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General Approach
	 The book is intended for an undergraduate engineering course in fluid mechanics. The 

principles considered in the book are fundamental and have been well established in 
the community of fluids engineering. However, in presenting this important subject, 
we have drawn on our own ideas and experience. There is plenty of material for a 
full year of instruction, and the content can also easily be divided into two semesters 
of teaching. There have been some additions and deletions in this ninth edition of 
Fluid Mechanics, but no philosophical change. There are still eleven chapters, plus 
appendices. The informal, student-oriented style is retained and, if it succeeds, has 
the flavor of an interactive lecture by the authors.
	 New co-author Dr. Henry Xue was brought on board for this edition.

Learning Tools
	 The total number of problem exercises continues to increase, from 1089 in the first 

edition, to 1681 in the ninth edition. Most of these are basic end-of-chapter problems, 
sorted according to topic. There are also Word Problems, multiple-choice Fundamen-
tals of Engineering Problems, Comprehensive Problems, and Design Projects. Answers 
to Selected Problems, at the end of the book, provides the answers to approximately 
700 end-of-chapter problems.
	 In addition, there are many example problems throughout the chapters that show-
case the recommended sequence of problem-solving steps outlined in Section 1.7.
	 Most of the problems in this text can be solved with a hand calculator. Some can 
even be simply explained in words. A few problems, especially in Chapters 6, 7, 9, 
and 10, involve solving complicated algebraic expressions, that would be laborious 
for hand calculation but can be much more easily handled using licensed equation-
solving software. The authors have provided examples of how to solve complicated 
example problems using Microsoft Excel, as illustrated in Example 6.5. Excel contains 
several hundred special mathematical functions for performing engineering and sta-
tistics calculations.

Content Changes
	 The overall content and order of presentation have not changed substantially in this 

edition except for the following:

Preface
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	 Chapter 1 renames Section 1.5 “System and Control Volume.” Definitions of system 
and control volume, which formerly were scattered over many chapters, are now con-
solidated in this section. A new subheading, “Methods of Description,” has been added. 
The Lagrangian and Eulerian methods of description have been moved here from Chap-
ter 4. Discussions of velocity and acceleration fields are retained as examples of using 
the control volume approach with the Eulerian method of description. The section
“Flow Patterns: Streamlines, Streaklines, and Pathlines,” formerly Section 1.9, has been
moved forward as Section 1.8 for better continuity in the introduction of fluid and flow
systems. A new subsection, “Integral and Differential Approaches,” has been added to 
the new Section 1.9, “Basic Flow Analysis Techniques.” 
	 Chapter 2 edits descriptions in Section 2.4, “Application to Mamometry,” using the 
methods of “pressure increasing downward” and “jump across” typically. The coordi-
nates for Figure 2.2 have been reset to be consistent with Figure 2.1. Figure 2.12 has 
been replaced with a new figure to better illustrate the pressure distribution on a 
submerged surface.
	 Chapter 3 adds three subheadings to elaborate areas where the linear momentum 
equation can be applied. Example 3.7 has been rewritten to better demonstrate how to 
solve the anchoring forces on a piping elbow. Brief discussions have been added to 
examples of the sluice gate and impinging jet with relative velocity for an inertial, mov-
ing, and nondeforming control volume.
	 Chapter 4 adds the constant heat flux boundary condition to the energy equation. 
Inlet and outlet boundary conditions are separated because the free-flow conditions are 
more common at the outlet. New Example 4.10 investigates the rotation of a Couette 
flow and a “potential vortex” flow.
	 Chapter 5 carries the topics of Section 5.2—the choice of variables and scaling 
parameters—into Section 5.3 to make it easier for students to follow the arguments. 
The topic “Some Peculiar Engineering Equations” has been removed from Section 5.2 
because most of those equations will be introduced in Chapter 10.
	 In Chapter 6, Section 6.2 has been retitled “Internal Viscous Flow.” Brief discussions 
have been added to four types of pipe flow problems to guide students in applying 
appropriate strategies for designing pipe systems.
	 In Chapter 7, the discussion in the section “Transition to Turbulence” in Section 7.4 
has been improved. The classification of external flow is elaborated. Former Section 
7.6 has been split into two sections: “Drag” and “Forces on Lifting Bodies.” The meth-
odology for solving an external flow problem is summarized.
	 An entire section of Chapter 8 on numerical methods, including problem exercises, 
has been moved to new Appendix F. The vast majority of universities do not cover 
numerical methods in a fundamental fluid mechanics course. Because the CFD methods 
are becoming a powerful tool for solving almost all problems of fluid flow, it was also 
inappropriate to place that topic at the end of this chapter. A new example of a free 
vortex has been added to Section 8.2.
	 Chapter 9 clarifies why we can simplify compressible flow as one-dimensional 
isentropic flow. Section 9.3 explains the identity of the momentum equation and the 
energy equation for isentropic flows. Discussions have been added regarding how to 
use the variables of stagnation pressure, density, and throat area after the shock wave 
in calculation.
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	 Chapter 10 improves the physical interpretation of the Froude number in Section 
10.1. There is a new subsection “Effects of Froude Number.” The need to maximize 
the hydraulic radius in order to achieve an efficient channel is elaborated in Section 
10.3.
	 Chapter 11 elaborates further on pump performance curves. New Figure 11.18a
illustrates the derivation for the system head. The data for worldwide wind power capac-
ity have been updated.
	 Appendices A to E remain unchanged. The new Appendix F, “Numerical Methods,” 
presents text that formerly was in Chapter 8. This will continue to serve instructors who 
use this material for introducing the CFD methods to their students.
	 Additionally, this title is supported by SmartBook, a feature of the LearnSmart 
adaptive learning system that assesses student understanding of course content through 
a series of adaptive questions. This platform has provided feedback from thousands 
of students, identifying those specific portions of the text that have resulted in the 
greatest conceptual difficulty and comprehension among students. For the ninth edi-
tion, the entire text was reviewed and revised based on this LearnSmart student data.

Instructor Resources
	 A number of supplements are available to instructors through Connect. New to this 

edition are Lecture PowerPoints to accompany the text.  Additionally, instructors may 
obtain the text images in PowerPoint format and the full Solutions Manual. The solu-
tions manual provides complete and detailed solutions, including problem statements 
and artwork, to the end-of-chapter problems.

Remote Proctoring and Browser-Locking Capabilities

New remote proctoring and browser-locking capabilities, hosted by Proctorio within 
Connect, provide control of the assessment environment by enabling security options 
and verifying the identity of the student.
	 Seamlessly integrated within Connect, these services allow instructors to control 
students’ assessment experience by restricting browser activity, recording students’ 
activity, and verifying students are doing their own work.
	 Instant and detailed reporting gives instructors an at-a-glance view of potential 
academic integrity concerns, thereby avoiding personal bias and supporting evidence-
based claims.

Writing Assignment
	 Available within McGraw-Hill Connect®, the Writing Assignment tool delivers a learn-

ing experience to help students improve their written communication skills and concep-
tual understanding. As an instructor you can assign, monitor, grade, and provide feedback 
on writing more efficiently and effectively.
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Falls on the Nesowadnehunk Stream in Baxter State Park, Maine, which is the northern 
terminus of the Appalachian Trail. Such flows, open to the atmosphere, are driven simply 
by gravity and do not depend much upon fluid properties such as density and viscosity. 
They are discussed later in Chap. 10. To the writer, one of the joys of fluid mechanics is 
that visualization of a fluid flow process is simple and beautiful [Robert Cable/Natural 
Selection/Design Pics].
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Chapter 1
Introduction

1.1 Preliminary Remarks
Fluid mechanics is the study of fluids either in motion (fluid dynamics) or at rest 
(fluid statics). Both gases and liquids are classified as fluids, and the number of 
fluid engineering applications is enormous: breathing, blood flow, swimming, 
pumps, fans, turbines, airplanes, ships, rivers, windmills, pipes, missiles, icebergs, 
engines, filters, jets, and sprinklers, to name a few. When you think about it, 
almost everything on this planet either is a fluid or moves within or near a fluid.
	 The essence of the subject of fluid flow is a judicious compromise between 
theory and experiment. Since fluid flow is a branch of mechanics, it satisfies a 
set of well-documented basic laws, and thus a great deal of theoretical treatment 
is available. However, the theory is often frustrating because it applies mainly to 
idealized situations, which may be invalid in practical problems. The two major 
obstacles to a workable theory are geometry and viscosity. The basic equations 
of fluid motion (Chap. 4) are too difficult to enable the analyst to attack arbitrary 
geometric configurations. Thus most textbooks concentrate on flat plates, circular 
pipes, and other easy geometries. It is possible to apply numerical computer 
techniques to complex geometries, and specialized textbooks are now available 
to explain the new computational fluid dynamics (CFD) approximations and 
methods [1–4].1 This book will present many theoretical results while keeping 
their limitations in mind.
	 The second obstacle to a workable theory is the action of viscosity, which can 
be neglected only in certain idealized flows (Chap. 8). First, viscosity increases 
the difficulty of the basic equations, although the boundary-layer approximation 
found by Ludwig Prandtl in 1904 (Chap. 7) has greatly simplified viscous-flow 
analyses. Second, viscosity has a destabilizing effect on all fluids, giving rise, at 
frustratingly small velocities, to a disorderly, random phenomenon called turbu-
lence. The theory of turbulent flow is crude and heavily backed up by experiment 
(Chap. 6), yet it can be quite serviceable as an engineering estimate. This textbook 
only introduces the standard experimental correlations for turbulent time-mean 
flow. Meanwhile, there are advanced texts on both time-mean turbulence and 

1Numbered references appear at the end of each chapter.
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turbulence modeling [5, 6] and on the newer, computer-intensive direct numerical 
simulation (DNS) of fluctuating turbulence [7, 8].
	 Thus there is theory available for fluid flow problems, but in all cases it should 
be backed up by experiment. Often the experimental data provide the main source 
of information about specific flows, such as the drag and lift of immersed bodies 
(Chap.  7). Fortunately, fluid mechanics is a highly visual subject, with good 
instrumentation [9–11], and the use of dimensional analysis and modeling con-
cepts (Chap. 5) is widespread. Thus experimentation provides a natural and easy 
complement to the theory. You should keep in mind that theory and experiment 
should go hand in hand in all studies of fluid mechanics.

1.2 The Concept of a Fluid
From the point of view of fluid mechanics, all matter consists of only two states, 
fluid and solid. The difference between the two is perfectly obvious to the layper-
son, and it is an interesting exercise to ask a layperson to put this difference into 
words. The technical distinction lies with the reaction of the two to an applied 
shear or tangential stress. A solid can resist a shear stress by a static deflection; 
a fluid cannot. Any shear stress applied to a fluid, no matter how small, will result 
in motion of that fluid. The fluid moves and deforms continuously as long as the 
shear stress is applied. As a corollary, we can say that a fluid at rest must be in 
a state of zero shear stress, a state often called the hydrostatic stress condition in 
structural analysis. In this condition, Mohr’s circle for stress reduces to a point, 
and there is no shear stress on any plane cut through the element under stress.
	 Given this definition of a fluid, every layperson also knows that there are two 
classes of fluids, liquids and gases. Again the distinction is a technical one con-
cerning the effect of cohesive forces. A liquid, being composed of relatively 
close-packed molecules with strong cohesive forces, tends to retain its volume 
and will form a free surface in a gravitational field if unconfined from above. 
Free-surface flows are dominated by gravitational effects and are studied in 
Chaps. 5 and 10. Since gas molecules are widely spaced with negligible cohesive 
forces, a gas is free to expand until it encounters confining walls. A gas has no 
definite volume, and when left to itself without confinement, a gas forms an 
atmosphere that is essentially hydrostatic. The hydrostatic behavior of liquids and 
gases is taken up in Chap. 2. Gases cannot form a free surface, and thus gas flows 
are rarely concerned with gravitational effects other than buoyancy.
	 Figure 1.1 illustrates a solid block resting on a rigid plane and stressed by its own 
weight. The solid sags into a static deflection, shown as a highly exaggerated dashed 
line, resisting shear without flow. A free-body diagram of element A on the side of 
the block shows that there is shear in the block along a plane cut at an angle θ 
through A. Since the block sides are unsupported, element A has zero stress on the 
left and right sides and compression stress σ = −p on the top and bottom. Mohr’s 
circle does not reduce to a point, and there is nonzero shear stress in the block.
	 By contrast, the liquid and gas at rest in Fig. 1.1 require the supporting walls 
in order to eliminate shear stress. The walls exert a compression stress of −p and 
reduce Mohr’s circle to a point with zero shear everywhere—that is, the hydro-
static condition. The liquid retains its volume and forms a free surface in the 
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container. If the walls are removed, shear develops in the liquid and a big splash 
results. If the container is  tilted, shear again develops, waves form, and the free 
surface seeks a horizontal configuration, pouring out over the lip if necessary. 
Meanwhile, the gas is unrestrained and expands out of the container, filling all 
available space. Element A in the gas is also hydrostatic and exerts a compression 
stress −p on the walls.
	 In the previous discussion, clear decisions could be made about solids, liquids, 
and gases. Most engineering fluid mechanics problems deal with these clear 
cases—that is, the common liquids, such as water, oil, mercury, gasoline, and 
alcohol, and the common gases, such as air, helium, hydrogen, and steam, in their 
common temperature and pressure ranges. There are many borderline cases, how-
ever, of which you should be aware. Some apparently “solid” substances such as 
asphalt and lead resist shear stress for short periods but actually deform slowly 
and exhibit definite fluid behavior over long periods. Other substances, notably 
colloid and slurry mixtures, resist small shear stresses but “yield” at large stress 
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Free
surface

Hydrostatic
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A A A
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Fig. 1.1 A solid at rest can resist shear. (a) Static deflection of the solid; (b) equilibrium 
and Mohr’s circle for solid element A. A fluid cannot resist shear. (c) Containing walls are 
needed; (d ) equilibrium and Mohr’s circle for fluid element A.
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and begin to flow as fluids do. Specialized textbooks are devoted to this study 
of more general deformation and flow, a field called rheology [16]. Also, liquids 
and gases can coexist in two-phase mixtures, such as steam–water mixtures or 
water with entrapped air bubbles. Specialized textbooks present the analysis of 
such multiphase flows [17]. Finally, in some situations the distinction between a 
liquid and a gas blurs. This is the case at temperatures and pressures above the 
so-called critical point of a substance, where only a single phase exists, primar-
ily resembling a gas. As pressure increases far above the critical point, the gaslike 
substance becomes so dense that there is some resemblance to a liquid, and the 
usual thermodynamic approximations like the perfect-gas law become inaccurate. 
The critical temperature and pressure of water are Tc = 647 K and pc = 219 atm 
(atmosphere)2 so that typical problems involving water and steam are below the 
critical point. Air, being a mixture of gases, has no distinct critical point, but its 
principal component, nitrogen, has Tc = 126 K and pc = 34 atm. Thus typical 
problems involving air are in the range of high temperature and low pressure 
where air is distinctly and definitely a gas. This text will be concerned solely 
with clearly identifiable liquids and gases, and the borderline cases just discussed 
will be beyond our scope.

1.3 The Fluid as a Continuum
We have already used technical terms such as fluid pressure and density without 
a rigorous discussion of their definition. As far as we know, fluids are aggrega-
tions of molecules, widely spaced for a gas, closely spaced for a liquid. The 
distance between molecules is very large compared with the molecular diameter. 
The molecules are not fixed in a lattice but move about freely relative to each 
other. Thus fluid density, or mass per unit volume, has no precise meaning 
because the number of molecules occupying a given volume continually changes. 
This effect becomes unimportant if the unit volume is large compared with, say, 
the cube of the molecular spacing, when the number of molecules within the 
volume will remain nearly constant in spite of  the enormous interchange of par-
ticles across the boundaries. If, however, the chosen unit volume is too large, 
there could be a noticeable variation in the bulk aggregation of the particles. This 
situation is illustrated in Fig. 1.2, where the “density” as calculated from molec-
ular mass δm within a given volume δ � is plotted versus the size of the unit 
volume. There is a limiting volume δ �* below which molecular variations may 
be important and above which aggregate variations may be important. The density 
ρ of a fluid is best defined as

	 ρ = lim
δ 9→δ 9*

 
δm

δ 9
� (1.1)

The limiting volume δ �* is about 10−9 mm3 for all liquids and for gases at 
atmospheric pressure. For example, 10−9 mm3 of air at standard conditions con-
tains approximately 3 × 107 molecules, which is sufficient to define a nearly 
constant density according to Eq. (1.1). Most engineering problems are concerned 

2One atmosphere equals 2116 lbf/ft2 = 101,300 Pa.
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with physical dimensions much larger than this limiting volume, so that density 
is essentially a point function and fluid properties can be thought of as varying 
continually in space, as sketched in Fig. 1.2a. Such a fluid is called a continuum, 
which simply means that its variation in properties is so smooth that differential 
calculus can be used to analyze the substance. We shall assume that continuum 
calculus is valid for all the analyses in this book. Again there are two borderline 
cases for gases. One is at such low pressures that molecular spacing and mean 
free path3 are comparable to, or larger than, the physical size of the system. 
Applications include vacuum engineering, aero-thermal analysis and design of 
spacecrafts, satellites, missiles, etc., flying at high altitudes. The non-continuum 
effects also become significant when system length scales reduce to microscopi-
cally small. Applications with microscopic length scales are becoming increas-
ingly common since the advent of Micro-Electro-Mechanical Systems (MEMS) 
and nano devices, where the characteristic length of the system decreases to a 
magnitude of sub-micron or nanometer. Both cases require that the continuum 
approximation be dropped in favor of a molecular theory of rarefied gas flow 
[18]. In principle, all fluid mechanics problems can be attacked from the molec-
ular viewpoint, but no such attempt will be made here. Note that the use of 
continuum calculus does not preclude the possibility of discontinuous jumps in 
fluid properties across a free surface or fluid interface or across a shock wave in 
a compressible fluid (Chap. 9). Our calculus in analyzing fluid flow must be 
flexible enough to handle discontinuous boundary conditions.

1.4 Dimensions and Units
A dimension is the measure by which a physical variable is expressed quantita-
tively. A unit is a particular way of attaching a number to the quantitative dimen-
sion. Thus length is a dimension associated with such variables as distance, 
displacement, width, deflection, and height, while centimeters and inches are both 
numerical units for expressing length. Dimension is a powerful concept about 
which a splendid tool called dimensional analysis has been developed (Chap. 5), 
while units are the numerical quantity that the customer wants as the final answer.

Microscopic 
uncertainty

Macroscopic 
uncertainty

0

1200

 10–9 mm3

Elemental
volume

Region containing fluid  

    = 1000 kg/m3

    = 1100

    = 1200

    = 1300

(a) (b) 

δ�
δ�* ≈

ρ

ρ

ρ

ρ

ρ

δυ

Fig. 1.2 The limit definition of 
continuum fluid density: (a) an 
elemental volume in a fluid region 
of variable continuum density; 
(b) calculated density versus size 
of the elemental volume.

3The mean distance traveled by molecules between collisions (see Prob. P1.5).
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	 In 1872 an international meeting in France proposed a treaty called the Metric 
Convention, which was signed in 1875 by 17 countries including the United 
States. It was an improvement over British systems because its use of base 10 is 
the foundation of our number system, learned from childhood by all. Problems 
still remained because even the metric countries differed in their use of kiloponds 
instead of dynes or newtons, kilograms instead of grams, or calories instead of 
joules. To standardize the metric system, a General Conference of Weights and 
Measures, attended in 1960 by 40 countries, proposed the International System 
of Units (SI). We are now undergoing a painful period of transition to SI, an 
adjustment that may take many more years to complete. The professional societ-
ies have led the way. Since July 1, 1974, SI units have been required by all papers 
published by the American Society of Mechanical Engineers, and there is a text-
book explaining the SI [19]. The present text will use SI units together with 
British gravitational (BG) units.

Primary Dimensions
In fluid mechanics there are only four primary dimensions from which all other 
dimensions can be derived: mass, length, time, and temperature.4 These dimen-
sions and their units in both systems are given in Table 1.1. Note that the Kelvin 
unit uses no degree symbol. The braces around a symbol like {M} mean “the 
dimension” of mass. All other variables in fluid mechanics can be expressed in 
terms of {M}, {L}, {T}, and {Θ}. For example, acceleration has the dimensions 
{LT −2}. The most crucial of these secondary dimensions is force, which is directly 
related to mass, length, and time by Newton’s second law. Force equals the time 
rate of change of momentum or, for constant mass,

	 F = ma	 (1.2)

From this we see that, dimensionally, {F} = {MLT −2}.

The International System (SI)
The use of a constant of proportionality in Newton’s law, Eq.  (1.2), is avoided 
by defining the force unit exactly in terms of the basic units. In the SI system, 
the basic units are kilograms {M}, meters {L}, and seconds {T}. We define

1 newton of force = 1 N = 1 kg · 1 m/s2

4If electromagnetic effects are important, a fifth primary dimension must be included, electric 
current {I}, whose SI unit is the ampere (A).

Primary dimension	 SI unit	 BG unit	 Conversion factor

Mass {M}	 Kilogram (kg)	 Slug	 1 slug = 14.5939 kg
Length {L}	 Meter (m)	 Foot (ft)	 1 ft = 0.3048 m
Time {T}	 Second (s)	 Second (s)	 1 s = 1 s
Temperature {Θ}	 Kelvin (K)	 Rankine (°R)	 1 K = 1.8°R

Table 1.1 Primary Dimensions in SI and BG Systems
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The newton is a relatively small force, about the weight of an apple (0.225 lbf ). 
In addition, the basic unit of temperature {Θ} in the SI system is the degree 
Kelvin, K. They are referred to as the MLTΘ system of dimension. Use of these 
SI units (kg, m, s, K) will require no conversion factors in our equations.

The British Gravitational (BG) System
In the BG system also, a constant of proportionality in Eq.  (1.2) is avoided by 
defining the force unit exactly in terms of the basic units. In the BG system, the 
basic units are pound-force {F}, feet {L}, and seconds {T}. We define

1 pound of force = 1 lbf = 1 slug · 1 ft/s2

One lbf ≈ 4.4482 N and approximates the weight of four apples. We will use 
the abbreviation lbf for pound-force and lbm for pound mass. The slug is a 
rather hefty mass, equal to 32.174 lbm. The basic unit of temperature {Θ} in 
the BG system is the degree Rankine, °R. Recall that a temperature difference 
1 K = 1.8°R. They are referred to as the FLTΘ system of dimension. Use of 
these BG units (lbf, ft, s, °R) will require no conversion factors in our equations.

Other Unit Systems
There are other unit systems still in use. At least one needs no proportionality 
constant: the CGS system (dyne, gram, cm, s, K). However, CGS units are too 
small for most applications (1 dyne = 10−5 N) and will not be used here.
	 In the USA, some still use the English Engineering system (lbf, lbm, ft, s, °R), 
where the basic mass unit is the pound of mass. Newton’s law (1.2) must be rewritten:

	 F =
ma
gc

, where gc = 32.174 
ft · lbm
lbf · s2 	 (1.3)

The constant of proportionality, gc, has both dimensions and a numerical value 
not equal to 1.0. The present text uses only the SI and BG systems and will not 
solve problems or examples in the English Engineering system. Because Ameri-
cans still use them, a few problems in the text will be stated in truly awkward 
units: acres, gallons, ounces, or miles. Your assignment will be to convert these 
and solve in the SI or BG systems.

The Principle of Dimensional Homogeneity
In engineering and science, all equations must be dimensionally homogeneous, 
that is, each additive term in an equation must have the same dimensions. For 
example, take Bernoulli’s incompressible equation, to be studied and used 
throughout this text:

p +
1
2

 ρV2 + ρgZ = constant

Each and every term in this equation must have dimensions of pressure {ML−1T −2}. 
We will examine the dimensional homogeneity of this equation in detail in Exam-
ple 1.3.
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	 A list of some important secondary variables in fluid mechanics, with dimen-
sions derived as combinations of the four primary dimensions, is given in 
Table 1.2. A more complete list of conversion factors is given in App. C.

Secondary dimension	 SI unit	 BG unit	 Conversion factor

Area {L2}	 m2	 ft2	 1 m2 = 10.764 ft2

Volume {L3}	 m3	 ft3	 1 m3 = 35.315 ft3

Velocity {LT −1}	 m/s	 ft/s	 1 ft/s = 0.3048 m/s
Acceleration {LT −2}	 m/s2	 ft/s2	 1 ft/s2 = 0.3048 m/s2

Pressure or stress {ML−1T −2}	 Pa = N/m2	 lbf/ft2	 1 lbf/ft2 = 47.88 Pa
Angular velocity {T −1}	 s−1	 s−1	 1 s−1 = 1 s−1

Energy, heat, work {ML2T −2}	 J = N  · m	 ft  ·  lbf	 1 ft  ·  lbf = 1.3558 J
Power {ML2T −3}	 W = J/s	 ft  ·  lbf/s	 1 ft  ·  lbf/s = 1.3558 W
Density {ML−3}	 kg/m3	 slugs/ft3	 1 slug/ft3 = 515.4 kg/m3

Viscosity {ML−1T −1}	 kg/(m  · s)	 slugs/(ft  ·  s)	 1 slug/(ft  ·  s) = 47.88 kg/(m  · s)
Specific heat {L2T −2Θ−1}	 m2/(s2  · K)	 ft2/(s2  ·  °R)	 1 m2/(s2  · K) = 5.980 ft2/(s2  ·  °R)

Table 1.2 Secondary Dimensions in Fluid Mechanics

EXAMPLE 1.1

A body weighs 1000 lbf when exposed to a standard earth gravity g = 32.174 ft/s2. 
(a)  What is its mass in kg? (b) What will the weight of this body be in N if it is 
exposed to the moon’s standard acceleration gmoon = 1.62 m/s2? (c) How fast will the 
body accelerate if a net force of 400 lbf is applied to it on the moon or on the earth?

Solution

We need to find the (a) mass; (b) weight on the moon; and (c) acceleration of this body. 
This is a fairly simple example of conversion factors for differing unit systems. No prop-
erty data is needed. The example is too low level for a sketch.

Part (a)

Newton’s law (1.2) holds with known weight and gravitational acceleration. Solve for m:

� F = W = 1000 lbf = mg = (m) (32.174 ft/s2), or m =
1000 lbf

32.174 ft/s2 = 31.08 slugs

Convert this to kilograms:

	 m = 31.08 slugs = (31.08 slugs)(14.5939 kg/slug) = 454 kg	 Ans. (a)

Part (b)

The mass of the body remains 454 kg regardless of its location. Equation (1.2) applies 
with a new gravitational acceleration and hence a new weight:

	 F = Wmoon = mgmoon = (454 kg)(1.62 m/s2) = 735 N = 165 lbf� Ans. (b)

Part (c)

This part does not involve weight or gravity or location. It is simply an application of 
Newton’s law with a known mass and known force:

F = 400 lbf = ma = (31.08 slugs) a
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Solve for

	 a =
400 lbf

31.08 slugs
= 12.87 

ft
s2  (0.3048 

m
ft ) = 3.92 

m
s2 � Ans. (c)

Comment (c):  This acceleration would be the same on the earth or moon or anywhere.
 

EXAMPLE 1.2

Industries involved in viscosity measurement [27, 29] continue to use the CGS system 
of units, since centimeters and grams yield convenient numbers for many fluids. The 
absolute viscosity (µ) unit is the poise, named after J. L. M. Poiseuille, a French phy-
sician who in 1840 performed pioneering experiments on water flow in pipes; 1 poise 
= 1 g/(cm-s). The kinematic viscosity (ν) unit is the stokes, named after G. G. Stokes, 
a British physicist who in 1845 helped develop the basic partial differential equations of 
fluid momentum; 1 stokes = 1 cm2/s. Water at 20°C has µ ≈ 0.01 poise and also ν ≈ 
0.01 stokes. Express these results in (a) SI and (b) BG units.

Solution

Part (a)

∙	 Approach:  Systematically change grams to kg or slugs and change centimeters to 
meters or feet.

∙	 Property values:  Given µ = 0.01 g/(cm-s) and ν = 0.01 cm2/s.
∙	 Solution steps:  (a) For conversion to SI units,

μ = 0.01 
g

cm · s = 0.01 
g(1 kg/1000 g)

cm(0.01 m/cm)s
= 0.001 

kg
m · s

	 ν = 0.01 
cm2

s = 0.01 
cm2(0.01 m/cm)2

s = 0.000001 
m2

s � Ans. (a)

Part (b)

∙	 For conversion to BG units

	  μ = 0.01 
g

cm · s = 0.01 
g(1 kg/1000 g)(1 slug/14.5939 kg)

(0.01 m/cm)(1 ft/0.3048 m)s
= 0.0000209 

slug
ft · s

	  ν = 0.01 
cm2

s = 0.01 
cm2(0.01 m/cm)2(1 ft/0.3048 m)2

s = 0.0000108 
ft2

s � Ans. (b)

∙	 Comments:  This was a laborious conversion that could have been shortened by 
using the direct viscosity conversion factors in App. C or the inside front cover. For 
example, µBG = µSI/47.88.

	 Many data in the literature are reported in inconvenient or arcane units suitable 
only to some industry or specialty or country. The engineer should convert these 
data to the SI or BG system before using them. This requires the systematic 
application of conversion factors, as in the following example.
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	 We repeat our advice: Faced with data in unusual units, convert them imme-
diately to either SI or BG units because (1) it is more professional and (2) theo-
retical equations in fluid mechanics are dimensionally consistent and require no 
further conversion factors when these two fundamental unit systems are used, as 
the following example shows.

EXAMPLE 1.3

A useful theoretical equation for computing the relation between pressure, velocity, and 
altitude in a steady flow of a nearly inviscid, nearly incompressible fluid with negli-
gible heat transfer and shaft work5 is the Bernoulli relation, named after Daniel 
Bernoulli, who published a hydrodynamics textbook in 1738:

	 p0 = p + 1
2 ρV2 + ρgZ � (1)

where p0 = stagnation pressure
	 p = pressure in moving fluid
	 V = velocity
	 ρ = density
	 Z = altitude
	 g = gravitational acceleration

(a) Show that Eq. (1) satisfies the principle of dimensional homogeneity, which states 
that all additive terms in a physical equation must have the same dimensions. (b) Show 
that consistent units result without additional conversion factors in SI units. (c) Repeat 
(b) for BG units.

Solution

Part (a)

We can express Eq. (1) dimensionally, using braces, by entering the dimensions of each 
term from Table 1.2:

 {ML 
−1T 

−2} = {ML 
−1T 

−2} + {ML 
−3}{L2T 

−2} + {ML 
−3}{LT 

 −2}{L}

	  = {ML −1T 
 −2} for all terms� Ans. (a)

Part (b)

Enter the SI units for each quantity from Table 1.2:

 {N/m2} = {N/m2} + {kg/m3}{m2/s2} + {kg/m3}{m/s2}{m}

 = {N/m2} + {kg/(m · s2)}

The right-hand side looks bad until we remember from Eq. (1.3) that 1 kg = 1 N · s2/m.

	  {kg/(m · s2)} =
{N · s2/m}

{m · s2}
= {N/m2}� Ans. (b)

5That’s an awful lot of assumptions, which need further study in Chap. 3.
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	 There is still a tendency in English-speaking countries to use pound-force per 
square inch as a pressure unit because the numbers are more manageable. For 
example, standard atmospheric pressure is 14.7 lbf/in2 = 2116 lbf/ft2 = 101,300 
Pa. The pascal is a small unit because the newton is less than 1

4 lbf and a square 
meter is a very large area.

Consistent Units
Note that not only must all (fluid) mechanics equations be dimensionally homo-
geneous, one must also use consistent units; that is, each additive term must have 
the same units. There is no trouble doing this with the SI and BG systems, as 
in Example 1.3, but woe unto those who try to mix colloquial English units. For 
example, in Chap. 9, we often use the assumption of steady adiabatic compress-
ible gas flow:

h + 1
2V 

2 = constant

where h is the fluid enthalpy and V2/2 is its kinetic energy per unit mass. Col-
loquial thermodynamic tables might list h in units of British thermal units per 
pound mass (Btu/lb), whereas V is likely used in ft/s. It is completely erroneous 
to add Btu/lb to ft2/s2. The proper unit for h in this case is ft  ·  lbf/slug, which is 
identical to ft2/s2. The conversion factor is 1 Btu/lb ≈ 25,040 ft2/s2 = 25,040 
ft  ·  lbf/slug.

Homogeneous versus Dimensionally Inconsistent Equations
All theoretical equations in mechanics (and in other physical sciences) are 
dimensionally homogeneous; that is, each additive term in the equation has the 

Thus all terms in Bernoulli’s equation will have units of pascals, or newtons per square 
meter, when SI units are used. No conversion factors are needed, which is true of all 
theoretical equations in fluid mechanics.

Part (c)

Introducing BG units for each term, we have

 {lbf/ft2} = {lbf/ft2} + {slugs/ft3}{ft2/s2} + {slugs/ft3}{ft/s2}{ft}

 = {lbf/ft2} + {slugs/(ft · s2)}

But, from Eq.  (1.3), 1 slug = 1 lbf  ·  s2/ft, so that

	 {slugs/(ft · s2)} =
{lbf · s2/ft}

{ft · s2}
= {lbf/ft2}� Ans. (c)

All terms have the unit of pounds-force per square foot. No conversion factors are 
needed in the BG system either.
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same dimensions. However, the reader should be warned that many empirical 
formulas in the engineering literature, arising primarily from correlations of data, 
are dimensionally inconsistent. Their units cannot be reconciled simply, and some 
terms may contain hidden variables. An example is the formula that pipe valve 
manufacturers cite for liquid volume flow rate Q (m3/s) through a partially open 
valve:

Q = CV(
Δp

SG)
1/2

where Δp is the pressure drop across the valve and SG is the specific grav-
ity of the liquid (the ratio of its density to that of water). The quantity CV 
is the valve flow coefficient, which manufacturers tabulate in their valve 
brochures. Since SG is dimensionless {1}, we see that this formula is totally 
inconsistent, with one side being a flow rate {L3/T} and the other being the 
square root of a pressure drop {M1/2/L1/2T}. It follows that CV must have 
dimensions, and rather odd ones at that: {L7/2/M1/2}. Nor is the resolution of 
this discrepancy clear, although one hint is that the values of CV in the lit-
erature increase nearly as the square of the size of the valve. The presentation 
of experimental data in homogeneous form is the subject of dimensional 
analysis (Chap.  5). There we shall learn that a homogeneous form for the 
valve flow relation  is

Q = CdAopening(
Δp

ρ )
1/2

where ρ is the liquid density and A the area of the valve opening. The discharge 
coefficient Cd is dimensionless and changes only moderately with valve size. 
Please believe—until we establish the fact in Chap. 5—that this latter is a much 
better formulation of the data.
	 Meanwhile, we conclude that dimensionally inconsistent equations, though 
they occur in engineering practice, are misleading and vague and even 
dangerous, in the sense that they are often misused outside their range of 
applicability.

Convenient Prefixes in Powers of 10
Engineering results often are too small or too large for the common units, with 
too many zeros one way or the other. For example, to write p = 114,000,000 Pa 
is long and awkward. Using the prefix “M” to mean 106, we convert this to a 
concise p = 114 MPa (megapascals). Similarly, t = 0.000000003 s is a proof-
reader’s nightmare compared to the equivalent t = 3 ns (nanoseconds). Such 
prefixes are common and convenient, in both the SI and BG systems. A complete 
list is given in Table 1.3.

Table 1.3 Convenient Prefixes 
for Engineering Units

	Multiplicative  
	 factor	 Prefix	 Symbol

	 1012	 tera	 T
	 109	 giga	 G
	 106	 mega	 M
	 103	 kilo	 k
	 102	 hecto	 h
	 10	 deka	 da
	 10−1	 deci	 d
	 10−2	 centi	 c
	 10−3	 milli	 m
	 10−6	 micro	 µ
	 10−9	 nano	 n
	 10−12	 pico	 p
	 10−15	 femto	 f
	 10−18	 atto	 a



1.4  Dimensions and Units  15

EXAMPLE 1.4

In 1890 Robert Manning, an Irish engineer, proposed the following empirical formula 
for the average velocity V in uniform flow due to gravity down an open channel (BG 
units):

	 V =
1.49

n
R2/3S1/2� (1)

where R = hydraulic radius of channel (Chaps. 6 and 10)
	 S = channel slope (tangent of angle that bottom makes with horizontal)
	 n = Manning’s roughness factor (Chap. 10)

and n is a constant for a given surface condition for the walls and bottom of the chan-
nel. (a) Is Manning’s formula dimensionally consistent? (b) Equation (1) is commonly 
taken to be valid in BG units with n taken as dimensionless. Rewrite it in SI form.

Solution

∙	 Assumption:  The channel slope S is the tangent of an angle and is thus a dimension-
less ratio with the dimensional notation {1}—that is, not containing M, L, or T.

∙	 Approach (a):  Rewrite the dimensions of each term in Manning’s equation, using 
brackets {}:

{V} = {
1.49

n }{R2/3} {S1/2} or {
L

T} = {
1.49

n }{L2/3} {1}

This formula is incompatible unless {1.49/n} = {L1/3/T}. If n is dimensionless (and 
it is never listed with units in textbooks), the number 1.49 must carry the dimensions 
of {L1/3/T}.� Ans. (a)

∙	 Comment (a):  Formulas whose numerical coefficients have units can be disastrous 
for engineers working in a different system or another fluid. Manning’s formula, 
though popular, is inconsistent both dimensionally and physically and is valid only 
for water flow with certain wall roughnesses. The effects of water viscosity and 
density are hidden in the numerical value 1.49.

∙	 Approach (b):  Part (a) showed that 1.49 has dimensions. If the formula is valid in 
BG units, then it must equal 1.49 ft1/3/s. By using the SI conversion for length, we 
obtain

(1.49 ft1/3/s) (0.3048 m/ft)1/3 = 1.00 m1/3/s

Therefore, Manning’s inconsistent formula changes form when converted to the SI 
system:

	 SI units: V =
1.0
n

 R2/3S1/2� Ans. (b)

with R in meters and V in meters per second.
∙	 Comment (b):  Actually, we misled you: This is the way Manning, a metric user, 

first proposed the formula. It was later converted to BG units. Such dimensionally 
inconsistent formulas are dangerous and should be either reanalyzed or treated as 
having very limited application.
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1.5 System and Control Volume
A system is defined as an arbitrary quantity of mass of fixed identity. It is also 
called closed system or control mass. Everything external to the system is denoted 
by the term surroundings. The system is separated from the surroundings by its 
boundaries. The boundaries of the system can be fixed or movable. Fig. 1.3a 
shows a piston-cylinder assembly. The gas in the cylinder can be considered the 
system. If the piston is pushed by an external force, the gas is compressed; the 
boundary of the system thus moves. Heat and work may cross the boundaries of 
the system, but the quantity of the mass in the system remains unchanged. The 
concept of the system is almost exclusively used in solid mechanics, where we 
are more likely to be interested in the trajectory of a particle or a rigid body for 
analysis.
	 On the other hand, in thermodynamics and fluid mechanics, when fluid flow 
is of the interest of the study, one can rarely keep track of the actual fate of the 
specific fluid particles, as they are numerous in quantity and easily deformable. A 
control volume is defined as an arbitrary region in space through which fluid flows. 
It can be at rest or in motion. The geometric boundaries of the control volume 
separating it from the surrounding is called control surface. The control surface 
can be real or imaginary. Fig. 1.3b illustrates flow through a pipe T-junction. A 
control surface is drawn on the junction. The area of the control surface corre-
sponding to the walls of pipe are the physical and real surfaces, whereas others 
representing inlets or outlets are the imaginary surfaces.
	 Mathematically, a boundary or a control surface has zero thickness, and thus 
it can neither contain any mass nor occupy any volume in space.

Methods of Description
	 The type of analysis for a physical system depends on the problem. In solid 

mechanics it is easy to keep track of a fixed and identifiable quantity of mass, 
such as particles or rigid bodies. A frame of reference that follows the trajectories 
of individual particles or bodies is used and referred to as the Lagrangian method 
of description. Most of the basic physical laws are written for a system of mass 
(Chap. 3). The analysis based on the Lagrangian method requires us to track the 
position, velocity, and acceleration of each individual particle.

Moving boundary

Fixed boundary

F
Control volume

Real surface

V1

V2V3

Imaginary surface

Gas

(a) (b) 

Fig. 1.3 System and control volume: 
(a) gas in a closed system with a 
moving boundary; (b) fluid flow 
through a control volume with real 
and imaginary surfaces.
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	 In a situation of fluid flow, however, the determination, by experiment or 
theory, of the properties of the fluid as a function of position and time is 
considered to be the solution to the problem. This is because it would not 
be possible to keep track of the motion of each  particle of fluid. Conse-
quently, a Lagrangian description of particles would be unmanageable. Often 
we find it convenient to adopt a different method of description—the Eule-
rian method, as we commonly call it. Particularly with analyses of control 
volume, the emphasis is on the space-time distribution of the fluid properties. 
In the Eulerian method of description, the properties of a flow field are 
described as functions of space coordinates and time. This treatment of prop-
erties as a logical outgrowth of the continuum-field assumption distinguishes 
fluid mechanics from solid mechanics. The properties of the velocity and 
acceleration fields are demonstrated below using the Eulerian method of 
description.

