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This series of textbooks was begun in 1951 by the
late Dr. James L. Meriam. At that time, the books
represented a revolutionary transformation in un-
dergraduate mechanics education. They became the
de” nitive textbooks for the decades that followed as
well as models for other engineering mechanics texts
that have subsequently appeared. Published under
slightly different titles prior to the 1978 First Edi-
tions, this textbook series has always been charac-
terized by logical organization, clear and rigorous
presentation of the theory, instructive sample prob-
lems, and a rich collection of real-life problems, all
with a high standard of illustration. In addition to
the U.S. versions, the books have appeared in Sl ver-
sions and have been translated into many foreign
languages. These textbooks collectively represent an
international standard for undergraduate texts in
mechanics.

The innovations and contributions of Dr. Meriam
(1917...2000) to the “eld of engineering mechanics
cannot be overstated. He was one of the premier
engineering educators of the second half of the twentieth
century. Dr. Meriam earned the B.E., M.Eng., and
Ph.D. degrees from Yale University. He had early in-
dustrial experience with Pratt and Whitney Aircraft
and the General Electric Company. During the
Second World War he served in the U.S. Coast Guard.
He was a member of the faculty of the University of
California,Berkeley,  Dean of Engineering at Duke
University, a faculty member at the California Poly-
technic State University, and visiting professor at
the University of California,Santa Barbara, “ nally
retiring in 1990. Professor Meriam always placed
great emphasis on teaching, and this trait was recog-
nized by his students wherever he taught. He was
the recipient of several teaching awards, including
the Benjamin Garver Lamme Award, which is the
highest annual national award of the American
Society of Engineering Education (ASEE).

Dr. L. Glenn Kraige, coauthor of the Engineering
Mechanics series since the early 1980s, has also
made signi* cant contributions to mechanics educa-
tion. Dr. Kraige earned his B.S., M.S., and Ph.D. de-
grees at the University of Virginia, principally in
aerospace engineering, and he is Professor Emeritus
of Engineering Science and Mechanics at V irginia
Polytechnic Institute and State University. During the
mid-1970s, | had the singular pleasure of chairing
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Professor Kraigees graduate committee and take par-
ticular pride in the fact that he was the “*  rst of my
“ fty-four Ph.D. graduates. Professor Kraige was in-
vited by Professor Meriam to team with him, thereby
ensuring that the Meriam legacy of textbook author-
ship excellence would be carried forward to future
generations of engineers.

In addition to his widely recognized research
and publications in the “ eld of spacecraft dynamics,
Professor Kraige has devoted his attention to the
teaching of mechanics at both introductory and
advanced levels. His outstanding teaching has been
widely recognized and has earned him teaching
awards at the departmental, college, university,
state, regional, and national levels. These awards in-
clude the Outstanding Educator Award from the
State Council of Higher Education for the Common-
wealth of Virginia. In 1996, the Mechanics Division
of ASEE bestowed upon him the Archie Higdon Dis-
tinguished Educator Award. The Carnegie Founda-
tion for the Advancement of Teaching and the  Council
for Advancement and Support of Education awarded
him the distinction of Virginia Professor of the Year
for 1997. In his teaching, Professor Kraige stresses
the development of analytical capabilities along with
the strengthening of physical insight and engineer-
ing judgment. Since the early 1980s, he has worked
on personal-computer software designed to enhance
the teaching learning process in statics, dynamics,
strength of materials, and higher-level areas of
dynamics and vibrations.

Continuing as coauthor for this edition is Dr.
Jeffrey N. Bolton, Associate Professor of Mechanical
Engineering Technology and Director of Digital
Learning at Blue“eld State College. Dr. Bolton
earned his B.S., M.S., and Ph.D. in Engineering
Mechanics from Virginia Polytechnic Institute and
State University. His research interests include
automatic  balancing of six-degree-of-freedom
elastically-mounted rotors. He has a wealth of teach-
ing experience, including at Virginia Tech, where he
was the 2010 recipient of the Sporn Teaching Award
for Engineering Subjects, which is primarily chosen
by students. In 2014, Professor Bolton received the
Outstanding Faculty Award from Blue“ eld State
College. Professor Bolton was selected as the 2016
West Virginia Professor of the Year by the Faculty
Merit Foundation. He has the unusual ability to set
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high levels of rigor and achievement in the classroom
while establishing a high degree of rapport with his
students. In addition to maintaining time-tested tra-
ditions for future generations of students, Dr. Bolton
brings effective application of technology to this text-
book series.

The Ninth Edition of Engineering Mechanics con-
tinues the same high standards set by previous edi-
tions and adds new features of help and interest to
students. It contains a vast collection of interesting
and instructive problems. The faculty and students
privileged to teach or study from the Meriam/Kraige/
Bolton Engineering Mechanics series will bene”
from several decades of investment by three highly

accomplished educators. Following the pattern of the
previous editions, this textbook stresses the applica-
tion of theory to actual engineering situations, and at
this important task it remains the best.

Atk (Ot
{// ¢ g

JOHN L. JUNKINS
Distinguished Professor of Aerospace Engineering
Holder of the Royce E. Wisebaker <39 Chair in
Engineering Innovation
Texas A&M University
College Station, Texas



Engineering mechanics is both a foundation and a
framework for most of the branches of engineering.
Many of the topics in such areas as civil, mechanical,
aerospace, and agricultural engineering, and of
course engineering mechanics itself, are based upon
the subjects of statics and dynamics. Even in a dis-
cipline such as electrical engineering, practitioners,
in the course of considering the electrical compon-
ents of a robotic device or a manufacturing process,
may “nd themselves “rst having to deal with the
mechanics involved.

Thus, the engineering mechanics sequence is
critical to the engineering curriculum. Not only is
this sequence needed in itself, but courses in engin-
eering mechanics also serve to solidify the studentes
understanding of other important subjects, including
applied mathematics, physics, and graphics. In addi-
tion, these courses serve as excellent settings in
which to strengthen problem-solving abilities.

Philosophy

The primary purpose of the study of engineering
mechanics is to develop the capacity to predict the
effects of force and motion while carrying out the cre-
ative design functions of engineering. This capacity
requires more than a mere knowledge of the physical
and mathematical principles of mechanics; also re-
quired is the ability to visualize physical con* gura-
tions in terms of real materials, actual constraints,
and the practical limitations which govern the beha-
vior of machines and structures. One of the primary
objectives in a mechanics course is to help the stu-
dent develop this ability to visualize, which is so vital
to problem formulation. Indeed, the construction of a
meaningful mathematical model is often a more im-
portant experience than its solution. Maximum pro-
gress is made when the principles and their limita-
tions are learned together within the context of
engineering application.

There is a frequent tendency in the presentation
of mechanics to use problems mainly as a vehicle to
illustrate theory rather than to develop theory for
the purpose of solving problems. When the “  rst view
is allowed to predominate, problems tend to become
overly idealized and unrelated to engineering with
the result that the exercise becomes dull, academic,
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and uninteresting. This approach deprives the stu-

dent of valuable experience in formulating problems

and thus of discovering the need for and meaning of
theory. The second view provides by far the stronger
motive for learning theory and leads to a better

balance between theory and application. The crucial
role played by interest and purpose in providing the

strongest possible motive for learning cannot be
overemphasized.

Furthermore, as mechanics educators, we should
stress the understanding that, at best, theory can
only approximate the real world of mechanics rather
than the view that the real world approximates the
theory. This difference in philosophy is indeed basic
and distinguishes the engineering of mechanics from
the science of mechanics.

Over the past several decades, several unfortu-
nate tendencies have occurred in engineering educa-
tion. First, emphasis on the geometric and physical
meanings of prerequisite mathematics appears to
have diminished. Second, there has been a signi“ c-
ant reduction and even elimination of instruction in
graphics, which in the past enhanced the visualiza-
tion and representation of mechanics problems.
Third, in advancing the mathematical level of our
treatment of mechanics, there has been a tendency
to allow the notational manipulation of vector opera-
tions to mask or replace geometric visualization.
Mechanics is inherently a subject which depends on
geometric and physical perception, and we should in-
crease our efforts to develop this ability.

A special note on the use of computers is in order.
The experience of formulating problems, where
reason and judgment are developed, is vastly more
important for the student than is the manipulative
exercise in carrying out the solution. For this reason,
computer usage must be carefully controlled. At
present, constructing free-body diagrams and formu-
lating governing equations are best done with pencil
and paper. On the other hand, there are instances in
which the solution to the governing equations can
best be carried out and displayed using the computer.
Computer-oriented problems should be genuine in
the sense that there is a condition of design or critic-
ality to be found, rather than smakeworkZ problems
in which some parameter is varied for no apparent
reason other than to force arti“ cial use of the com-
puter. These thoughts have been kept in mind during
the design of the computer-oriented problems in the

Vii
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Ninth Edition. To conserve adequate time for prob-
lem formulation, it is suggested that the student be
assigned only a limited number of the computer-
oriented problems.

As with previous editions, this Ninth Edition of
Engineering Mechanics is written with the foregoing
philosophy in mind. It is intended primarily for the
“rst engineering course in mechanics, generally
taught in the second year of study. Engineering
Mechanics is written in a style which is both concise
and friendly. The major emphasis is on basic prin-
ciples and methods rather than on a multitude of
special cases. Strong effort has been made to show
both the cohesiveness of the relatively few funda-
mental ideas and the great variety of problems which
these few ideas will solve.

Organization

In Chapter 1, the fundamental concepts necessary
for the study of mechanics are established.

In Chapter 2, the properties of forces, moments,
couples, and resultants are developed so that the
student may proceed directly to the equilibrium of
nonconcurrent force systems in Chapter 3 without
unnecessarily belaboring the relatively trivial prob-
lem of the equilibrium of concurrent forces acting on
a particle.

In both Chapters 2 and 3, analysis of two-
dimensional problems is presented in Section A before
three-dimensional problems are treated in Section B.
With this arrangement, the instructor may cover all of
Chapter 2 before beginning Chapter 3 on equilibrium,
or the instructor may cover the two chapters in the
order 2A, 3A, 2B, 3B. The latter order treats force sys-
tems and equilibrium in two dimensions and then
treats these topics in three dimensions.

Application of equilibrium principles to simple
trusses and to frames and machines is presented in
Chapter 4 with primary attention given to two-
dimensional systems. A suf* cient number of three-
dimensional examples are included, however, to
enable students to exercise more general vector tools
of analysis.

The concepts and categories of distributed forces
are introduced at the beginning of Chapter 5, with
the balance of the chapter divided into two main sec-
tions. Section A treats centroids and mass centers;
detailed examples are presented to help students
master early applications of calculus to physical and
geometrical problems. Section B includes the special
topics of beams, " exible cables, and " uid forces,
which may be omitted without loss of continuity of
basic concepts.

Chapter 6 on friction is divided into Section A on
the phenomenon of dry friction and Section B on se-
lected machine applications. Although Section B may
be omitted if time is limited, this material does
provide a valuable experience for the student in
dealing with both concentrated and distributed fric-
tion forces.

Chapter 7 presents a consolidated introduc-
tion to virtual work with applications limited to
single-degree-of-freedom systems. Special emphasis
is placed on the advantage of the virtual-work and
energy method for interconnected systems and
stability determination. Virtual work provides an
excellent opportunity to convince the student of
the power of mathematical analysis in mechanics.

Moments and products of inertia of areas are
presented in Appendix A. This topic helps to bridge
the subjects of statics and solid mechanics. Appendix
C contains a summary review of selected topics of ele-
mentary mathematics as well as several numerical
techniques which the student should be prepared to
use in computer-solved problems. Useful tables of
physical constants, centroids, moments of inertia,
and conversion factors are contained in Appendix D.

Pedagogical Features

The basic structure of this textbook consists of an
article which rigorously treats the particular subject
matter at hand, followed by one or more sample
problems. For the Ninth Edition, all homework prob-
lems have been moved to a special Student Problems
section found after Appendix D near the end of the
textbook. There is a Chapter Review at the end of
each chapter which summarizes the main points in
that chapter, and a corresponding Chapter Review
Problem set found in the Student Problems section.

Problems

The 89 Sample Problems appear on specially de-
signed pages by themselves. The solutions to typical
statics problems are presented in detail. In addition,
explanatory and cautionary notes (Helpful Hints)
are number-keyed to the main presentation.

There are 898 homework exercises. The problem
sets are divided into Introductory Problems and Repre-
sentative Problems. The “ rst section consists of simple,
uncomplicated problems designed to help students
gain con“dence with the new topic, while most of the
problems in the second section are of average dif* culty
and length. The problems are generally arranged in
order of increasing dif‘culty. More dif*  cult exercises



appear near the end of the Representative Problems
and are marked with the triangular symbol ~ ». Com-
puter-Oriented Problems, marked with an asterisk, ap-
pear throughout the problems and also in a special
section at the conclusion of the Chapter Review Prob-
lems. Problems marked with the student-solution icon
P have solutions available onWileyPlus. The an-
swers to all problems have been provided in a special
section near the end of the textbook.

