(b), while the fixed-end 
moments give the rectangular diagram shown in the same figure. 

Although this beam is statically indeterminate to the second degree, 
because of symmetry a single equation based on a geometrical condition is 
sufficient to yield the redundant moments. From the geometry of the elastic 
curve, any one of the following conditions may be used : /l0 AB = 0, * t8 A = 0, 
or t,48 = 0. From the first condition, !l0As = 0, 

...!_[1-L(+w0 L
2

) + L(+M )] = 0 El 3 ~ A 

then 

*Also since the tangent at the center of the span is horizontal, /:J.0Ac = 0 and /:J.0cs = 0. 
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The composite moment diagram is shown in Fig. 12-2I(c). In compari­
son with the maximum bending moment of a simple beam, a considerable 
reduction in the magnitude of the critical moments occurs. 

ALTERNATE SOLUTION 

The moment diagram by cantilever parts is shown in Fig. 12-21 (d). Noting 
that RA = RB = w0 L/2, and using the same geometrical condition as above, 
ll0 AB = 0, one can verify the former solution as follows: 

_!._ [_!_L (+ woL2) + L( + M) + _!_L( - woL2)] = 0 
El 2 2 A 3 2 

or 
h I~ a • ( 

M;1 Ql -w;::: ___ ;,;;r-
81J')Ma 

(a) 1-R_A __ L ___ R_aJI 
EXAMPLE 12-16 

(b) 

Rework Example 12-10 using the moment-area method, 
Fig. 12-22(a). Pah 

+ T 

0~ 

P h2 Pa- h 

SOLUTION 

Treating the beam AB as a simple beam, the moment 
diagram due to P is shown above the base line in Fig. 
12-22(b). The fixed-end moments are not equal and result 
in the trapezoidal diagram. Three geometrical condi­
tions for the elastic curve are available to solve this 
problem which is indeterminate to the second degree : 

a - --
- -,- L 2 

L -

Fig. 12-22 

(a) ll0 AB = 0, since the tangents at A and Bare parallel. 
(b) tBA = 0, since the support B does not deviate from a fixed tangentat A. 
(c) Similarly, tAB = 0. 

Any two of the above conditions may be used; arithmetical si mplicity 
of the resulting equations governs the choice. Thus, using condition (a), 
which is always the simplest, and condition (b), two equations are* 

I ( l Pab 1 I ) 
ll0AB = El 2LL + 2LMA + 2LMB = o 

or 
Pab 

MA + MB = -L 

1 [ 1 Pab 1 1 2 1 I J 
tBA = El 2Ly3(L + b) + 2LMA3L + 2LMB3L = o 

or 
Pab 

2MA + MB = - yz(L + b) 

Solving the two reduced equations simultaneously gives 

and 

*See Table 2 of the Appendix for the centroidal distance of a whole triangle. 

CHAP. 12 STATICALLY INDETERMINATE PROBLEMS 432 

www.konkur.in



These results agree with those found in Example 12-10, except that the 
signs of the moments follow the beam convention of signs. These signs 
resulted from taking MA. and M 8 as positive quantities initially. 

EXAMPLE 12-17 

Plot moment and shear diagrams for a continuous beam loaded as shown in 
Fig. l 2-23(a). The EI is constant for the whole beam. 

2.4 k/ft 

A' ~ J ftJ J f f f f_l_ 
~ ;&;s 

18 ' 
(a) 

',RA IO' tR 8 , ____ ,' 

(c) M =? B . M c =? 

A 

+ 9.96 k 

0 + 

- 6.83 k 

(e) 4.15 ' 4.15' - 14.04 k 

+ 20.7 k-ft 6.43 ' + 17.7 k-ft 

+ 
0 

(f) - 20.4 k-ft -23.3 k-ft 

Fig. 12-23 

SOLUTION 

This beam is statically indeterminate to the second degree. By treating each 
span as a simple beam with the redundant moments, as in Fig. 12-23(b), 
the moment diagram of Fig. 12-23(c) is obtained. No end moments exist 
at A as this end is on a roller. The clue to the solution is contained in two 
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geometrical conditions for the elastic curve for the whole beam, Fig. l 2-23(d): 

(a) OB = 0~. Since the beam is physically continuous, there is a line at the 
support B that is tangent to the elastic curve in either span. 

(b) tBC = 0, since the support B does not deviate from a fixed tangent at C. 

To apply condition (a), /AB and l cB are determined, and, dividing these 
quantities by the respective span lengths, the two angles OB and 0~ are obtained. 
These angles are equal. However, although l c 8 is algebraically expressed as a 
positive quantity, the tangent through point Bis above point C. Therefore this 
deviation must be considered negative. Hence, by using condition (a), one 
equation with the redundant moments is obtained. 

tAB = 11 [ ; 10( + 30) i 10 + i lO( + Ms); 10] 

= _i1 (1,ooo + f lOOM0 ) 

1 [ 1 l 1 2 I I J 
fcB = El 2 18(+ 40)3 (18 + 6) + 218( + M0 ) 3 18 + 218( + Mc) 3 18 

I = E/2,880 + 108M8 + 54Mc) 

Since OB = 0~, or 

_1_(1,000 + ! X 100 M 8 ) _ _ _1_(2,880 + 108M8 + 54Mc) 
El 10 - El 18 

or 
28 
3 M 8 + 3Mc = - 260 

Using condition (b) for the span BC provides another equation, 
/BC = 0, or 

l [ l I I 1 l 2 J El 2 18( + 40)3 (18 + 12) + 218( + M 0 ) 3 t8 + 2 18(+Mc)3 J8 = 0 

or 3M8 + 6Mc = - 200 

Solving the two reduced equations simultaneously, 

Ms = - 20.4 ft-lb and Mc= - 23.3 ft-lb 

where the signs agree with the convention of signs used for beams. These 
moments with their proper sense are shown in Fig. 12-23(b). 

After the redundant moments MA and M 8 are found, no new techniques 
are necessary to construct the moment and shear diagrams. However, particu­
lar care must be exercised to include the moments at the supports while com­
puting shears and reactions. Usually, isolated beams as shown in Fig. 12-23(b) 
are the most convenient free bodies for determining shears. Reactions follow 
by adding the shears on the adjoining beams. In units of kips and feet, 
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For free body AB: 

~Ms = 0 0 +, 
~MA = oo +, 

For free body BC: 

2.4(10)5 - 20.4 - !ORA = 0, 

2.4(10)5 + 20.4 - IOV8 = 0, 

RA = 9.96 kips i 

Vo = 14.04 kips i 

~Mc = 0 +, 10(6) + 20.4 - 23.3 - 18V~ = 0, V~ = 3.17 kips i 

~Ms = 0 0 +, 10(12) - 20.4 + 23.3 - 18Vc = 0, Ve= Re = 6.83 
kips i 

Check: RA + V8 = 24 kips i and Vff + Re = IO kips i 
From above, Rs = V8 + V~ = 17.21 kips . 
The complete shear and moment diagrams are shown in Figs. 12-23(e) 

and (f), respectively. 

*12-8. THE THREE-MOMENT EQUATION 

Generalizing the procedure used in the preceding example, a recurrence 
formula, i.e., an equation that can be applied repeatedly for every two adjoin­
ing spans, can be derived for continuous beams. For any n number of spans, 
n - I such equations may be written. This gives enough simultaneous equa­
tions for the solution of redundant moments over the supports. This recur­
rence formula is called the three-moment equation because three unknown 
moments appear in it. 

Consider a continuous beam, such as shown in Fig. 12-24(a), subjected 
to any transverse loading. For any two adjoining spans, such as LC and CR, 
the bending-moment diagram is considered to consist of two parts. The 
areas AL and AR to the left and to the right of center support C in Fig. 
12-24(b), correspond to the bending-moment diagrams in the respective 
spans if these spans are treated as being simply supported. These moment 
diagrams depend entirely upon the nature of the known forces applied within 
each span. The other part of the moment diagram of known shape is due to 
the unknown moments ML at the left support, Mc at the center support, and 
MR at the right support. 

Next, the elastic curve shown in Fig. l 2-24(c) must be considered. This 
curve is continuous for any continuous beam. Hence the angles 0c and 
0~, which define, from the respective sides, the inclination of the same 
tangent to the elastic curve at C, are equal. By using the second moment­
area theorem to obtain !Le and !Re, these angles are defined as 0c = tLc/LL 
and 0~ = - tRc/LR, where LL and LR are span lengths on the left and on 
the right of C, respectively. The negative sign for the second angle is neces­
sary since the tangent from point C is above the support R, whereas a positive 
deviation of tRc locates a tangent below the same support. Hence, following 
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' n-! ! T11 L1l1I1:::r,c ' nT1 ' ~ ..;w.: -4l,; ~ 
L L1. L R R 

(a) 
-~I. 

(b) 

-C-----R 
L C----R 

L c------R 
(d) L c-

Fig. 12-24. Deriving the three-moment equation 

the steps outlined, 

and 

where h and IR are the respective moments of inertia of the cross-sectional 
area of the beam in the left and the right spans. Throughout each span, IL 
and IR are assumed constant.* The term xL is the distance from the left sup­
port L to the centroid of the area AL, and xR is a similar distance for AR 
measured from the right support R. The terms ML, Mc , and MR denote the 
unknown moments at the supports. 

Simplifying the above expression, the three-moment equationt is 

(12-17) 

Equation I 2-17 applies to continuous beams on unyielding supports, with 
the beam in each span of constant I. In a particular problem, all terms, 

*The expressions become very involved if variation of I occurs within any one span. 
tThe three-moment equation was originally derived by E. Clapeyron (a French engineer) 
in 1857, and sometimes is referred to as Clapeyron's equation. 

CHAP. 12 STATICALLY INDETERMINATE PROBLEMS 436 

www.konkur.in



(a) 

(b) 

with the exception of the redundant moments at the supports, are constant. 
A sufficient number of simultaneous equations for the unknown moments 
is obtained by successively imagining the supports of the adjoining spans as 
L, C, and R as shown in Fig. 12-24(d). However, in these equations the sub­
scripts of the M's must correspond to the actual designation of the supports, 
such as A, B, C, etc. Also note that at pinned ends of beams the moments 
are known to be zero. Likewise, if a continuous beam has an overhang, the 
moment at the first support is known from statics. Fixed supports will be 
discussed in Example 12-19. For symmetrical beams symmetrically loaded, 
work can be minimized by noting that moments at symmetrically placed 
supports are equal. 

In deriving the three-moment equation, the moments at the supports 
were assumed positive. Hence an algebraic solution of simultaneous equations 
automatically gives the correct sign of moments according to the convention 
for beams. 

*12-9. CONSTANTS FOR SPECIAL LOAD CASES 

As a specific example of the evaluation of the constant terms on the 
right side of the three-moment equation, consider two adjoining spans loaded 
with the concentrated forces PL and PR, Fig. 12-25. Considering these spans 
as simply supported, since the maximum moment in the left span is + P Lab/LL, 
and xL= ¼(LL + a), then 

(12-18) 

Similarly, by interchanging the role of the 
dimensions a and b in the right-hand span, i.e., by 
always measuring a'sfrom the outside support toward 
the force, 

(12-19) 

Fig. 12-25. Establ ishing the constants on the 
right of t he three-moment equation for con­
centrated loads 

If a number of concentrated forces occur 
within a span, the contribution of each one of them 
to the above constant may be treated separately. 
Hence, a constant term for the right side of the 
three-moment equation applicable for any number 
of concentrated forces applied within the spans 
is 

(12-20) 
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II'/ n,4,, where the summation sign designates the fact that a 
separate term appears for every concentrated force 
PL in the left span, and similarly, for every PR force 
in the right span. In both cases, a or a' is the dis­
tance from the outside support to the particular 
concentrated force, and b or b' is the distance to 
the force from the center support. If any one of 
these forces acts upwards, the term contributed to 
the constant by such a force is of opposite sign. 

(a) 
x, 

(b) 

Fig. 12-26. Establishing the constants on the 
right of the three-moment equation for uni ­
formly distributed loads 

The constant for the right side of the three­
moment equation, when uniformly distributed loads 
are applied to a beam, is determined similarly. 
Thus, using the diagram shown in Fig. 12-26, 

(12-21) 

and similarly, 

(12-22) 

Constants for other types of loading can be determined by using the 
same procedure as above. 

EXAMPLE 12-18 

Find the moments at all supports and the reactions at C and D for the 
continuous beam loaded as shown in Fig. I 2-27(a). The flexural rigidity El is 
constant. 

SOLUTION 

By using Eq . 12-17 and treating the span AB as the left span and BC as the 
right, one equation is written. From statics, the beam convention being used 
for signs, M A = - 20(2.5) = - 50 N · m. Equations 12-20 and 12-21 are used 
to obtain the right terms. The moments of inertia IR and h are equal. 

6MA + 2(6 + 10)M8 + I0Mc 

= _ 8(!) 3 
- 16(7.5)(2.5)(1 + 7ig) - 24(5)5( I + /0) 

Substituting MA = -50 N · m and simplifying gives 

32M8 + 10Mc = - 1 557 

Next, Eq. 12-12 is again applied for the spans BC and CD. No constant 
terms are contributed to the right side of the three-moment equation by the 
unloaded span CD. At the pinned end, MD = 0. 
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r1 
= 20 N P2 = 16 N lPJ = 24 N 

J1v0 = 8 N/m l 

L C R 
(a) L C 

(b) 
Mc = - 29.3 N·m(J~~ 

16 N 
124 N 

M8 = 39.5 N·m(i•:
8 

I C 

t Re 
(c) 

(Dimensions in meters) 

Fig . 12-27. 

10MB + 2(10 + 5)Mc + 5Mv 

R 

D 

lR o 

D 
I 

ls .86N 

= - 16(2.5)(7.5)( 1 + ~g) - 24(5)5( 1 + /0) 

or 10MB + 30Mc = - 1275 

Solving the reduced equations simultaneously gives 

MB = - 39.5 N·m and Mc = - 29.3 N,m 

Isolating the span CD as_ in Fig. 12-27(b), one obtains the reaction Rv 
from statics. Instead of isolating the span BC and computing V~ to add to V~ 
to find Re, as was done in Example 12-17, the free body shown in Fig. 12-27(c) 
is used. For free body CD: 

~Mc= 0 0 +, 
For free body BD: 

~MB = oo +, 

29.3 - 5Rv = 0, RD = 5.86 N ! 

16(2.5) + 24(5) - Rc(10) + 5.86(15) - 39.5 = 0, Re = 20.84N 

EXAMPLE 12-19 

Rework Example 12-17 using the three-moment equation, Fig. 12-28. 

SOLUTION 

No difficulty is encountered in setting up a three-moment equation for the 
spans AB and BC. This is done in a manner analogous to that in the preceding 
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Span of 
1 
O k 6 C zero length 

~. l-=-1_-_JI D 

18' ~. O' •· 

L----C-------R 
L C-R 

Fig . 12-28 

example. Note that an unknown moment does exist at the built-in end, and, 
since the end A is on a roller, MA = 0. 

lOM,4 + 2(10 + 18)MB + 18Mc = - 2
.4~0)J - 10(6)12(1 + ?8) 

56MB + 18Mc = - 1,560 

To set up the next equation, an artifice is introduced. An imaginary 
span of zero length is added at the fixed end, and the three-moment equation 
is set up in the usual manner: 

18MB + 2(18 + O)Mc + O(MD) = - 10(12)6(1 + ~~) 
18MB + 36Mc = - 1,200 

Solving the reduced equations simultaneously, 

M 8 = - 20.4 kip-ft and Mc= - 23.3 kip-ft 

The remainder of the problem is the same as before. 
The use of a zero-length span at the fixed ends of beams is justified by 

the moment-area procedure. This expedient is equivalent to the requirement 
of a zero deviation of a support nearest the fixed end from the tangent at the 
fixed end. For example, if the second of the above reduced equations is divided 
through by 6, the corresponding equation in Example 12-17 is obtained; 
there the latter condition was used directly. 

*12-10. LIMIT ANALYSIS OF BEAMS 

Examples of ultimate or limit load calculations for axially loaded 
bar systems made of elastic-plastic material were given at the beginning of 
this chapter (see Examples 12-1 and 12-3). It is important to note that in 
such problems there are three stages of loading. First, there is the range of 
linear elastic response (see Figs. 12-l(e) and 12-3(c)). Then a portion of a 
structure yields as the remainder continues to deform elastically. This is 
the range of contained plastic flow. Finally, the structure continues to 
yield at no increase in load. At this stage the plastic deformation of the 
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_M_ 
M rp 

structure becomes unbounded.* This condition corresponds to the limit 
load for the structure. 

Since the same general behavior is exhibited by elastic-plastic beams, 
the objective now is to develop a procedure for determining the limit loads 
for them. By bypassing the earlier stages of loading and going directly to the 
determination of the limit load, the procedure becomes relatively simple. 
For background, some of the results previously established will be re­
examined. 

Typical moment-curvature relationships of elastic-plastic beams 
having several different cross sections are shown in Fig. 12-29. Such results 

1.71--------~------,-------....--------, 0 
k = 1.70 

1.s ,----,-----::7,-=-=======t=======::::::~ o k= 1.50 

0 

I Typical 
-----+--------+-------;- k = 1.12 

2 3 4 

Fig. 12-29. Moment-curvature relations for circular, rectangular, and 
I cross sections. M pl Myp = k, the shape factor 

were established in Example 11-7 for a rectangular beam. (See Fig. 11-17.) 
Note especially the rapid ascent of the curves toward their respective asymp­
totes as the cross sections plastify. This means that very soon after exhaust­
ing the elastic capacity of a beam, a rather constant moment is both achieved 
and maintained. This condition is likened to a plastic hinge. In contrast to a 
frictionless hinge capable of permitting large rotations at no moment, the 
plastic hinge allows large rotations to occur at a constant moment. This 
constant moment is approximately Mp, the ultimate or plastic moment for a 
cross section. 

*In reality a structure cannot be permitted to deform excessively. 
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Using plastic hinges, a sufficient number can be inserted into a structure 
at the points of maximum moments to create a kinematically admissible 
collapse mechanism. Such a mechanism, permitting unbounded movement 
of a system, enables one to determine the ultimate or limit carrying capacity 
of a beam or of a frame. This approach will now be illustrated by several 
examples, confining the discussion to beams. 

When the limit analysis approach is used for the selection of members, 
the working loads are multiplied by a load factor larger than unity to obtain 
the limit loads for which the calculations are performed. This is analogous 
to the use of the factor of safety in elastic analyses. In structural steel work 
the term plastic design is commonly applied to this approach. 

EXAMPLE 12-20 

A force Pis applied at the middle of a simply supported beam, Fig. 12-30(a). 
lf the beam is made of a ductile material, what is the limit load Pu 1,? Neglect 
the weight of the beam. 

(a) 

(b) 

r 
Plastic hinge 

(c) 

Fig. 12-30 

SOLUTION 

The shape of the moment diagram is the same regardless of the load magni­
tude. For any value of P, the maximum moment M = PL/4, and if M ::;: M 1 p, 
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f 
(a) 

A 

(b) 

(c) 

L/2 -f 

the beam behaves elastically. Once Myp is exceeded, contained yielding of the 
beam commences and continues until the maximum plastic moment MP is 
reached. At that instant a plastic hinge is formed in the middle of the span 
forming the collapse mechanism shown in Fig. I 2-30(c). By setting the plastic 
moment Mp equal to PL/4 with P = Pui,, one obtains the result sought: 

Note that consideration of the actual plastic zone indicated shaded in Fig. 
l 2-30(a) is unnecessary in this calculation. 

EXAMPLE 12-21 

A restrained beam of ductile material is loaded as shown in Fig. 12-31 (a). 
Find the limit load Pu1,. Neglect the weight of the beam. 

L/2 

1 Pu11L/4 

(d) 

B PL/4 

~ 
1Pu1, 

l 
L/2 L/2 

(e) 

PL/4 

B 

Fig. 12-31 

SOLUTION 

The results of an elastic analysis are shown in Fig. 12-3l(b) in the usual 
manner. The same results are replotted in Fig. 12-3 i(c) from a horizontal 
baseline AB. In both diagrams the value of the moment ordinates are the 
same, and the shaded portions of the diagrams represent the final results. 
Note that the auxiliary ordinate PL/4 has precisely the value of the maximum 
moment in a simple beam with a concentrated force in the middle. 
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By setting the maximum elastic moment equal to M 1 p, one obtains the 
load P,p at impending yield: 

When the load is increased above P,p, the moment at the built-in end can 
reach but cannot exceed Mp. This is also true of the moment at the middle of 
the span. These limiting conditions are shown in Fig. 12-3l(d). The sequence 
in which M P's occur is unimportant. In determining the limit load it is 
necessary to have only a kinematically admissible mechanism. With the two 
plastic hinges and a roller on the right this condition is assured, Fig. 12-3J(e). 

From Fig. 12-31 (d) it can be seen that by proportions the end moment 
Mp gives an ordinate of Mp/2 at the middle of the span. Therefore, the 
simple beam ordinate P u1tl/4 in the middle of the span must be equated to 
3Mp/2 to obtain the limit load. This gives 

Comparing this result with P,p, one has 

P _ 9Mp p _ 9 kP 
ult - 'dM YP - lf YP 

YP 

which shows that the increase in Pu1, over P1 p is due to two causes: MP > 
M,p, and the maximum moments are distributed more advantageously in the 
plastic case. (Compare the moment diagrams in Figs. 12-3J(c) and (d).) 

EXAMPLE 12-22 

A restrained beam of ductile material carries a uniformly distributed load as 
shown in Fig. 12-32(a). Find the limit load Wu1t· 

SOLUTION 

In this problem two plastic hinges are required to create a collapse mecha­
nism. One of these hinges will be at the built-in end. The location of the hinge 
associated with the other maximum moment is not immediately known since 
the moment near the middle of the span changes very gradually. However, 
one can assume the mechanism to be as shown in Fig. J2-32(c) since this 
would be in agreement with the moment diagram of Fig. I 2-32(b) . 

For purposes of analysis, the beam with the plastic hinges is separated 
into two parts as in Figs. l 2-32(d) and (e). Then by noting that no shear is 
possible at C since it is the point of maximum moment on a continuous curve, 
one may write two equations of static equilibrium: 

L MA = O O +, 
L Me = OO +, 

Mp - IVu1,a 2/2 = 0 

2Mp - Wu11(L - a)2/2 = 0 

The simultaneous solution of these equations gives a = (ft - 1) L, which 
locates the plastic hinge C. The same equations yield the limit load 
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I I I 

(a) 
L/2 

(b) 

(c) 

Wo 

I>'[ I I Ii 
a 

L 

(d) 

L-a 

(e) 

A 

C 

Fig . 12-32 

In problems with several concentrated forces applied to a beam, a 
search for the interior plastic hinge must also be made. The least load for 
an assumed interior hinge under any one of the loads constitutes the solution 
of the problem. An equilibrium at any higher load requires moments greater 
than MP and is therefore impossible. To determine this may require several 
trials. 

EXAMPLE 12-23 

A fixed beam of ductile material supports a uniformly distributed load, 
Fig. 12-33(a). Determine the limit load Wu1t· 

SOLUTION 

According to the elastic analysis (see Example 12-15 and Fig. I2-2J(c)) the 
maximum moments occur at the built-in ends and are equal to w0 L2/l2. 
Therefore 

or 

On increasing the load, plastic hinges develop at the supports. The collapse 
mechanism is not formed, however, until a plastic hinge also occurs in the 
middle of the span, Figs. J 2-33(b) and (c). 

The maximum moment for a simply supported, uniformly loaded beam 
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(a) 

11'u1t L 218 

(b) 

L/2 L/2 

(c} 

Fig.12-33 

is w0 L2/8. Therefore, as can be seen from Fig. 12-33(b), to obtain the limit load 
in a clamped beam, this quantity must be equated to 2MP with w0 = Wu1t· 

Hence 

or 

Comparing this result with wyp, one has 

As in Example 12-21, the increase of wu 1, over w1 p depends on the shape 
factor k and the equalization of the maximum moments. 

The analysis of continuous beams proceeds in a manner analogous to 
the above. Ordinarily the collapse of such beams occurs locally in only one 
of the spans. For example, for the beam shown in Fig. I 2-34(a), a mechanism 
can form as in Fig. l 2-34(b) or 12-34(c) , depending on the relative magnitudes 
of the loads and span lengths. Such problems revert to cases already con­
sidered . Local collapse mechanisms for the interior spans require the forma­
tion of three hinges resembling those in the last example. The mechanisms 
for frames can become quite complex; the treatment of such problems is 
beyond the scope of this text.* 

*For further details see P.G. Hodge, Plastic Analysis of Structures, New York: McGraw­
Hill, 1959. 
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(a) 

(b) 

(c) 

Fig. 12-34 

'-'12-11. CONCLUDING REMARKS 

In practice, statically indeterminate members occur in numerous 
situations. Some of the methods for analyzing these members have been 
discussed in this chapter. Sometimes the stresses caused by indeterminacy, 
particularly those due to temperature, are undesirable. More often, however, 
members are deliberately arranged to be indeterminate as such members are 
stiffer, which is highly desirable in many cases. A reduction in stresses can 
also be accomplished. For example, the maximum bending moments in 
indeterminate beams are usually smaller than the maximum moments in 
similar determinate beams. This permits selection of smaller members and 
results in an economy of material. 

There are also some disadvantages to using indeterminate members. 
Some uncertainty always exists as to whether the supports are capable of 
completely fixing the ends. Likewise, the supports may settle or move in 
relation to each other. Then the calculated elastic stresses or deflections may 
be seriously in error. These matters are of little concern in a statically deter­
minate structure. Finally, the method of elastic analysis becomes very 
involved when the degree of indeterminacy is high. However, this situation 
has been largely overcome by specialized methods and a wider use of digital 
computers. 

For situations where the applied loads are static in character, and the 
materials employed are ductile, the plastic method of design offers advan­
tages. 
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PROBLEMS FOR SOLUTION 

12-1. Find the reactions at the built-in ends 
for an elastic rod loaded as shown in the figure 
and draw the axial force diagram. The cross­
sectional area of the rod is 2 in .2 , a = 6 in., and 
b = 12 in. The applied force P i = 20 k, and 
P2 = 40 k. Ans: - 5k on the left. 

tf b 

PROB. 12 - 1 

12-2. A bar is built-in at both ends to im­
movable supports as in the preceding problem 
and carries two forces P i and P2 as shown in the 
figure. The magnitude of P 2 is twice that of P 1• 

(a) Assuming linearly elastic behavior determine 
the reactions and the axial force distribution in 
the bar. Plot the axial force and the axial defor­
mation diagrams. (b) If e11 P = 400 MN/m 2, 

determine the range of the contained plastic flow. 
Plot a diagram showing the variation in the 
magnitude of the force P 2 as a function of its 
displacement. Let the cross-sectional area of the 
bar be 400 mm2 , and E = 200 000 MN/m2 , 

For both cases b = 2a. Ans: (a) - P 1/4 on left. 

12-3. A material possesses a nonlinear stress­
strain relationship given as e1 = Ke•, where K 
and n are material constants. If a rod made of 
this material and of constant area A is initially 
fixed at both ends and is then loaded as shown in 
the figure, how much of the applied force P is 
carried by the left support? Ans: P/[(a/b)• + I]. 

~. a f , .~ 
PROB. 12 - 2 

12-4. An elastic round shaft of constant cross­
sectional area is subjected to a torque T1 as 
shown in the figure. If both ends of the shaft are 
built in, what torques are resisted at each end? 
Ans: T,1 = T 1b/L. 

r ,Ltq 
PROB. 12 4 

12-5. A round bar of constant cross-sectional 
area is built in at both ends and is subjected to a 
torque Ti as shown in the figure of the preceeding 
problem. (a) Assuming linearly elastic behavior 
of the material, determine the reactions. Plo t the 
torque T(x J and the angle of twist ef> (x) dia­
grams. (b) If the bar is 2 in. in diameter, a = 30 
in., and b = 20 in ., determine and plot the 
relationship between the angle of twist if> at 
x = 30 in. and the applied torque Ti. Construct 
this diagram analogously to the one shown in 
Fig. 12-l(e). Assume the material to be elastic­
perfectly plastic with 't' yp = 20 ksi, and G = 12 
X 106 psi. 

12-6. A 10 kN weight is to be lifted by means 
of two rods, each nearly 3 m long as shown in 
the figure. One rod is made of steel (£ = 200 000 
MN/m 2), the other of aluminum (£ = 70 000 
MN/m 2) . Each rod has a cross-sectional area of 
120 mm 2 • Which rod must be made shorter and 
by how much in order to distribute the load 
equally between them? Assume elastic behavior. 

PROB. 12 6 

12-7. A rigid platform rests on two aluminum 
bars (E = 107 psi) each 10.000 in. long. A third 
bar made of steel (£ = 30 x l 06 psi) and stand­
ing in the middle is 9.995 in. long. (a) What will 
be the stress in the steel bar if a load P of 100 kips 
is applied on the platform? (b) How much do the 
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aluminum bars shorten? Ans: (a) 15 ksi; (b) 
O.Ql in. 

p 

PROB. 12 - 7 

12-8. A rod is fixed at A and loaded with an 
axial force Pas shown in the figure. The material 
is elastic, perfectly plastic with E = 200 GPa and 
a yield stress of 200 MPa. Prior to loading, a gap 
of 2 mm exists between the end of the rod and the 
fixed support C. Plot the load-displacement 
diagram for the load point assuming P increases 
from zero to its ultimate value for the rod. The 
cross-section from A to B is 200 mm2 , and that 
from B to C is 100 mm 2 • 

PROB. 12 - 8 

12-9. If a load of 1 kip is applied to a rigid bar 
suspended by three wires as shown in the figure, 
what force will be resisted by each wire? The 
outside wires are alumin um (E = 107 psi). The 
inside wire is steel (E = 30 x 106 psi). Initially 
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there is no slack in the wire. Ans: Each wire 
carries -½ kip. 

Al um.wi,es 
i--- -+------A = 0.3 in .2 

L = 25' 
JO" JO" 

Steel wire 
- - -+--A = 0.2 in.l 

L = 50 ' 

1 k 

PROB. 12 - 9 

12-10. If the bar in Prob. 12-9 is not rigid but 
has an I = 0.222 in.4 and, being of steel, an E of 
30 x 106 psi, what forces will be developed in 
each wire? Ans: 428 lb in middle wire. 

12-11. Three springs and a flexible bar are 
assembled as shown in the figure . If a load of 
300 lb is applied to the bar, how is it distributed 
between the springs? The top spring has a spring 
constant of JOO k/in., and the bottom ones 50 
k/in. each . The El of the bar is 3.6 x 106 lb-in. 2 

Ans: 200 lb middle spring. 

PROB. 12 I I 

12-12. A rigid bar is supported by a pin at A 
and two linearly elastic wires at B and C as 
shown in the figure. The area of the wire at B is 
60 mm2, and for the one at C is 120 mm 2. Deter­
mine the reactions at A, B, and C caused by the 
applied load P = 6 kN. Ans: 4.8 kN. 
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2m 

p 

PROB. 12 12 

12-13. A load P = l kN is applied to a rigid 
bar suspended by three wires as shown in the 
figure. All wires are of equal size and the same 
material. For each wire A = 80 mm2 , E = 200 
GPa, and L = 4 m. If initially there were no 
slack in the wires, how will the applied load dis­
tribute between the wires? Ans: 83.3 N, 333.3 N, 
583.3 N . 

/ 

200 100 100 
mm mm mm 

p 

PROB. 12 13 

12-14. A 30-in. cantilever beam of constant 
flexural rigidity, EI = 107 lb-in.2, initially has a 
gap of 0.05 in. between its end and the spring. 
The spring constant k = JO kips per inch. If a 
force of 100 lb, shown in the figure, is applied to 
the end of this cantilever, how much of this force 
will be carried by the spring? Ans: 40 lb. 

PROB. 12 14 

12-15. AW 8 x 17 beam is simply supported 
at the ends A and Band goes over the middle of 
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two W 8 x 17 cross beams as shown in the 
figure. When erected, the cross beams just touch 
the beam AB. What will be the reactions at A and 
B if a uniformly distributed load of 2 kips per ft 
is applied to the upper beam. E = 29 x 106 psi. 
Ans: 6.74 kips. 

2 k ft 

PROB. 12 - 15 

12-16. Two identical, horizontal, simply mp­
ported beams span 3.6 m each. The beams cross 
each other at right angles at their respective 
midspans. When erected, there is a 6 mm gap 
between the two beams. If a concentrated 
downward force of 50 kN is applied at mid-span 
to the upper beam, how much will the lower beam 
carry? The EI of each beam is 6,000 kN · m 2 • 

12-17. The midpoint of a cantilever beam 6 m 
long rests on the midspan of a simply supported 
beam 8 m long. Determine the deflection of point 
A, where the beams meet, which results from the 
application of a 40 kN load at the end of the 
cantilever beam. State the answer in terms of EI 
which is the same and is constant for both beams. 

3m 

PROB. 12 - 17 

12-18. The beam AB in an unloaded condi-
tion just touches a spring at midspan as shown in 
the figure. What is the spring stiffness k that will 
make the forces in all three supports equal for a 
uniformly distributed, vertical load w0 • Use Table 
11 in the Appendix. Ans: 384 £I/(7L3). 
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f I rt 

'" .I 
PROB. 12 18 

12-19. Two vertical beams 2 m long are con­
nected at their midspans by a taut wire as shown 
in the figure. The El for the beam on the left is 
50 kN · m2 and for the beam on the right is 150 
kN-m 2 • The cross-sectional area of the wire is 
65 mm2 and its E = 70 x 106 kN/m2 . Find the 
stress in the wire after the two 2 kN forces are 
applied to the beams at midspan. Use the beam 
deflection formula given in Table 11 of the Ap­
pendix. Ans: 30 MN/m 2• 

PROB. 12 19 

12-20. One end of a W J 8 x 50 beam is cast 
into concrete. It was intended to support the 
other end with a 1-in. 2 steel rod 12 ft long as 
shown in the figure. During the installation, how­
ever, the nut on the rod was poorly tightened and 
in the unloaded condition there is a -½-in. gap 

~ 
r . 

A 

l'H I 2' 

I ' 

JO' 10' 

PROB. 12 - 20 

CHAP. 12 PROBLEMS FOR SOLUTION 

between the top of the nut and the bottom of the 
beam. What tensile force will develop in the rod 
because a force of 15 kips is applied at the mid­
dle of the beam? Let E = 30 x 106 psi. Ans: 
2.03 kips. 

12-21. An aluminum rod 7 in. long, having 
two different cross-sectional areas, is inserted 
into a steel link as shown in the figure. If at 60°F 
no axial force exists in the aluminum rod, what 
will be the magnitude of this force when the 
temperature rises to 160°F? £, = 107 psi and 
a. = 12.0 x 10-6 per °F; E, = 30 x 106 psi and 
a, = 6.5 x 10-6 • Ans: 1,650 lb. 

o.:io in .1 

3• 

Steel link - area of each bar parallel 
to rod is 0.35 in.2 

4• 

PROB. 12 21 

Aluminum 
rod, 0.40 in .Z 

12-22. If the rod of Prob. 12-1, in addition to 
the application of the forces P 1 and P2 , experi­
ences a drop in temperature of 100°F, what would 
the reaction on the right be? Let a = 6.5 x 10-6 

per °F, and E = 30 x 106 psi. Ans: + 14 k. 

12-23. If in Example 12-6, instead of a bolt, a 
rivet with no initial tension at J ,600°F is used in 
the assembly of the washers, what tensile stress 
will develop in the rivet when the temperature 
drops to 100°F? Let E = 30 x 106 psi, <Typ = 40 
ksi, and a = 6.5 x 10- 6 per °F. 

12-24. Determine whether the ~mall pressure 
vessel of Prob. 9-36 can operate satisfactorily at 
an internal pressure of 700 kPa. Here this con­
clusion is to be based only on the behavior of the 
bolts. For this purpose assume that 20 bolts each 
having a 200 rnm 2 cross-sectional area at the root 
of the threads are to be used. The allowable stress 
for the bolts in tension is considered to be satis­
factory at 200 MN/m2 ; however, at the root of 
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the bolt threads a stress concentration factor of 
2.5 is considered necessary. Moreover, for opera­
tion under pressure, the bolts will be tightened to 
develop in each one of them an initial force of 
8 kN. Ans: 164 MPa. 

12-25. A gray cast iron bolt ¾ in. in diameter 
passes through an aluminum tube 3.000 in . long 
which has an inside diameter of 1 in. and an 
outside diameter of 2 in. The nut on the end of 
the bolt is so tightened that at 60°F the stress in 
the tube becomes 600 psi . Compute the tempera­
ture at which the stress in the shank of the bolt 
will double . Let Ecr = 12 X 106 psi and <Xcr = 

0.0000062 per °F, and EA1 = 10 X 106 psi and 
(XA I = 0.0000124 per °F. Ans: 112.8°F. 

12-26. A rigid bar, ABC, is supported by 
three tension members as shown in the figure. 
Members BB' and CC' are subjected to a drop in 
temperature of 50°C. Determine the resulting 
force in member CC'. For each tension member 
A = 1,200 mm2, E = 80 000 000 kN/m2, and 
<X = 0.000 010 per °C. 

A' C 

0.8 ni 
0.9 m 0.3 111 

I 
A B C 

0.8 m 

B' 

PROB. 12- 26 

12-27. A steel piano wire 30 in. long is 
stretched from the middle of an aluminum beam 
AB to a rigid support at C as shown in the figure. 
What is the increase in stress in the wire if the 
temperature drops 100°F? See Table 11 in the 
Appendix for the beam deflection formula. The 
cross-sectional area of the wire is 0.0001 in.2 ; 

E = 30 x 106 psi. For the aluminum beam 
El = 1,040 lb-in .2 Let <X, = 6.5 x 10- 6 per °F, 
<X1 = 12.9 X 10- 6 per °F. Ans: 6,500 psi . 

A B 

r. ii?, 
5• s· 

Wire_. 
C 

,,, 
' 

PROB. 12 - 27 

12-28. Three steel wires attached to a rigid bar 
support a load of 300 lb. Initially this load is 
equally distributed between the three wires. 
What will each wire carry if the temperature of 
the right wire raises 84°F? Assume for all wires 
E = 30 x 106 psi, A = 0.011 in.2, and <X = 6.5 
X 10-6 per °F. Ans: 70 lb, 160 lb, 70 lb. 

IO" 10· 

3001b 

PROB. 12 - 28 

12-29. A steel wire 5 m in length wi th cross­
sectional area equal to 160 mm 2 is stretched 
tightly between the midpoint of the simple beam 
and the free end of the cantilever as shown in the 
figure. Determine the deflection of the end of the 
cantilever as a result of a temperature drop of 
50°C. For steel wire: E = 200 GPa, <X = 12 x 
10- 6 per °C. For both beams: I = JO x 10- 6 m4 

and E = 10 GPa. 

I• 0.8m •j• 0.8m •j 

Wire 
Sm 

PROB. 12 - 29 

12-30. Two steel cantilever beams AB and 
CD are connected by a taut steel wire BC having 
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a length of 150 in. under initial no-load condi­
tions, see figure. Determine the stress produced 
in the wire by a 2-kip load applied at C, and 
a temperature drop of 100°F, in the wire only. 
For beams AB and CD: E = 30 x 106 psi, and 
I = 24 in.4 For wire BC: E = 30 x 106 psi, A = 
0.1 in. 2 , and a, = 6.0 x 10- 6 per °F. Ans: 11.6 ksi. 

A 8 

Wire 
60' 

2 kips 

PROB. 12 - 30 

12-31. At a given temperature an elastic can­
tilever just rests against the frictionless plane as 
shown in the figure. Calculate the maximum 
bending moment in the beam if the temperature 
of the beam is raised OT. Neglect the weight of the 
beam and the effect of axial force on bending 
deflection. The quantities A, E, I, and a, are given. 
Ans: a,LoT/[1/(AE) + L 2/(3£/)J. 

Smooth plane 

L 

PROB. 12 - 31 

12-32. A 1-in. stainless steel square bar 40 in. 
Jong lies between two parallel frictionless sur­
faces. If one side of this initially straight bar is 
maintained at a temperature 500°F higher than 
that of the opposite side, what is the deflection of 
the bar at the center from the chord through the 
ends? What moments applied at the ends would 
straighten out the bar? Assume that the temper­
ature varies linearly across the thickness of the 
bar. Let a, = 10 x 10- 6 per °F, and £ = 27 x 
106 psi. 