The Velocity Field
Foremost among the properties of a flow is the velocity field V(x, y, z, t). In fact, 
determining the velocity is often tantamount to solving a flow problem, since 
other properties follow directly from the velocity field. Chapter 2 is devoted to 
the calculation of the pressure field once the velocity field is known. Books on 
heat transfer (for example, Ref. 20) are largely devoted to finding the temperature 
field from known velocity fields.
	 In general, velocity is a vector function of position and time and thus has three 
components u, v, and w, each a scalar field in itself:

	 � (1.4)

The use of u, v, and w instead of the more logical component notation Vx, Vy, 
and Vz is the result of an almost unbreakable custom in fluid mechanics. Much 
of this textbook, especially Chaps. 4, 7, 8, and 9, is concerned with finding the 
distribution of the velocity vector V for a variety of practical flows.

The Acceleration Field
The acceleration vector, a = dV/dt, occurs in Newton’s law for a fluid and thus 
is very important. In order to follow a particle in the Eulerian frame of reference, 
the final result for acceleration is nonlinear and quite complicated. Here we only 
give the formula:

	 a =
dV
dt

=
∂V
∂t

+ u 
∂V
∂x

+ v 
∂V
∂y

+ w 
∂V
∂z

� (1.5)

where (u, v, w) are the velocity components from Eq.  (1.4). We shall study this 
formula in detail in Chap.  4. The last three terms in Eq.  (1.5) are nonlinear 
products and greatly complicate the analysis of general fluid motions, especially 
viscous flows.
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1.6 Thermodynamic Properties of a Fluid
While the velocity field V is the most important fluid property, it interacts closely 
with the thermodynamic properties of the fluid. We have already introduced into 
the discussion the three most common such properties:

1.	 Pressure p
2.	 Density ρ
3.	 Temperature T

These three are constant companions of the velocity vector in flow analyses. Four 
other intensive thermodynamic properties become important when work, heat, 
and energy balances are treated (Chaps. 3 and 4):

4.	 Internal energy û
5.	 Enthalpy h = û + p/ρ
6.	 Entropy s
7.	 Specific heats cp and cv

In addition, friction and heat conduction effects are governed by the two so-called 
transport properties:

8.	 Coefficient of viscosity µ
9.	 Thermal conductivity k

All nine of these quantities are true thermodynamic properties that are determined 
by the thermodynamic condition or state of the fluid. For example, for a single-
phase substance such as water or oxygen, two basic properties such as pressure 
and temperature are sufficient to fix the value of all the others:

ρ = ρ(p, T)   h = h(p, T)   μ = μ(p, T)

and so on for every quantity in the list. Note that the specific volume, so impor-
tant in thermodynamic analyses, is omitted here in favor of its inverse, the 
density ρ.
	 Recall that thermodynamic properties describe the state of a system—that is, 
a collection of matter of fixed identity that interacts with its surroundings. In 
most cases here the system will be a small fluid element, and all properties will 
be assumed to be continuum properties of the flow field: ρ = ρ(x, y, z, t), and 
so on.
	 Recall also that thermodynamics is normally concerned with static systems, 
whereas fluids are usually in variable motion with constantly changing properties. 
Do the properties retain their meaning in a fluid flow that is technically not in 
equilibrium? The answer is yes, from a statistical argument. In gases at normal 
pressure (and even more so for liquids), an enormous number of molecular col-
lisions occur over a very short distance of the order of 1 µm, so that a fluid 
subjected to sudden changes rapidly adjusts itself toward equilibrium. We there-
fore assume that all the thermodynamic properties just listed exist as point func-
tions in a flowing fluid and follow all the laws and state relations of ordinary 
equilibrium thermodynamics. There are, of course, important nonequilibrium 
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effects such as chemical and nuclear reactions in flowing fluids, which are not 
treated in this text.

Pressure
Pressure is the (compression) stress at a point in a static fluid (Fig. 1.1). Next to 
velocity, the pressure p is the most dynamic variable in fluid mechanics. Differ-
ences or gradients in pressure often drive a fluid flow, especially in ducts. In 
low-speed flows, the actual magnitude of the pressure is often not important, 
unless it drops so low as to cause vapor bubbles to form in a liquid. For conve-
nience, we set many such problem assignments at the level of 1 atm = 2116 lbf/
ft2 = 101,300 Pa. High-speed (compressible) gas flows (Chap.  9), however, are 
indeed sensitive to the magnitude of pressure.

Temperature
Temperature T is related to the internal energy level of a fluid. It may vary con-
siderably during high-speed flow of a gas (Chap.  9). Although engineers often 
use Celsius or Fahrenheit scales for convenience, many applications in this text 
require absolute (Kelvin or Rankine) temperature scales:

 °R = °F + 459.69
 K = °C + 273.16

If temperature differences are strong, heat transfer may be important [20], but 
our concern here is mainly with dynamic effects.

Density
The density of a fluid, denoted by ρ (lowercase Greek rho), is its mass per unit 
volume. Density is highly variable in gases and increases nearly proportionally to 
the pressure level. Density in liquids is nearly constant; the density of water (about 
1000  kg/m3) increases only 1 percent if the pressure is increased by a factor of 
220. Thus most liquid flows are treated analytically as nearly “incompressible.”
	 In general, liquids are about three orders of magnitude more dense than gases 
at atmospheric pressure. The heaviest common liquid is mercury, and the lightest 
gas is hydrogen. Compare their densities at 20°C and 1 atm:

Mercury: ρ = 13,580 kg/m3   Hydrogen: ρ = 0.0838 kg/m3

They differ by a factor of 162,000! Thus, the physical parameters in various 
liquid and gas flows might vary considerably. The differences are often resolved 
by the use of dimensional analysis (Chap. 5). Other fluid densities are listed in 
Tables A.3 and A.4 (in App. A), and in Ref. 21.

Specific Weight
The specific weight of a fluid, denoted by γ (lowercase Greek gamma), is its 
weight per unit volume. Just as a mass has a weight W = mg, density and specific 
weight are simply related by gravity:
	 γ = ρg� (1.6)
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The units of γ are weight per unit volume, in lbf/ft3 or N/m3. In standard earth 
gravity, g = 32.174 ft/s2 = 9.807 m/s2. Thus, for example, the specific weights 
of air and water at 20°C and 1 atm are approximately

 γair = (1.205 kg/m3)(9.807 m/s2) = 11.8 N/m3 = 0.0752 lbf/ft3

γwater = (998 kg/m3)(9.807 m/s2) = 9790 N/m3 = 62.4 lbf/ft3

Specific weight is very useful in the hydrostatic pressure applications of Chap. 2. 
Specific weights of other fluids are given in Tables A.3 and A.4.

Specific Gravity
Specific gravity, denoted by SG, is the ratio of a fluid density to a standard refer-
ence fluid, usually water at 4°C (for liquids) and air (for gases):

	  SGgas =
ρgas

ρair
=

ρgas

1.205 kg/m3 � (1.7)

	  SGliquid =
ρliquid

ρwater
=

ρliquid

1000 kg/m3

For example, the specific gravity of mercury (Hg) is SGHg = 13,580/1000 ≈ 13.6. 
Engineers find these dimensionless ratios easier to remember than the actual 
numerical values of density of a variety of fluids.

Potential and Kinetic Energies
In thermostatics the only energy in a substance is that stored in a system by 
molecular activity and molecular bonding forces. This is commonly denoted as 
internal energy  û. A commonly accepted adjustment to this static situation for 
fluid flow is to add two more energy terms that arise from newtonian mechanics: 
potential energy and kinetic energy.
	 The potential energy equals the work required to move the system of mass m 
from the origin to a position vector r = ix + jy + kz against a gravity field g. 
Its value is −mg  · r, or −g  · r per unit mass. The kinetic energy equals the work 
required to change the speed of the mass from zero to velocity V. Its value is  
1
2mV 2 or 1

2V 2 per unit mass. Then by common convention the total stored energy 
e per unit mass in fluid mechanics is the sum of three terms:

	 e = û + 1
2V 

2 + (–g · r)� (1.8)

Also, throughout this book we shall define z as upward, so that g = −gk and 
g  · r = −gz. Then Eq.  (1.8) becomes

	 e = û + 1
2V 

2 + gz� (1.9)

The molecular internal energy û is a function of T and p for the single-phase 
pure substance, whereas the potential and kinetic energies are kinematic 
quantities.
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State Relations for Gases
Thermodynamic properties are found both theoretically and experimentally to be 
related to each other by state relations that differ for each substance. As men-
tioned, we shall confine ourselves here to single-phase pure substances, such as 
water in its liquid phase. The second most common fluid, air, is a mixture of 
gases, but since the mixture ratios remain nearly constant between 160 and 2200 
K, in this temperature range air can be considered to be a pure substance.
	 All gases at high temperatures and low pressures (relative to their critical 
point) are in good agreement with the perfect-gas law

	 � (1.10)

where the specific heats cp and cv are defined in Eqs. (1.14) and (1.15).
	 Since Eq.  (1.10) is dimensionally consistent, R has the same dimensions as 
specific heat, {L2T−2Θ−1}, or velocity squared per temperature unit (kelvin or 
degree Rankine). Each gas has its own constant R, equal to a universal constant 
Λ divided by the molecular weight

	 Rgas =
Λ

Mgas
� (1.11)

where Λ = 49,700 ft-lbf/(slugmol  · °R) = 8314 J/(kmol  · K). Most applications in 
this book are for air, whose molecular weight is M = 28.97g/mol = 28.97 lb/lbmol:

Rair =
49,700 ft · lbf/(slugmol · °R)

28.97lb/lbmol
= 1716 

ft · lbf
slug · °R

= 1716 
ft2

s2°R
= 287 

m2

s2 · K
   

� (1.12)

Standard atmospheric pressure is 2116 lbf/ft2 = 2116 slug/(ft  ·  s2), and standard 
temperature is 60°F = 520°R. Thus standard air density is

	 ρair =
2116 slug/(ft · s2)

[1716 ft2/(s2 · °R)](520°R)
= 0.00237 slug/ft3 = 1.22 kg/m3  (1.13)

This is a nominal value suitable for problems. For other gases, see Table A.4.
	 Most of the common gases—oxygen, nitrogen, hydrogen, helium, argon—are 
nearly ideal. This is not so true for steam, whose simplified temperature–entropy 
chart is shown in Fig.  1.4. Unless you are sure that the steam temperature is 
“high” and the pressure “low,” it is best to use the steam tables to make accurate 
calculations.
	 One proves in thermodynamics that Eq. (1.10) requires that the internal molec-
ular energy û of a perfect gas vary only with temperature: û = û(T ). Therefore, 
the specific heat cv also varies only with temperature:

cv = (
∂û �

∂T )
ρ

=
dû�

dT
= cv(T )

or	 dû �= cv(T )dT � (1.14)
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In like manner the enthalpy h and the specific heat cp of a perfect gas also vary 
only with temperature:

h = �û +
p

ρ
= �û + RT = h(T )

	 cp = (
∂h

∂T)
p

=
dh

dT
= cp(T )� (1.15)

dh = cp( T )dT

The ratio of specific heats of a perfect gas is an important dimensionless param-
eter in compressible flow analysis (Chap. 9)

	 k =
cp

cv
= k(T ) ≥ 1� (1.16)

As a first approximation in airflow analysis we commonly take cp, cv, and k to 
be constant:

kair ≈ 1.4

	  cv =
R

k − 1
≈ 4293 ft2/(s2 · °R) = 718 m2/(s2 · K)� (1.17)

 cp =
kR

k − 1
≈ 6010 ft2/(s2 · °R) = 1005 m2/(s2 · K)

Actually, for all gases, cp and cv increase gradually with temperature, and k 
decreases gradually. Experimental values of the specific-heat ratio for eight com-
mon gases are shown in Fig. 1.5. Nominal values are in Table A.4.
	 Many flow problems involve steam. Typical steam operating conditions are 
often close to the critical point, so that the perfect-gas approximation is inaccu-
rate. Then we must turn to the steam tables, either in tabular or CD-ROM form 
[23] or as online software [24]. Most online steam tables require a license fee, 
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but the writer, in Example 1.5 that follows, suggests a free online source. Some-
times the error of using the perfect-gas law for steam can moderate, as the 
following example shows.
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Fig. 1.5 Specific-heat ratio of eight 
common gases as a function of 
temperature. (Data from Ref. 22.)

EXAMPLE 1.5

Estimate ρ and cp of steam at 100 lbf/in2 and 400°F, in English units, (a) by the perfect-
gas approximation and (b) by the ASME Steam Tables [23].

Solution

∙	 Approach (a)—the perfect-gas law:  Although steam is not an ideal gas, we can 
estimate these properties with moderate accuracy from Eqs. (1.10) and (1.17). First 
convert pressure from 100 lbf/in2 to 14,400 lbf/ft2, and use absolute temperature, 
(400°F + 460) = 860°R. Then we need the gas constant for steam, in English units. 
From Table A.4, the molecular weight of H2O is 18.02, whence

Rsteam =
ΛEnglish

MH2O
=

49,700 ft · lbf/(slugmol °R)
18.02/mol

= 2758
ft · lbf
slug °R
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	 Then the density estimate follows from the perfect-gas law, Eq.  (1.10):

	 ρ ≈
p

RT
=

14,400 lbf/ft2

[2758 ft · lbf/(slug · °R)](860 °R)
≈ 0.00607

slug
ft3 � Ans. (a)

	 At 860°R, from Fig. 1.5, ksteam = cp/cv ≈ 1.30. Then, from Eq.  (1.17),

	 cp ≈
kR

k − 1
=

(1.3)(2758 ft · lbf/(slug °R))
(1.3 − 1)

≈ 12,000 
ft · lbf
slug °R

� Ans. (a)

∙	 Approach (b)—tables or software:  One can either read the ASME Steam Tables 
[23] or use online software. Online software, such as [24], calculates the properties 
of steam without reading a table. Most of these require a license fee, which your 
institution may or may not possess. For work at home, the writer has found success 
with this free commercial online site:

https://beta.spiraxsarco.com/resources-and-design-tools

The software calculates superheated steam properties, as required in this example. The 
Spirax Sarco Company makes many types of steam equipment: boilers, condensers, 
valves, pumps, regulators. This site provides many steam properties—density, specific 
heat, enthalpy, speed of sound—in many different unit systems. Here we need the 
density and specific heat of steam at 100 lbf/in2 and 400°F. You enter these two inputs 
and it will calculate not only ρ and cp but also many other properties of interest, in 
English or metric units. The software results are:

	  ρ(100 lbf/in2, 400°F) = 0.2027 lbm/ft3 = 3.247 kg/m3 � Ans. (b)

	  cp(100 lbf/in2, 400°F) = 0.5289 Btu/(lbm-F) = 2215 J/(kg-K)� Ans. (b)

Comments:  These are quite accurate and compare well to other steam tables. The perfect-
gas estimate of ρ is 4 percent low, and the estimate of cp is 9 percent low. The chief reason 
for the discrepancy is that this temperature and pressure are rather close to the critical point 
and saturation line of steam. At higher temperatures and lower pressures, say, 800°F and 
50 lbf/in2, the perfect-gas law has an accuracy of about ±1 percent. See Fig. 1.4.
	 Again let us warn that English units (psia, lbm, Btu) are awkward and must be 
converted to SI or BG units in almost all fluid mechanics formulas.

 

State Relations for Liquids
The writer knows of no “perfect-liquid law” comparable to that for gases. Liquids 
are nearly incompressible and have a single, reasonably constant specific heat. 
Thus an idealized state relation for a liquid is
	 ρ ≈ const cp ≈ cv ≈ const dh ≈ cp dT � (1.18)

Most of the flow problems in this book can be attacked with these simple assump-
tions. Water is normally taken to have a density of 998 kg/m3 and a specific heat 
cp = 4210 m2/(s2  · K). The steam tables may be used if more accuracy is required.
	 The density of a liquid usually decreases slightly with temperature and increases 
moderately with pressure. If we neglect the temperature effect, an empirical pres-
sure–density relation for a liquid is

	
p

pa
≈ (B + 1) (

ρ

ρa)
n

− B� (1.19)
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where B and n are dimensionless parameters that vary slightly with temperature 
and pa and ρa are standard atmospheric values. Water can be fitted approximately 
to the values B ≈ 3000 and n ≈ 7.
	 Seawater is a variable mixture of water and salt and thus requires three ther-
modynamic properties to define its state. These are normally taken as pressure, 
temperature, and the salinity Ŝ, defined as the weight of the dissolved salt divided 
by the weight of the mixture. The average salinity of seawater is 0.035, usually 
written as 35 parts per 1000, or 35 ‰. The average density of seawater is 2.00 
slugs/ft3 ≈ 1030 kg/m3. Strictly speaking, seawater has three specific heats, all 
approximately equal to the value for pure water of 25,200 ft2/(s2  ·  °R) = 4210 
m2/(s2  · K).

EXAMPLE 1.6

The pressure at the deepest part of the ocean is approximately 1100 atm. Estimate the 
density of seawater in slug/ft3 at this pressure.

Solution

Equation (1.19) holds for either water or seawater. The ratio p/pa is given as 1100:

	 1100 ≈ (3001)(
ρ

ρa
)

7

− 3000

or	
ρ

ρa

 = (
4100
3001)

1/7

= 1.046

Assuming an average surface seawater density ρa = 2.00 slugs/ft3, we compute

	 ρ ≈ 1.046(2.00) = 2.09 slugs/ft3� Ans.

Even at these immense pressures, the density increase is less than 5 percent, which 
justifies the treatment of a liquid flow as essentially incompressible.

 

1.7 Viscosity and Other Secondary Properties
The quantities such as pressure, temperature, and density discussed in the previ-
ous section are primary thermodynamic variables characteristic of any system. 
Certain secondary variables also characterize specific fluid mechanical behavior. 
The most important of these is viscosity, which relates the local stresses in a 
moving fluid to the strain rate of the fluid element.

Viscosity
Viscosity is a quantitative measure of a fluid’s resistance to flow. More specifi-
cally, it determines the fluid strain rate that is generated by a given applied shear 
stress. We can easily move through air, which has very low viscosity. Movement 
is more difficult in water, which has 50 times higher viscosity. Still more resis-
tance is found in SAE 30 oil, which is 300 times more viscous than water. Try 
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to slide your hand through glycerin, which is five times more viscous than SAE 
30 oil, or blackstrap molasses, another factor of five higher than glycerin. Fluids 
may have a vast range of viscosities.
	 Consider a fluid element sheared in one plane by a single shear stress τ, as in 
Fig. 1.6a. The shear strain angle δθ will continuously grow with time as long as 
the stress τ is maintained, the upper surface moving at speed δu larger than the 
lower. Such common fluids as water, oil, and air show a linear relation between 
applied shear and resulting strain rate:

	 τ ∝
δθ

δt
� (1.20)

From the geometry of Fig. 1.6a, we see that

	 tan δθ =
δu δt

δy
� (1.21)

In the limit of infinitesimal changes, this becomes a relation between shear strain 
rate and velocity gradient:

	
dθ

dt
=

du

dy
� (1.22)

From Eq.  (1.20), then, the applied shear is also proportional to the velocity 
gradient for the common linear fluids. The constant of proportionality is the 
viscosity coefficient µ:

	 τ = μ
dθ

dt
= μ

du

dy
� (1.23)

Equation (1.23) is dimensionally consistent; therefore µ has dimensions of stress–
time: {FT/L2} or {M/(LT )}. The BG unit is slugs per foot-second, and the SI unit 
is kilograms per meter-second. The linear fluids that follow Eq. (1.23) are called 

Fig. 1.6 Shear stress causes continu-
ous shear deformation in a fluid:  
(a) a fluid element straining at a rate 
δθ/δt; (b) newtonian shear distribu-
tion in a shear layer near a wall. (b)(a)
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newtonian fluids, after Sir Isaac Newton, who first postulated this resistance law 
in 1687.
	 We do not really care about the strain angle θ(t) in fluid mechanics, con-
centrating instead on the velocity distribution u(y), as in Fig.  1.6b. We shall 
use Eq.  (1.23) in Chap.  4 to derive a differential equation for finding the 
velocity distribution u(y)—and, more generally, V(x, y, z, t)—in a viscous 
fluid. Figure 1.6b illustrates a shear layer, or boundary layer, near a solid 
wall. The shear stress is proportional to the slope of the velocity profile and 
is greatest at the wall. Further, at the wall, the velocity  u is zero relative to 
the wall: This is called the no-slip condition and is characteristic of all viscous 
fluid flows.
	 The viscosity of newtonian fluids is a true thermodynamic property and varies 
with temperature and pressure. At a given state (p, T ) there is a vast range of 
values among the common fluids. Table 1.4 lists the viscosity of eight fluids at 
standard pressure and temperature. There is a variation of six orders of magnitude 
from hydrogen up to glycerin. Thus there will be wide differences between fluids 
subjected to the same applied stresses.
	 Generally speaking, the viscosity of a fluid increases only weakly with pres-
sure. For example, increasing p from 1 to 50 atm will increase µ of air only 10 
percent. Temperature, however, has a strong effect, with µ increasing with T for 
gases and decreasing for liquids. Figure A.1 (in App. A) shows this temperature 
variation for various common fluids. It is customary in most engineering work 
to neglect the pressure variation.
	 The variation µ(p, T ) for a typical fluid is nicely shown by Fig. 1.7, from Ref. 
25, which normalizes the data with the critical-point state (µc, pc, Tc). This behav-
ior, called the principle of corresponding states, is characteristic of all fluids, but 
the actual numerical values are uncertain to ±20 percent for any given fluid. For 
example, values of µ(T ) for air at 1 atm, from Table A.2, fall about 8 percent 
low compared to the “low-density limit” in Fig. 1.7.
	 Note in Fig.  1.7 that changes with temperature occur very rapidly near the 
critical point. In general, critical-point measurements are extremely difficult and 
uncertain.

	 µ, 	 Ratio	 ρ, 	 ν	 Ratio 
Fluid	 kg/(m · s)† 	 µ/µ(H2)	 kg/m3	 m2/s† 	 ν/ν(Hg)

Hydrogen	 9.0 E–6	 1.0	 0.084	 1.05 E–4	 910
Air	 1.8 E–5	 2.1	 1.20	 1.50 E–5	 130
Gasoline	 2.9 E–4	 33	 680	 4.22 E–7	 3.7
Water	 1.0 E–3	 114	 998	 1.01 E–6	 8.7
Ethyl alcohol	 1.2 E–3	 135	 789	 1.52 E–6	 13
Mercury	 1.5 E–3	 170	 13,550	 1.16 E–7	 1.0
SAE 30 oil	 0.29	 33,000	 891	 3.25 E–4	 2,850
Glycerin	 1.5	 170,000	 1,260	 1.18 E–3	 10,300

†1 kg/(m  · s) = 0.0209 slug/(ft  ·  s); 1 m2/s = 10.76 ft2/s.

Table 1.4 Viscosity and Kinematic Viscosity of Eight Fluids at 1 atm and 20°C
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The Reynolds Number
The primary parameter correlating the viscous behavior of all newtonian fluids 
is the dimensionless Reynolds number:

	 Re =
ρVL

μ
=

VL

ν
� (1.24)

where V and L are characteristic velocity and length scales of the flow. The 
second form of Re illustrates that the ratio of µ to ρ has its own name, the kine-
matic viscosity:

	 ν =
μ

ρ
� (1.25)

It is called kinematic because the mass units cancel, leaving only the dimensions 
{L2/T}.
	 Generally, the first thing a fluids engineer should do is estimate the Reynolds 
number range of the flow under study. Very low Re indicates viscous creeping 
motion, where inertia effects are negligible. Moderate Re implies a smoothly 
varying laminar flow. High Re probably spells turbulent flow, which is slowly 
varying in the time-mean but has superimposed strong random high-frequency 
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fluctuations. Explicit numerical values for low, moderate, and high Reynolds 
numbers cannot be stated here. They depend on flow geometry and will be dis-
cussed in Chaps. 5 through 7.
	 Table  1.4 also lists values of ν for the same eight fluids. The pecking order 
changes considerably, and mercury, the heaviest, has the smallest viscosity rela-
tive to its own weight. All gases have high ν relative to thin liquids such as 
gasoline, water, and alcohol. Oil and glycerin still have the highest ν, but the ratio 
is smaller. For given values of V and L in a flow, these fluids exhibit a spread 
of four orders of magnitude in the Reynolds number.

Flow between Plates
A classic problem is the flow induced between a fixed lower plate and an upper 
plate moving steadily at velocity V, as shown in Fig. 1.8. The clearance between 
plates is h, and the fluid is newtonian and does not slip at either plate. If the 
plates are large, this steady shearing motion will set up a velocity distribution 
u(y), as shown, with v = w = 0. The fluid acceleration is zero everywhere.
	 With zero acceleration and assuming no pressure variation in the flow direction, 
you should show that a force balance on a small fluid element leads to the result 
that the shear stress is constant throughout the fluid. Then Eq. (1.23) becomes

du

dy
=

τ

μ
= const

which we can integrate to obtain

u = a + by

The velocity distribution is linear, as shown in Fig. 1.8, and the constants a and 
b can be evaluated from the no-slip condition at the upper and lower walls:

u = {
0 = a + b (0)   at y = 0
V = a + b (h)  at y = h

Hence a = 0 and b = V/h. Then the velocity profile between the plates is given by

	 u = V 
y

h
� (1.26)

as indicated in Fig. 1.8. Turbulent flow (Chap. 6) does not have this shape.

Fig. 1.8 Viscous flow induced by 
relative motion between two  
parallel plates.

y

x

h u(y)

V

Moving
plate:
u = V

Viscous
fluid

u = V

u = 0
Fixed plate
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	 Although viscosity has a profound effect on fluid motion, the actual viscous 
stresses are quite small in magnitude even for oils, as shown in the next example.

Problem-Solving Procedure
Fluid flow analysis is packed with problems to be solved. The present text has 
more than 1700 problem assignments. Solving a large number of these is a key 
to learning the subject. One must deal with equations, data, tables, assumptions, 
unit systems, and solution schemes. The degree of difficulty will vary, and we 
urge you to sample the whole spectrum of assignments, with or without the 
answers in the Appendix. Here are the recommended steps for problem solution:

1.	 Read the problem and restate it with your summary of the results desired.
2.	 From tables or charts, gather the needed property data: density, viscosity, 

etc.
3.	 Make sure you understand what is asked. Students are apt to answer the 

wrong question—for example, pressure instead of pressure gradient, lift 
force instead of drag force, or mass flow instead of volume flow. Read the 
problem carefully.

4.	 Make a detailed, labeled sketch of the system or control volume needed.
5.	 Think carefully and list your assumptions. You must decide if the flow is 

steady or unsteady, compressible or incompressible, viscous or inviscid, 
and whether a control volume or partial differential equations are needed.

6.	 Find an algebraic solution if possible. Then, if a numerical value is needed, 
use either the SI or BG unit systems reviewed in Sec. 1.4.

7.	 Report your solution, labeled, with the proper units and the proper number 
of significant figures (usually two or three) that the data uncertainty allows.

We shall follow these steps, where appropriate, in our example problems.

EXAMPLE 1.7

Suppose that the fluid being sheared in Fig. 1.8 is SAE 30 oil at 20°C. Compute the 
shear stress in the oil if V = 3 m/s and h = 2 cm.

Solution

∙	 System sketch:  This is shown earlier in Fig. 1.8.
∙	 Assumptions:  Linear velocity profile, laminar newtonian fluid, no slip at either plate 

surface.
∙ 	Approach:  The analysis of Fig. 1.8 leads to Eq.  (1.26) for laminar flow.
∙ 	Property values:  From Table 1.4 for SAE 30 oil, the oil viscosity µ = 0.29 kg/(m-s).
∙	 Solution steps:  In Eq.  (1.26), the only unknown is the fluid shear stress:

	 τ = μ
V

h
= (0.29 

kg
m · s)

(3 m/s)
(0.02 m)

= 43.5 
kg · m/s2

m2 = 43.5 
N
m2 ≈ 44Pa� Ans.
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Variation of Viscosity with Temperature
Temperature has a strong effect and pressure a moderate effect on viscosity. The 
viscosity of gases and most liquids increases slowly with pressure. Water is anom-
alous in showing a very slight decrease below 30°C. Since the change in viscosity 
is only a few percent up to 100 atm, we shall neglect pressure effects in this book.
	 Gas viscosity increases with temperature. Two common approximations are 
the power law and the Sutherland law:

	
μ

μ0
≈ µ (

T

T0)
n

power law

(T/T0)3/2(T0 + S)
T + S

 Sutherland law
� (1.27)

where µ0 is a known viscosity at a known absolute temperature T0 (usually 273 
K). The constants n and S are fit to the data, and both formulas are adequate over 
a wide range of temperatures. For air, n ≈ 0.7 and S ≈ 110 K = 199°R. Other 
values are given in Ref. 26.
	 Liquid viscosity decreases with temperature and is roughly exponential, µ ≈ 
ae−bT; but a better fit is the empirical result that ln µ is quadratic in 1/T, where 
T is absolute temperature:

	 ln 
μ

μ0
≈ a + b (

T0

T ) + c (
T0

T )
2

� (1.28)

For water, with T0 = 273.16 K, µ0 = 0.001792 kg/(m  ·  s), suggested values are 
a  = −1.94, b = −4.80, and c = 6.74, with accuracy about ±1 percent. The 
viscosity of water is tabulated in Table A.1. For further viscosity data, see Refs. 
27, 28, and 29.

Nonnewtonian Fluids
Fluids that do not follow the linear law of Eq.  (1.23) are called nonnewtonian 
and are treated in books on rheology [16]. Figure 1.9a compares some examples 
to a newtonian fluid. For the nonlinear curves, the slope at any point is called 
the apparent viscosity.

Dilatant.  This fluid is shear-thickening, increasing its resistance with increasing 
strain rate. Examples are suspensions of corn starch or sand in water. The classic 
case is quicksand, which stiffens up if one thrashes about.

Pseudoplastic.  A shear-thinning fluid is less resistant at higher strain rates. A 
very strong thinning is called plastic. Some of the many examples are polymer 
solutions, colloidal suspensions, paper pulp in water, latex paint, blood plasma, 

∙	 Comments:  Note the unit identities, 1 kg-m/s2 ≡ 1 N and 1 N/m2 ≡ 1 Pa. Although 
oil is very viscous, this shear stress is modest, about 2400 times less than atmospheric 
pressure. Viscous stresses in gases and thin (watery) liquids are even smaller.
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syrup, and molasses. The classic case is paint, which is thick when poured but 
thin when brushed at a high strain rate.

Bingham plastic.  The limiting case of a plastic substance is one that requires a 
finite yield stress before it begins to flow. Figure 1.9a shows yielding followed 
by linear behavior, but nonlinear flow can also occur. Some examples are clay 
suspensions, drilling mud, toothpaste, mayonnaise, chocolate, and mustard. The 
classic case is catsup, which will not come out of the bottle until you stress it by 
shaking.
	 A further complication of nonnewtonian behavior is the transient effect shown 
in Fig. 1.9b. Some fluids require a gradually increasing shear stress to maintain 
a constant strain rate and are called rheopectic. The opposite case of a fluid that 
thins out with time and requires decreasing stress is termed thixotropic. We 
neglect nonnewtonian effects in this book; see Ref. 16 for further study.

Rheometers
	 There are many commercial devices for measuring the shear stress versus strain 

rate behavior of both newtonian and nonnewtonian fluids. They are generically 
called rheometers and have various designs: parallel disks, cone-plate, rotating 
coaxial cylinders, torsion, extensional, and capillary tubes. Reference 29 gives a 
good discussion. A popular device is the parallel-disk rheometer, shown in 
Fig. 1.10. A thin layer of fluid is placed between the disks, one of which rotates. 
The resisting torque on the rotating disk is proportional to the viscosity of the 
fluid. A simplified theory for this device is given in Example 1.10.

Shear
stress

Shear
stress

Yield 
stress

Plastic

Ideal Bingham
plastic

Dilatant

Newtonian

Pseudoplastic

Shear strain rate d
dt

0 0 Time

(a) (b)

Constant
strain rate  

Rheopectic

Common
fluids

Thixotropic

τ

τ

θ

Fig. 1.9 Rheological behavior of various viscous materials: (a) stress versus strain rate;  
(b) effect of time on applied stress.

Fig. 1.10 A rotating parallel-disk 
rheometer (NETZSCH).
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Surface Tension
A liquid, being unable to expand freely, will form an interface with a second 
liquid or gas. The physical chemistry of such interfacial surfaces is quite complex, 
and whole textbooks are devoted to this specialty [30]. Molecules deep within 
the liquid repel each other because of their close packing. Molecules at the surface 
are less dense and attract each other. Since half of their neighbors are missing, 
the mechanical effect is that the surface is in tension. We can account adequately 
for surface effects in fluid mechanics with the concept of surface tension.
	 If a cut of length dL is made in an interfacial surface, equal and opposite forces 
of magnitude Υ dL are exposed normal to the cut and parallel to the surface, 
where Υ is called the coefficient of surface tension. The dimensions of Υ are 
{F/L}, with SI units of newtons per meter and BG units of pounds-force per foot. 
An alternate concept is to open up the cut to an area dA; this requires work to 
be done of amount Υ dA. Thus the coefficient Υ can also be regarded as the 
surface energy per unit area of the interface, in N  · m/m2 or ft  ·  lbf/ft2.
	 The two most common interfaces are water–air and mercury–air. For a clean 
surface at 20°C = 68°F, the measured surface tension is

	 Y = {
0.0050 lbf/ft = 0.073 N/m air–water
0.033 lbf/ft = 0.48 N/m  air–mercury

� (1.29)

These are design values and can change considerably if the surface contains 
contaminants like detergents or slicks. Generally Υ decreases with liquid tem-
perature and is zero at the critical point. Values of Υ for water are given in 
Fig. 1.11 and Table A.5.
	 If the interface is curved, a mechanical balance shows that there is a pressure 
difference across the interface, the pressure being higher on the concave side, as 
illustrated in Fig.  1.12. In Fig.  1.12a, the pressure increase in the interior of a 
liquid cylinder is balanced by two surface-tension forces:

2RL Δp = 2ΥL

or	 Δp =
Υ
R

� (1.30)

0
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Fig. 1.11 Surface tension of a clean 
air–water interface. Data from 
Table A.5.
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We are not considering the weight of the liquid in this calculation. In Fig. 1.12b, 
the pressure increase in the interior of a spherical droplet balances a ring of 
surface-tension force:

πR2 Δp = 2πRΥ

or	 Δp =
2Υ
R

� (1.31)

We can use this result to predict the pressure increase inside a soap bubble, which 
has two interfaces with air, an inner and outer surface of nearly the same radius R:

	 Δpbubble ≈ 2 Δpdroplet =
4Υ
R

� (1.32)

Figure 1.12c shows the general case of an arbitrarily curved interface whose 
principal radii of curvature are R1 and R2. A force balance normal to the surface 
will show that the pressure increase on the concave side is

	 � (1.33)

Equations (1.30) to (1.32) can all be derived from this general relation; for exam-
ple, in Eq.  (1.30), R1 = R and R2 = ∞.
	 A second important surface effect is the contact angle θ, which appears when 
a liquid interface intersects with a solid surface, as in Fig. 1.13. The force bal-
ance would then involve both Υ and θ. If the contact angle is less than 90°, the 
liquid is said to wet the solid; if θ > 90°, the liquid is termed nonwetting. For 
example, water wets soap but does not wet wax. Water is extremely wetting to 
a clean glass surface, with θ ≈ 0°. Like Υ, the contact angle θ is sensitive to 
the actual physicochemical conditions of the solid–liquid interface. For a clean 
mercury–air–glass interface, θ = 130°.

πR2 ∆p

2πRΥ

(b) (c)

∆p dA

ΥdL2

ΥdL1

ΥdL2

ΥdL1

R2

R1

2RL ∆p

2R
L

(a)

ΥL

ΥL

Fig. 1.12 Pressure change across a curved interface due to surface tension: (a) interior of a liquid cylinder; (b) interior of a spheri-
cal droplet; (c) general curved interface.
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	 Example 1.8 illustrates how surface tension causes a fluid interface to rise or 
fall in a capillary tube.

Nonwetting

Solid

Liquid

Gas

θ θ
Fig. 1.13 Contact-angle effects at 
liquid–gas–solid interface. If 
θ < 90°, the liquid “wets” the solid; 
if θ > 90°, the liquid is nonwetting.

EXAMPLE 1.8

Derive an expression for the change in height h in a circular tube of a liquid with 
surface tension Υ and contact angle θ, as in Fig. E1.8.

Solution

The vertical component of the ring surface-tension force at the interface in the tube 
must balance the weight of the column of fluid of height h:

2πRΥ cos θ = γπR2h

Solving for h, we have the desired result:

	 h =
2Υ cos θ

γR
� Ans.

Thus the capillary height increases inversely with tube radius R and is positive if 
θ < 90° (wetting liquid) and negative (capillary depression) if θ > 90°.
	 Suppose that R = 1 mm. Then the capillary rise for a water–air–glass interface, 
θ ≈ 0°, Υ = 0.073 N/m, and ρ = 1000 kg/m3 is

h =
2(0.073 N/m)(cos 0°)

(1000 kg/m3)(9.81 m/s2)(0.001 m)
= 0.015 (N · s2)/kg = 0.015 m = 1.5 cm

For a mercury–air–glass interface, with θ = 130°, Υ = 0.48 N/m, and ρ = 13,600 kg/m3, 
the capillary rise is

h =
2(0.48)(cos 130°)

13,600(9.81)(0.001)
= −0.0046 m = −0.46 cm

When a small-diameter tube is used to make pressure measurements (Chap.  2), these 
capillary effects must be corrected for.

 

2R

h

θ

E1.8
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Vapor Pressure
Vapor pressure is the pressure at which a liquid boils and is in equilibrium with 
its own vapor. For example, the vapor pressure of water at 68°F is 49 lbf/ft2, 
while that of mercury is only 0.0035 lbf/ft2. If the liquid pressure is greater than 
the vapor pressure, the only exchange between liquid and vapor is evaporation at 
the interface. If, however, the liquid pressure falls below the vapor pressure, vapor 
bubbles begin to appear in the liquid. If water is heated to 212°F, its vapor pressure 
rises to 2116 lbf/ft2, and thus water at normal atmospheric pressure will boil. 
When the liquid pressure is dropped below the vapor pressure due to a flow 
phenomenon, we call the process cavitation. If water is accelerated from rest to 
about 50 ft/s, its pressure drops by about 15 lbf/in2, or 1 atm. This can cause 
cavitation [31].
	 The dimensionless parameter describing flow-induced boiling is the cavitation 
number

	 Ca =
pa − pv

1
2 ρV2 � (1.34)

where pa = ambient pressure
	 pv	 = vapor pressure
	 V	 = characteristic flow velocity
	 ρ	 = fluid density

Depending on the geometry, a given flow has a critical value of Ca below which 
the flow will begin to cavitate. Values of surface tension and vapor pressure of 
water are given in Table A.5. The vapor pressure of water is plotted in Fig. 1.14.
	 Figure 1.15a shows cavitation bubbles being formed on the low-pressure sur-
faces of a marine propeller, as happens in water being churned by the propeller. 
When these bubbles move into a higher-pressure region, they collapse implo-
sively. Cavitation collapse can rapidly spall and erode metallic surfaces and even-
tually destroy them, as shown in Fig. 1.15b.
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Fig. 1.14 Vapor pressure of water. 
Data from Table A.5.
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Fig. 1.15 Two aspects of cavitation 
bubble formation in liquid flows: 
(a) Beauty: spiral bubble sheets 
form from the surface of a marine 
propeller (National Physical 
Laboratory/Crown Copyright/ 
Science Source); (b) ugliness: 
collapsing bubbles erode a propeller 
surface (Flafabri/Alamy Stock 
Photo).

(a)

(b)
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EXAMPLE 1.9

A certain torpedo, moving in fresh water at 10°C, has a minimum-pressure point given 
by the formula
	 pmin = p0 − 0.35 ρV2� (1)

where p0 = 115 kPa, ρ is the water density, and V is the torpedo velocity. Estimate the 
velocity at which cavitation bubbles will form on the torpedo. The constant 0.35 is 
dimensionless.

Solution

∙ Assumption:  Cavitation bubbles form when the minimum pressure equals the vapor 
pressure pv.

∙ Approach:  Solve Eq.  (1) above, which is related to the Bernoulli equation from 
Example 1.3, for the velocity when pmin = pv. Use SI units (m, N, kg, s).