In recognition of the need for emphasis on Sl units,
there are approximately two problems in SI units for
every one in U.S. customary units. This  apportionment
between the two sets of units permits anywhere from
a 50...50 emphasis to a 100-percent Sl treatment.

A notable feature of the Ninth Edition, as with
all previous editions, is the wealth of interesting and
important problems which apply to engineering
design. Whether directly identi“ed as such or not,
virtually all of the problems deal with principles and
procedures inherent in the design and analysis of
engineering structures and mechanical systems.

lllustrations

In order to bring the greatest possible degree of real-
ism and clarity to the illustrations, the electronic ver-
sion of this textbook series continues to be produced in
full color. It is important to note that color is used con-
sistently for the identi“cation of certain quantities:

€ red for forces and moments
€ green for velocity and acceleration arrows

€ orange dashes for selected trajectories of moving
points

Subdued colors are used for those parts of an
illustration which are not central to the problem at
hand. Whenever possible, mechanisms or objects
which commonly have a certain color will be portrayed
in that color. All of the fundamental elements of tech-
nical illustration which have been an essential part of
this Engineering Mechanics series of textbooks have
been retained. The authors wish to restate the convic-
tion that a high standard of illustration is critical to
any written work in the “eld of mechanics.

Special Features

We have retained the following hallmark features of
previous editions:

€ All theory portions are constantly reexamined in
order to maximize rigor, clarity, readability, and
level of friendliness.
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€ Key Concepts areas within the theory presenta-
tion are specially marked and highlighted.

€ The Chapter Reviews are highlighted and feature
itemized summaries.

€ All Sample Problems are printed on specially de-
signed pages for quick identi“ cation.

€ Within-the-chapter photographs are provided in
order to provide additional connection to actual
situations in which statics has played a major role.

Resources and Formats

The following items have been prepared to comple-
ment this textbook:

Instructor and Student Resources

The following resources are available online at www.
wiley.com/college/meriam. There may be additional
resources not listed.

WileyPlus: A complete online learning system
to help prepare and present lectures, assign and
manage homework, keep track of student progress,
and customize your course content and delivery.
Newly added materials for WileyPlus include step-
by-step video solutions for approximately 200
problems, all of which are similar to those found in
the textbook. These author-generated videos illus-
trate clear and concise solution strategies for stu-
dents, further emphasizing key concepts and
demonstrating sound principles of problem solving
in mechanics.

Instructores Manual: Prepared by the authors
and independently checked, fully worked solutions to
all problems in the text are available to faculty by
contacting their local Wiley representative.

All “ gures in the text are available in electronic
format for use in creating lecture presentations.

All Sample Problems are available as elec-
tronic “ les for display and discussion in the
classroom.

Formats

This Ninth Edition is available in a variety of
formats, including conventional print, WileyPlus
standalone, standalone alone e-text (now with nu-
merous enhancements), and other bundled formats.
Please contact a Wiley representative (www.wiley.
com/go/whosmyrep) for more information.
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CHAPTER

Introduction
to Statics

CHAPTER OUTLINE

1/1 Mechanics

1/2 Basic Concepts

1/3 Scalars and Vectors

1/4 Newtones Laws

1/5 Units

1/6 Law of Gravitation

1/7 Accuracy, Limits, and Approximations

By Duke.of.arcH - www."ickr.com/photos/dukeofarch/Getty Images, Inc.

1/8 Problem Solving in Statics Structures which support large forces must

1/9 Chapter Review be designed with the principles of mechanics
foremost in mind. In this view of Sydney,
Australia, one can see a variety of such
structures.

11 | Mechanics

Mechanics is the physical science which deals with the effects of forces
on objects. No other subject plays a greater role in engineering analysis
than mechanics. Although the principles of mechanics are few, they
have wide application in engineering. The principles of mechanics are
central to research and development in the “elds of vibrations, stability
and strength of structures and machines, robotics, rocket and space-
craft design, automatic control, engine performance, ” uid "ow, electri-
cal machines and apparatus, and molecular, atomic, and subatomic
behavior. A thorough understanding of this subject is an essential pre-
requisite for work in these and many other “  elds.

Mechanics is the oldest of the physical sciences. The early history
of this subject is synonymous with the very beginnings of engineering.
The earliest recorded writings in mechanics are those of Archimedes
(287...2128.c.) on the principle of the lever and the principle of buoy-
ancy. Substantial progress came later with the formulation of the laws
of vector combination of forces by Stevinus (1548...1620), who also for-
mulated most of the principles of statics. The “ rst investigation of a
dynamics problem is credited to Galileo (1564...1642) for his experi-
ments with falling stones. The accurate formulation of the laws of mo-
tion, as well as the law of gravitation, was made by Newton (1642...1727), who also
conceived the idea of the in“ nitesimal in mathematical analysis. Substantial 1

S. Terry/Science Source

Sir Isaac Newton



2 CHAPTER 1

Introduction to Statics

contributions to the development of mechanics were also made by da Vinci,
Varignon, Euler, DeAlembert, Lagrange, Laplace, and others.

In this book we will be concerned with both the development of  the principles
of mechanics and their application. The principles of mec hanics as a science are
rigorously expressed by mathematics, and thus mathematics plays an important
role in the application of these principles to the solution of practical problems.

The subject of mechanics is logically divided into two parts: statics , which con-
cerns the equilibrium of bodies under action of forces, and dynamics , which con-
cerns the motion of bodies. Engineering Mechanics is divided into these two parts,
Vol. 1 Statics and Vol. 2 Dynamics.

12 | Basic Concepts

The following concepts and de“ nitions are basic to the study of mechanics, and they
should be understood at the outset.

Space is the geometric region occupied by bodies whose positions are described
by linear and angular measurements relative to a coordinate system. For three-
dimensional problems, three independent coordinates are needed. Fortwo-  dimensional
problems, only two coordinates are required.

Time is the measure of the succession of events and is a basic quantity in dy-
namics. Time is not directly involved in the analysis of statics problems.

Mass is a measure of the inertia of a body, which is its resistance to a change of
velocity. Mass can also be thought of as the quantity of matter in a body. The mass
of a body affects the gravitational attraction force between it and other bodies. This
force appears in many applications in statics.

Force is the action of one body on another. A force tends to move a body in the
direction of its action. The action of a force is characterized by its magnitude, by the
direction of its action, and by its point of application. Thus force is a vector quan-
tity, and its properties are discussed in detail in Chapter 2.

A particle is a body of negligible dimensions. In the mathematical sense, a
particle is a body whose dimensions are considered to be near zero so that we may
analyze it as a mass concentrated at a point. We often choose a particle as a differ-
ential element of a body. We may treat a body as a particle when its dimensions are
irrelevant to the description of its position or the action of forces applied to it.

Rigid body. A body is considered rigid when the change in distance between
any two of its points is negligible for the purpose at hand. For instance, the calcula-
tion of the tension in the cable which supports the boom of a mobile crane under load
is essentially unaffected by the small internal deformations in the structural mem-
bers of the boom. For the purpose, then, of determining the external forces which act
on the boom, we may treat it as a rigid body. Statics deals primarily with the calcula-
tion of external forces which act on rigid bodies in equilibrium. Determination of the
internal deformations belongs to the study of the mechanics of deformable bodies,
which normally follows statics in the curriculum.

3 | Scalars and Vectors

We use two kinds of quantities in mechanics,scalars and vectors. Scalar quanti-
ties are those with which only a magnitude is associated. Examples of scalar quan-
tities are time, volume, density, speed, energy, and mass. Vector quantities, on the
other hand, possess direction as well as magnitude, and must obey the  parallelogram
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law of addition as described later in this article. Examples of vector quantities are
displacement, velocity, acceleration, force, moment, and momentum. Speed is a sca-
lar. It is the magnitude of velocity, which is a vector. Thus velocity is speci“ed by a
direction as well as a speed.

Vectors representing physical quantities can be classi“ed as free, sliding, or
“ xed.

A free vector is one whose action is not con ned to or associated with a unique
line in space. For example, if a body moves without rotation, then the movement
or displacement of any point in the body may be taken as a vector. This vector de-
scribes equally well the direction and magnitude of the displacement of every
point in the body. Thus, we may represent the displacement of such a body by a
free vector.

A sliding vector  has a unique line of action in space but not a unique point of
application. For example, when an external force acts on a rigid body, the force can
be applied at any point along its line of action without changing its effect on the
body as a whole,* and thus it is a sliding vector.

A “ xed vector is one for which a unique point of application is speci® ed. The ac-
tion of a force on a deformable or nonrigid body must be speci‘ed by a “xed vector at
the point of application of the force. In this instance the forces and deformations
within the body depend on the point of application of the force, as well as on its mag-
nitude and line of action.

Conventions for Equations and Diagrams

A vector quantity V is represented by a line segment, Fig. 1/1, having the direction Vv
of the vector and having an arrowhead to indicate the sense. The length of the di-
rected line segment represents to some convenient scale the magnitude  |V| of the
vector, which is printed with lightface italic type V. For example, we may choose a v -7
scale such that an arrow one inch long represents a force of twenty pounds. &£~
In scalar equations, and frequently on diagrams where only the magnitude of

a vector is labeled, the symbol will appear in lightface italic type. Boldface type is
used for vector quantities whenever the directional aspect of the vector is a part of

its mathematical representation. When writing vector equations, always be certain
to preserve the mathematical distinction between vectors and scalars. In handwrit-

ten work, use a distinguishing mark for each vector quantity, such as an underline,

V, or an arrow over the symbol, V, to take the place of boldface type in print.

Working with Vectors

The direction of the vector V. may be measured by an angle from some known
reference direction as shown in Fig. 1/1. The negative of V is a vector SV having
the same magnitude as V but directed in the sense opposite to V , as shown in
Fig. 1/1.

Vectors must obey the parallelogram law of combination. This law states that
two vectors V,; and V,, treated as free vectors, Fig. 1/2a, may be replaced by their
equivalent vector V , which is the diagonal of the parallelogram formed by V ;andV,
as its two sides, as shown in Fig. 1/2b. This combination is called the vector sum and
is represented by the vector equation

V=V, +V,

*This is the principle of transmissibility, which is discussed in Art. 2/2.
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/Vz v
Vs, -~ v

Vv, A v,
(@ (b) (c)

FIGURE 1/7

where the plus sign, when used with the vector quantities (in boldface type), means
vector and not scalar addition. The scalar sum of the magnitudes of the two vectors
is written in the usual way as V., + V,. The geometry of the parallelogram shows
that V. V;+ V,.

The two vectors V ; and V ,, again treated as free vectors, may also be added head-
to-tail by the triangle law, as shown in Fig. 1/2c  , to obtain the identical vector sum V

vV, v, We see from the diagram that the order of addition of the vectors does
< not affect their sum, sothatV ;+V,=V,+ V,.
\\\ \/ Ve \\\ The difference V ; S V, between the two vectors is easily obtained
v S Vo, S by adding SV , to V; as shown in Fig. 1/3, where either the triangle or

FIGURE 1/

Vv parallelogram procedure may be used. The difference V between the
two vectors is expressed by the vector equation

V =V,8V,

where the minus sign denotes vector subtraction.

Any two or more vectors whose sum equals a certain vector V are said to be
the components of that vector. Thus, the vectors V ; and V, in Fig. 1/4a are the
components of V in the directions 1 and 2, respectively. It is usually most conve-
nient to deal with vector components which are mutually perpendicular; these are
called rectangular components. The vectors V, and V, in Fig. 1/4b are the x- and
y-components, respectively, of V . Likewise, in Fig. 1/4 ¢,V and V, are the x - and
y -components of V. When expressed in rectangular components, the direction of
the vector with respect to, say, the x-axis is clearly speci“ed by the angle , where

— 81 Vy
= tan v,

A vector V may be expressed mathematically by multiplying its magnitude V by
a vector n whose magnitude is one and whose direction coincides with thatof V. . The
vector n is called a unit vector. Thus,

V =Vn

In this way both the magnitude and direction of the vector are conveniently contained
in one mathematical expression. In many problems, particularly three-dimensional

@ (b)

FIGURE 1/4
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ones, it is convenient to express the rectangular components of V., Fig. 1/5,
in terms of unit vectors i , j, and k, which are vectors in the x -, y-, and
z-directions, respectively, with unit magnitudes. Because the vector V is the
vector sum of the components in the x-, y-, and z-directions, we can express V
as follows:

V- V,i+V,j+Vk

We now make use of the direction cosines |, m,and n of V, which are de* ned by
| = cos m = cos n=cos ,

Thus, we may write the magnitudes of the components of V as

V, -1V V, - mV V,-nVv

FIGURE 1/§

where, from the Pythagorean theorem,

V2 _ sz + Vy2 + sz

Note that this relation implies that] 2+ m?2+n?=1.