12-33. A thin ring is heated in oil 150°C above 
room temperature. In this condition the ring just 

CHAP. 12 PROBLEMS FOR SOLUTION 

slips on a solid cylinder as shown in the figure. 
Assuming the cylinder to be completely rigid, (a) 
determine the hoop stress which develops in the 
ring upon cooling, and (b) determine what bear­
ing pressure develops between the ring and the 
cylinder. Let a, = 2 x 10-s per °C, and£ = 7 x 
107 kN/m 2 • 

J_ 
50 mm 

l" 

PROB. 12 - 33 

12-34. A cylindrical pressure vessel is made by 
shrinking a brass shell over a mild steel shell. 
Both cylinders have a wall thickness of¼ in. The 
nominal diameter of the vessel is 30 in. and is to 
be used in all calculations involving the diameter. 
When the brass cylinder is heated 100°F above 
room temperature, it exactly fits over the steel 
cylinder which is at room temperature. What is 
the stress in the brass cylinder when the compo­
site vessels cool to room temperature? For 
brass Eb = 16 x 106 psi, and a,b = 10.7 x 10- 6 

per °F. For steel E, = 30 x 106 psi, and a,, = 
6.7 x 10- 6 per °F. Ans: 11 ksi. 

Brass tube 

PROB. 12 - 34 
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*12-35. A circular rod of elastic material l is 
subjected to a small torsional deformation of 0 
radians per inch. Then, by a special process, a 
uniform layer of elastic cladding material 2 is 
deposited on the surface of the rod. After removal 
from the process and curing, the initial torque is 
released. What torsional deformation, in terms of 
the angle 0, of the composite rod will occur when 
the torque is released? Assume G2 = 10 G 1 , 

t/c = }0 . Ans: 0 /2. 

PROB . 12 35 

*12-36. A tube of wall thickness 2 mm and 
radius 25 mm is attached at the ends by means of 
rigid flanges to a solid shaft of 25 mm diameter as 
shown in the figure of Prob. 3-25. (a) Prior to 
welding, the shaft is subjected to a torque of 200 
N · m and maintained in this condition during the 
welding operation. If both the tube and the shaft 
are made of steel, what torque will be carried by 
the tube if the initial 200 N · m torque is released 
after welding is completed? (b} Same as (a) 
except the tube is made of aluminum while the 
shaft is of steel. (c) What additional torque must 
be applied opposite to the direction of the origin­
al 200 N ·m torque so that the aluminum tube of 
(b) is just about to yield? At this stage what is the 
angle of twist in the 500 mm length of the alumi­
mum tube? Gs, = 84 000 MN/m2 ; GA 1 = 28 000 
MN/m2 ; for aluminum 'ryp = 150 MN/m 2 . 

12-37. A solid brass, circular shaft is built in 
at both ends and two torques, T1 = 314 lb-in. 

and T2 = 628 lb-in., are applied to it as shown in 
the figure. Determine the torque at A, and plot 
the torque and the angle of twist diagrams . 
Assume that the material behaves linearly elasti­
cally with a G = 5.6 x l 0 6 psi. The diameter 
d 1 = 2.83 in. and d2 = 2.38 in. 

12-38. Suppose that in Example 12-3 the 
cross-sectional area of each bar is 2 in. 2 , the dis­
tance L = 100 in., and ex: = 30°. The bars are 
made of steel with a well-defined yield stress of 
40 ksi . Let the elastic modulus E = 30 x 106 psi. 
During manufacture, by mistake, the middle bar 
was made 0.100 in. too short, i.e., before assem­
bly, the three bars looked as shown in Fig. l 2-9(b). 
(a) What residual stresses develop in the bars as 
a result of a forced assembly? Assume that no 
buckling of the bars can occur. (b) On the same 
graph show load-deflection diagrams analogous 
to Fig. l 2-3(c) for the initially stress-free assem­
bly, and the one with the residua l stresses found 
above. 

12-39. An L-shaped steel shaft of 2. I 25-in. 
diameter is built in at one end to a rigid wall and 
is simply supported at the other end as shown in 
the figure. In plan the bend is 90°. What bending 
moment will be developed at the built-in end due 
to the application of a 2,000-lb force at the corner 
of the shaft? Assume E = 30 x I 06 psi, G = 
12 x 106 psi, and for simplicity let/ = 1.00 in. 4 

and J = 2.00 in. 4 Ans: 49,600 lb-in. 

PROB. 12 39 

12-40. A steel wire 4 m long is stretched from 
A \.•••••••~-~4-;.;;;;;;{ the end of a bent 20 mm diameter circular steel 

rod ABC to a rigid support D as shown in the 
figure . Compute the stresses acting on the element 
A, located at the support on top of the rod, 
caused by a temperature drop in the wire of 

PROB. 12 - 37 80°C. Do not compute principal stresses. A 
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wire = 6.5 mm 2• Let E = 200000 MPa, G = 
84 000 MPa, and a, = 12 x 10- 6 per 0 C. 

PROB. 12 40 

12-41. A horizontal thin-walled tube is 
attached at one end to a rigid support and has a 
rigid arm clamped to it at its other end. (See 
figure.) A vertical rod passes through the arm and 
has an initial tension of 100 lbs. If the nut is tigh­
tened so as to move it 0 .200 in. along the rod, 
what total force will develop in the rod? The 
mean diameter of the tube is 2 in., and its thick­
ness is l/(5n) . Hence its A = 0.40 in. 2 and 
J = 0.40 in. 4 The area of the rod is 0.00714 in. 2 

Assume the arm to be infinitely rigid, but for the 
tube and the rod let E = 30 x 106 psi, and G = 
12 X 106 psi. 

PROB. 12 41 

12-42. The temperature in a furnace is mea­
sured by means of a stainless steel wire placed in 

CHAP. 12 PROBLEMS FOR SOLUTION 

it. The wire is fastened to the end of a cantilever 
beam outside the furnace. The strain measured by 
the strain gage glued to the outside of the beam 
is a measure of the temperature. Assuming that 
the full length of the wire is heated to the furnace 
temperature, what is the change in furnace tem­
perature if the gage records a change in strain of 
- l 00 x 10- 6 in. per inch. Assume that the wire 
has sufficient amount of initial tension to perform 
as intended. The mechanical properties of the 
materials are as follows: rx .. = 9 .5 x 10- 6 per 
°F, rx. = 12 X 10- 6 per °F, E., = 30 X 106 psi, 
E. = 10 X 106 psi, Awire = 5 X 10-4 in. 2 , lbcam 

= 6.5 x 10-4 in. 4 The depth of the small beam 
is 0.25 in. Ans: 96.8°F. 

Furnace 
Wire 

10· 
Aluminum bar 

4• 

PROB. 12 - 42 

12-43. Rework Example 12-10 by treating Rn 
and Xn as redundants. Employ the superposition 
equations, Eq. 12-11. 

12-44 through 12-46. (a) For the beams loaded 
as shown in the figures, using the method of 
superposition, determine the redundant reactions. 
In all cases El is constant. (b) For the same 
beams, plot shear and moment diagrams. Ans: 
MA is given in parentheses by the figures. 

~A 

l p 

I t I 
L 2 L2 

( - JPL / 11.:J) 

PROB. 12 44 
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PROB. 12 - 45 

II' lb fl 

1111111 

L tA Lt 
( - 11·L ~/8) 

PROB. 12 46 

12-47. Using the superposition equations, Eq. 
12-11, determine the reactions at the supports 
caused by the applied load for the beam shown in 
the figure. Treat the moment and the vertical 
reaction at b as redundants, and determine the 
end deflection and rotation of a determinate 
beam by any of the previously developed methods. 
If desired, the answer given to Prob. 11-11 may 
be used. Ans: M. = - kV/30, Mb = -kV /20. 

hJo] 
a b , 

• X 

PROB. 12 - 47 

12-48. Using the formulas for determinate 
cases given in Table 11 of the Appendix and 
superposition, determine the fixed end moments 
for the beam loaded as shown in the figure. 

PROB. 12 48 

CHAP. 12 STATICALLY INDETERMINATE PROBLEMS 

12-49. Revise the conditions of Prob. 12-47 by 
assuming that end b is simply supported. For this 
new problem, determine the reactions using the 
displacement method. Make use of the answers 
given to Prob. 12-47, but exercise care in inter­
preting the signs. 

12-50. Rework Example 12-12 with another 
force P applied at ¼ the length of BC on the cen­
tral bar BC above C. 

12-51. Five steel bars each having the cross­
sectional area of 500 mm2 are assembled in a 
symmetrical manner as shown in the figure. 
Assume that the steel behaves as linearly elastic­
plastic material with£ = 200 x 106 kN/m2 , and 
a YP = 250 MN/m2 . Determine and plot the load 
deflection characteristics of joint A due to an 
application of a downward force P. Assume that 
initially all bars are free of stress. 

/ 

p 

PROB. 12 - SI 

12-52. Rework Example 12-12 assuming that 
member AC has twice as large an area as either' 
member BC or DC. 

12-53. In Example 12-13, by determining Mb• 
from the rotations, show that Mb• = - Mbc­
Similarly show that Mcb = 0. 

12-54. For the continuous beam loaded as 
shown in the figure, using the displacement 
method, determine the bending moment acting 
over the middle support, and plot shear and 

30 k 1111 40 kN/111 

Jj/ 1:if' I 'i 
/ 1/, / 

1. ,o 111 .I. 12 111 .I 
PROB. 12 - 54 
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moment diagrams. The I of the beam in the right 
span is twice as large as that in the left span. 
Ans: Mmax = 490 kN·m, Mmin = - 504 kN·m. 

12-55. Rework Prob. 12-54 assuming that the 
left support is fixed. Ans: M 8 = - 459 kN·m. 

12-56 and 12-57. For the beams loaded as 
shown in the figures, usi ng the moment-area 
method, determine the redundant reactions and 
plot shear and moment diagrams. In all cases EI 
is constant. (Hint: In Prob. 12-57 treat the reac­
tion on the right as the redundant.) Ans: MA is 
given in parentheses by the figure. 

p p 

II {I II 

(-Pa) 

PROB. 12 - 56 

4m 

100 kN/m 

2 2 
m m 

PROB. 12 - 57 

12-58. (a) Using the moment area method , 
determine the redundant moment at the built in 
end for the beam shown in the figure and plot the 
shear and moment diagrams. Neglect the weight 
of the beam. (b) Select the depth for a 200 mm 
wide wooden beam using an allowable bending 
stress of 8 000 kN/m2 and a shearing stress of 
1 000 kN/m2 • (c) Determine the maximum deflec­
tion of the beam between the supports and the 
maximum deflection of the overhang. For wood, 
Eis 107 kN/m2 • Ans: (a)± 45 kN·m. 

90 

? rs kN 

~ 
2m 2m Im 

PROB. 12 - 58 

12-59. (a) Using the moment area method, 
determine the redundant moment at the built-in 
end for the beam shown in the figure, and plot 
the shear and moment diagrams. Neglect the 
weight of the beam. (b) Select a W beam using an 
allowable bending stress of 18,000 psi and a 
shearing stress of 12,000 psi . (c) Determine the 

CHAP. 12 PROBLEMS FOR SOLUTION 

maximum deflection of the beam between the sup­
ports and the maximum deflection of the over­
hang. Let E = 29 x 106 psi. Ans: (b) W 12 
X 26. 

10' 5' 

PROB. 12 - 59 

12-60. For the beam loaded as shown in the 
figure, (a) determine the ratio of the moment at 
the built in end to the applied moment MA; (b) 
determine the rotation of the end A. The EI is 
constant. Ans: - -½, -MAL/(4EI) 

PROB. 12 60 

12-61. For the beam loaded as shown in the 
figure, (a) determine the ratio of the moment at 
the built in end to the applied moment MA; (b) 
determine the rotation of the end A . 

PROB. 12 61 

12-62. Using the moment area method, show 
that the maximum deflection of a beam fixed at 
both ends and carrying a uniformly distributed 
load is one fifth the maximum deflection of the 
same beam simply supported. The El is constant. 

12-63 and 12-64. For the beams loaded as 
shown in the figures, using the moment-area 
method, (a) determine the fixed-end moments and 
plot shear and moment diagrams. Neglect the 
weight of the beams. (b) Express the maximum 
deflection in terms of the loads, distances, and 
El. No adjustment for units need be made. 
Ans: For (a) by the figures. 
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PROB. 12 - 63 c~~J) PROB. 12 - 64 ( 'in 
12-65. AW 12 x 36 beam is loaded as shown 
in the figure. Using the moment-area method and 
neglecting the weight of the beam, determine (a) 
the fixed-end moments, (b) the maximum bend­
ing stress, (c) the deflection at the midspan. Let 
E = 29 x 106 psi . Ans: (b) 13.9 ksi; (c) 
- 0.133 in. 

~ '°'! !'°' 
I. 5' .I. 5' . \. 10' 

PROB. 12 - 65 

~ 
• I 

12-66 through 12-68. For beams of constant 
flexural rigidity loaded as shown in the figures, 
using the moment-area method, determine the 
fixed-end moments. 

~. 
M1 

! L/2 L/2 .~ r:/~ 1 
• 8' .. 12' .r-

PROB. 12 - 66 (±M1/4) PROB. 12 - 67 ( -105) 

PROB. 12 - 68 (-WL / 15) 

12-69. Rework Prob. 12-54 using the moment-
area method. 

12-70. A beam having a variable moment of 
inertia is loaded as shown in the figure. (a) Using 
the moment-area method determine the moment 
over the middle support. (b) Find all reactions. 

CHAP. 12 STATICALLY INDETERMINATE PROBLEMS 

PROB. 12 - 70 

12-71. For the continuous beam loaded as 
shown in the figure, using the moment-area 
method, determine the bending moment directly 
over the center suppport. The EI is constant. 
Ans: - 13.44 k-ft. 

3 k 

PROB. 12 - 71 

12-72. Rework Example 12-17 after assuming 
that both supports A and C are fixed. Ans: 
MA = - 22.2 k-ft, Mn = - 15.7 k-ft. 

12-73. Rework Example 12-17 after assuming 
that the right support C is pinned. Ans: Mn = 
- 28.9 k-ft. 

12-74. A beam of constant flexural rigidity EI 
is built in at both its ends a distance L apart. If 
one of the supports settles vertically downward 
an amount /J. relative to the other support 
(without causing any rotation), what moments 
will be induced at the ends? Ans: ± 6 El/J. /L2. 

12-75. For the continuous beam loaded as 
shown in the figure, using the moment-area 

/ 

6' . l.2.,1 

PROB. 12 - 75 
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method or the three-moment equation, deter­
mine the bending moment directly over the 
center support. The El is constant. Ans: - 13.44 
k-ft. 

12-76. A beam of constant flexural rigidity El 
is continuous over four spans of equal length L. 
Pl ot shear and moment diagrams for this beam 
if throughout its length it is loaded with a uni­
formly distributed load of w0 lb per foot. Use the 
three-moment equations to determine the mo­
ments over the supports. (Hint: Take advantage 
of symmetry.) Ans: Moment over the center 
support is w0 L2/14, the reactions at ends are 
J J w0 L/28 each. 

12-77. Rework Example 12-17, Fig. 12-23, 
after assuming that both supports A and C are 
fixed. Use the three-moment equation. Ans: 
MA = -22.2 k-ft, MB = - 15.7 k-ft. 

12-78. A restrained beam of ductile material 
is loaded with two concentrated forces P as 
shown in the figure. Determine the limit loads 
P01,. Neglect the weight of the beam. (Hint: The 
possibility of a plastic hinge must be checked 
under each load.) Alis: 4Mp/L. 

r r 
tlf) , I, L/\ 1)t 

PROB. 12 78 

12-79. Using the three moment equation, 
determine the moments over the supports for the 
beam loaded as shown in the figure . The El is 
constant. Ans: -60 k-ft, -2.7 k-ft, - 27.4 k-ft, 
and 0. 

12-80. Using limit analysis, calculate the value 
of P that would cause (flexural) collapse of the 
two-span beam shown. The beam has a rectan­
gular cross section 120 mm wide and 300 mm 
deep. The yield stress is 15 MPa. Neglect the 
weight of the beam. 

if 13.2m:;m. 4 

0.8 m 
PROB. 12 - 80 

12-81. A two-span, continuous, prismatic 
beam carries a concentrated force Pin the middle 
of one span, and a uniformly distributed load w0 

in the other span. Using the plastic method of 
analysis, determine the ratio of w0 l to P necessary 
for the (flexural) collapse to occur in both spans 
simultaneously. Neglect the weight of the beam. 

r II~[ 
L , dJ'S,. 

I p2. / /2., I • L • I 
PROB. 12 - 81 

12-82. Using the limit analysis approach, 
select a steel W section for the loading condition 
shown in the figure. Assume a YP = 40 ksi, a 
shape factor of J. IO and use a load factor of 2. 
Ans: W 16 x 26. 

IO k/ft 12 k 27 k 

l""Ek; I I 
, I I ~ I • 8' .. , • 4' • 4 4' • 4 4' • I 

PROB. 12 - 82 

r Ok 16kt 

I
~ I 

Jn 2 k/ft !!! k I k/ft 

~ I ml • -I ll 

1 1 ':L 
• 6' • I • 5' • • S' I 4' 4' 4' I 4' 4' 8' I 

• . • • . • • . 11 - . .. .. . .. • • .. • 

PROB. 12 - 79 
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12-83. A prismatic "weightless" beam is 
loaded as shown in the figure. What is the 

P = 2H;, L 

I£ I I I I 
L 

magnitude of the governing maximum plastic 
moment? Ans: w0 l 2/3. 

P = 211;, L 

J 
L/2 I . .. i 

L/2 • I 

PROB. 12 - 83 
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13 Columns 

13-1. INTRODUCTION 

At the beginning of this text it was stated that the selection of structural 
and machine elements is based on three characteristics: strength, stiffness, 
and stability. The procedures of stress and deformation analyses were dis­
cussed in some detail in the preceding chapters. In all cases hitherto con­
sidered, the members were assumed to be in stable equilibrium. But not all 
structural arrangements are necessarily stable. For example, consider a stick 
one meter long having the cross-sectional area of an ordinary pencil. If this 
stick were stood on end, one might conclude that the stress at the base would 
be equal to the total weight of the stick divided by its cross-sectional area. 
However, the equilibrium of this stick is precarious. With the smallest imper­
fection in the stick or the lightest gust of wind the stick would fall down, thus 
the aforementioned stress calculation is meaningless. This physically obvious 
example is introduced .to accustom the reader to the thought that stability 
considerations may be primary in some problems. 

The chief concern of this chapter will be the analysis of columns, i.e ., 
of compression members of constant cross-sectional area. In common with 
all instability problems, the column problem is complicated by the fact that 
different phenomena contribute to the capacity of a column, depending on 
its length. Thus if a square-ended steel rod of, say, 5 mm diameter were made 
10 mm long to act as a "column," no question of instability would enter, and 
considerable force could be applied to this piece. On the other hand , if the 
same rod were made a meter long, at a smaller applied force than the one a 
short piece could carry, the rod could become laterally unstable through 
sideways buckling and could collapse. An ordinary slender yardstick, if sub­
ject to an axial compression, fails in this manner. The consideration of mate­
rial strength alone is n0t sufficient to predict the behavior of such a member. 

The same phenomenon occurs in numerous other situations where 
compressive stresses are present. Thin sheets, although fully capable of sus­
taining tensile loadings, are very poor in transmitting compression. Narrow 
beams, unbraced laterally, can snap sidewise and collapse under an applied 
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load. Vacuum tanks, as well as submarine hulls, unless properly designed can 
severely distort under external pressure and can assume shapes that differ 
drastically from their original geometry. A thin-walled tube can wrinkle like 
tissue paper when subjected to a torque. For example see Fig. I 3-1. * During 
some stages of firing, the thin casings of missiles are critically loaded in com­
pression. These are crucially important problems of engineering design. 
Moreover, usually the buckling or wrinkling phenomena observed in loaded 
members occurs rather suddenly. For this reason many structural instability 
failures are spectacular and are very dangerous. 

Fig.13-1. (a) Typical bu ck le pattern for thin-walled cyli nder in com­
pression; (b) typical buckle pattern for pressurized cylinder in torsion. 
(Courtesy Dr. L.A. Harris of North American Aviation, Inc.) 

A vast number of structural instability problems suggested by the above 
listing are beyond the scope of this text.t Here the column problem will 
mainly be considered. The range of column lengths at which instability oc­
curs, and formulas for the carrying capacity of slender columns, will be 

*Figures taken from L.A. Harris, H. W. Suer, and W. T. Skene, " Model Investigations of 
Unstilfened and Stiffened Circular Shells," Experimental Mee/zanies, July 1961, pp. 3 and 5. 

tSee, for example, S. P. Timoshenko and J. M. Gere, Theory of Elastic Stability (2nd ed.), 
New York: McGraw-Hill, 1961. 
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Fig.13-A 

established. Through algebraic manipulations, the expressions to be derived 
for the carrying capacity of columns are made to look like the usual stress 
formulas. This customary conversion of column formulas leads some engi­
neers to extrapolate the usual strength formulas into the range where the 
instability phenomenon governs. The history of some engineering structural 
failures attests to this tragic blunder; bridges, buildings, machines, and air­
planes turned to "spaghetti." 

At the end of the chapter the problem of lateral instability of beams is 
briefly discussed. 

13-2. STABILITY OF EQUILIBRIUM 

A perfectly straight needle balanced on its tip may be said to be in 
equilibrium. However, the least disturbance or imperfection in its manufac­
ture would make this equilibrium impossible. This kind of equilibrium is 
said to be unstable, and it is imperative to avoid analogous situations in 
structural systems. 

To clarify the problem further, again consider a vertical rigid bar with 
a torsional spring of stiffness k at the base as shown in Fig. 13-2(a). * The 
behavior of such a bar subjected to a vertical force P and a horizontal force 
Fis shown in Fig. 13-2(b) for a large and a small F. The question then arises: 
How will this system behave if F = O? This is the limiting case, and it cor­
responds to the investigation of pure buckling. 

To answer this question analytically, the system must be deliberately 
displaced a small (infinitesimal) amount consistent with the boundary condi­
tions. Then, if the restoring forces are greater than the forces tending to upset 
the system, the system is stable, and vice versa. 

The rigid bar shown in Fig. 13-2(a) can experience only rotation as it 
cannot bend; i.e., the system has one degree of freedom. For an assumed 
rotation 0 the restoring moment is k0 , and, with F = 0, the upsetting mo­
ment is PL sin 0 ~ PL0. Therefore, if 

and if 

k0 > PL0 

kO < PL0 

the system is stable 

the system is unstable 

Right at the transition point, k0 = PL0, and the equilibrium is neither 
stable nor unstable but is neutral. The force associated with this condition is 
the critical or buckling load, which will be designated Per- For the bar system 
considered 

Pc, = k /L (13-1) 

*Instead of a torsional spring of stiffness k at the base, one might introduce a linear spring 
of stiffness p = k /L 2 in the horizontal direction at the top of the bar, as shown in this 
figure. Then, assuming a small rotation O of the rigid bar, ~MA = 0 gives Pc,OL + FL 
= F,L Since F, = POL, Pc, = (POL - F)/0 And, with F = 0, since P = k /£2, one obtains 
Per = PL = k /L. 
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Fig . 13-2. Buckling behavior of a rigid bar 

This condition establjshes the inception of buckling. At this force two 
equilibrium positjons are possible, the straight form and a deflected form 
infinitestimally near it. Since two branches of the solution are thus possible, 
this is called the bifurcation point of the equilibrium solution. For P > k /L, 
the system is unstable. As the solution has been linearized (by assuming 0 to 
be small), there is no possibility of having 0 become indefinitely large at 
Pc,· In the sense of large displacements, there is always a point of stable 
equilibrium at 0 < n. * 

The behavior of perfectly straight, concentrically loaded, elastic 
columns, i.e., of ideal columns, is highly analogous to the behavior described 
in the simple example above. From a linearized formulation of the problem, 
the critical buckling loads can be determined. Examples will be given in the 
fo llowing articles. 

The critical loads do not describe the action of the buckling itself. By 
using an exact differential equation of the elastic curve for large deflections, 
it is possiblet to find equi librium positions higher than Pc, corresponding to 
the applied force P. The results of such an analysis are illustrated in Fig. 13-3. 
Note especially that increasing Pc, by a mere 1.5 per cent causes a maximum 

•see, for example, E. P. Popov, Introduction to Mechanics of Solids, Englewood Cliffs, N .J.: 
Prentice-Hall, 1968. 

tSee S. P. Timoshenko and J . M. Gere, Theory of Elastic Stability (2nd ed.), New York: 
McGraw-Hill , 1961, p. 76. 
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Fig. 13-3. Behavior of an ideal elastic column 

sideways deflection of 22 per cent of the column length.* For practical reasons 
such enormous deflections can seldom be tolerated. Moreover, the material 
usually cannot resist the induced bending stresses. Therefore, real columns 
fail inelastically. In the vast majority of engineering applications, Pc, repre­
sents the ultimate capacity for a straight, concentrically loaded column. 

13-3. THE EULER FORMULA FOR A PIN-ENDED COLUMN 

At the critical load, a column that is circular or tubular in its cross­
sectional area may buckle sideways in any direction . In the more usual case, 
a compression member does not possess equal flexural rigidity in all direc­
tions. The moment of inertia l xx is a maximum around one centroidal axis 
of the cross-sectional area, Fig. 13-4, a minimum around the other. The 
significant flexural rigidity EI of a column depends on the minimum I, and at 
the critical load a column buckles either to one side or the other in the X-X 
plane. The use of a minimum/ in the derivation that follows is understood. 

Consider a column with its ends free to rotate around frictionless pins. 
Such columns, having pinned supports at both ends, are called pin-ended 
columns. In Fig. l 3-5(a) the equivalent boundary conditions are shown by 
means of rounded ends in frictionless supports. The buckled shape shown is 
possible only at a critical or Euler load, as prior to this load the column remains 
straight. The smallest force at which a buckled shape is possible is the critical 
force. 

*The fact that an elastic column continues to carry a load beyond the buckling stage can 
be demonstrated by applying a force in excess of the buckling load to a flexible bar or plate 
such as a carpenter's saw. 
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Fig. 13-4. Columns buckle in the plane of 
the major axis of the cross-section. 

Fig. 13-5. Pin- or round-ended column 
used in the derivation of the Euler load. 

It is seen from Fig. 13-5(b) that the bending moment at any section is 
-Pv, which conforms to the usual sign convention for beams.* With this 
value of the bending moment, the differential equation for the elastic curve, 
Eq. 11-10, at the critical load is 

( 13-2) 

by letting A 2 = Pf ( El), and transposing, gives 

( 13-3) 

This is an equation of the same form as the one for simple harmonic motion, 
and its solution is 

v = A sin AX + B cos AX (I 3-4) 

where A and B are arbitrary constants that must be determined from the 
conditions at the boundary. These conditions are 

Hence 

and 

v(O) = 0 and v(L) = 0 

v(O) = 0 = A sin O + B cos O or 

v(L) = 0 = A sin AL (I 3-5) 

Equation 13-5 can be satisfied by taking A = O; however, as can be 
seen from Eq. 13-4, this corresponds to a condition of no buckling of the 

*For the positive direction of the deflection v shown, the bending moment is negative. 
(Rotate the diagram through 90° counterclockwise.) If the column were deflected in the 
other direction, the moment would be positive. However, v would be negative. Hence, to 
make Pv positive, it must likewise be treated as a negative quantity. 
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11=1 

(a) 

column and for an instability problem represents a trivial solution. Alterna­
tively, Eq. 13-5 is also satisfied if the sine term vanishes. This requires that 
).L equal me, where n is an integer. Hence, using the earlier definition of). 
as ,j P/(El), and solving ,j P/(EJ)L = me for P, which is the critical force 
since it makes the curved shape possible, 

(13-6) 

However, since the least value of the critical or Euler load is sought, n in 
Eq. 13-6 must be taken as one. Therefore the Euler load formula* for a 
column pin-ended at both ends is 

II =2 

(b) (c) 

( 13-7) 

where I is the least moment of inertia of the con­
stant cross-sectional area of a column, and L is its 

n = 3 length. This case of a column with pinned or round 
ends at both ends is often referred to as the fun­
damental case. 

According to Eq. 13-4, at the critical load, the 
equation of the elastic curve is 

v = A sin lx (13-8) 

This is the characteristic function or eigenfunc­
tion of this problem, and, since n can assume any 
integral value, there is an infinite number of such 
functions. In this linearized solution the amplitude 
A of the buckling mode remains indeterminate. For 

Fig. 13-6. Pin -e nded column and its first n = 1, the elastic curve is a half-wave sine curve. 
three buckling modes This shape, together with the modes corresponding 

to n = 2 and n = 3, is shown in Fig. 13-6. The 
higher modes have no physical significance in bucking problems since the 
least critical load occurs at n = 1. 

*13-4. EULER FORMULAS FOR COLUMNS WITH DIFFERENT 
END RESTRAINTS 

The same procedure as that discussed in the preceding article can be 
used to determine the critical loads for columns with different boundary 
conditions. The solutions of these problems are very sensitive to the end 
restraints. Consider, for example, a column with one end fixed and the other 
pinned as shown in Fig. J 3-7 (where it is shown in a horizontal position for 

*This formula was derived by the great mathematician Leonhard Euler in 1757. 
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convenience). In this case, the unknown moment at the fixed end and the 
necessary support reactions to maintain the column in equilibrium must also 
be taken into account in setting up the differential equation for the elastic 
curve at the critical load: 

d2v M -Pv + M0 (1 - x/L) 
dx2 = EI = EI 

Letting A. 2 = P/(EI) as before, and transposing, gives 

dzv + A.2 = l2M•(1 - ~) 
dx 2 v P L 

( 13-9) 

( I 3-9a) 

The homogeneous solution of this differential equation , i.e. , when the right 
side equals zero, is the same as that given in Eq. 13-4. The particular solution, 
due to the nonzero right side, is given by dividing the term on that side by 
l 2. The complete solution is then given as 

v = A sin lx + B cos h + (M0 /P)(I - x/L) ( 13- I 0) 

where A and B are arbitrary constants and M 0 the unknown moment at the 
fixed end. The three boundary conditions, namely, v(O) = v(L) = 0 and 
v'(O) = 0 are then used and, analogously to Eq. 13-5, one obtains the tran­
scendental equation 

lL = tan lL (13-11) 

which must be satisfied for a nontrivial equilibrium shape of the column at 
the critical load. The smallest root* of Eq. 13-11 is 

ll = 4.493 

whence the corresponding critical load for a column fixed at one end and 
pinned at the other is 

P0 , = 20.19EI/L2 = 2.05n 2EI/L2 (13-12) 

•see S. P. Timoshenko and J. M. Gere, Theory of Elastic Stability (2nd ed.), New York: 
McGraw-Hill, 1961 . 
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In the case of a column fixed at both ends, Fig. 13-8(d), the critical 
load is 

Pc, = 4n 2EI/L 2 (13-13) 

The last two equations show that by restraining the ends the critical loads 
are substantially raised above those in the fundamental case, Eq. 13-7. On 
the other hand, the critical load for a free-standing column* (Fig. 13-8(b)) 
with a load at the top is 

Pc, = 1r
2£I/(4L2) (13-14) 

In this extreme case the critical load is only one-fourth of that for the funda­
mental case. 

p p p p 

' 

T 
L/4 
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Le= 0.7L 
L = L, L, = L/2 

I L,, = 2L 
\ 
\ 

' , 
\ 
\ 

L/4 
l.. 

p p p 

(a) (b) (c) (d) 

Fig . 13-8. Effective lengths of columns with different restraints 

All the above formulas can be made to resemble the fundamental case, 
providing that the effective column lengths are used instead of the actual 
column length. This length turns out to be the distance between the inflection 
points on the elastic curves, or hinges if there are any. The effective column 
length L. for the fundamental case is L, but for the cases discussed above it is 
0.7L, O.SL, and 2L, respectively. For a general case, L. = KL, where K is the 
effective length factor which depends on the end restraints. 

In contrast to the classical cases shown in Fig. 13-8, actual compression 
members are seldom truly pinned or completely fixed against rotation at the 
ends. Because of the uncertainty regarding the fixity of the ends, columns 

• A telephone pole having no external braces and with a heavy transformer at the top is 
an example. 

ART. 13-4 EULER FORMULAS FOR COLUMNS WITH DIFFERENT END RESTRAINTS 469 

www.konkur.in



are often assumed to be pin-ended. With the exception of the case shown in 
Fig. 13-S(b), where it cannot be used, this procedure is conservative. 

The above equations become completely misleading in the inelastic 
range and must not be used in the form given (see Art. 13-8). 

The critical-load formulas for columns are truly remarkable, since no 
strength property of the material appears in them, yet they determine the 
carrying capacity of a column. The only material property involved is the 
elastic modulus £, which physically represents the stiffness characteristic of 
the material. 

*13-5. ELASTIC BUCKLING OF COLUMNS USING 
FOURTH-ORDER DIFFERENTIAL EQUATION 

The Euler formulas for the critical loads of columns can also be ob­
tained by solving a fourth-order differential equation of the elastic curve at 
the critical load and using appropriate boundary conditions, depending on 
the end restraints. Such an equation can be obtained by considering the 
equilibrium of an infinitesimal element* as was done in the case of beams 
(Chapter 11), but here it suffices to note that it may be written in the form 

(13-15) 

where ,1. 2 = P/(EI) as before (note that two successive differentiations of 
Eq. 13-3 or 13-9a lead to Eq. 13-15). The solution of this fourth-order homo­
geneous differential equation and several of its derivatives are given as 

V = cl sin .A.X + C2 cos .A.X + C3X + C4 

v' = C 1,1. cos Ax - C2 A sin Ax + C3 

v" = - C 1A2 sinAx - C2,1. 2 cosAx 

v"' = -C1A3 cos Ax + C2 .A. 3 sin Ax 

For a pin-ended column, the boundary conditions are 

v(O) = 0, v(L) = 0, M(O) = Elv"(O) = 0 

and M(L) = Elv"(L) = 0 

(13-16a) 

(I 3-16b) 

(l 3-16c) 

(13-16d) 

Using these conditions with Eqs. 13-16(a) and (c), one obtains 

C2 + C4 = 0 

cl sin AL + C2 cos .A.L + C3L + C4 = 0 

- C2A2£/ = 0 

-C1A2£/sin,1.L- C2A2ElcosAL = 0 

•see E. P. Popov, Introduction to Mechanics of Solids, Englewood Cliffs, N.J.: Prentice­
Hall, 1968, p. 522. 
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p 

f L/2 

(a) 

To satisfy this set of equations, C1, C2 , C3 , and C4 could be set equal to zero, 
which, is a trivial solution however. A nontrivial solution demands that the 
determinant of the coefficients for a set of homogeneous algebraic equations 
be equal to zero. Therefore, with l 2 EI = P, 

0 0 I 

sinlL cos lL L 1 
= 0 

0 - P 0 0 

- Psin lL - Pcos lL 0 0 

The evaluation of this determinant leads to sin lL = 0, which is pre­
cisely the same condition as given by Eq. 13-5. 

This approach is advantageous in problems with different boundary 
conditions where the axial force and EI remain constant throughout the 
length of the column . The method cannot be applied if the axial force extends 
over only a part of a member. 

*13-6. ANALYSIS OF BEAM -COLUMNS 

A beam that is acted on by an axial compressive force in addition to 
transversely applied loads is referred to as a beam-column. Detailed treat­
ment of this topic will not be presented in this book,* but a simple case will 
be examined to illustrate the significant effect of the axial force in such prob­
lems. Consider, for example, an elastic beam-column subjected to an axial 
force P and an upward transverse load Fat its midspan, Fig. 13-9(a). The 
free-body diagram for the deflected beam-column is shown in Fig. I 3-9(b). 

t' 

tF 
::#!: p 

• 
p 

p X 
F/2 

L/2 X 

F/2 

(b) 

Fig. 13-9 

This diagram permits the formulation of the total bending moment M, which 
includes the effect of the axial force P multiplied by the deflection v. The 
total moment divided by EI could be set equal to the expression for the 

•see books on stability :for example, S. P. Timoshenko and J. M. Gere, Theory of Elastic 
Stability (2nd ed.), New York: McGraw-Hill, 1961, and A. Chajes, Principles of Structural 
Stability Theory, Englewood Cliffs, Prentice-Hall, 1974. 
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exact curvature, Eq. 11-8. However, this curvature will be taken as d2v/dx 2 

customarily; i.e., the expression M = Elv" will be accepted. This yields ac­
curate results only for small deflections and rotations, and the acceptance of 
this approximation will lead to infinite deflections at the critical loads. 

Thus, using the relation M = Elv" and noting that for the left side of 
the span M = -(F/2)x - Pv, one has 

Elv" = M = - Pv - (F/2)x (0 < x < L/2) 

or Elv" + Pv = -(F/2)x 

By dividing through by EI and letting;,, 2 = P/(EI), after some simplification, 
the governing differential equation becomes 

(0 < x < L/2) (13-17) 

The homogeneous solution for this differential equation has the well­
known form of the one for simple harmonic motion; the particular solution 
equals the right-hand term divided by ;,, 2 • Therefore, the complete solution is 

v = C1 sin h + C2 cos h - (F/2P)x (13-18) 

The constants C 1 and C2 follow from the boundary condition v(O) = 0 and 
from a condition of symmetry v'(L/2) = 0. The first condition gives 

v(O) = C2 = 0 

Since v' = c1;,, cos h - c2 ;,, sin h - F/(2P) 

with C2 already known to be zero, the second condition gives 

or 

v'(L/2) = c 1;,, codL/2 - F/(2P) = 0 

C1 = F/[2P). cos ().L/2)) 

On substituting this constant into Eq. I 3-18, 

F I . 1 F 
v = 2n cos ).L/2 Sill AX - 2Px (13-19) 

The maximum deflection occurs at x = L/2. Thus, after some simplifi­
cations, 

Vmax = [F/(2P).)](tan ).L/2 - ).L/2) (13-20) 

From this it can be concluded that the absolute maximum moment, occur­
ring at the midspan, is 

Mmax = 1-:L - Pvm•xl = i;,, tan;,,{ (13-21) 
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Note that the expressions given by Eqs. 13-19, 13-20, and 13-21 be­
come infinite if ).L/2 is a multiple of rr. /2 since this makes cos ).L/2 equal to 
zero and tan ).L/2 infinite. Stated algebraically this occurs when 

J..L _ / P !:_ _ nrr. 
2 - 'Y El 2 - 2 (13-22) 

where n is an integer. Solving this equation for P, one obtains the magnitude 
of P causing either infinite deflections or bending moment. This corresponds 
to the condition of the critical axial force P0 , for this bar : 

( 13-23) 

For the smallest critical force, the integer n = I. This result is the Euler buck­
ling load that was discussed in Arts. 13-3 and 13-4. 

It is significant to note that bending moments in slender members may 
be substantially increased by the presence of axial compressive forces, Eq. 
13-21. When such forces exist, the deflections caused by the transverse load­
ing are magnified, as given by Eqs. 13-19 and 13-20 (for example, verify that, 
for J..L/2 = n/4, Vmax = FL3 /(36E/) > FL3 /(48E/), which is the maximum 
deflection in the absence of P, i.e., ).. = 0). For tensile forces, on the other 
hand, the deflections are reduced. 

13-7. LIMITATIONS OF THE EULER FORMULAS 

The elastic modulus E was used in the derivation of the Euler formulas 
for columns, therefore, all the reasoning presented earlier is applicable while 
the material behavior remains linearly elastic. To bring out this significant 
limitation, Eq. 13-7 will be written in a different form. By definition,/ = Ar2, 
where A is the cross-sectional area and r is its radius of gyration. Substitution 
of thi s relation into Eq. 13-7 gives 

rr. 2£/ 1t2EAr2 
Pc, = ---yy:- = ~ 

or 
Pc, rr. 2E 

Cle,= A = (L/r)2 (13-24) 

where the critical stress cr0 , for a column is defined as P0 ,/A, i.e., as an 
average stress over the cross-sectional area A of a column at the critical load 
P

0
,. The length* of the column is L, and r is the least radius of gyration of 

the cross-sectional area, since the original Euler formula is in terms of the 
minimum I. The ratio L/r of the column length to the least radius of gyration 

*By using the effective length Lo, the expression becomes general. 
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is called the column slenderness ratio. No factor of safety is included in the 
above equation. 

A graphical interpretation of Eq. 13-24 is shown in Fig. 13-10, where the 
critical column stress is plotted versus the slenderness ratio for three different 
materials. For each material E is constant, and the resulting curve is a 
hyperbola . However, since Eq. 13-24 is based on the elastic behavior of a 
material, O'er determined by thi s equation cannot exceed the proportional 
limit of a material. Therefore the hyperbolas shown in Fig. 13-10 are drawn 
dashed beyond the individual material's proportional limit, and these por­
tions of the curves cannot be used. The necessary modifications of Eq. I 3-24 
to include inelastic material response will be discussed in the next article. 
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Fig. 13-10. Variation of the critical column stress with the slenderness 
ratio for three different materials 

The useful portions of the hyperbolas do not represent the behavior of 
one column, but rather the behavior of an infinite number of ideal columns. 
For example, a particular steel column, say with an L/r = 120, may at the 
most carry a load of a 1A . Also note that O'er always decreases with increasing 
ratios of L /r. Moreover, note that, a precise definition of a long column is 
now possible with the aid of these diagrams. Thus, a column is sa id to be long 
if the elastic Euler formula applies. The beginning of the long-column range 
is shown for three materials in Fig. 13-10. 