∙ Property values:  At 10°C, read Table A.1 for ρ = 1000 kg/m3 and Table A.5 for  
pv = 1.227 kPa.

∙ Solution steps:  Insert the known data into Eq.  (1) and solve for the velocity, using 
SI units:

pmin = pv = 1227 Pa = 115,000 Pa − 0.35 (1000 
kg
m3) V2, with V in m/s

	 Solve V2 =
(115,000 − 1227)

0.35(1000)
= 325 

m2

s2  or V = √325 ≈ 18.0 m/s� Ans.

∙ Comments:  Note that the use of SI units requires no conversion factors, as discussed 
in Example 1.3b. Pressures must be entered in pascals, not kilopascals.

 

No-Slip and No-Temperature-Jump Conditions
When a fluid flow is bounded by a solid surface, molecular interactions cause 
the fluid in contact with the surface to seek momentum and energy equilibrium 
with that surface. All liquids essentially are in equilibrium with the surfaces they 
contact. All gases are, too, except under the most rarefied conditions [18]. Exclud-
ing rarefied gases, then, all fluids at a point of contact with a solid take on the 
velocity and temperature of that surface:

	 Vfluid ≡ Vwall 
  

Tfluid ≡ Twall� (1.35)

These are called the no-slip and no-temperature-jump conditions, respectively. 
They serve as boundary conditions for analysis of fluid flow past a solid surface. 
Figure 1.16 shows the velocity profiles for a fluid flow over a solid surface with 
no-slip and slip conditions. The no-slip boundary condition assumes that the 
velocity of the fluid layer in direct contact with the boundary is identical to the 
velocity of this boundary (Eq. 1.35). There is no relative movement between the 
boundary and this fluid layer; therefore there is no slip. On the other hand, the 
slip boundary condition assumes a discontinuity in the velocity function that 
results in a relative movement between the fluid and the boundary; therefore there 
is slip. The hypothetical vertical distance inside of the boundary at which the 
velocity function would effectively reach the velocity of the boundary is referred 
to as slip length l. 
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	 In some applications, the no-slip condition is partially relaxed in the analysis 
of inviscid flow (Chap. 8). The flow is allowed to “slip” past the surface but not 
to permeate through the surface

	 Vnormal(fluid) ≡ Vnormal(solid)� (1.36)

while the tangential velocity Vt is allowed to be independent of the wall. The 
analysis is much simpler, but the flow patterns are highly idealized.
	 For high-viscosity newtonian fluids, the linear velocity assumption and the 
no-slip conditions can yield some sophisticated approximate analyses for two- and 
three-dimensional viscous flows. The following example, for a type of rotating-
disk viscometer, will illustrate.

δuwall = 0 δuwall ≈ l

δuwall

y
No-slip condition Slip condition

l

y

∂u
∂y wall

u u

Fig. 1.16 Schematics of velocity 
profiles over a solid surface with 
no-slip and slip conditions.

EXAMPLE 1.10

An oil film of viscosity µ and thickness h ≪ R lies between a solid wall and a circu-
lar disk, as in Fig. E1.10. The disk is rotated steadily at angular velocity Ω. Noting 
that both velocity and shear stress vary with radius r, derive a formula for the torque 
M required to rotate the disk. Neglect air drag.

Solution

∙	 System sketch:  Figure E1.10 shows a side view (a) and a top view (b) of the system.
∙	 Assumptions:  Linear velocity profile, laminar flow, no-slip, local shear stress given 

by Eq.  (1.23).

r

r = R
r = ROil film

thickness
h

Fixed wall

r

dM = (τdA)r

dA = 2πr dr

(b)(a)

dr

Ω

E1.10
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Slip Flow in Rarefied Gases
The “free slip” boundary condition, Eq. (1.36), is an unrealistic mathematical arti-
fice to enable inviscid-flow solutions. However, actual, realistic wall slip occurs 
in rarefied gases as shown in Fig. 1.16, where there are too few molecules to 
establish momentum equilibrium with the wall. In 1879, the physicist James Clerk 
Maxwell used the kinetic theory of gases to predict a slip velocity at the wall:

	 δuwall ≈ ℓ 

∂u

∂y
 |wall� (1.37)

where ℓ is the mean free path of the gas, and u and x are along the wall. If ℓ is very 
small compared to the lateral scale L of the flow, the Knudsen number, Kn = ℓ/L, 
is small, and the slip velocity is near zero. We will assign a few slip problems, but 
the details of rarefied gas flow are left for further reading in Refs. 18 and 46.

Speed of Sound
In gas flow, one must be aware of compressibility effects (significant density 
changes caused by the flow). We shall see in Sec. 4.2 and in Chap. 9 that com-
pressibility becomes important when the flow velocity reaches a significant frac-
tion of the speed of sound of the fluid. The speed of sound a of a fluid is the 
rate of propagation of small-disturbance pressure pulses (“sound waves”) through 
the fluid. In Chap. 9 we shall show, from momentum and thermodynamic argu-
ments, that the speed of sound  is defined by a pressure-density derivative pro-
portional to the isentropic bulk modulus:

a2 =
β

ρ
= (

∂p

∂ρ)
s

= k (
∂p

∂ρ)
T

, k =
cp

cv

∙	 Approach:  Estimate the shear stress on a circular strip of width dr and area dA = 2πr 
dr in Fig. E1.10b, then find the moment dM about the origin caused by this shear stress. 
Integrate over the entire disk to find the total moment M.

∙	 Property values:  Constant oil viscosity µ. In this steady flow, oil density is not relevant.
∙	 Solution steps:  At radius r, the velocity in the oil is tangential, varying from zero 

at the fixed wall (no-slip) to u = Ωr at the disk surface (also no-slip). The shear 
stress at this position is thus

τ = μ
du

dy
≈ μ

Ωr

h

This shear stress is everywhere perpendicular to the radius from the origin (see Fig. E1.10b). 
Then the total moment about the disk origin, caused by shearing this circular strip, can be 
found and integrated:

	 dM = (τ) (dA)r = (
μΩr

h )(2πr dr)r, M = ∫dM =
2πμΩ

h ∫
R

0

r3dr =
πμΩR4

2h
� Ans.

∙	 Comments:  This is a simplified engineering analysis, which neglects possible edge 
effects, air drag on the top of the disk, and the turbulence that might ensue if the 
disk rotates too fast.
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where β = isentropic bulk modulus = ρ (
∂p

∂ρ)
s

.

This is true for either a liquid or a gas, but it is for gases that the problem of 
compressibility occurs. For an ideal gas, Eq. (1.10), we obtain the simple formula

	 aideal gas = (kRT)1/2� (1.38)

where R is the gas constant, Eq.  (1.11), and T the absolute temperature. For 
example, for air at 20°C, a = {(1.40)[287 m2/(s2  · K)](293 K)}1/2 ≈ 343 m/s (1126 
ft/s = 768 mi/h). If, in this case, the air velocity reaches a significant fraction of 
a, say, 100  m/s, then we must account for compressibility effects (Chap.  9). 
Another way to state this is to account for compressibility when the Mach num-
ber, Ma = V/a, of the flow reaches about 0.3.
	 The speed of sound of water is tabulated in Table A.5. For near perfect gases, 
like air, the speed of sound is simply calculated by Eq. (1.38). Many liquids have 
their bulk modulus listed in Table A.3. Note, however, as discussed in Ref. 45, 
even a very small amount of dissolved gas in a liquid can reduce the mixture 
speed of sound by up to 80 percent.

EXAMPLE 1.11

A commercial airplane flies at 540 mi/h at a standard altitude of 30,000 ft. What is its 
Mach number?

Solution

∙	 Approach:  Find the “standard” speed of sound; divide it into the velocity, using 
proper units.

∙	 Property values:  From Table A.6, at 30,000 ft (9144 m), a ≈ 303 m/s. Check this 
against the standard temperature, estimated from the table to be 229 K. From 
Eq.  (1.38) for air,

a = [kRairT]1/2 = [1.4(287)(229)]1/2 ≈ 303 m/s.

∙	 Solution steps:  Convert the airplane velocity to m/s:
V = (540 mi/h)[0.44704 m/s/(mi/h)] ≈ 241 m/s.

Then the Mach number is given by
	 Ma = V/a = (241 m/s)/(303 m/s) = 0.80� Ans.

∙	 Comments:  This value, Ma = 0.80, is typical of present-day commercial airliners.
 

1.8 Flow Patterns: Streamlines, Pathlines, and Streaklines
Fluid mechanics is a highly visual subject. The patterns of flow can be visualized 
in a dozen different ways, and you can view these sketches or photographs and 
learn a great deal qualitatively and often quantitatively about the flow.
	 Four basic types of line patterns are used to visualize flows:

1.	 A streamline is a line everywhere tangent to the velocity vector at a given instant.
2.	 A pathline is the actual path traversed by a given fluid particle.
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3.	 A streakline is the locus of particles that have earlier passed through a pre-
scribed point [33].

4.	 A timeline is a set of fluid particles that form a line at a given instant.

The streamline is convenient to calculate mathematically, while the other three are 
easier to generate experimentally. Note that a streamline and a timeline are instanta-
neous lines, while the pathline and the streakline are generated by the passage of time. 
A pathline can be found by a time exposure of a single marked particle moving 
through the flow. Streamlines are difficult to generate experimentally in unsteady flow 
unless one marks a great many particles and notes their direction of motion during a 
very short time interval [32]. In steady flow, where velocity varies only with position, 
the situation simplifies greatly:

Streamlines, pathlines, and streaklines are identical in steady flow.

	 In fluid mechanics the most common mathematical result for visualization 
purposes is the streamline pattern. Figure 1.17a shows a typical set of streamlines, 
and Fig. 1.17b shows a closed pattern called a streamtube. By definition the fluid 
within a streamtube is confined there because it cannot cross the streamlines; thus 
the streamtube walls need not be solid but may be fluid surfaces.
	 Figure 1.18 shows an arbitrary velocity vector. If the elemental arc length dr of 
a streamline is to be parallel to V, their respective components must be in proportion:

Streamline:	
dx

u
=

dy

v
=

dz

w
=

dr

V
� (1.39)

If the velocities (u, v, w) are known functions of position and time, Eq. (1.39) 
can be integrated to find the streamline passing through the initial point (x0, 
y0, z0, t0). The method is straightforward for steady flows but may be labori-
ous for unsteady flow.

Flow Visualization
Clever experimentation can produce revealing images of a fluid flow pattern, as 
shown earlier in Figs. 1.15a and 1.16. For example, streaklines are produced by 
the continuous release of marked particles (dye, smoke, or bubbles) from a given 

(a)

V

(b)

No flow across
streamtube walls 

Individual
streamline

Fig. 1.17 The most common method 
of flow-pattern presentation: 
(a) Streamlines are everywhere 
tangent to the local velocity vector; 
(b) a streamtube is formed by a 
closed collection of streamlines.
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point. If the flow is steady, the streaklines will be identical to the streamlines and 
pathlines of the flow.
	 Some methods of flow visualization include the following [34–38]:

1.	 Dye, smoke, or bubble discharges.
2.	 Surface powder or flakes on liquid flows.
3.	 Floating or neutral-density particles.
4.	 Optical techniques that detect density changes in gas flows: shadowgraph, 

schlieren, and interferometer.
5.	 Tufts of yarn attached to boundary surfaces.
6.	 Evaporative coatings on boundary surfaces.
7.	 Luminescent fluids, additives, or bioluminescence.
8.	 Particle image velocimetry (PIV).

Figure 1.15a was visualized by bubble releases. Figure 1.19 illustrates the huge 
size of the wingtip vortices from the wing of an agricultural plane [42]. The 
visualization is made by a technique that uses colored smoke rising from the 
ground. The swirl at the wingtip traces the aircraft’s wake vortices, which exerts 
a powerful influence on the flow field behind the plane. The wingtip vortices can 
pose a hazard to aircraft, especially during the landing and takeoff phases of 
flight. NASA researchers studied wake vortices in actual flight tests in research 
aircraft. Their goal is to fully understand the phenomenon, then use that knowl-
edge to create an automated system that could predict changing wake vortex 
conditions at airports.
	 Mathematical details of streamline/streakline/pathline analysis are given in 
Ref. 33. References 39–41 are beautiful albums of flow photographs. References 
34–36 are monographs on flow visualization techniques.
	 Fluid mechanics is a marvelous subject for visualization, not just for still 
(steady) patterns, but also for moving (unsteady) motion studies. An outstanding 
list of available flow movies and videotapes is given by Carr and Young [43].

z

y

dy

dx

dr

x

v

dz

u 

V

V

w

Fig. 1.18 Geometric relations for 
defining a streamline.
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Fig. 1.19 Visualization of wingtip 
vortices, illustrating the huge size of 
the vortices produced during takeoff 
phase of an airplane. (NASA)

1.9 Basic Flow Analysis Techniques
Forces and motion are the main focuses in both solid and fluid mechanics. For 
solid mechanics, we have used the free-body diagram extensively for the analysis. 
But for fluid mechanics, we will use a system or a control volume, depending on 
the problem being analyzed. The relations between the forces and motion are 
governed by conversion of mass and Newton’s second law of motion.  However, 
the expressions of these basic laws in a system or a control volume is different. 

Integral and Differential Approaches
In analyzing fluid motion with a control volume, we might take one of two 
approaches: (1) formulating the basic laws of fluid mechanics in a finite region, 
making a balance of flow in versus flow out, and determining gross flow effects 
such as the force or torque on a body or the total energy exchange; or (2) formulat-
ing the basic laws of fluid mechanics in an infinitesimal control volume, and seek-
ing to describe the detailed flow pattern at every point (x, y, z) in the flow fluid.
	 In the first case the resulting equations are integral formulations of the basic 
laws introduced in detail in Chap. 3. An example of applications might be the 
overall anchoring force required for a section of pipes or the mass flow rate for 
an open jet. The second case is the “differential” approach and is developed in 
Chap. 4. The resulting equations are differential equations. Solution of the dif-
ferential equations of fluid motion provides a means of determining the detailed 
behavior of the flow field. An example might be the pressure distribution on an 
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airplane wing surface or the velocity distribution in a ventilated clean room. 
These approaches, together with the experimental study based on the dimensional 
analysis and similarity introduced in Chap. 5, construct the basic flow analysis 
techniques for fluid mechanics and provide necessary means to solve different 
types of complex fluid dynamics problems.
	 It should be noted that with the availability of powerful computers it is fea-
sible to solve the differential equations using the techniques of numerical analy-
sis known as CFD. Although it is beyond the scope of this book to look extensively 
into this approach, the reader should be aware that CFD has become a common 
engineering tool for a large class of fluid flow, heat, and mass transfer problems.

Basic Laws Governing the Fluid Motion
In all cases, the flow must satisfy the three basic laws of mechanics plus a ther-
modynamic state relation and associated boundary conditions:

1.	 Conservation of mass (continuity).
2.	 Linear momentum (Newton’s second law).
3.	 First law of thermodynamics (conservation of energy).
4.	 A state relation like ρ = ρ(p, T ).
5.	 Appropriate boundary conditions at solid surfaces, interfaces, inlets, and exits.

In integral and differential analyses, these five relations are modeled mathe-
matically and solved by computational methods. In an experimental study, the 
fluid itself performs this task without the use of any mathematics. In other 
words, these laws are believed to be fundamental to physics, and no fluid flow 
is known to violate them.

1.10 The Fundamentals of Engineering (FE) Examination
The road toward a professional engineer’s license has a first stop, the Fundamen-
tals of Engineering Examination, known as the FE exam. It was formerly known 
as the Engineer-in-Training (E-I-T) Examination. This eight-hour national test will 
probably soon be required of all engineering graduates, not just for licensure, but 
as a student assessment tool. The 120-problem, four-hour morning session covers 
many general studies:

Mathematics—15%	 Ethics and business	 Material properties—7% 
	   practices—7%

Engineering probability	 Engineering	 Fluid mechanics—7% 
  and statistics—7%	   economics—8%

Chemistry—9%	 Engineering	 Electricity and  
	   mechanics—10%	   magnetism—9%

Computers—7%	 Strength of	 Thermodynamics—7% 
	   materials—7%

For the 60-problem, four-hour afternoon session you may choose one of seven 
modules: chemical, civil, electrical, environmental, industrial, mechanical, and 
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other/general engineering. Note that fluid mechanics is an integral topic of the 
examination. Therefore, for practice, this text includes a number of end-of-chapter 
FE problems where appropriate.
	 The format for the FE exam questions is multiple-choice, usually with five 
selections, chosen carefully to tempt you with plausible answers if you used 
incorrect units, forgot to double or halve something, are missing a factor of π, or 
the like. In some cases, the selections are unintentionally ambiguous, such as the 
following example from a previous exam:

Transition from laminar to turbulent flow occurs at a Reynolds number of 
(A) 900      (B) 1200      (C) 1500      (D) 2100      (E) 3000

The “correct” answer was graded as (D), Re = 2100. Clearly the examiner was 
thinking, but forgot to specify, Red for flow in a smooth circular pipe, since (see 
Chaps. 6 and 7) transition is highly dependent on geometry, surface roughness, 
and the length scale used in the definition of Re. The moral is not to get peevish 
about the exam but simply to go with the flow (pun intended) and decide which 
answer best fits an undergraduate training situation. Every effort has been made 
to keep the FE exam questions in this text unambiguous.

1.11 The History of Fluid Mechanics
Many distinguished workers have contributed to the development of fluid mechan-
ics. If you are a student, however, this is probably not the time to be studying 
history. Later, during your career, you will enjoy reading about the history of, not 
just fluid mechanics, but all of science. Here are some names that will be 
mentioned as we encounter their contributions in the rest of this book.

Name	 Important Contribution

Archimedes (285–212 BC)	 Established laws of buoyancy and floating bodies.
Leonardo da Vinci (1452–1519)	 Formulated the first equation of continuity.
Isaac Newton (1642–1727)	 Postulated the law of linear viscous stresses.
Leonhard Euler (1707–1783)	� Developed Bernoulli’s equation by solving the basic  

equations.
L. M. H. Navier (1785–1836)	� Formulated the basic differential equations of  

viscous flow.
Jean Louis Poiseuille (1799–1869)	 Performed first experiments on laminar flow in tubes.
Osborne Reynolds (1842–1912)	 Explained the phenomenon of transition to turbulence.
Ludwig Prandtl (1875–1953)	� Formulated boundary-layer theory, predicting flow  

separation.
Theodore von Kármán (1881–1963)	 Major advances in aerodynamics and turbulence theory.

References 12–15 provide a comprehensive treatment of the history of fluid 
mechanics.

Summary
This chapter has discussed the behavior of a fluid—which, unlike a solid, must move 
if subjected to a shear stress—and the important fluid properties. The writer believes 
the most important property to be the velocity vector field V(x, y, z, t). Following 
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closely are the pressure p, density ρ, and temperature T. Many secondary properties 
enter into various flow problems: viscosity µ, thermal conductivity k, specific weight 
γ, surface tension Υ, speed of sound a, and vapor pressure pv. You must learn to 
locate and use all these properties to become proficient in fluid mechanics.
	 There was a brief discussion of the five different kinds of mathematical rela-
tions we will use to solve flow problems—mass conservation, linear momentum, 
first law of thermodynamics, equations of state, and appropriate boundary condi-
tions at walls and other boundaries.
	 Flow patterns are also discussed briefly. The most popular, and useful, scheme 
is to plot the field of streamlines, that is, lines everywhere parallel to the local 
velocity vector.
	 Since the earth is 75 percent covered with water and 100 percent covered with 
air, the scope of fluid mechanics is vast and touches nearly every human endeavor. 
The sciences of meteorology, physical oceanography, and hydrology are concerned 
with naturally occurring fluid flows, as are medical studies of breathing and blood 
circulation. All transportation problems involve fluid motion, with well-developed 
specialties in aerodynamics of aircraft and rockets and in naval hydrodynamics of 
ships and submarines. Almost all our electric energy is developed either from 
water flow, air flow through wind turbines, or from steam flow through turbine 
generators. All combustion problems involve fluid motion as do the more classic 
problems of irrigation, flood control, water supply, sewage disposal, projectile 
motion, and oil and gas pipelines. The aim of this book is to present enough 
fundamental concepts and practical applications in fluid mechanics to prepare you 
to move smoothly into any of these specialized fields of the science of flow—and 
then be prepared to move out again as new technologies develop.

Problems
Most of the problems herein are fairly straightforward. More 
difficult or open-ended assignments are labeled with an aster-
isk as in Prob. 1.18. Problems labeled with a computer icon 

 may require the use of a computer. The standard end-of-
chapter problems 1.1 to 1.85 (categorized in the problem list 
below) are followed by fundamentals of engineering (FE) 
exam problems FE1.1 to FE1.10 and comprehensive problems 
C1.1 to C1.12.

Problem Distribution

	 Section	 Topic	 Problems

1.1–1.3	 Fluid continuum concept	 1.1–1.4
1.4	 Dimensions and units	 1.5–1.23
1.6	 Thermodynamic properties	 1.24–1.37
1.7	 Viscosity, no-slip condition	 1.38–1.61
1.7	 Surface tension	 1.62–1.71
1.7	 Vapor pressure; cavitation	 1.72–1.74
1.7	 Speed of sound, Mach number	 1.75–1.80
1.8	 Streamlines	 1.81–1.83
1.11	 History of fluid mechanics	 1.84–1.85a–n

The concept of a fluid
P1.1	 A gas at 20°C may be considered rarefied, deviating 

from the continuum concept, when it contains less than 
1012 molecules per cubic millimeter. If Avogadro’s num-
ber is 6.023 × 1023 molecules per mole, what absolute 
pressure (in Pa) for air does this represent?

P1.2	 Table A.6 lists the density of the standard atmosphere as 
a function of altitude. Use these values to estimate, 
crudely—say, within a factor of 2—the number of mol-
ecules of air in the entire atmosphere of the earth.

P1.3	 For the triangular element in Fig. P1.3, show that a tilted free 
liquid surface, in contact with an atmosphere at pressure pa, 
must undergo shear stress and hence begin to flow. Hint: 
Account for the weight of the fluid and show that a no-shear 
condition will cause horizontal forces to be out of balance.

		  P1.3	

pa

Fluid density ρ
θ
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P1.4	 Sand, and other granular materials, appear to flow; that 
is, you can pour them from a container or a hopper. 
There are whole textbooks on the “transport” of granular 
materials [48]. Therefore, is sand a fluid? Explain.

Dimensions and units
P1.5	 The mean free path of a gas, l, is defined as the average 

distance traveled by molecules between collisions. A 
proposed formula for estimating l of an ideal gas is

l = 1.26 
μ

ρ√RT

What are the dimensions of the constant 1.26? Use the 
formula to estimate the mean free path of air at 20°C and 
7 kPa. Would you consider air rarefied at this condition?

P1.6	 Henri Darcy, a French engineer, proposed that the pres-
sure drop Δp for flow at velocity V through a tube of 
length L could be correlated in the form

Δp

ρ
= α LV2

If Darcy’s formulation is consistent, what are the dimen-
sions of the coefficient α?

P1.7	 Convert the following inappropriate quantities into SI 
units: (a) 2.283 × 107 U.S. gallons per day; (b) 4.5 
furlongs per minute (racehorse speed); and (c) 72,800 
avoirdupois ounces per acre.

P1.8	 Suppose we know little about the strength of materials 
but are told that the bending stress σ in a beam is 
proportional to the beam half-thickness y and also de-
pends on the bending moment M and the beam area 
moment of inertia I. We also learn that, for the par-
ticular case M = 2900 in · lbf, y = 1.5 in, and I = 0.4 
in4, the predicted stress is 75 MPa. Using this infor-
mation and dimensional reasoning only, find, to three 
significant figures, the only possible dimensionally 
homogeneous formula σ = y f (M, I ).

P1.9	 A hemispherical container, 26 inches in diameter, is 
filled with a liquid at 20°C and weighed. The liquid 
weight is found to be 1617 ounces. (a) What is the den-
sity of the fluid, in kg/m3? (b) What fluid might this be? 
Assume standard gravity, g = 9.807 m/s2.

P1.10	 The Stokes–Oseen formula [33] for drag force F on a 
sphere of diameter D in a fluid stream of low velocity V, 
density ρ, and viscosity µ is

F = 3πμDV +
9π

16
ρV2D2

Is this formula dimensionally homogeneous?

P1.11	 In English Engineering units, the specific heat cp of 
air at room temperature is approximately 0.24 Btu/
(lbm-°F). When working with kinetic energy rela-
tions, it is more appropriate to express cp as a veloc-
ity-squared per absolute degree. Express the numerical 
value, in this form, of cp for air in (a) SI units, and (b) 
BG units.

P1.12	 For low-speed (laminar) steady flow through a circular 
pipe, as shown in Fig. P1.12, the velocity u varies with 
radius and takes the form

	 u = B
Δp

μ
(r0

2 − r2)

where µ is the fluid viscosity and Δp is the pressure drop 
from entrance to exit. What are the dimensions of the 
constant B?

r = 0

r

u (r)

Pipe wall

r = r0

		  P1.12

P1.13	 The efficiency η of a pump is defined as the (dimension-
less) ratio of the power developed by the flow to the 
power required to drive the pump:

	 η =
QΔp

input power

where Q is the volume rate of flow and Δp is the pres-
sure rise produced by the pump. Suppose that a certain 
pump develops a pressure rise of 35 lbf/in2 when its flow 
rate is 40 L/s. If the input power is 16 hp, what is the 
efficiency?

 *P1.14	 Figure P1.14 shows the flow of water over a dam. The 
volume flow Q is known to depend only on crest width 
B, acceleration of gravity g, and upstream water height 
H above the dam crest. It is further known that Q is 
proportional to B. What is the form of the only possi-
ble dimensionally homogeneous relation for this flow 
rate?
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P1.19	 In his study of the circular hydraulic jump formed by a 
faucet flowing into a sink, Watson [47] proposed a pa-
rameter combining volume flow rate Q, density ρ, and 
viscosity µ of the fluid, and depth h of the water in the 
sink. He claims that his grouping is dimensionless, with 
Q in the numerator. Can you verify this?

P1.20	 Books on porous media and atomization claim that the 
viscosity µ and surface tension Υ of a fluid can be com-
bined with a characteristic velocity U to form an impor-
tant dimensionless parameter. (a) Verify that this is so. 
(b) Evaluate this parameter for water at 20°C and a ve-
locity of 3.5 cm/s. Note: You get extra credit if you know 
the name of this parameter.

P1.21	 Aeronautical engineers measure the pitching moment M0 
of a wing and then write it in the following form for use 
in other cases:

M0 = βV2 AC ρ

where V is the wing velocity, A the wing area, C the 
wing chord length, and ρ the air density. What are the 
dimensions of the coefficient β?

P1.22	 The Ekman number, Ek, arises in geophysical fluid 
dynamics. It is a dimensionless parameter combining 
seawater density ρ, a characteristic length L, seawater 
viscosity µ, and the Coriolis frequency Ω sinφ, where 
Ω is the rotation rate of the earth and φ is the latitude 
angle. Determine the correct form of Ek if the viscosity 
is in the numerator.

P1.23	 During World War II, Sir Geoffrey Taylor, a British fluid 
dynamicist, used dimensional analysis to estimate the 
energy released by an atomic bomb explosion. He as-
sumed that the energy released, E, was a function of 
blast wave radius R, air density ρ, and time t. Arrange 
these variables into a single dimensionless group, which 
we may term the blast wave number.

Thermodynamic properties
P1.24	 Air, assumed to be an ideal gas with k = 1.40, flows is-

entropically through a nozzle. At section 1, conditions 
are sea level standard (see Table A.6). At section 2, the 
temperature is −50°C. Estimate (a) the pressure and (b) 
the density of the air at section 2.

P1.25	 On a summer day in Narragansett, Rhode Island, the air 
temperature is 74°F and the barometric pressure is 14.5 
lbf/in2. Estimate the air density in kg/m3.

P1.26	 When we in the United States say a car’s tire is filled “to 
32  lb,” we mean that its internal pressure is 32 lbf/in2 
above the ambient atmosphere. If the tire is at sea level, 
has a volume of 3.0 ft3, and is at 75°F, estimate the total 
weight of air, in lbf, inside the tire.

		  P1.14     

H

B

QWater level

Dam

P1.15	 The height H that fluid rises in a liquid barometer tube 
depends upon the liquid density ρ, the barometric pres-
sure p, and the acceleration of gravity g. (a) Arrange 
these four variables into a single dimensionless group. 
(b) Can you deduce (or guess) the numerical value of 
your group?

P1.16	 Algebraic equations such as Bernoulli’s relation, Eq. (1) 
of Example 1.3, are dimensionally consistent, but what 
about differential equations? Consider, for example, the 
boundary-layer x-momentum equation, first derived by 
Ludwig Prandtl in 1904:

ρu 
∂u

∂x
+ ρν

∂u

∂y
= −

∂p

∂x
+ ρgx +

∂τ

∂y

where τ is the boundary-layer shear stress and gx is the 
component of gravity in the x direction. Is this equation 
dimensionally consistent? Can you draw a general conclu-
sion?

P1.17	 The Hazen–Williams hydraulics formula for volume rate 
of flow Q through a pipe of diameter D and length L is 
given by

Q ≈ 61.9 D2.63 
(

Δp

L )
0.54

where Δp is the pressure drop required to drive the flow. 
What are the dimensions of the constant 61.9? Can this 
formula be used with confidence for various liquids and 
gases?

 *P1.18	 For small particles at low velocities, the first term in the 
Stokes–Oseen drag law, Prob. 1.10, is dominant; hence, 
F ≈ KV, where K is a constant. Suppose a particle of 
mass m is constrained to move horizontally from the ini-
tial position x = 0 with initial velocity V0. Show (a) that 
its velocity will decrease exponentially with time and (b) 
that it will stop after traveling a distance x = mV0/K.
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Pressure, kPa	 100	 10,230	 20,700	 34,310

Density, kg/m3	 586.3	 604.1	 617.8	 632.8

		  (a) Fit these data to reasonably accurate values of B and 
n from Eq. (1.19). (b) Evaluate ρ at 30 MPa.

P1.37	 A near-ideal gas has a molecular weight of 44 and a 
specific heat cv = 610 J/(kg · K). What are (a) its 
specific-heat ratio, k, and (b) its speed of sound at 100°C?

Viscosity, no-slip condition
P1.38	 In Fig. 1.8, if the fluid is glycerin at 20°C and the width 

between plates is 6 mm, what shear stress (in Pa) is 
required to move the upper plate at 5.5 m/s? What is the 
Reynolds number if L is taken to be the distance between 
plates?

P1.39	 Knowing µ for air at 20°C from Table 1.4, estimate its 
viscosity at 500°C by (a) the power law and (b) the 
Sutherland law. Also make an estimate from (c) Fig. 1.7. 
Compare with the accepted value of µ ≈ 3.58 E−5 
kg/m · s.

P1.40	 Glycerin at 20°C fills the space between a hollow sleeve 
of diameter 12 cm and a fixed coaxial solid rod of diam-
eter 11.8 cm. The outer sleeve is rotated at 120 rev/min. 
Assuming no temperature change, estimate the torque 
required, in N · m per meter of rod length, to hold the 
inner rod fixed.

P1.41	 An aluminum cylinder weighing 30 N, 6 cm in diameter 
and 40 cm long, is falling concentrically through a long 
vertical sleeve of diameter 6.04 cm. The clearance is 
filled with SAE 50 oil at 20°C. Estimate the terminal 
(zero acceleration) fall velocity. Neglect air drag and as-
sume a linear velocity distribution in the oil. Hint: You 
are given diameters, not radii.

P1.42	 Helium at 20°C has a viscosity of 1.97 E−5 kg/(m · s). 
Use the power law approximation and the data of Table 
A.4 to estimate the temperature, in °C, at which helium’s 
viscosity will double.

P1.43	 For the flow of gas between two parallel plates of 
Fig. 1.8, reanalyze for the case of slip flow at both walls. 
Use the simple slip condition, δuwall = ℓ  (du/dy)wall, 
where ℓ  is the mean free path of the fluid. Sketch the 
expected velocity profile and find an expression for the 
shear stress at each wall.

P1.44	 One type of viscometer is simply a long capillary tube. A 
commercial device is shown in Prob. C1.10. One mea-
sures the volume flow rate Q and the pressure drop Δp 
and, of course, the radius and length of the tube. The 
theoretical formula, which will be discussed in Chap. 6, 
is Δp ≈ 8 μQL /(πR4). For a capillary of diameter 4 mm 
and length 254 mm, the test fluid flows at 0.9 m3/h when 

P1.27	 For steam at a pressure of 45 atm, some values of tem-
perature and specific volume are as follows, from Ref. 23:

T, °F	 500	 600	 700	 800	 900

v, ft3/lbm	 0.7014	 0.8464	 0.9653	 1.074	 1.177

Find an average value of the predicted gas constant R in 
m2/(s2 · K). Do these data reasonably approximate an 
ideal gas? If not, explain.

P1.28	 Wet atmospheric air at 100 percent relative humidity 
contains saturated water vapor and, by Dalton’s law of 
partial pressures,

	 patm = pdry air + pwater vapor

Suppose this wet atmosphere is at 40°C and 1 atm. Calcu-
late the density of this 100 percent humid air, and com-
pare it with the density of dry air at the same conditions.

P1.29	 A compressed-air tank holds 5 ft3 of air at 120 lbf/in2 
“gage,” that is, above atmospheric pressure. Estimate the 
work input, in ft-lbf, required to compress this air from 
the atmosphere, assuming a reversible isothermal 
process.

P1.30	 Repeat Prob. 1.29 if the tank is filled with compressed 
water instead of air. Why is the work input thousands of 
times less than that in Prob. 1.29?

P1.31	 One cubic foot of argon gas at 10°C and 1 atm is com-
pressed isentropically to a pressure of 600 kPa. (a) What 
will be its new pressure and temperature? (b) If it is 
allowed to cool at this new volume back to 10°C, what 
will be the final pressure?

P1.32	 A blimp is approximated by a prolate spheroid 90 m long 
and 30 m in diameter. Estimate the weight of 20°C gas 
within the blimp for (a) helium at 1.1 atm and (b) air at 
1.0 atm. What might the difference between these two 
values represent (see Chap. 2)?

P1.33	 A tank contains 9 kg of CO2 at 20°C and 2.0 MPa. Esti-
mate the volume of the tank, in m3.

P1.34	 Consider steam at the following state near the saturation 
line: (p1, T1) = (1.31 MPa, 290°C). Using the ideal gas 
relation and the steam tables, respectively, calculate and 
compare (a) the density ρ1 and (b) the density ρ2 if the 
steam expands isentropically to a new pressure of 414 
kPa. Discuss your results.

P1.35	 In Table A.4, most common gases (air, nitrogen, oxygen, 
hydrogen) have a specific-heat ratio k ≈ 1.40. Why do 
argon and helium have such high values? Why does NH3 
have such a low value? What is the lowest k for any gas 
that you know of?

P1.36	 Experimental data [49] for the density of n-pentane 
liquid for high pressures, at 50°C, are listed as  
follows:
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derive the force F required to pull the plate at velocity V. 
(b) Is there a necessary relation between the two vis-
cosities, µ1 and µ2?

h1

h2

µ1

µ2

F, V

		  P1.48

P1.49	 An amazing number of commercial and laboratory de-
vices have been developed to measure fluid viscosity, as 
described in Refs. 29 and 44. Consider a concentric 
shaft, fixed axially and rotated inside the sleeve. Let the 
inner and outer cylinders have radii ri and ro, respec-
tively, with total sleeve length L. Let the rotational rate 
be Ω (rad/s) and the applied torque be M. Using these 
parameters, derive a theoretical relation for the viscosity 
µ of the fluid between the cylinders.

P1.50	 A simple viscometer measures the time t for a solid 
sphere to fall a distance L through a test fluid of density 
ρ. The fluid viscosity µ is then given by

μ ≈
Wnett

3πDL
 if t ≥

2ρDL

μ

where D is the sphere diameter and Wnet is the sphere net 
weight in the fluid. (a) Prove that both of these formulas 
are dimensionally homogeneous. (b) Suppose that a 
2.5 mm diameter aluminum sphere (density 2700 kg/m3) 
falls in an oil of density 875 kg/m3. If the time to fall 50 cm 
is 32  s, estimate the oil viscosity and verify that the 
inequality is valid.

P1.51	 An approximation for the boundary-layer shape in 
Figs. 1.6b and P1.51 is the formula

u( y) ≈ U sin(
πy

2δ), 0 ≤ y ≤ δ

where U is the stream velocity far from the wall and δ is 
the boundary-layer thickness, as in Fig. P1.51. If the fluid 
is helium at 20°C and 1 atm, and if U = 10.8 m/s and 
δ = 3 mm, use the formula to (a) estimate the wall shear 
stress τw in Pa and (b) find the position in the boundary 
layer where τ is one-half of τw.

the pressure drop is 400 kPa. Find the predicted viscosity 
in kg/m · s.

P1.45	 A block of weight W slides down an inclined plane while 
lubricated by a thin film of oil, as in Fig. P1.45. The film 
contact area is A and its thickness is h. Assuming a linear 
velocity distribution in the film, derive an expression for 
the “terminal” (zero-acceleration) velocity V of the 
block. Find the terminal velocity of the block if the block 
mass is 6 kg, A = 35 cm2, θ = 15°, and the film is 1-mm-
thick SAE 30 oil at 20°C.

		  P1.45   	

Liquid film of
thickness h

W

V Block contact
area Aθ

P1.46	 A simple and popular model for two nonnewtonian flu-
ids in Fig. 1.9a is the power law:

τ ≈ C (
du

dy)
n

where C and n are constants fit to the fluid [16]. From 
Fig.  1.9a, deduce the values of the exponent n for 
which the fluid is (a) newtonian, (b) dilatant, and (c) 
pseudoplastic. Consider the specific model constant  
C = 0.4 N · sn/m2, with the fluid being sheared be-
tween two parallel plates as in Fig.  1.8. If the shear 
stress in the fluid is 1200 Pa, find the velocity V of the 
upper plate for the cases (d) n = 1.0, (e) n = 1.2, and 
(f ) n = 0.8.

P1.47	 Data for the apparent viscosity of average human blood, 
at normal body temperature of 37°C, vary with shear 
strain rate, as shown in the following table.

Strain rate, s−1	 1	 10	 100	 1000

Apparent viscosity, 	 0.011	 0.009	 0.006	 0.004 
kg/(m · s)

		  (a) Is blood a nonnewtonian fluid? (b) If so, what type of 
fluid is it? (c) How do these viscosities compare with 
plain water at 37°C?

P1.48	 A thin plate is separated from two fixed plates by very 
viscous liquids µ1 and µ2, respectively, as in Fig. P1.48. 
The plate spacings h1 and h2 are unequal, as shown. The 
contact area is A between the center plate and each fluid. 
(a) Assuming a linear velocity distribution in each fluid, 
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 *P1.54	 A disk of radius R rotates at an angular velocity Ω inside 
a disk-shaped container filled with oil of viscosity µ, as 
shown in Fig. P1.54. Assuming a linear velocity profile 
and neglecting shear stress on the outer disk edges, 
derive a formula for the viscous torque on the disk.

R R

Clearance
 h

Oil

Ω

		  P1.54

P1.55	 A block of weight W is being pulled over a table by an-
other weight Wo, as shown in Fig. P1.55. Find an alge-
braic formula for the steady velocity U of the block if it 
slides on an oil film of thickness h and viscosity µ. The 
block bottom area A is in contact with the oil. Neglect 
the cord weight and the pulley friction. Assume a linear 
velocity profile in the oil film.

		  P1.55	

U
W

Wo

h

 *P1.56	 The device in Fig. P1.56 is called a cone-plate viscom-
eter [29]. The angle of the cone is very small, so that sin 
θ ≈ θ, and the gap is filled with the test liquid. The 
torque M to rotate the cone at a rate Ω is measured. As-
suming a linear velocity profile in the fluid film, derive 
an expression for fluid viscosity µ as a function of (M, 
R, Ω, θ).

Fluid
R

θθ

Ω

		  P1.56

		  P1.51	

U

y

0

u(y)

y = δ

P1.52	 The belt in Fig. P1.52 moves at a steady velocity V 
and skims the top of a tank of oil of viscosity µ, as 
shown. Assuming a linear velocity profile in the oil, 
develop a simple formula for the required belt-drive 
power P as a function of (h, L, V, b, µ). What belt-
drive power P, in watts, is required if the belt moves 
at 2.5 m/s over SAE 30W oil at 20°C, with L = 2 m,  
b = 60 cm, and h = 3 cm?

L
V

Oil, depth h

Moving belt, width b        

		  P1.52

 *P1.53	 A solid cone of angle 2θ, base r0, and density ρc is rotat-
ing with initial angular velocity ω0 inside a conical seat, 
as shown in Fig. P1.53. The clearance h is filled with oil 
of viscosity µ. Neglecting air drag, derive an analytical 
expression for the cone’s angular velocity ω(t) if there is 
no applied torque.