14 | Newtones Laws

Sir Isaac Newton was the “ rst to state correctly the basic laws governing the mo-
tion of a particle and to demonstrate their validity.* Slightly reworded with modern
terminology, these laws are:

Law I. A particle remains at rest or continues to move with  uniform velocity
(in a straight line with a constant speed) if there is no unbalanced force acting
on it.

Law Il. The acceleration of a particle is proportional to the vector sum of ~ forces
acting on it and is in the direction of this vector sum.

Law lll. The forces of action and reaction between interacting bodies are
equal in magnitude, opposite in direction, and collinear (they lie on the same
line).

The correctness of these laws has been veri“ed by innumerable accurate phys-
ical measurements. Newtones second law forms the basis for most of the analysis in
dynamics. As applied to a particle of mass m, it may be stated as

F - ma (2/1)

where F is the vector sum of forces acting on the particle and a is the resulting ac-
celeration. This equation is a vector equation because the direction of F must agree
with the direction of a , and the magnitudes of F  and ma must be equal.

Newtones “rst law contains the principle of the equilibrium of forces, which is
the main topic of concern in statics. This law is actually a consequence of the second
law, since there is no acceleration when the force is zero, and the particle either is at

*Newtones original formulations may be found in the translation of his Principia (1687) revised
by F. Cajori, University of California Press, 1934.
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rest or is moving with a uniform velocity. The “  rst law adds nothing new to the
description of motion but is included here because it was part of Newtonss classical
statements.

The third law is basic to our understanding of force. It states that forces always
occur in pairs of equal and opposite forces. Thus, the downward force exerted on the
desk by the pencil is accompanied by an upward force of equal magnitude exerted
on the pencil by the desk. This principle holds for all forces, variable or constant,
regardless of their source, and holds at every instant of time during which the forces
are applied. Lack of careful attention to this basic law is the cause of frequent error
by the beginner.

In the analysis of bodies under the action of forces, it is absolutely necessary to
be clear about which force of each action...reaction pair is being considered. It is nec-
essary “rst of all to isolate the body under consideration and then to consider only
the one force of the pair which acts on the body in question.

us | Units

In mechanics we use four fundamental quantities called  dimensions. These are
length, mass, force, and time. The units used to measure these quantities cannot all

be chosen independently because they must be consistent with Newtones second
law, Eqg. 1/1. Although there are a number of different systems of units, only the two
systems most commonly used in science and technology will be used in this text.
The four fundamental dimensions and their units and symbols in the two systems

are summarized in the following table.

Dimensional S| Units U.S. Customary Units
Quantity Symbol Unit Symbol Unit
Mass M kilogram kg slug "
Length L Ba_se meter m foot ft
) units Base
Time T second .~ { second sec
units
Force F newton N pound Ib
S| Units

The International System of Units, abbreviated Sl (from the French, Systeme In-
ternational d-Unités), is accepted in the United States and throughout the world,
and is a modern version of the metric system. By international agreement, S| units
will in time replace other systems. As shown in the table, in S, the units kilogram
(kg) for mass, meter (m) for length, and second (s) for time are selected as the base
units, and the newton (N) for force is derived from the preceding three by Eq. 1/1.
Thus, force (N) = mass (kg) x acceleration (m/s 2) or

N = kg -m/s?
Thus, 1 newton is the force required to give a mass of 1 kg an acceleration of 1 m/s 2.
Consider a body of mass m which is allowed to fall freely near the surface of the
earth. With only the force of gravitation acting on the body, it falls with an accelera-
tion g toward the center of the earth. This gravitational force is the weight W of the
body and is found from Eq. 1/1:

W(N) = m(kg) x g(m/s?)



U.S. Customary Units

The U.S. customary, or British system of units, also called the foot-pound-second
(FPS) system, has been the common system in business and industry in English-
speaking countries. Although this system will in time be replaced by Sl units, for
many more years engineers must be able to work with both Sl units and FPS units,
and both systems are used freely in Engineering Mechanics.

As shown in the table, in the U.S. or FPS system, the units of feet (ft) for length,
seconds (sec) for time, and pounds (Ib) for force are selected as base units, and the slug
for mass is derived from Eq. 1/1. Thus, force (Ib) = mass (slugs) x acceleration (ft/sec ?), or

_ Ib-sec?
ot

Therefore, 1 slug is the mass which is given an acceleration of 1 ft/sec 2 when acted
on by a force of 1 Ib. If W is the gravitational force or weight and g is the accelera-
tion due to gravity, Eq. 1/1 gives

slug

W (Ib)
g (ft/sec?)

Note that seconds is abbreviated as s in Sl units, and as sec in FPS units.

In U.S. units the pound is also used on occasion as a unit of mass, especially to
specify thermal properties of liquids and gases. When distinction between the two
units is necessary, the force unit is frequently written as Ibf and the mass unit as
Ibm. In this book we use almost exclusively the force unit, which is written simply
as Ib. Other common units of force in the U.S. system are the  kilopound (kip), which
equals 1000 Ib, and the ton, which equals 2000 Ib.

The International System of Units (Sl) istermed an  absolute system because the
measurement of the base quantity mass is independent of its environment. On the
other hand, the U.S. system (FPS) is termed a gravitational system because its base
guantity force is de“ned as the gravitational attraction (weight) acting on a standard
mass under speci“ed conditions (sea level and 45° latitude). A standard pound is also
the force required to give a one-pound mass an acceleration of 32.1740 ft/sec 2.

In Sl units the kilogram is used exclusively as a unit of mass,never force. In the
MKS (meter, kilogram, second) gravitational system, which has been used for many
years in non-English-speaking countries, the kilogram, like the pound, has been
used both as a unit of force and as a unit of mass.

m (slugs) =

Primary Standards

Primary standards for the measurements of mass, length, and time
have been established by international agreement and are as follows:

Mass. Thekilogramis de“ned asthe massofaspeci® cplatinum...
iridium cylinder which is kept at the International Bureau of
Weights and Measures near Paris, France. An accurate copy of
this cylinder is kept in the United States at the National Insti-

tute of Standards and Technology (NIST), formerly the  National
Bureau of Standards, and serves as the standard of mass for the
United States.

Length. The meter, originally de“ned as one ten-millionth of the
distance from the pole to the equator along the meridian through
Paris, was later de“ned as the length of a speci® c¢ platinum...
iridium bar kept at the International Bureau of Weights and
Measures. The dif* culty of accessing the bar and reproducing

accurate measurements prompted the adoption of more accurate The standard kilogram

Article 1/5 Units 7

Omikron/Science Source
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and reproducible standards of length for the meter, which is now de*  ned as the
distance traveled by light in a vacuum in (1 299 792 458) second.

Time. The second was originally de“ned as the fraction 1/(86 400) of the mean
solar day. However, irregularities in the earthes rotation led to dif* culties with
this de“nition, and a more accurate and reproducible standard has been ad-
opted. The second is now de“ned as the duration of 9 192 631 770 periods of the
radiation of a speci“c state of the cesium-133 atom.

For most engineering work, and for our purpose in studying mechanics, the
accuracy of these standards is considerably beyond our needs. The standard
value for gravitational acceleration g is its value at sea level and at a 45° lati-
tude. In the two systems these values are

Sl units g = 9.806 65 m/s?
U.S. units g = 32.1740 ft/sec?

The approximate values of 9.81 m/s 2 and 32.2 ft/sec?, respectively, are suf* ciently
accurate for the vast majority of engineering calculations.

Unit Conversions

A list of the Sl units used in mechanics is shown in Table D/5 of Appendix D, along
with the numerical conversions between U.S. customary and Sl units. Although this
table is useful for obtaining a feel for the relative size of SI and U.S. units, in time
engineers will “nd it essential to think directly in terms of Sl units without converting
from U.S. units. In statics we are primarily concerned with the units of length and
force, with mass needed only when we compute gravitational force, as explained in
Art. 1/6. Unit conversion is unnecessary for the majority of problems in this textbook.

Figure 1/6 depicts examples of force, mass, and length in the two systems of
units, to aid in visualizing their relative magnitudes.

32.2 Ibf
(143.1 N)

9.81 N
(2.20 Ibf)

11lbm
0.454 k
1kg ( 9)
MASS  (2.20 Ibm)
11t 1 slug or 32.2 Ibm
[T (14.59 kg)
(0.305 m)
LENGTH
Im
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Article 1/6 Law of Gravitation 9

In statics as well as dynamics we often need to compute the weight of a body, which
is the gravitational force acting on it. This computation depends on the law of
gravitation, which was also formulated by Newton. The law of gravitation is ex-

pressed by the equation

mym,

r2

F-G

where F = the mutual force of attraction between two particles

G = a universal constant known as the constant of gravitation

m,, m, = the masses of the two particles
r = the distance between the centers of the particles

(1/2)

The mutual forces F obey the law of action and reaction, since they are equal
and opposite and are directed along the line joining the centers of the particles,
as shown in Fig. 1/7. By experiment the gravitational constant is found to be

G = 6.673(10%) m3/(kg -s?).

Gravitational Attraction of the Earth

Gravitational forces exist between every pair of bodies. On the
surface of the earth the only gravitational force of appreciable
magnitude is the force due to the attraction of the earth. For ex-
ample, each of two iron spheres 100 mm in diameter is attracted
to the earth with a gravitational force of 37.1 N, which is its
weight. On the other hand, the force of mutual attraction between
the spheres if they are just touching is 0.000 000 095 1 N. This
force is clearly negligible compared with the earthes attraction of
37.1 N. Consequently the gravitational attraction of the earth is
the only gravitational force we need to consider for most engineer-
ing applications on the earthes surface.

The gravitational attraction of the earth on a body (its weight)
exists whether the body is at rest or in motion. Because this at-
traction is a force, the weight of a body should be expressed in
newtons (N) in Sl units and in pounds (Ib) in U.S. customary units.
Unfortunately, in common practice the mass unit kilogram (kg)
has been frequently used as a measure of weight. This usage
should disappear in time as Sl units become more widely used,
because in Sl units the kilogram is used exclusively for mass and
the newton is used for force, including weight.

FIGURE 1/

The gravitational force which the
earth exerts on the moon (fore-
ground) is a key factor in the motion
of the moon.

NASA Marshall Space Flight Center (NASA-

MSFC)
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For a body of mass m near the surface of the earth, the gravitational attraction
F on the body is speci‘ed by Eq. 1/2. We usually denote the magnitude of this
gravitational force or weight with the symbol W . Because the body falls with an
acceleration g, Eq. 1/1 gives

W - mg (2/3)

The weight W will be in newtons (N) when the mass m is in kilograms (kg) and the
acceleration of gravity g is in meters per second squared (m/s 2). In U.S. customary
units, the weight W will be in pounds (Ib) when m is in slugs and g is in feet per sec-
ond squared. The standard values for g of 9.81 m/s? and 32.2 ft/sec? will be suf* -
ciently accurate for our calculations in statics.

The true weight (gravitational attraction) and the apparent weight (as mea-
sured by a spring scale) are slightly different. The difference, which is due to the
rotation of the earth, is quite small and will be neglected. This effect will be dis-
cussed in Vol. 2 Dynamics.

v7 | Accuracy, Limits, and Approximations

The number of signi* cant“ gures in an answer should be no greater than the num-
ber of “ gures justi“ ed by the accuracy of the given data. For example, suppose the
24-mm side of a square bar was measured to the nearest millimeter, so we know the
side length to two signi“ cant “ gures. Squaring the side length gives an area of
576 mm?. However, according to our rule, we should write the area as 580 mm 2,
using only two signi“ cant “gures.

When calculations involve small differences in large quantities, greater accu-
racy in the data is required to achieve a given accuracy in the results. Thus, for
example, it is necessary to know the numbers 4.2503 and 4.2391 to an accuracy of
“ve signi“‘cant“ gures to express their difference 0.0112 to three-“gure accuracy. It
is often dif* cult in lengthy computations to know at the outset how many signi“ -
cant “ gures are needed in the original data to ensure a certain accuracy in the
answer. Accuracy to three signi“ cant “ gures is considered satisfactory for most
engineering calculations.

In this text, answers will generally be shown to three signi® cant” gures unless the
answer begins with the digit 1, in which case the answer will be shown to four signi® -
cant “gures. For purposes of calculation, consider all data given in this book to be exact.

Di erentials

The order of differential quantities frequently causes misunderstanding in the
derivation of equations. Higher-order differentials may always be neglected com-
pared with lower-order differentials when the mathematical limit is approached.