CHAP. 13 COLUMNS 

EXAMPLE 13-1 

Find the shortest length L for a pin-ended steel column having a cross-sec­
tional area of 60 mm by 100 mm for which the elastic Euler formula applies. 
Let E = 200 x 109 Pa and assume the proportional limit to be at 250 MPa. 

SOLUTION 

The minimum moment of inertia of the cross-sectional area Irn i• = 
(0.100)(0.06)3/12 = 1.8 x 10- 6 m 4 . Hence 
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... 

(T 

(a) 

_ _ / / min_ / J.8 X lQ- 6 _ IT 10-2 
r - rmin - ,YA - ,Y (0.06)(0.100) - ,v J X m 

Then, using Eq. 13-24, a c, = n 2E/(L/r) 2• Solving it for the L /r ratio at the 
proportional limit, 

(!::..)2 - 7t 2£ - 7t 2(200)J09 - 2 
r - <7c, - (250)106 -

8007t 

or L - = 88.9 and L = (88.9) ~ x 10- 2 = 1.54 m r 

Therefore, if this column is 1.54 m or more in length, it will buckle 
elastically as, for such dimensions of the column, the critical stress at buckling 
will not exceed the proportional limit for the material. 

13-8. GENERALIZED EULER BUCKLING-LOAD FORMULAS 

A typical compression stress-strain diagram for a specimen that is 
prevented from buckling is represented in Fig. 13-1 l(a). In the stress range 
from O to A, the material behaves elastically. If the stress in a column at 
buckling does not exceed this range, the column buckles elastically. The 
hyperbola expressed by Eq. 13-24, a c, = n 2E/(L/r2), is applicable in such a 
case. This portion of the curve is shown as ST in Fig. 13-1 l(b) . It is important 
to recognize that this curve does not represent the behavior of one column 
but rather the behavior of an infinite number of the ideal columns of different 
lengths. The hyperbola beyond the useful range is shown in the figure by 
dashed lines. 

0 

(b) 

y Euler's hyperbola 

Proportional limit 

Intermediate Long columns 

Short 

Fig. 13-11. (a) Compression stress-strain diagram; (b) critical stress 
in columns versus slenderness ratio 

L/r 
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A column with an L/r ratio corresponding to point Sin Fig. 13-ll(b) 
is the shortest column of a given material and size that will buckle elasti­
cally. A shorter column, having a still smaller L/r ratio, will not buckle at 
the proportional limit of the material. On the compression stress-strain 
diagram, Fig. I 3-1 l(a), this means that the stress level in the column has 
passed point A and has reached some point B perhaps. At this higher stress 
level, it may be said that a column of different material has been created, in 
effect, since the stiffness of the material is no longer represented by the 
elastic modulus. At this point, the material stiffness is given instantaneously. 
by the tangent to the stress-strain curve, i.e., by the tangent modulus E,. 
The column remains stable if its new flexural rigidity E,l at B is sufficiently 
great, and it can carry a higher load. As the load is increased, the stress level 
rises, whereas the tangent modulus decreases. A column of ever "less stiff 
material" is acting under an increasing load. Substitution of the tangent 
modulus E, for the elastic modulus Eis then the only modification necessary 
to make the elastic buckling formulas applicable in the inelastic range. Hence 
the generalized Euler buckling-load formula, or the tangent modulus for­
mula* becomes 

( 13-25) 

Since stresses corresponding to the tangent moduli can be obtained 
from the compression stress-strain diagram, the L/r ratio at which a column 
will buckle with these values can be obtained from Eq. 13-25. A plot repre­
senting this behavior for low and intermediate ratios of L/r is shown in Fig. 
13-11 (b) by the curve from R to S. Tests on individual columns verify this 
curve with remarkable accuracy.t 

As mentioned earlier, columns that buckle elastically are referred to 
sometimes as long columns. Columns having low L/r ratios exhibiting es­
sentially no buckling phenomena are called short columns. At low L/r ratios, 
ductile materials "squash out" and can carry very large loads. 

If the length Lin Eq. 13-25 is treated as the effective length of a column, 
different end conditions can be analyzed. Following this procedure, for 
comparative purposes plots of critical stress ac, versus the slenderness ratio 
L/r for fixed-ended columns and pin-ended ones are shown in Fig. 13-12. It 
is important to note that the carrying capacity for the two cases is in a ratio 

•The tangent modulus formula gives the carrying capacity of a column defined at the 
instant it tends to buckle. As a column deforms further, the fibers on the concave side 
continue to exhibit approximately the tangent modulus £,. The fibers on the convex side, 
however, are relieved of some stress and rebound with the original elastic modulus £. 
These facts led to the establishment of the so-called double-modulus theory of load-carrying 
capacity of columns. The end results as obtained by this theory do not differ greatly from 
those obtained by the tangent modulus theory. For further details and significant refine­
ments see F. R. Shanley, "Inelastic Column Theory," Journal of Aeronautical Sciences, 
Vol. 14, no. 5 (May 1947); and F. Bleich, Buckling Strength of Metal Structures, (New 
York: McGraw-Hill, 1952). 

tSee Bleich, Buckling Strength of Metal Structures, p. 20. 
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Fig. 13-1 2. Comparison of the behavior of columns with different end 
conditions 

L/r 

of 4 to l only for columns having the slenderness ratio (L/r) 1 or greater. For 
smaller L/r ratios, progressively less benefit is derived from restraining the 
ends. At low L/r ratios the curves merge. It makes little difference whether a 
"short block" is pinned or fixed at the ends as strength rather than buckling 
determines the behavior. 

*13-9. THE SECANT FORMULA 

-.--ll:==31--.-- Y, V 

A different method of analysis may be used to determine the capacity 
of a column than was discussed above. Since no column is perfectly straight 
nor are the applied forces perfectly concentric, the behavior of real columns 
may be studied with some statistically determined imperfections or possible 
misalignments of the applied loads. Then, for the design of an actual column, 
which is termed "straight," a probable crookedness or an effective load eccen­
tricity may be assigned. Also there are many columns where an eccentric 
load is deliberately applied. Thus, an eccentrically loaded column can be 
studied and its capacity determined on the basis of an allowable elastic 
stress. This does not determine the ultimate capacity of a column. 

L 

e X 

p 

X 

Fig.13-13.An eccen­
trically loaded col­
umn for derivation of 
the secant formula 

To analyze the behavior of an eccentrically loaded column, consider 
the column shown in Fig. 13-13. If the origin of the coordinate axes is taken 
at the upper force P, the bending moment at any section is - Pv, and the 
differential equation for the elastic curve is the same as for a concentrically 
loaded column, i.e., as in Eq. 13-2, 
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where, by again letting ,l =--./ P/(£1), the general solution is as before, in 
Eq. 13-4, 

v = A sin A.x + B cos Ax 

However, the remainder of the problem is not the same, since the boundary 
conditions are now different. At the upper end, v is equal to the eccentricity 
of the applied load, i.e., v(O) = e. Hence B = e, and Eq. 13-4 becomes 

v = A sin Ax + e cos A.x (13-26) 

Next, noting that, by virtue of symmetry, the elastic curve has a vertical 
tangent at the mid-height of the column, 

v'(L/2) = 0 

Therefore, by setting the derivative of Eq. 13-26 equal to zero at x = L/2, 
it is found that 

A = e sin ,lL/2 
cos ,lL/2 

Hence the equation for the elastic curve is 

_ (sin A.L/2 . ) 
v - e cos A.L/2 sm Ax + cos Ax (I 3-27) 

No indeterminacy of any constants appears in this equation, and the maxi­
mum deflection vmax can be found from it. This maximum deflection occurs 
at L/2, since at this point the derivative of Eq. 13-27 is equal to zero. Hence 

_ _ (sin2 ,lL/2 ,lL) _ },,L 
v(L/2) - vmax - e cos },,L/2 + cos T - e sec T 

In the column shown in Fig. 13-13, the largest bending moment Mis devel­
oped at the point of maximum deflection and numerically is equal to Pvm,r 
Therefore, since the direct force and the largest bending moment are now 
known, the maximum compressive stress occurring in the column (contrast 
this with the average stress P/ A acting on the column) can be computed by 
the usual formula, as 

_ p + Mc _ P + Pvmaxc _ P (t + ec sec ?L) 
<1 max - A I - A Ar2 - A r2 2 

But },, = --.f P/(EI) = --./ P/(EAr 2), hence 

P ( ec L /P) 
<1max = A I + ,r sec, ,y 4EA (13-28) 

This equation, since it contains a secant term, is known as the secant formula 
for columns, and it applies to columns of any length provided the maximum 
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stress does not exceed the elastic limit. A condition of equal eccentricities of 
the applied forces in the same direction causes the largest deflection. 

Note that in Eq. 13-28 the radius of gyration r may not be minimum, 
since it is obtained from the value of/ associated with the axis around which 
bending occurs. In some cases a more critical condition for buckling can 
exist in the direction of no definite eccentricity. Also note that in Eq. 13-28 
the relation between CTmu and P is not linear; CTmax increases faster than P. 
Therefore the solutions for maximum stresses in columns caused by different 
axial forces cannot be superposed; instead the forces must be superposed first, 
and then the stresses can be calculated. 

For an allowable force P0 on a column, where n is the factor of safety, 
nP0 , must be substituted for Pin Eq. 13-28, while CTmax must be set at the 
yield point of a material, i.e., 

_ _ nP0 (i + ec c .!::._ / nP0 ) 

<1max - <1yp - A r2 se r '\/ 4EA ( 13-29) 

This procedure assures a correct factor of safety for the applied force, since 
such a force can be increased n times before a critical stress is reached. Note 
the term nP0 appearing under the radical. 

Equations 13-28 and 13-29 having been established, mathematically the 
problem is solved. However, the application of these equations to design is 
very cumbersome. They can be solved by trial-and-error procedures, or they 
can be studied graphically. Such a study is shown in Fig. 13-14.* In this 

(a) 

p 

p 
0 

(b) 

rr, ksi 

100 200 

Fig . 13-14. Results of analysis for different columns by the secant 
formula 

L/r 

*This figure is taken from a paper by D. H. Young, on "Rational Design of Steel Columns," 
Trans., ASCE, 1936, vol. 101, p. 431. 
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plot, note the large effect that the load eccentricity has on short columns 
and the negligible one on very slender columns. Graphs of this kind form a 
suitable aid in practical design. The secant equation covers the whole range 
of column lengths. The greatest handicap in using this formula is that some 
eccentricity e must be assumed even for supposedly straight columns, and 
this is a difficult task.* 

The secant formula for short columns reverts to a familiar expression 
when L/r approaches zero. For this case, the value of the secant approaches 
unity, hence, in the limit, Eq. 13-28 becomes 

<I max 

a relation normally used for short blocks. 

13-10. DESIGN OF COLUMNS 

For economy, the cross-sectional areas of columns, other than short 
blocks, should possess the largest possible least radius of gyration. This 
gives a smaller L/r ratio, which permits the use of a higher stress. Tubes form 
excellent column . Wide-flange sections (which are sometimes called H sec­
tions) are superior to I sections. In columns built up from rolled or ex­
truded shapes, the individual pieces are spread out to obta in the desired 
effect. Cross sections for typical bridge compression members are shown 
in Figs. 13-IS(a) and (b), for a boom in Fig. 13-15(c), and for an o rdina ry 
truss in Fig. 13-15(d). The angles in Fig. 13-lS(d) are separated by spacers. 
The main shapes of Figs. 13-IS(a), (b), and (c) are laced (or latticed) together 
by light bars, as shown in Figs. I 3-1 S(e) and (f). 

Obtaining a large r by placing a given amount of material away from 
the centroid of an area, as illustrated above, can reach a limit. The material 
can become so thin that it crumples locally. This behavior is termed local 
instability. When failure caused by local instability takes place in the flanges 
or the component plates of a member, the compression member becomes 
unserviceable. An illustration of local buckling is shown in Fig. 13-16. It is 
usually characterized by a change in the shape of a cross section . The equa­
tions derived earlier are for the instability of a column as a whole, or for 
primary instability. Discussion of the possibility of torsional instability , 
exemplified by the twisting of a whole section (which is a form of primary 
instability), is beyond the scope of this text. 

*Moreover, there is some question as to the philosophical correctness of the secant formula . 
The fact that the stress reaches a certain value does not mean that the column buckles, i.e. 
stress is not a measure of buckling load in every case. It can be shown that an additional 
axial load can be resisted beyond the point where the maximum stress at the critical section 
is reached . See F. Bleich, Buckling Strength of Metal Structures, New York: McGraw-Hill, 
1952, Chapter J. 
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Fig. 13-15. Typical built-up cross sections 
of columns 

Lacing 

Fig . 13-16. Examples of local instability in 
columns 

After the chaotic situation that existed for many years with regard to 
the column-design formulas, now that the column-buck.ling phenomenon is 
more clearly understood only a few formulas are in common use. In most 
widely used specifications, a pair of formulas is given. One formula is used 
for small and intermediate values of L/r; the other is used for slender columns 
with large values of L/r. In the range of small and intermediate values of 
L/r, either a parabola or a straight line with a stipulated maximum is em­
ployed to define the critical stresses. For large values of L/r, Euler's hyperbola 
for the elastic response is used: See Fig. 13-17. Sometimes the equations of 
the two complementary formulas have a common tangent at a selected value 
of L/r. A few specifications make use of the secant-formula approach with an 
assumed eccentricity based on the manufacturing tolerances. 

In applying the design formulas it is important to observe the followi ng 
items: 

1. The material for which the formula is written. 
2. Whether the formula gives the working load (or stress) or whether it 

estimates the ultimate carrying capacity of a member. If the formula is of the 
latter type, a safety factor must be introduced. 

3. The range of the applicability of the formula. Some empirical formulas can 
lead to unsafe design if used beyond the specified range. (See Fig. 13-17(b).) 
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(a) 
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Vertex or parabola 
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Poin t or tangency 
Euler's hyperbola 

(L/r) 1 

Euler's hyperbol a 

L/r 

Possible stress 
level cutoff 

0 

(b) 

(L/r) 1 

Fig. 13-17. Typical column-buckling curves for design 

13-11 . CO LUM N FORMU LAS FOR CO NCENTRIC LOADING 

L/r 

As examples of column-design formulas for nominally concentric load­
ing, representative formulas for structural steel, aluminum alloy, and wood 
are given below. Formulas for eccentrically loaded columns are considered 
in the next article. 

Column Formulas fo r Structu ral Steel 

The American Institute of Steel Construction* recommends the use of column 
formulas patterned on the scheme illustrated in Fig. 13- l 7(a). Since steels of 
many different yield strengths are manufactured, the formulas are stated in 
terms of a YP' which varies for different steels. The elastic modulus E for all 
steels is approximately the same. Euler's elastic buckling formula is specified 
for the slender col umns beginning with (L/r ) 1 = Cc occurring at the slender­
ness ratio corresponding to one-half of the yield stress a YP of the steel. In 
order to fulfill this assumption, from Eq. 13-24, the slenderness ratio Cc = 
(L/r) 1 = ,j2n2E/ayp · By using this equation, with E = 29 x 103 ksi, the 
allowable stress for columns having a slenderness ratio larger than Cc be­
comes 

O'allow = 149,000/(L./r)2 [ksi] (I 3-30) 

where L. is the effective column length. A safety factor of 1.92 with respect to 
buckling is incorporated in Eq. 13-30. No column is permitted to exceed an 
L0 /r of 200. 

*See A/SC Steel Construction Manual (7th ed.), New York: AISC, 1970. 
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For an L./r ratio less than Cc, AISC specifies a parabolic formula: 

_ [I - (L./r)2/(2C:)Jarp 
<Tallow - F.S. [ksi] (13-31) 

where F.S., the factor of safety, is defined as 

F.S. = ! + 3(L./r)/(8Cc) - (L./r)/(8CD 

It is interesting to note that F.S. varies, being more conservative for the larger 
ratios of L,/r. The equation chosen for F.S. approximates a quarter sine curve 
with the value of 1.67 at zero L,/r and 1.92 at Cc. An allowable st ress versus 
slenderness ratio for axially loaded columns of several kinds of structural 
steels is shown in Fig. 13-18. 

\ 
\ 
\ 

60i,c-----+-- ---l>---+----

0 

hyperbola 

Stress from Euler's hyperbola 
-:- 1.92 for L/r > (_~ 

', .... ...... ... _ ------... 

40 80 120 160 200 

Fig. 13-18. Allowable stress for concentrically loaded columns per 
AISC specifications 

Column Formulas for Aluminum Alloys 

L,/ , 

A large number of aluminum alloys are available for engineering applications. 
The yield and the ultimate strengths of such alloys vary over a considerable 
range. The elastic modulus for the alloys, however, is reasonably constant, 
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and the Aluminum Company of America recommends the use of a factor of 
102,000 ksi to represent the quantity n2E.* Hence, using Eq. 13-24, the 
ultimate strength formula for long columns with effective length L. is 

<1cr = 102,000/(L./r)2 [ksi] (13-32) 

An inclined straight line, as in Fig. 13-l 7(b ), is used for the column­
strength curve for low and intermediate values of L./r. For some alloys this 
straight line is so chosen as to be tangent to Euler's hyperbola; for others, an 
angle is formed as in the figure. As an example, drawn from a very large 
number of cases given in the ALCOA handbook, for an extruded 2024-T4 
alloy, 

<1cr = 44.8 - 0.313(L./r) [ksi] (0 < (L./r) < 64) (I 3-33) 

In applying this particular formula the L./ r ratio must not exceed 64. Extrap­
olations of such formulas beyond their range of applicability is impermissible 
as they may give values of higher stress than that which is possible at Euler's 
buckling load. A factor of safety must be applied with Eqs. 13-32 and 13-33. 

Column Formulas for Wood 

The National Lumber Manufacturers Associationt recommends the use of 
the Euler buckling-load formula for solid wood columns. According to the 
recommendation the allowable stress is 

G allow = 7r 2£ /[2.727(L/r)2
] = 3.619£/(L/r) 2 (13-34) 

Here the allowable stress cannot exceed the value for compression of short 
blocks parallel to the grain for the particular species of wood. These stresses 
are increased for short-duration loading and are decreased for sustainecl 
loading. This formula is applicable for pin- and "square"-ended conditions. 

For columns of square or rectangular cross section Eq. 13-34 becomes 

<1,now = 0.30£/(L/d)2 

where dis the smallest side dimension of a member. 

(13-35) 

EXAMPLE 13-2 

Compare the allowable axial compressive loads for a 3 in. by 2 in by ¼ in. 
aluminum-alloy angle 43.5 in. long (a) if it acts as a pin-ended column, and 
(b) if it is so restrained that its effective length L. is 0.9L. Assume a factor of 
safety of 2.5 and that Eqs. 13-32 and 13-33 apply. 

•see ALCOA Structural Handbook (8th ed.), Pittsburgh, Pa.: Aluminum Company of 
America, 1960, p. 110. 

t NLMA National Design Specification, Washington, D.C.: National Lumber Manufac­
turers Association, 1962. 
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SOLUTION 

The proportions of al uminum-alloy angles are the same as those of steel. 
Hence, from Table 7 of the Appendix, for this size angle, the least radius 
of gyration r = 0.435 in., and its area A = 1.19 in. 2 • The solution follows by 
applying Eq. 13-32 and using the specified factor of safety. Case (a): L. = L 
= 43 .5 in., L 0 /r = 43.5/(0.43 .5) = 100. 

102,000,000 10 200 . 
<le,= (L./r)2 = ' psi 

P er= A<ler = (1.19)10,200 = 12,100 lb 

P allow = :S. = 
12

/ 5
00 

= 4,830 lb 

Case (b) : L0 = 0.9L = 39.5 in., L0 /r = (39.5)/(0.435) = 90, and <1er = 
12,600 psi. 

P e, = Aae, = (1.19)12,600 = 15,000 lb 

P,now = :.S. = 
15
2~ = 6,000 lb 

EXAMPLE 13-3 

Using AISC column formulas, select a 15 ft long pin-ended column to carry 
a concentric load of 200 kips. The structural steel is to be A441, having 
(1 yp = 50 k Si . 

SOLUTION 

The required size of the column can be found directly from the tables in 
the AISC Steel Construction Manual. However, this example provides an 
opportunity to demonstrate the trial-and-error procedure that is so often 
necessary in design, and the solution presented follows from using this method. 

First try: Let L/r = 0 (a poor assumption for a column 15 ft long). 
Then, from Eq. 13-31 , since F.S. = j, <Tallow = 50/(F.S.) = 30 ksi and 
A = P/a, 110w = 200/30 = 6.67 in .2 From Table 4 in the Appendix·, this re­
quires a W 8 x 24 section, whose rm in = 1.61 in. Hence L/r = 15(12)/(1.61) 
= 112. With this L/r, the allowable stress is found using Eq. 13-30 or 13-31, 
whichever is applicable depending on Cc: 

hence 

Cc = ,,,/2n 2E/<1yp = ,,,/2n 2 x 29 x 103/50 = 107 < L/r = 112 

<T allow= 149,000/(112)2 = 11.9 ksi 

This is much smaller than the initially assumed stress of 30 ksi, and another 
section must be selected. 

Second try : Let a allow = 11.9 ksi as found above. Then A = 200/ 11.9 
= 16.8 in.2 requiring a W 8 x 58 section having rm in = 2.10 in. Now L /r 
= 15(12)/(2.10) = 85.7, which is less than Cc found above. Therefore, Eq. 
13-31 applies, and 

F.S. = i + 3(85.7)/(8 X 107) - (85.7)3/(8 X 1073) = 1.90 

and <Tallow= [1 - (85.7)2/(2 X 1072))50/(1.90) = 17.9 ksi 
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p 

Fig. 13-19. An ec­
centrically loaded 
column 

This stress requires A = 200/17.9 = 11.2 in. 2, which is met by a W 8 x 40 
section with rmin = 2.04 in. A calculation of the capacity for this section shows 
that the allowable axial load for it is 204 kips, which meets the requirements 
of the problem. 

*13-12. COLUMN FORMULAS FOR ECCENTRIC LOADING 

In practice, columns are designed for load that may be eccentrical­
ly applied either intentionally or due to accidental reasons. The secant type 
formulas discussed in Art. 13-9 have been used in the past as a rational 
approach to the design of such columns. However, the results are unduly 
conservative and, in addition, such formulas are rather cumbersome to work 
with. Alternatively, two other methods, which have found acceptance in 
practice, are discussed in this article. 

Allowable Stress Approach 

The maximum compressive stress in an eccentrically loaded column may be 
computed approximately as is done for short blocks, i.e., 

P Mc P Pee 
(1 max = A + T = A + T (13-36) 

where Pe is the bending moment caused by the applied loads. The column 
can then be designed simply by setting this maximum stress to the allowable 
column stress as given by any one of the formulas for axially loaded columns . 
The resulting design procedure is usually rather conservative, but has the 
merit of being very simple to apply. For example, usi ng Eq. 13-33 for 2024-T4 
aluminum alloy with an appropriate factor of safety (F.S .) and restricting 
L/r to be less than or equal to 64, 

_ <10 , _ 44.8 - 0.313L/r _ .!_ + Pee 
<1max - F.S. - F.S. - A I 

This method is applicable only for columns with moderate L/r, since 
the secondary (additional) bending moments due to the elastic deflection are 
not negligible for long, slender members, Fig. 13-19. The theory of beam­
columns, which was only briefly discussed in Art. I 3-6 (see Fig. 13-9), is 
needed to deal with such slender members . 

Interaction Approach 

In an eccentrically loaded column, much of the total stress may result from 
the applied moment. However, the allowable stress in .flexure is usually higher 
than the allowable axial stress. Hence for a particular column, it is desirable 
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to accomplish some balance between the two stresses, depending on the 
relative magnitudes of the bending moment and the axial force . Thus, since 
in bending, a = Mc/I= Mc/Ad where r 1 is the radius of gyration in the 
plane of bending, in effect the area Ab required by the bending moment Mis 

where a ab is the allowable maximum stress in bending. (Also see Art. 13-13.) 
Similarly, the area Aa required for the axial force P is 

Aa=_!__ 
aaa 

where <1aa is the allowable axial average stress for the member acting as a 
column, and which depends on the L/r ratio. Therefore the total area A 
required for a column subjected to an axial force and a bending moment is 

(13-37) 

Whence, dividing by A, 

or (13-38) 

where aa is the axial stress caused by the applied vertical loads, and a b is the 
bending stress caused by the applied moment. If a column is carrying only an 
axial load and the applied moment is zero, the formula above indicates that 
the column is designed for the stress a aa· On the other hand, the allowable 
stress becomes the flexural stress a ab if there is no direct compressive force 
acting on the column. Between these two extreme cases, Eq. I 3-38 measures 
the relative importance of the two kinds of action and specifies the nature of 
their interaction. Hence, it is often referred to as an interaction formula and 
serves as the basis for the specifications in the AISC manual, where it is 
stated that the sum of these two stress ratios must not exceed unity. The same 
philosophy has found favor in applications other than those pertaining to 
structural steel. The Aluminum Company of America suggests a similar 
relation. The Forest Products Laboratory developed a series of formulas to 
serve the same purpose. 

In terms of the notations used by the AISC, Eq. 13-38 is rewritten as 

(13-39) 

In practice, the eccentricity of the load on a column may be such as to cause 
bending moments about both axes of the cross section. Equation 13-39 is 
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then modified to 

(I 3-40) 

The subscripts x and y combined with the subscript b indicate the axis of 
bending about which a particular st ress applies, and 

Fa = allowable axial stress if axial force alone existed 

Fb = allowable compressive bending stress if bending moment alone existed 

fa = computed axial stress 

fb = computed bending stress 

At points that are braced in the plane of bending, Fa is equal to 60 per cent 
of Fy, the yield stress of the material , and 

(13-41) 

At intermediate points in the length of a compression member, the secondary 
bending moments due to deflection (see Fig. 13-19) can contribute signifi­
cantly to the combined stress. Following the AISC specifications, this con­
tribution is neglected in cases where !al Fa is less than 0.15, i.e ., the axia l stress 
is small in relation to the allowable axial stress, and Eq . 13-41 can still be 
used. When !al Fa is greater than 0.15, the effect of the additional secondary 
bending moments may be approximated by multiplying both fb.< and fby by 
an amplification factor, Cml[l - Ua/F:)], which takes into account the 
slenderness ratio in the plane of bending and also the nature of the end 
moments . The term in the denominator of the amplification factor brings in 
the effect of the slenderness ratio through the use of F:, the Euler buckling 
stress (using L0lr in the plane of bending) divided by 23112, or 1.92, which is 
the AISC factor of safety for a very long column with L.lr greater than 
Cc. (See Art. 13-11 for a definition of Cc. ) It can be noted that the amplifica­
tion factor increases as fa increases and blows up as fa approaches F :. The 
term Cm, in the numerator, is a correction factor that takes into account the 
ratio of the end moments as well as their relative sense of direction. The 
term Cm is larger if the end moments are such that they cause a single curva­
ture of the member, and smaller if they cause a reverse curvature. The formula 
for !al Fa > 0.15 then becomes 

(13-42) 

According to the AISC specifications,* the value of Cm shall be taken as 
follows: 

• A/SC Steel Construction Manual (7th ed.), New York : AISC, 1970, pp. 5-23. 
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I. For compression members in frames subject to joint translation (sidesway), 
Cm= 0.85. 

2. For restrained compression members in frames braced against joint 
translation and not subject to transverse loading between their supports in the 
plane of bending, 

(but not less than 0.4) where M 1/M2 is the ratio of the smaller to larger 
moments at the ends of that portion of the member unbraced in the plane of 
bending under consideration. M 1/M2 is positive when the member is bent in 
reverse curvature and negative when it is bent in single curvature. 

3. For compression members in frames braced against joint translation in the 
plane of loading and subjected to transverse loading between their supports, 
the value of Cm can be determined by rational analysis. However, in lieu of 
such analysis, the following values may be used: (a) for members whose ends 
are restrained , Cm = 0.85; (b) for members whose ends are unrestrained, 
Cm = 1.0. 

EXAMPLE 13-4 

30 k 20 k 

Select an aluminum column for the loading shown in Fig. 13-20 by the 
allowable stress method, using Eq. 13-33 and a factor 
of safety of 2.5. 

' 
8.8 in. 

\ 
Braced at this level 

8 ft 

Fig . 13-20 

SOLUTION 

In this problem, the following relation must be satisfied: 

30 + 20 + 20(8.8) < (l er 

A S - F .S. 

or 5J + 1;6 ~ 44.8 -rs313L./r = 17.9 - 0.125~• 

where, r, A, and S depend on the column selected. A 
trial-and-error procedure is used to solve the problem. 

First Try : Let the maximum stress due to the 
loads be equal to the allowable stress corresponding to 
L 0 / r = 0 (although it is a poor assumption for a column 
8 ft. long). Then 

5J + 1; 6 
= 17.9 

or, defining A/S = B, where Bis termed the bending factor,* 

5J + 11;8 = 17.9 

*The first try can also be made by completely ignoring the bending moment but will result 
in a poorer estimate. Bending factors B x around the x-axis, and B y around the y-axis are 
listed in aluminum and steel construction manuals. 
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Whence A = (50 + 176B)/17.9 = 6.7 in. 2 if Bis assumed to be 0.4. Try an 
8 WF 8.32 section* with a Bx= 0.337, rmin = 1.61 in., and A = 7.08 in. 2 • 

Hence L./r = 8(12)/1.61 = 60 

CT,11nw = 17.9 - 0.125(60) = 10.4ksi 

CT due to loads = 50/(7.08) + 176(0.337)/(7.08) = 15.4 ksi 

These stresses disagree greatly; hence a larger section must be tried. 

Second Try: 8 WF 11.24 sectiont with an average Bx= 0.337, rmin = 
1.88, and A = 9.55 in. 2 • Hence L,/r = 8(12)/1.88 = 51.1, and 

O"anow = 17.9 - 0.125(51.J) = J 1.5 ksi 

CT due to loads = 50/(9.55) + 176(0.337)/(9.55) = 11.4 ksi 

Therefore this 8 WF 1 J .24 section is satisfactory. 

EXAMPLE 13-5 

Using the ATSC specifications, select a steel column for the loading shown 
in Fig. 13-21 , assuming that it is braced at the ends against sidesway bending 

in both of its bending planes . Assume£ = 29 x 103 ksi, 
Fy = 50 ksi , and Fb = 30 ksi. 

P = 200 k 

M2 = 800 k-in . 

15 ft 

Levels of 
bracing 

M
1 
= 300 k-in . 

P = 200 k 

Fig . 13-21 

SOLUTION 

In this problem, the interaction formulas Eq. 13-40 or 
Eq. 13-42 must be satisfied, depending upon whether 
la/Fa is less than or greater than 0.15 . The solution is 
obtained by trial-and-error process as outlined below. 

First Try: Let L./r = 0, although it is a poor 
assumption for a 15 ft. column. Corresponding to this 
value of the slenderness ratio, Fa can be calculated, 
using Eq. 13-31, as Fa = 50/(5/3) = 30 ksi. The required 
area of the section can then be computed using Eq. 
13-40: 

Since 

or 

M MAM 
J;, = s = As = ABx 

X X 

and 
p 

!. = A 

*See Aluminum Construction Manual, 1959, p. 186. Aluminum sections are designated by 
first giving the depth in inches, followed by WF which means wide-flange beam, and lastly 
by giving the weight in pounds per linear foot. The proportions of steel and aluminum 
sections often are very nearly the same. The geometrical properties of 8 WF 8.32 closely 
correspond to a W 8 x 24 steel section listed in Table 4 of the Appendix. 

tNo corresponding steel section is listed in Table 4 of the Appendix. 
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For any one depth of section, the value of Bx does not vary a good deal. 
Therefore, if a W 10 section is to be chosen, a typical value of B x is about 
0.264 (check a few values of Af Sx in Table 4 of the Appendix). Then 

A _ 200 + (800)(0.264) _ 13 7 . 2 
- 30 30 - · m. 

Select a W 10 X 49 section with A = 14.4 in. 2, rmin = 2.54 in., rx = 
4.35 in., and Bx = 0.264, and carry out the calculations necessary to verify 
if the appropriate interaction formula (Eq. 13-40 or Eq. 13-42) is satisfied. 

fa = ~ = i~ = 13.9ksi; r = MBx = (800)(0.264) = 14 7 k . 
Jb A 14.4 . SI 

b_ = 15 x I 2 = 70.9 < Cc 
rm in 2.54 (Cc= .,,/2n 2E /Fy = 107) 

Using Eq. 13-31, Fa = 19.3 ksi, /./Fa= 13.9/19.3 = 0.72 > 0.15; hence 
the interaction formula of Eq. 13-42 must be checked. For this purpose, using 
L 0 frx in the plane of bending, one determines 

, 12n2£ 149 x 103 149 x 103 • 

Fo = 23(L
0
/r.,)2 = (15 X 12/4.35)2 = (41.4)2 = 86·9 kSI 

Then, since the end moments subject the column to a single curvature, 
M 1/M 2 = - 600/800 = -0.75, and 

Cm = 0.6 - 0.4M1/M 2 = 0.6 - (0.4)(-0.75) = 0.9 

With bending taking place in one plane only, Eq. 13-42 reduces to 

J. + Cm!,, < 1 0 
Fa (1 - f./F,)Fb - . 

On substituting the appropriate quantities into this relation, 

13.9 (0.9)(14.7) 
19.3 + (I - 13.9/86.9)30 = o.72 + 0·52 = 1.24 > 1.0 

Since Eq. 13-42 is violated, this is not acceptable, and a larger section must 
be used. 

Second Try: As an aid in choosing a larger section, assume Fa = 19.3 
ksi, which is the value computed for the section in the previous trial. Also, 
using Bx = 0.264 for W 10 sections, 

A , p + MBx = 200 + (800)(0.264) = 17 4 · 2 = Fa Fb 19.3 30 · m. 

Select a W 10 x 60 section with A = 17.7 in. 2, rm1n = 2.57 in.,'" = 4.41 in., 
and Bx = 0.264, and proceed as in the first trial to check the interaction 
formula. 
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!. = ~ = ;;>,<; = 11.3 ksi; r = MBx = (800)(0.264) = ll 9 k . 
lb A 17.7 . SI 

..b.._ = 
1
\ ~ /

2 
= 70.0 < Cc, and using Eq. 13-31, Fa = 19.4 ksi 

Ymin 

I.I Fa = 11.3/19.4 = 0.58 > 0. 15; hence Eq. 13-42 must be checked . 

I 149 X 103 149 X 103 . 
F , = (Lefrx)2 = (15 X 12/4.41 )2 = 89.4 kSl 

Again using Eq. 13-42 for bending in one plane, and substituting into it the 
appropriate quantities, one has 

11.3 (0.9)(1 l.9) 
19.4 + (I _ 11.3/89.4)30 = 0.58 + 0.41 = 0.99 < 1.0 

Since this relation satisfies Eq. 13-42, the W 10 x 60 section is satisfactory. 

*13-13. BEAMS WITHOUT LATERAL SUPPORTS 

The strength and deflection theory of beams developed in this text 
applies only if such beams are in stable equilibrium. Narrow beams that 
do not have occasional lateral supports may buckle sideways and thus become 
unstable. A physical illustration of this situation was cited in Art . 5-2 with 
reference to a sheet of paper on edge acting as a beam. Actual beams can 
collapse similarly. The tendency for lateral buckling is developed in the 
compression zone of a beam, which, in a sense, is a continuous column loaded 
longitudinally by the bending stresses. The theoretical analysis of this prob­
lem is beyond the scope of this text. The results of these analyses are, how­
ever, very important, and have been so simplified for structural steel beams 
that they are easily applicable.* 

According to the AISC specifications (1970), steel beams whose com­
pression flanges are not laterally braced must be designed by means of the 
usual flexure formula with a reduced stress in the extreme fibers. The formula 
for the reduced bending stress is 

F - 12 X 1Q3Cb < 0 60F 
b - td/A

1 
- . Y 

(13-43) 

where t is the laterally unsupported length of a beam, dis its depth, A I is the 
area of the compression flange, and Cb is defined as follows: Cb = 1.75 + 
l.05(Mi/M 2) + 0.3(M1/M 2)2, but not more than 2.3 (conservatively, Cb can 
be taken as unity), where M 1 is the smaller and M 2 the larger bending moment 

*See Karl de Vries, "Strength of Beams as Determined by Lateral Buckling," Trans. ASCE, 
1947, vol. 112, p. 1245. 
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at the end of the unbraced length. The ratio M1/M2 is positive if the beam is 
bent in reverse curvature and negative in the case of single curvature bending. 
Further, Cb is taken as unity if the moment at any point within the un­
braced length is larger than that at both the ends. 

The formula given by Eq. 13-43 is applicable only when the compres­
sion flange is solid and approximately rectangular in cross section, and its 
area is not less than that of the tension flange. For sections whose compres­
sion flanges do not satisfy the above requirement, the AISC specifies a set 
of alternative formulas* which depend on an t /rr ratio, where rr is the radius 
of gyration of a section comprising the compression flange plus one-third of 
the compression web area , taken about an axis in the plane of the web. The 
value of Fb is taken as the larger of Eq. 13-43 or of either Eq. l.5-6a or l.5-6b 
of the AlSC Manual as applicable, but not to exceed 0.60Fy. 

These AISC formulas attempt to approximate the results of rational 
analyses by simple expressions. Similar formulas are also in use for other 
materials. 

PROBLEMS FOR SOLUTION 

13-1. A rigid bar is held in a vertical position 
as shown in the figure by a spring having a 
spring constant k 1 lb per inch and a torsional 
spring having stiffness k 2 lb-in. per radian. Find 
the critical load P er for this system. 

p 

L 

Rigid bar 

PROB. 13 - I 

13-2. Two rigid bars of equal length are 
connected by a frictionless hinge at A and are 
supported at B and D as shown in the figure . 
Determine the magnitude of the critical force 
P er · The spring attached to the lower bar at C is 
linearly elastic having a spring constant k. Ans: 
ka/3. 

PROB. 13 - 2 

*Eqs. l.5-6a and l.5-6b in the AISC Manual (7th ed.), 1970. 
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13-3. The pin-connected aluminum-alloy 
frame shown carries a concentrated load F. 
Assuming buckling can only occur in the plane 
of the frame, determine the value of F that will 
cause instability. Use the Euler formula as a 
criterion for member buckling. Take E = 70 
x 106 kN/m2 for the alloy. Both members have 

50 mm by 50 mm cross sections. 

F 

1.2 m 

PROB. 13 - 3 

13-4. A bracket consists of a curved member 
AB and a straight member BC. lf member BC is 
a wooden post 40 mm by 80 mm, what vertical 
force may be supported at the joint B? Assume 
all joints pin-ended. Neglect the weight of the 
structure. Use the Euler column formula with a 
factor of safety of 3.0. Let E = 11 x 106 kN/m 2 • 

PROB. 13 4 

13-5. A pin-ended wooden member AB with 
an effective length of 3 m acts in compression in 
the planar arrangement shown in the figure. This 
member has a rectangular cross-section of 0.060 

CHAP. 13 COLUMNS 

m by 0.100 m. 1f a factor of safety against buck­
ling of 2 is to be maintained, what can the maxi­
mum value of the applied force F be? Use the 
basic Euler's formula for member AB. Let 
E = l.2 x 10 10 Pa. Ans: 4.14 kN. 

PROB. 13 5 

13-6. A 1-in. round steel bar 4 ft long acts as 
a spreader bar in the arrangement shown in the 
figure . If cables and connections are properly 
designed, what pull F may be applied to the 
assembly? Use Euler's formula and assume a 
factor of safety of 3. Let £ = 29 x 106 psi. 
Ans: 9.01 k. 

Spreader bar 

Cable 
2' 

F 2' 

5' 5' 

PROB. 13 - 6 

13-7. The mast of a derrick is made of a 
standard 4 in. by 4 in. by ¼ in . steel angle. If this 
derrick is assembled as indicated in the figure, 
what vertical force F, governed by the size of the 
angle used for the mast, may be applied at A? 
Assume that all joints are pin-connected, and 
that the connection details are so made that the 
mast is loaded concentrically. The top of the mast 
is braced to prevent sideways displacement. Use 
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Euler's formula with a factor of safety of 3.5. Let 
E = 19 x 106 psi. Ans: 9.28 k. 

5· 

A 

F 
5' 

Section a-a 

PROB. 13 - 7 

13-8. Jf the capacity of the jib crane, the 
dimensions of which are shown in the figure, is 
to be 4 kips, what size standard steel pipe AB 
should be used? Use the Euler formula with a 
factor of safety of 3.5. Let £ = 29 x 106 psi. 
Neglect the weight of construction. 

PROB. 13 - 8 

13-9. A tripod made from 2 in. standard steel 
pipes is to be used for lifting loads vertically with 
a pulJey at A as shown in the figure. What load 
rating may be assigned to this structure? Use the 
Euler formula and a factor of safety of 3. All 
joints may be considered pinned, and assume 
that the connection details, anchorage, and the 

CHAP. 13 PROBLEMS FOR SOLUTION 

tension rod AB are adequate. Let E = 29 x 103 

ksi. Ans: 4.86 k. 