Oil

h

Base
radius r0

ω (t) 

2θ

		  P1.53
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pig diameter is 5-15/16 in and its length 26 in. It cleans 
a 6-in-diameter pipe at a speed of 1.2 m/s. If the clear-
ance is filled with glycerin at 20°C, what pressure differ-
ence, in pascals, is needed to drive the pig? Assume a 
linear velocity profile in the oil and neglect air drag.

 *P1.61	 An air-hockey puck has a mass of 50 g and is 9 cm in 
diameter. When placed on the air table, a 20°C air film, 
of 0.12-mm thickness, forms under the puck. The puck is 
struck with an initial velocity of 10 m/s. Assuming a 
linear velocity distribution in the air film, how long will 
it take the puck to (a) slow down to 1 m/s and (b) stop 
completely? Also, (c) how far along this extremely long 
table will the puck have traveled for condition (a)?

Surface tension
P1.62	 The hydrogen bubbles that produced the velocity pro-

files are quite small, D ≈ 0.01 mm. If the hydrogen–
water interface is comparable to air–water and the water 
temperature is 30°C, estimate the excess pressure within 
the bubble.

P1.63	 Derive Eq. (1.33) by making a force balance on the fluid 
interface in Fig. 1.12c.

P1.64	 Pressure in a water container can be measured by an 
open vertical tube—see Fig. P2.11 for a sketch. If the 
expected water rise is about 20 cm, what tube diameter is 
needed to ensure that the error due to capillarity will be 
less than 3 percent?

P1.65	 The system in Fig. P1.65 is used to calculate the pressure 
p1 in the tank by measuring the 15-cm height of liquid in 
the 1-mm-diameter tube. The fluid is at 60°C. Calculate 
the true fluid height in the tube and the percentage error 
due to capillarity if the fluid is (a) water or (b) mercury.

		  P1.65	

15 cm

p1

P1.66	 DuNouy Tensiometer is a ring-pull device. It lifts a thin 
wire ring from water. The force is very small and may be 
measured by a calibrated soft-spring balance. Platinum-
iridium is recommended for the ring, being noncorrosive 
and highly wetting to most liquids. A thin wire ring, 3 cm in 
diameter, is lifted from a water surface at 20°C in the 

P1.57	 Extend the steady flow between a fixed lower plate and 
a moving upper plate, from Fig. 1.8, to the case of two 
immiscible liquids between the plates, as in Fig. P1.57.

h2y

x h1 µ1

µ2

V

Fixed

		  P1.57

		  (a) Sketch the expected no-slip velocity distribution u(y) 
between the plates. (b) Find an analytic expression for 
the velocity U at the interface between the two liquid 
layers. (c) What is the result of (b) if the viscosities and 
layer thicknesses are equal?

 *P1.58	 The laminar pipe flow example of Prob. 1.12 can be used 
to design a capillary viscometer [29]. If Q is the volume 
flow rate, L is the pipe length, and Δp is the pressure 
drop from entrance to exit, the theory of Chap. 6 yields a 
formula for viscosity:

μ =
πr4

0Δp

8LQ

Pipe end effects are neglected [29]. Suppose our capillary 
has r0 = 2 mm and L = 25 cm. The following flow rate 
and pressure drop data are obtained for a certain fluid:

Q, m3/h	 0.36	 0.72	 1.08	 1.44	 1.80

Δp, kPa	 159	 318	 477	 1274	 1851

What is the viscosity of the fluid? Note: Only the first 
three points give the proper viscosity. What is peculiar 
about the last two points, which were measured accu-
rately?

P1.59	 A solid cylinder of diameter D, length L, and density ρs 
falls due to gravity inside a tube of diameter D0. The 
clearance, D0 − D << D, is filled with fluid of density ρ 
and viscosity µ. Neglect the air above and below the cyl-
inder. Derive a formula for the terminal fall velocity of 
the cylinder. Apply your formula to the case of a steel 
cylinder, D = 2 cm, D0 = 2.04 cm, L = 15 cm, with a 
film of SAE 30 oil at 20°C.

P1.60	 Pipelines are cleaned by pushing through them a close-
fitting cylinder called a pig. The name comes from the 
squealing noise it makes sliding along. Reference 50 
describes a new nontoxic pig, driven by compressed air, 
for cleaning cosmetic and beverage pipes. Suppose the 
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 *P1.71	 A soap bubble of diameter D1 coalesces with another bubble 
of diameter D2 to form a single bubble D3 with the same 
amount of air. Assuming an isothermal process, derive an 
expression for finding D3 as a function of D1, D2, patm, and Υ.

Vapor pressure
P1.72	 Early mountaineers boiled water to estimate their alti-

tude. If they reach the top and find that water boils at 
84°C, approximately how high is the mountain?

P1.73	 A small submersible moves at velocity V, in fresh water 
at 20°C, at a 2-m depth, where ambient pressure is 
131 kPa. Its critical cavitation number is known to be Ca 
= 0.25. At what velocity will cavitation bubbles begin to 
form on the body? Will the body cavitate if V = 30 m/s 
and the water is cold (5°C)?

P1.74	 Oil, with a vapor pressure of 20 kPa, is delivered through 
a pipeline by equally spaced pumps, each of which in-
creases the oil pressure by 1.3 MPa. Friction losses in the 
pipe are 150 Pa per meter of pipe. What is the maximum 
possible pump spacing to avoid cavitation of the oil?

Speed of sound, Mach number
P1.75	 An airplane flies at 555 mi/h. At what altitude in the 

standard atmosphere will the airplane’s Mach number be 
exactly 0.8?

P1.76	 Derive a formula for the bulk modulus of an ideal gas, with 
constant specific heats, and calculate it for steam at 300°C 
and 200 kPa. Compare your result to the steam tables.

P1.77	 Assume that the n-pentane data of Prob. P1.36 represent 
isentropic conditions. Estimate the value of the speed of 
sound at a pressure of 30 MPa. [Hint: The data approxi-
mately fit Eq. (1.19) with B = 260 and n = 11.]

P1.78	 Sir Isaac Newton measured the speed of sound by timing 
the difference between seeing a cannon’s puff of smoke 
and hearing its boom. If the cannon is on a mountain 5.2 
mi away, estimate the air temperature in degrees Celsius 
if the time difference is (a) 24.2 s and (b) 25.1 s.

P1.79	 From Table A.3, the density of glycerin at standard con-
ditions is about 1260 kg/m3. At a very high pressure of 
8000 lb/in2, its density increases to approximately 1275 
kg/m3. Use these data to estimate the speed of sound of 
glycerin, in ft/s.

P1.80	 In Problem P1.24, for the given data, the air velocity at sec-
tion 2 is 360 m/s. What is the Mach number at that section?

Streamlines
  P1.81	Use Eq. (1.39) to find and sketch the streamlines of the 

following flow field:

	 u = Kx; v = −Ky; w = 0, where K is a constant.

device. Neglecting the wire weight, what is the force re-
quired to lift the ring?

P1.67	 A vertical concentric annulus, with outer radius ro and in-
ner radius ri, is lowered into a fluid of surface tension Υ 
and contact angle θ < 90°. Derive an expression for the 
capillary rise h in the annular gap if the gap is very narrow.

 *P1.68	 Make an analysis of the shape η(x) of the water–air inter-
face near a plane wall, as in Fig. P1.68, assuming that the 
slope is small, R−1 ≈ d2η/dx2. Also assume that the pres-
sure difference across the interface is balanced by the 
specific weight and the interface height, Δp ≈ ρgη. The 
boundary conditions are a wetting contact angle θ at x = 
0 and a horizontal surface η = 0 as x → ∞. What is the 
maximum height h at the wall?

		  P1.68	

  (x)

x = 0

y = h

y

x
η

θ

P1.69	 A solid cylindrical needle of diameter d, length L, and 
density ρn may float in liquid of surface tension Y. Ne-
glect buoyancy and assume a contact angle of 0°. Derive 
a formula for the maximum diameter dmax able to float in 
the liquid. Calculate dmax for a steel needle (SG = 7.84) 
in water at 20°C.

P1.70	 Derive an expression for the capillary height change h for 
a fluid of surface tension Υ and contact angle θ between 
two vertical parallel plates a distance W apart, as in Fig. 
P1.70. What will h be for water at 20°C if W = 0.5 mm?

		  P1.70	 W 

h

θ
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P1.85	 Do some reading and report to the class on the life and 
achievements, especially vis-à-vis fluid mechanics, of
(a)	 Evangelista Torricelli (1608–1647)
(b)	 Henri de Pitot (1695–1771)
(c)	 Antoine Chézy (1718–1798)
(d)	 Gotthilf Heinrich Ludwig Hagen (1797–1884)
(e)	 Julius Weisbach (1806–1871)
(f)	 George Gabriel Stokes (1819–1903)
(g)	 Moritz Weber (1871–1951)
(h)	 Theodor von Kármán (1881–1963)
(i)	 Paul Richard Heinrich Blasius (1883–1970)
(j)	 Ludwig Prandtl (1875–1953)
(k)	 Osborne Reynolds (1842–1912)
(l)	 John William Strutt, Lord Rayleigh (1842–1919)
(m)	Daniel Bernoulli (1700–1782)
(n)	 Leonhard Euler (1707–1783)

  P1.82	A velocity field is given by u = V cosθ, v = V sinθ, and 
w = 0, where V and θ are constants. Derive a formula for 
the streamlines of this flow.

*P1.83	Use Eq. (1.39) to find and sketch the streamlines of the 
following flow field:

u = K(x2 − y2);  v = −2Kxy;  w = 0,  where K is a constant.

Hint: This is a first-order exact differential equation.

History of fluid mechanics
P1.84	 In the early 1900s, the British chemist Sir Cyril 

Hinshelwood quipped that fluid dynamics study was di-
vided into “workers who observed things they could not 
explain and workers who explained things they could not 
observe.” To what historic situation was he referring?

Fundamentals of Engineering Exam Problems
FE1.1	 The absolute viscosity µ of a fluid is primarily a function of
		  (a) Density, (b) Temperature, (c) Pressure, (d) Veloc-

ity, (e) Surface tension
FE1.2	 Carbon dioxide, at 20°C and 1 atm, is compressed is-

entropically to 4 atm. Assume CO2 is an ideal gas. The 
final temperature would be

		  (a) 130°C, (b) 162°C, (c) 171°C, (d) 237°C, (e) 313°C
FE1.3	 Helium has a molecular weight of 4.003. What is the 

weight of 2 m3 of helium at 1 atm and 20°C?
		  (a) 3.3 N, (b) 6.5 N, (c) 11.8 N, (d) 23.5 N, (e) 94.2 N
FE1.4	 An oil has a kinematic viscosity of 1.25 E−4 m2/s and 

a specific gravity of 0.80. What is its dynamic (abso-
lute) viscosity in kg/(m · s)?

		  (a) 0.08, (b) 0.10, (c) 0.125, (d) 1.0, (e) 1.25
FE1.5	 Consider a soap bubble of diameter 3 mm. If the surface 

tension coefficient is 0.072 N/m and external pressure 
is 0 Pa gage, what is the bubble’s internal gage pressure?

		  (a) −24 Pa, (b) +48 Pa, (c) +96 Pa, (d) +192 Pa, 
(e) −192 Pa

FE1.6	 The only possible dimensionless group that combines 
velocity V, body size L, fluid density ρ, and surface 
tension coefficient σ is

		  (a) Lρσ/V, (b) ρVL2/σ, (c) ρσV2/L, (d) σLV2/ρ, 
(e) ρLV2/σ

  FE1.7	 Two parallel plates, one moving at 4 m/s and the other 
fixed, are separated by a 5-mm-thick layer of oil of 
specific gravity 0.80 and kinematic viscosity 1.25 
E−4 m2/s. What is the average shear stress in the oil?

		  (a) 80 Pa, (b) 100 Pa, (c) 125 Pa, (d ) 160 Pa, (e) 200 Pa
  FE1.8	 Carbon dioxide has a specific-heat ratio of 1.30 and a 

gas constant of 189 J/(kg · °C). If its temperature rises 
from 20 to 45°C, what is its internal energy rise?

		  (a) 12.6 kJ/kg, (b) 15.8 kJ/kg, (c) 17.6 kJ/kg, (d) 20.5 kJ/
kg, (e) 25.1 kJ/kg

  FE1.9	 A certain water flow at 20°C has a critical cavitation 
number, where bubbles form, Ca ≈ 0.25, where Ca = 
2(pa− pvap)/ρV2. If pa = 1 atm and the vapor pressure 
is 0.34 pounds per square inch absolute (psia), for 
what water velocity will bubbles form?

		  (a) 12 mi/h, (b) 28 mi/h, (c) 36 mi/h, (d ) 55 mi/h,  
(e) 63 mi/h

FE1.10	 Example 1.10 gave an analysis that predicted that the 
viscous moment on a rotating disk M = πµΩR4/(2h). 
If the uncertainty of each of the four variables (µ, Ω, 
R, h) is 1.0 percent, what is the estimated overall un-
certainty of the moment M?

		  (a) 4.0 percent (b) 4.4 percent (c) 5.0 percent 
(d ) 6.0 percent (e) 7.0 percent

Comprehensive Problems
C1.1	 Sometimes we can develop equations and solve practi-

cal problems by knowing nothing more than the dimen-
sions of the key parameters in the problem. For example, 
consider the heat loss through a window in a building. 
Window efficiency is rated in terms of “R value,” which 

has units of (ft2 · h · °F)/Btu. A certain manufacturer ad-
vertises a double-pane window with an R value of 2.5. 
The same company produces a triple-pane window with 
an R value of 3.4. In either case the window dimensions 
are 3 ft by 5 ft. On a given winter day, the temperature 
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(b)	 If the liquid density is ρ, find an expression for sur-
face tension Υ in terms of the other variables.

		  C1.3 
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C1.4	 Oil of viscosity µ and density ρ drains steadily down the 
side of a tall, wide vertical plate, as shown in Fig. C1.4. 
In the region shown, fully developed conditions exist; 
that is, the velocity profile shape and the film thickness 
δ are independent of distance z along the plate. The ver-
tical velocity w becomes a function only of x, and the 
shear resistance from the atmosphere is negligible.

		  C1.4	
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(a)	 Sketch the approximate shape of the velocity profile 
w(x), considering the boundary conditions at the 
wall and at the film surface.

(b)	 Suppose film thickness, δ, and the slope of the 
velocity profile at the wall, (dw/dx)wall, are measured 
by a laser Doppler anemometer (to be discussed in 
Chap. 6). Find an expression for the viscosity of the 
oil as a function of ρ, δ, (dw/dx)wall, and the gravita-
tional acceleration g. Note that, for the coordinate 
system given, both w and (dw/dx)wall are negative.

difference between the inside and outside of the build-
ing is 45°F.
(a) Develop an equation for the amount of heat lost in a 

given time period Δt, through a window of area A, 
with a given R value, and temperature difference 
ΔT. How much heat (in Btu) is lost through the dou-
ble-pane window in one 24-h period?

(b)	 How much heat (in Btu) is lost through the triple-
pane window in one 24-h period?

(c)	 Suppose the building is heated with propane gas, 
which costs $3.25 per gallon. The propane burner is 
80 percent efficient. Propane has approximately 
90,000  Btu of available energy per gallon. In that 
same 24-h period, how much money would a home-
owner save per window by installing triple-pane 
rather than double-pane windows?

(d)	 Finally, suppose the homeowner buys 20 such triple-
pane windows for the house. A typical winter has the 
equivalent of about 120 heating days at a temperature 
difference of 45°F. Each triple-pane window costs 
$85 more than the double-pane window. Ignoring in-
terest and inflation, how many years will it take the 
homeowner to make up the additional cost of the tri-
ple-pane windows from heating bill savings?

C1.2	 When a person ice skates, the surface of the ice actually 
melts beneath the blades, so that he or she skates on a 
thin sheet of water between the blade and the ice.
(a)	 Find an expression for total friction force on the 

bottom of the blade as a function of skater velocity V, 
blade length L, water thickness (between the blade 
and the ice) h, water viscosity µ, and blade width W.

(b)	 Suppose an ice skater of total mass m is skating along 
at a constant speed of V0 when she suddenly stands 
stiff with her skates pointed directly forward, allow-
ing herself to coast to a stop. Neglecting friction due 
to air resistance, how far will she travel before she 
comes to a stop? (Remember, she is coasting on two 
skate blades.) Give your answer for the total distance 
traveled, x, as a function of V0, m, L, h, µ, and W.

(c)	 Find x for the case where V0 = 4.0 m/s, m = 100 kg, L = 
30 cm, W = 5.0 mm, and h = 0.10 mm. Do you think our 
assumption of negligible air resistance is a good one?

C1.3	 Two thin flat plates, tilted at an angle α, are placed in a 
tank of liquid of known surface tension Υ and contact 
angle θ, as shown in Fig. C1.3. At the free surface of the 
liquid in the tank, the two plates are a distance L apart 
and have width b into the page. The liquid rises a dis-
tance h between the plates, as shown.
(a)	 What is the total upward (z-directed) force, due to 

surface tension, acting on the liquid column between 
the plates?
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where A and B are constants that are determined by cali-
brating the device with a known fluid. Here are calibra-
tion data for a Stormer viscometer tested in glycerol, 
using a weight of 50 N:

µ, kg/(m-s)	 0.23	 0.34	 0.57	 0.84	 1.15

	 t, sec	 15	 23	 38	 56	 77

(a)	 Find reasonable values of A and B to fit these cali-
bration data. Hint: The data are not very sensitive to 
the value of B.

(b)	 A more viscous fluid is tested with a 100 N weight 
and the measured time is 44 s. Estimate the viscosity 
of this fluid.

C1.9	 The lever in Fig. C1.9 has a weight W at one end and is 
tied to a cylinder at the left end. The cylinder has negli-
gible weight and buoyancy and slides upward through a 
film of heavy oil of viscosity µ. (a) If there is no accel-
eration (uniform lever rotation), derive a formula for the 
rate of fall V2 of the weight. Neglect the lever weight. 
Assume a linear velocity profile in the oil film. (b) Esti-
mate the fall velocity of the weight if W = 20 N, L1 = 75 
cm, L2 = 50 cm, D = 10 cm, L = 22 cm, ΔR = 1 mm, and 
the oil is glycerin at 20°C.

	

L1 L2

V1
V2?

Cylinder, diameter D, length L,
in an oil film of thickness ΔR.

pivot

W

		  C1.9

C1.10	 A popular gravity-driven instrument is the Cannon
Ubbelohde viscometer, shown in Fig. C1.10. The test 
liquid is drawn up above the bulb on the right side and 
allowed to drain by gravity through the capillary tube 
below the bulb. The time t for the meniscus to pass from 
upper to lower timing marks is recorded. The kinematic 
viscosity is computed by the simple formula:

v = Ct

where C is a calibration constant. For ν in the range of 
100–500 mm2/s, the recommended constant is C = 
0.50 mm2/s2, with an accuracy less than 0.5 percent.

C1.5	 Viscosity can be measured by flow through a thin-bore 
or capillary tube if the flow rate is low. For length L, 
(small) diameter D ≪ L, pressure drop Δp, and (low) 
volume flow rate Q, the formula for viscosity is µ = 
D4Δp/(CLQ), where C is a constant.
(a)	 Verify that C is dimensionless. The following data 

are for water flowing through a 2-mm-diameter tube 
which is 1 meter long. The pressure drop is held 
constant at Δp = 5 kPa.

T, °C	 10.0	 40.0	 70.0

Q, L/min	 0.091	 0.179	 0.292

(b)	 Using proper SI units, determine an average value of 
C by accounting for the variation with temperature 
of the viscosity of water.

C1.6	 The rotating-cylinder viscometer in Fig. C1.6 shears the 
fluid in a narrow clearance Δr, as shown. Assuming a 
linear velocity distribution in the gaps, if the driving 
torque M is measured, find an expression for µ by (a) 
neglecting and (b) including the bottom friction.

		  C1.6	
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C1.7	 Make an analytical study of the transient behavior of the 
sliding block in Prob. 1.45. (a) Solve for V(t) if the block 
starts from rest, V = 0 at t = 0. (b) Calculate the time t1 
when the block has reached 98 percent of its terminal 
velocity.

C1.8	 A mechanical device that uses the rotating cylinder of 
Fig. C1.6 is the Stormer viscometer [29]. Instead of be-
ing driven at constant Ω, a cord is wrapped around the 
shaft and attached to a falling weight W. The time t to 
turn the shaft a given number of revolutions (usually 
five) is measured and correlated with viscosity. The for-
mula is

t ≈
Aμ

W − B
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ball of diameter D and density ρb falls through a tube of 
test liquid (ρ, µ). The fall velocity V is calculated by the 
time to fall a measured distance. The formula for calcu-
lating the viscosity of the fluid is

	 μ =
(ρb − ρ)gD2

18 V

This result is limited by the requirement that the Reyn-
olds number (ρVD/µ) be less than 1.0. Suppose a steel ball 
(SG  = 7.87) of diameter 2.2 mm falls in SAE 25W oil 
(SG  = 0.88) at 20°C. The measured fall velocity is 
8.4 cm/s. (a) What is the viscosity of the oil, in kg/m-s? 
(b) Is the Reynolds number small enough for a valid esti-
mate?

C1.12	 A solid aluminum disk (SG = 2.7) is 2 in in diameter and 
3/16 in thick. It slides steadily down a 14° incline that is 
coated with a castor oil (SG = 0.96) film one hundredth 
of an inch thick. The steady slide velocity is 2 cm/s. Us-
ing Figure A.1 and a linear oil velocity profile assump-
tion, estimate the temperature of the castor oil.

		  C1.10 The Cannon- 
Ubbelohde viscometer. 

		  Cannon Instrument  
Company.

(a)	 What liquids from Table A.3 are in this viscosity 
range? (b) Is the calibration formula dimension-
ally consistent? (c) What system properties 
might the constant C depend upon? (d ) What 
problem in this chapter hints at a formula for es-
timating the viscosity?

C1.11	 Mott [Ref. 44, p. 38] discusses a simple falling-ball vis-
cometer, which we can analyze later in Chap. 7. A small 

Upper timing mark

Lower timing mark

Capillary tube
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The bathyscaphe Trieste was built by explorers August and Jacques Picard in 1953. They made 
many deep-sea dives over the next five years. In 1958 the U.S. Navy purchased it and, in 1960, 
descended to the deepest part of the ocean, the Marianas Trench, near Guam. The recorded 
depth was 10,900 m, or nearly seven miles. The photo shows the vessel being lifted from the 
water. The pressure sphere is on the bottom, and the boat-shaped structure above is filled with 
gasoline, which provides buoyancy even at those depths. [Image courtesy of the U.S. Navy.]
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Chapter 2
Pressure Distribution  

in a Fluid

Motivation.  Many fluid problems do not involve motion. They concern the pres-
sure distribution in a static fluid and its effect on solid surfaces and on floating 
and submerged bodies.
	 When the fluid velocity is zero, denoted as the hydrostatic condition, the pres-
sure variation is due only to the weight of the fluid. Assuming a known fluid in a 
given gravity field, the pressure may easily be calculated by integration. Important 
applications in this chapter are (1) pressure distribution in the atmosphere and the 
oceans, (2) the design of manometer, mechanical, and electronic pressure instru-
ments, (3) forces on submerged flat and curved surfaces, (4) buoyancy on a sub-
merged body, and (5) the behavior of floating bodies. The last two result in 
Archimedes’ principles.
	 If the fluid is moving in rigid-body motion, such as a tank of liquid that has 
been spinning for a long time, the pressure also can be easily calculated because 
the fluid is free of shear stress. We apply this idea here to simple rigid-body 
accelerations in Sec. 2.9. Pressure measurement instruments are discussed in Sec. 
2.10. As a matter of fact, pressure also can be analyzed in arbitrary (nonrigid-body) 
motions V(x, y, z, t), but we defer that subject to Chap. 4.

2.1 Pressure and Pressure Gradient
	 In Fig. 1.1 we saw that a fluid at rest cannot support shear stress, and thus Mohr’s 

circle reduces to a point. In other words, the normal stress on any plane through 
a fluid element at rest is a point property called the fluid pressure p, taken 
positive for compression by common convention. This is such an important con-
cept that we shall review it with another approach.
	 First let us emphasize that pressure is a thermodynamic property of the fluid, 
like temperature or density. It is not a force. Pressure has no direction and is not 
a vector. The concept of force only arises when considering a surface immersed 
in fluid pressure. The pressure creates a force, due to fluid molecules bombarding 
the surface, and it is normal to that surface.
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	 Figure 2.1 shows a small wedge of fluid at rest of size Δx by Δz by Δs and 
depth b into the paper. There is no shear by definition, but we postulate that 
the pressures px, pz, and pn may be different on each face. The weight of the 
element also may be important. The element is assumed to be small, so the 
pressure is constant on each face. Summation of forces must equal zero (no 
acceleration) in both the x and z directions.

gFx = 0 = pxb Δz − pnb Δs sin θ

	 gFz = 0 = pzb Δx − pnb Δs cos θ − 1
2ρgb Δx Δz� (2.1)

But the geometry of the wedge is such that

	 Δs sin θ = Δz  Δs cos θ = Δx� (2.2)

Substitution into Eq. (2.1) and rearrangement give

	 px = pn  pz = pn + 1
2ρg Δz� (2.3)

These relations illustrate two important principles of the hydrostatic, or shear-free, 
condition: (1) There is no pressure change in the horizontal direction, and (2) 
there is a vertical change in pressure proportional to the density, gravity, and 
depth change. We shall exploit these results to the fullest, starting in Sec. 2.3.
	 In the limit as the fluid wedge shrinks to a “point,” Δz → 0 and Eq. (2.3) 
become
	 px = pz = pn = p� (2.4)

Since θ is arbitrary, we conclude that the pressure p in a static fluid is a point 
property, independent of orientation.

Pressure Force on a Fluid Element
	 Pressure (or any other stress, for that matter) causes a net force on a fluid ele-

ment. To see this, consider the pressure acting on the two x faces in Fig. 2.2. Let 
the pressure vary arbitrarily

p = p(x, y, z, t)

∆s

∆z

O
∆x

px

pz

x

z (up)

Width b into paper

pn
θ

θ

Element weight:
dW =   g (   b ∆x ∆z)1

2ρ

Fig. 2.1 Equilibrium of a small 
wedge of fluid at rest.
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The net force in the y direction on the element in Fig. 2.2 is given by

dFy = p dx dz − (p +
∂p

∂y
 dy) dx dz = −

∂p

∂y
 dx dy dz

In like manner, the net force dFx involves −∂p/∂x, and the net force dFz concerns 
−∂p/∂z. The total net-force vector on the element due to pressure is

	 dFpress = (−i 

∂p

∂x
− j 

∂p

∂y
− k 

∂p

∂z) dx dy dz� (2.5)

We recognize the term in parentheses as the negative vector gradient of p. Denot-
ing f as the net force per unit element volume, we rewrite Eq. (2.5) as

	 fpress = −∇p� (2.6)

where	 ∇ = gradient operator = i 

∂
∂x

+ j 

∂
∂y

+ k 

∂
∂z

Thus it is not the pressure but the pressure gradient causing a net force that must 
be balanced by gravity or acceleration or some other effect in the fluid.

2.2 Equilibrium of a Fluid Element
The pressure gradient is a surface force that acts on the sides of the element. 
There may also be a body force, due to electromagnetic or gravitational potentials, 
acting on the entire mass of the element. Here we consider only the gravity force, 
or weight of the element:

d Fgrav = ρg dx dy dz

or	 fgrav = ρg�
(2.7)

	 In addition to gravity, a fluid in motion will have surface forces due to viscous 
stresses, which are also called shear stresses. By Newton’s law, Eq. (1.2), the sum 
of these per-unit-volume forces equals the mass per unit volume (density) times 
the acceleration a of the fluid element:

	 ∑f = fpress + fgrav + fvisc = −∇p + ρg + fvisc = ρa� (2.8)

(p +      dy) dx dz∂p
∂y

y

dz

dy
x

pdxdz

z

dx

Fig. 2.2 Net y force on an element 
due to pressure variation.
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This general equation will be studied in detail in Chap. 4. Note that Eq. (2.8) is 
a vector relation, and the acceleration may not be in the same vector direction as 
the velocity. For our present topic, hydrostatics, the viscous stresses and the 
acceleration are zero.

Gage Pressure and Vacuum Pressure: Relative Terms
Before embarking on examples, we should note that engineers are apt to specify 
pressures as (1) the absolute or total magnitude or (2) the value relative to the local 
ambient atmosphere. The second case occurs because many pressure instruments 
are of differential type and record, not an absolute magnitude, but the difference 
between the fluid pressure and the atmosphere. The measured pressure may be 
either higher or lower than the local atmosphere, and each case is given a name:

1.	 p > pa    Gage pressure:	 p(gage) = p – pa

2.	 p < pa    Vacuum pressure:	 p(vacuum) = pa – p

This is a convenient shorthand, and one later adds (or subtracts) atmospheric 
pressure to determine the absolute fluid pressure.
	 A typical situation is shown in Fig. 2.3. The local atmosphere is at, say, 90,000 Pa, 
which might reflect a storm condition in a sea-level location or normal conditions 
at an altitude of 1000 m. Thus, on this day, pa = 90,000 Pa absolute = 0 Pa 
gage = 0 Pa vacuum. Suppose gage 1 in a laboratory reads p1 = 120,000 Pa abso-
lute. This value may be reported as a gage pressure, p1 = 120,000 − 90,000 = 
30,000 Pa gage. (One must also record the atmospheric pressure in the laboratory, 
since pa changes gradually.) Suppose gage 2 reads p2 = 50,000 Pa absolute. Locally, 
this is a vacuum pressure and might be reported as p2 = 90,000 − 50,000 = 40,000 
Pa vacuum. Occasionally, in the problems section, we will specify gage or vacuum 
pressure to keep you alert to this common engineering practice. If a pressure is 
listed without the modifier gage or vacuum, we assume it is absolute pressure.

2.3 Hydrostatic Pressure Distributions
If the fluid is at rest or at constant velocity, a = 0 and fvisc = 0. Equation (2.8) 
for the pressure distribution reduces to

	 ∇p = ρg� (2.9)

Absolute zero reference:
p = 0 Pa abs = 90,000 Pa vacuum

120,000

90,000

50,000

0

p (Pascals)
High pressure:
p = 120,000 Pa abs = 30,000 Pa gage

Local atmosphere:
p = 90,000 Pa abs = 0 Pa gage = 0 Pa vacuum

Vacuum pressure:
p = 50,000 Pa abs = 40,000 Pa vacuum

40,000

30,000

50,000

(Tension)Fig. 2.3 Illustration of absolute, 
gage, and vacuum pressure readings.
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This is a hydrostatic distribution and is correct for all fluids at rest, regardless of 
their viscosity, because the viscous term vanishes identically.
	 Recall from vector analysis that the vector ∇p expresses the magnitude and 
direction of the maximum spatial rate of increase of the scalar property p. As a 
result, ∇p is perpendicular everywhere to surfaces of constant p. Thus Eq. (2.9) 
states that a fluid in hydrostatic equilibrium will align its constant-pressure sur-
faces everywhere normal to the local-gravity vector. The maximum pressure 
increase will be in the direction of gravity—that is, “down” in the negative z 
direction. If the fluid is a liquid, its free surface, being at atmospheric pressure, 
will be normal to local gravity, or “horizontal.” You probably knew all this before, 
but Eq. (2.9) is the proof of it.
	 The local-gravity vector can be expressed as
	 g = −gk� (2.10)
where g is the magnitude of local gravity, for example, 9.807 m/s2. For these 
coordinates Eq. (2.9) has the components

	
∂p

∂x
= 0 

∂p

∂y
= 0 

∂p

∂z
= −ρg = −γ � (2.11)

the first two of which tell us that p is independent of x and y. Hence ∂p/∂z can 
be replaced by the total derivative dp/dz, and the hydrostatic condition reduces to

dp

dz
= −γ

or	 p2 − p1 = − ∫2

1
 γ dz� (2.12)

Equation (2.12) is the solution to the hydrostatic problem. The integration requires 
an assumption about the density and gravity distribution. Gases and liquids are 
usually treated differently.
	 We state the following conclusions about a hydrostatic condition:

Pressure in a continuously distributed uniform static fluid varies only with 
vertical distance and is independent of the shape of the container. The pressure 
is the same at all points on a given horizontal plane in the fluid. The pressure 
increases with depth in the fluid.

An illustration of this is shown in Fig. 2.4. The free surface of the container is 
atmospheric and forms a horizontal plane. Points a, b, c, and d are at equal depth 
in a horizontal plane and are interconnected by the same fluid, water; therefore, 
all points have the same pressure. The same is true of points A, B, and C on the 
bottom, which all have the same higher pressure than at a, b, c, and d. However, 
point D, although at the same depth as A, B, and C, has a different pressure 
because it lies beneath a different fluid, mercury.

Effect of Variable Gravity
For a spherical planet of uniform density, the acceleration of gravity varies 
inversely as the square of the radius from its center

	 g = g0 (
r0

r )
2

	 (2.13)
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where r0 is the planet radius and g0 is the surface value of g. For earth, r0 ≈ 3960 
statute mi ≈ 6400 km. In typical engineering problems, the deviation from r0 extends 
from the deepest ocean, about 11 km, to the atmospheric height of supersonic trans-
port operation, about 20 km. This gives a maximum variation in g of (6400/6420)2, 
or 0.6 percent. We therefore neglect the variation of g in most problems.

Hydrostatic Pressure in Liquids
Liquids are so nearly incompressible that we can neglect their density variation 
in hydrostatics. In Example 1.6 we saw that water density increases only 4.6 
percent at the deepest part of the ocean. Its effect on hydrostatics would be about 
half of this, or 2.3 percent. Thus we assume constant density in liquid hydrostatic 
calculations, for which Eq. (2.12) integrates to

	 Liquids:	 � (2.14)

	 or	   

We use the first form in most problems. The quantity γ is called the specific weight 
of the fluid, with dimensions of weight per unit volume; some values are tabulated 
in Table 2.1. The quantity p/γ is a length called the pressure head of the fluid.

Atmospheric pressure

Depth 1

Depth 2

Water 

Mercury

Free surface 

a b c d 

A B C D

Fig. 2.4 Hydrostatic-pressure distri-
bution. Points a, b, c, and d are at 
equal depths in water and therefore 
have identical pressures. Points A, 
B, and C are also at equal depths in 
water and have identical pressures 
higher than a, b, c, and d. Point D 
has a different pressure from A, B, 
and C because it is not connected to 
them by a water path.

	 Specific weight γ  
	 at 68°F = 20°C

	 Fluid	 lbf/ft3	 N/m3

Air (at 1 atm)	 0.0752	 11.8
Ethyl alcohol	 49.2	 7,733
SAE 30 oil	 55.5	 8,720
Water		  62.4	 9,790
Seawater	 64.0	 10,050
Glycerin	 78.7	 12,360
Carbon tetrachloride	 99.1	 15,570
Mercury	 846	 133,100

Table 2.1 Specific Weight of 
Some Common Fluids



2.3  Hydrostatic Pressure Distributions  67

	 For lakes and oceans, the coordinate system is usually chosen as in Fig. 2.5, 
with z = 0 at the free surface, where p equals the surface atmospheric pressure 
pa. When we introduce the reference value (p1, z1) = (pa, 0), Eq. (2.14) becomes, 
for p at any (negative) depth z,

Lakes and oceans:	 p = pa − γz� (2.15)

where γ is the average specific weight of the lake or ocean. As we shall see, 
Eq. (2.15) holds in the atmosphere also with an accuracy of 2 percent for heights 
z up to 1000 m.

EXAMPLE 2.1

Newfound Lake, a freshwater lake near Bristol, New Hampshire, has a maximum depth 
of 60 m, and the mean atmospheric pressure is 91 kPa. Estimate the absolute pressure 
in kPa at this maximum depth.

Solution

∙  System sketch:  Imagine that Fig. 2.5 is Newfound Lake, with h = 60 m and z = 0 
at the surface.

∙  Property values:  From Table 2.1, γwater = 9790 N/m3. We are given that patmos = 91 kPa.
∙  Solution steps:  Apply Eq. (2.15) to the deepest point. Use SI units, pascals, not kilopascals:

	 pmax = pa − γ z = 91,000 Pa − (9790 
N
m3)(−60 m) = 678,400 Pa ≈ 678 kPa� Ans.

∙  Comments:  Kilopascals are awkward. Use pascals in the formula, then convert the answer.

The Mercury Barometer
The simplest practical application of the hydrostatic formula (2.14) is the barometer 
(Fig. 2.6), which measures atmospheric pressure. A tube is filled with mercury 
and inverted while submerged in a reservoir. This causes a near vacuum in the closed 
upper end because mercury has an extremely small vapor pressure at room temperatures 

g

0

+b

–h

Z

Free surface: Z = 0, p = pa

Air

Water

p ≈ pa – bγair

p ≈ pa + hγwater

Fig. 2.5 Hydrostatic-pressure 
distribution in oceans and 
atmospheres.
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 p1 ≈ 0 
(Mercury has a very
 low vapor pressure.)

z1 = h 

h = 

 pa 

z 

Mercury

z2 = 0

 p2 ≈ pa
(The mercury is in
contact with the

atmosphere.) pa

M

pM

(a)

γ

(b)

Fig. 2.6 A barometer measures local absolute atmospheric pressure: (a) the height of a 
mercury column is proportional to patm; (b) A handheld digital barometer-altimeter. (Courtesy 
of Nova Lynx Corporation)

(0.16  Pa at 20˚C). Since atmospheric pressure forces a mercury column to rise a 
distance h into the tube, the upper mercury surface is at zero pressure.
	 From Fig. 2.6, Eq. (2.14) applies with p1 = 0 at z1 = h and p2 = pa at z2 = 0:

pa − 0 = −γM (0 − h)

or	 h =
pa

γM
� (2.16)

At sea-level standard, with pa = 101,350 Pa and γM = 133,100 N/m3 from Table 
2.1, the barometric height is h = 101,350/133,100 = 0.761 m or 761 mm. In the 
United States the weather service reports this as an atmospheric “pressure” of 
29.96 inHg (inches of mercury). Mercury is used because it is the heaviest com-
mon liquid. A water barometer would be 34 ft high.

Hydrostatic Pressure in Gases
Gases are compressible, with density nearly proportional to pressure. Thus density 
must be considered as a variable in Eq. (2.12) if the integration carries over large 
pressure changes. It is sufficiently accurate to introduce the perfect-gas law p = 
ρRT in Eq. (2.12):

dp

dz
= −ρg = −

p

RT
 g
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Separate the variables and integrate between points 1 and 2:

	 ∫2

1
 
dp

p
 = ln 

p2

p1
 = −

g

R
 ∫2

1
 
dz

T
� (2.17)

The integral over z requires an assumption about the temperature variation T(z). 
One common approximation is the isothermal atmosphere, where T = T0:

	 p2 = p1 exp [−
g(z2 − z1)

RT0 ]� (2.18)

The quantity in brackets is dimensionless. (Think that over; it must be dimension-
less, right?) Equation (2.18) is a fair approximation for earth, but actually the 
earth’s mean atmospheric temperature drops off nearly linearly with z up to an 
altitude of about 36,000 ft (11,000 m):

	 T ≈ T0 − Bz	 (2.19)

Here T0 is sea-level temperature (absolute) and B is the lapse rate, both of which 
vary somewhat from day to day.

The Standard Atmosphere
	 By international agreement [1], the following standard values are assumed to 

apply from 0 to 36,000 ft:

 T0 = 518.69°R = 288.16 K = 15°C
 B = 0.003566°R/ft = 0.00650 K /m

This lower portion of the atmosphere is called the troposphere. Introducing 
Eq. (2.19) into Eq. (2.17) and integrating, we obtain the more accurate relation

	  p = pa (1 −
Bz

T0 )
g/(RB)

   where  
g

RB
= 5.26 (air)

	  ρ = ρo(1 −
Bz

To
)

g

RB
−1

  where ρo = 1.2255 

kg

m3 ,  po = 101,350 pa�

(2.20)

in the troposphere, with z = 0 at sea level. The exponent g/(RB) is dimensionless (again 
it must be) and has the standard value of 5.26 for air, with R = 287 m2/(s2 · K).
	 The U.S. standard atmosphere [1] is sketched in Fig. 2.7. The pressure is seen 
to be nearly zero at z = 30 km. For tabulated properties, see Table A.6.

EXAMPLE 2.2

If sea-level pressure is 101,350 Pa, compute the standard pressure at an altitude of 5000 
m, using (a) the exact formula and (b) an isothermal assumption at a standard sea-level 
temperature of 15˚C. Is the isothermal approximation adequate?
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Solution

Part (a)
Use absolute temperature in the exact formula, Eq. (2.20):

 p = pa [1 −
(0.00650 K/m)(5000 m)

288.16 K ]
5.26

= (101,350 Pa)(0.8872)5.26

	  = 101,350(0.5328) = 54,000 Pa� Ans. (a)

This is the standard-pressure result given at z = 5000 m in Table A.6.