For example, the element of volume V of a right circular cone of altitude h and
base radius r may be taken to be a circular slice a distance x from the vertex and of
thickness x. The expression for the volume of the element is

v:hif[xz X+ x( )%+ 3( %)
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Note that, when passing to the limit in going from V to dV and from x to dx, the
terms containing (x) 2and (x) *drop out, leaving merely

r2
dv = FXZ dx

which gives an exact expression when integrated.

Small-Angle Approximations

When dealing with small angles, we can usually make use of simpli- 4

fying approximations. Consider the right triangle of Fig. 1/8 where 1 Arc length =
the angle , expressed in radians, is relatively small. If the hypote- M 1x =
nuse is unity, we see from the geometry of the “gure that the arc o

length 1 x and sin are very nearly the same. Also, cos is close to cos )

unity. Furthermore, sin and tan have almost the same values.

Thus, for small angles we may write

sin tan cos 1

provided that the angles are expressed in radians. These approximations may be
obtained by retaining only the “rst terms in the series expansions for these three
functions. As an example of these approximations, for an angle of 1°

1°= 0.017 453 rad tan 1°= 0.017 455
sin 1°=0.017 452 cos 1° = 0.999 848

If a more accurate approximation is desired, the “  rst two terms ma y be retained,
and they are

sin S 36 tan + 33 cos 18 2?12

where the angles must be expressed in radians. (To convert degrees to radians,
multiply the angle in degrees by /180°.) The error in replacing the sine by the
angle for 1° (0.0175 rad) is only 0.005 percent. For 5° (0.0873 rad) the error is
0.13 percent, and for 10° (0.1745 rad), the error is still only 0.51 percent. As the
angle approaches zero, the following relations are true in the mathematical limit:

sind =tand =d cosd =1

where the differential angle d must be expressed in radians.

v8 | Problem Solving in Statics

We study statics to obtain a quantitative description of forces which act on engi-
neering structures in equilibrium. Mathematics establishes the relations between
the various quantities involved and enables us to predict effects from these rela-
tions. We use a dual thought process in solving statics problems: We think about
both the physical situation and the corresponding mathematical description. In
the analysis of every problem, we make a transition between the physical and the
mathematical. One of the most important goals for the student is to develop the
ability to make this transition freely.
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Making Appropriate Assumptions

We should recognize that the mathematical formulation of a physical problem repre-
sents an ideal description, or model, which approximates but never quite matches the
actual physical situation. When we construct an idealized mathematical model for a
given engineering problem, certain approximations will always be involved. Some of
these approximations may be mathematical, whereas others will be physical.

For instance, it is often necessary to neglect small distances, angles, or forces
compared with large distances, angles, or forces. Suppose a force is distributed over
a small area of the body on which it acts. We may consider it to be a concentrated
force if the dimensions of the area involved are small compared with other pertinent
dimensions.

We may neglect the weight of a steel cable if the tension in the cable is many
times greater than its total weight. However, if we must calculate the de” ection or
sag of a suspended cable under the action of its weight, we may not ignore the cable
weight.

Thus, what we may assume depends on what information is desired and on the ac-
curacy required. We must be constantly alert to the various assumptions called for in
the formulation of real problems. The ability to understand and make use of the appro-
priate assumptions in the formulation and solution of engineering problems is certainly
one of the most important characteristics of a successful engineer. One of the major aims
of this book is to provide many opportunities to develop this ability through the formula-
tion and analysis of many practical problems involving the principles of statics.

Using Graphics
Graphics is an important analytical tool for three reasons:

1. We use graphics to represent a physical system on paper with a sketch or dia-
gram. Representing a problem geometrically helps us with its physical inter-
pretation, especially when we must visualize three-dimensional problems.

2. We can often obtain a graphical solution to problems more easily than with a
direct mathematical solution. Graphical solutions are both a practical way to
obtain results and an aid in our thought processes. Because graphics represents
the physical situation and its mathematical expression simultaneously, graphics
helps us make the transition between the two.

3. Charts or graphs are valuable aids for representing results in a form which is
easy to understand.
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Key Concepts Formulating Problems and Obtaining Solutions

In statics, as in all engineering problems, we need to use (d) Ensure that your calculations are consistent
a precise and logical method for formulating problems with the accuracy justi“ed by the data.

and obtaining their solutions. We formulate each prob- (e) Be sure that you have used consistent units
lem and develop its solution through the following se- throughout your calculations.

uence of steps. .
q P (f) Ensure that your answers are reasonable in

1. Formulate the problem: terms of magnitudes, directions, common

(a) State the given data. sense, etc.
(b) State the desired result. (g) Draw conclusions.

c) State your assumptions and approximations. . .
© y P PP Keeping your work neat and orderly will help your

2. Develop the solution: thought process and enable others to understand
(@) Draw any diagrams you need to understand your work. The discipline of doing orderly work will
the relationships. help you develop skill in formulation and analysis.

Problems which seem complicated at “rst often be-
come clear when you approach them with logic and
discipline.

(b) State the governing principles to be applied to
your solution.

(c) Make your calculations.

The Free-Body Diagram

The subject of statics is based on surprisingly few fundamental concepts and in-
volves mainly the application of these basic relations to a variety of situations. In
this application the method of analysis is all-important. In solving a problem, it is
essential that the laws which apply be carefully “xed in mind and that we apply
these principles literally and exactly. In applying the principles of mechanics to
analyze forces acting on a body, it is essential that we isolate the body in question
from all other bodies so that a complete and accurate account of all forces acting on
this body can be taken. This isolation should exist mentally and should be repre-
sented on paper. The diagram of such an isolated body with the representation of
all external forces acting on it is called a free-body diagram.

The free-body-diagram method is the key to the understanding of mechanics.
This is so because the isolation of a body is the tool by which cause and effect are
clearly separated and by which our attention is clearly focused on the literal appli-
cation of a principle of mechanics. The technique of drawing free-body diagrams is
covered in Chapter 3, where they are “ rst used.

Numerical Values versus Symbols

In applying the laws of statics, we may use numerical values to represent quanti-
ties, or we may use algebraic symbols and leave the answer as a formula. When
numerical values are used, the magnitude of each quantity expressed in its par-
ticular units is evident at each stage of the calculation. This is useful when we need
to know the magnitude of each term.

The symbolic solution, however, has several advantages over the numerical
solution. First, the use of symbols helps to focus our attention on the connection
between the physical situation and its related mathematical description. Second,
we can use a symbolic solution repeatedly for obtaining answers to the same type
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of problem, but having different units or numerical values. Third, a symbolic solu-
tion enables us to make a dimensional check at every step, which is more dif*  cult
to do when numerical values are used. In any equation representing a physical
situation, the dimensions of every term on both sides of the equation must be the
same. This property is called dimensional homogeneity .

Thus, facility with both numerical and symbolic forms of solution is essential.

Solution Methods

Solutions to the problems of statics may be obtained in one or more of the following
ways.

1. Obtain mathematical solutions by hand, using either algebraic symbols or
numerical values. We can solve most problems this way.

2. Obtain graphical solutions for certain problems.

3. Solve problems by computer. This is useful when a large number of equations
must be solved, when a parameter variation must be studied, or when an in-
tractable equation must be solved.

Many problems can be solved with two or more of these methods. The method uti-
lized depends partly on the engineeres preference and partly on the type of problem
to be solved. The choice of the most expedient method of solution is an important
aspect of the experience to be gained from the problem work. There are a number of
problems in Vol. 1 Statics which are designated as Computer-Oriented Problems.
These problems appear at the end of the Review Problem sets and are selected to
illustrate the type of problem for which solution by computer offers a distinct
advantage.

vo | Chapter Review

This chapter has introduced the concepts, de* nitions, 3. Perform calculations using Sl and U.S. customary
and units used in statics, and has given an overview of units, using appropriate accuracy.
the procedure used to formulate and solve problems in 4. Express the law of gravitation and calculate the

statics. Now that you have “nished this chapter, you

weight of an object.

should be able to do the following:

5. Apply simpli“cations based on differential and

1. Express vectors in terms of unit vectors and per- small-angle approximations.
pendicular components, and perform vector addi- 6. Describe the methodology used to formulate and

tion and subtraction.

solve statics problems.

2. State Newtones laws of motion.
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SAMPLE PROBLEM 1/1

Determine the weight in newtons of a car whose mass is 1400 kg. Convert
the mass of the car to slugs and then determine its weight in pounds.

Solution From relationship 1/3, we have
W = mg = 1400(9.81) = 13 730N @ Ans.

From the table of conversion factors in Table D/5 of Appendix D, we see
that 1 slug is equal to 14.594 kg. Thus, the mass of the car in slugs is

= 1400 k 1 slug = 95.9sl @] A
m = g[14.594kg]_ .9 slugs ns.
Finally, its weight in pounds is
W =mg = (95.9)(32.2) = 3090 b @ Ans.

As another route to the last result, we can convert from kg to lbm.
Again using Table D/5, we have

11lbm

m = 1400 kg [ 0.45359 kg ]

= 3090 Ibm

The weight in pounds associated with the mass of 3090 Ibm is 3090 Ib, as
calculated above. We recall that 1 Ibm is the amount of mass which un-
der standard conditions has a weight of 1 Ib of force. We rarely refer to
the U.S. mass unit Ibm in this textbook series, but rather use the slug for
mass. The sole use of slug, rather than the unnecessary use of two units
for mass, will prove to be powerful and simple,especially in dynamics.

m = 1400 kg

HELPFUL HINTS
@ Our calculator indicates a result of

13 734 N. Using the rules of signi* cant-
“ gure display used in this textbook, we
round the written result to four
signi“ cant “ gures, or 13 730 N. Had
the number begun with any digit other
than 1, we would have rounded to three
signi“ cant “gures.

A good practice with unit conversion
is to multiply by a factor such as
1 slug
[ 14594 kg ]’
because the numerator and the denomi-
nator are equivalent. Make sure that
cancellation of the units leaves the units
desired; here the units of kg cancel,

leaving the desired units of slug.

which has a value of 1,

® Note that we are using a previously calculated result (95.9 slugs). We must be sure that when a calculated number
is needed in subsequent calculations, it is retained in the calculator to its full accuracy, (95.929834 . . .), until it is
needed. This may require storing it in a register upon its initial calculation and recalling it later. We must not
merely punch 95.9 into our calculator and proceed to multiply by 32.2,this practice will result in loss of numerical
accuracy. Some individuals like to place a small indication of the storage register used in the right margin of the

work paper, directly beside the number stored.

SAMPLE PROBLEM 1/2

Use Newtones law of universal gravitation to calculate the weight of a 70-kg
person standing on the surface of the earth. Then repeat the calculation by
using W = mg and compare your two results. Use Table D/2 as needed.

Solution The two results are

_ Gmgn _ (6.673-10%11)(5.976 -10%)(70) _
R? (6371 -10%°

W = mg = 70(9.81) = 687 N Ans.

The discrepancy is due to the fact that Newtones universal gravitational
law does not take into account the rotation of the earth. On the other
hand, the value g = 9.81 m/s? used in the second equation does account
for the earthes rotation. Note that had we used the more accurate value

g = 9.80665 m/s? (which likewise accounts for the earthes rotation) in the
second equation, the discrepancy would have been larger (686 N would
have been the result).

=688N @ Ans.

m =70 kg

N m,

\
\

HELPFUL HINT
® The effective distance between the mass

centers of the two bodies involved is the
radius of the earth.
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SAMPLE PROBLEM 1/3 y
For the vectors V ; and V, shown in the “ gure, } V, = 4 units
(a) determine the magnitude S of their vectorsumS=V ;+V, \
(b) determine the angle between S and the positive x-axis ‘
(c) write S as a vector in terms of the unit vectors i and j and then ) i 4i) <
write a unit vector n along the vector sum S a0
(d) determine the vector difference D=V ;SV,
V, = 3 units

Solution (a) We construct to scale the parallelogram shown in Fig. a

for adding V ; and V ,. Using the law of cosines, we have

S%= 3%+ 42 S 2(3)(4) cos 105°

S = 5.59 units Ans.
(b) Using the law of sines for the lower triangle, we have @

sin 105° _ sin( + 30°)

559 4
sin(  + 30° = 0.692 V, = 3 units
( +30° = 43.8° = 13.76° Ans.

(@

(c) With knowledge of both S and , we can write the vector S as

S = S[icos +jsin ]
= 5.59[i cos 13.76° + j sin 13.76°] = 5.43i + 1.328j units Ans.
S 5.43i + 1.328] . .
Then n=_—-=———=0971i +0.238 ®@ Ans.

S 5.59

(d) The vector difference D is
D =V, SV,=4(icos 45°+ j sin 45°) S 3(i cos 30° S j sin 30°)

= 0.230i + 4.33] units Ans.
The vector D is shown in Fig.basD =V ;+(SV ).