PROB. 13 - 9 

13-10. A tripod is made from three 3-in.-by-
3-in.-by-¾ in. steel angles each IO ft long. ln a 
plan view these angles are placed 120° apart, and 
the tripod is 8 ft high, see figure. Assuming that 
the ends of these angles are pin-ended, what is 
the magnitude of the allowable vertical down­
ward force F that may be applied to the tripod? 
Use the Euler formula with a factor of safety 
equal to 3. Neglect the weight of the angles. Let 
E = 30 x 106 psi. Ans: 8.25 kips. 

y 

PROB. 13 10 

13-11 . A thin bar of stainless steel is axially 
precompressed 100 N between two plates which 
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are fixed at a constant distance of 150 mm apart, 
see figure. This assembly is made at 20°C. How 
high may the temperature of the bar rise, so as to 
have a factor of safety of 2 with respect to buck­
ling? Assume E = 200 x 106 kN/m 2 , and IX = 
15 x 10- 6 per 0 C. Ans: 29.1 °C. 

3 

6 

/, 

PROB. 13 - 11 

*13-12. Derive Eq. 13-14, and show that a 
typical eigenfunction for an n-th mode in this 
case is v. = C.(l - cos A,,x) where A" = 

(211 + l)n/(2L) with nan integer. (For n = 0 see 
Fig. 13-8(b). 

*13-13. Derive Eq. 13-12. (Here the trans­
cendental equation for determining the critical 
roots is tan AL = AL, which is satisfied when 
,lL = 4.493.) 

13-14. An allowable axial load for a 4 m long 
pin-ended column of a certain linearly elastic 
material is 20 kN. Five different columns made of 
the same material and having the same cross 
section have the supporting conditions shown in 

4m 
J.2 m 

the figure . Using the column capacity for the 4 m 
column as the criterion, what are the allowable 
loads for the five columns shown? 

13-15. A piece of mechanical equipment is to 
be supported at the top of a 5-in. nominal dia­
meter standard steel pipe as shown in the sketch. 
The equipment and its supporting platform weigh 
5,500 lb. The base of the pipe will be anchored in 
a concrete pad, the top end will be unsupported. 
If the factor of safety required against buckling is 
2.5, what is the maximum height of the column on 
which the equipment can be supported? Let 
E = 30 x 106 psi. Ans: 23.8 ft. 

L - ? 

PROB. 13 - 15 

13-16. A bar is initia lly curved so that its axis 
has the shape of a one-half sine wave, v 0 = a sin 
n x/L. If this bar is subjected to an axial compres­
sion as shown in the figure , show that the total 
deflection 

v = v 0 + v 1 = [l / (1 - P/Pc,)]a sin nx/L 

2 
m 

2 
m 

PROB. 13 - 14 
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where Pc, = n2EI/L 2 and the expression in the 
brackets is the magnification factor. 

y 
1,, = 11 sin,,. x/L 

p 

X 

L 

PROB. 13 - 16 

13-17. If the proportional limit of steel is 
250 000 kN/m 2 and E = 200 x 106 kN/m2 , in 
what range of slenderness ratio is the use of the 
Euler formula for fixed end columns not permis­
sible? Ans: Less than 178. 

13-18. (a) If a pin-ended solid circular shaft 
is 1.5 m long and its diameter is 50 mm, what is 
the shaft's slenderness ratio? (b) If the same 
amount of material as above is reshaped into a 
square bar of the same length , what is the slender­
ness ratio of the bar? Ans: (a) 120. 

13-19. The cross-section of a compression 
member for a small bridge is made as shown in 
Fig. l 3-l 5(a). The top cover plate is ¼ in. by 18 in. 
and the two C 12 x 20.7 channels are placed 
JO in. from back to back. If this member is 20 ft 
long, what is its slenderness ratio? (Check L/r in 
two directions.) Ans: 51.5. 

13-20. What size W column is required to 
carry a concentric load of 200 kips on a pin­
ended column if it is 12 ft long? Use the AISC 
formulas and assume that A36 steel with a YP = 36 
ksi wilt be used. 

13-21. Two 10 in.-15.3 lb channels form a 24 
ft long square compression member; the flanges 
are turned in, and the channels thoroughly laced 
together. What is the allowable axial force on 
this member according to either Eq. 13-30 or Eq. 
13-31 whichever is appropriate? (Check L/r in 
both directions.) The channels are made of A36 
steel, i.e. <lyp = 36 ksi. 

CHAP. 13 PROBLEMS FOR SOLUTION 

13-22. A compression member made of two 
C 8 x 11.5 channels is arranged as shown in Fig. 
13-15(b). (a) Determine the distance back to back 
of the channels so that the moments of inertia 
about the two principal axes are equal. (b) If the 
member is pin-ended and is 32 ft long, what 
axial load may be applied according to the 
AISC code? Assume that A441 steel with 
<lyp = 50 ksi will be used, and that the lacing is 
adequate. Ans: (a) 4.94 in. 

13-23. A boom for an excavating machine is 
made of four 2¼ in. by 2½ in. by½ in. steel angles 
arranged as shown in Fig. 13-15(c). Out to out 
dimensions of the square column (exclusive of 
the dimensions of the lacing bars) are 14 in. 
What axial load may be applied to this member 
if it is 52 ft long? Use the Euler formula for 
pinned columns and a factor of safety of 4. 

13-24. A compression chord of a small truss 
consists of two 4 in. by 4 in . by ¾ in. steel angles 
arranged as shown in Fig. 13-15(d). The vertical 
legs of the angles are separated ½ in. apart by 
spacers. If the length of this member between 
braced points is 8 ft, what axial load may be 
applied according to the AISC code? <J 1p = 
36 ksi. 

13-25. A W 14 x 320 core section has two 
24-in .-by-3-in. cover plates as shown in the 
figure. If this member is 20 ft long and is assumed 
to be pin-ended, what axial compressive force 
may be applied according to the AISC code? 
Assume that A242 steel with a YP = 42 ksi will be 
used. 

PROB. 13 - 25 

13-26. An 8 WF 8.32 aluminum section (as­
sume same geometric properties as that of 

497 

www.konkur.in



W 8 x 24 steel section; see footnote to Example 
13-4) is used as a column with an effective length 
of 15 ft. Determine the carrying capacity of this 
column, with a factor of safety of 2. Use Eq . 
13-32 or 13-33, whichever is applicable. 

13-27. Determine the allowable axial loads 
for two 100 mm by 100 mm (actual size) Douglas 
Fir posts, one 3 m and the other 5 m long. 
E = ll X 106 kN/m2 • 

13-28. A round platform 6 ft in diameter, to 
be used by a "flag-pole sitter," is attached to a 
standard 6 in. pipe 20 ft long. If the "s itter" 
weighs 150 lb, what weight of equipment for his 
comfort may be allowed on the platform? Locate 
the weights in the most critical position, i.e., at 
3 ft from the vertical centerline of the pipe. The 
answer is to be based on an allowable stress 
approach: P/A + Mc/I ~ allow stress for col­
umns by Euler formula with FS = 3. (Him: see 
Fig. 13-8(b).) '£ = 29 x 103 ksi. Ans: 325 lb. 

13-29. A W 12 x 85 column 20 ft long is 
subjected to an eccentric load of 180 kips located 
as shown in the figure. Using the ATSC interac­
tion formula, determine whether this column is 
adequate. Use the same allowable stresses as in 
Example 13-5. 

PROB. 13 - 29 

13-30. A W 14 x 68 column made of A36 
grade steel (O' YP = 36 ksi) is 20 ft long and is 
loaded eccentrically as shown in the figure. 
Determine the allowable load P using the AISC 
formulas . Assume pin-ended conditions. Let 
Fb = 27 ksi. 

CHAP. 13 COLUMNS 

2" --

PROB. 13 30 

13-31. A W 12 x 40 column has an effective 
length of 20 ft. Using the AISC formulas, deter­
mine the magnitude of an eccentric load that 
may be applied to this column at A, as shown in 
the figure , in addition to a concentric load of 20 
kips. The column is braced at top and bottom. 
The allowable bending stress is given by Eq. 
13-43. Ans: 68.3 k. 

y 

xiI- -- -x 

y 

PROB . 13 31 

13-32. What may the magnitude be of the 
maximum beam reaction that can be carried by 
a W 10 x 49 column having an effective length 
of 14 ft, according to the ATSC interaction for­
mula? Assume that the beam delivers the reaction 
at the outside flange of the column as shown in 
the figure and is concentric with respect to the 

V 

PROB. 13 31 
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minor axis. The top and bottom of the column 
are held laterally. Assume Fy = 36 ksi, and 
Fb = 22 ksi . 

13-33. A W 24 x J 00 simple beam 24 ft long 
is laterally unsupported. What uniformly dis­
tributed load, including the weight of the beam, 
may be applied according to the AISC specifica­
tions? 

CHAP. 13 PROBLEMS FOR SOLUTION 

13-34.* Using the AISC code, select a W 
shape column to carry a concentric load of 60 
kips and an eccentric load of 25 kips applied on 
the Y- Y axis at a distance of 6 in. from the X-X 
axis. The column is braced top and bottom, and 
is 14 ft long. The allowable bending stress is 
22 ksi. Let <1 YP = 36 ksi. 
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* 
Structural 
Connections 

14-1. INTRODUCTION 

The design of various members based on strength, stiffness, and stability 
considerations was discussed in the preceding chapters. In this chapter, the 
methods of analysis and design of connections for these members will be 
treated. The analysis of connections cannot be made on as rigorous a basis 
as used in much of the preceding work. The design of connections is largely 
empirical and is based on available experience as well as sound interpretation 
of experimental research. 

Riveted connections played a dominant role in past engineering con­
struction. However, the increasing use of welding and high-strength bolting 
due to the economic advantages they offer has caused a rapid decline in the 
use of rivets and ordinary bolts as fasteners in the fabrication of structural 
products. The manner in which riveted and bolted joints can fail will be 
discussed, followed by methods for selecting the proper size and number of 
rivets or bolts (ordinary or high strength) for transmitting a given force 
through a joint. The remainder of the chapter will be concerned with welded 
connections. 

14-2. RIVETED AND BOLTED CONNECTIONS 

Most members are made up of platelike parts such as actual plates, 
webs and flanges of beams, legs of angles, etc. The design of a riveted or 
bolted connection is mainly concerned with the transfer of forces through 
these plates. The transfer of forces by means of single and double shear was 
discussed in Art. 1-5. It is also possible for more than two shear planes to 
occur in complex joints involving interaction between several plate elements. 

For a riveted assembly of ordinary parts, matching holes are punched 
in the plates for the insertion of hot rivets.* For more accurate work, as well 

*Ordinary steel rivets are driven at a temperature between 1000°F (blood red) and 1950°F 
(light yellow). Small steel rivets and some aluminum rivets are driven without preheating, 
although hot (1040°F ± ) and cold (32°F) rivets are frequently employed in aluminum work. 
Several patented rivet types are available for nonferrous metals. 
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Fig. 14-1. One of the 
rivet heads formed from 
the original shank 

as for the larger size of rivets (I in. to I¼ in. diameter), the holes are drilled 
or first punched and then reamed (enlarged) to size. One end of a rivet has a 
head, while the other head is formed from the shank by a pneumatic ham­
mer as a back-up tool is held against the prefabricated head, Fig. 14-1. It is 
desirable to have the clearance of the rivet in a prepared hole as small as 
possible. For rivets of½ in. diameter and larger, an increase of fr to n, in. 
in the diameter of the hole over the nominal rivet diameter is customarily 
made. On proper driving, a hot rivet expands in the prepared hole, and, 
while hot, it presses the surrounding material outward. Upon cooling, the 
rivet diameter diminishes somewhat, but the elastic return of the surrounding 
material helps to reduce this tendency for undesirable looseness. Moreover, 
a rivet also shrinks lengthwise upon cooling. This effect causes a permanent 
tensile stress in the shank of a rivet and a compression stress in the assem­
bled plates (see Example 12-6). The compressive force so set up between 
the plates may be rather large, and this force is capable of developing a 
large frictional resistance normal to the axis of the rivet. This action may 
be sufficient to carry the applied working load. However, in determining 
the required number of rivets, it is customary to disregard the frictional 
resistance of the joint. The capacity of a joint is thought of in terms of its 
ultimate capacity after the frictional resistance between the plates is "broken." 

Ingenuity must be exercised in arranging the rivets at a joint. Acces­
sibility for riveting and proper tool clearances are important considera­
tions. Several typical arrangements of rivets, with self-explanatory titles, 
are shown in Fig. 14-2. Riveted joints are normally designed to transmit 
shear rather than tension through the rivets . The design of a connection is 
more involved than a check of stresses in an existing joint. 

Rivet gr ip 

,g,_l 

1 i ~1 l 
Single riveted lap joint 

,:; 

E 
:, 

0 u 
Beam 

Row of

1
ri?1~ 

=~.ij~@e::=· = B11 B fl: • 
Ri vet pitch 

!1--~1-~-~~1-----11 ; ~ !i ~ {4°-1--J.-i 

Doub le riveted lap join t O 11 0 t 

~ 
~ 

, o 11 o o 
Double riveted bull joint 

Typical connection of a beam by mea ns 
of clip a ngles 

Deta il s of angle at1achmcnt 

Fig. 14-2. Typical arrangements of riveted connections 

CHAP. 14 STRUCTURAL CONNECTIONS 502 

www.konkur.in



Ordinary bolts can also be used to transmit forces in a connection. 
The frictional resistance of the joint is disregarded as the initial tension 
developed by such bolts (also known as common or unfinished bolts) is 
uncertain. Hence, the design of connections using ordinary bolts follows 
the same general procedure as that for rivets, except that lower values of 
allowable stresses are specified to account for the possibility of the threaded 
portion of the bolt extending into the shear plane. 

The use of high strength bolts, Fig. 14-3(a), is a relatively new develop­
ment that has gained acceptance as the preferred fastener in field work. 

Washer Bolt grip 

2v~2-

Washcr Bolt length 

(a) 

Fig.14-3 

2.~ 
Clampin;:rTJf[~~nal 
pressure on resistance 
the plate Init ial to the 

bolt force p 
tension 

(b) 

The bolt is tightened, using the calibrated wrench method or the turn-of-nut 
method, to obtain a specified minimum initial tension of approximately 70 
percent of its tensile strength.* A reliable clamping force is thus developed, 
and the load transfer is achieved through frictional resistance between the 
plates, Fig. 14-3(b). Since the bolt does not slip at allowable loads due to the 
clamping pressure, there is no shearing stress on the bolt itself, nor does the 
bolt bear against the plates through which it passes. However, for the pur­
poses of a simplified analysis, an allowable shear stress is specified, which 
takes into account the load transfer aue to the frictional resistance developed. 
Thi s enables the design of a connection using high strength bolts to be carried 
out in the same manner as that using rivets and ordinary bolts. If a direct 
load applied on a bolt causes a reduction of the initial clamping force, the 
frictional resistance is reduced, and the AISC Manual specifies certain for­
mulas to reduce the allowable shear stresses correspondingly. 

14-3. METHODS OF FAILURE OF A RIVETED OR 
BOLTED JOINT 

Riveted or ordinary bolted joints may fail in a number of different 
ways (also see Art. 1-5). These are as follows: 

*AISC Manual (7th ed.), 1970. Also, the interested reader may consult modern books on 
steel design for more details, for example, B. G. Johnston and F. J. Lin, Basic Steel Design, 
Englewood Cliffs, N.J.: Prentice-Hall, 1974, Y. Y. Lin, Elementary Steel Structures, Engle­
wood Cliffs, N.J.: Prentice-Hall, 1973, and B. Bresler, T. Y. Lin, and J.B. Scalzi, Design 
of Steel Structures, John Wiley, 2nd ed., 1968. 
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(a) 
p p 

(b) p 

Failure in Tension 

A riveted joint transmitting a tensile force may fail 
in a plate weakened by the rivet holes. For example, 

P in a single-riveted lap joint, Fig. 14-4(a), the net 
area in either plate across the section A-A in Fig. 
14-4(b) is the least area, and a tear would occur 
there. At working loads, before failure occurs, large 
stress concentrations exist at the rivet holes in a 
plate, Fig. 14-4(c), since the holes interrupt the con­
tinuity of the plate. However, as the applied force is 
increased, a nearly uniform stress distribution will 

Fig. 14 _4_ Tensile stresses prevail at the yield point for ductile materials (Art. 
in a plate of a riveted joint 2-1 I). Since riveting is employed only for ductile 

materials, it is customary to base the capacity of 
a joint in tension on the assumption of a uniform stress distribution across 
the net section of a plate. Because of the fatigue properties of materials, this 
assumption should not be used for riveted joints subjected to severe fluctu­
ating loadings, since stress concentrations are important for such cases. 
Usually no deduction for the rivet holes in a compression joint is made. 

Failure in Shear 

In a riveted joint, the rivets themselves may fail in shear. This type of failure 
is shown in Figs. 14-5(a) and (b). In analyzing this 

c· ==:~·~@§·~~~: possible manner of failure, one must always note 
(b) whether a rivet acts in single or double shear. In the 

latter case, two cross-sectional areas of the same 
Fig. 14-5. (a) Single and (b) double shear of rivet resist the applied force . In practical calcula­
a rivet tions, the shearing stress is assumed to be uniformly 

(a) 

distributed over the cross section of a rivet. This 
assumption is justified for ductile materials after the elastic limit has been 
exceeded. 

(b) (d) 

Fig.14-6. A bearing failure of a riveted joint 
and bearing stress distributions, (c) probably, 
(d) assumed 

CHAP. 14 STRUCTURAL CONNECTIONS 

Failure in Bearing 

A riveted joint may fail if a rivet crushes the mate­
rial of the plate against which it bears, Figs. 14-6(a) 
and (b), or if the rivet itself is deformed by the plate 
acting on it. The stress distribution is very compli­
cated in this type of failure and is somewhat like 
that shown in Fig. 14-6(c). In practice, this stress 
distribution is approximated on the basis of an 
average bearing stress acting over the projected area 
of the rivet's shank onto a plate, i.e., on area td in 
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Fig. 14-6(d). It is difficult to justify this procedure theoretically. However, 
the allowable bearing stress is determined from experiments and is interpreted 
on the basis of this average stress acting on the projected area of a rivet. 
Therefore the inverse process used in design is satisfactory. Tests show that 
plates confined between other plates, as the middle plate in Fig. 14-5(b), can 
withstand a greater average bearing pressure than unconfined plates, as in 
Fig. 14-6(a) or the outer plates in Fig. 14-5(b). For this reason, several speci­
fications allow a greater bearing stress for rivets in double shear acting on 
inside plates than for rivets in single shear acting on outside plates. 

Other Methods of Failure 

In a multiple-riveted joint with several rows of rivets, the net area to be used 
in calculations is sometimes difficult to determine. For example, if, as in 
Fig. 14-7(a), the rivet rows are very close together, a zig-zag tear is more 
likely to occur than a tear across the normal section B-B. However, the 
standard specifications for shop practice are so written that this type of 
failure is not common. Therefore the possibility of a zig-zag tear will not be 
considered here, as it will be assumed that in all cases the rows of rivets are 
sufficiently far apart.* It will also be assumed that e, the edge distance, is 
large enough to prevent failure in shear across the a-a planes in Fig. 14-7(b). 
Likewise, in conformity with usual practice, local bending of plates in lap 
joints, Fig. 14-8, will be neglected. 

p 

B B 

(a) p 

p 

Fig. 14-7. Possible methods of failure of a 
riveted joint. (a) zig-zag tear, and (b) "tear 
out" due to insufficient edge (end) distance 

Some Further Remarks 

Fig. 14-8. Bending of the plates in lap joints, 
commonly neglected 

In this text the capacity of a riveted or ordinary bolted joint will be based 
only on the probable tear, shear, and bearing capacities. This assumed action 

*For details see AISC Manual (7th ed.), 1970. 
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Shearing plane 

~ 
~ 

d 

Bearing planes 

of a riveted joint is illustrated in Fig. 14-9.* The 
frictional resistance between the plates is neglected.t 
The smallest of the three resistances is the strength 
of a joint. The ratio of this strength divided by the 
strength of a solid plate or member, expressed m 
percent, is called the efficiency of a joint, i.e., 

efficiency = strength of th~ joint X JOO 

Fig. 14-9. The assumed action of a riveted 
joint 

strength of the solid member 

(14-1) 

The total force acting concentrically on a joint is assumed to be equally 
distributed between rivets of equal size. In many cases this cannot be justified 
by elastic analyses, but the ductile deformation of the rivets permits an equal 
redistribution of the applied force before the ultimate capacity of a connection 
is reached. This redistribution is possible as the rivets continue to carry a full 
load during yielding. Therefore, the practice of assigning equal forces to the 
rivets of a concentrically loaded joint is close to being correct.+ The same 
assumptions are also commonly used in the analysis of bolted joints. 

Rivets and bolts are usuaJJy specified to conform to the American 
Society for Testing Materials (ASTM) standards. Following the AISC 
Manual, the allowable loads in shear are given in the table that follows for 
¾ in. and ¾ in. diameter rivets and bolts, which are widely used in practice. 
The allowable load in bearing, for riveted and ordinary bolted joints, is 
obtained by multiplying the projected area of the rivet or bolt by the allow­
able bearing stress FP = 1.35 F, where F, is the yield stress of the connected 
part. 

In general, AISC nomenclature will be largely adhered to in this 
chapter; namely, depending on the subscript, F corresponds to the allowable 
or ultimate (fiber) stress, and f, to the calculated (fiber) stress due to the 
applied loads. 

EXA M PLE 14-1 

Find the capacity of the tension member AB of the Fink truss shown in Fig. 
14-IO(a) ifit is made from two 3 in. by 2 in. by f"o in. angles attached to a¾ in. 
thick gusset plate by four ¾ in. A502-1 rivets in Hin. diameter holes. The 
allowable stresses (AISC) are 22 ksi in tension, J 5 ksi in shear, and 48.6 ksi in 
bearing on the angles as well as the gusset. 

*From G. Dreyer, Festigkeitslehre und Elastizitiitslehre, Leipzig: Janecke, 1938, p. 34. 

tNote, on the other hand, that only the frictional resistance is considered when connections 
are designed using high-strength bolts, with the capacity of each such bolt being the allow­
able shear stress times the nominal bolt area. 

:j:A conclusive experimental vertification of this assumption may be found in the paper by 
R. E. Davis, G. B. Woodruff, and H. E. Davis, "Tension Tests of Large Riveted Joints," 
Trans. ASCE, 1940, vol. 105, p. 1193. 
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ALLOWABLE LOAD IN SHEAR FOR ¾IN.AND i IN. RIVETS AND BOLTS* 

Double 
Diameter, ASTM Designation Shear, Single Shear, Shear, 

Description in. or Yield Stress, ksi F. , ksi kips kips 

¾ 
A502- J 15.0 6.63 13.25 

Power driven field and A502- 2 20.0 8.84 17.67 

shop rivets 
I A502- l 15.0 9.02 18 .04 

7 
1! A502- 2 20.0 12.03 24.05 

¾ 
A307 10.0 4.42 8.84 

Unfinished bolts, ASTM Fy = 36 10.8• 4.77 9.54 
307, and threaded parts, 
Fy = 36 ksi• 7 

A307 10.0 6.01 12.03 
1! Fy = 36 10.8• 6.49 12.99 

¾ 
A325-F 15.0 6.63 13.25 

High strength bolts, A490- F 20.0 8.84 17.67 

friction-type A325- F 15.0 9.02 18.04 
i A490-F 20.0 12.03 24.05 

*From AISC Manual, 7th edition, 1970. 
•For threaded parts of material other than Fy = 36 ksi , use Fv = 0.30Fy. 

Detail at A 

(a) 

Fig .1 4-10 

SOLUTION 

(b) 

Section 1-1 

Gusset 3/8" 
thick 

The net cross-sectional area of the angles is obtained by deducting the width 
of the rivet holes (rivet diameter plus½ in.) multiplied by the thickness of the 
angle from the gross area of the angles (Table 7 of the Appendix). The net 
area multiplied by the allowable tensile stress gives the allowable force 
controlled by tensile stresses. Similar calculations are made for the other 
modes of failure, based on the following observations: There are eight bearing 
surfaces with single shear between the rivets and the angles, four rivets provide 
eight shearing surfaces, and four bearing surfaces with double shear are pro­
vided for the rivets by the gusset plate. In following through the solution of 
this problem, the reader is urged to note the sequence of load transfer, from 
angles to rivets, and from rivets to the gusset plate. 
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Tear at Section 1-1: 

Anet = 2(1.46 - }oC¾ + ¼)] = 2.37 in. 2 

Pa11ow = AnctF, = (2.37)(22) = 52.1 kips 

Bearing on angles: 

A = Std = (-?o)(¾) = 1(- in. 2 

P1 11ow = AFp = 1(-(48.6) = 91 kips 

Bearing on gusset: 

A = 4t 1d = 4(¾)(¾) = f in. 2 

Pa11ow = AFp = i(48.6) = 54.6 kips 

Shear of rivets: 

Aone rivet = ¼1t (¾)2 = 0.4418 in .2 

(governs) 

P,llow = 8A000 rivetFv = 8(0.4418)15 = 53 kips 

The tensile stress at section 1-1 governs the capacity of the connection. 
Note that standard gage lines are generally used for the rivet lines (see 

AISC Manual), and the rivets are usually spaced 3 in. apart. The standard 
gage line for the angles of this example is 1.75 in . On the other hand, the 
centroid of the cross-sectional area for the same angle is 1.02 in. from the 
corner (Table 7 of the Appendix). Hence there is an eccentricity of 1.75 - 1.02 
= 0.73 in . of the applied force with respect to the rivet line. For small 
trusses, it is customary to neglect the effect of this eccentricity, as presumably 
the allowable stresses are set low enough to provide for this contingency. No 
less than two rivets are used at all main connections. An excessively large 
number of rivets in one line is avoided. 

The compression members of small trusses are often connected to a 
gusset plate in the same manner as shown for the tension member. The 
compression members of a truss are designed as columns. Effective column 
lengths are determined from a centerline diagram such as shown in Fig. 
14-IO(a) and a study of bracing in the direction perpendicular to the plane of 
the truss. The gross areas of columns are used to determine their load-carrying 
capacities, while the connection is governed either by bearing or shearing 
stresses. In some cases, members of a truss may act in tension, then, under a 
different loading condition, in compression. Such members must be designed 
accordingly. 

EXAMPLE 14-2 

Rework Example 14-1 if A307 unfinished or ordinary bolts of¾ in. diameter 
are used instead of rivets. 
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SOLUTION 

The allowable stresses in tension and bearing are the same as in Example 14-1. 
The allowable shear stress Fv in A307 bolts is 10.0 ksi. Hence, with A0 • 0 bolt 

= 0.4418 in. 2, 

Shear of bolts: 

Pallow = (8)(0.4418)(10) = 35.4 kjps 

which is less than the P.110,.. calculated earlier for tearing at section 1-1, 
bearing on angles and the gusset plate. Thus the capacity of the connection is 
governed by the shear of the bolts in this case. 

EXAMPLE 14-3 
e 

W 12 X 36 

Find the capacity of the standard AISC connection for 
the W 12 x 36 beam shown in Fig. 14-11 . The connec­
tion consists of two 4 in. by 3-¼ in. by ¾ in. angles, each 
8¼ in. long ; 1 in. A502-1 rivets spaced 3 in. apart are 
used in Hin. holes. Use the AISC allowable stresses 
given in Example 14-1. 

Section 1-1 

Fig .14-11 

SOLUTION 

A tension tear cannot occur in this connection, so only 
shearing and bearing capacities need be investigated. 
Bearing on the web of W 12 x 36 beam: (Thickness of 
the web is found from Table 4 of the Appendix .) 

Pb = 3(0.305)1(48.6) = 38.9 kips (governs) 

Shear of rivets: There are six cross-sectional areas. 

A ono rivet = 0.601 in. 2 

P, = (6)(0.601)(15) = 54.1 kips 

Bearing of rivets on angles: 

Pb = 6(J)¾(48.6) = 95.7 kips 

Hence the capacity of this connection is 38.9 kips. 
The legs of the angles perpendicular to the web of the beam are called 

the outstanding legs. They are used to attach the connection to a column or a 
plate. Adequate shear resistance across the additional rivets and bearing in the 
outstanding legs is always available. However, the thickness of the plate to 
which the connection is made must be investigated. If this plate is thin, the 
capacity of the joint may be lower than computed above. Note that the effect 
of eccentricity e, as well as bending and shear in the connection angles, is 
usually not investigated. The capacities of standard connections are tabulated 
in the AISC Manual. 
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EXAMPLE 14-4 

Rework Example 14-3 if A490-F friction-type high strength bolts of¾ in . 
diameter are used instead of the rivets. 

SOLUTION 

The allowable shear stress for the A490-F bolts is 20 ksi. 
Shear of high strength bolts: 

P, = (6)(0.601)(20) = 72.1 kips 

Since no slip occurs in a friction-type connection, no bearing of the bolt with 
connected parts takes place, and the capacity of this connection is given as 
72.1 kips. 

With the wide use of welding and the high capacities of high strength 
bolts, instead of two connection angles, only a single plate to one side of the 
beam web is often used. Such a plate is shop-welded to the column and 
bolted to the beam in the field . 

EXAMPLE 14-5 

Find the allowable tensile force that the multiple-riveted structural joint 
shown in Figs. 14-l 2(a) and (b) can transmit. Also find the efficiency of this 
joint. All rivets are nominally ¾ in . in Hin. diameter holes. Use the AISC 
allowable stresses given in Example 14-1. 

+ 
p 

(c) 
1/2" Cover plates 

'; :CCC C C 3 30: 
13/ 16" Main plates 

(b) 4 

(f) (e) 

Fig . 14-12 

SOLUTION 

The analysis of a multiple-riveted structural joint is based on the assumption 
that the conce11trically applied force is distributed equally between rivets of 
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equal size. Therefore the free body for one of the main plates is as shown in 
Fig. 14-12(c), while that for the two cover plates is as shown in Fig. 14-12(f). 
Tensile stresses must be investigated at several sections. This is done by con­
sidering the free bodies as shown in Figs. 14-12(d) and (e) and assuming 
uniform stress distribution in the plates. Nominal rivet diameter is used for 
shear and bearing calculations. 
Capacity P, of the joint in shear: 16 cross-sectional areas of rivets are available. 
Fv = 15 ksi. 

A one rive t = ¾1t(¾)2 = 0.601 in. 2 

P, = 16(0.601)15 = 144kips (governs) 

Capacity Pn of the joint in bearing on the main plate: 8 bearing surfaces in 
double shear are available. FP = 48.6 ksi. 

Pn = 8(¾XHX48.6) = 276 kips 

Capacity Pb of the joint in bearing on the cover plates: 16 bearing surfaces in 
single shear. FP = 48.6 ksi. 

Pb = 16(¾X½X48.6) = 340 kips 

Capacity of the main plate in tension: 

F, = 22 ksi. 

Without holes: 

P, = ( fi)(l 0)22 = 179 kips. 

Section 1-1,free body, Fig. 14-12(d): 

P 1-1 = (fi)[lO - (¾ + ¾)]22 = 161 kips. 

Section 2-2,free body, Fig. 14-12((!): 

P 2-2 = ¾P2- 2 + fi[IO - 2(¾ + ¾)]22 

hence P2 _ 2 = 163 kips. 

or ¾P2 -2 = 143 kips 

This result means that, if a tensile force P 2_2 = 163 kips were applied to the 
joint, only seven-eighths of this force need be resisted by section 2-2 at a 
22 ksi stress, since one-eighth of this force is resisted by the outer rivet. 
Similarly, 

and 

tPJ - 3 = fi(JO - 3)22 

jP4- 4 = t-WO - 2)22 

or 

or 

P3 _3 = 200kips 

P4 - 4 = 572 kips 

Capacity of the two cover plates in tension: F, = 22 ksi. Across section 4-4, 
Fig. 14-12(!), the whole force P is transmitted, hence, 

P4 - 4 = 2(f)[IO - 2(t + ¾)]22 = 176 kips 
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Then, by considering free-body diagrams of the cover plates to one side of a 
section, as was done for the main plate, 

and 

{P3 _ 3 = 1(10 - 3)22 

jP2 - 2 = 1(10 - 2)22 

or 

or 

P 3- 3 = 205 kips 

P 2-2 = 469 kips 

Similarly, section 1-1 is not critical. Therefore the width of the cover plates at 
section 1-J may be reduced to a width x to provide, at an allowable stress, a 
net area for only one-eighth of the applied force. 

The capacity of this joint is limited by the allowable shearing stress in 
the rivets. Hence the capacity of this joint is 144 kips. The efficiency of this 
joint is (144/179)100 = 80.4%, which is good. 

The same calculation procedure would be used for a compression splice 
if the ends of the main plates were not machined. However, if the ends are 
milled, the transfer of a compression force is direct. Nevertheless, even in such 
cases, it is customary to provide a riveted connection calculated at a certain 
fraction, say 50 %, of the total actual force. 

14-4. ECC ENTRIC RIVETED AND BOLTED CONNECTIONS 

The foregoing discussion of riveted and bolted connections applies to 
situations where the line of action of the applied force passes through the 
centroid of a rivet group. More precisely, it is assumed that each rivet or bolt 

possesses a certain allowable shear or bearing resis­
tance in every direction. Thus each rivet in a group 
of rivets has a certain resistance, say in the hori-
zontal direction, indicated by P, , P2 , ••• , P5 in 

£ 1 Fig. 14-13. The best place to apply horizontal force 
to this group of rivets is in the direction of £ 1, which ~----1-t--- is an equilibrant of the allowable rivet forces. A £, 
force applied along this line of action di stributes 

Fig . 14-13. The applied force must act 
through the centroid of rivet areas to prevent 
twisting of a connection 

itself among the various rivets without any tendency 
to twist the attached plate. By similar reasoning, 
the line of action of £ 2 can be established in the 
vertical direction. Then, if the point of intersection 
of £ 1 and £ 2 is denoted by B, it is seen that an 
inclined force £ 3 must pass through B to cause no 
twisting of the plate, since £ 3 may be resolved into 

horizontal and vertica l components . Point Bis synonymous with the centroid 
of ril'et areas, since in most practical cases the resistance of a rivet depends 
on its cross-sectional area. A force acting in any direction, but passing 
through the centroid of rivet areas, is the former problem of a concentrically 
loaded connection. However, since forces are not always applied through this 
point, eccentrically loaded connections result. 

Consider a joint, such as shown in Fig. 14-14(a), with a force P applied 
eccentrically with respect to the centroid B of the rivet areas. This problem 
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(a) 

+ 

(b) (c) 

Fig. 14-14. Resolution of a problem of an eccentrically loaded riveted 
connection into two problems. 

is not changed by introducing at B two equal and opposite forces P parallel 
to the applied force P. The new problem can be conveniently resolved into 
the two problems shown in Figs. 14-14(b) and (c). The first problem, Fig. 
14-14(b), was discussed earlier, and the average direct shearing stressfi in 
all rivets is 

(14-2) 

where I; A 1 is the sum of all the cross-sectional areas of the rivets. If all n 

rivets are of equal size, I; A 1 = nA, where A is the cross-sectional area of 
one rivet, and 

or ( I 4-2a) 

where Pd is the direct force in each rivet. For equilibrium, fd and Pd act in a 
direction opposite to the force P applied at B. 

The second problem, Fig. 14-14(c), is a problem in torsion, in which the 
applied torque T is equal to Pe. In this problem, if it is assumed that the 
plate is rigid and tl).at it twists around the point B, the shearing strains in 
rivets vary linearly from B. Further, if the rivets are assumed to be elastic, 
the average shearing stress in each rivet also varies linearly from B. There­
fore this problem resembles the torsion problem of a circular shaft (or a 
bolted coupling, Art. 3-12), and the torsion formula -r = T p/J may be adapted 
for its solution. By means of this formula, if each rivet is assumed to be 
cencentrated at a point, the distance p (c to the farthest rivet) from the 
centers of the various rivets to B can be easily determined, and only the 
quantity J needs further comment. Thus, since by definition J = f p 2dA, and 
the "area of the torsion member" in this case is a discrete number of rivet 
areas, with sufficient accuracy, 
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where the summation includes the product of the cross-sectional area A, of 
every rivet by the square of its distance p1 from the centroid of all rivet 
areas. Moreover, since from Fig. 14-14(c), each pf = xf + yf, where x, and 
y, are the co-ordinates of a particular rivet's center from the centroid of all 
rivet areas, J ~ I: (xf + yi2)A 1• 

By using the approximation for J established above, the torsional 
shearing stress f, on any one rivet at a di stance p, from the centroid of all 
rivet areas becomes 

(J 4-3) 

whereas, if all rivets are of equal size, 

(f,) - Tp, 
r I - A ~ (xf + yf) 

or 

where (P,)1 is a force due to a torque T acting on a rivet at a distance p from 
the centroid of all rivet areas . Either (f,)1 or (P,) 1 acts perpendicular to the 
direction of P;. Further, by noting the similarity of the triangle with sides 
x,, y 1, and p, to the triangle of force at a rivet and its components, shown 
shaded in Fig. 14-14(c), it follows that the components of the torsional stresses 
in the x- and y-directions, respectively, are 

and (14-3b) 

A vectorial superposition of the direct and torsional shearing stresses 
(or forces) given by the above equations gives the total shearing stress (or 
force) a-:ting on any one rivet. The highest stressed rivet can usually be 
found by inspection. For example, in Fig. 14-14 the rivet C does not appear 
to be highly stressed, since the force P/n and the force at C due to torque 
act approximately in the opposite directions. On the other hand, the cor­
responding forces at the rivet D are nearly colinear and of the same sense. 

The same procedure of analysis is also applicable for both ordinary 
and high strength bolted connections. It should be noted, however, that, if 
the load eccentricity causes both shear and tension of the fasteners, the AISC 
specifies a reduction of the allowable tensile stress for rivets and ordinary 
bolts, and a reduction of the allowable shear stress in the friction-type high 
strength bolts. 

Note that the solution for an eccentrically loaded connection is based 
on the sup:!rposition of two entirely different solutions. The first, for the 
direct stresses, is based on a nonelastic hypothesis; the second, for the tor­
sional stresses, is based on the elastic concepts. The superposition of these 
two solutions is not completely consistent. The potential capacity of the 
joint in torsion is not accurately appraised, since rivets situated close to the 
centroid of the whole rivet group can resist higher forces at ultimate loads. 
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The solution obtained is conservative, however; hence its use in practice is 
justified.* 

EXAMPLE 14-6 

Find the maximum shearing stress caused by an inclined forceP = 12 kips in 
the rivets of the connection shown in Fig. l 4-15(a). The rivets are of I in. 
diameter (A = 0.785 in. 2). 

2~6" 6 Po 2" 
B 

(a) (b) (c) 

Fig. 14-15 

SOLUTION 

The applied force is first resolved into the horizontal and vertical components, 
which simplifies the determination of the components of the direct shearing 
stress, as well as the torque T. The centroid of all rivet areas is between the top 
and bottom rivets at B. Inspection of Fig. 14-15(b), where the anticipated 
direct and torsional stresses are shown acting simultaneously, shows that the 
top rivet is the highest stressed rivet. This rivet is c = 6 in. from B. Note that 
the rivet pattern is symmetrical, and that the x's in the I; (x 2 + y 2) term are 
zero. 

Px = 12 sin 30° = 6 kips ->, Py= 12 cos 30° = 10.4 kips t 
T = 10.4(12) - 6(2) = 113 kips-in. 

r - ~ -~ - 3 31 k · · · i Jdy - nA - 4(0_785) - . s1, res1stmg 

r Px 6 l 91 k . . . 
Jdx = nA = 4(0.785) = . s1, res1stmg<-

Tc 113(6) . 
hx = I, = A I; (x2 + y 2) 0.785(62 + 22)2 = 10·8 ksi <-

!mu.= v(l.91 + 10.8)2 + 3.312 = 13.1 ksi 

The torsional part of an eccentrically loaded connection problem can 
always be solved from the first principles without the use of the torsion for­
mula. Thus, assuming, as before, that the plate is rigid, also assuming a linear 
variation of strain in the rivets from the center of twist, and using Hooke's 
law, it is found that the stresses in the rivets vary linearly from the center of 

• Also see the last paragraph in Art. 3-12. 
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twist. Hence, for the above problem with equal cross-sectional areas of all 
rivets, in terms of the force P0 at the outer rivets, from Fig. 14-l 5(c), 

Po(l2) + i Po(4) = T = 113 and P0 = 8.48 kips 

where, as above, f; = 8.48/0.785 = 10.8 ksi. This procedure amounts to a 
rederivation of the torsion formula. 

14-5. W ELD ED CONN ECTION S 

The connection of members by means of welding is very widely used 
in industry. Butt welds have already been mentioned in Art. 9-6 for use in the 
manufacture of pressure vessels. The strength of these welds is simply found 
by multiplying the cross-sectional area of the thinnest plate being connected 
by the allowable tensile or compressive stress for a weld. The AISC specifica­
tions, based on the recommendations of the American Welding Society 
(A WS), allow the same tensile stress in the weld as in the base metal in the 
case of butt welds subjected to static loads in steel buildings. 