Part (b)
If the atmosphere were isothermal at 288.16 K, Eq. (2.18) would apply:

 p ≈ pa exp (−
gz

RT) = (101,350 Pa) exp {−
(9.807 m/s2)(5000 m)

[287 m2/(s2 ·  K)](288.16 K)}

	  = (101,350 Pa) exp(−0.5929) ≈ 56,000 Pa� Ans. (b)

This is 4 percent higher than the exact result. The isothermal formula is inaccurate in 
the troposphere.

Is the Linear Formula Adequate for Gases?
The linear approximation from Eq. (2.14), δp ≈ –ρg δz, is satisfactory for liquids, 
which are nearly incompressible. For gases, it is inaccurate unless δz is rather 
small. Problem P2.26 asks you to show, by binomial expansion of Eq. (2.20), that 
the error in using constant gas density to estimate δp from Eq. (2.14) is small if

	 δz ≪
2T0

(n − 1)B
	 (2.21)
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Fig. 2.7 Temperature and pressure 
distribution in the U.S. standard 
atmosphere. 
Source: U.S. Standard Atmosphere, 
1976, Government Printing Office, 
Washington DC, 1976.
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where T0 is the local absolute temperature, B is the lapse rate from Eq. (2.19), 
and n = g/(RB) is the exponent in Eq. (2.20). The error is less than 1 percent if 
δz < 200 m.

2.4 Application to Manometry
From the hydrostatic formula (2.14), a change in elevation z2 – z1 of a liquid 
is equivalent to a change in pressure (p2 – p1)/γ. Thus a static column of one 
or more liquids or gases can be used to measure pressure differences between 
two points. Such a device is called a manometer. Because the manometer 
typically consists of a tube formed into the shape of a U, it is often called 
the U-tube manometer. If multiple fluids are used, we must change the density 
in the formula as we move from one fluid to another. Figure 2.8 illustrates 
the use of the formula with a column of multiple fluids. The pressure change 
through each fluid is calculated separately. If we wish to know the total 
change p5 – p1, we add the successive changes p2 – p1, p3 – p2, p4 – p3, and 
p5 – p4. The intermediate values of p cancel, and we have, for the example 
of Fig. 2.8,

	 p5 − p1 = −γ0(z2 − z1) − γw(z3 − z2) − γG(z4 − z3) − γM(z5 − z4) � (2.22)

No additional simplification is possible on the right-hand side because of the 
different densities. Notice that we have placed the fluids in order from the lightest 
on top to the heaviest at bottom. This is the only stable configuration. If we 
attempt to layer them in any other manner, the fluids will overturn and seek the 
stable arrangement.

Pressure Increases Downward
The basic hydrostatic relation, Eq. (2.14), is mathematically correct but vexing to 
engineers because it combines two negative signs to have the pressure increase 
downward. When calculating hydrostatic pressure changes, engineers work 
instinctively by simply having the pressure increase downward and decrease 
upward. For the multiple fluid layers in Fig. 2.8, we can start at point z5 and work 

Known pressure p1

Oil,   o 

Water,   w 

Glycerin,   G 

Mercury,   M 

z = z1

z2

 z3

 z4

 z5

 z

p2 – p1 = –   og(z2 – z1)

p3 – p2 = –   wg(z3 – z2)

p4 – p3 = –   Gg(z4 – z3)

p5 – p4    

 p5 – p1 

ρ

ρ

ρ

ρρ

ρ

ρ

ρ = –   Mg(z5 – z4) 

Sum =
Fig. 2.8 Evaluating pressure 
changes through a column of 
multiple fluids.
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our way to the top layer at z1 with known pressure. As we move from point z5 to 
z4, the pressure will decrease by γM(z4 – z5). Similarly, we will move up to z3, z2, 
and finally z1. In equation form, these steps can be expressed as

p5 − γM(z4 − z5) − γG(z3 − z4) − γw(z2 − z3) − γo(z1 − z2) = p1

That is, keep subtracting on pressure decrements as you move up through the 
layered fluid. This method is particularly useful when it is applied to a manometer, 
which involves both “up” and “down” calculations.

Application: A Simple Manometer
Figure 2.9 shows a simple U-tube open manometer that measures the gage pres-
sure pA relative to the atmosphere, pa. The chamber fluid ρ1 is separated from the 
atmosphere by a second, heavier fluid ρ2, perhaps because fluid A is corrosive, 
or more likely because a heavier fluid ρ2 will keep z2 small and the open tube 
can be shorter.
	 We first start at A and work around to the open end. The pressure at A and 
point (1) are the same, and when we move from point (1) to (2), the pressure 
increases by γ1∣zA – z1∣. The pressure at point (2) is equal to the pressure at point 
(3), thus we can “jump across” and then move up to level z2. These steps can be 
expressed as

	 pA + γ1 ∣ zA − z1 ∣ − γ2 ∣ z1 − z2 ∣ = p2 ≈ patm� (2.23)

Another physical reason that we can “jump across” at point (2) is that a continu-
ous length of the same fluid connects these two equal elevations. The hydrostatic 
relation (2.14) requires this equality as a form of Pascal’s law:

Any two points at the same elevation in a continuous mass of the same static 
fluid will be at the same pressure.

Note that we could not “jump across” from point (1) to a point at the same 
elevation in the right-hand tube since these would not be the same elevations 
within the same continuous mass of fluid. This idea of jumping across to equal 
pressures facilitates multiple-fluid problems. It will be inaccurate, however, if 
there are bubbles in the fluid.

zA, pA A

2

z1, p1
Jump across

Open, pa

z2, p2 ≈ pa

p = p1 at z = z1 in fluid 2

(1)1ρ

ρ

(3)(2)

Fig. 2.9 Simple open manometer 
for measuring pA relative to atmo-
spheric pressure.
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EXAMPLE 2.3

The classic use of a manometer is when two U-tube legs are of equal length, as in 
Fig.  E2.3, and the measurement involves a pressure difference across two horizontal 
points. The typical application is to measure pressure change across a flow device, as 
shown. Derive a formula for the pressure difference pa – pb in terms of the system 
parameters in Fig. E2.3.

Flow device

ρ1

ρ2

(a) (b)

L

h

E2.3

Solution

Using Eq. (2.14), start at (a), evaluate pressure changes around the U-tube, and end up 
at (b):

pa + ρ1gL + ρ1gh − ρ2gh − ρ1gL = pb

or	 pa − pb = (ρ2 − ρ1)gh� Ans.

The measurement only includes h, the manometer reading. Terms involving L drop out. 
Note the appearance of the difference in densities between manometer fluid and work-
ing fluid. It is a common student error to fail to subtract out the working fluid density 
ρ1—a serious error if both fluids are liquids and less disastrous numerically if fluid 1 
is a gas. Academically, of course, such an error is always considered serious by fluid 
mechanics instructors.

	 Although Example 2.3, because of its popularity in engineering experiments, 
is sometimes considered to be the “manometer formula,” it is best not to memo-
rize it but rather to adapt Eq. (2.14) to each new multiple-fluid hydrostatics 
problem. For example, Fig. 2.10 illustrates a multiple-fluid manometer problem 
for finding the difference in pressure between two chambers A and B. By repeat-
ing the calculations for manometer fluids with different specific weights, we start 
at A, goes down to 1, jumps across, goes up to 2, jumps across, goes down to 3, 
jumps across, and finally goes up to B. Thus, in equation form,

pA + γ1(zA − z1) − γ2(z2 − z1) + γ3(z2 − z3) − γ4(zB − z3) = pB

Or the pressure difference between chambers A and B is

	 pA − pB = −γ1(zA − z1) + γ2(z2 − z1) − γ3(z2 − z3) + γ4(zB − z3)� (2.24)
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EXAMPLE 2.4

Pressure gage B is to measure the pressure at point A in a water flow. If the pressure at B 
is 87 kPa, estimate the pressure at A in kPa. Assume all fluids are at 20˚C. See Fig. E2.4.

zA, pA

z1, p1 z1, p1
Jump across

A 1

2

z2, p2 z2, p2

3

Jump across

Jump across
z3, p3 z3, p3

4

B zB, pB

ρ

ρ

ρ
ρ

Fig. 2.10 A complicated multiple-
fluid manometer to relate pA to  
pB. This system is not especially 
practical but makes a good 
homework or examination problem.

A

Water
flow

5 cm

4 cm

Mercury

SAE 30 oil Gage B

6 cm

11 cm

E2.4

Solution

∙  System sketch:  The system is shown in Fig. E2.4.
∙  Assumptions:  Hydrostatic fluids, no mixing, vertical “up” in Fig. E2.4.
∙  Approach:  Sequential use of Eq. (2.14) to go from A to B.
∙  Property values:  From Table 2.1 or Table A.3:

γwater = 9790 N/m3;  γmercury = 133,100 N/m3;  γoil = 8720 N/m3

∙  Solution steps:  Proceed from A to B, “down” then “up,” jumping across at the left 
mercury meniscus:

pA + ρw ∣  Δz ∣ w − γm ∣  Δzm ∣ − γo ∣  Δz ∣ o = pB

or	 pA + (9790 N/m3)(0.05 m) − (133,100 N/m3)(0.07 m) − (8720 N/m3)(0.06 m) = 87,000

or	 pA + 490 − 9317 − 523 = 87,000 Solve for pA = 96,350 N/m2 ≈ 96.4 kPa� Ans.

∙  Comments:  Note that we abbreviated the units N/m2 to pascals, or Pa. The inter-
mediate five-figure result, pA = 96,350 Pa, is unrealistic, since the data are known to 
only about three significant figures.



2.5  Hydrostatic Forces on Plane Surfaces  75

	 In making these manometer calculations, we have neglected the capillary height 
changes due to surface tension, which were discussed in Example 1.8. These 
effects cancel if there is a fluid interface, or meniscus, between similar fluids on 
both sides of the U-tube. Otherwise, as in the right-hand U-tube of Fig. 2.10, a 
capillary correction can be made or the effect can be made negligible by using 
large-bore (≥1 cm) tubes.

2.5 Hydrostatic Forces on Plane Surfaces
The design of containment structures requires computation of the hydrostatic 
forces on various solid surfaces adjacent to the fluid. These forces relate to the 
weight of fluid bearing on the surface. For example, a container with a flat, 
horizontal bottom of area Ab and water depth H will experience a downward bot-
tom force Fb = γHAb. If the surface is not horizontal, additional computations are 
needed to find the horizontal components of the hydrostatic force.
	 If we neglect density changes in the fluid, Eq. (2.14) applies and the pres-
sure on any submerged surface varies linearly with depth. For a plane surface, 
the linear stress distribution is exactly analogous to combined bending and 
compression of a beam in strength-of-materials theory. The hydrostatic prob-
lem thus reduces to simple formulas involving the centroid and moments of 
inertia of the plate cross-sectional area.
	 Figure 2.11 shows a plane panel of arbitrary shape completely submerged in 
a liquid. The panel plane makes an arbitrary angle θ with the horizontal free 
surface, so that the depth varies over the panel surface. If h is the depth to any 
element area dA of the plate, from Eq. (2.14) the pressure there is p = pa + γh.

Free surface p = pa

h (x, y)
hCGResultant

force:
F = pCG A

Side view

CP
x

y
CG

Plan view of arbitrary plane surface

dA = dx dy

ξ = h
sin 

θ

θ

Fig. 2.11 Hydrostatic force and 
center of pressure on an arbitrary 
plane surface of area A inclined at 
an angle θ below the free surface.
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	 To derive formulas involving the plate shape, establish an xy coordinate system 
in the plane of the plate with the origin at its centroid CG shown in Fig. 2.11, 
plus a dummy coordinate ξ down from the surface in the plane of the plate. Then 
the total hydrostatic force on one side of the plate is given by

	 F = ∫p dA = ∫ ( pa + γh) dA = paA + γ ∫h dA	 (2.25)

	 The remaining integral is evaluated by noticing from Fig. 2.11 that h = ξ sin 
θ and, by definition, the centroidal slant distance from the surface to the plate is

ξCG =
1
A

 ∫ξ dA

Therefore, since θ is constant along the plate, Eq. (2.25) becomes

F = pa A + γ sin θ ∫ξ dA = paA + γ sin θ ξCGA

Finally, unravel this by noticing that ξCG sin θ = hCG, the depth straight down 
from the surface to the plate centroid. Thus

	 � (2.26)

The force on one side of any plane submerged surface in a uniform fluid equals 
the pressure at the plate centroid times the plate area, independent of the shape 
of the plate or the angle θ at which it is slanted.
	 Equation (2.26) can be visualized physically in Fig. 2.12 as the resultant of a 
linear stress distribution over the plate area. This simulates combined compression 

Free surface p = pa

hCGResultant
force:

F = pCG A

CP
x

y
CG

Plan view of arbitrary plane surface

ξCG

θ
Line of action

Side view
yCP

xCP

Fig. 2.12 The hydrostatic pressure 
force on a plane surface is equal, 
regardless of its shape, to the 
resultant linear pressure distribution 
on that surface F = pCGA. Its line of 
action passes through the center of 
pressure (CP) where yCP is located 
below the centroid, xCP is located 
either to the left or right of the 
centroid.
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and bending of a beam of the same cross section. It follows that the “bending” 
portion of the stress causes no force if its “neutral axis” passes through the plate 
centroid of area. Thus the remaining “compression” part must equal the centroid 
stress times the plate area. This is the result of Eq. (2.26).
	 However, to balance the bending-moment portion of the stress, the resultant 
force F acts not through the centroid but below it toward the high-pressure side. 
Its line of action passes through the center of pressure CP of the plate, as 
sketched in Fig.  2.12. To find the coordinates (xCP, yCP), we sum moments of 
the elemental force p dA about the centroid and equate to the moment of the 
resultant F. To compute yCP, we equate

	 FyCP = ∫yp dA = ∫y( pa + γξ sin θ) dA = γ sin θ ∫yξ dA	

The term ∫ pay dA vanishes by definition of centroidal axes. Introducing ξ = ξCG 
– y, we obtain

	 FyCP = γ sin θ (ξCG ∫y dA − ∫y2 dA) = −γ sin θ Ixx	

where again ∫ y dA = 0 and Ixx is the area moment of inertia of the plate area 
about its centroidal x axis, computed in the plane of the plate. Substituting for F 
gives the result

	 yCP = −γ  sin θ 
Ixx

pCG A
� (2.27)

	 The negative sign in Eq. (2.27) shows that yCP is below the centroid at a deeper 
level and, unlike F, depends on angle θ. If we move the plate deeper, yCP 
approaches the centroid because every term in Eq. (2.27) remains constant except 
pCG, which increases.
	 The determination of xCP is exactly similar:

FxCP = ∫xp dA = ∫x[pa + γ(ξCG − y) sin θ] dA

	 = −γ sin θ ∫xy dA = −γ sin θ Ixy

where Ixy is the product of inertia of the plate, again computed in the plane of 
the plate. Substituting for F gives

	 � (2.28)

For positive Ixy, xCP is negative because the dominant pressure force acts in the 
third, or lower left, quadrant of the panel. If Ixy = 0, usually implying symmetry, 
xCP = 0 and the center of pressure lies directly below the centroid on the y axis.
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Gage Pressure Formulas
In most cases the ambient pressure pa is neglected because it acts on both sides 
of the plate; for example, the other side of the plate is inside a ship or on the dry 
side of a gate or dam. In this case pCG = γhCG, and the center of pressure becomes 
independent of specific weight:

	 F = γhCGA  yCP = −
Ixx sin θ
hCG A

  xCP = −
Ixy sin θ
hCG A

� (2.29)

Figure 2.13 gives the area and moments of inertia of several common cross sec-
tions for use with these formulas. Note that θ is the angle between the plate and 
the horizon.
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Fig. 2.13 Centroidal moments of 
inertia for various cross sections: 
(a) rectangle, (b) circle, (c) triangle, 
(d) semicircle, (e) quarter circle, and 
(f ) semi-parabola.
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EXAMPLE 2.5

The gate in Fig. E2.5a is 5 ft wide, is hinged at point B, and rests against a smooth 
wall at point A. Compute (a) the force on the gate due to seawater pressure, (b) the 
horizontal force P exerted by the wall at point A, and (c) the reactions at the hinge B.

15 ft

Wall 

6 ft

8 ft

Gate

Hinge

B

A

Seawater:
64 lbf/ft3

pa

pa

θ

E2.5a

Solution

Part (a)
By geometry the gate is 10 ft long from A to B, and its centroid is halfway be-
tween, or at elevation 3 ft above point B. The depth hCG is thus 15 − 3 = 12 ft. The gate 
area is 5(10) = 50 ft2. Neglect pa as acting on both sides of the gate. From Eq. (2.26) the 
hydrostatic force on the gate is

	 F = pCG A = γhCG A = (64 lbf/ft3) (12 ft) (50 ft2) = 38,400 lbf � Ans. (a)

Part (b)
First we must find the center of pressure of F. A free-body diagram of the gate is 
shown in Fig. E2.5b. The gate is a rectangle, hence

Ixy = 0 and Ixx =
bL3

12
=

(5 ft) (10 ft)3

12
= 417 ft4

The distance l from the CG to the CP is given by Eqs. (2.29) since pa is neglected.

l = −yCP = +
Ixx sin θ
hCG A

=
(417 ft4) ( 6

10)
(12 ft) (50 ft2)

= 0.417 ft

P 
A 

F

B
Bx

Bz

CP

CGl

5 ft

L = 10 ftθ

E2.5b
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The distance from point B to force F is thus 10 − l − 5 = 4.583 ft. Summing the 
moments counterclockwise about B gives

PL sin θ − F(5 − l ) = P(6 ft) − (38,400 lbf )(4.583 ft) = 0

or	  P = 29,300 lbf� Ans. (b)

Part (c)
With F and P known, the reactions Bx and Bz are found by summing forces on the gate:

g Fx = 0 = Bx + F sin θ − P = Bx + 38,400 lbf (0.6) − 29,300 lbf

or	 Bx = 6300 lbf

g 
Fz = 0 = Bz − F cos θ = Bz − 38,400 lbf (0.8)

or	 Bz = 30,700 lbf � Ans. (c)

This example should have reviewed your knowledge of statics.

	 The solution of Example 2.5 was achieved with the moment of inertia 
formulas, Eqs. (2.29). They simplify the calculations, but one loses a physical 
feeling for the forces. Let us repeat Parts (a) and (b) of Example 2.5 using a 
more visual approach.

EXAMPLE 2.6

Repeat Example 2.5 to sketch the pressure distribution on plate AB, and break this 
distribution into rectangular and triangular parts to solve for (a) the force on the plate 
and (b) the center of pressure.

Solution

Part (a)
Point A is 9 ft deep, hence pA = γhA = (64 lbf/ft3)(9 ft) = 576 lbf/ft2. Similarly, Point 
B is 15 ft deep, hence pB = γhB = (64 lbf/ft3)(15 ft) = 960 lbf/ft2. This defines the 
linear pressure distribution in Fig. E2.6. The rectangle is 576 by 10 ft by 5 ft into the 
paper. The triangle is (960 − 576) = 384 lbf/ft2 × 10 ft by 5 ft. The centroid of the 
rectangle is 5 ft down the plate from A. The centroid of the triangle is 6.67 ft down 
from A. The total force is the rectangle force plus the triangle force:

 F = (576 
lbf
ft2 ) (10 ft) (5 ft) + (

384
2

 
lbf
ft2 )(10 ft) (5 ft)

	  = 28,800 lbf + 9600 lbf = 38,400 lbf� Ans. (a)

5 - l

5 ft
A

F

576 lbf/ft2

960 lbf/ft2
l

8 ft
B

6 ft

E2.6
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Part (b)
The moments of these forces about point A are

ΣMA = (28,800 lbf )(5 ft) + (9600 lbf )(6.67 ft) = 144,000 + 64,000 = 208,000 ft · lbf

Then	 5 ft + l =
MA

F
=

208,000 ft · lbf
38,400 lbf

= 5.417 ft hence l = 0.417 ft� Ans. (b)

Comment:  We obtain the same force and center of pressure as in Example 2.5 but 
with more understanding. However, this approach is awkward and laborious if the plate 
is not a rectangle. It would be difficult to solve Example 2.7 with the pressure distribu-
tion alone because the plate is a triangle. Thus moments of inertia can be a useful 
simplification.

pa

5 m

11 m30°

6 m
4 m

Oil: ρ = 800 kg/m3

pa

CG CP

4 m

2 m

8 m

4 mE2.7

Solution

Part (a)
The triangle has properties given in Fig. 2.13c. The centroid is one-third up (4 m) and 
one-third over (2 m) from the lower left corner, as shown. The area is

1
2(6 m)(12 m) = 36 m2

The moments of inertia are

	  Ixx =
bL3

36
=

(6 m)(12 m)3

36
= 288 m4

and	 Ixy =
b(b − 2s)L2

72
=

(6 m)[6 m − 2(6 m)](12 m)2

72
= −72 m4

EXAMPLE 2.7

A tank of oil has a right-triangular panel near the bottom, as in Fig. E2.7. Omitting 
pa, find the (a) hydrostatic force and (b) CP on the panel.
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The depth to the centroid is hCG = 5 + 4 = 9 m; thus the hydrostatic force from 
Eq. (2.26) is

F = ρghCG A = (800 kg /m3)(9.807 m /s2)(9 m)(36 m2)

	  = 2.54 × 106 (kg · m)/s2 = 2.54 × 106 N = 2.54 MN� Ans. (a)

Part (b)
The CP position is given by Eqs. (2.29):

yCP = −
Ixx sin θ
hCG A

= − 
(288 m4)(sin 30°)

(9 m)(36 m2)
= −0.444 m

	 xCP = −
Ixy sin θ
hCG A

= − 
(−72 m4)(sin 30°)

(9 m)(36 m2)
= +0.111 m� Ans. (b)

The resultant force F = 2.54 MN acts through this point, which is down and to the 
right of the centroid, as shown in Fig. E2.7.

2.6 Hydrostatic Forces on Curved Surfaces
The resultant pressure force on a curved surface is most easily computed by 
separating it into horizontal and vertical components. Consider the arbitrary 
curved surface sketched in Fig. 2.14a. The incremental pressure forces, being 
normal to the local area element, vary in direction along the surface and thus 
cannot be added numerically. We could sum the separate three components of 
these elemental pressure forces, but it turns out that we need not perform a labo-
rious three-way integration.
	 Figure 2.14b shows a free-body diagram of the column of fluid contained in 
the vertical projection above the curved surface. The desired forces FH and FV 
are exerted by the surface on the fluid column. Other forces are shown due to 
fluid weight and horizontal pressure on the vertical sides of this column. The 
column of fluid must be in static equilibrium. On the upper part of the column 
bcde, the horizontal components F1 exactly balance and are not relevant to the 

Curved surface
projection onto
vertical planeFV

FH
FH

(a)

F1F1

FHFH

FV

(b)

d

c

a

b

e
Wair

W2

W1

Fig. 2.14 Computation of 
hydrostatic force on a curved 
surface: (a) submerged curved 
surface; (b) free-body diagram of 
fluid above the curved surface.
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discussion. On the lower, irregular portion of fluid abc adjoining the surface, 
summation of horizontal forces shows that the desired force FH due to the curved 
surface is exactly equal to the force FH on the vertical left side of the fluid col-
umn. This left-side force can be computed by the plane surface formula, Eq. 
(2.26), based on a vertical projection of the area of the curved surface. This is a 
general rule and simplifies the analysis:

The horizontal component of force on a curved surface equals the force on the 
plane area formed by the projection of the curved surface onto a vertical plane 
normal to the component.

If there are two horizontal components, both can be computed by this scheme. 
Summation of vertical forces on the fluid free body then shows that

	 FV = W1 + W2 + Wair	 (2.30)

We can state this in words as our second general rule:

The vertical component of pressure force on a curved surface equals in mag-
nitude and direction the weight of the entire column of fluid, both liquid and 
atmosphere, above the curved surface.

Thus the calculation of FV involves little more than finding centers of mass of a 
column of fluid—perhaps a little integration if the lower portion abc in Fig. 2.14b 
has a particularly vexing shape.

EXAMPLE 2.8

A dam has a parabolic shape z/z0 = (x/x0)2 as shown in Fig. E2.8a, with x0 = 10 ft and 
z0 = 24 ft. The fluid is water, γ = 62.4 lbf/ft3, and atmospheric pressure may be omit-
ted. Compute the forces FH and FV on the dam and their line of action. The width of 
the dam is 50 ft.

z = z0( x
x0

(2

pa = 0 lbf/ft2 gage

FV

FH
z

x0

x

z0

E2.8a

Solution

∙  System sketch:  Figure E2.8b shows the various dimensions. The dam width is b = 50 ft.
∙  Approach:  Calculate FH and its line of action from Eqs. (2.26) and (2.29). Calculate 

FV and its line of action by finding the weight of fluid above the parabola and the 
centroid of this weight.
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∙  Solution steps for the horizontal component:  The vertical projection of the parabola 
lies along the z axis in Fig. E2.8b and is a rectangle 24 ft high and 50 ft wide. Its 
centroid is halfway down, or hCG = 24/2 = 12 ft. Its area is Aproj = (24 ft)(50 ft) = 
1200 ft2. Then, from Eq. (2.26),

FH = γhCG Aproj = (62.4 
lbf
ft3 ) (12 ft) (1200 ft2) = 898,560 lbf ≈ 899 × 103 lbf

The line of action of FH is below the centroid of Aproj, as given by Eq. (2.29):

yCP, proj = − 
Ixx sin θ
hCG Aproj

= − 
(1/12)(50 ft) (24 ft)3 sin 90°

(12 ft) (1200 ft2)
= −4 ft

Thus FH is 12 + 4 = 16 ft, or two-thirds of the way down from the surface (8 ft up 
from the bottom).

∙  Comments:  Note that you calculate FH and its line of action from the vertical pro-
jection of the parabola, not from the parabola itself. Since this projection is vertical, 
its angle θ = 90˚.

∙  Solution steps for the vertical component:  The vertical force FV equals the weight 
of water above the parabola. Alas, a parabolic section is not in Fig. 2.13, so we had 
to look it up in another book. The area and centroid are shown in Fig. E2.8b. The 
weight of this parabolic amount of water is

FV = γ Asectionb = (62.4
lbf
ft3 )[

2
3

 (24 ft) (10 ft)](50 ft) = 499,200 lbf ≈ 499 × 103 lbf

3z0
5

Area = 
2x0z0

3

z0 = 24 ft

0 3x0
8

x0 = 10 ft

Parabola

FV

E2.8b

This force acts downward, through the centroid of the parabolic section, or at a 
distance 3x0/8 = 3.75 ft over from the origin, as shown in Figs. E2.8b,c. The resul-
tant hydrostatic force on the dam is

	F = (F2
H + F2

V)1/2 = [(899E3 lbf)2 + (499E3 lbf)2]1/2 = 1028 × 103 lbf at 29°� Ans.

This resultant is shown in Fig. E2.8c and passes through a point 8 ft up and 3.75 ft 
over from the origin. It strikes the dam at a point 5.43 ft over and 7.07 ft up, as shown.

∙  Comments:    Note that entirely different formulas are used to calculate FH and FV. 
The concept of center of pressure CP is, in the writer’s opinion, stretched too far 
when applied to curved surfaces.
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EXAMPLE 2.9

Find an algebraic formula for the net vertical force F on the submerged semicircular 
projecting structure CDE in Fig. E2.9. The structure has uniform width b into the paper. 
The liquid has specific weight γ.

Solution

The net force is the difference between the upward force FL on the lower surface DE 
and the downward force FU on the upper surface CD, as shown in Fig. E2.9. The force 
FU equals γ times the volume ABDC above surface CD. The force FL equals γ times the 
volume ABDEC above surface DE. The latter is clearly larger. The difference is γ times 
the volume of the structure itself. Thus the net upward fluid force on the semicylinder is

	 F = γfluid (volume CDE ) = γfluid 
π

2
 R2b� Ans.

This is the principle upon which the laws of buoyancy, Sec. 2.8, are founded. Note that 
the result is independent of the depth of the structure and depends upon the specific 
weight of the fluid, not the material within the structure.

2.7 Hydrostatic Forces in Layered Fluids
The formulas for plane and curved surfaces in Secs. 2.5 and 2.6 are valid only 
for a fluid of uniform density. If the fluid is layered with different densities, as 
in Fig. 2.15, a single formula cannot solve the problem because the slope of the 
linear pressure distribution changes between layers. However, the formulas apply 
separately to each layer, and thus the appropriate remedy is to compute and sum 
the separate layer forces and moments.
	 Consider the slanted plane surface immersed in a two-layer fluid in Fig. 2.15. 
The slope of the pressure distribution becomes steeper as we move down into the 
denser second layer. The total force on the plate does not equal the pressure at 

z

Resultant = 1028 × 103 lbf acts along z = 10.083 – 0.5555x

Parabola z = 0.24x2
29°

7.07 ft

5.43 ft

3.75 ft

x

8 ft

0

FV = 499 × 103 lbf

FH = 899 × 103 lbf

E2.8c

A B

FU

FL

D

E

C

R

E2.9
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the centroid times the plate area, but the plate portion in each layer does satisfy 
the formula, so that we can sum forces to find the total:

	 F = g Fi = g pCGi
Ai� (2.31)

Similarly, the centroid of the plate portion in each layer can be used to locate the 
center of pressure on that portion:

	 yCPi
= −

ρig sin θi Ixxi

pCGi 
Ai

   xCPi
= −

ρig sin θi Ixyi

pCGi 
Ai

� (2.32)

These formulas locate the center of pressure of that particular Fi with respect to 
the centroid of that particular portion of plate in the layer, not with respect to the 
centroid of the entire plate. The center of pressure of the total force F = Σ Fi can 
then be found by summing moments about some convenient point such as the 
surface. The following example will illustrate this.

EXAMPLE 2.10

A tank 20 ft deep and 7 ft wide is layered with 8 ft of oil, 6 ft of water, and 4 ft of 
mercury. Compute (a) the total hydrostatic force and (b) the resultant center of pressure 
of the fluid on the right-hand side of the tank.

Solution

Part (a)
Divide the end panel into three parts as sketched in Fig. E2.10, and find the hydrostatic 
pressure at the centroid of each part, using the relation (2.26) in steps as in Fig. E2.10:

z

z = 0

z2, p2

p = p1 –   2g(z – z1)

pa

 1 <   2
Fluid 1

p = pa –   1gz

p1 = pa –   1gz1

2
Fluid 2

Plane
surfaceF1 = pCG1

A1

z1, p1

F2 = pCG2
A2

p2 = p1 –   2g(z2 – z1)ρ

ρ

ρ
ρ

ρ

ρ ρ

Fig. 2.15 Hydrostatic forces on a 
surface immersed in a layered fluid 
must be summed in separate pieces.
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 pCG1
= (55.0 lbf/ft3) (4 ft) = 220 lbf/ft2

 pCG2
= (55.0)(8) + 62.4(3) = 627 lbf/ft2

 pCG3
= (55.0)(8) + 62.4(6) + 846(2) = 2506 lbf/ft2

These pressures are then multiplied by the respective panel areas to find the force on 
each portion:

 F1 = pCG1
A1 = (220 lbf/ft2) (8 ft) (7 ft) = 12,300 lbf

 F2 = pCG2
A2 = 627(6)(7) = 26,300 lbf

 F3 = pCG3
A3 = 2506(4)(7) = 70,200 lbf

	  F = g Fi = 108,800 lbf� Ans. (a)

pa = 0
z = 0

4 ft

11 ft

16 ft

7 ft

8 ft

6 ft

Water (62.4)

Oil: 55.0 lbf/ft 3

(1)

(2)

4 ft

Mercury (846)

(3)
E2.10

Part (b)
Equations (2.32) can be used to locate the CP of each force Fi, noting that θ = 90˚ and sin θ = 1  
for all parts. The moments of inertia are Ixx1

 = (7 ft)(8 ft)3/12 = 298.7 ft4, Ixx2
 = 7(6)3/12 

= 126.0 ft4, and Ixx3
 = 7(4)3/12 = 37.3 ft4. The centers of pressure are thus at

yCP1
= −

ρ1gIxx1

F1
= −

(55.0 lbf/ft3) (298.7 ft4)
12,300 lbf

= −1.33 ft

yCP2
= −

62.4(126.0)
26,300

= −0.30 ft  yCP3
= −

846(37.3)
70,200

= −0.45 ft

This locates zCP1
 = −4 − 1.33 = −5.33 ft, zCP2

 = −11 − 0.30 = −11.30 ft, and zCP3
 = −16 − 

0.45 = −16.45 ft. Summing moments about the surface then gives

gFizCPi
= FzCP

or	 12,300(−5.33) + 26,300(−11.30) + 70,200(−16.45) = 108,800zCP

or	 zCP = −
1,518,000
108,800

= −13.95 ft� Ans. (b)

The center of pressure of the total resultant force on the right side of the tank lies 13.95 
ft below the surface.
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2.8 Buoyancy and Stability
The same principles used to compute hydrostatic forces on surfaces can be applied 
to the net pressure force on a completely submerged or floating body. The results 
are the two laws of buoyancy discovered by Archimedes in the third century B.C.:

1.	 A body immersed in a fluid experiences a vertical buoyant force equal to 
the weight of the fluid it displaces.

2.	 A floating body displaces its own weight in the fluid in which it floats.

Archimedes (287–212 B.C.) was born and lived in the Greek city-state of Syra-
cuse, on what is now the island of Sicily. He was a brilliant mathematician and 
engineer, two millennia ahead of his time. He calculated an accurate value for pi 
and approximated areas and volumes of various bodies by summing elemental 
shapes. In other words, he invented the integral calculus. He developed levers, 
pulleys, catapults, and a screw pump. Archimedes was the first to write large 
numbers as powers of 10, avoiding Roman numerals. And he deduced the prin-
ciples of buoyancy, which we study here, when he realized how light he was 
when sitting in a bathtub.
	 Archimedes’ two laws are easily derived by referring to Fig. 2.16. In Fig. 2.16a, 
the body lies between an upper curved surface 1 and a lower curved surface 2. 
From Eq. (2.30) for vertical force, the body experiences a net upward force

	  FB = FV (2) − FV (1)
 = (fluid weight above 2) − (fluid weight above 1)

	  = weight of fluid equivalent to body volume� (2.33)

Alternatively, from Fig. 2.16b, we can sum the vertical forces on elemental ver-
tical slices through the immersed body:

	 FB = ∫
body 

(p2 − p1) dAH = −γ ∫ (z2 − z1) dAH = (γ) (body volume)� (2.34)

Surface
1

Surface
2

FV (1) Horizontal
elemental
area dAH

z1 – z2

p1

p2

 (a)

FV (2)

 (b)

Fig. 2.16 Two different approaches 
to the buoyant force on an arbitrary 
immersed body: (a) forces on upper 
and lower curved surfaces;  
(b) summation of elemental  
vertical-pressure forces.
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These are identical results and equivalent to Archimedes’ law 1.
	 Equation (2.34) assumes that the fluid has uniform specific weight. The line of 
action of the buoyant force passes through the center of volume of the displaced 
body; that is, its center of mass computed as if it had uniform density. This point 
through which FB acts is called the center of buoyancy, commonly labeled B or 
CB on a drawing. Of course, the point B may or may not correspond to the actual 
center of mass of the body’s own material, which may have variable density.
	 Equation (2.34) can be generalized to a layered fluid (LF) by summing the 
weights of each layer of density ρi displaced by the immersed body:

	 (FB)LF = g ρig(displaced volume)i � (2.35)

Each displaced layer would have its own center of volume, and one would have 
to sum moments of the incremental buoyant forces to find the center of buoyancy 
of the immersed body.
	 Since liquids are relatively heavy, we are conscious of their buoyant forces, but 
gases also exert buoyancy on any body immersed in them. For example, human 
beings have an average specific weight of about 60 lbf/ft3. We may record the 
weight of a person as 180 lbf and thus estimate the person’s total volume as 3.0 
ft3. However, in so doing we are neglecting the buoyant force of the air surround-
ing the person. At standard conditions, the specific weight of air is 0.0763 lbf/ft3; 
hence the buoyant force is approximately 0.23 lbf. If measured in a vacuum, the 
person would weigh about 0.23 lbf more. For balloons and blimps the buoyant 
force of air, instead of being negligible, is the controlling factor in the design. 
Also, many flow phenomena, such as natural convection of heat and vertical mix-
ing in the ocean, are strongly dependent on seemingly small buoyant forces.
	 Floating bodies are a special case; only a portion of the body is submerged, 
with the remainder poking up out of the free surface. This is illustrated in Fig. 2.17, 
where the shaded portion is the displaced volume. Equation (2.34) is modified to 
apply to this smaller volume:

	 FB = (γ) (displaced volume) = floating-body weight� (2.36)

Not only does the buoyant force equal the body weight, but also they are col-
linear since there can be no net moments for static equilibrium. Equation (2.36) 
is the mathematical equivalent of Archimedes’ law 2 stated at the beginning of 
this section.

CG W

FB
B

(Displaced volume) × (γ of fluid) = body weight

Neglect the displaced air up here.

Fig. 2.17 Static equilibrium of a 
floating body.
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EXAMPLE 2.11

A block of concrete weighs 100 lbf in air and “weighs” only 60 lbf when immersed in 
fresh water (62.4 lbf/ft3). What is the average specific weight of the block?

Solution

A free-body diagram of the submerged block (see Fig. E2.11) shows a balance between 
the apparent weight, the buoyant force, and the actual weight:

g Fz = 0 = 60 + FB − 100

or	 FB = 40 lbf = (62.4 lbf/ft3) (block volume, ft3)

Solving gives the volume of the block as 40/62.4 = 0.641 ft3. Therefore, the specific 
weight of the block is

	 γblock =
100 lbf

0.641 ft3 =156 lbf/ft3 � Ans.

	 Occasionally, a body will have exactly the right weight and volume for its ratio 
to equal the specific weight of the fluid. If so, the body will be neutrally buoyant 
and will remain at rest at any point where it is immersed in the fluid. Small, 
neutrally buoyant particles are sometimes used in flow visualization, and a neu-
trally buoyant body called a Swallow float [2] is used to track oceanographic 
currents. A submarine can achieve positive, neutral, or negative buoyancy by 
pumping water into or out of its ballast tanks.

Stability
A floating body as in Fig. 2.17 may not approve of the position in which it is 
floating. If so, it will overturn at the first opportunity and is said to be statically 
unstable, like a pencil balanced on its point. The least disturbance will cause it 
to seek another equilibrium position that is stable. Engineers must design to avoid 
floating instability. The only way to tell for sure whether a floating position is 
stable is to “disturb” the body a slight amount mathematically and see whether 
it develops a restoring moment that will return it to its original position. If so, it 
is stable; if not, unstable. Such calculations for arbitrary floating bodies have been 
honed to a fine art by naval architects [3], but we can at least outline the basic 
principle of the static stability calculation. Figure 2.18 illustrates the computation 
for the usual case of a symmetric floating body. The steps are as follows:

1.	 The basic floating position is calculated from Eq. (2.36). The body’s center 
of mass G and center of buoyancy B are computed.

2.	 The body is tilted a small angle Δθ, and a new waterline is established 
for the body to float at this angle. The new position B′ of the center of 
buoyancy is calculated. A vertical line drawn upward from B′ intersects 
the line of symmetry at a point M, called the metacenter, which is inde-
pendent of Δθ for  small angles.

FB

W = 100 lbf

60 lbf

E2.11
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3.	 If point M is above G (that is, if the metacentric height MG is positive), a 
restoring moment is present and the original position is stable. If M is 
below G  (negative MG), the body is unstable and will overturn if dis-
turbed. Stability increases with increasing MG.

Thus the metacentric height is a property of the cross section for the given weight, 
and its value gives an indication of the stability of the body. For a body of vary-
ing cross section and draft, such as a ship, the computation of the metacenter can 
be very involved.

Stability Related to Waterline Area1

Naval architects [3] have developed the general stability concepts from Fig. 2.18 
into a simple computation involving the area moment of inertia of the water-
line area (as seen from above) about the axis of tilt. The derivation—see [3] for 
details—assumes that the body has a smooth shape variation (no discontinuities) 
near the waterline. Recall that M is the metacenter, B is the center of buoyancy, 
and G is the center of gravity. The final elegant formula relates the distances 
between these points:

	 MG =
IO

vsub
− GB	 (2.37)

Where IO is the area moment of inertia of the waterline area about the tilt axis 
O and vsub is the volume of the submerged portion of the floating body. It is 
desirable, of course, that MG be positive for the body to be stable.
	 The engineer locates G and B from the basic shape and design of the floating 
body and then calculates IO and vsub to determine if MG is positive.
	 Engineering design counts upon effective operation of the results. A stability 
analysis is useless if the floating body runs aground on rocks, as in Fig. 2.19.