(b)

HELPFUL HINTS

@ You will frequently use the laws of cosines
and sines in mechanics. See Art. C/6 of
Appendix C for a review of these impor-
tant geometric principles.

@ A unit vector may always be formed by di-
viding a vector by its magnitude. Note
that a unit vector is dimensionless.
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Introduction

Anze Bizjan/Shutterstock

The properties of force systems must be thor-
oughly understood by the engineers who design
structures such as these overhead cranes.

In this and the following chapters, we study the effects of forces which act on engi-
neering structures and mechanisms. The experience gained here will help you in
the study of mechanics and in other subjects such as stress analysis, design of

structures and machines, and ”

uid ” ow. This chapter lays the foundation for a

basic understanding not only of statics but also of the entire subject of mechanics,
and you should master this material thoroughly.

2/2

Force

Before dealing with a group or system of forces, it is necessary to examine the
properties of a single force in some detail. A force has been de“ned in Chapter 1
as an action of one body on another. In dynamics we will see that a force is de-
“ned as an action which tends to cause acceleration of a body. A force is a vector
quantity, because its effect depends on the direction as well as on the magnitude
of the action. Thus, forces may be combined according to the parallelogram law
of vector addition.

17
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Cable tension

P

N

P
(b)

FIGURE 2/

The forces associated with this lifting
crane must be carefully identi* ed,
classi“ed, and analyzed in order to
provide a safe and effective working
environment.

The action of the cable tension on the bracket in Fig. 2/1a s
represented in the side view, Fig. 2/1b , by the force vector P of
magnitude P. The effect of this action on the bracket depends on
P, the angle , and the location of the point of application A
Changing any one of these three specifications will alter the ef-
fect on the bracket, such as the force in one of the bolts which
secure the bracket to the base, or the internal force and deforma-
tion in the material of the bracket at any point. Thus, the com-
plete specification of the action of a force must include its magni-
tude, direction, and point of application, and therefore we must
treat it as a fixed vector.

External and Internal Eects

We can separate the action of a force on a body into two effects, exter-
nal and internal. For the bracket of Fig. 2/1 the effects of P external

to the bracket are the reactive forces (not shown) exerted on the
bracket by the foundation and bolts because of the action of P. Forces
external to a body can be either applied forces or reactive forces. The
effects of P internal to the bracket are the resulting internal forces
and deformations distributed throughout the material of the bracket.

The relation between internal forces and internal deformations de-
pends on the material properties of the body and is studied in strength

of materials, elasticity, and plasticity.

Principle of Transmissibility

When dealing with the mechanics of a rigid body, we ignore defor-
mations in the body and concern ourselves with only the net exter-
nal effects of external forces. In such cases, experience shows us
that it is not necessary to restrict the action of an applied force to

a given point. For example, the force P acting on the rigid plate in
Fig. 2/2 may be applied at A or at B or at any other point on its line
of action, and the net external effects of P on the bracket will not
change. The external effects are the force exerted on the plate by
the bearing support at O and the force exerted on the plate by the
roller supportat C .

This conclusion is summarized by the principle of  transmissibility,
which states that a force may be applied at any point on its given
line of action without altering the resultant effects of the force exter-
nal to the rigid body on which it acts. Thus, whenever we are inter-
ested in only the resultant external effects of a force, the force may be
treated as a sliding vector, and we need specify only the magnitude,
direction, and line of action of the force, and not its point of applica-
tion. Because this book deals essentially with the mechanics of rigid
bodies, we will treat almost all forces as sliding vectors for the rigid
body on which they act.

Force Classification

Forces are classi“ed as either contact or body forces. A contact force is
produced by direct physical contact; an example is the force exerted
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on a body by a supporting surface. On the other hand, a body force is generated by
virtue of the position of a body within a force “©  eld such as a gravitational, electric,
or magnetic “eld. An example of a body force is your weight.

Forces may be further classi“ed as either concentrated or distributed. Every
contact force is actually applied over a “nite area and is therefore really a distrib-
uted force. However, when the dimensions of the area are very small compared with
the other dimensions of the body, we may consider the force to be concentrated at a
point with negligible loss of accuracy. Force can be distributed over an area, as in the
case of mechanical contact, over a volume when a body force such as weight
is acting, or over a line, as in the case of the weight of a suspended cable.

The weight of a body is the force of gravitational attraction distributed
over its volume and may be taken as a concentrated force acting through the
center of gravity. The position of the center of gravity is frequently obvious
if the body is symmetric. If the position is not obvious, then a separate cal-
culation, explained in Chapter 5, will be necessary to locate the center of
gravity.

We can measure a force either by comparison with other known forces,
using a mechanical balance, or by the calibrated movement of an elastic ele-
ment. All such comparisons or calibrations have as their basis a primary
standard. The standard unit of force in Sl units is the newton (N) and in the
U.S. customary system is the pound (Ib), as de“ned in Art. 1/5.

Fa

Action and Reaction Fi

According to Newtones third law, the action of a force is always accompa-
nied by an equal and opposite reaction . It is essential to distinguish be- (b)
tween the action and the reaction in a pair of forces. To do so, we “ rst
isolate the body in question and then identify the force exerted  on that
body (not the force exerted by the body). It is very easy to mistakenly use
the wrong force of the pair unless we distinguish carefully between  action
and reaction.

Concurrent Forces

Two or more forces are said to be concurrent at a point if their lines of
action intersect at that point. The forces F ; and F, shown in Fig. 2/3a
have a common point of application and are concurrent at the point A
Thus, they can be added using the parallelogram law in their common
plane to obtain their sum or resultant R, as shown in Fig. 2/3a . The
resultant lies in the same planeas F ; and F,.

Suppose the two concurrent forces lie in the same plane but are applied
at two different points as in  Fig. 2/3b. By the principle of transmissibility,
we may move them along their lines of action and complete their vector sum
R at the point of concurrency A, as shown in Fig. 2/3b. We can replace F
and F, with the resultant R without altering the external effects on the
body upon which they act.

We can also use the triangle law to obtain R, but we need to move the
line of action of one of the forces, as shown in Fig. 2/3c. If we add the same
two forces as shown in Fig. 2/3d, we correctly preserve the magnitude and
direction of R, but we lose the correct line of action, because R obtained in
this way does not pass through A. Therefore this type of combination should
be avoided. FIGURE 2/
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We can express the sum of the two forces mathematically by the vector
equation

R=F,+F,

Vector Components

In addition to combining forces to obtain their resultant, we often need to replace a
force by its vector components in directions which are convenient for a given appli-
cation. The vector sum of the components must equal the original vector. Thus, the
force R in Fig. 2/3a may be replaced by, or resolved into, two vector components F
and F, with the speci“ed directions by completing the parallelogram as shown to
obtain the magnitudes of F ; and F,.

The relationship between a force and its vector components along given
axes must not be confused with the relationship between a force and its perpen-
dicular* projections onto the same axes. Figure 2/3e  shows the perpendicular
projections F, and F, of the given force R onto axes a and b, which are parallel
to the vector components F , and F, of Fig. 2/3a . Figure 2/3e shows that the
components of a vector are not necessarily equal to the projections of the vector
onto the same axes. Furthermore, the vector sum of the projections F,and Fis
not the vector R , because the parallelogram law of vector addition must be used
to form the sum. The components and projections of R are equal only when the
axes a and b are perpendicular.

A Special Case of Vector Addition

To obtain the resultant when the two forces F,and F, are parallel as in Fig. 2/4,
we use a special case of addition. The two vectors are combined by “ rst adding
two equal, opposite, and collinear forces F and F of convenient magnitude,
which taken together produce no external effect on the body. AddingF ;and F to
produce R4, and combining with the sum R , of F, and F yield the resultantR
which is correct in magnitude, direction, and line of action. This procedure is
also useful for graphically combining two forces which have a remote and incon-
venient point of concurrency because they are almost parallel.

It is usually helpful to master the analysis of force systems in two dimensions
before undertaking three-dimensional analysis. Thus the remainder of Chapter 2 is

subdivided into these two categories.

secTioN A Two-Dimensional Force Systems

23 | Rectangular Components

The most common two-dimensional resolution of a force vector is into rectan-
gular components. It follows from the parallelogram rule that the vector F of
Fig. 2/5 may be written as

F=F,+ Fy (2/1)

FIGURE 2/5

*Perpendicular projections are also called orthogonal projections.
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where F, and F, are vector components of F in the x- and y-directions. Each of the
two vector components may be written as a scalar times the appropriate unit vector.

In terms of the unit vectorsi and j of Fig. 2/5, F, = F,i and F, = Fj, and thus we
may write

F=Fd+F)j (2/2) v

where the scalars F  and F are the x and y scalar components of the vector F .

The scalar components can be positive or negative, depending on the quad-
rant into which F  points. For the force vector of Fig. 2/5, the x and y scalar
components are both positive and are related to the magnitude and direction of
F by

F, - F cos RN e
2/3
' NE (213)
F, - Fsin - tan F_x
Conventions for Describing Vector Components
We express the magnitude of a vector with lightface italic type in print; that is, IFI

is indicated by F, a quantity which is always nonnegative. However, the scalar com-
ponents, also denoted by lightface italic type, will include sign information. See
Sample Problems 2/1 and 2/3 for numerical examples which involve both positive

and negative scalar components. F /y
When both a force and its vector components appear in a diagram, it is /
desirable to show the vector components of the force with dashed lines, as in /

Fig. 2/5, and show the force with a solid line, or vice versa. With either of these
conventions it will always be clear that a force and its components are being ‘
represented, and not three separate forces, as would be implied by three solid-

line vectors.
Actual problems do not come with reference axes, so their assignment is a Sy
matter of arbitrary convenience, and the choice is frequently up to the student. The )
. L T . . F . =Fsin( )
logical choice is usually indicated by the way in which the geometry of the problem FX .
is speci“ed. When the principal dimensions of a body are given in the horizontal y= Feos( )

and vertical directions, for example, you would typically assign reference axes in
these directions.

Determining the Components of a Force

Dimensions are not always given in horizontal and vertical directions, angles need
not be measured counterclockwise from the x-axis, and the origin of coordinates
need not be on the line of action of a force. Therefore, it is essential that we be able
to determine the correct components of a force no matter how the axes are oriented
or how the angles are measured. Figure 2/6 suggests a few typical examples of

F.,=Fcos( )
Fy: Fsin( )

vector resolution in two dimensions. FIGURE 2/4
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The structural elements in the
fore-ground transmit concentrated
forces to the brackets at both ends.

Memorization of Egs. 2/3 is not a substitute for understanding the
parallelogram law and for correctly projecting a vector onto a reference
axis. A neatly drawn sketch always helps to clarify the geometry and
avoid error.

Rectangular components are convenient for “© nding the sum or re-
sultant R of two forces which are concurrent. Consider two forces F
and F, which are originally concurrent at a point ~ O. Figure 2/7 shows
the line of action of F, shifted from O to the tip of F ; according to the
triangle rule of Fig. 2/3 . In adding the force vectors F ; and F,, we may
write

R=Fy+Fy= (Fyi + Fyj)+ (Foi + Fyj)
or
Ry + Ryj = (Fy + Fp)i + (Fly + Fzy)j
from which we conclude that
Ry=Fy +F, = Fy
(2/4)
Ry=Fy +F,= F,

The term  F, means sthe algebraic sum of the x scalar componentsZ.
For the example shown in Fig. 2/7, note that the scalar component Fa,
would be negative.

\
ny
E
1y Ry
.

FIGURE 2/
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SAMPLE PROBLEM 2/1

The forces F4, F,, and F 3, all of which act on point A of the bracket, are
speci” ed in three different ways. Determine the x and y scalar compo-
nents of each of the three forces.

Solution The scalar components of F |, from Fig. a, are

F,, = 600 cos 35 = 491 N Ans.

F;, = 600 sin 35°= 344 N Ans,
The scalar components of F ,, from Fig. b, are

F, = 500(3) = 400N Ans.

F,, = 500(3) = 300 N Ans.

Note that the angle which orients F , to the x-axis is never calculated.
The cosine and sine of the angle are available by inspection of the 3-4-5
triangle. Also note that the x scalar component of F , is negative by
inspection.

The scalar components of F ; can be obtained by “ rst computing
the angle of Fig. c.

0.2
=tan ! —. =26.6°
& 104
Then, F;, = F3sin =800sin26.6°=358N O Ans.
Fs, = Fzcos = 800cos26.6°= 716N Ans.

Alternatively, the scalar components of F 3 can be obtained by writ-
ing F3 as a magnitude times a unit vector n g in the direction of the line
segment AB. Thus,

Fs=Fsnpg =F3—= —&
AB [ (0.2)2+ (0.4) 2]
= 800[0.447i 0.894j]
=358i 716 N
The required scalar components are then
Fs = 358N Ans.
F; = 716N Ans.

which agree with our previous results.