Another common type of weld, which is designed on a semi-empirical 
basis, is the so-called fillet weld shown in Fig. 14-16. These welds are desig-

(a) (b) 

Fig. 14-16. An example of a fillet weld 

nated by the size of the legs, Fig. 14-16(b), which are usually made of equal 
width W. The smallest dimension across a weld is called its throat. For 
example, a standard ½ in. weld has both legs ½ in. wide and a throat equal to 
(0.5) sin 0 = (0.5) sin 45° = 0.707(0.5) in. The strength of a fillet weld, 
regardless of the direction of the applied force ,* is based on the cross-sectional 
area at the throat multiplied by the allowable shearing stress for the weld 
metal. The A WS allowable shear stress is 0.3 times the electrode tensile 
strength. For example, E70 electrodes (i.e ., tensile strength of 70 ksi) used 
as weld metal has an allowable shear stress of 0.3 x 70 = 21 ksi. The 
allowable force q per inch of the weld is then given as 

q = c21xo.101) w = 14.85 w [k/in] (14-4) 

where Wis the width of the legs. For a¼ in. fillet weld this reduces to 3.71 
kips per in.; for a ¾ in. fillet weld to 5.56 kips per in., etc. 

*This is a considerable simplification of the real problem. 
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(b) 

EXAMPLE 14-7 

Determine the proper lengths of welds for the connec­
tion of a 3 in. by 2 in. by ro in. steel angle to a steel plate, 
Fig. 14-17. The connection is to develop the full strength 
in the angle uniformly stressed to 20 ksi. Use¾ in. fillet 
welds, whose strength per A WS specification is 5.56 kips 
per linear inch. 

SOLUTION 

Many arrangements of welds are possible. If two welds 
Fig. 14·17 of length L 1 and L 2 are to be used, their strength must 

be such as to maintain the applied forceP in equilibrium 
without any tendency to twist the connection. This requires the resultant of 
the forces R 1 and R2 developed by the welds to be equal and opposite ~o P. 
For the optimum performance of the angle, the force P must act through the 
centroid of the cross-sectional area (see Table 7 of the Appendix). For the 
purposes of computation, the welds are assumed to have only linear dimen­
sions. 

Aanal• = 2.00 in. 2 a allow = 20 ksi 

P = Aa,110 w = 2(20) = 40 kips 

~ Md = 0 0 +, R 1(3) - 40(1.06) = 0, R 1 = 14.1 kips 

~ Ma = 0 0 +, Ri(3) - 40(3 - 1.06) = 0, R 2 = 25.9 kips 

Check: R 1 + R 2 = 14.1 + 25.9 = 40 kips = P 

Hence, using the specified value for the strength of the i in. weld, 
note that L 1 = 14.1 /5.56 = 2.54 in . and L 2 = 25.9/5.56 = 4.66 in. The actual 
length of welds is usually increased a small amount over the lengths computed 
to account for craters at the beginning and end of the welds. The eccentricity 
of the force P with respect to the plane of the welds is neglected. 

To minimize the length of the connection, end fillet welds are often 
used . Thus, in the above example, a weld along the line ad could be added. 
The centroid of the resistance for this weld is midway between a and d. For 
this arrangement, the lengths L I and L 2 are so reduced that the resultant force 
for all three welds coincides with the resultant of R 1 and R2 of the former case. 
To accomplish the same purpose, slots and notches in the attached member 
are also used . 

14-6. ECCENTRIC WELDED CONNECTIONS 

A fillet weld, for purposes of calculation, is concentrated into a line and 
is assumed to resist an equal force per lineal inch in any direction. Therefore 
the most advantageous line of action for a force applied to a welded connec­
tion passes through the centroid of weld lines. If this does not occur, an 
eccentricaliy loaded connection results. The analysis of these connections is 
analogous to that of the eccentrically loaded bolted connections. The problem 
is resolved into two problems as shown in Fig. 14-18. The first problem, 
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(a) (b) (c) 

Fig. 14-18. Resolution of a problem of an eccentrically loaded welded 
connection into two separate problems 

Fig. 14-18(b), is a concentrically loaded connection where the applied force 
P acts through the centroid B of all welds. For this case, the direct force q4 

per inch length of weld acting in the direction opposite to Pis 

[lb/in.] ( 14-5) 

where I; L, is the total length of all welds. If the force P is resolved into 
the horizontal and vertical components Px and Py, respectively, the com­
ponents of the direct force per inch of weld are 

and (l4-5a) 

The second problem, Fig. 14-18(c), is analogous to the torsion problem, 
if the plate is assumed to be rigid and to twist around the point B. Then, 
by further assuming elastic action of the welds, the torsion formula, with 
a modified value of J, may be applied. A particular value of J for a group of 
straight welds can be found as outlined below. 

The polar moment of inertia J is equal to the sum of two rectangular 
moments of inertia with respect to any two mutually perpendicular axes, 
i.e., J = !xx + l yy· Likewise, bearing in mind the para llel axi s theorem, 

Eq. 5-2, the contribution to J with respect to the 

x; 

Fig. 14-19 

center of twist B of any individual straight weld such 
as ab in Fig. 14-19 is* 

where L1 is the length of a weld, and i'i and ji, are the 
respective coordinate distances from the centroid B 
of all welds to the center of the weld considered. This 
expression remains the same for any position or 
inclination of straight weld, since i l + jil = pt = 
if + fl.Therefore the total equivalent J for several 

*Note that I of a line around itself equals zero. 
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straight welds is 

where the expression in parentheses is computed for every weld in the con­
nection whose individual length is L ;, and the results are added. 

Using the above equivalent value of Jin the torsion formula, the tor­
sional force q, per inch of weld is 

[lb/in.] (14-6) 

where p is the distance from the centroid of all welds to a particular point 
on any weld. The torsional force q, acts perpendicular to the radius vector 
p . The horizontal and vertical components of q,, in a manner analogous to 
that employed in the analysis of riveted connections, may be shown to be, 
respectively, 

q,x = .I: (t~ + L/i.,2 + Liff) 

Tx 

Ty 

and 
(14-6a) 

where as above, T is the total torque Pe on the connection, and x and y 
are the co-ordinate distances to a selected point on the weld. 

The vectorial superposition of the direct and torsional forces per inch 
of weld gives the intensity of the total force per inch of weld. Inspection 
of the diagram for the joint on which the anticipated qd and q, are estimated 
generally reveals the highest stressed point on the welds. Usually the size 
of all welds is based on the highest stressed point. Like the eccentrically 
loaded riveted connection, this solution is obtained by superposition of the 
inelastic and elastic solutions. 

In conclusion it should be noted that vector summation of forces per 
inch is used for fillet welds only. In the case of butt welds, the direct and 
torsional stresses are combined by using Mohr's circle. 

EXAM PLE 14-8 

Find the size of the two welds required to attach a plate to a machine as 
shown in Fig. 14-20(a) if the plate carries an inclined force P = 10 kips . Use 
the stresses allowed by the A WS. 

SOLUTION 

The applied force is resolved into horizontal and vertical components. The 
centroid of the two welds is seen to be at B. In computing J, symmetry and the 
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p 

(a) (b) 

Fig. 14-20 

fact that x's are zero are noted. Inspection of the anticipated direct and 
torsional forces on the welds in Fig. 14-20(b) shows that point E has the 
highest stress. Application of Eqs. 14-5(a) and 14-6(a) yields the components 
of qa and q,, which are then used to find qm,x· 

Px = ~(JO) = 6 kips Py = ½(10) = 8 kips 

T = 8(7) - 6(4) = 32 kips-in. 

J = 2( t; + Lji2) = 2 [ ~; + 6(4)2] = 228 in.3 

(fo)E = £L, = :,~ = 500 lb/in.-> 

(Qay)E = {L, = 
8

·~ = 667 lb/in. j 

( Tye 32,000( 4) 562 I ; · q,x)E = j = 228 = b !Il. -> 

(q,y)E = !J = 32
•~

3
) = 421 lb/ in. j 

qmax = qE = ,/(500 + 562)2 + (667 + 421)2 = 1,520 lb/in. 

Finally, since by Eq. 14-4 the allowable force per inch of weld , regardless of 
the direction of the applied force, is 14,850 W, where Wis the width of the leg, 

q = 14 850 W = 1,520 lb/in. or W = 0.103 in. 

Hence a uniform size of¾ in. fillet weld should be used throughout. 

PROBLEMS FOR SOLUTION 

14-1. A member of a truss to be made of two 
4 in. by 4 in. by ½ in. angles must transmit an 
axial force of 70 kips to a ! in. gusset plate. The 
angles are to be arranged as shown in Fig. 14-10. 

CHAP. 14 STRUCTURAL CONNECTIONS 

How many¾ in. rivets are required? How many 
rivets should be used to develop the full tensile 
capacity of the angles? Use the allowable stresses 
given in Example 14-1. Ans: 4, 7. 
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14-2. A framed beam shear connection for an 
S 20 x 65.4 beam consists of two 4 in. by 3½ in. 
by ¾ in. angles with four -fr in. A502-I rivets 
through the web and eight rivets in the out­
standing legs. (A similar connection is shown in 
Fig. 14-11.) Determine the capacity of the con­
nection. Use the allowable stresses given in 
Example 14-1. 

14-3. A W 18 x 50 beam is attached to two 
W 12 x 65 columns by means of connections, 
each of which consists of two 4 in. by 3½ in. by 
¾ in . angles. Four¾ in. rivets go through the web 
of the beam and eight¾ in. rivets are used at each 
column. What force P, governed by allowable 
bearing and shear on rivets, may be applied to the 
beam as shown in the figure? Use the old AASHO 
(American Association of State Highway Offi­
cials) stresses: shear, 13.5 ksi; single or double 
bearing, 27 ksi. Ans: 58 kips. 

P =? 

I· 
L/2 L/2 

PROB. 14 - 3 

14-4. If the beam to column connections 
described in Prob. 14-3 were made with ¾ in. 
A325-F friction type high strength bolts instead 
of rivets, what would the allowable force P be? 

14-5. What direct tensile force may be ap­
plied to the multiple-riveted, structural butt 
joint shown in the figure? What is the efficiency 
of the joint? The main plates are 13 mm thick by 
250 mm wide; the two cover plates are each 7 mm 
thick . The rivets are 22 mm in diameter. The 
allowable stresses are 140 MN/m2 in tension, 100 
MN/m2 in shear, and 340 MN/m2 in bearing. 

p p 

PROB. 14 - 5 

CHAP. 14 PROBLEMS FOR SOLUTION 

14-6. A multiple-riveted, structural butt joint 
has the same arrangement of rivets as the joint 
of the preceding problem. The main plates are 
10 mm thick by 200 mm wide; the two cover 
plates are each 6 mm thick by 200 mm wide . The 
25 mm rivets are used in 27 mm diameter holes. 
If the joint trnasmits a force of 120 kN: (a) what 
is the tensile stress in the cover plates at the inner 
row of rivets; (b) what is the tensile stress in the 
main plate at the inner and outer rows of rivets? 

14-7. A 1 in. by 8 in. plate transmitting a pull 
of 105 kips is reinforced with two side plates at a 
2.00 in. diameter pin for bearing requirements as 
shown in the figure. (a) Determine the required 
thickness of the side plates if the allowable 
bearing stress in single or double shear is 27 ksi. 
State the answer to the nearest r1i,th of an inch. 
(b) Determine the required number of -fr in. 
rivets for attaching the side plates to the main 
plate if the allowable shearing stress is 13.5 ksi . 
Ans: (a) ½ in., (b) 4. 

PROB. 14 - 7 

14-8. Two 13 mm by 300 mm plates are 
lapped and riveted with 25 mm rivets as shown 
in the figure. Determine the allowable load and 
efficiency of the joint. Use the allowavle stresses 
given in Prob. 14-5. Ans: 80.9 %. 

PROB. 14 - 8 

14-9. A structural, multiple-riveted lap joint, 
such as is shown in the figure, is designed for a 42 
kip load . The plates are¾ in. thick by 10 in. wide. 
The rivets are¾ in . (a) What is the shearing stress 
in the middle rivet? (b) What are the tensile 
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stresses in the upper plate in row 1-1 and row 2-2? 
Ans: (a) J 3.6 ksi, (b) 6.5 ksi, 7.02 ksi. 

PROB. 14 - 9 

14-10. Rework Example 14-5 if, instead of 
rivets, l in. A325-F friction type high strength 
bolts are used. 

14-11. A structural butt joint is to transmit a 
tension of 110 kips. The main plate is 8 in . by 
l in. Use½ in. cover plates and t in. A325-F high 
strength bolts. Design the connection, i.e., deter­
mine the number of bolts and the necessary 
dimensions. 

14-12. An S 20 x 85 beam has two l in. by 
10 in. cover plates as shown in the figure. This 
composite beam carries a total vertical shear of 
150 kips at a particular section. Using the stresses 
allowed by the AISC code (Example 14-1), 
specify the required spacing of ¾ in. rivets be­
tween the beam and the cover plates. 

I 
PROB. 14 - 12 

14-13. A steel plate is attached to a machine 
with five¾ in . bolts as shown in the figure . Deter-

10 k 

PROB. 14 - 13 

CHAP. 14 STRUCTURAL CONNECTIONS 

mine the stress caused by the applied force in the 
highest stressed bolt. 

14-14. If the connection of Prob. 14-13 were 
made with ¾ in. A439-F friction type high 
strength bolts, what would be the maximum 
allowable horizontal pull which could be applied 
as shown in the figure? 

14-15. If the shearing stress in the rivets 
governs the allowable load P which may be ap­
plied to the connection shown in the figure, what 
is the allowable force P? The rivets are 19 mm 
and the allowable shearing stress is 100 MN/m2 . 

All dimensions shown in the figure are in mm. 

150 

PROB. 14 - 15 

14-16. For the riveted connection shown in 
the figure, and used in an aeroplane, (a) deter­
mine the maximum stress on the highest stressed 
rivet. All rivets are¼ in. in diameter. (b) If rivet A 
were knocked out, what would be the stress on 
the highest stressed rivet ? Ans: (a) 1,920 psi, 
(b) J ,680 psi. 

2" 

PROB. 14 - 16 

14-17. Calculate the maximum shearing stress 
in the rivet group shown in the figure if all rivets 
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are 19 mm. The plates form a lap joint. All 
dimensions shown in the figure are in mm. 

60 kN 

60 kN 

PROB. 14 - 17 

14-18. Calculate the shearing stress caused by 
the applied force in each of the 1 in . diameter 
rivets for the connection shown in the figure. 

y 3" 

t 3" 

10 k 

PROB. 14 - 18 

14-19. Determine the maximum shearing 
stress in the rivets in the bracket loaded as shown 
in the figure. All rivets are I in . in diameter. 
Ans: 9,140 psi. 

PROB. 14 - 19 

14-20. In order to obtain a wood beam of 
sufficient length, two short pieces of 2 in . by IO 
in. timbers were spliced to the end of a 4 in. by 

CHAP. 14 PROBLEMS FOR SOLUTION 

IO in. timber by six ¾ in. bolts as shown in the 
figure. If the working load of a ¾ in. bolt in 
double shear in any direction is limited to 1,000 
lb, what is the maximum load P that the beam 
can support? Neglect the weight of the beam. 
Ans: 1,2101b. 

p 

l...l.'.--L.l--~6' -
6" 

4" X JO" 

2 - 2" X JO" 

PROB. 14 - 20 

14-21. Determine the allowable force P that 
may be applied to a riveted connection having 
the dimensions shown in the figure . Rivets A and 
B are 0.2 in. 2 , and rivet C is 0.6 in. 2 in cross­
sectional area. The allowable shearing stress in 
the rivets is 20 ksi. Ans: 8.37 kips. 

PROB. 14 - 21 

14-22. Calculate the maximum shearing 
stress in the rivets for the connection shown in 
the figure. Rivets A and B have cross-sections of 
I in. 2 each, and rivet Chas a cross-section of 2 
in.2 Ans: 10 ksi (max). 

3" 

2" 

2" 

PROB. 14 - 22 
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14-23. A column bracket is made by attaching 
½ in. gusset plates to the flanges of a column with 
¾ in. A325-F high strength bolts. The dimensions 
of the connection are shown in the figure. Deter­
mine the safe load P for the bracket . 

:: p 
8" 3" 5" 

PROB. 14 - 23 

14-24. Revise the design of Prob. 14-7 by 
welding the reinforcing plates to the main plate . 
Investigate two alternative welding schemes: (a) 
continuous welds all around the reinforcing 
plates, and (b) intermittent welds of sufficient size 
to develop the required fo rces. Which solution do 
you favor? Use AWS stresses. 

14-25. Rework Example 14-7 for an 8 in . by 
6 in . by¾ in. angle using½ in . fillet welds. 

14-26. Determine the proper lengths of welds 
L 1 and L 2 in Example 14-7 if, to minimize the 
length of connection, a weld is made along ad. 

14-27. A bracket is loaded as shown in the 
p 

' I 

'1 f 
t 
i 
~ 

' I I ~,__c._ 
PROB. 14 - 27 

CHAP. 14 STRUCTURAL CONN ECTIO NS 

figure. If the allowable shearing stress of the weld 
is 145 MN/m 2, what size of fillet welds, to the 
nearest millimeter, should be used? Let a = 200 
mm, b = 150 mm, c = 100 mm, and P = 50 kN. 

14-28. Rework the preceding problem by 
letting a = 8 in., b = 6 in ., c = 4 in., and 
P = 12 kips. 

14-29. A bracket is to be attached to a body of 
a machine by means of three welds as shown in 
the figure . If the applied inclined force is 10 kips, 
what size fillet weld is required? Ans:¾ in. 

15 k 

PROB. 14 - 29 

14-30. * Determine the required size of fillet 
welds for the connection loaded as shown in the 
figure. Ans:¾ in. 

PROB. 14 30 

14-31. If in Prob. J 4-12 the cover plates are to 
be attached to the beam by means of welds, 
specify the size of fillet welds required. (Hint: 
determine shear flow per foot of beam's length, 
then decide on the size and length of the weld 
needed in such a distance . Use intermittent welds.) 
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The Energy 
Methods 

15-1. INTRODUCTION 

In the preceding chapters of the text, static equilibrium equations were 
always employed to solve the basic problems in mechanics of materials. An 
equally fundamental concept for the solution of these problems is based on 
the principle of conservation of energy. Methods of problem analysis which 
are generally applicable result by using this concept, and the study of these 
methods will be the object of this chapter. 

In mechanics, energy is defined as the capacity to do work, and work 
is the product of a force by the distance in the direction the force moves. 
In solid deformable bodies, stresses multiplied by their respective areas are 
forces, and deformations are distances. The product of these two quantities 
is the internal work done in a body by externally applied forces. This internal 
work is stored in a body as the internal elastic energy of deformation, or the 
elastic strain energy. Methods of computing this internal energy will be 
discussed first. Then, by using the principle of the conservation of energy 
and equating the internal work to the external work, one can obtain deflec­
tions of axially loaded members, torsional members, and beams. This pro­
cedure will permit the investigation of stresses and deflections not only of 
members subjected to steadily applied forces but also of members subjected 
to energy or impact loads. 

The direct solution of problems by equating the external to the internal 
work is limited to cases where only one force is applied to a member. There­
fore a generalized procedure will be treated under the caption of virtual work, 
and will be used in discussing deflection problems of a very general nature, 
such as those caused by any loading of trusses and curved bars. In all cases, 
the members will be assumed to be in equilibrium, as the solution of instabil­
ity problems by the energy methods are beyond the scope of this text. 

15-2. ELASTIC STRAIN ENERGY FOR UNIAXIAL STRESS 

Consider an infinitesimal element, such as shown in Fig. I 5-1 (a), 
subjected to a normal stress <1 x · The force acting on the right or the left 
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j_, 
z 

O"x 

dy 

(a) 

(b) 

Fig.15-1. (a) An element in tension and (b) a stress-strain diagram 

face of this element is ax dy dz, where dy dz is an infinitesimal area of the 
element. Because of this force, the element elongates an amount e_, dx, where 
ex is strain in the x direction. If the element is made of a linearly elastic 
material, stress is proportional to strain, Fig. 15-I(b). Therefore, if the ele­
ment is initially free of stress, the force which finally acts on the element 
increases linearly from zero until it attains its full value. The average force 
acting on the element while deformation is taking place is a2 dy dz/2. This 
average force multiplied by the distance through which it acts is the work 
done on the element. For a perfectly elastic body no energy is dissipated, and 
the work done on the element is stored as recoverable internal strain energy. 
Thus, the internal elastic strain energy U for an infinitesimal element sub­
jected to uniaxial stress is 

dU = !ax dy dz X ex dx = ! a xt:ix dx dy dz = ! a xexdV ( 15-1) 
----.,...._...- ..__,.__.. 
average distance 
force 

work 

where dV is the volume of the element. 
By recasting Eq. 15-1, one obtains the strain energy stored in an elastic 

body per unit volume of the material, or its strain-energy density U0 • Thus 

U = dU = a xex 
0 dV 2 

(15-la) 

This expression may be graphically interpreted as an area under the inclined 
line on the stress-strain diagram, Fig. 15-1 (b ). The corresponding area 
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(J 

enclosed by the inclined line and the vertical axis is called the complementary 
energy. For linearly elastic materials the two areas are equal. Expressions 
analogous to Eq. 15-la apply to the normal stresses U y and u, and to the 
corresponding extensional strains ey and e,. 

Since in the elastic range Hooke's Jaw applies, a x= Exex, Eq. 15-la 
may be written as 

U = dU _ Ee; _ u; 
0 dV - 2 - 2E ( 15-1 b) 

or U = f u; dV 
vol 2£ 

(15-lc) 

These forms of the equation for the elastic strain energy are convenient in 
applications, although they mask the dependence of the energy expression 
on the force and distance. 

For a particular material, substitution into Eq. 15-1 b of the value of 
the stress at the proportional limit gives an index of the material's ability 
to store or absorb energy without permanent deformation. The quantity so 
found is termed the modulus of resilience and is used to differentiate materials 
for applications where energy must be absorbed by members. For example, 
a steel with a proportional limit of 30,000 psi and an E of 30 x 106 psi has a 
modulus of resilience of u 2/(2E) = (30,000)2 /2(30)106 = 15 in.-lb per cu 
in., whereas a good grade of Douglas fir, having a proportional limit of 
6,450 psi and an E of 1,920,000 psi. has a modulus of resilience of 

Stronger steel 

I 

B C 

(6,450)2 /2(1,920,000) = 10.8 in.-lb per cu in. 
By reasoning analogous to the above, the area 

under a complete stress-strain diagram, Fig. 15-2, 
gives a measure of a material's ability to resist 
energy load up to fracture and is called its tough­
ness. The larger the total area under the stress-strain 
diagram, the tougher the material. In the inelastic 
range, only a small part of the energy absorbed by 
a material is recoverable. Most of the energy is dis­
sipated in permanently deforming the material and 
is lost in heat. The energy which may be recovered 

e when a specimen has been stressed to some such 
Fig . 15-2. Definition of toughness point as A in Fig. 15-2 is represented by the triangle 

ABC. The line AB of this triangle is parallel to the 
line OD, since all materials behave elastically upon the release of stress. 

EXAMPLE 15-1 

Two elastic bars, whose proportions are shown in Fig. 15-3, are to absorb the 
same amount of energy delivered by axial forces. Neglecting stress con­
centrations, compare the stresses in the two bars. 
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Area A 

SOLUTION 

Area 2A 3Ll L 4 

The bar shown in Fig. l 5-3(a) is of uniform cross­
sectional area, therefore the normal stress a 1 is constant 
throughout. Using Eq. 15-lc and integrating over the 
volume V of the bar, one can write the total energy for 
the bar as ~-; 

_4_ Area A 

(a) (b) 

Fig.15-3 
where A is the cross-sectional area of the bar, and L is 
its length. 

The bar shown in Fig. 15-3(b) is of variable cross section. Therefore, if 
the stress a 2 acts in the lower part of the bar, the stress in the upper part is 
¼a2 . Again using Eq. 15-1 c and integrating over the volume of the bar, it is 
found that the total energy that this bar will absorb in terms of the stress 
<I2 is 

U = i ~ dV = ~ l dV + (ai /2)
2 J dV 2 2£ 2£ 2£ 

V lower pa rt uppe r pa rt 

= a! (AL) + (a2 /2)
2

( 2A3L) = ~(2-AL) 
2£ 4 2£ 4 2£ 8 

If both bars are to absorb the same amount of energy, U , = U2 and 

s_(AL) = a1 (2 AL) 
2£ 2£ 8 

or 

The enlargement of the cross-sectional area over a part of the bar in the 
second case is actually detrimental. For the same energy load, the stress in the 
"reinforced" bar is 26.5 % higher than in the first bar. This situation is not 
found in the design of members for static loads. 

15-3. ELASTIC STRAIN ENERGY IN PURE BENDING 

(Jx = - My 
I 

(a) (b) 

The elastic strain energy for an infinitesimal 
element in uniaxial stress having been established, 
one can obtain the elastic strain energy for beams 
in pure bending. For this special case, the normal 
stress is known to vary linearly from the neutral 
axis as is shown in Fig. 15-4(a), and the stress acting 
on an arbitrary element is a = My/I, Eq. 5-la. The 
volume of this element is dx dA, where dx is the 
element's length and dA is its cross-sectional area, 
Fig. 15-4(b). Hence, using Eq. 15-lc and integrating 
over the volume V of the beam, the expression for 
the internal elastic strain energy for a beam is 

Fig. 15-4. A segment of a beam used in 
deriving the expression for strain energy in 
bending 

CHAP. 15 THE ENERGY METHODS 528 

www.konkur.in



0 

Fig. 15-5. A segment of a 
beam used in an alternate 
derivation of the strain en­
ergy in bending 

U = --2.dV= - -- dxdA l u
2 l 1 ( My)2 

v 2£ v 2£ I 

Rearranging terms and remembering that M at a section of a beam is con­
stant and that the order of performing the integration may be chosen arbi­
trarily, one obtains 

J M 2 i JLM2b U = 2£ 12 dx y 2 dA = 2£/ 
length asea 0 

( 15-2) 

where the last simplification is possible since by definition I = f y 2 dA. 
Equation 15-2 reduces the volume integral for the elastic energy of prismatic 
beams in pure flexure to a single integral to be taken over the length L of a 
beam. 

For further emphasis, Eq. 15-2 will be rederived from a different point 
of view, by considering an elementary segment of a beam dx long, as is 
shown in Fig. 15-5. Before the application of the bending moments M, the 
two planes perpendicular to the axis of the beam are parallel. After the appli­
cation of the bending moments, extensions of the same two planes, which 
remai n planes, intersect at 0 , and the angle included between these two 
planes is d0. Moreover, since the full value of the moment M is attained 
gradually, the a11erage moment acting through an angle d0 is t M. Hence the 
external work U, done on a segment of a beam is dW, = ½ M d0. Further, 
since for small deflections dx ~ p d0, where p is the radius of curvature of 
the elastic curve and 1/ p = M/ El, from the principle of conservation of 
energy the internal strain energy of an element of a beam is 

dU = dW = J___M d0 = J___Mdx = M
2 

dx 
' 2 2 p 2£1 

which has the same meaning as Eq. 15-2. 

EXAMPLE 15-2 

Find the elastic strain energy stored in a rectangular cantilever beam sub-

Fig.15-6 

jected to a bending moment M applied at the end, 
Fig. 15-6. 

SOLUTION 

The bending moment at every section of this beam, as 
well as the flexural rigidity EI, is constant. By direct 
application of Eq. 15-2, 

IL M 2 dx M 2 IL M 2L 
U = Jo 2£1 = 2£1 Jo dx = 2£/ 

It is instructive to write this result in another form . Thus, since <1max = Mc/I, 
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y 

M = <lmaxl /c = 2<lmaxl/h, and/ = bh 3/ 12, 

( 2<lmax f) 2 L 
U = h = <l~ax(bhL) = <l~ax(l_ i) 

2£/ 2£ 3 2£ 3 VO 

For a given maximum stress, the volume of the material in this beam is only a 
third as effective for absorbing energy as it would be in a uniformly stressed 
bar where U = (a 2/2E)(vol). This results from the presence of variable 
stresses in a beam. If the bending moment also varies along a prismatic beam, 
the volume of the material becomes even less effective. 

15-4. ELASTIC STRAIN ENERGY FOR SHEARING STRESSES 

An expression for the elastic strain energy for an infinitesimal element 
in pure shear may be established in a manner analogous to that for one in 
uniaxial stress. Thus consider an element in a state of shear as shown in 
Fig. 15-7(a). The deformed shape of this element is shown in Fig. 15-7(b), 
where it is assumed that the bottom plane of the element is fixed in position.* 

y 

rdy 

t dy 

z 
r x 

(a) 

r 

dx 

(b) 

Fig. 15-7. An element for deriving the expression of stra in energy due 
to shearing stresses 

X 

As this element is deformed, the force on the top plane reaches a final value 
of -r dx dz. The total displacement of this force for small deformation of the 
element is y dy, Fig. 15-7(b). Therefore, since the external work done on the 

•This assumption does not make the expression less general. 
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element is equal to the internal , recoverable, elastic strain energy, 

dU,boar = fr dx dz X y dy = ½°•Y dx dy dz = l •Y dV 
~ ----- ( 15-3) 

average force distance 

where dV is the volume of the infinitesimal element. 
By recasting Eq. 15-3, the strain-energy density for shear becomes 

_ (du) _ -.y 
(U.),hear - dV - 2 

shear 
(15-3a) 

Using Hooke's Jaw for shearing stresses, -r = Gy, Eq. 15-3a may be 
transformed as 

(
dU) -.

2 

(U.),bcar = dV = 2G 
shear 

(15-3b) 

or J -.2 
U,bcar = 2G dV 

vol 

(15-3c) 

Note the similarity of Eqs. 15-3, 15-3a, 15-3b and 15-3c to Eqs. 15-1, 
15-l a, 15-lb, and 15-Ic for elements in a state ofuniaxial stress. 

dA = 2np dp 
EXAMPLE 15-3 

Find the energy absorbed by an elastic circular rod 
subjected to a constant torque in terms of the maximum 
shearing stress and the volume of the material, Fig. J 5-8. 

SOLUTION 

The shearing stress in an elastic circular rod subjected 
to a torque varies linearly from the longitudinal axis. 
Hence the shearing stress acting on an element at a 
distance p from the center of the cross section is TmaxPI c. 

Fig . 15-8 Then, using Eq. 15-3(c) and integrating over the volume 
V of the rod L inches long, one obtains 

U = L !::_ dV = L T;,axp2 21r.p dp L 
2G 2Gc2 

V V 

= T;,ax 2nL Jc p 3 d = T;,1 x 2nL c4 

2G c 2 P 2G c2 4 
0 

If there were uniform shearing stress throughout the member, a more efficient 
arrangement for absorbing energy would be obtained. In practice this condi­
tion is nearly attained in sandwich-type rubber mountings for machinery. 
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*15-5. STRA IN ENERGY FOR MULTIAXIAL STATES OF STRESS 

As pointed out in Art. 15-2, analogous equations to that of Eq. 15-1 a 
can be written for normal stresses a, and a, and the corresponding exten­
sional strains e, and e,. To generalize the form of Eq. 15-3a to include all 
possible shearing stress components (see Fig. 1-3) and the corresponding 
shearing strains, it must be recognized that Eq. J 5-3a was written for the xy 

coordinate axes. Therefore, it can be rewritten as ( U0 ),hca, = •x,Y x,/2. 
Then, by simply permuting the subscripts, the shear strain energy associated 
with 1:,, and 1:,x can also be written. On this basis the strain energy expression 
for a three-dimensional state of stress follows directly by superposition of 
the energy associated with each stress component, i.e. , 

( 15-4) 

Upon substituting into this equation the relations for strains as given by the 
generalized Hooke's law, Eqs. 2-6 and 2-9a, and after some simple algebraic 
manipulations, one obtains 

V0 = ~~ = 2~(a; + a; + a;) - ; (axa, + ap, + a ,ax) 

1( 2 2 -1 2) + 2G • xy + Ty, 1:,x ( I 5-4a) 

as the expression for the elastic strain energy per unit volume for isotropic 
materials. The last term in the equation vanishes for situations where no 
shearing stresses exist. For the two-dimensional plane stress case with a, = 0 
and 1:,, = 1:,x = 0, Eq. 15-4a is greatly simplified to 

= dU _ a_; ~ _ ~ 1:;, 
Uo dV - 2£ + 2£ E(Tx(Ty + 2G (l 5-4b) 

*15-6. DESIGN OF M EM BERS FOR ENERGY LOADS 

Examination of the results in the examples solved shows certain com­
mon characteristics which must be considered in the design of members to 
resist energy loads. Thus, whether an axially loaded member, a beam, or a 
torsion member is considered, the maximum stress for a given energy load 
U absorbed by a member may be expressed as 

or 
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(a) 

where f is a fraction by which the total volume V of the member must be 
multiplied, depending on the type of stress distribution. 

It may be seen from these expressions that, for a given U, the smallest 
stresses will be obtained: 

(I) By selecting a material with a low E or G; 

(2) By making the total volume of the member large; 

(3) By stressing the material uniformly. 

When constant stress exists throughout a body, f = l. Solid circular 
members in torsion, as commonly found in springs, are reasonably good 
since f = 0.5. For the same stress, the volume of the material in a beam is 
at best only one-third as effective as it is in an axially loaded rod. This situa­
tion is found only in constant-strength beams. For example, it can be shown* 
that if a cantilever with a rectangular section is used to absorb energy deliv­
ered by a concentrated force at the end, f = f 

Several cases can be cited as illustrations of practical situations where 
the above principles are used. Wood is used in railroad ties since its Eis low, 
and the cost per unit volume of the material is small. In pneumatic cylinders 
and jackhammers, Fig. 15-9, very long bolts are used to attach the ends to 
the tube. Long bolts provide a large volume of material, which, in opera­
tion, is uniformly stressed in tension. In the early stages of the development 
of this equipment, short bolts were used, and frequent failures occurred. 
A practical approximation to a constant-strength beam is found in leaf 
springs, Fig. 15-IO(b) and (c). The various leaves of the spring, when spread 
out, Fig. 15-IO(a), are approximately equivalent to a beam of constant 
strengtht (see Fig. I0-18(c)). 

Long bolts Short bolts 

tJ 
(b) 

Fig. 15-9. (a) Good and (b) bad design of 
a pneumatic cylinder 

•Prob. I 5-6. 

r-

'--

(a) 

,..._ 
(b) ! 

T (c) 

f 

Fig.1 5-10. Leaf spring (a) composite leaves 
of a spring in one plane approximate a beam 
of constant strength 

tin operation, some energy is dissipated through friction between the leaves of the spring. 
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15-7. DEFLECTIONS BY THE ENERGY METHOD 

As stated in the introduction, the principle of conservation of energy 
may be used to find the deflection of a loaded member. For this purpose, the 
internal strain energy U for a member is determined by using the equations 
derived above. Then, by equating this energy to the external work W, done 
by an applied force , one can establish a relation from which the deflection 
in the direction of the applied force is found . This direct procedure will be 
used only in situations where one force is applied to a member. A general 
method for finding the deflection of any point on a member caused by any 
loading will be discussed in Art. 15-9. 

For the present, it will be assumed that an external force is gradually 
applied to a body. This means that, as a force or atorque is being applied, 
its full effect on the material is reached gradually from zero. Therefore the 
external work u. is equal to one-half of the total force multiplied by the 
deflection in the direction of its action. 

Note that since W, = U, unlike the procedure used in the following 
examples, the strain energy may often be easily computed by using expres­
sions for the deflection of members derived earlier in the text. 

EXAMPLE 15-4 

Find the deflection of the free end of an elastic rod of constant cross-sectional 
area A and of length L due to an axial force P applied at the free end. 

SOLUTION 

If the force Pis gradually applied to the rod, the external work W, = ± PA, 
where A is the deflection of the end of the rod. The expression for the internal 
strain energy U of the rod was found in Example 15-1 , and since a 1 = P/A, 
it is 

a z p zL 
U = n=;AL = 2AE 

Then, from W, = U 

and 

which is the same as Eq. 2-4. 

EXAMPLE 15-5 

Find the rotation of the end of an elastic circular shaft with respect to the 
built-in end when a torque Tis applied at the free end . 

SOLUTION 

If the torque Tis gradually applied to the shaft, the external work W, = fT<p, 
where <p is the angular rotation of the free end in radians. The expression for 
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Px(i p 

I. L 

X 

the internal strain energy U for the circular shaft was found in Example I 5-3. 
This relation may be written in a more convenient form by noting that 
't"m,x = Tc/J, the volume of the rod is nc2L, and J = 7tc4/2. Thus 

T~ux( I ) T 2c 2 1 T 2 L 
U - 2G 2 vol - 2J2G 2 nc2 L - 2JG 

Then, from W, = U, 

and ¢ = TL 
JG 

which is the same as Eq. 3-9. 

EXAMPLE 15-6 

Find the maximum deflection due to a force P applied at the end of a can­
tilever having a rectangular cross section, Fig. 15-11. 
Consider the effect of the flexural and shearing defor-

p 

't 

mations. 

SOLUTION 

If the force Pis gradually applied to the beam, the exter­
nal work W, = 1Pa, where a is the total deflection of 
the end of the beam. The internal strain energy consists 
of two parts. One part is due to the bending stresses, the 
other is caused by the shearing stresses. According to 

Fig . 15-11 
Art. I 5-5, these strain energies may be directly super-
posed. 

The strain energy in pure bending is obtained from Eq. 15-2, U = 
f M 2 dx/(2£1), by noting that M = - Px . The strain energy in shear is found 
from Eq. 15-3b, dU,bear = [T 2/(2G)] dV. In this particular case, the shear at 
every section is equal to the applied force P, while the shearing stress T, 

according to Example 6-3, is distributed parabolically, as 

T = [P/(2/)][(h/2)2 - y2]. 

At any one level y, this shearing stress does not vary across the breadth band 
the length L of the beam. Therefore the infinitesimal volume dV in the shear 
energy expression is taken as Lb dy. By equating the sum of these two internal 
strain energies to the external work, the total deflection is obtained: 

rL M 2 dx rL (-Px)2 dx p 2L3 
Ubendina = Jo 2£/ = Jo 2£1 = 6£1 

U,bear = f.
0

)~ dV = 2~ 1:::2 

{:i [ ( ~ r -y
2]}2 Lb dy 

- P 2Lbh 5 
- P 2Lbh 5 

( 12 ) 2 
- 3P 2L 

- 8Gl 2 30 - 240G bh 3 - 5AG 
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where A = bh is the cross section of the beam. Then 

W, = U = Ubend ina + U , bear 

or PL3 6PL 
A = 3£1 + 5AG 

The first term in this answer, PL 3/(3EI), is the deflection of the beam due to 
the flexure. The second term is the deflection due to shear. The factor, such as 
~ in this term, varies for different shapes of the cross section, since it depends 
on the nature of the shearing-stress distribution. 

It is instructive to recast the expression for the total deflection A as 

PL3( 3£ h2) 
A = 3£1 1 + JOG L2 

where as before, the last term gives the deflection due to shear. 
To gain further insight into this problem, replace in the last expression 

the ratio E/G by 2.5, a typical value for steels. Then 

L\ = (1 + 0.75h 2 /£2)A bend ing 

From this equation it can be seen that for a short beam (for example, one with 
L = h) the total deflection is 1.75 times that due to bending. Hence shear 
deflection is very important in comparable cases. On the other hand, if 
L = 10h, the deflection due to shear is less than I per cent. Small deflections 
due to shear are typical for ordinary, slender beams. This fact can be noted 
further from the original equation for A. There, the deflection due to bending 
increases as the cube of the span length, whereas the deflection due to shear 
increases directly. Hence, as beam length increases, the bending deflection 
quickly becomes dominant. For this reason it is usually possible to neglect 
the deflection due to shear; 

*1 5-8. IMPACT LOADS 

A freely falling weight, or a moving body, that strikes a structure 
delivers what is called a dynamic or impact load or force. Problems involving 
such forces may be analyzed rather simply on the basis of the following 
idealizing assumptions: 

1. Materials behave elastically, and no dissipation of energy takes place at the 
point of impact or at the supports owing to local inelastic deformation of 
materials. 

2. The inertia of a system resisting an impact may be neglected. 

3. The deflection of a system is directly proportional to the magnitude of the 
applied force whether a force is dynamically or statically applied. 

Then, on the basis of the principle of conservation of energy, it may be 
further assumed that at the instant a moving body is stopped, its kinetic 
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energy is completely transformed into the internal strain energy of the 
resisting system. At this instant, the maxjmum deflection of a resisting sys­
tem occurs and vibrations begin. However, since only maximum stresses and 
deflections are of primary interest in this text, the latter subject will not be 
pursued . 