Line of
symmetry

G

W

FB

B

M

G

W

B'

FB

G

W M
FB

B'

Small
disturbance

angle

Small
disturbance

angle

(b)
Either Restoring moment or Overturning moment

(a) (c)

∆θ
∆θ

Fig. 2.18 Calculation of the 
metacenter M of the floating body 
shown in (a). Tilt the body a small 
angle Δθ. Either (b) B′ moves far 
out (point M above G denotes 
stability); or (c) B′ moves slightly 
(point M below G denotes 
instability).

1This section may be omitted without loss of continuity.
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Fig. 2.19 The Italian liner Costa 
Concordia aground on January 14, 
2012. Stability analysis may fail 
when operator mistakes occur 
(Gregorio Borgia/AP Images).

EXAMPLE 2.12

A barge has a uniform rectangular cross section of width 2L and vertical draft of height 
H, as in Fig. E2.12. Determine (a) the metacentric height for a small tilt angle and (b) 
the range of ratio L/H for which the barge is statically stable if G is exactly at the 
waterline as shown.

G

B H
O

L L

●

E2.12

Solution

If the barge has length b into the paper, the waterline area, relative to tilt axis O, has a 
base b and a height 2L; therefore, IO = b(2L)3/12. Meanwhile, υsub = 2LbH. Equation 
(2.37) predicts

	 MG =
Io

υsub
− GB =

8bL3/12
2LbH

−
H

2
=

L2

3H
−

H

2
� Ans. (a)

The barge can thus be stable only if

	 L2 > 3H2/2  or  2L > 2.45H � Ans. (b)

The wider the barge relative to its draft, the more stable it is. Lowering G would help also.
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	 Even an expert will have difficulty determining the floating stability of a buoy-
ant body of irregular shape. Such bodies may have two or more stable positions. 
For example, a ship may float the way we like it, so that we can sit on the deck, 
or it may float upside down (capsized). An interesting mathematical approach to 
floating stability is given in Ref. 4. The author of this reference points out that 
even simple shapes, such as a cube of uniform density, may have a great many 
stable floating orientations, not necessarily symmetric. Homogeneous circular 
cylinders can float with the axis of symmetry tilted from the vertical.
	 Floating instability occurs in nature. Fish generally swim with their planes of sym-
metry vertical. After death, this position is unstable and they float with their flat sides 
up. Giant icebergs may overturn after becoming unstable when their shapes change 
due to underwater melting. Iceberg overturning is a dramatic, rarely seen event.
	 Figure 2.20 shows a typical North Atlantic iceberg formed by calving from a 
Greenland glacier that protruded into the ocean. The exposed surface is rough, 
indicating that it has undergone further calving. Icebergs are frozen fresh, bubbly, 
glacial water of average density 900 kg/m3. Thus, when an iceberg is floating in 
seawater, whose average density is 1025 kg/m3, approximately 900/1025, or 
seven-eighths, of its volume lies below the water.

2.9 Pressure Distribution in Rigid-Body Motion
In rigid-body motion, all particles are in combined translation and rotation, and 
there is no relative motion between particles. With no relative motion, there are 
no strains or strain rates, so that the viscous term in Eq. (2.8) vanishes, leaving 
a balance between pressure, gravity, and particle acceleration:

	 ∇p = ρ(g − a)	 (2.38)

The pressure gradient acts in the direction g – a, and lines of constant pressure (includ-
ing the free surface, if any) are perpendicular to this direction. The general case of 
combined translation and rotation of a rigid body is discussed in Chap. 3, Fig. 3.11.

Fig. 2.20 A North Atlantic iceberg 
formed by calving from a Greenland 
glacier. These, and their even larger 
Antarctic sisters, are the largest 
floating bodies in the world. 
(Dmitry Reznichenko/Shutterstock)
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	 Fluids can rarely move in rigid-body motion unless restrained by confining 
walls for a long time. For example, suppose a tank of water is in a car that starts 
a constant acceleration. The water in the tank would begin to slosh about, and that 
sloshing would damp out very slowly until finally the particles of water would be 
in approximately rigid-body acceleration. This would take so long that the car 
would have reached hypersonic speeds. Nevertheless, we can at least discuss the 
pressure distribution in a tank of rigidly accelerating water.

Uniform Linear Acceleration
In the case of uniform rigid-body acceleration, Eq. (2.38) applies, a having the 
same magnitude and direction for all particles. With reference to Fig. 2.21, the 
parallelogram sum of g and –a gives the direction of the pressure gradient or 
greatest rate of increase of p. The surfaces of constant pressure must be perpen-
dicular to this and are thus tilted at a downward angle θ such that

	 θ = tan−1 ax

g + az

	 (2.39)

One of these tilted lines is the free surface, which is found by the requirement 
that the fluid retain its volume unless it spills out. The rate of increase of pressure 
in the direction g – a is greater than in ordinary hydrostatics and is given by

	
dp

ds
= ρG where G = [a2

x + (g + az)2]1/2	 (2.40)

These results are independent of the size or shape of the container as long as the 
fluid is continuously connected throughout the container.

EXAMPLE 2.13

A drag racer rests her coffee mug on a horizontal tray while she accelerates at 7 m/s2. The 
mug is 10 cm deep and 6 cm in diameter and contains coffee 7 cm deep at rest. (a) Assum-
ing rigid-body acceleration of the coffee, determine whether it will spill out of the mug. (b) 
Calculate the gage pressure in the corner at point A if the density of coffee is 1010 kg/m3.

p = p1
p2

p3

x

z

∇p ∝g – a

ax a

az Fluid
at rest

S

–a = tan –1 ax
g + az

g

az

ax

θθ

Fig. 2.21 Tilting of constant-pressure 
surfaces in a tank of liquid in rigid-
body acceleration.
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Solution

∙  System sketch:  Figure E2.13 shows the coffee tilted during the acceleration.

3 cm

ax = 7 m/s2

A

∆z

3 cm

7 cm

θ

E2.13

∙  Assumptions:  Rigid-body horizontal acceleration, ax = 7 m/s2. Symmetric coffee 
cup.

∙  Property values:  Density of coffee given as 1010 kg/m3.
∙  Approach (a):  Determine the angle of tilt from the known acceleration, then find 

the height rise.
∙  Solution steps:  From Eq. (2.39), the angle of tilt is given by

θ = tan−1 
ax

g = tan−1 
7.0 m/s2

9.81 m/s2 = 35.5°

If the mug is symmetric, the tilted surface will pass through the center point of the rest 
position, as shown in Fig. E2.13. Then the rear side of the coffee free surface will rise 
an amount Δz given by

	 Δz = (3 cm)(tan 35.5°) = 2.14 cm < 3 cm therefore no spilling� Ans. (a)

∙  Comment (a):    This solution neglects sloshing, which might occur if the start-up is 
uneven.

∙  Approach (b):    The pressure at A can be computed from Eq. (2.40), using the perpen-
dicular distance Δs from the surface to A. When at rest, pA = ρghrest = (1010 kg/m3) 
(9.81 m/s2)(0.07 m) = 694 Pa.

pA = ρG Δs = (1010 

kg
m3)[√(9.81)2 + (7.0)2

][(0.07 + 0.0214) cos 35.5°] ≈ 906 Pa  Ans. (b)

∙  Comment (b):  The acceleration has increased the pressure at A by 31 percent. Think 
about this alternative: why does it work? Since az = 0, we may proceed vertically 
down the left side to compute

pA = ρg(zsurf − zA) = (1010 kg/m3)(9.81 m/s2)(0.0214 m + 0.07 m) = 906 Pa
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Rigid-Body Rotation
As a second special case, consider rotation of the fluid about the z axis without 
any translation, as sketched in Fig. 2.22. We assume that the container has been 
rotating long enough at constant Ω for the fluid to have attained rigid-body rota-
tion. The fluid acceleration will then be a centripetal term. In the coordinates of 
Fig. 2.22, the angular-velocity and position vectors are given by

	 Ω = kΩ r0 = irr	 (2.41)

Then the acceleration is given by

	 Ω × (Ω × r0) = −rΩ2ir	 (2.42)
as marked in the figure, and Eq. (2.38) for the force balance becomes

	 ∇p = ir 
∂p

∂r
+ k 

∂p

∂z
= ρ(g − a) = ρ(−gk + rΩ2ir)	

Equating like components, we find the pressure field by solving two first-order 
partial differential equations:

	
∂p

∂r
= ρrΩ2 

∂p

∂z
 = −γ� (2.43)

The right-hand sides of (2.43) are known functions of r and z. One can proceed as 
follows: Integrate the first equation “partially,” holding z constant, with respect to r. 
The result is
	 p = 1

2ρr2Ω2 + f(z)� (2.44)

where the “constant” of integration is actually a function f(z).2 Now differentiate 
this with respect to z and compare with the second relation of (2.43):

∂p

∂z
= 0 + f ′ (z) = −γ

z, k

r, ir
p = pa

a = –rΩ2ir –a

g g–a

Still-water
level

Axis of
rotation

p = p1

 p2

 p3

Ω

Fig. 2.22 Development of paraboloid 
constant-pressure surfaces in a fluid 
in rigid-body rotation. The dashed 
line along the direction of maximum 
pressure increase is an exponential 
curve.

2This is because f(z) vanishes when differentiated with respect to r. If you don’t see this, you 
should review your calculus.
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or	 f(z) = −γz + C	

where C is a constant. Thus Eq. (2.44) now becomes

	 p = const − γz + 1
2ρr2Ω2� (2.45)

This is the pressure distribution in the fluid. The value of C is found by specify-
ing the pressure at one point. If p = p0 at (r, z) = (0, 0), then C = p0. The final 
desired distribution is

	 p = p0 − γz + 1
2 ρr2Ω2 � (2.46)

The pressure is linear in z and parabolic in r. If we wish to plot a constant-
pressure surface, say, p = p1, Eq. (2.45) becomes

	 z =
p0 − p1

γ
+

r2Ω2

2g
= a + br2� (2.47)

Thus the surfaces are paraboloids of revolution, concave upward, with their min-
imum points on the axis of rotation. Some examples are sketched in Fig. 2.22.
	 As in the previous example of linear acceleration, the position of the free surface 
is found by conserving the volume of fluid. For a noncircular container with the 
axis of rotation off-center, as in Fig. 2.22, a lot of laborious mensuration is required, 
and a single problem will take you all weekend. However, the calculation is easy 
for a cylinder rotating about its central axis, as in Fig. 2.23. Since the volume of 
a paraboloid is one-half the base area times its height, the still-water level is exactly 
halfway between the high and low points of the free surface. The center of the 
fluid drops an amount h/2 = Ω2R2/(4g), and the edges rise an equal amount.

EXAMPLE 2.14

The coffee cup in Example 2.13 is removed from the drag racer, placed on a turntable, 
and rotated about its central axis until a rigid-body mode occurs. Find (a) the angular 
velocity that will cause the coffee to just reach the lip of the cup and (b) the gage 
pressure at point A for this condition.

Volume = 2 R2hStill -
water
level

R R

h = Ω2R2

2g

h
2

h
2

Ω

π

Fig. 2.23 Determining the free-
surface position for rotation of 
a cylinder of fluid about its 
central axis.
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Solution

Part (a)
The cup contains 7 cm of coffee. The remaining distance of 3 cm up to the lip must equal 
the distance h/2 in Fig. 2.23. Thus

h

2
 = 0.03 m =

Ω2R2

4g
=

Ω2(0.03 m)2

4(9.81 m/s2)
Solving, we obtain

	 Ω2 = 1308 or Ω = 36.2 rad/s = 345 r/min� Ans. (a)

Part (b)
To compute the pressure, it is convenient to put the origin of coordinates r and z at 
the bottom of the free-surface depression, as shown in Fig. E2.14. The gage pressure 
here is p0 = 0, and point A is at (r, z) = (3 cm, –4 cm). Equation (2.46) can then be 
evaluated:

 pA = 0 − (1010 kg/m3)(9.81 m/s2)(−0.04 m)

+ 1
2(1010 kg/m3)(0.03 m)2(1308 rad2/s2)

	  = 396 N/m2 + 594 N/m2 = 990 Pa� Ans. (b)

This is about 43 percent greater than the still-water pressure pA = 694 Pa.

	 Here, as in the linear acceleration case, it should be emphasized that the parab-
oloid pressure distribution (2.46) sets up in any fluid under rigid-body rotation, 
regardless of the shape or size of the container. The container may even be closed 
and filled with fluid. It is only necessary that the fluid be continuously intercon-
nected throughout the container. The following example will illustrate a peculiar 
case in which one can visualize an imaginary free surface extending outside the 
walls of the container.

EXAMPLE 2.15

A U-tube with a radius of 10 in and containing mercury to a height of 30 in is rotated 
about its center at 180 r/min until a rigid-body mode is achieved. The diameter of the 
tubing is negligible. Atmospheric pressure is 2116 lbf/ft2. Find the pressure at point A 
in the rotating condition. See Fig. E2.15.

Solution

Convert the angular velocity to radians per second:

Ω = (180 r/min) 
2π rad/r
60 s/min

= 18.85 rad/s

From Table 2.1 we find for mercury that γ = 846 lbf/ft3 and hence ρ = 846/32.2 = 
26.3  slugs/ft3. At this high rotation rate, the free surface will slant upward at a fierce 
angle [about 84˚; check this from Eq. (2.47)], but the tubing is so thin that the free 

E2.14

3 cm

A

3 cm

7 cm

3 cm

z

r0

Ω

E2.15

z

r

Imaginary
free surface

10 in

30 in

0

A

B

Ω
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surface will remain at approximately the same 30-in height, point B. Placing our origin 
of coordinates at this height, we can calculate the constant C in Eq. (2.45) from the 
condition pB = 2116  lbf/ft2 at (r, z) = (10 in, 0):

 pB = 2116 lbf/ft2 = C − 0 + 1
2(26.3 slugs/ft3) (10

12 ft)2(18.85 rad/s)2

or	  C = 2116 − 3245 = −1129 lbf/ft2

We then obtain pA by evaluating Eq. (2.46) at (r, z) = (0, –30 in):

	 pA = −1129 − (846 lbf/ft3) (−30
12 ft) = −1129 + 2115 = 986 lbf/ft2� Ans.

This is less than atmospheric pressure, and we can see why if we follow the free-
surface paraboloid down from point B along the dashed line in the figure. It will cross 
the horizontal portion of the U-tube (where p will be atmospheric) and fall below point 
A. From Fig. 2.23 the actual drop from point B will be

h =
Ω2R2

2g
=

(18.85)2(10
12)2

2(32.2)
= 3.83 ft = 46 in

Thus pA is about 16 inHg below atmospheric pressure, or about 16
12(846) = 1128 lbf/ft2 

below pa = 2116 lbf/ft2, which checks with the answer above. When the tube is at rest,

pA = 2116 − 846(−30
12) = 4231 lbf/ft2

Hence rotation has reduced the pressure at point A by 77 percent. Further rotation can 
reduce pA to near-zero pressure, and cavitation can occur.

	 An interesting by-product of this analysis for rigid-body rotation is that the 
lines everywhere parallel to the pressure gradient form a family of curved sur-
faces, as sketched in Fig. 2.22. They are everywhere orthogonal to the constant-
pressure surfaces, and hence their slope is the negative inverse of the slope 
computed from Eq. (2.47):

dz

dr ∣ GL
= −

1
(dz/dr)p=const

= −
1

rΩ2/g

where GL stands for gradient line

or	
dz

dr
 = −

g

rΩ2	 (2.48)

Separating the variables and integrating, we find the equation of the pressure-
gradient surfaces:

	 r = C1 exp(−
Ω2z

g )	 (2.49)

Notice that this result and Eq. (2.47) are independent of the density of the fluid. 
In the absence of friction and Coriolis effects, Eq. (2.49) defines the lines along 
which the apparent net gravitational field would act on a particle. Depending on 
its density, a small particle or bubble would tend to rise or fall in the fluid along 
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Fig. 2.24 Experimental 
demonstration with buoyant 
streamers of the fluid force field 
in rigid-body rotation: (top) fluid 
at rest (streamers hang vertically 
upward); (bottom) rigid-body 
rotation (streamers are aligned 
with the direction of maximum 
pressure gradient). (From ‘The 
Apparent Field of Gravity in a 
Rotating Fluid System’ by R. Ian 
Fletcher. American Journal of 
Physics vol. 40, pp. 959–965,  
July 1972)
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these exponential lines, as demonstrated experimentally in Ref. 5. Also, buoyant 
streamers would align themselves with these exponential lines, thus avoiding any 
stress other than pure tension. Figure 2.24 shows the configuration of such 
streamers before and during rotation.

2.10 Pressure Measurement
Pressure is a derived property. It is the force per unit area as related to fluid 
molecular bombardment of a surface. Thus most pressure instruments only 
infer the pressure by calibration with a primary device such as a deadweight 
piston tester. There are many such instruments, for both a static fluid and a 
moving stream. The instrumentation texts in Refs. 6 to 9, 10, 11, and 14–15 
list over 20 designs for pressure measurement instruments. These instruments 
may be grouped into four categories:

1.	 Gravity-based: barometer, manometer, deadweight piston.
2.	 Elastic deformation: bourdon tube (metal and quartz), diaphragm, bellows, 

strain-gage, optical beam displacement.
3.	 Gas behavior: gas compression (McLeod gage), thermal conductance 

(Pirani gage), molecular impact (Knudsen gage), ionization, thermal 
conductivity, air piston.

4.	 Electric output: resistance (Bridgman wire gage), diffused strain gage, 
capacitative, piezoelectric, potentiometric, magnetic inductance, mag-
netic reluctance, linear variable differential transformer (LVDT), reso-
nant frequency.

5.	 Luminescent coatings for surface pressures [13].

The gas-behavior gages are mostly special-purpose instruments used for certain 
scientific experiments. The deadweight tester is the instrument used most often 
for calibrations; for example, it is used by the U.S. National Institute for Standards 
and Technology (NIST). The barometer is described in Fig. 2.6.
	 The manometer, analyzed in Sec. 2.4, is a simple and inexpensive hydrostatic-
principle device with no moving parts except the liquid column itself. Manom-
eter measurements must not disturb the flow. The best way to do this is to take 
the measurement through a static hole in the wall of the flow, as illustrated in 
Fig. 2.25a. The hole should be normal to the wall, and burrs should be avoided. 
If the hole is small enough (typically 1-mm diameter), there will be no flow into 
the measuring tube once the pressure has adjusted to a steady value. Thus the 
flow is almost undisturbed. An oscillating flow pressure, however, can cause a 
large error due to possible dynamic response of the tubing. Other devices of 
smaller dimensions are used for dynamic-pressure measurements. The manometer 
in Fig. 2.25a measures the gage pressure p1. The instrument in Fig. 2.25b is a 
digital differential manometer, which can measure the difference between two 
different points in the flow, with stated accuracy of 0.3 percent of full scale. The 
world of instrumentation is moving quickly toward digital readings.
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	 In category 2, elastic-deformation instruments, a popular, inexpensive, and 
reliable device is the bourdon tube, sketched in Fig. 2.26. When pressurized 
internally, a curved tube with flattened cross section will deflect outward. The 
deflection can be measured by a linkage attached to a calibrated dial pointer, as 
shown. Or the deflection can be used to drive electric-output sensors, such as a 
variable transformer. Similarly, a membrane or diaphragm will deflect under pres-
sure and can either be sensed directly or used to drive another sensor.
	 An interesting variation of Fig. 2.26 is the fused-quartz, force-balanced bour-
don tube, shown in Fig. 2.27, whose spiral-tube deflection is sensed optically and 
returned to a zero reference state by a magnetic element whose output is propor-
tional to the fluid pressure. The fused-quartz, force-balanced bourdon tube is 
reported to be one of the most accurate pressure sensors ever devised, with uncer-
tainty on the order of ±0.003 percent.

Flow

p1

(a) (b)

Fig. 2.25 Two types of accurate 
manometers for precise measure-
ments: (a) tilted tube with eyepiece; 
(b) a digital manometer of rated 
accuracy ±0.3 percent. (Courtesy  
of Sper Scientific)

Bourdon
tube

Pointer for
dial gage

Section AA
A

A

Linkage

High  pressure

Flattened tube deflects
outward under pressure

Fig. 2.26 Schematic of a  
bourdon-tube device for mechanical 
measurement of high pressures.
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	 The quartz gages, both the bourdon type and the resonant type, are expensive 
but extremely accurate, stable, and reliable [12]. They are often used for deep-
ocean pressure measurements, which detect long waves and tsunami activity over 
extended time periods.
	 The last category, electric-output sensors, is extremely important in engineer-
ing because the data can be stored on computers and freely manipulated, plotted, 
and analyzed. Two examples are shown in Fig. 2.28, the first being the capacitive 
sensor in Fig. 2.28a. The differential pressure deflects the silicon diaphragm and 
changes the capacitance of the liquid in the cavity. Note that the cavity has spher-
ical end caps to prevent overpressure damage. In the second type, a MEMS sen-
sor is arranged to deform under pressure such that its natural vibration frequency 
is proportional to the pressure. An oscillator excites the element’s resonant fre-
quency and converts it into appropriate pressure units. Figure 2.28b shows an 
autonomous unmanned aerial vehicle (UAV) equipped with integrated 7-axis iner-
tial and barometric pressure sensors for flight control. Figure 2.28c elaborates the 
tiny micromachined silicon element.
	 Another kind of dynamic electric-output sensor is the piezoelectric transducer, 
shown in Fig. 2.29. The sensing elements are thin layers of quartz, which gener-
ate an electric charge when subjected to stress. The design in Fig. 2.29 is flush-
mounted on a solid surface and can sense rapidly varying pressures, such as blast 
waves. Other designs are of the cavity type. This type of sensor primarily detects 
transient pressures, not steady stress, but if highly insulated can also be used for 
short-term static events. Note also that it measures gage pressure—that is, it 
detects only a change from ambient conditions.

Fluke Calibration Quartz Bourdon Tube (QBT) Pressure Sensor

Fused-quartz bourdon tube

Mirror

Torsion hingeElectromagnetic coil

Fig. 2.27 The fused-quartz,  
force-balanced bourdon tube is the 
most accurate pressure sensor used 
in commercial applications today. 
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Seal diaphragm

Filling liquidSensing diaphragm

Low-pressure sideHigh-pressure side

Cover flange

(a)

Fig. 2.28 Pressure sensors with 
electric output: (a) a silicon 
diaphragm whose deflection 
changes the cavity capacitance  
(b) A drone with MEMS sensors 
used in flight controllers and the 
camera’s gimbal image stabilizer. 
(Courtesy of TDK InvenSense); 
(c) a micromachined silicon ele-
ment that resonates at a frequency 
proportional to applied pressure. 

(b)
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2.6	 Forces on curved surfaces	 2.81–2.100
2.7	 Forces in layered fluids	 2.101–2.102
2.8	 Buoyancy; Archimedes’ principles	 2.103–2.126
2.8	 Stability of floating bodies	 2.127–2.136
2.9	 Uniform acceleration	 2.137–2.151
2.9	 Rigid-body rotation	 2.152–2.159
2.10	 Pressure measurements	 2.160–2.161

Stresses; pressure gradient; gage pressure
P2.1	 For the two-dimensional stress field shown in Fig. P2.1 

it is found that

σxx = 3000 lbf/ft2 σyy = 2000 lbf/ft2 σxy = 500 lbf/ft2

		  Find the shear and normal stresses (in lbf/ft2) acting on 
plane AA cutting through the element at a 30˚ angle as 
shown.

Problems
Most of the problems herein are fairly straightforward. More dif-
ficult or open-ended assignments are indicated with an asterisk, 
as in Prob. 2.9. Problems labeled with a computer icon  may 
require the use of a computer. The standard end-of-chapter prob-
lems 2.1 to 2.161 (categorized in the problem distribution) are 
followed by word problems W2.1 to W2.9, fundamentals of engi-
neering exam problems FE2.1 to FE2.10, comprehensive prob-
lems C2.1 to C2.9, and design projects D2.1 to D2.3.

Problem Distribution

Section	 Topic	 Problems

2.1, 2.2	 Stresses; pressure gradient; gage pressure	 2.1–2.6
2.3	 Hydrostatic pressure; barometers	 2.7–2.23
2.3	 The atmosphere	 2.24–2.29
2.4	 Manometers; multiple fluids	 2.30–2.47
2.5	 Forces on plane surfaces	 2.48–2.80

Summary
This chapter has been devoted entirely to the computation of pressure distribu-
tions and the resulting forces and moments in a static fluid or a fluid with a 
known velocity field. All hydrostatic (Secs. 2.3 to 2.8) and rigid-body (Sec. 2.9) 
problems are solved in this manner and are classic cases that every student should 
understand. In arbitrary viscous flows, both pressure and velocity are unknowns 
and are solved together as a system of equations in the chapters that follow.

Fig. 2.29 A piezoelectric transducer 
measures rapidly changing pressures. 
Source: PCB Piezorronics, Inc, Depew, 
New York.
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P2.6	 Any pressure reading can be expressed as a length or 
head, h = p/ρg. What is standard sea-level pressure ex-
pressed in (a) ft of glycerin, (b) inHg, (c) m of water, and 
(d ) mm of ethanol? Assume all fluids are at 20˚C.

Hydrostatic pressure; barometers
P2.7	 La Paz, Bolivia, is at an altitude of approximately 

3658 m. Assume a standard atmosphere. How high 
would the liquid rise in a methanol barometer, as-
sumed at 20˚C?

		  Hint: Don’t forget the vapor pressure.
P2.8	 Suppose, which is possible, that there is a half-mile 

deep lake of pure ethanol on the surface of Mars. 
Estimate the absolute pressure, in Pa, at the bottom 
of this speculative lake.

P2.9	 A storage tank, 26 ft in diameter and 36 ft high, is filled 
with SAE 30W oil at 20˚C. (a) What is the gage pres-
sure, in lbf/in2, at the bottom of the tank? (b) How does 
your result in (a) change if the tank diameter is reduced 
to 15 ft? (c) Repeat (a) if leakage has caused a layer of 5 
ft of water to rest at the bottom of the (full) tank.

P2.10	 A large open tank is open to sea-level atmosphere and 
filled with liquid, at 20˚C, to a depth of 50 ft. The abso-
lute pressure at the bottom of the tank is approximately 
221.5 kPa. From Table A.3, what might this liquid be?

P2.11	 In Fig. P2.11, pressure gage A reads 1.5 kPa (gage). 
The fluids are at 20˚C. Determine the elevations z, in 
meters, of the liquid levels in the open piezometer 
tubes B and C.

		  P2.11    
1 m

1.5 m

2 m

z = 0

Gasoline

Glycerin

A

B C

Air

P2.12	 In Fig. P2.12 the tank contains water and immiscible 
oil at 20˚C. What is h in cm if the density of the oil is 
898 kg/m3?

	 P2.1  

P2.2	 For the two-dimensional stress field shown in Fig. P2.1 
suppose that

σxx = 2000 lbf/ft2 σyy = 3000 lbf/ft2 σn(AA) = 2500 lbf/ft2

		  Compute (a) the shear stress σxy and (b) the shear stress 
on plane AA.

P2.3	 A vertical, clean, glass piezometer tube has an inside 
diameter of 1 mm. When pressure is applied, water at 
20˚C rises into the tube to a height of 25 cm. After 
correcting for surface tension, estimate the applied 
pressure in Pa.

P2.4	 Pressure gages, such as the bourdon gage in Fig. P2.4, 
are calibrated with a deadweight piston. If the bourdon 
gage is designed to rotate the pointer 10 degrees for 
every 2  psig of internal pressure, how many degrees 
does the pointer rotate if the piston and weight together 
total 44 newtons?

		  P2.4  

Oil2 cm
diameter

W
Bourdon

gage
?θ

P2.5	 Quito, Ecuador, has an average altitude of 2850 m. On a 
standard day, pressure gage A in a laboratory experiment 
reads 63 kPa and gage B reads 105 kPa. Express these read-
ings in gage pressure or vacuum pressure, whichever is 
appropriate.

A

A
σxx

σxy

σyx

σyy

σxx

σyy

σyx

σxy

=

=

30°
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		  P2.15         

Air

Oil

Water

1 ft

1 ft

2 ft

2 ft

A

B

C

15 lbf/in2 abs

P2.16	 If the absolute pressure at the interface between water and 
mercury in Fig. P2.16 is 93 kPa, what, in lbf/ft2, is (a) the 
pressure at the surface and (b) the pressure at the bottom of 
the container?

28 cm

8 cm

Water

Mercury

75° 75°

32 cm
		  P2.16

P2.17	 The system in Fig. P2.17 is at 20˚C. Determine the 
height h of the water in the left side.

		  P2.17   

Air, 200 Pa (gage)

Oil, SG = 0.8
25 cm

20 cm
Water

0 Pa (gage)

h

		  P2.12       

6 cm

12 cm

h

8 cm

Oil

Water

P2.13	 In Fig. P2.13 the 20˚C water and gasoline surfaces are 
open to the atmosphere and at the same elevation. What 
is the height h of the third liquid in the right leg?

1.5 m

1 m
h

Water
Gasoline

Liquid, SG = 1.60

		  P2.13

P2.14	 For the three-liquid system shown, compute h1 and h2. 
Neglect the air density.

	

h2

h1

Water

Mercury

8 cm

27 cm

5 cm

Oil,
SG =
0.78

		  P2.14

P2.15	 The air–oil–water system in Fig. P2.15 is at 20˚C. Know-
ing that gage A reads 15 lbf/in2 absolute and gage B reads 
1.25 lbf/in2 less than gage C, compute (a) the specific 
weight of the oil in lbf/ft3 and (b) the actual reading of 
gage C in lbf/in2 absolute.
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Oil

3-in diameter

1 in 15 in

1-in diameter

F

2000
lbf

		  P2.20

		  P2.21     

Mercury80 cm

A B

h?

Air: 180 kPa abs

Water

P2.22	 The fuel gage for a gasoline tank in a car reads pro-
portional to the bottom gage pressure as in Fig. 
P2.22. If the tank is 30 cm deep and accidentally 
contains 2 cm of water plus gasoline, how many cen-
timeters of air remain at the top when the gage erro-
neously reads “full”?

		  P2.22  

Gasoline
SG = 0.68

30 cm

Water

h?

2 cm

Air

pgage

Vent

P2.23	 In Fig. P2.23 both fluids are at 20˚C. If surface ten-
sion effects are negligible, what is the density of the 
oil, in kg/m3?

P2.18	 The system in Fig. P2.18 is at 20˚C. If atmospheric 
pressure is 101.33 kPa and the pressure at the bottom 
of the tank is 242 kPa, what is the specific gravity of 
fluid X?

		  P2.18          
0.5 m

SAE 30 oil

Water

Fluid X

1 m

2 m

3 m

Mercury

P2.19	 The U-tube in Fig. P2.19 has a 1-cm ID and contains 
mercury as shown. If 20 cm3 of water is poured into the 
right-hand leg, what will the free-surface height in each 
leg be after the sloshing has died down?

		  P2.19        

Mercury

10 cm10 cm

10 cm

P2.20	 The hydraulic jack in Fig. P2.20 is filled with oil at 56 lbf/
ft3. Neglecting the weight of the two pistons, what force 
F on the handle is required to support the 2000-lbf 
weight for this design?

P2.21	 At 20˚C gage A reads 350 kPa absolute. What is the 
height h of the water in cm? What should gage B read in 
kPa absolute? See Fig. P2.21.
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inverted, so the original top rim of the glass is at the bottom 
of the picture, and the original bottom of the glass is at the 
top of the picture. The weight of the card can be neglected. 
(c) Estimate the theoretical maximum glass height at which 
this experiment could still work, such that the water would 
not fall out of the glass.

		  P2.27a    

Card Top of glass

Bottom of glass

		  P2.27b      Card Original top of glass

Original bottom of glass

1 ●

2 ●

P2.28	 A correlation of computational fluid dynamics results 
indicates that, all other things being equal, the distance 
traveled by a well-hit baseball varies inversely as the 
0.36 power of the air density: that is, X/X0 = (ρ0/ρ)0.36, 
where X0 and ρ0 are the distance and density at standard 
conditions, X and ρ are the local distance and density. If 
a home-run ball hit in Citi Field in New York travels 400 
ft, estimate the distance it would travel in (a) Quito, Ec-
uador, and (b) Colorado Springs, CO.

P2.29	 Follow up on Prob. P2.8 by estimating the altitude on 
Mars where the pressure has dropped to 20 percent of its 
surface value. Assume an isothermal atmosphere, not 
the exponential variation of P2.25.

Manometers; multiple fluids
P2.30	 For the traditional equal-level manometer measurement 

in Fig. E2.3, water at 20˚C flows through the plug device 
from a to b. The manometer fluid is mercury. If L = 12 
cm and h = 24 cm, (a) what is the pressure drop through 
the device? (b) If the water flows through the pipe at a 
velocity V = 18 ft/s, what is the dimensionless loss coef-
ficient of the device, defined by K = Δp/(ρV2)? We will 
study loss coefficients in Chap. 6.

		  P2.23        

8 cm
6 cm

Water

Oil

10 cm

The atmosphere
P2.24	 In Prob. 1.2 we made a crude integration of the density 

distribution ρ(z) in Table A.6 and estimated the mass 
of the earth’s atmosphere to be m ≈ 6 E18 kg. Can this 
result be used to estimate sea-level pressure on the 
earth? Conversely, can the actual sea-level pressure of 
101.35 kPa be used to make a more accurate estimate 
of the atmospheric mass?

 *P2.25	 As measured by NASA’s Viking landers, the atmo-
sphere of Mars, where g ≈3.71 m/s2, is almost entirely 
carbon dioxide, and the surface pressure averages 700 Pa. 
The temperature is cold and drops off exponentially:  
T ≈ To e−Cz, where C = 1.3E-5 m−1 and To = 250 K. For 
example, at 20,000 m altitude, T ≈ 193 K. (a) Find an 
analytic formula for the variation of pressure with 
altitude. (b) Find the altitude where pressure on Mars 
has dropped to 1 pascal.

P2.26	 For gases that undergo large changes in height, the linear 
approximation, Eq. (2.14), is inaccurate. Expand the 
troposphere power-law, Eq. (2.20), into a power series, 
and show that the linear approximation p ≈ pa – ρa gz is 
adequate when

	 δz ≪
2T0

(n − 1)B
 where n =

g

RB

P2.27	 Conduct an experiment to illustrate atmospheric pres-
sure. Note: Do this over a sink or you may get wet! Find 
a drinking glass with a very smooth, uniform rim at the 
top. Fill the glass nearly full with water. Place a smooth, 
light, flat plate on top of the glass such that the entire 
rim of the glass is covered. A glossy postcard works 
best. A small index card or one flap of a greeting card 
will also work. See Fig. P2.27a.

		  (a) Hold the card against the rim of the glass and turn the 
glass upside down. Slowly release pressure on the card. 
Does the water fall out of the glass? Record your experi-
mental observations. (b) Find an expression for the pressure 
at points 1 and 2 in Fig. P2.27b. Note that the glass is now 
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 *P2.34	 Sometimes manometer dimensions have a significant 
effect. In Fig. P2.34 containers (a) and (b) are cylindrical 
and conditions are such that pa = pb. Derive a formula for 
the pressure difference pa – pb when the oil–water inter-
face on the right rises a distance Δh < h, for (a) d ≪ D 
and (b) d = 0.15D. What is the percentage change in the 
value of Δp?

		  P2.34 

(a)

(b)

d

L  

h

D D

Water

SAE 30 oil
H

P2.35	 Water flows upward in a pipe slanted at 30˚, as in 
Fig. P2.35. The mercury manometer reads h = 12 cm. 
Both fluids are at 20˚C. What is the pressure difference 
p1 – p2 in the pipe?

		  P2.35      

h

(1)

(2)

30°

2 m

P2.36	 In Fig. P2.36 both the tank and the tube are open to the 
atmosphere. If L = 2.13 m, what is the angle of tilt θ of 
the tube?

P2.37	 The inclined manometer in Fig. P2.37 contains Meriam 
red manometer oil, SG = 0.827. Assume that the reser-
voir is very large. If the inclined arm is fitted with gradu-
ations 1 in apart, what should the angle θ be if each 
graduation corresponds to 1 lbf/ft2 gage pressure for pA?

P2.31	 In Fig. P2.31 all fluids are at 20˚C. Determine the pres-
sure difference (Pa) between points A and B.

20 cm

40 cm

8 cm

9 cm

14 cm

A B

Kerosene

Air

WaterMercury

Benzene

		  P2.31

P2.32	 For the inverted manometer of Fig. P2.32, all fluids 
are at 20˚C. If pB – pA = 97 kPa, what must the height 
H be in cm?

		  P2.32  

18 cm

H

35 cm

Mercury

Water

Meriam
red oil,

SG = 0.827

A

B

P2.33	 In Fig. P2.33 the pressure at point A is 25 lbf/in2. All 
fluids are at 20˚C. What is the air pressure in the closed 
chamber B, in Pa?

A
4 cm

3 cm

6 cm

8 cm

5 cm

3 cm

Air

Liquid, SG = 1.45

B

Water

SAE 30 oil

		  P2.33
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		  P2.39  Mercury

Air

Oil,
SG = 0.8

11 cm

9 cm

12 cm

8 cm

8 cm

		  P2.40    Oil

Water

Air
2 ft

4 ft

3 ft

1 ft
B

A

P2.41	 The system in Fig. P2.41 is at 20˚C. Compute the pres-
sure at point A in lbf/ft2 absolute.

		

Water

Water

5 in
10 in

6 in

Mercury

A

Oil, SG = 0.85
pa = 14.7 lbf/in2

		  P2.41

P2.42	 Very small pressure differences pA – pB can be mea-
sured accurately by the two-fluid differential manom-
eter in Fig. P2.42. Density ρ2 is only slightly larger 
than that of the upper fluid ρ1. Derive an expression 
for the proportionality between h and pA – pB if the 
reservoirs are very large.

		

50 cm

50 cm

Oil
SG = 0.8

Water
SG = 1.0

L

θ

		  P2.36

		

1 in

Reservoir

D = 5
16

inpA θ

		  P2.37

P2.38	 If the pressure in container A in Fig. P2.38 is 200 kPa, 
compute the pressure in container B.

		  P2.38  

Water

Oil,
SG = 0.8

Mercury

A

B

18 cm

22 cm

16 cm

8 cm

P2.39	 In Fig. P2.39 the right leg of the manometer is open to 
the atmosphere. Find the gage pressure, in Pa, in the air 
gap in the tank.

P2.40	 In Fig. P2.40, if pressure gage A reads 20 lbf/in2 abso-
lute, find the pressure in the closed air space B. The ma-
nometer fluid is Meriam red oil, SG = 0.827.
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P2.45	 In Fig. P2.45, determine the gage pressure at point A in 
Pa. Is it higher or lower than atmospheric?

		  P2.45  

45 cm

30 cm

15 cm

40 cm

patm
Air

Oil,
SG = 0.85

Water Mercury

A

P2.46	 In Fig. P2.46 both ends of the manometer are open to the 
atmosphere. Estimate the specific gravity of fluid X.

		  P2.46   

7 cm

4 cm

6 cm

9 cm

5 cm

12 cm

SAE 30 oil

Water

Fluid X

10 cm

	
P2.47	 The cylindrical tank in Fig. P2.47 is being filled with water at 

20˚C by a pump developing an exit pressure of 175 kPa. At 
the instant shown, the air pressure is 110 kPa and H = 35 cm. 
The pump stops when it can no longer raise the water pres-
sure. For isothermal air compression, estimate H at that time.

		  P2.42  

h1

pA

1

pB

1

h

2

h1

ρ ρ

ρ

P2.43	 The traditional method of measuring blood pressure uses 
a sphygmomanometer, first recording the highest (sys-
tolic) and then the lowest (diastolic) pressure from which 
flowing “Korotkoff” sounds can be heard. Patients with 
dangerous hypertension can exhibit systolic pressures as 
high as 5  lbf/in2. Normal levels, however, are 2.7 and  
1.7 lbf/in2, respectively, for systolic and diastolic pres-
sures. The manometer uses mercury and air as fluids.

		  (a) How high in cm should the manometer tube be?
		  (b) Express normal systolic and diastolic blood pressure 

in millimeters of mercury.
P2.44	 Water flows downward in a pipe at 45˚, as shown in 

Fig.  P2.44. The pressure drop p1 – p2 is partly due to 
gravity and partly due to friction. The mercury 
manometer reads a 6-in height difference. What is the 
total pressure drop p1 – p2 in lbf/in2? What is the 
pressure drop due to friction only between 1 and 2 in 
lbf/in2? Does the manometer reading correspond only 
to friction drop? Why?

		  P2.44      

 5 ft

Flow

1

2

45°

6 in

Mercury

Water
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Newspaper

Ruler

Desk

		  P2.49

P2.50	 A small submarine, with a hatch door 30 in in diame-
ter, is submerged in seawater. (a) If the water hydro-
static force on the hatch is 69,000 lbf, how deep is the 
sub? (b)  If the sub is 350 ft deep, what is the hydro-
static force on the hatch?