(b)

HELPFUL HINTS
@ You should carefully examine the geom-

etry of each component-determination
problem and not rely on the blind use of
such formulas as F, = Fcos and F, =
F sin .

A unit vector can be formed by dividing
any vector, such as the geometric position
vector AB, by its length or magnitude.
Here we use the overarrow to denote the
vector which runs from A to B and the
overbar to determine the distance
between A and B.
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SAMPLE PROBLEM 2/2

Combine the two forces P and T, which act on the “xed structure at B,
into a single equivalent force R.

Graphical Solution The parallelogram for the vector addition of

forces T and P is constructed as shown in Fig.a .@ The scale used here

is 1 in. = 800 Ib; a scale of 1 in. = 200 Ib would be more suitable for

regular-size paper and would give greater accuracy. Note that the angle
must be determined prior to construction of the parallelogram. From

the given “ gure

_BD _ 6sin60°

= AD 3+ 6coser 0866

tan = 40.9°

Measurement of the length R and direction of the resultant force R
yields the approximate results

R=5251b = 49° Ans.

Geometric Solution The triangle for the vector addition of T and P
is shown in Fig. b. @ The angle is calculated as above. The law of
cosines gives

R? = (600)? + (800)2
R=5241b Ans.

2(600)(800) cos 40.%° = 274,300

From the law of sines, we may determine the angle which orients R.
Thus,

600 524

sin  sin 40.9° sin = 0.750

= 48.6° Ans.

Algebraic Solution By using the x-y coordinate system on the
given “gure, we may write

R,= F,=800 600cos40.9=3461b
R,= F,= 600sin40.9°= 3931b
The magnitude and direction of the resultant force R as shown in Fig. ¢
are then
R= R2+R2= (346)2+ (393) 2=5241Ib Ans.
=tan ! % =tan ! % = 48.6° Ans.

The resultant R may also be written in vector notation as

R=Rd +R,j =346 393 Ib Ans.

P =800 Ib

<
\

\

x

HELPFUL HINTS

® Note the repositioning of P to permit
parallelogram addition at B.

800 Ib
.
\
N 600 Ib
£
(b)

@ Note the repositioning of T so as to
preserve the correct line of action of the
resultant R.
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SAMPLE PROBLEM 2/3

The 500-N force F is applied to the vertical pole as shown. (1) Write F
in terms of the unit vectors i and j and identify both its vector and sca-
lar components. (2) Determine the scalar components of the force vec-
tor F along the x -andy -axes. (3) Determine the scalar components of F
along the x- and y -axes.

Solution  Part (1). From Fig. awe may write F as

F=(Fcos )i (Fsin )j
= (500 cos 6C°)i (500 sin 60 °)j

= (250i 433j) N Ans.

The scalar components are F, = 250 N and F, = 433 N. The vector
components are F, =250i N and F , = 433j N.

Part (2). From Fig. b we may write F as F = 500i N, so that the
required scalar components are

F, =500 N F, =0 Ans.

y

Part (3). The components of F in the x- and y -directions are
nonrectangular and are obtained by completing the parallelogram as
shown in Fig. c. The magnitudes of the components may be calculated
by the law of sines. Thus,

[Fyl 500

- == F,/] = 1000N ©
sin 90° sin 30° IF.d

IFyl 500

= F,| =866 N
sin 60° sin 30° IFy |

The required scalar components are then

F,=1000N  F, = 866N Ans.

A 7 300

——>—X

F =500 N
20° 500

@ () x

HELPFUL HINT

@ Obtain F,andF, graphically and compare
your results with the calculated values.

SAMPLE PROBLEM 2/4

Forces F, and F, act on the bracket as shown. Determine the projection
F,, of their resultant R onto the b-axis.

Solution  The parallelogram addition of F ;, and F, is shown in the
“gure. Using the law of cosines gives us

R2= (80)2 + (100)2 2(80)(100) cos 13° R = 163.4N

The “gure also shows the orthogonal projection  F, of R onto the b-axis.
Its length is

F, =80+ 100 cos 50° = 144.3 N Ans.

Note that the components of a vector are in general not equal to the
projections of the vector onto the same axes. If the a-axis had been
perpendicular to the b-axis, then the projections and components of R
would have been equal.
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2/4

Moment

In addition to the tendency to move a body in the direction of its application, a
force can also tend to rotate a body about an axis. The axis may be any line
which neither intersects nor is parallel to the line of action of the force. This
rotational tendency is known as the moment M of the force. Moment is also re-
ferred to as torque.

As a familiar example of the concept of moment, consider the pipe wrench

of Fig. 2/8a . One effect of the force applied perpendicular to the handle of the
wrench is the tendency to rotate the pipe about its vertical axis. The magnitude

FIGURE 2/§

of this tendency depends on both the magnitude F of the force
and the effective length d of the wrench handle. Common experi-
ence shows that a pull which is not perpendicular to the wrench
handle is less effective than the right-angle pull shown.

Moment about a Point

Figure 2/8b shows a two-dimensional body acted on by a force F
in its plane. The magnitude of the moment or tendency of the force
to rotate the body about the axis O-O perpendicular to the plane of
the body is proportional both to the magnitude of the force and to
the moment arm d , which is the perpendicular distance from the
axis to the line of action of the force. Therefore, the magnitude of
the moment is de* ned as

M - Fd (2/5)

The moment is a vector M perpendicular to the plane of the body.
The sense of M depends on the direction in which F tends to rotate
the body. The right-hand rule, Fig. 2/8c, is used to identify this
sense. We represent the moment of F about O-O as a vector point-
ing in the direction of the thumb, with the “ngers curled in the di-
rection of the rotational tendency.

The moment M obeys all the rules of vector combination and
may be considered a sliding vector with a line of action coinciding
with the moment axis. The basic units of moment in Sl units are
newton-meters (N -m), and in the U.S. customary system are
pound-feet (Ib-ft).

When dealing with forces which all act in a given plane, we
customarily speak of the moment about a point. By this we mean
the moment with respect to an axis normal to the plane and
passing through the point. Thus, the moment of force F  about
point A in Fig. 2/8d has the magnitude M = Fd and is counter-
clockwise.

Moment directions may be accounted for by using a stated sign
convention, such as a plus sign (+) for counterclockwise moments
and a minus sign () for clockwise moments, or vice versa. Sign
consistency within a given problem is essential. For the sign con-
vention of Fig. 2/8d, the moment of F about point A (or about the
z-axis passing through point A) is positive. The curved arrow of the
“ gure is a convenient way to represent moments intwo- dimensional
analysis.



The Cross Product

In some two-dimensional and many of the three-dimensional problems to fol-
low, it is convenient to use a vector approach for moment calculations. The mo-
ment of F about point A of Fig. 2/8b may be represented by the cross-product
expression

M—rxF (2/6)

where r is a position vector which runs from the moment reference point A to any
point on the line of action of F . The magnitude of this expression is given by*

M = Frsin =Fd 217)

which agrees with the moment magnitude as given by Eq. 2/5. Note that the mo-
mentarmd =r sin does not depend on the particular point on the line of action
of F to which the vector r is directed. We establish the direction and sense of M by
applying the right-hand rule to the sequencer  x F.Ifthe“ ngers of the right hand
are curled in the direction of rotation from the positive sense of r to the positive
sense of F, then the thumb points in the positive sense of M

We must maintain the sequence r x F, because the sequence F x r would
produce a vector with a sense opposite to that of the correct moment. As was the
case with the scalar approach, the moment M may be thought of as the moment
about point A or as the moment about the line O-O which passes through point
A and is perpendicular to the plane containing the vectors r and F. When we
evaluate the moment of a force about a given point, the choice between using the
vector cross product or the scalar expression depends on how the geometry of the
problem is speci“ed. If we know or can easily determine the perpendicular dis-
tance between the line of action of the force and the moment center, then the
scalar approach is generally simpler. If, however, F  and r are not perpendicular
and are easily expressible in vector notation, then the cross-product expression
is often preferable.

In Section B of this chapter, we will see how the vector formulation of the mo-
ment of a force is especially useful for determining the moment of a force about a
point in three-dimensional situations.

Varignones Theorem

One of the most useful principles of mechanics is Varignones theorem, which states
that the moment of a force about any point is equal to the sum of the moments of
the components of the force about the same point.

To prove this theorem, consider the force R acting in the plane of the body
shown in Fig. 2/9a. The forces P and Q represent any two nonrectangular compo-
nents of R. The moment of R about point O is

Mg=r1r xR

*See item 7 in Art. C/7 of Appendix C for additional information concerning the cross product.
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Because R = P + Q, we may write
rxR=rx(P+Q)
Using the distributive law for cross products, we have
Mog=rxR=rxP+rxQ (2/8)

which says that the moment of R about O equals the sum of the moments about O
of its components P and Q. This proves the theorem.

Varignones theorem need not be restricted to the case of two components, but it
applies equally well to three or more. Thus we could have used any number of con-
current components of R in the foregoing proof.*

Figure 2/9b illustrates the usefulness of Varignones theorem. The moment of
R about point O is Rd. However, if d is more dif‘cult to determine than p and g, we
can resolve R into the components P and Q, and compute the moment as

Mo=Rd= pP+qQ
where we take the clockwise moment sense to be positive.

Sample Problem 2/5 shows how Varignones theorem can help us to calculate
moments.

(b)

FIGURE 2/9

*As originally stated, Varignones theorem was limited to the case of two concurrent components
of a given force. See The Science of Mechanics, by Ernst Mach, originally published in 1883.
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SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the
600-N force in “ve different ways.

Solution () The moment arm to the 600-N force is
d=4cos40+ 2sin40°=4.35m

By M = Fd the moment is clockwise and has the magnitude @

Mo = 600(4.35) = 2610 N -m Ans.

(I) Replace the force by its rectangular components at A,
F, = 600 cos 40° = 460 N, F, = 600 sin 40° = 386 N

By Varignones theorem, the moment becomes

Mo = 460(4) + 386(2) = 2610N-m @ Ans.

(I - By the principle of transmissibility, move the 600-N force
along its line of action to point B, which eliminates the moment of the
component F,. The moment arm of F ; becomes

d, =4+ 2tan40°=5.68m

and the moment is

Mo = 460(5.68) = 2610 N -m Ans.

(IV) Moving the force to point C eliminates the moment of the
component F,.® The moment arm of F , becomes

d, =2+ 4cot40°=6.77m

and the moment is

Mo = 386(6.77) = 2610 N -m Ans.

(V) By the vector expression for a moment, and by using the coor-
dinate system indicated on the “gure together with the procedures for
evaluating cross products, we have

Mo=r x F = (2i + 4j) x 600(i cos40® jsin40°) @
= 2610k N-m

The minus sign indicates that the vector is in the negative z  -direction.
The magnitude of the vector expression is

Mo = 2610N-m Ans.

2m

1.

[P

4m 600 N

2m F, =600 cos 40°

HELPFUL HINTS

@ The required geometry here and in similar
problems should not cause dif‘culty if the
sketch is carefully drawn.

@ This procedure is frequently the  shortest
approach.

® The fact that points B and C are not on
the body proper should not cause concern,
as the mathematical calculation of the
moment of a force does not require that
the force be on the body.

@ Alternative choices for the position vec-
torrarer=d ;j=5.68mandr=d ,i=
6.77i m.
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SAMPLE PROBLEM 2/6

The trap door OA is raised by the cable AB, which passes over the small
frictionless guide pulleys at B. The tension everywhere in the cable is
T, and this tension applied at A causes a moment M o about the hinge
at O. Plot the quantity M o T as a function of the door elevation angle
over the range 0 90° and note minimum and maximum values.
What is the physical signi“cance of this ratio?

Solution ~ We begin by constructing a “gure which shows the tension
force T acting directly on the door, which is shown in an arbitrary angu-
lar position . It should be clear that the direction of T will vary as
varies. In order to deal with this variation, we write a unit vector N
which eaimsZ T:
Nag = Tag _Tos loa o
I'AB DY)

Using the x-y coordinates of our “gure, we can write
rog =04 m foa=0.5(cos i +sin jjm @
ras=rog roa=04] (0.5)(cos i+ sin j)
0.5cos i+ (04 05sin )jm

So rpg = (05cos )2+ (0.4 0.5sin )?
= 041 04sin m
The desired unit vector is

ras _ 05cos i+ (04 0.5sin )
DY) 0.41 0.4sin

Our tension vector can now be written as

0.5cos i+ (04 0.5sin )j

T= TnAB =T e —
[ 0.41 0.4sin ]

The moment of T about point O , as a vector,isM o =rgg X T,wherer gz =
0.4j m,or ®

0.5cos i+ (04 0.5sin )j

Mo=04j xT —_—
[ 0.41 0.4sin ]
_ 0.2T cos K
0.41 0.4sin
The magnitude of M ¢ is
0.2T
Mg = cos
0.41 0.4sin

and the requested ratio is

Mo _ 0.2 cos

S — AnS.
T 0.41 0.4sin

which is plotted in the accompanying graph. The expression MgT is the
moment arm d (in meters) which runs from O to the line of action of T . It
has a maximum value of 0.4 mat = 53.1° (at which point T is horizontal)
and a minimum value of O at = 90° (at which point T is vertical). The
expression is valid even if T varies.