As an example of a dynamic force applied to an elastic system, con­
sider a falling weight striking a spring. This situation is illustrated in Fig. 
15- I 2(a), where a weight W falls from a height h above the free length of a 
spring. This system represents a very general case, since, in a broad sense, 
every elastic system may be treated as an equivalent spring. The spring constant 
k is defined as the force required to deflect the "spring" (such as a beam or 
an actual helical spring) a unit distance. In terms of the spring constant, 
the static deflection A" of the spring due to the weight W is A,1 = W/k. 

External work of 
the falling weight 

Frictionless guide 

Pctyntzl_ (b) 
~ I 
ow I 

LL. I I 
I::,. st I::,. ma, 

Deflection 

Fig. 15-12. Behavior of an elastic system under an impact force 

Similarly, the maximum dynamic deflection Am,x = Pdyn/k, where Pdyn is the 
maximum dynamic force experienced by the spring. Therefore the dynamic 
force in terms of the weight Wand the deflections of the spring is 

p = Amaxw 
dyn A,. ( 15-5) 

This relationship is shown in Fig. !5-12(b). 
At the instant the spring deflects its maximum amount, all energy of 

the falling weight is transformed into the strain energy of the spring. There­
fore an equation representing the equality of external work to internal 
strain energy may be written as 
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A graphical interpretation of this equation is shown in Fig. 15-12(c). Note 
that a factor of one-half appears in front of the strain energy expression, 
since the spring takes on the load gradually. Then, from Eq. 15-5, 

or 

hence 

or 

W(h + A ) = J_ (Amax)2 W 
max 2 A,1 

(Am .. )2 
- 2A,.Amax - 2hA,t = 0 

Amax = A,1 + ,,/(A,.)2 + 2hA .. 

Amax = Ast ( 1 + J 1 + ,t) 
and again using Eq. 15-5, 

Pdyn = W ( 1 + J l + l~J 

( 15-6) 

( 15-7) 

Equation 15-6 gives the maximum deflection occurring in a spring struck by 
a weight Wfalling from a height h, while Eq. 15-7 gives the maximum force 
experienced by the spring for the same condition . To apply these equations, 
the static deflection A,1 caused by the gradually applied known weight Wis 
computed by the formulas derived earlier in the text. 

After the effective dynamic force Pdyn is found, it may be used in com­
putations as a static force. The magnification effect of a static force when 
dynamically applied is termed the impact factor and is given by the expres­
sion in parentheses appearing in Eqs. 15-6 and 15-7. The impact factor 
is surprisingly large in most cases. For example, if a force is applied to an 
elastic system suddenly, i.e. , h = 0, it is equivalent to twice the same force 
gradually applied. If his large compared to A,1, the impact factor is approxi­
mately equal to ,,/2h/A ... 

Similar equations may be derived for the case where a weight W is 
moving horizontally with a velocity v and is suddenly stopped by an elastic 
body. For this purpose, it is necessary to replace the external work done by 
the falling weight in the preceding derivation by the kinetic energy of a 
moving body, using a consistent system of units. Therefore, since the kinetic 
energy of a moving body is Wv 2/2g, where g is the acceleration of gravity, it 
can be shown that 

and 

where A,1 is the static deflection caused by W assumed acting in the horizon­
tal direction . 

EXAMPLE 15-7 

Find the maximum stress in the steel rod shown in Fig. 15-13 caused by a 30 N 
weight falling freely through 0.5 m. The steel helical spring of 35 mm outside 
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15 mm 
round rod 

0.5 m 

diameter inserted into the system is made of 5 mm round 
wire and has 10 live coils. Let E = 200 x 109 N/m2, 

and G=80 x 109 N/m2 • 

SOLUTION 

o. 75 m The static deflection of this system due to the 30 N 
weight is computed first. It consists of two parts: the 
deflection of the rod given by Eq. 2-4, and the deflection 
of the spring given by Eq. 7-6a. For use in Eq. 7-6a, 
F = 15 mm. Theo, from Eq. 15-7, the dynamic force 
experienced by the spring and the rod is found. This 
force is used as a static force to find the stress in the rod. 

Fig.15-13 PL 64Fr3N 
A,1 = A,oc1 + A,p, = AE + ~ 

_ (30)(0.75) (64)(30)(15 X 10-3)3(10) _ _
6 

- (177)(J0-6)(200)(109) + (80)(109)(5 X 10_3)4 - 1296 X 10 m 

_ ( ~) _ ( / 2(0.5) ) _ 
P dyn - W 1 + 'V 1 + ~ - 30 1 + y l + (l 296) x 10_6 - 865 N 

C1dyn = p~.[" = 177 ~
5
10_6 = 4.9 x 106 Pa = 4.9 MPa 

EXAMPLE 15-8 

Find the instantaneous maximum deflections and bending stresses for the 
50 mm x 50 mm steel beam shown in Fig. 15-14 when 

0.5 m struck by a 150 N weight falling from a height 75 mm 
above the top of the beam, if (a) the beam is on rigid 
supports, and (b) the beam is supported at each end on 

£ p - 150 N springs. The constant k for each spring is 300 000 N/m. 

~~===:::r=
5
:-0=mm=====1:t Let E = 200 x 10

9 
N/m

2
• 

I . L = I m • I ~~~~:~~:tion of the system due to the 150 N weight 
statically applied is computed for each case. In the first 
case, this deflection is that of the beam only; see Table 

Fig. 15-14 11 of the Appendix. In the second case, the static deflec-
tion of the beam is augmented by sagging of the springs 

subjected to a 75 N force each. The impact factors from Eqs. 15-6 and 15-7 
are then computed. Static deflections and stresses are multiplied by the impact 
factors to obtain the answers. 

Case (a): 

A - PL3 - (150)(1)3 - -6 
Ll,t - 48£/ - (48)(200)(109)(50 X 10-3)4 / 12 - 3o X lO m 

impact factor = 1 + J 1 + :h 
L.1, 1 

= 1 + I 1 + 2(75 X J0-3) = 71 7 'V 30 X 10-6 • 
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Case (b): 

75 ~,, = ~beam + ~ , pr = 30 X 10- 6 + 300 X 103 = 280 X 10-6 m 

. / 2(75 x 10- 3) 
impact factor = 1 + 'V 1 + 280 x 10_6 = 24.2 

For either case, the maximum bending stress in the beam due to a 
static application of P is 

_ M _ PL _ (150)(1) _ 6 _ 
(O'max ) st - S - 4s - (4)(50 x 10_3) 3/ 6 - 1.8 X 10 Pa - 1.8 MPa 

Multiplying the static deflections and stress by the respective impact 
factors gives the answers . 

Static Dynamic 

With Springs No Springs With Springs No Springs 

'1.max, m X 106 280 30 6 780 2 150 
amu, MPa 1.8 1.8 43 .6 129 

It is apparent from this table that large deflections and stresses are 
caused by a dynamically applied load. The stress for the condition with no 
springs is particularly large; however, owing to the flexibility of the beam, it is 
not excessive. The results for the dynamic load are probably somewhat high, 
since in both cases the ratio of hf~,. is large, and, in such cases, the equations 
used are only approximately true. 

*15-9. VIRTUAL WORK METHOD FOR DEFLECTIONS 

The method of obtaining deflections by directly equating the external 
and internal work, as discussed in Art. 15-7, has the disadvantage that usually 
only the deflection caused by one force can be found . The concept of con­
servation of energy enables one to devise methods which overcome this 
difficulty. The virtual work method is one such technique, and will be dis­
cussed in the remainder of this chapter. 

It is possible to imagine that a real mechanical or a structural system 
in static equilibrium is arbitrarily clisplaced consistent with its boundary 
conditions or constraints. During this process the real forces acting on the 
system move through imaginary or virtual displacements. Alternatively, 
imaginary or virtual forces in equilibrium with the given system can be given 
real, kinematically admissible displacements. In either case one can formu­
late the imaginary or virtual work done. Here the discussion will be limited 
to the consideration of virtual forces undergoing real displacements. 
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(a) 

For forces and displacements occurring in the above manner, the 
principle of conservation of energy remains valid and the virtual change in 
the external work must be equal to the virtual change in the external work 
on the internal elements of a body, i.e., 

oW, = oW,; ( 15-8) 

where the notation o Wis used instead of dW to emphasize that the change 
in work is virtual. Eq. 15-8 expresses mathematically the virtual work prin­
ciple. The term on the right side of this equation vanishes for rigid body 
systems whereas it equals the virtua l change in the internal strain energy, 
oU, for elastic systems. The restriction of the principle to elastic response, 
however, is not implied in Eq. 15-8 which is equally applicable to cases 
involving inelastic material behavior, deformations due to temperature, 
movement of the supports, etc. It is the complete generality of the virtual 
work equation that makes it such a particularly valuable tool of analysis. 

For determining the deflection of any point of a body due to any defor­
mations occurring within a body, Eq. 15-8 can be put into a more suitable 
form. For example, consider a body such as shown in Fig. 15-15, for which 
the deflection of some point A in the direction A-B caused by deformation 
of the body is sought. For this, the virtual work equation can be formulated 
by employing the following sequence of reasoning: 

Force in a typical element is8/ 

(b) 

Deformation in a typical element 
due to real forces is t!,. L 

position ~ 
of A 

Displacement of point A 
in the direction AB is t!,. 

Fig. 15-15. Derivation of deflection formula by virtual work 

First, apply to the unloaded body an imaginary or virtual force o.F 
acting in the direction A-B. This force causes internal forces throughout the 
body. These internal forces, designated as oi, Fig. I 5-l 5(a), can be found in 
statically determinate systems. 

Next, with the virtual force remaining on the body, apply the actual 
or real forces, Fig. 15-15(b), or introduce the specified deformations, such 

ART. 15-9 VIRTUAL WORK METHOD FO R DEFLECTIONS 541 

www.konkur.in



as those due to a change in temperature. This causes real internal deforma­
tions AL, which can be computed. Owing to these deformations, the virtual 
force system does work. 

Therefore, since the external work done by the virtual force oF moving 
a real amount A in the direction of this force is equal to the total work done 
on the internal elements by the virtual forces oi's moving their respective 
real amounts AL, the special form of the virtual work equation becomes"' 

real 

of-A = I: of.AL ( 15-9) 

virtual 

Since all virtual forces attain their full values before real deformations are 
imposed, no factor of one-half appears anywhere in the equation. The sum­
mation, or, in general, an integration sign, is necessary on the right side of 
Eq. 15-9 to indicate that all internal work must be included. 

Note that oF and of need not be infinitesimal quantities . In Eq. 15-9 
only their ratio is of consequence. Therefore, it is particularly convenient 
in applications to choose oF equal to unity, and to restate Eq. l 5-9 as 

real 

i-A = I;/.AL (15-10) 

virtual 

where A = real deflection of a point in the direction of the applied 
virtual unit force 

j = internal forces caused by the virtual unit force 
AL = real internal deformations of a body 

Symbols designating virtual quantities are barred. The real deformations 
can be due to any cause with the elastic ones being a special case. Tensile 
forces and elongations of members are taken positive. A positive result 
indicates that the deflection occurs in the same direction as the applied vir­
tual force. 

In determining the angular rotations of a member a unit couple is used 
instead of the unit force. In practice, the procedure of using the unit force or 
the unit couple in conjunction with virtual work is referred to as the unit­
dummy-load method. 

*15-10. VIRTUAL WORK EQUATIONS FOR ELASTIC SYSTEMS 

For linearly elastic systems Eq. 15-10 can be specialized to facilitate 
the solution of problems. This is done here for axially loaded and for flexural 
members. Applications are illustrated by examples. 

•This equation represents the scalar (dot) product of the vectors. 
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Trusses 

A virtual unit force must be applied at a point in the direction of the deflec­
tion to be determined. 

If the real deformations are linearly elastic and are due only to axial 
deformations, ll.L = PL/(AE), and Eq. 15-10 becomes 

-I A = ~· p,P,l, 
X L.1 AH 

I I 
I • I 

(15-11) 

where ji1 is the axial force in a member due to the virtual unit force and P1 

is the force in the same member due to the real loads. The summation extends 
over all members of a truss. 

Beams 

If the deflection of a point on an elastic beam is wanted by the virtual work 
method, a virtual unit force must be applied first in the direction in which 
the deflection is sought. This virtual force will set up internal bending mo­
ments at various sections of the beam designated by m, as is in Fig. 15-I6(a). 

(a) (b) 

Fig.15-16. Elements of a beam (a) virtual bending moments m, and 
(b) real bending moment Mand the rotation of sections they cause 

Next, as the real forces are applied to the beam, bending moments M rotate 
the "plane sections" of the beam M dx/(Ef) radians (Eq. 11-27). Hence the 
work done on an element of a beam by the virtual moments m is mM dx/(EI ). 
Integrating this over the length of the beam gives the external work on the 
internal elements. Hence the special form of Eq. 15-10 for beams becomes 

I x ll. = JL mM dx 
0 El (15-12) 

An analogous expression may be used to find the angular rotation of 
a particular section in a beam. For this case, instead of applying a virtual unit 
force, a virtual unit couple is applied to the beam at the section being inves­
tigated. This virtual couple sets up internal moments m along the beam, 
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(a) 

Then, as the real forces are applied, they cause rotations M dx/(EJ) of the 
cross sections. Hence the same integral expression as in Eq. 15-12 applies 
here. The external work by the virtual unit couple is obtained by multiplying 
it by the real rotation 0 of the beam at this couple. Hence 

I X 0 = JL inM dx 
0 El 

(15-13) 

In Eqs. 15-12 and 15-13, in is the bending moment due to the virtual loading, 
and M is the bending moment due to the real loads. Since both in and M 
usually vary along the length of the beam, both must be expressed by appro­
priate functions. 

EXAMPLE 15-9 

Find the vertical deflection of point B in the pin-jointed steel truss shown in 
Fig. 15-17(a) due to the following causes: (a) the elastic deformation of the 
members, (b) a shortening by 0.125 in. of the member AB by means of a 
turnbuckle, and (c) a drop in temperature of 120°F occurring in the member 
BC. The coefficient of thermal expansion of steel is 0.0000065 in. per inch per 
degree Fahrenheit. Neglect the possibility of lateral buckling of the compres­
sion member. Let E = 30 x 106 psi. 

B 

3,000 lb 

(b) Virtual loading (c) Real loading 

Fig. 15-17 

SOLUTION 

Case (a). A virtual unit force is applied in the vertical direction as shown in 
Fig. 15-17(b), and the resulting forces ft are determined and recorded on the 
same diagram (check these) . Then the forces in each member due to the real 
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force are also determined and recorded, Fig. l 5-17(c). The solution follows by 
means of Eq. 15-1 l. The work is carried out in tabular form. 

Member 

AB 
BC 

ft, lb 

- 0.833 
+ 0.833 

P, lb 

+ 2,500 
- 2,500 

L, in. 

60 
60 

A, in. 2 

0.15 
0.25 

From this table~ pPL/A = - l,333,000. Hence 

- Li "'\' pPL - 1,333,000 O 0444 lb · 
I X = L.J AE = (30)106 = - . -m. 

and Li = - 0.0444 in. 

pPL/A 

- 833,000 
- 500,000 

The negative sign means that point B deflects down. In this case, "negative 
work" is done by the virtual force acting upward when it is displaced in a 
downward direction. Note particularly the units and the signs of all quantities. 
Tensile forces in members are taken positive, and vice versa. 

Case (b). Equation 15-10 is used to find the vertical deflection of point 
B due to the shortening of the member AB by 0.125 in. The forces set up in 
the bars by the virtual force acting in the direction of the deflection sought 
are shown in Fig. 15-17(b). Then, since LiL is - 0.125 in. (shortening) for the 
member AB and is zero for the member BC, 

I x Li = (-0.833)( - 0.125) + ( + 0.833)(0) = + 0.!042 lb-in. 

and Li = + 0.1042 in. up 

Case (c). Again using Eq. 15-10 and noting that due to the drop in 
temperature, LiL = - 0.0000065(120)60 = - 0.0468 in. in the member BC, 

and 

I x Li = ( + 0.833)( -0.0468) 

= - 0.0390 lb-in. 

Li = - 0.0390 in. down 

By superposition, the net deflection of point B due to all three causes is 
- 0.0444 + 0.1042 - 0.0390 = + 0.0208 in. up. To find this quantity, all 
three effects could have been considered simultaneously in the virtual work 
equation. 

EXAMPLE 15-10 

Find the deflection at the midspan of a cantilever beam loaded as in Fig. 
15-18(a). The EI of the beam is constant. 
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(a) 

L/2 

(b) lib 

(c) 

(d) 

X 

L/2 

Virtual loading 

SOLUTION 

The virtual force is applied at point A, whose deflec­
tion is sought, Fig. 15-18(b). Them diagram and the 
M diagram are shown in Figs. 15-8(c) and 15- 8(d), 
respectively. For these functions, the same origin of xis 
taken at the free end of the cantilever. After these 
moments are determined, Eq. 13-25 is applied to find 
the deflection. 

m =O 

m = - l(x - L/2) 

i X A = f L mM dx 
El 

0 

= i;J l L/2 (0) (-w;t) dx 

(0::::; x < L/2) 

(L/2 ::::; x::::; L) 

1 lL ( L)( w0 xJ) + El -x + 1 - 6L dx 
L/ 2 

49w0 L 4 

= 3,480£1 N ·m 

The deflection of point A is numerically equal to this 
Fig. 15-1 B quantity. The deflection due to shear has been neglected. 

EXAMPLE 15-11 

Find the downward deflection of the end C caused by the applied force of 
2 kN in the structure shown in Fig. 15-19(a). Neglect deflection caused by 
shear. Let E = 7 x 107 kN/m 2• 

SOLUTION 

A unit virtual force of 1 kN is applied vertically at C. This force causes an 
axial force in member DB and in the part AB of the beam, Fig. 15-19(b). 
Owing to this force, bending moments are also caused in the beam AC, Fig. 
15-19(c). Similar computations are made and are shown in Figs. 15-19(d) and 
(e) for the applied real force. The deflection of point C depends on the 
deformations caused by the axial forces, as well as flexure, hence the virtual 
work equation is 

i A = "\'fiPL + JLmMdx 
x LJ AE El 

0 

The first term on the right side of this equation is computed in the table. Then 
the integral for the internal virtual work due to bending is found. For the 
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2m 

(a) 

(b) 

(c) 

Aluminum rod A= 5 x I0 - 4 m 2 

Aluminum beam A = 50 x 10 - 4 m 2• I = 6 x I0 - 5 m 
4 

4 111 

B 

OkN 

Virtual loading 

m diagram 

C 
P = 2 k 

C 

Tk 4kN - 8kN 

(d ) 

B 

OkN 

Real loading 

-8 kN·m 

(e) M diagram 

Fig. 15-1 9 

C 

2kN 

different parts of the beam, two origins of x's are used in writing the expres­
sions for m and M, Figs. 15-19(c) and (e). 

Member 

DB 
AB 

p,kN 

+5 
- 4 

From the table, 

P,kN 

+ 10 
- 8 

L,m 

2.5 
2.0 

A,m 2 

5 X lQ-4 

50 X lQ-4 

~ pPL/A = +262 800, 

or ~ pPL/(AE) = 3.75 x 10-3 kN·m 

pPL/A 

+250000 
+ 12 800 

l L mM dx = 12 
(-2x)(-4x) dx + f 4 (-x 1)(-2x 1) dx 1 

El EI EI 
0 0 0 

= + 15.25 X 10- 3 kN ,m 
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(a) 

Therefore 1 x /1 = (3.75 + 15.25)10- 3 = 19 x 10- 3 kN ·m and point C 
deflects 19 x 10- 3 m = 19 mm down. 

Note that the work due to the two types of action was superposed. Also 
note that the origins for the coordinate system for moments may be chosen as 
convenient; however, the same origin must be used for the corresponding m 
andM. 

EXAMPLE 15-12 

Find the horizontal deflection, caused by the concentrated force P, of the end 
of the curved bar shown in Fig. l 5-20(a). The flexural rigidity EI of the bar is 
constant. Neglect the effect of shear on the deflection. 

R( l - cos 6) M = -PR sin 6 
m = - R ( I - cos 6) 

p 

(b) (c) 

Fig.15-20 

SOLUTION 

If the radius of curvature of a bar is large in comparison with the cross­
sectional dimensions (Art. 5-11 ), ordinary beam deflection formulas may be 
used replacing dx by ds. In this case, ds = R d0. 

Applying a horizontal virt ual force at the end in the direction of the 
deflection wanted, Fig. 15-20(b), it is seen that m = - R(I - cos 0). Similarly, 
for the real load, from Fig. 15-20(c), M = -PR sin 0. Therefore 

1 !1 - lL mMds 
X - El 

0 

_ infz - R(1 - cos 0)(-PR sin 0)R d0 = + PR 3 N · 
- EI 2El m 

0 

The deflection of the end to the right is numerically equal to this expression. 

*15-11. STATICALLY INDETERMINATE PROBLEMS 

Statically indeterminate problems can be solved with the aid of the 
virtual work method. For the linearly elastic systems, the force method dis­
cussed in Art. 12-5 can be used to particular advantage. In applying this 
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(a) 

approach the virtual work method merely provides the means for determining 
deflections of structures artiiicially reduced to statical determinacy. Much 
confusion is avoided if this is clearly kept in mind. 

EXAMPLE 15-13 

Find the forces in the pin-jointed bars of the steel structure shown in Fig. 
15-21(a) if a force of 3,000 lb is applied at B. 

0.0444· 

D 
_i_~ 
~D 

A = 0.10 in .2 
L = 40' 

B 

3,000 lb 

(b) 

SOLUTION 

Real loading­
determinate st ructure 

Olb 

B 

3,000 lb 

Fig. 15-21 

I lb 

Virtual or real loading­
determinate structure 

(c) 

D 

+ l lb 

B 

The structure can be rendered statically determinate by cutting the bar DB 
at D. Then the forces in the members are as shown in Fig. 15-21(b). In this 
determinate structure, the movement of point D must be found. This can be 
done by applying a vertical virtual force at D, Fig. 15-21 (c), and using the 
virtual-work method. However, since the pPL/(AE) term for the member BD 
is zero, the vertical movement of point D is the same as that of B. In Example 
15-9 the latter quantity was found to be 0.0444 in. down and is so shown in 
Fig. 15-21 (b). 

The movement of point D, shown in Fig. 15-21(b), violates the condi­
tions of the problem, and a force must be applied to bring it back where it 
belongs. According to Eq. 12-11 this can be stated as 

where the gap !lDP = - 0.0444 in. 
To determine/DD, a I-lb real force is applied at D and the virtual-work 

method is used to find the deflection due to this force. The forces set up in the 
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determinate structure by the virtual and the real forces are numerically the 
same, Fig. 15-21 (c) . To differentiate between the two, forces in members 
caused by a virtual force are designated by p, and the real force by p. The 
solution is carried out in tabular form. 

Member 

AB 
BC 
BD 

ft, lb 

- 0.833 
+ 0.833 
+ 1.000 

p, lb 

- 0.833 
+ 0.833 
+ 1.000 

L, in . 

60 
60 
40 

A, in. 2 

0.15 
0.25 
0.10 

ppL/A 

+ 278 
+ 167 
+ 400 

From the table, 'f, pp L/A = + 845. Therefore, since 

- Ll "'1 jjpL + 845 . 
I X = LJ AE = 30(I0)6 = 0.0000281 lb-m. 

/ 00 = 0.0000281 in. and 0.0000281X0 - 0.0444 = 0 

To close the gap of0.0444 in ., the 1-lb real force at D must be increased 
X 0 = 0.0444/0.0000281 = 1,580 times. Therefore the actual force in the 
member DB is 1,580 lb . The forces in the other two members may now be 
determined from statics or by superposition of the forces shown in Fig. 
15-21 (b) with X 0 times the p forces shown in Fig. J 5-2J (c). By either method, 
the force in AB is found to be + 1,180 lb (tension), and in BC, - 1, l 80 lb 
(compression). 

In any given case to make certain that the elastic analysis (such as the 
one in the above example) is applicable, maximum stresses must be deter­
mined. For the solution to be correct, these must be in the linearly elastic 
range for the material used . 

PROBLEMS FOR SOLUTION 

15-1. What is the modulus of resilience for an 
aluminum alloy if its proportional limit at 70°F 
is 28,000 psi and E = 10.3 x 106 psi? 

15-2. A I m long steel rod of 40 mm dia­
meter is subjected to an axial energy load of 4 
N · m that causes a tensile stress in the rod. (a) 
Determine the maximum tensile stress. E = 
200 000 MN/m2 • (b) If the same rod is machined 
down to a 20 mm diameter in the middle half of 
the bar, i.e., for a distance of 0.5 m, will the maxi­
mum stress increase or decrease and by how 
much? Ans: (b) 90.3 MN/m2• 

CHAP. 15 THE ENERGY METHODS 

15-3. A 50 mm square alloy-steel bar l m 
long is a part of a machine and must resist an 
axial energy load of I 00 N, m. What must the 
proportional limit of the steel be to safely resist 
the energy load elastically with a factor of safety 
of 4? E = 200 GPa. Ans: 253 MPa. 

15-4. Show that, in an axially loaded rod, 
when an initial stress cr1 changes by an amount 
er c to a final stress er 1 = cr1 + er" the change in 
the elastic strain energy per unit volume of the 
material is (cr f + 2 cr1cr,)/(2£). Interpret the 
result on a diagram similar to Fig. 15-l(b). 
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15-5. Show that the elastic strain energy due 
to bending for a simple uniformly loaded beam of 
rectangular cross-section is (<T;,,ax/2£)(,A AL) 
where <T max is the maximum bending stress, A is 
the cross-sectional area, and L is the length of 
the beam. 

15-6. Show that (Uhendina = (<1;,,ax/2£) 
(Vol/9) for a cantilever of rectangular cross-sec­
tion supporting a concentrated load Pat the end. 

15-7. Show that ( Uhendina = (<1;,,ax/2£) 
(Vol/3) for a cantilever of constant strength hav­
ing a parabolic profile (Fig. 10-l 8d) supporting a 
concentrated load Pat the end. 

15-8. Determine the maximum amount of 
strain energy which a helical spring can absorb 
under a tensile load if it is 8¾ in. in outside dia­
meter and is made of ¾ in. diameter steel wire. 
There are 10 active coils and the allowable shear­
ing stress is 80,000 psi. Neglect correction for 
stress concentration and the effect of direct shear. 
G = 12 x 106 psi. 

15-9. Consider a small steel cantilever with a 
rectangular cross-section of 2 in. by 6 in. deep 
(E = 30 x 106 psi, and G = 12 x 106 psi) with 
a concentrated forceP applied at the end. Neglect­
ing the weight of the beam, (a) determine the 
deflection due to flexure, and that due to shear, if 
L = 6 in. and P = 3 kips; (b) what must L be 
such that the deflection due to bending is equal 
to that caused by shear? (Hint: See Example 
15-6.) Ans: (a) 0.00020 in., 0.00015 in., (b) 5.20 in. 

15-10. A simple beam of rectangular cross 
section and span L is loaded with a concentrated 
force P at the middle of the span. Neglecting the 
weight of the beam and equating internal to 
external energy, (a) determine the maximum 
deflection caused by bending; (b) determine the 
maximum deflection caused by the shearing 
deformations. Ans: (a) PL3/(48EI). 

15-11. Using an energy method, determine 
the vertical deflection of the free end of the can­
tilever beam shown in the figure due to the ap­
plication of a force P = 100 lb. Consider only 

CHAP. 15 PROBLEMS FOR SOLUTION 

flexural effects, i.e., neglect shear deformations. 
Let E = 30 x 106 psi. Ans: 0.112 in. 

is· - j_ 2· --ts· t 

I 

Plan view 

1· 
t 

p 

~ t 
40· 

Side view 

PROB. 15 - 11 

15-12. (a) In terms of P, L, and El, calculate 
the amount of elastic strain energy stored in the 
beam shown in the figure, caused by the applied 
loads. (b) By equating the work done by the 
external forces to the change in the elastic strain 
energy, determine the deflection at the loads. 
(Hint: Due to symmetry, deflections at both 
loads are equal.) Ans: (b) PL3/(48EI). 

p p 

l /2 

PROB. 15 - 12 

15-13. For the beam shown in the figure, 
using an energy method, determine the deflection 
of the beam at the points of application of the 
loads. The moment of inertia of the cross section 
in the middle half of the beam is / 0 • Ans: 0.029 
PV/(E/0 ). 

p 

h 

L/4 L/2 L/4 

PROB. 15 - 13 
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15-14. If the free fall of the 30 N weight in 
Example 15-7 is 0.50 m when the spring is remov­
ed, what maximum stress will occur in the rod? 

15-15. Determine the maximum instanta­
neous deflection of a helical spring caused by 
dropping a weight of 100 lb through a free dis­
tance of 8 in. The spring is 16 in. in outside dia­
meter and is made of lj in. diameter steel wire. 
There are 12 active coils. Neglect the deflection 
due to direct shear and the inertia of the spring. 
G = 12 x 106 psi. Ans: 1.90 in. 

15-16. An 8 in. round wooden cantilever 12 
ft long is placed in a horizontal position. If its 
end is struck by a 200 lb weight dropped from a 
height of 6 in ., what will the maximum instan­
taneous deflection be? Neglect the inertia of the 
beam. E = 1.2 x 106 psi. Ans: 4.08 in. 

15-17. Find the instantaneous maximum de-
flections and bending stresses for the square 
steel beam shown in the figure when struck by a 
150 N weight falling from a height 60 mm above 
the top of the beam, if (a) the beam is on rigid 
supports, and (b) the beam is supported at each 
end on springs. The constant k for each spring is 
300 kN/m. Ans: (a) 116 MPa. 

150 N 

Im 

PROB. 15 - 17 

15-18. A man weighing 180 lb jumps onto a 
diving board from a height of 2 ft. If the board 

Assume pinned 

PROB. 15 18 

CHAP. 15 THE ENERGY METHODS 

is of the dimensions shown in the figure, what is 
the maximum bending stress? Let E = 1.6 x 106 

psi. Use any method to establish the deflection 
characteristics of the board. Ans: 8,560 psi. 

15-19. In Example 15-9 determine the hori­
zontal movement of point B for the three cases 
enumerated . 

15-20. For the mast and boom arrangement 
shown in the figure, (a) determine the vertical 
movement of the load W caused by lengthening 
the rod AB a distance of½ in. (b) By how much 
must the rod BC be shortened to bring the 
weight W to its original position? Ans: (a) 0.167 
in., (b) 0.347 in. 

8' 4' 4' 

PROB. 15 20 

15-21. A pin-joined system of three bars, each 
having a cross-sectional area A, is loaded as 
shown in the figure. (a) Determine the vertical 
and horizontal displacements of the joint B 
caused by the load P. (b) If by means of a turn­
buckle th~ length of the member AC is shortened 
by ½ in. , what is the movement of the joint B? 
Ans: (a) - 9PL/(4AE), -,./TPL/( 12AE); (b) 
¾ in., ,./3/12 in. 

B 

p 

PROB. 15 21 
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15-22. Using the method of virtual work, 
determine the vertical and the horizontal dis­
placements of joint C for the truss shown in the 
figure due to an applied force P = 10 kN. For 
simplicity, assume AE = 1 for all members. 

f' 

4m 

4m 

PROB. 15 22 

15-23. Using the method of virtual work, 
determine the maximum deflection for a uni­
formly loaded simple beam having a constant EI 
in terms of w, L, and El. Ans: 5 wL4 /(384EI). 

15-24. Using the method of virtual work, 
determine the maximum deflection of a simple 
beam of span L caused by two equal loads P 
applied at the third points . The El is constant. 
Ans: 23 PL 3/(648EJ). 

15-25. Using the method of virtual work, find 
the deflection of the point of application of the 
force P on the beam of variable cross section 
shown in the figure. Ans: 13PL 3/(1,458E/). 

p 

21 

I. L/3 • I. L/3 .I. L/3 • I 
PROB. 15 - 25 

CHAP. 15 PROBLEMS FOR SOLUTION 

15-26. For the beam shown in the figure, 
using the method of virtual work, determine (a) 
the deflection at the center of the beam, and (b) 
the tip deflection of the beam. Consider only 
flexural deformations. The El is constant. Ans: 
(a) PL3/(3E/), (b) 5PL 3/(6El). 

PROB. 15 - 26 

15-27. Using the method of virtual work, find 
the deflection of the point of application of the 
force P. The flexural rigidity El is constant over 
the entire length. Consider only bending defor­
mations. Ans: 54P/(El) . 

~ ""''' . , l 6' .r 
PROB. 15 27 

15-28. Using the method of virtual work, 
determine the deflection at the center of the beam 
loaded as shown in the figure. The El is constant. 
Ans: 5w0 L 4 /(768E/). 

1tr 1 
, I ~.,, I • L/2 • , L/2 _ . 

PROB. 15 - 28 

15-29. An overhanging beam is loaded with 
a couple M 0 at the end as shown in the 
figure . Using the method of virtual work, deter-

f ' ~ .,,;; 
Li .1. '-2 • I 

PROB. 15 - 29 
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mine the deflection and rotation of the over­
hanging end due to M 0 • Ans: M 0 L 1(3L1 + 2L2)/ 

(6EI), M . [L 1 + -tL 2]/(El ). 

15-30. By applying the method of virtual 
work, determine the horizontal deflection of point 
A caused by the force F applied to the frame as 
shown in the figure . Consider only the deflection 
due to bending. The EI is constant. Ans: 
2Fa3/(EI) . 

a 

C B 

a 

F -

a 

n 

PROB. 15 - 30 

15-31. A planar elastic member is loaded as 
shown in the figure . Determine (a) the horizontal 
deflection of end A and (b) the rotations at points 
A and B caused by the application of the force P. 
Consider only flexural deformations. The EI is 
constant. Ans: (a) G + ,./2/3) [Pa 3/(£I)]. 

A 

p 

C 

a 

PROB. 15 - 31 

15-32. An L-shaped bar is loaded by a hori­
zontal force Fas shown in the figure . Determine 

CH A P. 15 THE ENERGY METHODS 

the horizontal and the vertical deflections of the 
end caused by F. Consider the bending effect 
only. EI is constant. Ans: Vy = 0 .145 FL3 /(EI ). 

L 

PROB . 15 - 32 

15-33. A bent planar bar of constant EI has 
the dimensions shown in the figure. Find the 
vertical deflection of the tip due to the application 
of the force P. Consider only flexural deflections. 
Comment on the virtual work method compared 
to that based on the solution of differential equa­
tions as discussed in Chapter l J . 

p 

a a (I 

PROB. 15 - 33 

15-34. Determine the vertical deflection of 
point D , and the slope at A caused by the ap­
plied moment M 1 = 900 k-ft at end C. For all 
members EI is constant. Consider only flexural 
deformations. Ans: 27,000/(£/ ), 2,700/(£/) . 

10 ' 10 ' • I 

~ l 
__[' 

PROB . 15 - 34 
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15-35. For the planar structural system shown 
in the figure, made of aluminum, determine the 
vertical deflection of D due to both bending and 
direct (axial) stress. Consider only the effect of 
the applied load of 12 k. Use the method of 
virtual work. For the rod A = 0.5 in. 2 ; for the 
beam A = 4 in. 2 and I = 15 in. 4 Let E = 10 
x 103 ksi . Ans: 1.57 in. 

6' 

j D 

4 ' 

PROB . 15 35 

15-36. In the preceding problem it was deter­
mined that due to the applied load of 12 k the 
end D moves 1.57 in. up. If, without removing 
this load, it is necessary to return point D to its 
initial position to make a connection, what is the 
required change in the length of rod CF? This 
change in length can be accomplished by means 
of a turnbuckle. Ans: 0.628 in . 

15-37. An inclined steel bar 2 m long having 
a cross-section of 4 000 mm2 and an I of 8.53 x 
106 mm4 is supported as shown in the figure. The 
inclined steel hanger DB has a cross-section of 
600 mm. 2 Determine the downward deflection of 
point C due to the application of the vertical 
load of 2ft kN. Let E = 200 000 MPa. 

PROB. 15 - 37 

CHAP. 15 PROBLEMS FOR SOLUTION 

15-38. A U-shaped member of constant El 
has the dimensions shown in the figure. Deter­
mine the deflection of the applied forces away 
from each other. Consider only flexural effects. 
(Hint: Take advantage of symmetry.) Ans: 
(2PL3/3 + PL2R1t + PR 31t/2 + 4PLR2 )/(£I). 

L 

p p 

PROB. 15 - 38 

15-39. A bent bar having a circular cross 
section is built in at one end and is loaded with 
a force Fat the other end as shown in the figure. 
The force Facts normal to the plane of the bent 
bar. Determine (a) the translations of the free end 
along the coordinate axes, and (b) the rotation of 
the free end about the same axes. The constants 
E, G, I, and J are given, 

y 

a 

X 

PROB. 15 - 39 

15-40. For the beam shown in the figure, 
using the method of virtual work, determine the 

~ f 
I. 

w,N/m 

f f f f f f 

L 

PROB. 15 - 40 
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reaction at A, treating this reaction as the redun­
dant. Ans: ¾ wL. 

15-41. For the beam shown in the figure, 
using the method of virtual work, (a) determine 
the reaction at A, treating it as the redundant. 
(b) Determine the moment at B, treating it as a 
redundant. Ans: (a) j P, (b) - -t PL. 

p p 

0 8 

l /3 l /3 l /3 

PROB. 15 - 41 

15-42. A planar frame with hinges at A, B, C, 
and D has the dimensions shown in the figure. 

PROB. 15 42 

CHAP. 15 THE ENERGY METHODS 

By the method of virtual work, find the forces in 
members AB, DB, and CB caused by the applica­
tion of the force of 18 kN. Let the values of L IA 
be as follows: 1 for AB, 2 for DB, and 3 for CB. 
Neglect buckling of members. Consider member 
BC to be redundant. Ans: + 2.57 kN for BA, 
- J 2.86 kN for BC and BD. 

15-43. Determine the reaction at A, treating 
it as a redundant, for the truss loaded as shown 
in the figure. The material of the truss is linearly 
elastic. The value of L/A for all members is 1. 
Ans: 18.75 kips. 

100 k 

PROB. 15 - 43 
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Thick-Walled 
Cylinders 

16-1. INTRODUCTION 

The characteristic method of mechanics of materials for deriving stress 
analysis formulas depends on assumptions regarding deformations. In the 
torsion of circular rods, an assumption that shearing strains vary linearly 
from the axis is made; in bending, it is assumed that plane sections through 
the beam remain plane. In more complicated problems, it is usually impossi­
ble to make analogous assumptions. Therefore the analysis begins with 
considerations of a general infinitesimal element; Hooke's law is postulated, 
and the solution is said to be found after stresses acting on any element and 
its deformations are known. At the boundaries of a body, the equilibrium 
of known forces or prescribed displacements must be satisfied by the cor­
responding infinitesimal elements. This is the technique of the mathematical 
theory of elasticity. Therefore it seems fitting in this last chapter of the book 
to solve a technically significant problem by these methods. This will be 
the problem of a thick-walled cylinder under pressure. Mathematically, it is 
a simple problem, yet the solution will display the characteristic method 
used in elasticity. 

The inelastic behavior of a thick-walled cylinder under internal pressure 
is also briefly studied at the end of the chapter. Both the elastic-plastic and the 
fully plastic states are examined, using the Tresca maximum shear theory 
(Art. 9-8) as the yield criterion for ideally plastic material. 

16-2. SOLUTION OF THE GENERAL PROBLEM 

Consider a long cylinder with axially restrained ends whose cross 
section has the dimensions shown in Fig. I 6-1 (a).* The inside radius of this 
cylinder is r,; the outside radius is r0 • Let the internal pressure in the cylinder 
be p,; the outside or external pressure be p0 • Stresses in the wall of the cylinder 
caused by these pressures are sought. 

*This problem was originally solved by Lame, a French engineer, in 1833 and is sometimes 
referred to as the Lame problem. 
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Po 
\ 90 

' ...._ du 

·}~+ 
dr dr 

ro u + du -- --
' r dr 

' -
(b) 

Fig. 16-1. Thick-walled cylinder 

This problem can be conveniently solved by using cylindrical coordi­
nates. Since the cylinder is long, every ring of unit thickness measured per­
pendicular to the plane of the paper is stressed alike. A typical infinitesimal 
element of unit thickness is defined by two radii, r and r + dr, and an angle 
defJ, as shown in Fig. 16-l(b). 

If the normal radial stress acting on the infinitesimal element at a dis­
tance r from the center of the cylinder is a,, this variable stress at a distance 
r + dr will be a, + (da, /dr)dr. (Recall an analogous situation in beams 
where, in a distance dr along the beam, M changes by (dM/dx)dx.) Both 
normal tangential stresses acting on the other two faces of the element are a,. 
These stresses, analogous to the hoop stresses in a thin cylinder, are equal. 
Moreover, since from the condition of symmetry every element at the same 
radial distance from the center must be stressed alike, no shearing stresses 
act on the element shown. Further, the axial stresses a, on the two faces of the 
element are equal and opposite normal to the plane of the paper. 

The nature of the stresses acting on an infinitesimal element having 
been formulated, a characteristic elasticity solution proceeds along the fol­
lowing pattern of reasoning. 