P2.51	 Gate AB in Fig. P2.51 is 1.2 m long and 0.8 m into the 
paper. Neglecting atmospheric pressure, compute the 
force F on the gate and its center-of-pressure position X.

		

8 m

6 m

1.2 m

F
40°

X
1 m

A

B

4 m
Oil,

SG = 0.82

		  P2.51

P2.52	 Example 2.5 calculated the force on plate AB and its 
line of action, using the moment-of-inertia approach. 
Some teachers say it is more instructive to calculate 
these by direct integration of the pressure forces. Us-
ing Figs. P2.52 and E2.5a, (a) find an expression for 
the pressure variation p(ξ ) along the plate; (b) inte-
grate this expression to find the total force F; (c) inte-
grate the moments about point A to find the position 
of the center of pressure.

		  P2.47      

75 cm

H

50 cm

Air
20° C

Water
Pump

P2.48	 The system in Fig. P2.48 is open to 1 atm on the right 
side. (a) If L = 120 cm, what is the air pressure in con-
tainer A? (b) Conversely, if pA = 135 kPa, what is the 
length L?

	

15 cm

32 cm

Air

18 cm 35˚

WaterMercury

L

A

		  P2.48

Forces on plane surfaces
P2.49	 Conduct the following experiment to illustrate air pres-

sure. Find a thin wooden ruler (approximately 1 ft in 
length) or a thin wooden paint stirrer. Place it on the 
edge of a desk or table with a little less than half of it 
hanging over the edge lengthwise. Get two full-size 
sheets of newspaper; open them up and place them on 
top of the ruler, covering only the portion of the ruler 
resting on the desk as illustrated in Fig. P2.49. (a) Esti-
mate the total force on top of the newspaper due to air 
pressure in the room. (b) Careful! To avoid potential 
injury, make sure nobody is standing directly in front of 
the desk. Perform a karate chop on the portion of the 
ruler sticking out over the edge of the desk. Record 
your results. (c) Explain your results.
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P2.57	 The square vertical panel ABCD in Fig. P2.57 is sub-
merged in water at 20˚C. Side AB is at least 1.7 m below 
the surface. Determine the difference between the hydro-
static forces on subpanels ABD and BCD.

	 	 P2.57	

A

D

B

C

60 cm

P2.58	 In Fig. P2.58, the cover gate AB closes a circular opening 
80 cm in diameter. The gate is held closed by a 200-kg 
mass as shown. Assume standard gravity at 20˚C. At 
what water level h will the gate be dislodged? Neglect 
the weight of the gate.

	 	 P2.58	

Water

30 cm

3 m

200 kg
h

B A

m

 *P2.59	 Gate AB has length L and width b into the paper, is 
hinged at B, and has negligible weight. The liquid level h 
remains at the top of the gate for any angle θ. Find an 
analytic expression for the force P, perpendicular to AB, 
required to keep the gate in equilibrium in Fig. P2.59.

		  P2.59        B

h

Hinge

A 
P 

L

θ

P2.60	 In Fig. P2.60, vertical, unsymmetrical trapezoidal panel 
ABCD is submerged in fresh water with side AB 12 ft 
below the surface. Since trapezoid centroid formulas are 
complicated, (a) estimate, reasonably, the water force on 
the panel, in lbf, neglecting atmospheric pressure. For 
extra credit, (b)  look up the centroid formula and com-
pute the exact force on the panel.

	 	 P2.52	
8 ft

B

A

6 ft

p(ξ)
ξ

P2.53	 The Hoover Dam, in Arizona, encloses Lake Mead, 
which contains 10 trillion gallons of water. The dam is 
1200 ft wide and the lake is 500 ft deep. (a) Estimate 
the hydrostatic force on the dam, in MN. (b) Explain 
how you might analyze the stress in the dam due to this 
hydrostatic force.

P2.54	 In Fig. P2.54, the hydrostatic force F is the same on the 
bottom of all three containers, even though the weights 
of liquid above are quite different. The three bottom 
shapes and the fluids are the same. This is called the 
hydrostatic paradox. Explain why it is true and sketch a 
free body of each of the liquid columns.

		  P2.54    (a)

F

(b) (c)

F F

P2.55	 Gate AB in Fig. P2.55 is 5 ft wide into the paper, hinged 
at A, and restrained by a stop at B. The water is at 20˚C. 
Compute (a) the force on stop B and (b) the reactions at 
A if the water depth h = 9.5 ft.

	 	 P2.55	

pa

Water
pa

4 ft

B

A

h

P2.56	 In Fig. P2.55, gate AB is 5 ft wide into the paper, and 
stop B will break if the water force on it equals 9200 lbf. 
For what water depth h is this condition reached?
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h

50°

2 cm

H

Water

Plug,
D = 4 cm

Mercury

	 	 P2.63

 *P2.64	 Gate ABC in Fig. P2.64 has a fixed hinge line at B and is 
2 m wide into the paper. The gate will open at A to re-
lease water if the water depth is high enough. Compute 
the depth h for which the gate will begin to open.

Water at 20°C

A 20 cm B

C

1 m

h

		  P2.64

 *P2.65	 Gate AB in Fig. P2.65 is semicircular, hinged at B, and 
held by a horizontal force P at A. What force P is re-
quired for equilibrium?

	 	 P2.65  

P
A

B

5 m

Water

3 m Gate:
Side view

	 	 P2.60	   
C

A B

D

8 ft

6 ft

9 ft

 *P2.61	 Gate AB in Fig. P2.61 is a homogeneous mass of 180 kg, 
1.2 m wide into the paper, hinged at A, and resting on a 
smooth bottom at B. All fluids are at 20˚C. For what 
water depth h will the force at point B be zero?

	 	 P2.61	

Water

B

A

Glycerin

1 m

h
2 m

60°

P2.62	 Gate AB in Fig. P2.62 is 15 ft long and 8 ft wide into the 
paper and is hinged at B with a stop at A. The water is at 
20˚C. The gate is 1-in-thick steel, SG = 7.85. Compute 
the water level h for which the gate will start to fall.

	 	 P2.62	

Water

h

B

15 ft

60°

Pulley

A
10,000 lb

P2.63	 The tank in Fig. P2.63 has a 4-cm-diameter plug at the 
bottom on the right. All fluids are at 20˚C. The plug will 
pop out if the hydrostatic force on it is 25 N. For this condi-
tion, what will be the reading h on the mercury manometer 
on the left side?



116  Chapter 2  Pressure Distribution in a Fluid 

	 	 P2.69	

A

B
F

Water specific weight γ

θ

P2.70	 The swing-check valve in Fig. P2.70 covers a 22.86-cm 
diameter opening in the slanted wall. The hinge is 15 cm 
from the centerline, as shown. The valve will open when 
the hinge moment is 50 N · m. Find the value of h for the 
water to cause this condition.

	 	 P2.70	   

Water at 20°C

15 cm Hinge

Air

60°

h

 *P2.71	 In Fig. P2.71 gate AB is 3 m wide into the paper and is 
connected by a rod and pulley to a concrete sphere (SG 
= 2.40). What diameter of the sphere is just sufficient to 
keep the gate closed?

	 	 P2.71	

A

4 m

B

Concrete
sphere, SG = 2.4

8 m

6 m

Water

P2.72	 In Fig. P2.72, gate AB is circular. Find the moment of the 
hydrostatic force on this gate about axis A.

	 	 P2.72	

A

B

Water 3 m

2 m

P2.66	 Dam ABC in Fig. P2.66 is 30 m wide into the paper and 
made of concrete (SG = 2.4). Find the hydrostatic force 
on surface AB and its moment about C. Assuming no 
seepage of water under the dam, could this force tip the 
dam over? How does your argument change if there is 
seepage under the dam?

	 	 P2.66	 60  m
C

A

B

Water 20°C
80 m

Dam

 *P2.67	 Generalize Prob. P2.66 as follows. Denote length AB as 
H, length BC as L, and angle ABC as θ. Let the dam mate-
rial have specific gravity SG. The width of the dam is b. 
Assume no seepage of water under the dam. Find an ana-
lytic relation between SG and the critical angle θc for which 
the dam will just tip over to the right. Use your relation to 
compute θc for the special case SG = 2.4 (concrete).

P2.68	 Isosceles triangle gate AB in Fig. P2.68 is hinged at A 
and weighs 1500 N. What horizontal force P is required 
at point B for equilibrium?

A

P

3 m

Gate

50° B

1 mOil, SG = 0.83

2 m

	 	 P2.68
P2.69	 Consider the slanted plate AB of length L in Fig. P2.69. 

(a)  Is the hydrostatic force F on the plate equal to the 
weight of the missing water above the plate? If not, correct 
this hypothesis. Neglect the atmosphere. (b) Can a “missing 
water” theory be generalized to curved surfaces of this type?
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	 	 P2.76	

Water
at 20°C

50°

C

B
3 m

3 m

3 m

	 	 P2.77	

Water

A

B

C

1 m

h

1 m

P

pa

pa

30 cm

50 cm

40 cm Water

A

B C

D

40 cm

40° 50°

	 	 P2.78

P2.79	 Gate ABC in Fig. P2.79 is 1 m square and is hinged at B. 
It  will open automatically when the water level h be-
comes high enough. Determine the lowest height for 
which the gate will open. Neglect atmospheric pressure. 
Is this result independent of the liquid density?

P2.73	 Gate AB is 5 ft wide into the paper and opens to let fresh 
water out when the ocean tide is dropping. The hinge at 
A is 2 ft above the freshwater level. At what ocean level 
h will the gate first open? Neglect the gate weight.

	 	 P2.73 

A

B

h

Stop

10 ft

Tide
range

Seawater, SG = 1.025

P2.74	 Find the height H in Fig. P2.74 for which the hydrostatic 
force on the rectangular panel is the same as the force on 
the semicircular panel below.

	 	 P2.74      

2R

H

P2.75	 The cap at point B on the 5-cm-diameter tube in Fig. P2.75 
will be dislodged when the hydrostatic force on its base 
reaches 22 lbf. For what water depth h does this occur?

	 	 P2.75      

1 m Water

Oil,
SG = 0.8

B

2 m

h

P2.76	 Panel BC in Fig. P2.76 is circular. Compute (a) the hy-
drostatic force of the water on the panel, (b) its center of 
pressure, and (c) the moment of this force about point B.

P2.77	 The circular gate ABC in Fig. P2.77 has a 1-m radius and 
is hinged at B. Compute the force P just sufficient to 
keep the gate from opening when h = 8 m. Neglect atmo-
spheric pressure.

P2.78	 Panels AB and CD in Fig. P2.78 are each 120 cm wide 
into the paper. (a) Can you deduce, by inspection, which 
panel has the larger water force? (b) Even if your deduc-
tion is brilliant, calculate the panel forces anyway.
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	 	 P2.83    

Water

A

B

F

r = 8 ft

P2.84	 Panel AB in Fig. P2.84 is a parabola with its maximum 
at point A. It is 150 cm wide into the paper. Neglect at-
mospheric pressure. Find (a) the vertical and (b) the 
horizontal water forces on the panel.

	 	 P2.84	   

25 cm
Water

Parabola

75 cm

40 cm B

A

P2.85	 Compute the horizontal and vertical components of the 
hydrostatic force on the quarter-circle panel at the bot-
tom of the water tank in Fig. P2.85.

P2.85 

Water

6 m

2 m

5 m

2 m

P2.86	 The quarter circle gate BC in Fig. P2.86 is hinged at C. 
Find the horizontal force P required to hold the gate 
stationary. Neglect the weight of the gate.

	 	 P2.86 

P
B

C

2 m Water

	 	 P2.79	

Water

A
B

C

h

60 cm

40 cm

 *P2.80	 A concrete dam (SG = 2.5) is made in the shape of an 
isosceles triangle, as in Fig. P2.80. Analyze this geome-
try to find the range of angles θ for which the hydrostatic 
force will tend to tip the dam over at point B. The width 
into the paper is b.

	 	 P2.80	   B

h

θ θ

Forces on curved surfaces
P2.81	 For the semicircular cylinder CDE in Example 2.9, find 

the vertical hydrostatic force by integrating the vertical 
component of pressure around the surface from θ = 0 to 
θ = π.

 *P2.82	 The dam in Fig. P2.82 is a quarter circle 50 m wide into 
the paper. Determine the horizontal and vertical compo-
nents of the hydrostatic force against the dam and the 
point CP where the resultant strikes the dam.

	 	 P2.82	     Water

20 m

20 m

CP

pa
 = 0

 *P2.83	 Gate AB in Fig. P2.83 is a quarter circle 10 ft wide into 
the paper and hinged at B. Find the force F just sufficient 
to keep the gate from opening. The gate is uniform and 
weighs 3000 lbf.
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	 	 P2.89	

60 cm

60 cm

p = 200 kPa

Benzene
at 20°C

A

B

30 cm

	 	 P2.90	

A

B

150 cm

75 cm

40 cm

P2.91	 The hemispherical dome in Fig. P2.91 weighs 30 kN and 
is filled with water and attached to the floor by six 
equally spaced bolts. What is the force in each bolt re-
quired to hold down the dome?

    

Water

4 m

3 cm

Six
bolts 2 m

	 	 P2.91

P2.92	 A 4-m-diameter water tank consists of two half cylin-
ders, each weighing 4.5 kN/m, bolted together as shown 
in Fig. P2.92. If the support of the end caps is neglected, 
determine the force induced in each bolt.

P2.87	 The bottle of champagne (SG = 0.96) in Fig. P2.87 is 
under pressure, as shown by the mercury-manometer read-
ing. Compute the net force on the 2-in-radius hemispher-
ical end cap at the bottom of the bottle.

	 	 P2.87	

4 in
2 in

6 in

Mercuryr = 2 in

 *P2.88	 Gate ABC is a circular arc, sometimes called a Tainter 
gate, which can be raised and lowered by pivoting about 
point O. See Fig. P2.88. For the position shown, deter-
mine (a) the hydrostatic force of the water on the gate and 
(b) its line of action. Does the force pass through point O?

Water

B

C

O

R = 6 m

6 m

6 m

A

	 	 P2.88

P2.89	 The tank in Fig. P2.89 contains benzene and is pressur-
ized to 200 kPa (gage) in the air gap. Determine the ver-
tical hydrostatic force on circular-arc section AB and its 
line of action.

P2.90	 The tank in Fig. P2.90 is 120 cm long into the paper. 
Determine the horizontal and vertical hydrostatic forces 
on the quarter-circle panel AB. The fluid is water at 
20˚C. Neglect atmospheric pressure.
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	 	 P2.95	   

A

R

R

h

O

Water

P2.96	 In Fig. P2.96, curved section AB is 5 m wide into the 
paper and is a 60˚ circular arc of radius 2 m. Neglecting 
atmospheric pressure, calculate the vertical and horizon-
tal hydrostatic forces on arc AB.

	 	 P2.96	

A
C

O

B

Water 4 m

60°

P2.97	 The contractor ran out of gunite mixture and finished the 
deep corner of a 5-m-wide swimming pool with a quar-
ter-circle piece of PVC pipe, labeled AB in Fig. P2.97. 
Compute the horizontal and vertical water forces on the 
curved panel AB.

	 	 P2.97	

2 m

1 m

Water

A

B

P2.98	 The curved surface in Fig. P2.98 consists of two quarter- 
spheres and a half cylinder. A side view and front view 
are shown. Calculate the horizontal and vertical forces 
on the surface.

	 	 P2.92  

2 m

Water

Bolt spacing 25 cm

2 m

 *P2.93	 In Fig. P2.93, a one-quadrant spherical shell of radius R 
is submerged in liquid of specific weight γ and depth  
h > R. Find an analytic expression for the resultant hy-
drostatic force, and its line of action, on the shell surface.

	 	 P2.93 

z

, γ

R

R

x

yR

h

ρ

P2.94	 Find an analytic formula for the vertical and horizontal 
forces on each of the semicircular panels AB in Fig. 
P2.94. The width into the paper is b. Which force is 
larger? Why?

h

A

B

d +

h

A

B

d +
ρρ

	 	 P2.94
 *P2.95	 The uniform body A in Fig. P2.95 has width b into the 

paper and is in static equilibrium when pivoted about 
hinge O. What is the specific gravity of this body if (a) h 
= 0 and (b) h = R?
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	 	 P2.101	

A

BC

30 cmAir

SAE 30W oil

Water

160 cm

90 cm

80 cm

60 cm

P2.102	A cubical tank is 3 m × 3 m × 3 m and is layered with  
1 meter of fluid of specific gravity 1.0, 1 meter of fluid 
with SG = 0.9, and 1 meter of fluid with SG = 0.8. Ne-
glect atmospheric pressure. Find (a) the hydrostatic 
force on the bottom and (b) the force on a side panel.

Buoyancy; Archimedes’ principles
P2.103	A solid block, of specific gravity 0.9, floats such that 

75 percent of its volume is in water and 25 percent of its 
volume is in fluid X, which is layered above the water. 
What is the specific gravity of fluid X?

P2.104	The can in Fig. P2.104 floats in the position shown. 
What is its weight in N?

	 	 P2.104	

Water

3 cm

8 cm

D = 9 cm

P2.105	 It is said that Archimedes discovered the buoyancy laws 
when asked by King Hiero of Syracuse to determine 
whether his new crown was pure gold (SG = 19.3). 
Archimedes measured the weight of the crown in air to be 
11.8 N and its weight in water to be 10.9 N. Was it pure gold?

P2.106	A spherical helium balloon has a total mass of 3 kg. It 
settles in a calm standard atmosphere at an altitude of 
5500 m. Estimate the diameter of the balloon.

P2.107	Repeat Prob. 2.62, assuming that the 10,000-lbf weight 
is aluminum (SG = 2.71) and is hanging submerged in 
the water.

	 	 P2.98	

Water

Side Front2 m

1 m

1 m
1.5 m

P2.99	 The mega-magnum cylinder in Fig. P2.99 has a hemi-
spherical bottom and is pressurized with air to 75 kPa 
(gage) at the top. Determine (a) the horizontal and (b) 
the vertical hydrostatic forces on the hemisphere, in lbf.

	 	 P2.99	

Water

Air

20 ft

12 ft

P2.100	Pressurized water fills the tank in Fig. P2.100. Compute 
the net hydrostatic force on the conical surface ABC.

		  P2.100	

2 m

A C

B
150 kPa

gage

4 m

7 m

Water

Forces on layered surfaces
P2.101	The closed layered box in Fig. P2.101 has square hori-

zontal cross sections everywhere. All fluids are at 20˚C. 
Estimate the gage pressure of the air if (a) the hydrostatic 
force on panel AB is 48 kN or (b) the hydrostatic force on 
the bottom panel BC is 97 kN.
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Water at 20°C

String

1 m

4 m

D = 8 cm
θ

	 	 P2.112

P2.113	A spar buoy is a buoyant rod weighted to float and pro-
trude vertically, as in Fig. P2.113. It can be used for mea-
surements or markers. Suppose that the buoy is maple 
wood (SG = 0.6), 2 in by 2 in by 10 ft, floating in seawa-
ter (SG = 1.025). How many pounds of steel (SG = 7.85) 
should be added to the bottom end so that h = 18 in?

	 	 P2.113        

Wsteel

h

P2.114	The uniform rod in Fig. P2.114 is hinged at point B on 
the waterline and is in static equilibrium as shown when 
2 kg of lead (SG = 11.4) is attached to its end. What is 
the specific gravity of the rod material? What is peculiar 
about the rest angle θ = 30˚?

8 m

Hinge

θ = 30°

2 kg of lead

D = 4 cm
B

	 	 P2.114 

P2.108	A 7-cm-diameter solid aluminum ball (SG = 2.7) and a 
solid brass ball (SG = 8.5) balance nicely when sub-
merged in a liquid, as in Fig. P2.108. (a) If the fluid is 
water at 20˚C, what is the diameter of the brass ball? (b) 
If the brass ball has a diameter of 3.8 cm, what is the 
density of the fluid?

	 	 P2.108	

+

Brass

+

Aluminum
D = 7 cm

2 pulleys

P2.109	A hydrometer floats at a level that is a measure of the 
specific gravity of the liquid. The stem is of constant di-
ameter D, and a weight in the bottom stabilizes the body 
to float vertically, as shown in Fig. P2.109. If the posi-
tion h = 0 is pure water (SG = 1.0), derive a formula for 
h as a function of total weight W, D, SG, and the specific 
weight γ0 of water.

	 	 P2.109	   

h

Fluid, SG > 1
W

D
SG = 1.0

P2.110	A solid sphere, of diameter 18 cm, floats in 20˚C water 
with 1527 cubic centimeters exposed above the surface. 
(a)  What are the weight and specific gravity of this 
sphere? (b) Will it float in 20˚C gasoline? If so, how 
many cubic centimeters will be exposed?

P2.111	A solid wooden cone (SG = 0.729) floats in water. The 
cone is 30 cm high, its vertex angle is 90˚, and it floats 
with vertex down. How much of the cone protrudes 
above the water?

P2.112	The uniform 5-m-long round wooden rod in Fig. P2.112 
is tied to the bottom by a string. Determine (a) the ten-
sion in the string and (b) the specific gravity of the wood. 
Is it possible for the given information to determine the 
inclination angle θ? Explain.
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Water 9 ft

5 lbf

4 in × 4 in

θ

	 	 P2.119
P2.120	A uniform wooden beam (SG = 0.65) is 10 cm by 10 cm 

by 3 m and is hinged at A, as in Fig. P2.120. At what 
angle θ will the beam float in the 20˚C water?

	 	 P2.120 

Water

1 m

A

θ

P2.121	The uniform beam in Fig. P2.121, of size L by h by b and 
with specific weight γb, floats exactly on its diagonal when 
a heavy uniform sphere is tied to the left corner, as shown.

	 	 P2.121 

L

Diameter D

γ

Width b << L

γb

SG > 1

h << L

		  Show that this can happen only (a) when γb = γ/3 and 
(b) when the sphere has size

D = [
Lhb

π(SG − 1) ]
1/3

P2.122	A uniform block of steel (SG = 7.85) will “float” at a 
mercury–water interface as in Fig. P2.122. What is the 
ratio of the distances a and b for this condition?

	 	 P2.122	   

Steel
block

Mercury: SG = 13.56

a
b

Water

P2.115	The 2-in by 2-in by 12-ft spar buoy from Fig. P2.113 has 
5 lbm of steel attached and has gone aground on a rock, as 
in Fig. P2.115. Compute the angle θ at which the buoy will 
lean, assuming that the rock exerts no moments on the spar.

	 	 P2.115	
Rock

Seawater

Wood

A

8 ft SG = 0.6θ

P2.116	The bathysphere of the chapter-opener photo is steel, 
SG  ≈  7.85, with inside diameter 54 inches and wall 
thickness 1.5 inches. Will the empty sphere float in sea-
water?

P2.117	The solid sphere in Fig. P2.117 is iron (SG ≈ 7.9). The 
tension in the cable is 600 lbf. Estimate the diameter of 
the sphere, in cm.

	 	 P2.117	

Water

P2.118	An intrepid treasure-salvage group has discovered a steel 
box, containing gold doubloons and other valuables, 
resting in 80 ft of seawater. They estimate the weight of 
the box and treasure (in air) at 7000 lbf. Their plan is to 
attach the box to a sturdy balloon, inflated with air to 3 
atm pressure. The empty balloon weighs 250 lbf. The 
box is 2 ft wide, 5 ft long, and 18 in high. What is the 
proper diameter of the balloon to ensure an upward lift 
force on the box that is 20 percent more than required?

P2.119	When a 5-lbf weight is placed on the end of the uniform 
floating wooden beam in Fig. P2.119, the beam tilts at an 
angle θ with its upper right corner at the surface, as 
shown. Determine (a) the angle θ and (b) the specific 
gravity of the wood. Hint: Both the vertical forces and 
the moments about the beam centroid must be balanced.
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	 	 P2.128	   

Water
S = 1.0

M?
G
B

Specific gravity

L

= S

h

P2.129	The iceberg idealization in Prob. P2.128 may become 
unstable if its sides melt and its height exceeds its width. 
In Fig. P2.128 suppose that the height is L and the depth 
into the paper is L, but the width in the plane of the paper 
is H < L. Assuming S = 0.88 for the iceberg, find the 
ratio H/L for which it becomes neutrally stable (about to 
overturn).

P2.130	Consider a wooden cylinder (SG = 0.6) 1 m in diameter 
and 0.8 m long. Would this cylinder be stable if placed to 
float with its axis vertical in oil (SG = 0.8)?

P2.131	A barge is 15 ft wide and 40 ft long and floats with a 
draft of 4 ft. It is piled so high with gravel that its center 
of gravity is 3 ft above the waterline. Is it stable?

P2.132	A solid right circular cone has SG = 0.99 and floats 
vertically as in Fig. P2.132. Is this a stable position for 
the cone?

	 	 P2.132	   

Water :
SG = 1.0

SG = 0.99

P2.133	Consider a uniform right circular cone of specific grav-
ity S < 1, floating with its vertex down in water (S = 1). 
The base radius is R and the cone height is H. Calculate 
and plot the stability MG of this cone, in dimensionless 
form, versus H/R for a range of S < 1.

P2.134	When floating in water (SG = 1.0), an equilateral trian-
gular body (SG = 0.9) might take one of the two posi-
tions shown in Fig. P2.134. Which is the more stable 
position? Assume large width into the paper.

	 	 P2.134  
(a) (b)

P2.123	A barge has the trapezoidal shape shown in Fig. P2.123 
and is 22 m long into the paper. If the total weight of 
barge and cargo is 350 tons, what is the draft H of the 
barge when floating in seawater?

	 	 P2.123  

H 2.5 m

8 m

60°60°

  

P2.124	A balloon weighing 3.5 lbf is 6 ft in diameter. It is filled 
with hydrogen at 18 lbf/in2 absolute and 60˚F and is 
released. At what altitude in the U.S. standard atmo-
sphere will this balloon be neutrally buoyant?

P2.125	A uniform cylindrical white oak log, ρ = 710 kg/m3, floats 
lengthwise in fresh water at 20˚C. Its diameter is 24 
inches. What height of the log is visible above the surface?

P2.126	A block of wood (SG = 0.6) floats in fluid X in Fig. P2.126 
such that 75 percent of its volume is submerged in fluid X. 
Estimate the vacuum pressure of the air in the tank.

	 	 P2.126  

Air = 0 kPa gage

40 cm

70 cm

Air pressure?

Wood

Fluid X

Stability of floating bodies
 *P2.127	 Consider a cylinder of specific gravity S < 1 floating 

vertically in water (S = 1), as in Fig. P2.127. Derive a 
formula for the stable values of D/L as a function of S 
and apply it to the case D/L = 1.2.

	 	 P2.127 

h

D

L

P2.128	An iceberg can be idealized as a cube of side length L, as 
in Fig. P2.128. If seawater is denoted by S = 1.0, then 
glacier ice (which forms icebergs) has S = 0.88. Deter-
mine if this “cubic” iceberg is stable for the position 
shown in Fig. P2.128.
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P2.141	The same tank from Prob. P2.139 is now moving with 
constant acceleration up a 30˚ inclined plane, as in Fig. 
P2.141. Assuming rigid-body motion, compute (a) the 
value of the acceleration a, (b) whether the acceleration 
is up or down, and (c) the gage pressure at point A if the 
fluid is mercury at 20˚C.

	 	 P2.141    

28 cm
100 cm

15 cm

V

A

a?

30°
z

x

P2.142	The tank of water in Fig. P2.142 is 12 cm wide into the 
paper. If the tank is accelerated to the right in rigid-body 
motion at 6.0 m/s2, compute (a) the water depth on side 
AB and (b) the water-pressure force on panel AB. As-
sume no spilling.

		

Water at 20°C

24 cm

9 cm

A

B

	 	 P2.142

P2.143	The tank of water in Fig. P2.143 is full and open to the 
atmosphere at point A. For what acceleration ax in ft/s2 
will the pressure at point B be (a) atmospheric and (b) 
zero absolute?

	 	 P2.143  

Water

2 ft

2 ft

1 ft

1 ft

A

B

ax

pa = 15 lbf/in2 abs

P2.135	Consider a homogeneous right circular cylinder of 
length L, radius R, and specific gravity SG, floating in 
water (SG = 1). Show that the body will be stable with 
its axis vertical if

	
R

L
 > [2SG(1 − SG)]1/2

P2.136	Consider a homogeneous right circular cylinder of 
length L, radius R, and specific gravity SG = 0.5, float-
ing in water (SG = 1). Show that the body will be stable 
with its axis horizontal if L/R > 2.0.

Uniform acceleration
P2.137	A tank of water 4 m deep receives a constant upward 

acceleration az. Determine (a) the gage pressure at the 
tank bottom if az = 5 m2/s and (b) the value of az that 
causes the gage pressure at the tank bottom to be 1 atm.

P2.138	A 12-fl-oz glass, of 3-in diameter, partly full of water, is 
attached to the edge of an 8-ft-diameter merry-go-round, 
which is rotated at 12 r/min. How full can the glass be 
before water spills? Hint: Assume that the glass is much 
smaller than the radius of the merry-go-round.

P2.139	The tank of liquid in Fig. P2.139 accelerates to the right 
with the fluid in rigid-body motion. (a) Compute ax in 
m/s2. (b) Why doesn’t the solution to part (a) depend on 
the density of the fluid? (c) Determine the gage pressure 
at point A if the fluid is glycerin at 20˚C.

	 	 P2.139	   

A

28 cm

100 cm

ax

15 cm

P2.140	The U-tube in Fig. P2.140 is moving to the right with 
variable velocity. The water level in the left tube is 6 cm, 
and the level in the right tube is 16 cm. Determine the 
acceleration and its direction.

		  P2.140	 20 cm
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P2.148	A child is holding a string onto which is attached a he-
lium-filled balloon. (a) The child is standing still and 
suddenly accelerates forward. In a frame of reference 
moving with the child, which way will the balloon tilt, 
forward or backward? Explain. (b) The child is now sit-
ting in a car that is stopped at a red light. The helium-
filled balloon is not in contact with any part of the car 
(seats, ceiling, etc.) but is held in place by the string, 
which is in turn held by the child. All the windows in the 
car are closed. When the traffic light turns green, the car 
accelerates forward. In a frame of reference moving with 
the car and child, which way will the balloon tilt, forward 
or backward? Explain. (c) Purchase or borrow a helium-
filled balloon. Conduct a scientific experiment to see if 
your predictions in parts (a) and (b) above are correct. If 
not, explain.

P2.149	The 6-ft-radius waterwheel in Fig. P2.149 is being used 
to lift water with its 1-ft-diameter half-cylinder blades. If 
the wheel rotates at 10 r/min and rigid-body motion is 
assumed, what is the water surface angle θ at position A?

	 	 P2.149   

10 r/min

A

1 ft

6 ft

θ

P2.150	A cheap accelerometer, probably worth the price, can be 
made from a U-tube as in Fig. P2.150. If L = 18 cm and 
D = 5 mm, what will h be if ax = 6 m/s2? Can the scale 
markings on the tube be linear multiples of ax?

	 	 P2.150	   

D

ax

L1
2

L

L1
2

h Rest level

P2.151	The U-tube in Fig. P2.151 is open at A and closed at D. 
If accelerated to the right at uniform ax, what acceleration 

P2.144	Consider a hollow cube of side length 22 cm, filled com-
pletely with water at 20˚C. The top surface of the cube is 
horizontal. One top corner, point A, is open through a 
small hole to a pressure of 1 atm. Diagonally opposite to 
point A is top corner B. Determine and discuss the vari-
ous rigid-body accelerations for which the water at point 
B begins to cavitate, for (a) horizontal motion and (b) 
vertical motion.

P2.145	A fish tank 14 in deep by 16 by 27 in is to be carried in a 
car that may experience accelerations as high as 6 m/s2. 
What is the maximum water depth that will avoid spill-
ing in rigid-body motion? What is the proper alignment 
of the tank with respect to the car motion?

P2.146	The tank in Fig. P2.146 is filled with water and has a vent 
hole at point A. The tank is 1 m wide into the paper. Inside 
the tank, a 10-cm balloon, filled with helium at 130 kPa, 
is tethered centrally by a string. If the tank accelerates to 
the right at 5 m/s2 in rigid-body motion, at what angle will 
the balloon lean? Will it lean to the right or to the left?

		

Water at 20°C

60 cm

40 cm

20 cm

D = 10 cm

String

1 atm
A

He

	 	 P2.146

P2.147	The tank of water in Fig. P2.147 accelerates uniformly 
by freely rolling down a 30˚ incline. If the wheels are 
frictionless, what is the angle θ? Can you explain this 
interesting result?

	 	 P2.147  
30°

θ
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pressure is 2116 lbf/ft2 absolute, at what rotation rate will 
the fluid within the tube begin to vaporize? At what point 
will this occur?

P2.157	The 45˚ V-tube in Fig. P2.157 contains water and is open 
at A and closed at C. What uniform rotation rate in r/min 
about axis AB will cause the pressure to be equal at 
points B and C? For this condition, at what point in leg 
BC will the pressure be a minimum?

	 	 P2.157	

30 cm

45°

A C

B

 *P2.158	 It is desired to make a 3-m-diameter parabolic telescope 
mirror by rotating molten glass in rigid-body motion un-
til the desired shape is achieved and then cooling the 
glass to a solid. The focus of the mirror is to be 4 m from 
the mirror, measured along the centerline. What is the 
proper mirror rotation rate, in r/min, for this task?

P2.159	The three-legged manometer in Fig. P2.159 is filled with 
water to a depth of 20 cm. All tubes are long and have 
equal small diameters. If the system spins at angular ve-
locity Ω about the central tube, (a) derive a formula to 
find the change of height in the tubes; (b) find the height 
in cm in each tube if Ω = 120 r/min. Hint: The central 
tube must supply water to both the outer legs.

	 	 P2.159	  

20 cm

10 cm10 cm

Pressure measurements
P2.160	Figure P2.160 shows a gage for very low pressures, in-

vented in 1874 by Herbert McLeod. (a) Can you deduce, 
from the figure, how it works? (b) If not, read about it 
and explain it to the class.

will cause the pressure at point C to be atmospheric? The 
fluid is water (SG = 1.0).

	 	 P2.151	 1 ft

1 ft1 ft

D

CB

A

Rigid-body rotation
P2.152	A 16-cm-diameter open cylinder 27 cm high is full of 

water. Compute the rigid-body rotation rate about its 
central axis, in r/min, (a) for which one-third of the water 
will spill out and (b) for which the bottom will be barely 
exposed.

P2.153	A tall cylindrical container, 14 in in diameter, is used to 
make a mold for forming 14-in salad bowls. The bowls 
are to be 8 in deep. The cylinder is half-filled with mol-
ten plastic, µ = 1.6 kg/(m-s), rotated steadily about the 
central axis, then cooled while rotating. What is the ap-
propriate rotation rate, in r/min?

P2.154	A very tall 10-cm-diameter vase contains 1178 cm3 of wa-
ter. When spun steadily to achieve rigid-body rotation, a 
4-cm-diameter dry spot appears at the bottom of the vase. 
What is the rotation rate, in r/min, for this condition?

P2.155	For what uniform rotation rate in r/min about axis C will 
the U-tube in Fig. P2.155 take the configuration shown? 
The fluid is mercury at 20˚C.

	 	 P2.155	

A

B

C

20 cm

10 cm 5 cm

12 cm

Ω

P2.156	Suppose that the U-tube of Fig. P2.151 is rotated about 
axis DC. If the fluid is water at 122˚F and atmospheric 
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P2.161	Figure P2.161 shows a sketch of a commercial pressure 
gage. (a) Can you deduce, from the figure, how it works?

P2

P1

	 	 P2.161 		  P2.160

Word Problems
W2.1	 Consider a hollow cone with a vent hole in the vertex at 

the top, along with a hollow cylinder, open at the top, 
with the same base area as the cone. Fill both with water 
to the top. The hydrostatic paradox is that both contain-
ers have the same force on the bottom due to the water 
pressure, although the cone contains 67 percent less wa-
ter. Can you explain the paradox?

W2.2	 Can the temperature ever rise with altitude in the real 
atmosphere? Wouldn’t this cause the air pressure to in-
crease upward? Explain the physics of this situation.

W2.3	 Consider a submerged curved surface that consists of a 
two-dimensional circular arc of arbitrary angle, arbitrary 
depth, and arbitrary orientation. Show that the resultant hy-
drostatic pressure force on this surface must pass through 
the center of curvature of the arc.

W2.4	 Fill a glass approximately 80 percent with water, and add 
a large ice cube. Mark the water level. The ice cube, hav-
ing SG ≈ 0.9, sticks up out of the water. Let the ice cube 
melt with negligible evaporation from the water surface. 
Will the water level be higher than, lower than, or the 
same as before?

W2.5	 A ship, carrying a load of steel, is trapped while floating 
in a small closed lock. Members of the crew want to get 

out, but they can’t quite reach the top wall of the lock. A 
crew member suggests throwing the steel overboard in 
the lock, claiming the ship will then rise and they can 
climb out. Will this plan work?

W2.6	 Consider a balloon of mass m floating neutrally in the 
atmosphere, carrying a person/basket of mass M > m. 
Discuss the stability of this system to disturbances.

W2.7	 Consider a helium balloon on a string tied to the seat 
of your stationary car. The windows are closed, so 
there is no air motion within the car. The car begins 
to accelerate forward. Which way will the balloon 
lean, forward or backward? Hint: The acceleration 
sets up a horizontal pressure gradient in the air within 
the car.

W2.8	 Repeat your analysis of Prob. W2.7 to let the car move at 
constant velocity and go around a curve. Will the balloon 
lean in, toward the center of curvature, or out?

W2.9	 The deep submersible vehicle ALVIN weighs approxi-
mately 36,000 lbf in air. It carries 800 lbm of steel 
weights on the sides. After a deep mission and return, 
two 400-lbm piles of steel are left on the ocean floor. 
Can you explain, in terms relevant to this chapter, how 
these steel weights are used?

Fundamentals of Engineering Exam Problems
FE2.1	� A gage attached to a pressurized nitrogen tank reads a gage 

pressure of 28 in of mercury. If atmospheric pressure is 
14.4 psia, what is the absolute pressure in the tank?

		�  (a) 95 kPa, (b) 99 kPa, (c) 101 kPa, (d) 194 kPa,  
(e) 203 kPa

FE2.2	� On a sea-level standard day, a pressure gage, moored 
below the surface of the ocean (SG = 1.025), reads 
an  absolute pressure of 1.4 MPa. How deep is the 
instrument?

		  (a) 4 m, (b) 129 m, (c) 133 m, (d) 140 m, (e) 2080 m
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FE2.6	� In Prob. FE2.5, how far below the surface is the center of 
pressure of the hydrostatic force?

		�  (a) 4.50 m, (b) 5.46 m, (c) 6.35 m, (d) 5.33 m,  
(e) 4.96 m

FE2.7	� A solid 1-m-diameter sphere floats at the interface between 
water (SG = 1.0) and mercury (SG = 13.56) such that 40 
percent is in the water. What is the specific gravity of the 
sphere?

		  (a) 6.02, (b) 7.28, (c) 7.78, (d) 8.54, (e) 12.56
FE2.8	� A 5-m-diameter balloon contains helium at 125 kPa 

absolute and 15˚C, moored in sea-level standard air. If 
the gas constant of helium is 2077 m2/(s2 · K) and bal-
loon material weight is neglected, what is the net lifting 
force of the balloon?

		  (a) 67 N, (b) 134 N, (c) 522 N, (d) 653 N, (e) 787 N
FE2.9	� A square wooden (SG = 0.6) rod, 5 cm by 5 cm by 

10 m long, floats vertically in water at 20˚C when 6 
kg of steel (SG = 7.84) are attached to one end. How 
high above the water surface does the wooden end of 
the rod protrude?

		�  (a) 0.6 m, (b) 1.6 m, (c) 1.9 m, (d) 2.4 m, (e) 4.0 m
FE2.10	�A floating body will be stable when its
		�  (a) center of gravity is above its center of buoyancy, 

(b) center of buoyancy is below the waterline, (c) center 
of buoyancy is above its metacenter, (d) metacenter is 
above its center of buoyancy, (e) metacenter is above its 
center of gravity.

FE2.3	� In Fig. FE2.3, if the oil in region B has SG = 0.8 and the 
absolute pressure at point A is 1 atm, what is the absolute 
pressure at point B?

		�  (a) 5.6 kPa, (b) 10.9 kPa, (c) 107 kPa, (d) 112 kPa, 
(e) 157 kPa

�

5 cm

3 cm

4 cm

8 cm

A

B

Oil

Mercury
SG = 13.56

Water
SG = 1

	 	 FE2.3

FE2.4	� In Fig. FE2.3, if the oil in region B has SG = 0.8 and the 
absolute pressure at point B is 14 psia, what is the abso-
lute pressure at point A?