HELPFUL HINTS

@ Recall that any unit vector can be writ-
ten as a vector divided by its magnitude.
In this case the vector in the numerator
is a position vector.

@ Recall that any vector may be written as
a magnitude times an eaimingZ unit
vector.

® Inthe expression M =r x F, the position
vector r runs from the moment center to
any point on the line of action of F . Here,
I og IS more convenientthanr oa.

0.5
0.4
Lt TN
0.3 \

Mo

T 0.2 \
0.1

0
0 10 20 30 40 50 60 70 80 90
, deg
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The moment produced by two equal, opposite, and noncollinear forces is called a
couple. Couples have certain unique properties and have important applications in

mechanics.

Consider the action of two equal and opposite forces F and F a distance d apart,
as shownin Fig. 2/10a . These two forces cannot be combined into a single force because
their sum in every direction is zero. Their only effect is to produce a tendency of rota-
tion. The combined moment of the two forces about an axis normal to their plane and
passing through any point such as O in their plane is the couple M. This couple has a

magnitude

M=F(a+d) Fa
or
M = Fd

Its direction is counterclockwise when viewed from above for the case illus-
trated. Note especially that the magnitude of the couple is independent of
the distance a which locates the forces with respect to the moment center
O. It follows that the moment of a couple has the same value for all moment
centers.

Vector Algebra Method

We may also express the moment of a couple by using vector algebra. With
the cross-product notation of Eq. 2/6, the combined moment about point O
of the forces forming the couple of Fig. 2/10b is

M=raxF+rgx (F)=(ra rg)xF

where r and r g are position vectors which run from point O to arbitrary
points A and B on the lines of action of F and F, respectively. Because
ra r g=r,we canexpress M as

M=rxF

Here again, the moment expression contains no reference to the moment
center O and, therefore, is the same for all moment centers. Thus, we may
represent M by a free vector, as shown in Fig. 2/10c, where the direction
of M is normal to the plane of the couple and the sense of M is established
by the right-hand rule.

Because the couple vector M is always perpendicular to the plane of the
forces which constitute the couple, in two-dimensional analysis we can rep-
resent the sense of a couple vector as clockwise or counterclockwise by one of
the conventions shown in Fig. 2/10d . Later, when we deal with couple vectors
in three-dimensional problems, we will make full use of vector notation to
represent them, and the mathematics will automatically account for their
sense.

Equivalent Couples

Changing the values of F and d does not change a given couple as long as
the product Fd remains the same. Likewise, a couple is not affected if the

)

(
(0] r
B
A r
F
A

(b)

L

=

a
B
(c)
Counterclockwise Clockwise
couple couple

(d)

FIGURE 2/1Q
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FIGURE 2/1

forces act in a different but parallel plane. Figure 2/11 shows four different
con“ gurations of the same couple M . In each of the four cases, the couples are
equivalent and are described by the same free vector which represents the identical
tendencies to rotate the bodies.

Force...Couple Systems

The effect of a force acting on a body is the tendency to push or pull the body in the
direction of the force and to rotate the body about any “ xed axis which does not
intersect the line of the force. We can represent this dual effect more easily by re-
placing the given force by an equal parallel force and a couple to compensate for the
change in the moment of the force.

The replacement of a force by a force and a couple is illustrated in Fig. 2/12,
where the given force F acting at point A is replaced by an equal force F at some
point B and the counterclockwise couple M = Fd. The transfer is seen in the middle
“ gure, where the equal and opposite forces F and F are added at point B without
introducing any net external effects on the body. We now see that the original force
at A and the equal and opposite one at B constitute the couple M = Fd, which is coun-
terclockwise for the sample chosen, as shown in the right-hand part of the “ gure.
Thus, we have replaced the original force at A by the same force acting at a different
point B and a couple, without altering the external effects of the original force on the
body. The combination of the force and couple in the right-hand part of Fig. 2/12 is
referred to as a force...couple system.

By reversing this process, we can combine a given couple and a force which
lies in the plane of the couple (normal to the couple vector) to produce a single,
equivalent force. Replacement of a force by an equivalent force...couple system,
and the reverse procedure, have many applications in mechanics and should be
mastered.

FIGURE 2/12
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SAMPLE PROBLEM 2/7

The rigid structural member is subjected to a couple consisting of the
two 100-N forces. Replace this couple by an equivalent couple consist-
ing of the two forces P and P, each of which has a magnitude of
400 N. Determine the proper angle .

Solution  The original couple is counterclockwise when the plane of
the forces is viewed from above, and its magnitude is

[M = Fd] M = 100(0.1) = 10N -m
The forces P and P produce a counterclockwise couple
M = 400(0.040) cos

Equating the two expressions gives O

10 = (400)(0.040) cos 100 N
= cos 1% =51.3° Ans. Dimensions in millimeters
P =400 N
\

HELPFUL HINT d | |40mm
@ Since the two equal couples are parallel free vectors, the only dimen- — ‘

sions which are relevant are those which give the perpendicular /

distances between the forces of the couples. P =400 N
SAMPLE PROBLEM 2/8 80 Ib
Replace the horizontal 80-Ib force acting on the lever by an equivalent
system consisting of a force at O and a couple. 9
Solution  We apply two equal and opposite 80-Ib forces at O and o 60°
identify the counterclockwise couple
[M = Fd] M = 80(9 sin 60°) = 624 Ib-in. Ans.
Thus, the original force is equivalent to the 80-Ib force at O  and the 80 Ib 80 Ib
624-Ib-in. couple as shown in the third of the three equivalent * gures. ©
HELPFUL HINT
@ The reverse of this problem is often encountered, namely, the re-

placement of a force and a couple by a single force. Proceeding in re-

verse is the same as replacing the couple by two forces, one of which is O O (o)

equal and opposite to the 80-Ib force at O. The moment arm to the 801b=801b 80lb

second force would be M F = 624 80 = 7.79 in., which is 9 sin 60° , thus 624 Ib-in.

determining the line of action of the single resultant force of 80 Ib.
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FIGURE 2/1

2/6 | Resultants

The properties of force, moment, and couple were developed in the
previous four articles. Now we are ready to describe the resultant ac-
tion of a group or system of forces. Most problems in mechanics deal
with a system of forces, and it is usually necessary to reduce the sys-
tem to its simplest form to describe its action. The  resultant of a sys-
tem of forces is the simplest force combination which can replace the
original forces without altering the external effect on the rigid body

to which the forces are applied.

Equilibrium of a body is the condition in which the resultant of
all forces acting on the body is zero. This condition is studied in stat-
ics. When the resultant of all forces on a body is not zero, the accel-
eration of the body is obtained by equating the force resultant to the
product of the mass and acceleration of the body. This condition is
studied in dynamics. Thus, the determination of resultants is basic to
both statics and dynamics.

The most common type of force system occurs when the forces all
act in a single plane, say, the x-y plane, as illustrated by the system of
three forces F |, F5, and F3 in Fig. 2/13a. We obtain the magnitude
and direction of the resultant force R by forming the force polygon
shown in part b of the “ gure, where the forces are added head-to-tail
in any sequence. Thus, for any system of coplanar forces we may write

R—Fy;+Fy+Fg+ —-— F
R- F, R,- F, R- (F)Y+(F) 2/9)
R F

— tan 1R—i— tan l—Fi

Graphically, the correct line of action of R may be obtained by preserving the
correct lines of action of the forces and adding them by the parallelogram law. We
see this in part a of the “gure for the case of three forces where the sum R ; of F,
and F; is added to F ; to obtain R. The principle of transmissibility has been used
in this process.

Algebraic Method

We can use algebra to obtain the resultant force and its line of action as follows:

1. Choose a convenient reference point and move all forces to that point. This
process is depicted for a three-force system in Figs. 2/14a and b, where M 4,
M,, and M ; are the couples resulting from the transfer of forces F 4, F,, and
Fs from their respective original lines of action to lines of action through

point O .

2. Add all forces at O to form the resultant force R, and add all couples to form the
resultant couple M 4. We now have the single force...couple system, as shown in
Fig. 2/14 c.

3. In Fig. 2/14d, “ nd the line of action of R by requiring R to have a moment of
Mo about point O. Note that the force systems of Figs. 2/14a and 2/14d are
equivalent, and that  (Fd) in Fig. 2/14ais equal to Rd in Fig. 2/14d.
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© (d)

FIGURE 2/14

Principle of Moments

This process is summarized in equation form by

R- F

Mo- M- (Fd) (2/10)

Rd - Mg

The “ rst two of Egs. 2/10 reduce a given system of forces to a force...couple system
at an arbitrarily chosen but convenient point ~ O. The last equation speci“ es the
distance d from point O to the line of action of R, and states that the moment of the
resultant force about any point O equals the sum of the moments of the original
forces of the system about the same point. This extends Varignones theorem

to the case of nonconcurrent force systems; we call this extension the  princi-
ple of moments.

For a concurrent system of forces where the lines of action of all forces
pass through a common point O, the moment sum Mo about that point is
zero. Thus, the line of action of the resultant R = F, determined by the * rst
of Egs. 2/10, passes through point O. For a parallel force system, select a co-
ordinate axis in the direction of the forces. If the resultant force R for a given
force system is zero, the resultant of the system need not be zero because the
resultant may be a couple. The three forces in Fig. 2/15 , for instance, have a
zero resultant force but have a resultant clockwise couple M =F 4d.
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SAMPLE PROBLEM 2/9

Determine the resultant of the four forces and one couple which act on
the plate shown.

Solution Point O is selected as a convenient reference point for the
force...couple system which is to represent the given system.

[Re= Fyl R, = 40 + 80 cos 3C° 60 cos 45° = 66.9 N
[Ry= F] R, = 50 + 80 sin 30° + 60 cos 45° = 132.4 N

[R= RZ+RJ7 R = (669)°+ (132.4)>=1483N Ans.
[ = tan 1R—i] = tan 1%= 63.2° Ans.

[Mg= (Fd)] Mg=140 50(5)+ 60cos 45(4) 60sin45°(7) O
= 237N-m

The force...couple system consisting of R and Mg is shown in Fig. a.
We now determine the “nal line of action of R such that R alone
represents the original system.

[Rd = Mo] 148.3d =237  d=1.600m Ans.

Hence, the resultant R may be applied at any point on the line which
makes a 63.2° angle with the x -axis and is tangent at point A  to a circle of
1.600-m radius with center O , as shown in part b of the “ gure. We apply
the equation Rd = Mg in an absolute-value sense (ignoring any sign of
Mo) and let the physics of the situation, as depicted in Fig. a , dictate the
“nal placement of R . Had M o been counterclockwise, the correct line of
action of R would have been the tangent at point B

The resultant R may also be located by determining its intercept
distance b to point C on the x-axis, Fig. ¢. With R, and R, acting through
point C, only R exerts a moment about O so that

237

Ryb= |Md and b:m: 1.792 m

Alternatively, the y-intercept could have been obtained by noting that
the moment about O would be due to R  only.

A more formal approach in determining the “nal line of action of R
is to use the vector expression

rxR=Mg

where r = xi + yj is a position vector running from point O to any point
on the line of action of R. Substituting the vector expressions for r, R,
and M ¢ and carrying out the cross product result in

(xi +yj) x (66.9i +132.4)) = 237k

(132.4x  66.9y)k = 237k
Thus, the desired line of action, Fig. c, is given by
132.4x 66.9y = 237

By settingy = 0, we obtain x = 1.792 m, which agrees with our earlier
calculation of the distance b . ®

y
2m |
60 N | 1 sm 1
50N |
A ~
45° —
\ r 140N -m
2m ‘
%‘7 } 80N
2m
40 N Lf,,,fo‘,éE,
1m
y
|
}
|| R=148.3N
\
(@) \
M o= \ =63.2°
237 N - — L —X
3 m(o
N—
R =148.3 N
o) 1.600 m | 63.2°
A \\\L
ot
132.4x 66.9 y=
237
(©)

HELPFUL HINTS

@ We note that the choice of point O as a mo-
ment center eliminates any moments due
to the two forces which pass through O .
Had the clockwise sign convention been
adopted, Mo would have been + 237 N -m,
with the plus sign indicating a sense
which agrees with the sign conven tion.
Either sign convention, of course, leads to
the conclusion of a clockwise moment M .