Static Equilibrium 

The element chosen must be in static equilibrium. To express this mathemat­
ically requires the evaluation of forces acting on the element. These forces 
are obtained by multiplying stresses by their respective areas . The area on 
which a, acts is (l)(r d<p); that on which a, + da, acts is (l)(r + dr) d<p; and 
each area on which a, acts is (I) dr. The weight of the element itself is 
neglected. Since the angle included between the sides of the element is d<p, 
both tangential stresses are inclined -} d<p to the line perpendicular to OA. 
Then, summing the forces along a radial line, I: F, = 0, 

a,r d<p + 2a, dr(~) - (a, + d:,, dr)(r + dr) d<p = 0 
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Simplifying, and neglecting the infinitesimals of higher order, 

u _ u _ , du, = O 
t r dr or da, + u, - u, = 0 dr r (16-1) 

This one equation has two unknown stresses, u, and u ,. Intermediate steps 
are required to express this equation in terms of one unknown so that it can 
be solved. This is done by introducing into the problem the geometry of defor­
mations and properties of materials. 

Geometric Compatibility 

The deformation of an element is described by its strains in the radial and 
tangential directions. If u represents the radial displacement or movement of 
a cylindrical surface of radius,, Fig. 16-l(a), u + (du/dr)dr is the radial dis­
placement or movement of the adjacent surface of radius r + dr. Hence·, the 
strain e, of an element in the radial direction is 

( u + ~ dr) - u du 
e, = dr = dr 

(16-2) 

The strain e, in the tangential direction follows by subtracting from the 
length of the circumference of the deformed cylindrical surface of radius 
r + u the circumference of the unstrained cylinder of radius r and dividing 
the difference by the latter length. Hence 

2n(r + u) - 2nr u 
e, = 2nr = r (16-3) 

Since the stresses acting on the element are principal stresses,* Eqs. 
16-2 and 16-3 give the principal strains expressed in terms of one unknown 
variable u. 

Properties of Material 

The generalized Hooke's law relating strains to stresses is given by Eq. 2-6, 
and can be restated here in the form 

I 
e, = E(u, - vu, - vu ,) (16-4a) 

I 
e, = E(-vu, + u, - vu,) (16-4b) 

I 
e, = E( - vu , - vu,+ u ,) (16-4c) 

*Since an infinitesimal cylindrical element includes an infinitesimal angle between two of 
its sides, it can be treated as if it were an element in a Cartesian coordinate system. 
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However, in the case of the thick-walled cylinder with axially restrained 
deformation, the problem is one of plane strain, i.e., e, = 0. The last equation 
then leads to a relation for the ax ial stress as 

a,= v(a, + a ,) (16-5) 

Introducing this result into Eqs. I 6-4a and band solving them simultaneously 
gives rise to expressions for the stresses a, and a, in terms of the principal 
strains: 

E 
a, = (I + vXI - 2v)[(I - v)e, + ve,] (16-6a) 

E 
a, = (1 + vXl - 2v)[ve, + (1 - v)e,] (I 6-6b) 

These equations bring the plane strain condition into the problem for elastic 
material. 

Formation of the Differential Equation 

Now the equilibrium equation, Eq. 16-1, can be expressed in terms of one 
variable u. Thus, one eliminates the strains e, and e, from Eqs. 16-6a and 
16-6b by expressing them in terms of the displacement u, as given by Eqs. 
16-2 and I 6-3; then the radial and tangential stresses are 

and 

E [ du u J 
a' = ( I + v X l - 2v) ( I - v) dr + v ,=-

E [ du u J 
a, = (I + vXI - 2v) v dr + (1 - v),=-

(I 6-7) 

and, by substituting these values into Eq. 16-1 and simplifying, the desired 
differential equation is obtained, 

d2u _!__du _ .!!_ _ 
0 dr 2 + r dr r2 -

( I 6-8) 

Solution of the Differential Equation 

As can be verified by substitution, the general solution of Eq. 16-8, which 
gives the radial displacement u of any point on the cylinder, is 

( 16-9) 

where the constants A I and A 2 must be determined from the conditions at 
the boundaries of the body. 
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·.., 

Unfortunately, for the determination of the constants A I and A 2 , the 
displacement u is not known at either the inner or the outer boundary of 
the cylinder's wall. However, the known pressures are equal to the radial 
stresses acting on the elements at the respective radii. Hence 

and a,(r.) = -p. (16-10) 

where the minus signs are used to indicate compressive stresses. Moreover, 
since u as given by Eq. 16-9 and du/dr = A 1 - A2/r 2 can be substituted into 
the expression for a, given by Eq. 16-7, the boundary conditions given by 
Eqs. 16-10 become 

a,(r,) = -p, = (I + vfi - 2vl A1 - (I - 2v)1f J 

Solving these equations simultaneously for A I and A2 yields 

A _ (1 + vXI - 2v) p 1rf - p 0r; 
1 - E r; - rf 

A _ I + v (p 1 - p0)rfr; z - E r; - r,2 

( 16-11) 

(16-12) 

These constants, when used in Eq. 16-9, permit the determination of the radial 
displacements of any point on the elastic cylinder subjected to the specified 
pressures. Thus, displacements of the inner and outer boundaries of the 
cylinder can be computed. 

If Eq. 16-9 and its derivative (together with the constants given by 
Eqs. 16-12) are substituted into Eqs. 16-7, and the results are simplified, 
general equations for the radial and tangential stresses at any point of an 
elastic cylinder are obtained. These are 

and 

where 
2 2 C _ P1r1 - p.r. 

1 
- r; - rf and 

C2 a, = Ci + ,:z 

C _ (p 1 - p0 )r;r; 
2 - r; - rl 

(16-13) 

Note that (a, + a,) is constant over the whole cross-sectional area of 
the cylinder. This means that the axial stress a, as given by Eq. 16-5 is also 
constant over the entire cross-sectional area of the thick-walled cylinder. 

Remarks on the Thin Disk Problem 

The stress-strain relations used above for a thick-walled cylinder corre­
sponded to a plane strain condition. If, on the other hand, an annular thin 
disk were to be considered, the plane stress condition (i.e., a,= 0 and 
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e, = - v(O',. + O'y)/ E) governs. Then the stress-strain relations as given by 
Eq. 8-20 must be used in the solution process instead of Eqs. 16-6a and b. 
However, the resulting differential equation remains the same as Eq. 16-8, 
and the radial and tangential stresses are also identical to those in the thick­
walled cylinder and are given by Eq. 16-13. The only difference is that a 
different constant A 1 must be used in Eq. 16-9 for determining the radial 
displacement u. The constant A 2 remains the same as in Eq. 16-12, whereas 
A 1 becomes 

1 2 2 A - ~ p,r, - Poro 
1 - E r; - rf 

16-3. SPECIAL CASES 

Internal pressure only , i.e. , p, =I=- 0 and p0 = 0. For this case, Eqs. 16-13 
simplify to 

O' = ___EE_ (1 - r;) 
r r; - rf r2 

( l 6-l 3a) 

Since r!/r2 > 1, O', is always a compressive stress and is maximum at r = r,. 
Similarly, O', is always a tensile stress, and its max­
imum also occurs at r = r,. 

For materials such as mild steel, which fail in 
shear rather than in direct tension, the maximum 
shear theory of failure (Art. 9-8) should be used in 

--.;:ad---+- a, = - p; design. For internal pressure only, the maximum 
max shearing stress occurs on the inner surface of the 
compression cylinder, Fig. 16-2. At this surface, the tensile stress 

O', and the compressive stress O', reach their respce­
tive maximum values . Further, from Eq. 16-5 it can 

Fig. 16-2. An element in which Tmax occurs be concluded that the axial stress O', is the inter­
mediate principal stress for O < v < 0.5. Substi­

tuting the maximum and minimum principal stresses into Eq. 8-8, and using 
Eq. 9-4 ('t'max = 0'7p/2), gives 

and P 1P = 0'1p(r; - rf)/(2 r; ) 

( 16-13b) 

(l 6-l 3c) 

External pressure only, i.e., p, = 0 and p0 =I=- 0. For this case, Eqs. 
16-12 simplify to 

O' = _ Por; (l _ i) 
r r; - rf ,2 

O' = _ Por; (l + i ) ' r; - rf r2 

(16-13d) 
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Since rf/r 2 < 1, both stresses are always compressive. The maximum com­
pressive stress is a, and occurs at r = r1• 

Equations I 6-J 3d must not be used for very thin-walled cylinders. 
Buckling of the walls may occur and strength formulas give misleading 
results. 

EXAMPLE 16-1 

Make a comparison of the tangential stress distribution caused by the 
internal pressure p1 as given by the exact formula of this chapter with the 
distribution given by the approximate formula for thin-walled cylinders of 
Chapter 9 if (a) r0 = 1.1r1, and if (b) r0 = 4r1, Fig. 16-3. 

(a,) min= 9.5 P; 

(a) r0 = I.I r; or t = 0.1 r; 

SOLUTION 

(a,) max = P,· 

Variation of 
radial stress 
(b) 

Fig . 16-3 

Case (a). Using Eq. 16-I3b for a,, 

2 
15 P; 

(a, )max= J.2 p . 
15 I 

Variation of 
tangential stress 

( ) -( ) _ P1rl [ l (l.lr,) 2
]- 05 a, ,. ,, - a, max - (l I )2 2 + --::r- - 1 . p, . r, - r, r, 

while, since the wall thickness t = O. Ir1, the average "hoop" stress given by 
Eq. 9-2 is 

(a) = P1r1 = p,r, = I Op 
r ava t 0.Ir , t 

These results are shown in Fig. 16-3(a). Note particularly that in using 
Eq. 9-2 no appreciable error is involved. 
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Case (b). By using Eq . 16-13b for a,, the exact tangential stresses are 
obtained as above. These are 

The values of the tangential stress computed for a few intermediate points are 
plotted in Fig. l 6-3(b). A striking variation of the tangential stress can be 
observed from this figure. The average tangential stress given by Eq. 9-2, 
using t = 3r1, is 

This stress is nowhere near the true maximum stress. 
The radial stresses were also computed by using Eq. 16-12(a) for a,, 

and the results are shown by the shaded area in Fig. 16-)(b). 
It is interesting to note that no matter how thick a cylinder is made 

resisting internal pressure, the maximum tangential stress* will not be smaller 
than p1• In practice, this necessitates special techniques to reduce the maxi­
mum stress. For example, in gun manufacture, instead of using a single 
cylinder, another cylinder is shrunk onto the smaller one, which sets up initial 
compressive stresses in the inner cylinder and tensile stresses in the outer one. 
In operation, the compressive stress in the inner cylinder is released first, and 
only then does this cylinder begin to act in tension . A greater range of oper­
ating pressures is obtained thereby. 

16-4. BEHAVIOR OF IDEALLY PLASTIC THICK-WALLED 
CYLINDERS 

The case of a thick-walled cylinder under internal pressure alone was 
considered in the previous article, and Eq. 16-I3(c) was derived for the onset 
of yield at the inner surface of the cylinder according to the maximum shear 
criterion of Eq. 8-8. Upon subsequent increase in the internal pressure, the 
yielding progresses towards the outer surface, and an elastic-plastic state 
prevails in the cylinder with a limiting radius c beyond which the cross section 
remains elastic. As the pressure increases, the radius c also increases until, 
eventually, the entire cross section becomes fully plastic at the ultimate col­
lapse load. 

In the following discussion, the maximum shear criterion for ideally 
plastic material, Eq. 8-8, 

*See Prob. 16-3. 
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is used with the maximum and minimum principal stresses being <11 and <1" 

respectively. This is based on the assumption that <1,, the axial stress, is the 
intermediate principal stress. An inspection of Eqs. 16-5 and 16-I3a shows 
this to be true in the elastic range, provided that O < v < 0.5, but in the plastic 
range this applies only if the ratio of outer to inner radius r0/r1 is less than a 
certain value.* For v = 0.3, this ratio can be established to be 5.75; hence, 
the solutions to be obtained in this article will be valid only so long as 
r0 < 5.75 ,, (with v = 0.3). The task of finding the stress distribution is more 
complicated when this condition is not satisfied and is beyond the scope of 
this book. 

Plastic Behavior of Thick-Walled Cylinders 

The equations of static equilibrium are applicable, regardless of whether the 
elastic or plastic state is considered. Hence, Eq. 16-1 is applicable but must 
be supplemented by a yield condition. 
Static equilibrium (Eq. 16-1) : 

Yield condition (Eq. 8-8): 

<1, - <1, - <1yp 
-2--2 

By combining these two equations, the basic differential equation becomes 

or d<1 = <1yp dr 
r r (16-14) 

The solution of this can be written as 

<1, = <1yp lnr + C (16-15) 

For a cylinder with inner radius a and outer radius b, the boundary condi­
tion (zero external pressure) can be expressed as 

<1,(b) = 0 = <1yp In b + C 

Hence, the integration constant C is given as 

C = -<1yp In b 

(I 6-16) 

The radial and tangential stresses are then obtained, using Eqs. 16-15 and 8-8, 

•see W. T. Koiter, "On partially plastic thick-walled tubes," Biezeno Anniversary Volume 
on Applied Mechanics, Haarlem, Holland: 1953, pp. 233-251. 
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respectively, Thus, 

a, = a ,p(In r - In b) = u ,P In r/b 

a,= a 1 P + a, = a 1 p(l + In rtb) 

(16-17a) 

(I 6-17b) 

The stress distributions given by Eqs. 16-17a and bare shown in Fig. 16-4(c), 
whereas Fig. 16-4(b) shows the elastic stress distributions. Since the fully 
plastic state represents the ultimate collapse of the thick-walled cylinder, the 
ultimate internal pressure, using Eq. 16-17a, is given as 

Putt = a,(a) = U yp In a/b (16-18) 

Elastic Plastic 

(a) (b) (c) 

Fig.16-4 

Elastic-Plastic Behavior of Thick-Walled Cylinders 

For any value of p, that is intermediate to the yield 
and ultimate values given by Eq. 16-13c and Eq. 
16-18, respectively, i.e., AP < p, < Pu1t, the cross 
section of the cylinder between the inner radius a 
and an intermediate radius c is fully plastic, while 
that between c and the outer radius b is in the elastic 
domain, Fig. 16-5. At the elastic-plastic interface, 
the yield condition is just satisfied, and the corre­
sponding radial stress X can be computed using 
Eq. 16-13c with,, = c and , 0 = b; hence 

b2 2 X = U yp - C 

2 b2 (16-19) 

This stress becomes the boundary condition to be 
Fig. 16-5 used in conjunction with Eq. 16-15 for a fully plastic 
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segment with inner radius a and outer radius c. Hence, 

a b2 - c2 

a,(c) = -X = - r b2 = Uyp 1n c + C (16-20) 

and a b 2 - c2 

C = - r b2 - Uyp In C (16-21) 

Substituting this value of C into Eq. 16-15, the radial stress in the plastic 
region is obtained as 

r a b2 - c2 

a, = a y p In c - f b2 
(16-22a) 

and, using Eq. 8-8, the tangential stress in the plastic zone becomes 

( r) a b2 
- c2 

a, = U yp + a, = U yp 1 + In C - r b2 (16-22b) 

The internal pressure Pt at which the plastic zone extends from a to c can be 
obtained, using Eq. l6-22a, simply as Pt = a,(a). Equation 16-13a, with 
rt = c and r0 = b, provide the necessary relations for calculating the stress 
distributions in the elastic zone. 

PROBLEMS FOR SOLUTION 

16-1. Verify the solution of Eq. 16-8. 

16-2. Show that the ratio of the maximum 
tangential stress to the average tangential stress 
for a thick-walled cylinder subjected only to 
internal pressure is (1 + fi 2)/ (l + fi), where 
P = r0/rt , 

16-3. Show that no matter how large the out­
side diameter of a cylinder, subjected only to 
internal pressure, is made, the maximum tangen­
tial stre:;s is not less than pt (Hint: let r0 -> co.) 

16-4. An alloy-steel cylinder is 6 in . / .D. 
(inside diameter) and 18 in. O.D. If it is sub­
jected to an internal pressure of Pt = 24,000 psi 
(p 0 = 0), (a) determine the radial and tangential 
stress distribution and show the results on a plot. 
(b) Determine the maximum (principal) shearing 
stress. (c) Determine the change in external and 
internal diameters. E = 30 x 106 psi, 11 = 0.3. 

CHAP. 16 PROBLEMS FOR SOLUTION 

Ans: (b) 27 ksi, (c) 1.64 x 10- 3 in . and 3.67 
X 10- 3 in. 

16-5. An alloy-steel cylinder is 0.15 m J.D. 
(inside diameter) and 0.45 m O.D. (outside dia­
meter). If it is subjected to an internal pressure of 
Pt = 160 MPa (and p 0 = 0): (a) determine the 
radial and tangential stress distributions and show 
the results on a plot, (b) determine the maximum 
(principal) shearing stress, and (c) determine the 
changes in external and internal diameters. Use 
E = 200 x 103 MPa and 11 = 0.3. 

16-6. Rework Prob. 16-5 with Pt = 0 and 
Po= 80 MPa. 

16-7. Rework Prob. 16-5 with Pt = 160 MPa 
and Po = 80 MPa. 

16-8. Isolate one-half of the cylinder of Prob. 
16-7 by passing a plane through the axis of the 
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cylinder. Then, by integrating the tangential 
stresses over the respective areas, show that the 
isolated free-body is in equilibrium. 

16-9. Design a thick-walled cylinder of a 4 in. 
internal diameter for an internal pressure of 
8,000 psi such as to provide: (a) a factor of safety 
of 2 against any yielding in the cylinder, and (b) 
a factor of safety of 3 against ultimate collapse. 
The yield stress of steel in tension is 36 ksi. 
Ans: (a) 12 in ., (b) 7.8 in. 

16-10. A 16 in. O.D. steel cylinder with ap­
proximately a 10 in. bore (I.D .) is shrunk onto 
another steel cylinder of 10 in., O.D. with a 6 in. 
J.D. Initially the internal diameter of the outer 
cylinder was 0.01 in . smaller than the external 
diameter of the inner cylinder. The assembly was 
accomplished by heating the larger cylinder in 
oil. For both cylinders E = 30 x 106 psi and 
v = 0.3. (a) Determine the pressure at the 
boundaries between the two cylinders. (Hint: the 
elastic increase in the diameter of the outer cyl­
inder with the elastic decrease in the diameter of 
the inner cylinder accommodates the initial inter­
ference between the two cylinders.) (b) Determine 
the tangential and radial stresses caused by the 
pressure found in (a). Show the results on a plot. 

CHAP. 16 THICK-WALLED CYLINDERS 

(c) Determine the internal pressure to which the 
composite cylinder may be subjected without 
exceeding a tangential stress of 20,000 psi in the 
inner cylinder. (Hint: after assembly, the cyl­
inders act as one unit. The initial compressive 
stress in the inner cylinder is released first.) (d) 
Superpose the tangential stresses found in (b) 
with the tangential stresses resulting from the 
internal pressure found in (c). Show the results on 
a plot. Ans: (a) 7,480 psi. 

16-11. Set up the differential equation for a 
thin disk rotating with an angular velocity of w 
rad per sec. The unit weight of the material is y. 
(Hint: consider an element as in Fig. 16-l(b) and 
add an inertia term.) Ans: add a term (1 - v2) 

yw 2r/gE to Eq. 16-8. 

16-12. For a thick-walled cylinder of inner 
radius a and outer radius b = 1a, (a) calculate 
the internal pressure at which the elastic-plastic 
boundary is at r = 1.5 a, (b) determine the radial 
and tangential stress distributions due to the 
internal pressure found in (a) and show them on 
a plot, and (c) calculate the ultimate collapse load. 
Assume the material to be elastic-perectly plastic 
with a yield stress of 250 MPa. 
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Appendix 
Tables 

I. Typical Physical Properties of and Allowable Stresses for Some Com-
mon Materials. 

2. Useful Properties of Areas. 

3. American Standard Steel Beams, S Shapes, Properties for Designing. 

4. American Wide-Flange Steel Beams, W Shapes, Properties for Design-
ing. 

5. American Standard Steel Channels, Properties for Designing. 

6. Steel Angles with Equal Legs, Properties for Designing. 

7. Steel Angles with Unequal Legs, Properties for Designing. 

8. Standard Steel Pipe. 

9. Plastic Section Moduli Around the X-X Axis. 

10. American Standard Timber Sizes, Properties for Designing. 

11. Deflections and Slopes of Elastic Curves for Variously Loaded 
Beams. 

12. Fixed-end Actions for Prismatic Beams. 

Acknowledgement: Data for Tables 3 through IO are taken from A/SC Manual of Steel 
Construction and are reproduced by permission of the American Institute of Steel Construc­
tion, Inc. 
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Table 1 TYPICAL PHYSICAL PROPERTIES OF AND ALLOWABLE STRESSES FOR SOME COMMON MATERIALS• 

Ultimate Strength, Yield Strength•, Allow. Stresses ' , Elastic Moduli Coef. of 
Unit ksi ksi psi X 106 psi Thermal 

Material Weight, Ex pans. 
lb/in. 3 

Tens. Comp.' Shear Tens.• Shear 
Tens. o r 

Shear 
Tens. or 

Shear 
X 10- • 

Comp. Comp. per °F 

Aluminum alloyJ2024- T4 0.100 60 . .. 32 44 25 10.6 4.00 12.9 
(extruded) l6061-T6 38 ... 24 35 20 10.0 3.75 13.0 

. (Gray 0.276 30 120 ... ' .. . .. . 13 6 5.8 
CaSt iron Malleable 54 ... 48 36 24 25 12 6.7 

C t •(8 gal/sack 0.087 3 ... . ... .. . - 1,3501 66 3 6.0 
oncre e 6 gal/sack .. . 5 ... . .. ... - 2,2501 86 5 . .. 

Magnesium alloy, AM lOOA 0.065 40 .. . 21 22 . .. 6.5 2.4 14.0 r% Ca<boo 
65 ... 48 36 24 ± 24,000 14,500 

(hot-rolled) 
0.6 % Carbon 100 ... 80 60 36 

Steel (hot-rolled) 0.283 30• 12 6.5 
0.6 % Carbon 120 .. . 100 75 45 

(quenched) 
3½% Ni, 0.4 % C 200 .. . 150 150 90 

{Douglas Fir (coast) 0.018 ... 7.4d 1.11 . .. ... ± 1,9001 1201 1.76 ... .. . 
Wood Southern Pine 0.021 ... 8.4d 1.5' ... .. . ± 2,2501 1351 1.76 . .. ... 

(longleaf) 

• Mechanical properties of metals depend no t onl y on composition but also on hea t treatment, previous cold working, etc. Data for wood are for clear 2-in.­
by-2-in . specimens at 12 per cent moisture content. True values vary. 
• 8 gal /sack means 8 gallons of water per 94-lb sack of Portland cement. Values for 28-day-old concrete. 
• For short blocks only. For ductile materials the ultimate strength in compress ion is indefinite; may be assumed to be the same as that in tension. 
d Compression parallel to grain on short blocks. Compression perpendicular to grain at proportional limit 950 psi, 1,190 psi , respectively. Values from Wood 
Handbook, U.S. Dept. of Agriculture. ' Fails in d iagonal tension. 1 Parallel to grain. • For most materials at 0.2 per cent set. 
• For ductile materials compressive yield strength may be assumed the same. 
• For static loads only. Much lower stresses required in machine design because of fatigue properties and dynamic loadings. 
i In bending only. No tensile stress is allowed in concrete. Timber stresses are for select or dense grade. • AlSC recommends the value of 29 X 10° psi. 
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Tablel USEFUL PROPERTIES OF AREAS 

AREAS AND MOMENTS OF INERTIA OF AREAS AROUND CENTROIDAL AXES 

RECTANGLE CIRCLE 

A = bh 
10 = bl, 3/12 ~ A = .,,R2 

10 = J/2 = .,,R4/4 

TRIANGLE SEMICIRCLE 

~h 

b 

A = bh/2 
lo = bh3/36 

~R 

2 R 4R/(3.,,) 

A = .,,R2/2 
/ 0 = O.l 10R4 

THIN TUBE HALF OF THIN TUBE 

~ -· A = 2"Ravgl 
lo = J/2 """ Rlvgl 

A = TrRavgl 
In "" 0.095.,,Ravgl 

AREAS AND CE TROIDS OF AREAS 

TRIANGLE 

2b/3 b/3 

b 

A = bh/2 

PARABOLA : y = -ax2 

{~-
A = bh/3 

APP. TABLES 

TRIANGLE 
a 

' I 
(a + L)/3 (b + L)/3 

L 

A = hL/2 

A = bh/(n + I) 

h 

PARABOLA 

h 

b 

PARABOLA 

h~ 

~ 
The area for any segment 
of a parabola is A = i hi 
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Table 3 AMERICAN STANDARD STEEL BEAMS, S SHAPES, 
PROPERTIES FOR DESIGNING 

Flange Axis X-X 
Web 

Thick- Thick- I -Designation• Area Depth Width ness ness I C 

in. 2 in. in . in. IO. in. 4 in. 3 

S 24 X 120 35.3 24.00 8.048 I .102 0.798 3030 252 
X 105.9 31.1 24.00 7.875 1.102 0.625 2830 236 

S 24 X 100 29.4 24.00 7.247 0.871 0.747 2390 199 
X 90 26.5 24.00 7.124 0.871 0.624 2250 187 
X 79.9 23.5 24.00 7.001 0.871 0.501 2110 175 

S 20 X 95 27.9 20.00 7.200 0.916 0.800 1610 161 
X 85 25.0 20.00 7.053 0.916 0.653 1520 152 

S20 X 75 22.1 20.00 6.391 0.789 0.641 1280 128 
X 65.4 19.2 20.00 6.250 0.789 0.500 1180 118 

S 18 X 70 20.6 18.00 6.251 0.691 0.711 926 103 
X 54.7 16.1 18.00 6.001 0.691 0.461 804 89.4 

S 15 X 50 14.7 15.00 5.640 0.622 0.550 486 64.8 
X 42.9 12.6 15.00 5.501 0.622 0.411 447 59.6 

S 12 X 50 14.7 12.00 5.477 0.659 0.687 305 50.8 
X 40.8 12.0 12.0Q 5.252 0.659 0.472 272 45.4 

S 12 X 35 10.3 12.00 5.078 0.544 0.428 229 38.2 
X 31.8 9.35 12.00 5.000 0.544 0.350 218 36.4 

S 10 X 35 10.3 10.00 4.944 0.491 0.594 147 29.4 
X 25.4 7.46 10.00 4.661 0.491 0.311 124 24.7 

s 8 X 23 6.77 8.00 4.171 0.425 0.441 64.9 16.2 
X 18.4 5.41 8.00 4.001 0.425 0.271 57.6 14.4 - ~ 

s 7 X 20 5.88 7.00 3.860 0.392 0.450 42.4 12.1 
X 15.3 4.50 7.00 3.662 0.392 0.252 36.7 10.5 

s 6 X 17.25 5.07 6.00 3.565 0.359 0.465 26.3 8.77 
X 12.5 3.67 6.00 3.332 0.359 0.232 22.1 7.37 

s 5 X 14.75 4.34 5.00 3.284 0.326 0.494 15.2 6.09 
X 10 2.94 5.00 3.004 0.326 0.214 12.3 4.92 

s 4 x 9.5 2.79 4.00 2.796 0.293 0.326 6.79 3.39 
X 7.7 2.26 4.00 2.663 0.293 0.193 6.08 3.04 

s 3 X 7.5 2.21 3.00 2.509 0.260 0.349 2.93 1.95 
X 5.7 l.67 3.00 2.330 0.260 0.170 2.52 1.68 

y 

X X 

y 

Axis Y-Y 

I -
r I C r 

in. in.4 in.3 in. 

9.26 84.2 20.9 1.54 
9.53 78.2 19.8 1.58 

9.01 47.8 13.2 1.27 
9.22 44.9 12.6 1.30 
9.47 42.3 12.1 1.34 

7.60 49.7 13.8 1.33 
7.79 46.2 13.1 1.36 

7.60 29.6 9.28 1.16 
7.84 27.4 8.77 1.19 

6.71 24.1 7.72 1.08 
7.07 20.8 6.94 1.14 

5.75 15.7 5.57 1.03 
5.95 14.4 5.23 1.07 

4.55 15.7 5.74 1.03 
4.77 13.6 5.16 l.06 

4.72 9.87 3.89 0.980 
4.83 9.36 3.74 1.00 

3.78 8.36 3.38 0.901 
4.07 6.79 2.91 0.954 

3.10 4.31 2.07 0.798 
3.26 3.73 1.86 0.831 

2.69 3.17 1.64 0.734 
2.86 2.64 l.44 0.766 

2.28 2.31 1.30 0.675 
2.45 1.82 l.09 0.705 

1.87 l.67 1.01 0.620 
2.05 1.22 0.809 0.643 

1.56 0.903 0.646 0.569 
l.64 0.764 0.574 0.581 

1.15 0.586 0.468 0.516 
l.23 0.455 0.390 0.522 

*American Standard I-shaped beams are referred to as S shapes, and are designated by the letter S followed by 
their depth in inches, with their weight in pounds per linear foot given last. For example, S 24 x 120 means that 
this S-shape is 24 in . deep and weighs 120 lb/ft. 
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Table 4 AMERICAN WIDE-FLANGE STEEL BEAMS, W SHAPES, 
PROPERTIES FOR DESIGNING (Abridged List) 

Flange Axis X-X 
Web 

Thick- Thick- I -
Designation• Area Depth Width ness ness 1 C 

• 2 
ill. in. m. m. in . in. 4 in. 3 

W 36 X 230 67.7 35.88 16.471 1.260 0.761 15000 837 
X 150 44.2 35.84 11.972 0.940 0.625 9030 504 

W 33 X 200 58.9 33 .00 15.750 1.150 0.715 lllOO 671 
X 130 38.3 33 .10 11.510 0.855 0.580 6710 406 

W 30 X 172 50.7 29.88 14.985 1.065 0.655 7910 530 
X 108 31.8 29.82 10.484 0.760 0.548 4470 300 

W 27 X 145 42.7 26.88 13.965 0.975 0.600 5430 404 
X 94 27.7 26.91 9.990 0.747 0.490 3270 243 

W24 X 130 38.3 24.25 14.000 0.900 0.565 4020 332 
X 100 29.5 24.00 12.000 0.775 0.468 3000 250 
X 76 22.4 23.91 8.985 0.682 0.440 2100 176 

W21 X 112 33.0 21.00 13.000 0.865 0.527 2620 250 
X 82 24.2 20.86 8.962 0.795 0.499 1760 169 
X 62 18.3 20.99 8.240 0 .615 0.400 1330 127 
X 55 16.2 20.80 8.215 0 .522 0 .375 1140 lJO 

W 18 X 96 28.2 18.16 11.750 0.831 0.512 1680 185 
X 64 18.9 17.87 8.715 0.686 0.403 1050 ll8 
X 50 14.7 18.00 7.500 0.570 0.358 802 89.l 
X 45 13.2 17.86 7.477 0.499 0.335 706 79.0 
X 35 10.3 17.71 6.000 0.429 0.298 513 5J!).. 

'-
W 16 X 96 28.2 16.32 11 .533 0.875 0.535 1360 166 

X 88 25.9 16.16 11.502 0.795 0.504 1220 151 
X 58 17.1 15.86 8.464 0.645 0.407 748 94.4 
X 50 14.7 16.25 7.073 0 .628 0.380 657 80.8 
X 36 10.6 15.85 6.992 0.428 0.299 447 ~ 
X 26 7.67 15.65 5.500 0.345 0.250 300 38.3 

W 14 X 320 94.1 16.81 16.710 2.093 J.890 4140 493 
X 136 40.0 14.75 14.740 1.063 0.660 1590 216 
X 87 25.6 14.00 14.500 0.688 0.420 967 138 
X 84 24.7 14.18 12.023 0.778 0.451 928 131 
X 78 22.9 14.06 12.000 0.718 0.428 851 121 

y 

x-.Jll--x 

y 

Axis Y-Y 

I -
r I C r 

in. in. 4 in. 3 in. 

14.9 940 114 3.73 
14.3 270 45.0 2.47 

13.7 750 95.2 3.57 
13.2 218 37.9 2.38 

12.5 598 79.8 3.43 
11.9 146 27.9 2.15 

11.3 443 63.5 3.22 
10.9 124 24.9 2.12 

10.2 412 58 .9 3.28 
10.1 223 37.2 2.75 

9.69 82.6 18.4 1.92 

8.92 317 48.8 3.10 
8.53 95 .6 21.3 1.99 
8.54 57.5 13.9 1.77 
8.40 48.3 11.8 1.73 

7.70 225 38.3 2.82 
7.46 75.8 17.4 2.00 
7.38 40.2 10.7 1.65 
7.30 34.8 9.32 1.62 
7.05 15.5 5.16 1.23 

6.93 224 38.8 2.82 
6.87 202 35.1 2.79 
6.62 65.3 15.4 J.96 
6.68 37.l 10.5 1.59 
6.50 24.4 6.99 1.52 
6.25 9.59 3.49 1.12 

6.63 1640 196 4.17 
6.31 568 77.0 3.77 
6.15 350 48.2 3.70 
6.13 225 37.5 3.02 
6.09 207 34.5 3.00 

*American wide-flange I- or H-shaped steel beams are referred to as W shapes, and are designated by the letter 
W followed by their nominal depth in inches, with their weight in pounds per linear foot given last. For example, 
W 21 x 62 means that this W shape is 21 in. deep and weighs 62 lb/ft. This list is abridged. 
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Table 4 (Continued) 

Flange Axis X-X Axis Y-Y 
Web 

Thick- Thick- I I - -
Designation Area Depth Width ness ness I C r I C r 

in .2 in . in . in. in. in. 4 in .3 in. in.4 in .3 in . 

W 14 X 74 21.8 14.19 10.072 0.783 0.450 797 112 6.05 133 26.5 2.48 
X 68 20.0 14.06 10.040 0.71 8 0.418 724 103 6.02 121 24.1 2.46 
X 61 17.9 13.91 10.000 0.643 0.378 641 92.2 5.98 107 21.5 2.45 
X 53 15.6 13.94 8.062 0.658 0.370 542 77.8 5.90 57.5 14.3 l.92 
X 43 12.6 13.68 8.000 0.528 0.308 429 62.7 5.82 45.1 11.3 1.89 

W 14 X 38 11.2 14.12 6.776 0.513 0.313 386 54.7 5.88 26.6 7.86 1.54 
X 34 10.0 14.00 6.750 0.453 0.287 340 48.6 5.83 23.3 6.89 1.52 
X 30 8.83 13.86 6.733 0.383 0.270 290 41.9 5.74 19.5 5.80 1.49 

Wl2 X 85 25.0 12.50 12.105 0.796 0.495 723 l 16 5.38 235 38.9 3.07 
X 65 19.1 12.12 12.000 0 .606 0.390 533 88.0 5.28 175 29.1 3.02 
X 53 15.6 12.06 10.000 0.576 0.345 426 70.7 5.23 96.l 19.2 2.48 
X 40 11.8 11.94 8.000 0.516 0.294 310 51.9 5.13 44.1 11.0 1.94 

W 12 X 36 J0.6 12.24 6.565 0.540 0.305 281 46.0 5.15 25.5 7.77 1.55 
X 31 9.13 12.09 6.525 0.465 0.265 239 39.5 5.12 21.6 6.61 1.54 
X 27 7.95 11 .96 6.497 0.400 0.237 204 34.2 5.07 18.3 5.63 1.52 

Wl0 x ll2 32.9 11.38 10.415 1.248 0 .755 719 126 4.67 235 45.2 2.67 
X 100 29.4 11.12 10.345 l.l 18 0 .685 625 112 4.61 207 39.9 2.65 
X 89 26.2 10.88 10.275 0.998 0.615 542 99.7 4.55 181 35.2 2.63 
X 77 22.7 10.62 10.195 0.868 0.535 457 86.1 4.49 153 30.1 2.60 
X 60 17.7 10.25 10.075 0 .683 0.415 344 67.1 4.41 l 16 23 . l 2.57 
X 49 14.4 10.00 10.000 0.558 0 .340 273 54.6 4.35 93 .0 18.6 2.54 

WlO X 45 13.2 10.12 8.022 0.618 0.350 249 49.1 4.33 53.2 13.3 2.00 
X 39 11.5 9.94 7.990 0.528 0.318 210 42.2 4.27 44.9 11.2 1.98 
X 33 9.71 9.75 7.964 0.433 0 .292 171 35.0 4.20 36.5 9.16 1.94 

WJO X 29 8.54 10.22 5.799 0.500 0 .289 158 30.8 4.30 16.3 5.61 l .38 
X 21 6.20 9.90 5.750 0.340 0.240 107 21.5 4. 15 10.8 3.75 1.32 

w 8 X 67 19.7 9.00 8.287 0 .933 0.575 272 60.4 3.71 88 .6 21.4 2.12 
X 58 I 7.1 8.75 8.222 0.808 0.510 227 52.0 3.65 74.9 18.2 2.10 
X 48 14.1 8.50 8.117 0 .683 0.405 184 43.2 3.61 60.9 15.0 2.08 
X 40 11.8 8.25 8.077 0 .558 0.365 146 35.5 3.53 49.0 12.1 2.04 
X 35 10.3 8.12 8.027 0.493 0.315 126 3l.1 3.50 42.5 10.6 2.03 
X 31 9.12 8.00 8.000 0.433 0 .288 JJO 27.4 3.47 37.0 9.24 2.01 ---w 8 X 28 8.23 8.06 6.540 0.463 0.285 97.8 24.3 3.45 21.6 6.61 l .62 
X 24 7.06 7.93 6.500 0.398 0.245 82.5 20.8 3.42 18.2 5.61 J.61 

w 8 X 20 5.89 8.14 5.268 0.378 0.248 69.4 17.0 3.43 9.22 3.50 1.25 
X 17 5.01 8.00 5.250 0 .308 0.230 -- 56.6 14.l 3.36 7.44 2.83 1.22 
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Table 5 AMERICAN STANDARD STEEL CHANNELS, 
PROPERTIES FOR DESIGNING 

Flange Axis X-X 

Average Web 
Thick- Thick- I -Designation* Area Depth Width ness ness I C 

in.2 in. in. in. in. in .4 in. 3 

C 15 x 50 14.7 15.00 3.716 0.650 0.716 404 53 .8 
X 40 11.8 15.00 3.520 0.650 0.520 349 46.5 
X 33.9 9.96 15.00 3.400 0.650 0.400 315 42.0 

C 12 X 30 8.82 12.00 3.170 0.501 0.510 162 27.0 
X 25 7.35 12.00 3.047 0.501 0.387 144 24.1 
X 20.7 6.09 12.00 2.942 0.501 0.282 129 21.5 

C 10 x 30 8.82 10.00 3.033 0.436 0.673 103 20.7 
X 25 7.35 10.00 2.886 0.436 0.526 91.2 18.2 
X 20 5.88 10.00 2.739 0.436 0 .379 78.9 15.8 
X 15.3 4.49 10.00 2.600 0.436 0.240 67.4 13.5 

C 9 X 20 5.88 9.00 2.648 0.413 0.448 60.9 13.5 
X 15 4.41 9.00 2.485 0.4)3 . 0.285 51.0 11.3 
X 13 .4 3.94 9.00 2.433 0.413 0.233 47.9 10.6 

C 8 X 18.75 5.51 8.00 2.527 0.390 0.487 44.0 11.0 
X 13.75 4.04 8.00 2.343 0.390 0.303 36.1 9.03 
X 11.5 3.38 8.00 2.260 0.390 0.220 32.6 8.14 

C 7 X 14.75 4.33 7.00 2.299 0.366 0.419 27.2 7.78 
X 12.25 3.60 7.00 2.194 0.366 0.314 24.2 6.93 
X 9.8 2.87 7.00 2.090 0.366 0.210 21.3 6.08 

C 6 X 13 3.83 6.00 2.157 0.343 0.437 17.4 5.80 
X 10.5 3.09 6.00 2.034 0.343 0.314 15.2 5.06 
X 8.2 2.40 6.00 1.920 0.343 0 .200 13.l 4.38 

C 5 X 9 2.64 5.00 1.885 0.320 0.325 8.90 3.56 
X 6.7 1.97 5.00 1.750 0.320 0.190 7.49 3.00 

C 4 x 7.25 2.13 4.00 1.721 0.296 0.321 4.59 2.29 
X 5.4 1.59 4.00 1.584 0.296 0.184 3.85 l.93 

C 3 X 6 l.76 3.00 1.596 0.273 0.356 2.07 1.38 
X 5 1.47 3.00 1.498 0.273 0.258 l.85 1.24 
X 4.1 1.21 3.00 1.410 0.273 0.170 l.66 1.10 

y 

y 

Axis Y-Y 

T -r I C r X 

in. in. 4 in.3 in. in. 