@ Note that the vector approach vyields
sign information automatically, whereas
the scalar approach is more physically
oriented. You should master both methods.
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secTioN B Three-Dimensional Force Systems

27 | Rectangular Components

Many problems in mechanics require analysis in three dimensions, and for such
problems it is often necessary to resolve a force into its three mutually perpendicu-
lar components. The force F acting at point O in Fig. 2/16 has the rectangular
components F,, Fy, F,, where

F,- Fcos E=s EFuESVES

F, - F cos F-Fi+Fj+Fk (2/11)

y

F,- Fcos , F-F(icos +jcos ,+Kkoos )

The unit vectorsi , j,and k are in the x -, y-, and z-directions, respec-
tively. Using the direction cosines of F, which are | =C0S ,,m=
cos y,andn =cos ,wherel 2+ m?+n%=1,we may write the force
as

F - F(li + mj + nk) (2/112)

FIGURE 2/14

We may regard the right-side expression of Eq. 2/12 as the
force magnitude F times a unit vector n ¢ which characterizes the
direction of F , or

F=Fng (2/12a) P
e
It is clear from Egs. 2/12 and 2/12a that n ¢ = li + mj + nk, which B (X2, Y2, 25)
shows that the scalar components of the unit vector n ¢ are the direc-
tion cosines of the line of action of F.
(2,0 7)

In solving three-dimensional problems, one must usually “  nd
the X, y, and z scalar components of a force. In most cases, the di-
rection of a force is described (a) by two points on the line of action
of the force or (b) by two angles which orient the line of action.

(a) Specification by two points on the line of action

= -y
7//{)(1)

of the force. If the coordinates of points A and B of Fig. 2/17 X 9B
are known, the force F may be written as
AB (X2 x)i+ (Y2 Y)j+ (22 7k

F:FnF:F::F > > >
AB (X2 X))+ (Y2 YY)+ (22 Zy)

Thus the X, y, and z scalar components of F are the scalar coef“cients of the unit
vectors i, j, and k, respectively.
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z (b) Specification by two angles which orient the line of
\ action of the force. Consider the geometry of Fig. 2/18. We as-

sume that the angles and are known. First resolve F into horizontal
and vertical components.

F. = Fcos

F,=Fsin

Then resolve the horizontal component F ,, into x- and y-components.

Fy=F,cos =Fcos cos

Fy=Fysin =Fcos sin

FIGURE 2/1§

The quantities F ,, Fy, and F, are the desired scalar components of F.

The choice of orientation of the coordinate system is arbitrary, with convenience
being the primary consideration. However, we must use a right-handed set of axes
in our three-dimensional work to be consistent with the right-hand-rule de* nition
of the cross product. When we rotate from the x - to the y -axis through the 90° angle,
the positive direction for the z -axis in a right-handed system is that of the advance-
ment of a right-handed screw rotated in the same sense. This is equivalent to the
right-hand rule.

Dot Product

We can express the rectangular components of a force F (or any other vector) with the
aid of the vector operation known as the dot or scalar product (see item 6 in Art. C/7 of
Appendix C). The dot product of two vectors P and Q, Fig. 2/19a , is de“ned as the prod-
uct of their magnitudes times the cosine of the angle between them. It is written as

P-Q = PQcos

We can view this product either as the orthogonal projection P cos of P in the
direction of Q multiplied by Q, or as the orthogonal projection Q cos of Q in the
direction of P multiplied by P. In either case the dot product of the two vectors is a
scalar quantity. Thus, for instance, we can express the scalar component F,=F cos
of the force Fin Fig. 2/16 as F, = F -i, where i is the unit vector in the  x-direction.
In more general terms, if n  is a unit vector in a speci“ed direction, the projec-
tion of F in the n -direction, Fig. 2/19b , has the magnitude F , = F -n. If we want to

\

\
~ - \ -
e | o =’Fl“"_7 — ~h (unit vector)

-

Q //—pa*“
@ (b)

FIGURE 2/14
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express the projection in the n -direction as a vector quantity, then we multiply its
scalar component, expressed by F -n, by the unit vectorn togive F,= (F-n)n.We
may write this as F ,, = F -nn without ambiguity because the term nn is not de-
“ned, and so the complete expression cannot be misinterpreted as F -(nn).

If the direction cosines of nare , ,and ,then we may write n in vector com-
ponent form like any other vector as

n= i+ j+ k

where in this case its magnitude is unity. If the direction cosines of F with respect
to reference axes x-y-z are I, m, and n, then the projection of F in the n-direction

becomes
Fo=F-n=F(i+mj+nk)-(i+ j+ k)
=F(l +m +n)
because
i-i=zjj=k-k=1
and
ij=ji=ik=ki=j-k=k:j=0

The latter two sets of equations are true because i, j, and k have unit length and

are mutually perpendicular.

Angle between Two Vectors

If the angle between the force F and the direction speci“‘ed by the unit vector nis
then from the dot-product de“nition we have  F-n = Fncos = F cos ,where In| =
n = 1. Thus, the angle between F and n is given by

F-n

= 1 2/13
cos = ( )

In general, the angle between any two vectors P and Q is

= cos P (2/13a)
P
If a force F is perpendicular to a line whose direction is speci“ed by the unit
vector n, then cos =0, and F-n = 0. Note that this relationship does not
mean that either F or n is zero, as would be the case with scalar multiplica-
tion where (A)(B) = 0 requires that either A or B (or both) be zero.

The dot-product relationship applies to nonintersecting vectors as well as
to intersecting vectors. Thus, the dot product of the nonintersecting vectors
P and Q in Fig. 2/20 is Q times the projection of P on Q,or P Q cos = PQ

cos because P and P are the same when treated as free vectors. FIGURE 2/2(
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SAMPLE PROBLEM 2/10 F=100N

A force F with a magnitude of 100 N is applied at the origin O of the
axes x-y-z as shown. The line of action of F passes through a point A
whose coordinates are 3 m, 4 m, and 5 m. Determine (a) the x, y,and z
scalar components of F, ( b) the projection F ,, of F on the x-y plane, and
(c) the projection F og of F along the line OB.

Solution  Part (a). We begin by writing the force vector F as its
magnitude F times a unit vector n = ga.

3i + 4j + 5k
F+ 47+ 5]

T
|

OA
= Fnpoa = F — = 100
OA OA [

100[0.424i + 0.566j + 0.707k]

42.4i + 56.6) + 70.7k N

The desired scalar components are thus

F,=424N Fy=56.6 N F,=70.7N © Ans.
Yy
-~
Part (b). The cosine of the angle ,, between F and the x-y plane is
3%+ 42
COS 4y = ﬁ = 0.707 ny =70.7 N

so that F,, = Fcos ,,=100(0.707) =70.7 N Ans.

Part (c). The unitvectorn g along OB is ~X

6i + 6 + 2k
OB _ ST OI* 2K _ 688+ 0.688) + 0.229K

Near =
" 0B 62 + 62 + 22

The scalar projection of F on OB is

Fos = F ‘Nog = (42.4i + 56.6) + 70.7K) - (0.688i + 0.688] + 0.229k) @
= (42.4)(0.688) + (56.6)(0.688) + (70.7)(0.229)
= 84.4N Ans.

If we wish to express the projection as a vector, we write

Fos = F-Nognos

= 84.4(0.688i + 0.688] + 0.229K)
= 58.1i + 58.1j + 19.35k N

HELPFUL HINTS

@ In this example all scalar components are positive. Be prepared for the
case where a direction cosine, and hence the scalar component, is
negative.

® The dot product automatically “nds the projection or scalar compo-
nent of F along line OB as shown.
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In two-dimensional analyses it is often convenient to determine a moment magni-
tude by scalar multiplication using the moment-arm rule. In three dimensions,
however, the determination of the perpendicular distance between a point or line
and the line of action of the force can be a tedious computation. A vector approach
with cross-product multiplication then becomes advantageous.

Moments in Three Dimensions

Consider a force F with a given line of action acting on a body, Fig.
2/21a, and any point O not on this line. Point O and the line of F establish a
plane A. The moment M, of F about an axis through O normal to the plane
has the magnitude M o = Fd, where d is the perpendicular distance from O
to the line of F . This moment is also referred to as the moment of F about
the point O.

The vector M 4 is normal to the plane and is directed along the axis
through O. We can describe both the magnitude and the direction of M o
by the vector cross-product relation introduced in Art. 2/4. (Refer to item
7 in Art. C/7 of Appendix C.) The vector r  runs from O to any point on the
line of action of F . As described in Art. 2/4, the cross product of r and F is
written r x F and has the magnitude ( r sin )F, which is the same as Fd,
the magnitude of M . (@)

The correct direction and sense of the moment are established by the
right-hand rule, described previously in Arts. 2/4 and 2/5. Thus, with r
and F treated as free vectors emanating from O, Fig. 2/21b, the thumb Mg
points in the direction of M ¢ if the “ngers of the right hand curl in the c\>
direction of rotation from r to F through the angle . Therefore, we may
write the moment of F about the axis through O as

Mo-r1 xF (2/14) A0

The order r x F of the vectors must be maintained because F x r b)
would produce a vector with a sense opposite to that of M ; that is,

Fxr= Mo FIGURE 2/2

Evaluating the Cross Product

The cross-product expression for M o may be written in the determinant form

i k
Mo- Tx Ty T (2/15)
F, F, F,

(Refer to item 7 in Art. C/7 of Appendix C if you are not already familiar with the
determinant representation of the cross product.) Note the symmetry and order of
the terms, and note thata right-handed coordinate system must be used. Expansion
of the determinant gives

Mo = (ryF, r,F)i+ (r,Fy rF)j+ (rckFy ryFk
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To gain more con“ dence in the cross-product relationship, examine the three
components of the moment of a force about a point as obtained from Fig. 2/22.
This “gure shows the three components of a force F  acting at a point A located
relative to O by the vector r . The scalar magnitudes of the moments of these forces
about the positive x-, y-, and z-axes through O can be obtained from the moment-
arm rule, and are

My=r,F, r1,F My=r,F, 1F; M,=r1,F, ryFy

which agree with the respective terms in the determinant expansion for the cross
product r x F.

Moment about an Arbitrary Axis

We can now obtain an expression for the moment M  of F about any axis through
O, as shown in Fig. 2/23. If n is a unit vector in the -direction, then we can use the
dot-product expression for the component of a vector as described in Art. 2/7 to ob-
tain Mg -n, the component of M 4 in the direction of . This scalar is the magnitude
of the moment M  of F about .

To obtain the vector expression for the moment M of F about , multiply the
magnitude by the directional unit vector n to obtain

M - (rx F-n)n (2/16)

where r x F replaces M o. The expression r x F-n is known as a triple scalar
product (see item 8 in Art. C/7, Appendix C). It need not be written (  r x F)-n be-
cause a cross product cannot be formed by a vector and a scalar. Thus, the associa-
tion r x (F-n) would have no meaning.

The triple scalar product may be represented by the determinant

Ix [y Og
IM|-M - F, F, F, (2/17)
where , , are the direction cosines of the unit vector n.

FIGURE 2/23 FIGURE 2/2



Varignones Theorem in Three Dimensions

In Art. 2/4 we introduced Varignones theorem in two dimensions. The the-
orem is easily extended to three dimensions. Figure 2/24 shows a system
of concurrent forces F 4, F5, F3, . ... The sum of the moments about O of
these forces is

rx (Fp+ Fa+Fgt+ --)
rx F

rxF;+rxF,+r xFg+ --.

where we have used the distributive law for cross products. Using the
symbol Mg to represent the sum of the moments on the left side of the
above equation, we have

Mo— (1 x F)—1 xR (2/18)

This equation states that the sum of the moments of a system of concur-
rent forces about a given point equals the moment of their sum about the
same point. As mentioned in Art. 2/4, this principle has many applications
in mechanics.

Couples in Three Dimensions

The concept of the couple was introduced in Art. 2/5 and is easily extended
to three dimensions. Figure 2/25 shows two equal and opposite forces F
and F acting on a body. The vector r runs from any point B on the line of
action of F to any point A on the line of action of F. Points A and B are
located by position vectors r 4 and rg from any point O. The combined mo-
ment of the two forces about O is

M=raxF+rgx ( F)=(ran rg)xF
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FIGURE 2/24

FIGURE 2/25

However, r, rg =1, s0 that all reference to the moment center O disappears, and

the moment of the couple becomes

M-rxF

Thus, the moment of a couple is the same about all points. The magnitude of M

(2/19)

is

M = Fd, where d is the perpendicular distance between the lines of action of the two

forces, as described in Art. 2/5.

The moment of a couple is a free vector, whereas the mo-
ment of a force about a point (which is also the moment about
a de“ned axis through the point) is a  sliding vector whose di-
rection is along the axis through the point. As in the case of
two dimensions, a couple tends to produce a pure rotation of
t