5.24 11.0 3.78 0.867 0.799 
5.44 9.23 3.36 0.886 0.778 
5.62 8.13 3.11 0.904 0.787 

4.29 5. 14 2.06 0.763 0.674 
4.43 4.47 1.88 0.780 0.674 
4.61 3.88 l.73 0.799 0.698 

3.42 3.94 1.65 0.669 0.649 
3.52 3.36 1.48 0.676 0.617 
3.66 2.81 1.32 0.691 0.606 
3.87 2.28 1.16 0.713 0.634 

3.22 2.42 l.]7 0.642 0.583 
3.40 l.93 1.01 0.661 0.586 
3.48 l.76 0.962 0.668 0.601 

2.82 l.98 1.01 0.599 0.565 
2.99 1.53 0.853 0.615 0.553 
3.11 1.32 0.781 0.625 0.571 

2.51 1.38 0.779 0.564 0.532 
2.60 1.17 0.702 0.571 0.525 
2.72 0.968 0.625 0.581 0.541 

2. 13 1.05 0.642 0.525 0.514 
2.22 0.865 0.564 0.529 0.500 
2.34 0.692 0.492 0.537 0.512 

l.83 0 .632 0.449 0.489 0.478 
l.95 0.478 0.378 0.493 0.484 

1.47 0.432 0.343 0 .450 0.459 
1.56 0.319 0.283 0.449 0.458 

1.08 0.305 0.268 0.416 0.455 
1.12 0.247 0.233 0.410 0.438 
1.17 0.197 0.202 0.404 0.437 

*American Standard Steel Channels are designated by the letter C followed by their depth in inches, with their 
weight per linear foot given last. For example, C 10 x 15.3 means that this channel is JO in. deep and weighs 
15.3 lb/ft. 
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Table 6 STEEL ANGLES WITH EQUAL LEGS, 
PROPERTIES FOR DESIGNING 

Axis X-X and Axis Y-Y 
Weight 
per I -

Size and Thickness Foot Area I C r x or y 

in. lb in .2 in. 4 in. 3 in. in. 

L8 x 8 x l ¼ 56.9 16.7 98.0 17.5 2.42 2.41 
I 51.0 15.0 89.0 15.8 2.44 2.37 

7 45.0 13.2 79.6 14.0 2.45 2.32 .. 
3 38.9 11.4 69.7 12.2 2.47 2.28 • 
' 32.7 9.61 59.4 10.3 2.49 2.23 .. 
• 29.6 8.68 54.1 9.34 2.50 2.2 1 r~ 

I 26.4 7.75 48.6 8.36 2.50 2.19 "2" 

L6 X 6 X 1 37.4 11.0 35.5 8.57 1.80 1.86 

' 33 .1 9.73 31.9 7.63 1.81 1.82 .. 
3 28.7 8.44 28.2 6.66 1.83 l.78 • 
5 24.2 7.11 24.2 5.66 1.84 J.73 .. 
• 21.9 6.43 22. 1 5. 14 1.85 1.71 Td" 

I 19.6 5.75 19.9 4.61 J.86 J.68 "2" 

' 17.2 5.06 17.7 4.08 1.87 1.66 T"R" 
3 14.9 4.36 15.4 3.53 1.88 1.64 .. 
5 12.4 3.65 13.0 2.97 1.89 1.62 TI 

L5 X 5 Xi 27.2 7.98 17.8 5.17 J.49 l .57 
3 23.6 6.94 15.7 4.53 1.51 1.52 • 
' 20.0 5.86 13.6 3.86 1.52 J.48 .. 
I 16.2 4.75 11.3 3.16 1.54 1.43 % 

' 14.3 4.18 10.0 2.79 1.55 1.41 TI 
3 12.3 3.61 8.74 2.42 1.56 l .39 .. 
' 10.3 3.03 7.42 2.04 J.57 1.37 T!' 

L4 X 4 X ¾ 18.5 5.44 7.67 2.81 1.19 1.27 
5 15.7 4.61 6.66 2.40 1.20 1.23 .. 
I 12.8 3.75 5.56 1.97 1.22 1.18 "2" 

' 11.3 3.31 4.97 " 1.75 1.23 1.16 T!' 
3 9.8 2.86 4 .36 1.52 1.23 1.14 .. 
5 8.2 2.40 3.71 1.29 1.24 1.12 T"R" 
I 6.6 1.94 3.04 1.05 1.25 1.09 • 

L 31 X 3,: X ½ 11. I 3.25 3.64 1.49 1.06 1.06 

' 9.8 2.87 3.26 1.32 1.07 1.04 TI 
3 8.5 2.48 2.87 1.15 1.07 1.01 .. 

5 7.2 2.09 2.45 .976 1.08 .990 T"ft" 
I 5.8 J.69 2.01 .794 1.09 .968 • 

L3 X 3 X½ 9.4 2.75 2.22 1.07 .898 .932 

' 8.3 2.43 J.99 .954 .905 .910 T"R" 
3 7.2 2.11 1.76 .833 .913 .888 .. 

5 6. 1 1.78 1.51 .707 .922 .869 , .. 
I 4.9 J.44 1.24 .577 .930 .842 • 
3 3.71 1.09 .962 .441 .939 .820 TT 

L 2½ X 2½ X ½ 7.7 2.25 1.23 .724 .739 .806 
3 5.9 1.73 .984 .566 .753 .762 .. 
• 5.0 I .46 .849 .482 .761 .740 T"R" 

I 4. 1 1.19 .703 .394 .769 .717 • 
3 3.07 0.92 .547 .303 .778 .694 Tif 

Axis Z-Z 

r 

in. 

1.56 
1.56 
1.57 
1.58 
1.58 
1.59 
1.59 

I.I 7 
1.17 
1.17 
1.18 
J. 18 
1.18 
1.19 
I. l 9 
1.20 

.973 

.975 

.978 

.983 

.986 

.990 

.994 

.778 

.779 

.782 

.785 

.788 

.79 1 

.795 

.683 

.684 

.687 

.690 

.694 

.584 

.585 

.587 

.589 

.592 

.596 

.487 

.487 

.489 

.491 
.495 
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Table 7 STEEL ANGLES WITH UNEQUAL LEGS, 
PROPERTIES FOR DESIGNING *This list is abridged. 

Weight 
Axis X-X 

Size and per . I -Thickness* Foot Area I C r y I 

in . lb in .2 in .4 in. 3 in. in . in. 4 

L8 x 6 x 1 44.2 13.0 80.8 15. l 2.49 2.65 38.8 
3 33.8 9.94 63.4 11.7 2.53 2.56 30.7 4 
I 23.0 6.75 44.3 8.02 2.56 2.47 21.7 'Z 

L8 x 4 x l 37.4 11.0 69.6 14.1 2.52 3.05 11.6 
3 28.7 8.44 54.9 10.9 2.55 2.95 9.36 4 
I 19.6 5.75 38.5 7.49 2.59 2.86 6.74 'Z 

L6 x 4 x ¾ 23.6 6.94 24.5 6.25 1.88 2.08 8.68 
I 16.2 4.75 17.4 4.33 1.91 1.99 6.27 "2" 

L5 x 3 x ½ 12.8 3.75 9.45 2.91 1.59 1.75 2.58 
3 9.8 2.86 7.37 2.24 1.61 1.70 2.04 ll 
I 6.6 1.94 5.11 1.53 1.62 l.66 1.44 4 

L 4 X 3} X ½ 11.9 3.50 5.32 1.94 1.23 1.25 3.79 

' 9.1 2.67 4.18 1.49 1.25 1.21 2.95 ll 
I 6.2 1.81 2.91 1.03 1.27 1.16 2.09 :r 

L4 X 3 X ½ 11.1 3.25 5.05 1.89 1.25 1.33 2.42 
3 8.5 2.48 3.96 1.46 1.26 1.28 1.92 ll 
I 5.8 l.69 2.77 1.00 1.28 1.24 1.36 4 

L 3½ X 2½ X { 9.4 2.75 3.24 1.41 1.09 1.20 1.36 
7 8.3 2.43 2.91 1.26 1.09 1.18 1.23 nr 

3 7.2 2.11 2.56 1.09 1.10 1.16 1.09 ll 
5 6.1 1.78 2.19 .927 1.11 1.14 .939 Tll 

I 4.9 1.44 1.80 .755 1.12 1.11 .777 4 

L 3 X 2½ X { 8.5 2.50 2.08 1.04 .913 1.00 1.30 
7 7.6 2.21 1.88 .928 .920 .978 1.18 Tll 

' 6.6 1.92 1.66 .810 .928 .956 1.04 ll 

' 5.6 1.62 1.42 .688 .937 .933 .898 Tll 
I 4.5 1.31 1.17 .561 .945 .911 .743 :r 
3 3.39 .996 .907 .430 .954 .888 .577 Tll 

L3 x 2 x ½ 7.7 2.25 1.92 1.00 .924 1.08 .672 
7 6.8 2.00 1.73 .894 .932 1.06 .609 nr 

3 5.9 1.73 1.53 .781 .940 1.04 .543 ll 

' 5.0 1.46 1.32 .664 .948 1.02 .470 nr 
I 4.1 1.19 1.09 .542 .957 .993 .392 :r 
3 3.07 .902 .842 .415 .966 .970 .307 Tl! 

L 2{ X 2 X ¾ 5.3 1.55 .912 .547 .768 .831 .514 

' 4.5 1.31 .788 .466 .776 .809 .446 T l! 
I 3.62 1.06 .654 .381 .784 .787 .372 :r 
• 2.75 .809 .509 .293 .793 .764 .291 T S" 

y 

y z 

Axis Y-Y Axis Z-Z 

I 
-
C r X r Tan (1. 

in. 3 in. in. in. 

8.92 1.73 l.65 1.28 .543 
6.92 1.76 1.56 1.29 .551 
4.79 1.79 1.47 1.30 .558 

3.94 1.03 1.05 .846 .247 
3.07 1.05 .953 .852 .258 
2.15 1.08 .859 .865 .267 

2.97 1.12 1.08 .860 .428 
2.08 1.15 .987 .870 .440 

1.15 .829 .750 .648 .357 
.888 .845 .704 .654 .364 
.614 .861 .657 .663 .371 

1.52 1.04 1.00 .722 .750 
1.17 1.06 .955 .727 .755 
.808 1.07 .909 .734 .759 

1.12 .827 .864 .639 .543 
.866 .879 .782 .644 .551 
.599 .896 .736 .651 .558 

.760 .704 .705 .534 .486 

.677 .711 .682 .535 .491 

.592 .719 .660 .537 .496 

.504 .727 .637 .540 .501 

.412 .735 .614 .544 .506 

.744 .722 .750 .520 .667 

.664 .729 .728 .521 .672 

.581 .736 .706 .522 .676 

.494 .744 .683 .525 .680 

.404 .753 .661 .528 .684 

.310 .761 .638 .533 .688 

.474 .546 .583 .428 .414 

.424 .553 .561 .429 .421 

.371 .559 .539 .430 .428 

.317 .567 .516 .432 .435 

.260 .574 .493 .435 .440 

.200 .583 .470 .439 .446 

.363 .577 .581 .420 .614 

.310 .584 .559 .422 .620 

.254 .592 .537 .424 .626 

.196 .600 .514 .427 .631 
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Table 8 STANDARD STEEL PIPE 

Dimensions Properties 

Weight per Foot 

Norn. Outside loside Thick- Plain Thread 
Diam. Diam. Diam. ness Ends &Cplg. I A r 

in. in. in. in . lb lb in. 4 in .2 in. 

I .405 .269 .068 .24 .25 .001 .072 .12 11 
I .540 .364 .088 .42 .43 .003 .125 .16 • 
3 .675 .493 .091 .57 .57 .007 .167 .21 11 
I .840 .622 .109 .85 .85 .017 .250 .26 "2" 
3 1.050 .824 .113 1.13 1.13 .037 .333 .33 • 

1 1.315 1.049 .133 1.68 1.68 .087 .494 .42 
I¼ 1.660 1.380 .140 2.27 2.28 .195 .669 .54 
I½ 1.900 J.610 .145 2.72 2.73 .310 .799 .62 
2 2.375 2.067 .154 3.65 3.68 .666 1.075 .79 
2½ 2.875 2.469 .203 5.79 5.82 1.530 1.704 .95 
3 3.500 3.068 .216 7.58 7.62 3.017 2.228 1.16 
3½ 4.000 3.548 .226 9.11 9.20 4.788 2.680 1.34 
4 4.500 4.026 .237 10.79 10.89 7.233 3.174 1.51 
5 5.563 5.047 .258 14.62 14.81 15.16 4.300 1.88 
6 6.625 6.065 .280 18.97 19.19 28.14 5.581 2.25 
8 8.625 7.981 .322 28.55 28.81 72.49 8.399 2.94 

10 10.750 10.020 .365 40.48 41 .13 160.7 11.91 3.67 
12 12.750 12.000 .375 49.56 50.71 279.3 14.58 4.38 

Table 9 PLASTIC SECTION MODULI AROUND THE X-X AXIS 

Shape Plastic Modulus Z Shape Plastic Modulus Z 
in. 3 in. 3 

W36 X 230 943 W 24 X 68 176 
W 33 X 220 838 W21 X 68 160 
W 36 X 194 768 W24 X 61 152 
W 36 X 182 718 W24 X 55 134 
W 36 X 170 668 W21 X 55 126 
W 36 X 160 625 W 18 X 55 112 
W 36 X 150 581 W 21 X 49 108 
W 33 X 141 514 W21 X 44 95.3 
W 36 X 135 510 W 18 X 40 78.4 
W33 x l30 467 W 16 X 40 72.8 
W33 X 118 415 W 18 X 35 66.8 
W30 X 116 378 S 12 X 50 61.2 
W30 X 108 346 W 16 X 31 54.0 
W30 X 99 313 W 14 X 26 40.0 
W 27 X 94 278 W 14 X 22 33.1 
W24 X 94 253 S JO x 25.4 28.4 
W27 X 84 244 W 8 X 20 19.1 
S 24 X 90 222 W 8 X 17 15.9 
S 24 X 79.9 205 S 7 X 20 14.5 
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Table 10 AMERICAN STANDARD TIMBER SIZES, PROPERTIES FOR DESIGNING 

American American 
Standard Area Weight Moment Section Standard Area Weight Moment Section 

Nominal Dressed of per of Modu- Nominal Dressed of per of Modu-

Size Size Section Foot Inertia lus Size Size Section Foot Inertia lus 

in. in. in. 2 lb in.4 in. 3 in. in. in. 2 lb in. 4 in.3 

L X 4 l{ X 3¼ 5.89 l.64 6.45 3.56 10 X JO 9¼ X 91 90.3 25.0 679 143 l 

6 5¼ 9.14 2.54 24.1 8.57 12 11 ¼ 109 30.3 1204 209 
8 7½ 12.2 3.39 57.1 15.3 14 13¼ 128 35.6 1948 289 

JO 9½ 15.4 4.29 116 24.4 16 15¼ 147 40.9 2948 380 
12 11 ½ 18.7 5.19 206 35.8 18 17½ 166 46.1 4243 485 
14 13½ 21.9 6.09 333 49.4 20 19½ 185 51.4 5870 602 
16 15½ 25 .2 6.99 504 65.l 22 21 ½ 204 56.7 7868 732 
18 17½ 2S.4 7.90 726 82.9 24 23½ 223 62.0 10274 874 

3 X 4 2¼ X 3¼ 9.52 2.64 10.4 5.75 12 X ]2 ll t X ll t 132 36.7 1458 253 
_ 6.... 5¼ 14.8 4.10 38.9 13.8 14 13½ 155 43.l 2358 349 

8 7½ 19.7 5.47 92.3 24.6 16 15½ 178 49.5 3569 460 
JO 9½ 24.9 6.93 188 39.5 18 17¼ 201 55.9 5136 587 
12 11 ½ 30.2 8.39 333 57.9 20 19½ 224 62.3 7106 729 
14 13½ 35.4 9.84 538 79.7 22 21¼ 247 68.7 9524 886 
16 15½ 40.7 11.3 815 105 24 23¼ 270 75.0 12437 1058 
18 17½ 45.9 12.8 1172 134 14 X 14 13½ X 13t 182 50.6 2768 410 

4 X 4 3¼ X 3¼ 13. I 3.65 14.4 7.94 16 15½ 209 58.l 4189 541 
6 5¼ 20.4 5.66 53.8 19.1 18 17½ 236 65.6 6029 689 
&... 7½ 27.2 7.55 127 34.0 20 19½ 263 73.l 8342 856 

10 9½ 34.4 9.57 259 54.5 22 21½ 290 80.6 11181 1040 
12 11½ 41.7 11.6 459 79.9 24 23½ 317 88.l 14600 1243 
14 13½ 48.9 13.6 743 110 16 X ]6 15½ X 15t 240 66.7 4810 621 
16 15½ 56.2 15.6 1125 145 18 17½ 271 75.3 6923 791 
18 17½ 63.4 17.6 1619 185 20 19¼ 302 83.9 9578 982 

22 21¼ 333 92.5 12837 1194 
6 X 6 5½ X 5½ 30.3 8.40 76.3 27.7 24 23¼ 364 101 16763 1427 

8 7½ 41.3 11.4 193 51.6 
JO 9½ 52.3 14.5 393 82.7 18 X 18 17½ X 17½ 306 85.0 7816 893 
12 II ½ 63.3 17.5 697 121 20 19½ 341 94.8 10813 1109 _____. 
14 13½ 74.3 20.6 1128 167 22 21½ 376 105 14493 1348 
16 15½ 85.3 23.6 1707 220 24 23½ 411 114 18926 1611 
18 17½ 96.3 26.7 2456 281 26 25½ 446 124 24181 1897 
20 19½ 107.3 29.8 3398 349 20 X 20 19½ X 19½ 380 106 12049 1236 

8 X 8 7{ X 7½ 56.3 15.6 264 70.3 22 21 ½ 419 116 16150 1502 
JO 9½ 71.3 19.8 536 113 24 23½ 458 127 21089 1795 
12 11 ½ 86.3 23.9 951 165 26 25½ 497 138 26945 2113 
14 13½ 101.3 28.0 1538 228 28 27½ 536 149 33795 2458 
16 15½ 116.3 32.0 2327 300 24 X 24 23t X 23½ 552 153 25415 2163 
18 17½ 131.3 36.4 3350 383 26 25½ 599 166 32472 2547 
20 19½ 146.3 40.6 4634 475 28 27½ 646 180 40727 2962 
22 21 ½ 161.3 44.8 6211 578 30 29½ 693 193 50275 3408 

All properties and weights given are for dressed size only. The weights given above are based on assumed average 
weight of 40 lb per cubic foot. Table compiled by the National Lumber Manufacturers Association. 
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Table 11 DEFLECTIONS AND SLOPES OF ELASTIC CURVES FOR 
VARIOUSLY LOADED BEAMS 

Equation of Elastic Curve 

Loading 

/I 

p 

X 

L 

I' 
qo 

X 

~' 
{/ b 

L 

APP. TAB LES 

Maximum Deflection 

p 
v = 6E/2L3 - 3L2x + x3) 

PL 3 

Vmax = v(O) = 3£/ 

v = 2%t:/x4 - 4L3x + 3L4) 

(0) 
qoL4 

Vmax = V = 8£/ 

v = 2q:l1(L3 - 2Lx2 + x3) 

Sq0 L4 

Vmax = v(L/2} = 384£/ 

When O < x:::; a, then 
Pb 

v = 6E/L[(L2 - b2)x - x3 ] 

L 
When a = b = 2 , then 

v = 4~;/3L2 - 4x2) 

PL3 
Vmax = v(L/2) = 48£/ 

M.x 
v = - 6E/L(L2 - x2) 

MoL 2 

Vmax = v(L/,./J) = - 9,./J El 

Pa 2 
V a = v(a) = 6E/3L - 4a) 

Pa 
Vmax = v(L/2) = 24£i3L 2 - 4a 2) 

Slope at End 

PL3 
8(0) = -2£/ 

qoL 3 

8(0) = - 6£/ 

q.L3 
8(0) = - 8(L) = 24£/ 

See Example l 1-4. 

(o<x:::;f) 
PL 2 

8(0) = - 8(L } = 16£/ 

8
(0) __ 8(L) __ M 0 L 

- 2 - 6£/ 

Pa 
8(0) = 2£/L - a) 
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Table 12 FIXED-END ACTIONS OF PRIS MA TIC BEAMS* 

Loading Moments• Reactions• 

MA:1 /qo • MB 

C • • • • 4 I D il A Bl 

R)' 
L 

· I 
QoL2 

RA= Ra = _ q•/ 
R n MA = - Ma = - 12 

r Pab2 Pb2 

ijA B ~ 
MA = --y;z RA = - -v-(3a + b) 

~__l!...._I b % 
Pba 2 Pa 2 

L 
% 

I Mo = -y;z Ra= --v-(a + 3b) 

~~ 
QoL2 RA __ 3q0 L 

MA = - 30 - 20 

q.L2 R ?q.L 
I I 

Ma = w o =- w 

Oa' 
2E/ 6EI 

~ 
MA=y0a RA= y:r-0a ~. 

~ A --- ---- l , B 4EI 6El L Ma = y0a Ra= - y:r-80 

~ 
6£1 R __ 12£1 t,. 

MA= -y:r- !J. A - £3 

~~ 6£[ R _ 12£1 t,. Mo= -y:r-!J. B - [3 

~rf: B~ 

( a 3a2) 6M.a( a) MA=Mo - 1 + 4z - [2 RA= -yy 1 -T 

. I M.a( a) Ra = - 6ioa ( 1 - ( y) Ma=y 2-3T 

*For all the cases tabulated, the positive senses of the end moments and reactions are the same as those shown in 
the first diagram for uniformly distributed loading. The special sign convention used here is that adopted for the dis­
placement method in Art. 12-6. 
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Index 

A 

Abbreviations and symbols, 
front endpaper 

Allowable stress: 
definition of, 19 
in bending , 331, 332, 570 
on bolts , 507 
in riveted joints, 506 
in torsion, 65, 67 
table of, 570 

Angle of twist: 
circular shaft , 67 
hollow haft, 82 
rectangular shaft, 77 

Angle sections, properties for designing, 
576, 577 

Area-moment method (see Moment-area 
method) 

Areas, useful properties of, 571 
Axes: 

principal, 134,216,267 
neutral, 122 

Axial force diagrams, 105 
Axial loads (also see Columns): 

definition of. 7 

B 

deformation due to, 37 
st resses due to, 7 

Beam-columns , 471 
Beams: 

bending moments in, 103 
bending stresses in , 125, 329 

Beams (Cont'd.) 

built-in (see Beams, fixed) 
cantilever, 96 
center of twist (see Shear Center) 
classification , 95 
connections for , 509 
constant strength , 335 
continuous , 96 
cover plated, 174, 336 
crippling of, 333 
curved, ISO 
definitions of, 91 
deflection of (see Deflection) 
design of, I 30, 3 I 2 
elastic curve for , 327, 355 
elastic section modulus of, 130 
elastic strain energy in, 528 
fixed, 95 , 419,431 
flexure formula for, 125 
inelastic bending of, 135 
lateral instability of, 119 , 
limit analysis of, 440 
maximum bending stresses in, 125 , 

492 
neutral axis in, 122 
of two materials , 144 
of variable cross-section , 143, 335 
overhanging, 96 
plastic analysis of, 138 , 440 
plastic section modulus of, 140 
prismatic, 142, 3 l 2 
reactions of, 97, 370, 417 
radius of curvature of, 355 
reinforced concrete, 147 
restrained , 95, 428 
section modulus of, l 30, I 38 
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INDEX 

Beams (Cont'd.) 

shear in, 101 ,3 16 
shearing stresses in , 163, 174 
stresses in , 123 , 174,312,539 
s imple , 95 
simpl y su pported, 95 
statica ll y indeterminate, 11 , 370, 404, 

409,414,428 , 435 
uniform stre ngth (see Co11sta111 

strength) 

unsymmetrical bending of, 134, 2 I 6 
Bearing stress, 11 , 504 , 506 
Bending: 

combi ned with axial loads , 200-2 I 6 
of beams (see Beams) 
pure, 107,119,312 
inelastic, I 35 
deflections due to , 353-393 
skew (see unsymmetrica l) 

strai n energy in , 528 
stresses due to, 125, 3 I 2 
unsym metri cal, 2 16 

Bending moment : 

and elastic curve. rel ation between, 
327, 355 

and shear, re lation between, 164,3 18 
definition of, 103 
diagrams , 105,3 18,429 
diagrams by summat ion method, 3 I 8 
s ign convention for. I 04 

Biaxial stress, 275. 288 
Boi lers: 

design of. 288 
Bolted joints (see Riveted joints) 

Bo lts, 507 
Bredt's formu la, 81 
Buckling: 

of beams , 492 
of columns, 461-492 
of vacuum chambers, 292 

Bulk modulus of e lasticity , 265 
Butt joints , 292,502.510 

C 

Cantilever, 96 
Center of twist (see Shear center) 

Centroids of areas, 571 
Channel sections , properties for 

designing , 575 

Clapeyron's equation, 436 
C ircumferential stress , 290 
Coefficient of thermal expansion. 411 , 

570 
Columns: 

critical load. 467 
critica l stress. 473 
design of, 480-492 
double-modulus theory for, 476 
eccentrically loaded . 477, 486 
Euler's formula, 467 
formu las for concentrically loaded. 

482 
long, 474, 4 75 
parabolic formula for. 483 
secant formula for. 477 
short, 475 
s lenderness ratio of, 474 
straigh t-line formulas fo r , 484 
tangent-modulus formu la for. 476 

Combined stresses, 235-255 
Compound stresses. 199- 224 
Complementary energy. 526 
Concentration of stress (see Stress) 

Connections. 292, 501 - 520 
Constant strength beams. 335 
Consiste nt deformations. method of, 403 
Continuous beams: 

analysis of, 403. 414. 421 , 428, 435, 
440 

defi nition of. 96 
Contraflexure, 328 
Couplings, shaft. 82 
Creep, 19 
Crippling of web. 333 
Critical sections. 11, 59,31 1,3 13 ,3 14 
Curvature, 355 
Curvature-area method. 377, 393 
Curved beams: 

st resses in, 150 
deflection of, 548 

Cylinders: 

D 

thick -walled. 557- 567 
thin-walled, 288- 292 

d'A lembert's principle . 4 

Deflection : 
of axially loaded rods, 37 
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INDEX 

Deflection (Cont'd.) 
of beams: 

dummy-load method, 542 
due to impact , 400 
due to shear , 535 
integration methods for, 358 
moment -area method for, 380-393, 
428--435 

strain energy method for, 535, 540 
statically indete rminate. 370. 428 
successive integration method for. 
361 

superposition method for, 374 
table of. 580 
unsymmetrical bending, 216 
virtual work method for, 543 

of frameworks, 408,416,544,549 
of helical springs, 223 

Degrees of freedom, 421 
Design: 

of axially loaded members, 22, 3 11 
of beams, 130, 3 I 2, 329-336 
of columns, 480--492 
of complex members, 336 
of connections, 501-520 
of tors ion members, 65, 3 12 

Deviation, tangential. 383 
Differential equation of e lastic curve, 357, 

358 
Displacement method, 40 I , 421 
Double-modulus theory, 476 
Dynamic loads, 536 

E 

Eccentric loading: 
of columns, 477, 486 
of riveted joints. 5 I 2 

of short blocks, 160-166 
of welded connections. 517 

Effective co lumn length, 469 
Efficiency of a joint , 292,512 
Elas tic curve, 327. 355 
Elastic limit , 37 
Elastic modu lus, 36 
Elastic strain energy: 

in bending, 528 
in shear, 530 
in tension or compression, 527 
in torsion, 531 

Elastic strain energy (Conr' d.) 
for multiaxiaJ stresses, 532 
for uniaxial stress, 525 

Elas ticity: 

definition of, 37 
modulus of, 36 

Endurance limit , 20 
Equivalent section in bending, 145 
Eu ler's formu la , 467 

F 

Factor of safety, 21 
Factors of stress-concentration: 

for helical springs, 222 
in bending, 142 
in tension or compression, 48 
in torsion , 75 

Fai lure theories, 227 
Fatigue, 20 
Fiber sire s, definition of, 21 
Fillet weld, 516 
Flange, definition of, 143 
Flexibility method, 401 ,4 14 
Flexure formula: 

for curved beams, 152 
for straight beams, 125 

Flexural rigidity , 359 
Force method, 401 , 414 
Formulas: 

for centroids and moments of inertia of 
areas, 571 

for deflection of beams, 580 
for fixed -end act ions of beams , 581 

Fracture criteria, 293-300 
Frameworks , deflection of, 408,416, 

544 , 549 
Free-body. defini tion of, 3 

Fringe, 286 

H 

Helical springs, 221-224 
Hinge, plastic , 441 

Hooke 's law: 

for shearing stress and strain, 46 
for uniaxial stress, 35 
generalized, 43 
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Hooks, stresses in , 150, 204 
Hoop stress, 290 
Horizontal shearing stress , 175 
Horsepower and torque relation, 66 

I-shape beams: 
crippling in, 333 
shearing stresses in , 180 , 333 
table of properties for designing , 572 , 

573 
Impact: 

deflection due to, 538 
factor, 538 
loading , 536 

Inelastic behavior: 
of beams , 135 , 377 
of torsion members , 70 

Inertia , moment of, 125, 266 
Inflection, point of, 328 
Interaction formula for columns, 487 
Internal forces, 3, 91 
Internal work, 525 
lsoclinic, 282 
Isotropy, 36 

J 

Joints: 

K 

bolted, 501,503,512 
riveted, 10, 501 , 503,512 
welded, 292, 516 

Kem, 215 
Keyways, 76 
Kinematic indeterminates, 421 

L 

Lame's problem, 557 
Lap joint , 502 
Lateral instability of beams , 119, 492 
Leaf springs, 533 

Limit analysis and design , 440 
Line of zero stress, 213 
Load factor , 22, 442 
Loads: 

axial, 7 
concentrated, 94 
distributed, 95 
impact, 536 
live , 334 

Localized stress (see Factors of 
stress-concemration) 

Longitudinal stress in cylinder, 290 

M 

Materials, table of physical properties , 
570 

Margin of safety , 21 
Maximum distortion energy theory, 295 
Maximum normal stress theory , 296 
Maximum shearing stress theory , 294 
Members of two materials. 144 
Membrane analogy for torsion, 79 
Method of sections: 

definition of, 3 
for axially loaded members, 6 
for beams , 100 
for torsion members, 57 

Middle-third rule, 161 
Modulus: 

bulk, 265 
of elasticity , 36 
of resilience, 527 
of rigidity, 47 
of rupture in bending, 138 
of rupture in torsion, 72 

Modulus of elasticity related to modulus 
of rigidity , 4 7 , 

Mohr' s circle: 
for moments of inertia, 268 
for strain , 258 
for stress , 248 

Moment-area method: 
for determinate beams, 380-388 
for indeterminate beams, 428-435 

Moment (also see Bending moment): 
definition of, 103 
diagrams , 105 , 318 
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INDEX 

Moment (Com' d.) 
sign convention for. 104 

Moment of inertia: 
Mohr's circle for, 268 
of plane areas, 125 , 126 
parallel-axis theorem for, 127 
polar,61 
principal axes of, I 34, 267 
table of, 571 

Moving bodies, stresses due to, 538 

N 

Necking, 34 
Neutral axis, 122 
Neutral surface, I 22 
Normal stress: 

0 

combined with shearing stress , 235 , 
240 

definition of, 4 
in ax ially loaded members, 8 
in bending, 123 
maximum and minimum, 241 

Octohedral shearing stress theory, 296 

p 

Parabolic column formula, 483 
Parallel -axis theorem , I 27 
Plane stra in, 560 
Plane stress, 263, 56 I 
Plastic analysis: 

of beams , 138, 440 
of torsional members, 70 

Pitch , in riveted joints, 502 
Photoelastic method of stress analysis, 

283 
Point of inflection, 328 
Poisson's ratio , 41 
Polar moment of inertia, 61 
Pressure vessels, thin-walled , 288 
Principal axes, of inertia, 127 ,267 
Principal planes, of bending, I 34, 216 
Principal shearing stress, 241 

Principal strain, 259 
Principal stress, 240 
Properties : 

of angles, 576, 577 
of standard steel beams , 572 
of channel sections, 575 
of pipe, 578 
of rectangular timber, 579 
of wide-flange steel beams , 573, 574 

Proportional limit , 36 

R 

Radius: 
of curvature, 355 
of gyration, 473 

Reactions, calculation of, 97 
Redundant reactions, 370, 414 
Reinforced concrete beams , 147 
Relation among E, G, and V, 47, 264 
Relation between shear and bending 

moment , 164, 318 
Relation among£, G, and v, 47, 264 

moment, 357 
Repeated loading , I 9, 5 I 
Residual tress, 20 
Resilience , modulus of, 527 
Restrained beams , 95, 428 
Rigidity , flexural, 36 I 
Rigidity, modulus of, 47 
Riveted joints: 

concentrically loaded , 10, 501 - 512 
eccentrically loaded , 512-517 
methods of failure , 503 
structural, 506-517 

Rosettes, strain, 26 I 
Rupture, modulus of, 72, I 38 

s 

St. Venant's principle, 49 
Secant formula for columns, 477 
Section modulus: 

elastic, 130 
plastic, 140 
tables, 572-579 

Shaft (see Torsion) 
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Shape factor , 140 
Shear: 

and bending moment, relation 
between, 164, 318 

definition of, IO I 

diagrams . 105 
diagrams by summation method, 3 16 
sign convention for, I 02 

Shear center, I 86 
Shear diagrams ( ee Shear) 
Shear flow, 81, 168 
Shearing deflections of beams, 535 
Shearing deformation, 46 
Shearing force in beams (see Shear) 
Shearing modulus of elasticity, 47 
Shearing strain. 47 
Shearing stress: 

definition of, 5 

due to tension or compression , 276 
in beams , I 75 
in circular shafts, 61, 75 
in non-circular shafts, 78, 81 
in rivets and bolts, 9, 504, 506 
maximum , 178,241 
on perpendicular planes, 45 
principal. 241 

SI units, 5, back endpaper 

Sign convention: 
for moment, 104 
for shear, I 02 
for stress. 6 

Simple beam, definition of. 95 
Skew bending (see unsymmetrical 

bending) 
Slenderness ratio, 474 
S-N diagrams, 20 
Spherical pressure vessels, 29 J 

Spring constant, 224 
Springs, helical : 

stresses in , 22 I 
deflection of, 223 

Stability , I 19 , 461-493 
Statical moment of area, 169 
Statically indeterminate beams: 

analysis by: 
displacement method , 421 
force method , 414 
flexibility method, 414 
general approach, 404 

Statically indeterminate beams (Cont'd.) 
integration of differential equations, 

370 
moment-area, 428 
superposition, 414 
three-moment equation, 435 
virtual work, 548 

definition of, 11, 370, 403 
Statically indeterminate members: 

analysis by: 

displacement method, 421 
force method, 414 
flexibility method, 414 
stiffness method, 421 
virtual work, 548 

axially loaded , 404,415 
in frames, 549 
in torsion , 406 , 417 

Steel beams , sizes, properties for 

designing, 572-578 
Stiffness method, 421 
Straight-line column formula, 484 
Strain: 

definition of, 34, 47 
extensional , 255 , 256 
maximum, 259 
Mohr 's circle for, 258 
plane , 256, 560 
principal. 259 
shearing, 47 
thermal , 41 I 

trans format ion of. 256 
Stra in energy (see Ela.Hie strain energy) 
Strain rosettes, 261 
Strength, ultimate, 36 
Stress: 

allowable, 18 
bending , 125 
bearing. 9,504 , 506 
biaxial , 275, 
circumferential. 290 
combined (see Combined stress) 
compound. 199 
compressive, 4 

concentration factor: 
definition of, 49 
for axially loaded members, 49 
in bending, 142 
in springs, 222 
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Stress (Cont' d.J 
in torsion, 75 

conditions for uniform, 8, I 03 
critical, 473 
definition of, 4 
fiber, 21 
flexure, 125 
hoop , 290 
impact, 539 
in curved bars, I 52 
maximum and minimum normal, 241 
Mohr's circle of, 246 
normal, 4 , 7 
on inclined plane , 238, 276 
plane , 238 , 561 
principal, 240 
residual, 20, 72, 140 
shearing, 5, 9 , 45 , 61 , 174 , 241 
state of. 235 
tangential, 558 
tensile. 4 
torsional shearing. 61 
three-dimensional, 6, 297 
transformation of, 238 
two-dimensional , 238 
uniaxial, 8 
unit , 5 
working. 22 
yield point , 36 

Stress-strain diagram, 34 
Stress trajectories, 283 
Structural riveted joints, 501-516 
Suddenly applied loads , 538 
Superposition: 

of deflections, 374, 414 
of stresse , 199- 22 I 
principle of, 43 
statically indeterminate problem 

solved by, 414,548 
Supports , diagrammatic conventions for, 

92 

T 

Tables, index of, 569 
Tangential deviation. 383 
Tangent modulu , definition of, 476 
Tangential stress, 558 

Temperature or thermal stresses, 411 
Tensile test, 33 
Tensile stress, 4 
Theories of failure , 293-300 
Thick-walled cylinders, 557-567 
Thin-walled cylinders, 288-292 
Three-moment equation, 435 
Thrust, 103 
Timber, sizes, properties for designing, 

579 
Torque, internal, 58 
Torsion : 

angle of twist due to, 67, 78, 82 
assumptions of theory, 59 
elastic energy in , 53 I 
formula, elastic, 61 
inelastic , 70 
of circular shafts, 60 
of hollow members, 62, 80 
of non-circular solid bars, 76 
of rectangular bars, 78 

Torsional stiffness, 69 
Toughness, 527 
Trajectories, stress, 283 
Transformation: 

of moments of inertia, 266 
of strain, 256 
of stress, 238 

Transformed sections , 145 
Tresca yield condi tion, 295 
Triaxial stress, 6, 44, 254, 532 
Twist, angle of (see Torsion) 

u 

Ultimate strength , 18, 36 
Uniaxial stress, 8 
Unit strain, 34 
Unit stress, 5 
Unsymmetrical bending, 216 
Unsymmetrical sections su bjected to 

bending , 134, 186 ,218 

V 

Variable cross-section, beams of, 334 
Vertical shear (see Shear) 
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Virtual force, 541 
Virtual work method for deflection , 

540-550 
von Mises yield condition, 296 

w 

Wahl correction factor for helical springs, 
223 

Web definition of, 143 

Welded connections, 292 , 516-520 
Wide flange beams , properties for 

designing, 573- 574 
Working stress, 22 

y 

Yield point or strength, 36 
Young ' s modulus, 36 

,.. 
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SI Units 
Systeme International d' Unites 

BASE SI UNITS 

Quantity Unit (Symbol) 

length • meter (m) 
mass kilogram (kg) 
force newton (N) 
time second (s) 

RECOMMENDED MULTIPLE AND SUBMULTIPLE UNITS 

Multiplication Factor 

I 000000000 
I 000000 

I 000 
0.00 I 

0.000001 
0.000 000 001 

Prefix 

giga 
mega 
kilo 
milli 
micro 
nano 

SOME RULES FOR SI STYLE AND USAG E' 

SI Symbol 

G 
M 
k 
m 
µ 
n 

A dot is to be used to separate units that are multiplied together. Thus, 
for example, a newton-meter is written as N · m and must not be confused 
with mN which stands for millinewtons. 

Use of prefixes is to be avoided in the denominator of compound units, 
except fo r kg since kilogram is a base SI unit. 

For numbers having four or more digits, the digits should be placed in 
groups of three, separated by spaces instead of commas, counting both to 
the left and to the right of the decimal point. Thus, for example, write 
37 638.246 15 instead of 37,638.24615. 

*For further details see ASTM Metric Practice Guide Designation : E 380-72. 
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English 
SI Conversion Factors 

To convert To 

inches (in.) millimeters (mm) 5 
inches (in.) meter (m) 

foot (ft) meters (m) 

square inches (in. 2) quare meter (m1 ) 

cubic feet (ft3) cubic meter (m3 ) 

cycles per second (cp ) hertz (Hz) 

acceleration or gravity, standard meter · econd 2 (mf-l) 

pound-mass (lb) kilogram (kg) 

pound-force (lbf) ne\\ton ( ) 

kilopound-force (kip) kilonev. ton (k ') 

pound-force per square foot (p f) ne,\ ton meter2 (.' m2) 

pound-force per square inch (psi) J...ilone,\lon meter 2 

kilopound-force per square 
inch (ksi) 

newtons per square meter ( ' m2) 

inch-pound force (in.-lbf) 

foot-pound force (ft-lbf) 

hor epower (hp = 550 fL-lbf,s) 

(k m2) 

mega ne,\ ton meter2 

(M 'm2) 

pascal (Pa) 

nev, ton-meter ( _ l • m) 

newton-meter ( m) 

newton-meter per econd 
( ·m, ) 

Jfultiply By 

r.400 '/A 

0.02 400 

0.304 00 

0.000 64-

0,0_ 31 

1.0 

9. I 

0.4 ·3 9_ 

4,.µ __ 2 

4.+4 _1_ 

47. 0 

6. 94 -

6. 94 T7 

1.0 

0.112 9 -

1.35· 18 

74·, 00 
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