		�  (a) 11 kPa, (b) 41 kPa, (c) 86 kPa, (d) 91 kPa, (e) 101 kPa
FE2.5	� A tank of water (SG = 1.0) has a gate in its vertical wall 5 m 

high and 3 m wide. The top edge of the gate is 2 m below the 
surface. What is the hydrostatic force on the gate?

		�  (a) 147 kN, (b) 367 kN, (c) 490 kN, (d) 661 kN,  
(e) 1028 kN

Comprehensive Problems
C2.1	 Some manometers are constructed as in Fig. C2.1, where 

one side is a large reservoir (diameter D) and the other 
side is a small tube of diameter d, open to the atmo-
sphere. In such a case, the height of manometer liquid on 
the reservoir side does not change appreciably. This has 
the advantage that only one height needs to be measured 
rather than two. The manometer liquid has density ρm 
while the air has density ρa. Ignore the effects of surface 
tension. When there is no pressure difference across the 
manometer, the elevations on both sides are the same, as 
indicated by the dashed line. Height h is measured from 
the zero pressure level as shown. (a) When a high pres-
sure is applied to the left side, the manometer liquid in 
the large reservoir goes down, while that in the tube at 
the right goes up to conserve mass. Write an exact ex-
pression for p1gage, taking into account the movement of 
the surface of the reservoir. Your equation should give 
p1gage as a function of h, ρm, and the physical parameters 
in the problem, h, d, D, and gravity constant g. (b) Write 
an approximate expression for p1gage, neglecting the 
change in elevation of the surface of the reservoir liquid. 

(c)  Suppose h = 0.26 m in a certain application. If pa = 
101,000 Pa and the manometer liquid has a density of 
820 kg/m3, estimate the ratio D/d required to keep the 
error of the approximation of part (b) within 1 percent of 
the exact measurement of part (a). Repeat for an error 
within 0.1 percent.

D
h

d

Zero pressure level

To pressure measurement location

p1

ρa (air)pa

ρm

		  C2.1
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it spills during the big drop, in which the roller coaster 
achieves 0.55-g acceleration at a 45˚ angle below the hor-
izontal. Make the calculation for him, neglecting sloshing 
and assuming that the glass is vertical at all times.

C2.5	 Dry adiabatic lapse rate (DALR) is defined as the nega-
tive value of atmospheric temperature gradient, dT/dz, 
when temperature and pressure vary in an isentropic 
fashion. Assuming air is an ideal gas, DALR = –dT/dz 
when T = T0(p/p0)a, where exponent a = (k – 1)/k, k = cp/
cv is the ratio of specific heats, and T0 and p0 are the 
temperature and pressure at sea level, respectively. (a) 
Assuming that hydrostatic conditions exist in the atmo-
sphere, show that the dry adiabatic lapse rate is constant 
and is given by DALR = g(k – 1)/(kR), where R is the 
ideal gas constant for air. (b) Calculate the numerical 
value of DALR for air in units of ˚C/km.

C2.6	 In “soft” liquids (low bulk modulus β), it may be neces-
sary to account for liquid compressibility in hydrostatic 
calculations. An approximate density relation would be

	 dp ≈
β

ρ
 dρ = a2dρ or p ≈ p0 + a2(ρ − ρ0)

where a is the speed of sound and (p0, ρ0) are the condi-
tions at the liquid surface z = 0. Use this approximation to 
show that the density variation with depth in a soft liquid 
is ρ = ρ0e−gz/a2 where g is the acceleration of gravity and 
z is positive upward. Then consider a vertical wall of 
width b, extending from the surface (z = 0) down to depth 
z = –h. Find an analytic expression for the hydrostatic 
force F on this wall, and compare it with the incompress-
ible result F = ρ0gh2b/2. Would the center of pressure be 
below the incompressible position z = –2h/3?

C2.7	 Venice, Italy, is slowly sinking, so now, especially in 
winter, plazas and walkways are flooded during storms. 
The proposed solution is the floating levee of Fig. C2.7. 
When filled with air, it rises to block off the sea. The 
levee is 30 m high, 5 m wide, and 20 m deep. Assume a 
uniform density of 300 kg/m3 when floating. For the 1-m 
sea–lagoon difference shown, estimate the angle at 
which the levee floats.

C2.2	 A prankster has added oil, of specific gravity SG0, to the 
left leg of the manometer in Fig. C2.2. Nevertheless, the 
U-tube is still useful as a pressure-measuring device. It 
is attached to a pressurized tank as shown in the figure. 
(a) Find an expression for h as a function of H and other 
parameters in the problem. (b) Find the special case of 
your result in (a) when ptank = pa. (c) Suppose H = 5.0 
cm, pa is 101.2 kPa, ptank is 1.82 kPa higher than pa, and 
SG0 = 0.85. Calculate h in cm, ignoring surface tension 
effects and neglecting air density effects.

�

Oil

Water

H
h

Pressurized air tank, 
with pressure = ptank

pa
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C2.3	 Professor F. Dynamics, riding the merry-go-round with 
his son, has brought along his U-tube manometer. (You 
never know when a manometer might come in handy.) 
As shown in Fig. C2.3, the merry-go-round spins at con-
stant angular velocity and the manometer legs are 7 cm 
apart. The manometer center is 5.8 m from the axis of 
rotation. Determine the height difference h in two ways: 
(a) approximately, by assuming rigid-body translation 
with a equal to the average manometer acceleration; and 
(b) exactly, using rigid-body rotation theory. How good is 
the approximation?

C2.4	 A student sneaks a glass of cola onto a roller coaster ride. 
The glass is cylindrical, twice as tall as it is wide, and 
filled to the brim. He wants to know what percent of the 
cola he should drink before the ride begins, so that none of 

R = 5.80 m (to center of manometer)

h

Center of
rotation

Ω = 6.00 rpm
Water

7.00 cm

C2.3
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C2.8	 In the U.S. Standard Atmosphere, the lapse rate B may 
vary from day to day. It is not a fundamental quantity 
like, say, Planck’s constant. Suppose that, on a certain 
day in Rhode Island, with To = 288 K, the following 
pressures are measured by weather balloons:

	Altitude z, km	 0	 2	 5	 8

	Pressure p, kPa	 100	 78	 53	 34

Estimate the best-fit value of B for this data. Explain any 
difficulties. [Hint: EES is recommended.]

C2.9	 The ALVIN submersible vehicle has a passenger com-
partment which is a titanium sphere of inside diameter 
78.08 in and thickness 1.93 in. If the vehicle is submerged 
to a depth of 3850 m in the ocean, estimate (a) the water 
pressure outside the sphere, (b) the maximum elastic 
stress in the sphere, in lbf/in2, and (c) the factor of safety 
of the titanium alloy (6% aluminum, 4% vanadium).

�

Hinge

Storm levee filled
with air to float

Adriatic Sea—25 m
deep in a storm

Venice lagoon—24 m deep

Filled with water—no storm
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Design Projects
D2.1	 It is desired to have a bottom-moored, floating system that 

creates a nonlinear force in the mooring line as the water 
level rises. The design force F need only be accurate in the 
range of seawater depths h between 6 and 8 m, as shown in 
the accompanying table. Design a buoyant system that will 
provide this force distribution. The system should be prac-
tical (of inexpensive materials and simple construction).

h, m	 F, N	 h, m	 F, N

6.00	 400	 7.25	 554
6.25	 437	 7.50	 573
6.50	 471	 7.75	 589
6.75	 502	 8.00	 600
7.00	 530

D2.2	 A laboratory apparatus used in some universities is 
shown in Fig. D2.2. The purpose is to measure the hy-
drostatic force on the flat face of the circular-arc block 
and compare it with the theoretical value for given 
depth h. The counterweight is arranged so that the pivot 
arm is horizontal when the block is not submerged, 
whence the weight W can be correlated with the hydro-
static force when the submerged arm is again brought 
to horizontal. First show that the apparatus concept is 
valid in principle; then derive a formula for W as a 
function of h in terms of the system parameters. Fi-
nally, suggest some appropriate values of Y, L, and so 
on for a suitable apparatus and plot theoretical W versus 
h for these values.

b

h

Y

L

W

Circular arc block

Fluid: ρ

Pivot arm Pivot
Counterweight

Side view
of block face

R

D2.2



132  Chapter 2  Pressure Distribution in a Fluid 

line indicates that the bow and stern would be closed. 
Make a parametric study of this configuration for vari-
ous θ, assuming a reasonable weight and center of grav-
ity location. Show how the draft, the metacentric height, 
and the ship’s stability vary as the hinges are opened. 
Comment on the effectiveness of this concept.

D2.3	 The Leary Engineering Company (see Popular Science, 
November 2000, p. 14) has proposed a ship hull with 
hinges that allow it to open into a flatter shape when 
entering shallow water. A simplified version is shown in 
Fig. D2.3. In deep water, the hull cross section would be 
triangular, with large draft. In shallow water, the hinges 
would open to an angle as high as θ = 45˚. The dashed 

45°45°

Hinge
Deep water Shallow water

θ θ
Draft

D2.3
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On July 16, 1969, a massive Saturn V rocket lifted Apollo 11 from the NASA Kennedy 
Space Center, carrying astronauts Neil Armstrong, Michael Collins, and Edwin Aldrin to 
the first landing on the moon, four days later. The photo is filled with fluid momentum. 
In this chapter we learn how to analyze both the thrust of the rocket and the force of the 
exit jet on the solid surface. [NASA]
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Motivation.  In analyzing fluid motion, we might work with a finite region, make 
a balance of flow in versus flow out, and determine gross flow effects such as 
the force or torque on a body or the total energy exchange. This is referred to as 
the integral approach and is the subject of this chapter.
	 We first develop the concept of the control volume, in nearly the same manner 
as one does in a thermodynamics course, and we find the rate of change of an 
arbitrary gross fluid property, a result called the Reynolds transport theorem. We 
then apply this theorem, in sequence, to mass, linear momentum, angular momen-
tum, and energy, thus deriving the basic equations of fluid mechanics in integral 
form for a control volume. There are many applications, of course. The chapter 
includes a special case of frictionless, shaft-work-free momentum and energy: the 
Bernoulli equation. The Bernoulli equation is a wonderful, historic relation, but 
it is extremely restrictive and should always be viewed with skepticism and care 
in applying it to a real (viscous) fluid motion.

3.1 Basic Physical Laws of Fluid Mechanics
It is time now to really get serious about flow problems. The fluid statics appli-
cations of Chap. 2 were more like fun than work, at least in this writer’s opinion. 
Statics problems basically require only the density of the fluid and knowledge of 
the position of the free surface, but most flow problems require the analysis of 
an arbitrary state of variable fluid motion defined by the geometry, the boundary 
conditions, and the laws of mechanics. This chapter and the next two outline the 
three basic approaches to the analysis of arbitrary flow problems:

1.	 Integral, or large-scale, analysis in a finite control volume (Chap. 3).
2.	 Differential, or small-scale, analysis in an infinitesimal control volume 

(Chap. 4).
3.	 Experimental, or dimensional, analysis (Chap. 5).

Chapter 3
Integral Relations 

for a Control Volume
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The three approaches are roughly equal in importance. Integral analysis, the pres-
ent topic, is accurate for any flow distribution but is often based on average or 
“one-dimensional” property values at the boundaries. It always gives useful 
“engineering” estimates. In principle, the differential approach of Chap. 4 can be 
applied to any problem. Only a few problems, such as straight pipe flow, yield 
to exact analytical solutions. But the differential equations can be modeled numer-
ically, and the flourishing field of computational fluid dynamics (CFD)[8] can 
now be used to give good estimates for almost any geometry. Finally, the dimen-
sional analysis of Chap. 5 applies to any problem, whether analytical, numerical, 
or experimental. It is particularly useful to reduce the cost of experimentation. 
Differential analysis of hydrodynamics began with Euler and d’Alembert in the 
late eighteenth century. Lord Rayleigh and E. Buckingham pioneered dimensional 
analysis at the end of the nineteenth century. The control volume was described 
in words, on an ad hoc one-case basis, by Daniel Bernoulli in 1753. Ludwig 
Prandtl, the celebrated founder of modern fluid mechanics, developed the control 
volume as a systematic tool in the early 1900s. One of the writers’ teachers at 
M.I.T. introduced control volume analysis into American textbooks, for thermo-
dynamics by Keenan in 1941 [10], and for fluids by Hunsaker and Rightmire in 
1947 [11]. For a complete history of the control volume, see Vincenti [9].

Basic Laws of Mechanics for a System
All the laws of mechanics are written for a system, which is defined as an arbitrary 
quantity of mass of fixed identity. The laws of mechanics then state what happens 
when there is an interaction between the system and its surroundings.
	 First, the system is a fixed quantity of mass, denoted by m. Thus the mass of 
the system is conserved and does not change.1 This is a law of mechanics and 
has a very simple mathematical form, called conservation of mass:

 msyst = const

or	  
dm

dt
= 0� (3.1)

This is so obvious in solid mechanics problems that we often forget about it. In 
fluid mechanics, we must pay a lot of attention to mass conservation.
	 Second, if the surroundings exert a net force F on the system, Newton’s second 
law states that the mass in the system will begin to accelerate:2

	  F = ma = m 
dV
dt

=
d

dt
 (mV) 	 (3.2)

In Eq. (2.8) we saw this relation applied to a differential element of viscous 
incompressible fluid. In fluid mechanics Newton’s second law is called the linear 
momentum relation. Note that it is a vector law that implies the three scalar equa-
tions Fx = max, Fy = may, and Fz = maz.

1We are neglecting nuclear reactions, where mass can be changed to energy.
2We are neglecting relativistic effects, where Newton’s law must be modified.
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	 Third, if the surroundings exert a net moment M about the center of mass of 
the system, there will be a rotation effect

	  M =
dH
dt

	 (3.3)

where H = Σ(r × V)δm is the angular momentum of the system about its center 
of mass. Here we call Eq. (3.3) the angular momentum relation. Note that it is 
also a vector equation implying three scalar equations such as Mx = dHx/dt.
	 For an arbitrary mass and arbitrary moment, H is quite complicated and contains 
nine terms (see, for example, Ref. 1). In elementary dynamics we commonly treat 
only a rigid body rotating about a fixed x axis, for which Eq. (3.3) reduces to

	  Mx = Ix 
d

dt
 (ωx)	 (3.4)

where ωx is the angular velocity of the body and Ix is its mass moment of inertia 
about the x axis. Unfortunately, fluid systems are not rigid and rarely reduce to 
such a simple relation, as we shall see in Sec. 3.6.
	 Fourth, if heat δQ is added to the system or work δW is done by the system, 
the system energy dE must change according to the energy relation, or first law 
of thermodynamics:

	  δQ − δW = dE

or	  Q


− W


=
dE

dt
� (3.5)

Like mass conservation, Eq. (3.1), this is a scalar relation having only a single 
component.
	 Finally, the second law of thermodynamics relates entropy change dS to heat 
added dQ and absolute temperature T at the system boundary:

	 dS ≥
δQ

T
	 (3.6)

This is valid for a system and can be written in control volume form, but there 
are almost no practical applications in fluid mechanics except to analyze flow 
loss details (see Sec. 9.5).
	 All these laws involve thermodynamic properties, and thus we must supple-
ment them with state relations p = p(ρ, T) and e = e(ρ, T) for the particular fluid 
being studied, as in Sec. 1.8. Although thermodynamics is not the main topic of 
this book, it is very important to the general study of fluid mechanics. Thermo-
dynamics is crucial to compressible flow, Chap. 9. The student should review the 
first law and the state relations, as discussed in Refs. 6 and 7.
	 The purpose of this chapter is to obtain mathematical expressions for these 
laws valid for a control volume suitable for arbitrary regions in a flow:

1.	 Conservation of mass (Sec. 3.3).
2.	 The linear momentum relation (Sec. 3.4).
3.	 The angular momentum relation (Sec. 3.6).
4.	 The energy equation (Sec. 3.7).
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Wherever necessary to complete the analysis we also introduce a state relation 
such as the perfect-gas law.
	 Equations (3.1) to (3.6) apply to either fluid or solid systems. They are ideal 
for solid mechanics, where we follow the same system forever because it repre-
sents the product we are designing and building. For example, we follow a beam 
as it deflects under load. We follow a piston as it oscillates. We follow a rocket 
system all the way to Mars.
	 But fluid systems do not demand this concentrated attention. It is rare that we 
wish to follow the ultimate path of a specific particle of fluid. Instead we wish to 
know what is the influence of a fluid flow on the product that we are interested in. 
For the three examples just cited, we wish to know the wind loads on the beam, 
the fluid pressures on the piston, and the drag and lift loads on the rocket. This 
requires that the basic laws be rewritten to apply to a specific region in the 
neighborhood of our product. In other words, where the fluid particles in the wind 
go after they leave the beam is of little interest to a beam designer. The user’s 
point of view underlies the need for the control volume analysis of this chapter.
	 In analyzing a control volume, we convert the system laws to apply to a spe-
cific region, which the system may occupy for only an instant. The system passes 
on, and other systems come along, but no matter. The basic laws are reformulated 
to apply to this local region called a control volume. All we need to know is the 
flow field in this region, and often simple assumptions will be accurate enough 
(such as uniform inlet and/or outlet flows). The flow conditions away from the 
control volume are then irrelevant. The technique for making such localized anal-
yses is the subject of this chapter.

Volume and Mass Rate of Flow
All the analyses in this chapter involve evaluation of the volume flow Q or mass 
flow m  passing through a surface (imaginary) defined in the flow.
	 Suppose that the surface S in Fig.  3.1a is a sort of (imaginary) wire mesh 
through which the fluid passes without resistance. How much volume of fluid 
passes through S in unit time? If, typically, V varies with position, we must 
integrate over the elemental surface dA in Fig. 3.1a. Also, typically V may pass 
through dA at an angle θ off the normal. Let n be defined as the unit vector 
normal to dA. Then the amount of fluid swept through dA in time dt is the volume 
of the slanted parallelepiped in Fig. 3.1b:

d � = V dt dA cos θ = (V · n) dA dt

The integral of d�/dt is the total volume rate of flow Q through the surface S:

	 Q = ∫
s

(V · n) dA = ∫
s

Vn dA	 (3.7)

We could replace V · n by its equivalent, Vn, the component of V normal to dA, 
but the use of the dot product allows Q to have a sign to distinguish between 
inflow and outflow. By convention throughout this book we consider n to be the 
outward normal unit vector. Therefore V · n denotes outflow if it is positive and 
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inflow if negative. This will be an extremely useful housekeeping device when 
we are computing volume and mass flow in the basic control volume relations.
	 Volume flow can be multiplied by density to obtain the mass flow m . If density 
varies over the surface, it must be part of the surface integral:

m
 = ∫

s

ρ(V · n) dA = ∫
s

ρVn dA

If density and velocity are constant over the surface S, a simple expression results:

One-dimensional approximation:	 m
 = ρQ = ρAV

Typical units for Q are m3/s and for	 m
  kg/s.

3.2 The Reynolds Transport Theorem
To convert a system analysis to a control volume analysis, we must build a bridge 
that connects the mathematics between a system of individual masses and a spe-
cific region specified as the control volume. This bridge or conversion, called the 
Reynolds transport theorem, can be applied to all the basic laws. Examining the 
basic laws (3.1) to (3.3) and (3.5), we see that they are all concerned with the 
time derivative of fluid properties m, V, H, and E. Therefore what we need is to 
relate the time derivative of a system property to the rate of change of that prop-
erty within a control volume.
	 The desired conversion formula differs slightly according to whether the 
control volume is fixed, moving, or deformable. Figure 3.2 illustrates these 
three cases. The fixed control volume in Fig.  3.2a encloses a stationary 
region of interest to a nozzle designer. The control surface on the left slices 
through the jet leaving the nozzle, encloses the surrounding atmosphere, and 
slices through the flange bolts and the fluid within the nozzle. This particular 
control volume exposes the stresses in the flange bolts, which contribute to 
applied forces in the momentum analysis. In this sense the control volume 
resembles the free-body concept, which is applied to systems in solid mechan-
ics analyses.

S

dA

1

V

Unit normal n

dA

n

V

V dt

(a) (b)

θ

θ

Fig. 3.1 Volume rate of flow 
through an arbitrary surface:  
(a) an elemental area dA on the  
surface; (b) the incremental volume 
swept through dA equals V dt dA  
cos θ.
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	 Figure 3.2b illustrates a moving control volume. Here the ship is of interest, 
not the ocean, so that the control surface chases the ship at ship speed V. The 
control volume is of fixed volume, but the relative motion between water and 
ship must be considered. If V is constant, this relative motion is a steady flow 
pattern, which simplifies the analysis.3 If V is variable, the relative motion is 
unsteady, so that the computed results are time-variable and certain terms enter 
the momentum analysis to reflect the noninertial (accelerating) frame of refer-
ence.
	 Figure 3.2c shows a deforming control volume. Varying relative motion at the 
boundaries becomes a factor, and the rate of change of shape of the control vol-
ume enters the analysis. We begin by deriving the fixed control volume case, and 
we consider the other cases as advanced topics. An interesting history of control 
volume analysis is given by Vincenti [9].

Arbitrary Fixed Control Volume
Figure 3.3 shows a fixed control volume with an arbitrary flow pattern passing 
through. There are variable slivers of inflow and outflow of fluid all about the 
control surface. In general, each differential area dA of surface will have a dif-
ferent velocity V making a different angle θ with the local normal to dA. Some 
elemental areas will have inflow volume (VA cos θ)in dt, and others will have 
outflow volume (VA cos θ)out dt, as seen in Fig.  3.3. Some surfaces might cor-
respond to streamlines (θ = 90°) or solid walls (V = 0) with neither inflow nor 
outflow.
	 Let B be any property of the fluid (energy, momentum, enthalpy, etc.) and let 
β = dB/dm be the intensive value, or the amount of B per unit mass in any small 
element of the fluid. The total amount of B in the control volume (the solid curve 
in Fig. 3.3) is thus

	 BCV = ∫
CV

β dm = ∫
CV

βρ d �  β =
dB

dm
	 (3.8)

(a)

 Control
surface

(c)

 Control
surface

V

V

(b)

 Control
surface

V

Fig. 3.2 Fixed, moving, and 
deformable control volumes: 
(a) fixed control volume for nozzle 
stress analysis; (b) control volume 
moving at ship speed for drag force 
analysis; (c) control volume 
deforming within cylinder for 
transient pressure variation analysis.

3A wind tunnel uses a fixed model to simulate flow over a body moving through a fluid. A tow 
tank uses a moving model to simulate the same situation.
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Examining Fig. 3.3, we see three sources of changes in B relating to the control volume:

A change within the control volume 
d

dt
 ( ∫

CV
β ρd �)

	 Outflow of β from the control volume ∫
CS

βρV cos θ dAout� (3.9)

Inflow of β to the control volume ∫
CS

βρV cos θ dAin

	 The notations CV and CS refer to the control volume and control surface, 
respectively. Note, in Fig.  3.3, that the system has moved a bit. In the limit as 
dt → 0, the instantaneous change of B in the system is the sum of the change 
within, plus the outflow, minus the inflow:

d

dt
 (Bsyst) =

d
dt

 ( ∫
CV

 βρ d �) + ∫
CS

 βρV cos θ dAout − ∫
CS

 βρV cos θ dAin   (3.10)

This is the Reynolds transport theorem for an arbitrary fixed control volume. By 
letting the property B be mass, momentum, angular momentum, or energy, we 
can rewrite all the basic laws in control volume form. Note that all three of the 
integrals are concerned with the intensive property β. Since the control volume 
is fixed in space, the elemental volumes d � do not vary with time, so that the 
time derivative of the volume integral vanishes unless either β or ρ varies with 
time (unsteady flow).

System at
time t + dt

System at
time t 

d A

n, Unit outward
normal to d A

Arbitrary
fixed

control
surface

CS

Vin

dA

Vout

n, Unit outward
normal to dA

Fixed
control
volume

CV

d�in = Vin dAin cos   in dt
= –V∙ n dA dt

d�out = V     dAout cos   out dt
= V ∙ n dA dt

out

θ

θ

θ θFig. 3.3 An arbitrary control volume 
with an arbitrary flow pattern.
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	 Equation (3.10) expresses the basic formula that a system derivative equals 
the rate of change of B within the control volume plus the flow of B out of 
the control surface minus the flow of B into the control surface. The quantity 
B (or β) may be any vector or scalar property of the fluid. Two alternate forms 
are possible for the flow terms. First we may notice that V cos θ is the com-
ponent of V normal to the area element of the control surface. Thus we can 
write

Flow terms = ∫
CS

 βρVn dAout − ∫
CS

 βρVn dAin = ∫
CS

 β dm

out − ∫

CS
 β dm


in� (3.10a)

where dm
  = ρVn dA is the differential mass flow through the surface. Form 

(3.10a) helps us visualize what is being calculated.
	 A second, alternative form offers elegance and compactness as advantages. If 
n is defined as the outward normal unit vector everywhere on the control surface, 
then V · n = Vn for outflow and V · n = −Vn for inflow. Therefore the flow 
terms can be represented by a single integral involving V · n that accounts for 
both positive outflow and negative inflow:

	 Flow terms = ∫
CS

 βρ(V · n) dA	 (3.11)

The compact form of the Reynolds transport theorem is thus

	
d

dt
 (Bsyst) =

d

dt
 ( ∫

CV
 βρ d �) + ∫

CS
 βρ(V · n) dA � (3.12)

This is beautiful but only occasionally useful, when the coordinate system is 
ideally suited to the control volume selected. Otherwise the computations are 
easier when the flow of B out is added and the flow of B in is subtracted, 
according to Eqs. (3.10) or (3.11).
	 The time derivative term can be written in the equivalent form

	
d

dt
 ( ∫

CV
 βρ  d�) = ∫

CV
 
∂
∂t

 (βρ) d�� (3.13)

for the fixed control volume since the volume elements do not vary.

Control Volume Moving at Constant Velocity
If the control volume is moving uniformly at velocity Vs, as in Fig.  3.2b, an 
observer fixed to the control volume will see a relative velocity Vr of fluid cross-
ing the control surface, defined by

	 Vr = V − Vs� (3.14)

where V is the fluid velocity relative to the same coordinate system in which the 
control volume motion Vs is observed. Note that Eq. (3.14) is a vector subtraction. 
The flow terms will be proportional to Vr, but the volume integral of Eq. (3.12) 
is unchanged because the control volume moves as a fixed shape without 
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deforming. The Reynolds transport theorem for this case of a uniformly moving 
control volume is

	
d

dt
 (Bsyst) =

d

dt
 ( ∫

CV
 βρ d �) + ∫

CS
 βρ(Vr · n) dA� (3.15)

which reduces to Eq. (3.12) if Vs ≡ 0.

Control Volume of Constant Shape but Variable Velocity4

If the control volume moves with a velocity Vs(t) that retains its shape, then the 
volume elements do not change with time, but the boundary relative velocity 
Vr = V(r, t) − Vs(t) becomes a somewhat more complicated function. Equation 
(3.15) is unchanged in form, but the area integral may be more laborious to 
evaluate.

Arbitrarily Moving and Deformable Control Volume5

The most general situation is when the control volume is both moving and 
deforming arbitrarily, as illustrated in Fig.  3.4. The flow of volume across the 
control surface is again proportional to the relative normal velocity component 

VrVs

V

n

d�in = –(Vr ∙ n) d A dt

d�out = (Vr ∙ n) d A dt

n

V

Vs

Vr = V – Vs

System at
time t + dtCV at time t + dt

System and
CV at time t

Fig. 3.4 Relative velocity effects between a system and a control volume 
when both move and deform. The system boundaries move at velocity V, 
and the control surface moves at velocity Vs.

4This section may be omitted without loss of continuity.
5This section may be omitted without loss of continuity.
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Vr · n, as in Eq. (3.15). However, since the control surface has a deformation, its 
velocity Vs = Vs(r, t), so that the relative velocity Vr = V(r, t) − Vs(r, t) is or 
can be a complicated function, even though the flow integral is the same as in 
Eq. (3.15). Meanwhile, the volume integral in Eq. (3.15) must allow the volume 
elements to distort with time. Thus the time derivative must be applied after 
integration. For the deforming control volume, then, the transport theorem takes 
the form

	
d

dt
 (Bsyst) =

d

dt
 ( ∫

CV
 βρ d �) + ∫

CS
 βρ(Vr · n) dA � (3.16)

This is the most general case, which we can compare with the equivalent form 
for a fixed control volume:

	
d

dt
 (Bsyst) = ∫

CV
 
∂
∂t

 ( βρ) d� + ∫
CS

 βρ(V · n) dA� (3.17)

The moving and deforming control volume, Eq. (3.16), contains only two com-
plications: (1) The time derivative of the first integral on the right must be taken 
outside, and (2) the second integral involves the relative velocity Vr between the 
fluid system and the control surface. These differences and mathematical subtle-
ties are best shown by examples.

One-Dimensional Flux Term Approximations
In many situations, the flow crosses the boundaries of the control surface only at 
simplified inlets and exits that are approximately one-dimensional; that is, flow 
properties are nearly uniform over the cross section. For a fixed control volume, 
the surface integral in Eq. (3.12) reduces to a sum of positive (outlet) and nega-
tive (inlet) product terms for each cross section:

d

dt
 (Bsyst) =

d

dt
 ( ∫

CV
 β dm) + ∑

outlets
βim


i ∣out − ∑

inlets
βim


i ∣in  where m

i = ρiAiVi� (3.18)

To the writer, this is an attractive way to set up a control volume analysis without 
using the dot product notation. An example of multiple one-dimensional flows is 
shown in Fig.  3.5. There are inlet flows at sections 1 and 4 and outflows at 
sections 2, 3, and 5. Equation (3.18) becomes

d

dt
 (Bsyst) =

d

dt
 ( ∫

CV
 β dm) + β2 (ρAV)2 + β3 (ρAV)3 + β5 (ρAV)5

	 − β1(ρAV)1 − β4 
(ρAV)4� (3.19)

with no contribution from any other portion of the control surface because there 
is no flow across the boundary.
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CV
1

2

3

4

5

All sections i:
Vi approximately
normal to area Ai

CS
Section 2:

uniform V2, A2,   2,   2, etc.βρ

Fig. 3.5 A control volume with 
simplified one-dimensional inlets 
and exits.

EXAMPLE 3.1

A fixed control volume has three one-dimensional boundary sections, as shown in 
Fig. E3.1. The flow within the control volume is steady. The flow properties at each 
section are tabulated below. Find the rate of change of energy of the system that 
occupies the control volume at this instant.

Section	 Type	 ρ, kg/m3	 V, m/s	 A, m2	 e, J/kg

	 1	 Inlet	 800	 5.0	 2.0	 300
	 2	 Inlet	 800	 8.0	 3.0	 100
	 3	 Outlet	 800	 17.0	 2.0	 150

Solution

∙	 System sketch:  Figure E3.1 shows two inlet flows, 1 and 2, and a single outlet flow, 3.
∙	 Assumptions:  Steady flow, fixed control volume, one-dimensional inlet and exit flows.
∙	 Approach:  Apply Eq. (3.17) with energy as the property, where B = E and  

β = dE/dm = e. Use the one-dimensional flow approximation and then insert the 
data from the table.

∙	 Solution steps:  Outlet 3 contributes a positive term, and inlets 1 and 2 are negative. 
The appropriate form of Eq. (3.12) is

(
dE

dt )syst
=

d

dt
 (#

CV

 e ρ dυ) + e3 m

3 − e1 m


1 − e2 m


2

3

21

CV

E3.1
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	 Since the flow is steady, the time-derivative volume integral term is zero. Introducing 
(ρAV)i as the mass flow grouping, we obtain

(
dE

dt )syst
= −e1ρ1A1V1 − e2ρ2A2V2 + e3ρ3A3V3

	 Introducing the numerical values from the table, we have

 (
dE

dt )syst
= −(300 J/kg)(800 kg/m3)(2 m2)(5 m/s) − 100(800)(3)(8) + 150(800)(2)(17)

	  = (−2,400,000 − 1,920,000 + 4,080,000) J/s

	  = −240,000 J/s = −0.24 MJ/s� Ans.

	� Thus the system is losing energy at the rate of 0.24 MJ/s = 0.24 MW. Since we have 
accounted for all fluid energy crossing the boundary, we conclude from the first law 
that there must be heat loss through the control surface, or the system must be doing 
work on the environment through some device not shown. Notice that the use of SI 
units leads to a consistent result in joules per second without any conversion factors. 
We promised in Chap. 1 that this would be the case.

∙	 Comments:  This problem involves energy, but suppose we check the balance of 
mass also. Then B = mass m, and β = dm/dm = unity. Again the volume integral 
vanishes for steady flow, and Eq. (3.17) reduces to

 (
dm

dt )syst
= ∫

CS
 ρ(V · n) dA = −ρ1A1V1 − ρ2A2V2 + ρ3A3V3

	  = −(800 kg/m3)(2 m2)(5 m/s) − 800(3)(8) + 800(17)(2)

	  = (−8000 − 19,200 + 27,200) kg/s = 0 kg/s

	 Thus the system mass does not change, which correctly expresses the law of conser-
vation of system mass, Eq. (3.1).

EXAMPLE 3.2

Compressed air in a rigid tank of volume � exhausts through a small nozzle as in  
Fig. E3.2. Air properties change through the nozzle, and the flow exits at ρo,Vo, Ao. 
Find an expression for the rate of change of tank density.

Solution

∙  System sketch:  Fig. E3.2 shows one exit, no inlets. The constant exit area is Ao.
∙  Control volume:  As shown, we choose a CV that encircles the entire tank and 

nozzle.
∙  Assumptions:  Unsteady flow (the tank mass decreases), one-dimensional exit flow.
∙  Approach:  Apply Eq. (3.16) for mass, B = m and β = dm/dm = unity.
∙  Solution steps:  Write out the Reynolds transport relation (3.16) for this problem:

(
dm

dt )syst
= 0 =

d

dt
 ( ∫

CV
ρ d �) + ∫

CS
ρ(V · n) dA = �

dρ

dt
+ ρo Vo Ao

CV

o, po, Vo, Aoρ, p, Tρ

E3.2
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	 For advanced study, many more details of the analysis of deformable control 
volumes can be found in Hansen [4] and Potter et al. [5].

3.3 Conservation of Mass
The Reynolds transport theorem, Eq. (3.16) or (3.17), establishes a relation 
between system rates of change and control volume surface and volume inte-
grals. But system derivatives are related to the basic laws of mechanics, Eqs. 
(3.1) to (3.5). Eliminating system derivatives between the two gives the control 
volume, or integral, forms of the laws of mechanics of fluids. The dummy vari-
able B becomes, respectively, mass, linear momentum, angular momentum, and 
energy.
	 For conservation of mass, as discussed in Examples 3.1 and 3.2, B = m and 
β = dm/dm = 1. Equation (3.1) becomes

	 (
dm

dt )syst
= 0 =

d

dt
 ( ∫

CV
 ρ d �) + ∫

CS
 ρ(Vr · n) dA	 (3.20)

This is the integral mass conservation law for a deformable control volume. For 
a fixed control volume, we have

	 ∫
CV

 
∂ρ

∂t
 d � + ∫

CS
 ρ(V · n) dA = 0	 (3.21)

If the control volume has only a number of one-dimensional inlets and outlets, 
we can write

	 ∫
CV

 
∂ρ

∂t
 d � + ∑

i

(ρi Ai Vi)out − ∑
i

(ρiAiVi)in = 0 � (3.22)

Other special cases occur. Suppose that the flow within the control volume is 
steady; then ∂ρ/∂t ≡ 0, and Eq. (3.21) reduces to

	 ∫
CS

 ρ(V · n) dA = 0	 (3.23)

Solve for the rate of change of tank density:

	
dρ

dt
= −

ρo Vo Ao

�
� Ans.

∙  Comments:  This is a first-order ordinary differential equation for the tank density. 
If we account for changes in ρo and Vo from the compressible-flow theories of 
Chap. 9, we can readily solve this equation for the tank density ρ(t).
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This states that in steady flow the mass flows entering and leaving the control 
volume must balance exactly.6 If, further, the inlets and outlets are one-dimensional, 
we have for steady flow

	 ∑
i

(ρi AiVi)in = ∑
i

(ρi AiVi)out	 (3.24)

This simple approximation is widely used in engineering analyses. For example, 
referring to Fig. 3.5, we see that if the flow in that control volume is steady, the 
three outlet mass flows balance the two inlets:

	 Outflow = Inflow

	 ρ2A2V2 + ρ3A3V3 + ρ5A5V5 = ρ1A1V1 + ρ4A4V4	 (3.25)

The quantity ρAV is called the mass flow m
  passing through the one-dimensional 

cross section and has consistent units of kilograms per second (or slugs per sec-
ond) for SI (or BG) units. Equation (3.25) can be rewritten in the short form

	 m

2 + m


3 + m


5 = m


1 + m


4	 (3.26)

and, in general, the steady-flow–mass-conservation relation (3.23) can be written as

	 ∑
i

(m

i)out = ∑

i

(m

i)in	 (3.27)

If the inlets and outlets are not one-dimensional, one has to compute m  by inte-
gration over the section

	 m

cs = ∫

cs
 ρ(V · n) dA	 (3.28)

where “cs” stands for cross section. An illustration of this is given in Example 
3.4.

Incompressible Flow
Still further simplification is possible if the fluid is incompressible, which we 
may define as having density variations that are negligible in the mass conserva-
tion requirement.7 As we saw in Chap. 1, all liquids are nearly incompressible, 
and gas flows can behave as if they were incompressible, particularly if the gas 
velocity is less than about 30 percent of the speed of sound of the gas.

6Throughout this section we are neglecting sources or sinks of mass that might be embedded in 
the control volume. Equations (3.20) and (3.21) can readily be modified to add source and sink 
terms, but this is rarely necessary.

7Be warned that there is subjectivity in specifying incompressibility. Oceanographers consider a 
0.1 percent density variation very significant, while aerodynamicists may neglect density variations 
in highly compressible, even hypersonic, gas flows. Your task is to justify the incompressible 
approximation when you make it.
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	 Again consider the fixed control volume. For nearly incompressible flow, the term 
∂ρ/∂t is small, so the time-derivative volume integral in Eq. (3.21) can be neglected. 
The constant density can then be removed from the surface integral for a nice  
simplification:

d

dt( ∫
CV

 
∂ρ

∂t
 dυ) + ∫

CS
 ρ(V · n) dA = 0

or	 ∫
CS

 (V · n) dA = 0	 (3.29)

If the inlets and outlets are one-dimensional, we have

	 ∑
i

(Vi Ai)out = ∑
i

(Vi Ai)in	 (3.30)

or	 ∑Qout = ∑Qin	

where Qi = ViAi is called the volume flow passing through the given cross 
section.
	 Again, if consistent units are used, Q = VA will have units of cubic meters 
per second (SI) or cubic feet per second (BG). If the cross section is not one-
dimensional, we have to integrate

	 QCS = ∫
CS

 (V · n) dA	 (3.31)

Equation (3.31) allows us to define an average velocity Vav that, when multiplied 
by the section area, gives the correct volume flow:

	 Vav =
Q

A
=

1
A ∫ (V · n) dA	 (3.32)

This could be called the volume-average velocity. If the density varies across the 
section, we can define an average density in the same manner:

	 ρav =
1
A ∫ ρ dA� (3.33)

But the mass flow would contain the product of density and velocity, and the 
average product (ρV)av would in general have a different value from the product 
of the averages:

	 (ρV)av =
1
A ∫ρ(V · n) dA ≈ ρavVav	 (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the differ-
ence or, if necessary, use a correction factor between mass average and volume 
average.
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EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow every-
where parallel to the walls) with a single one-dimensional inlet 1 and exit 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit:

m
 = ρ1A1V1 = ρ2A2V2 = const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of 
the tube. If the density is constant, then

Q = A1V1 = A2V2 = const or V2 =
A1

A2
 V1

The volume flow is constant in the tube in steady incompressible flow, and the veloc-
ity increases as the section area decreases. This relation was derived by Leonardo da 
Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile 
is given approximately by

	 u = U0 (1 −
r

R)
m

so that u varies from zero at the wall (r = R), or no slip, up to a maximum u = U0 at 
the centerline r = 0. For highly viscous (laminar) flow m ≈ 1

2, while for less viscous 
(turbulent) flow m ≈ 1

7. Compute the average velocity if the density is constant.

Solution

The average velocity is defined by Eq. (3.32). Here V = iu and n = i, and thus V · n 
= u. Since the flow is symmetric, the differential area can be taken as a circular strip 
dA = 2 πr dr. Equation (3.32) becomes

 Vav =
1
A ∫u dA =

1
πR2 ∫R

0
U0 (1 −

r

R)
m

2πr dr

or	 Vav = U0 
2

(1 + m) (2 + m)
� Ans.

For the laminar flow approximation, m ≈ 1
2 and Vav ≈ 0.53U0. (The exact laminar 

theory in Chap. 6 gives Vav = 0.50U0.) For turbulent flow, m ≈ 1
7 and Vav ≈ 0.82U0. 

(There is no exact turbulent theory, and so we accept this approximation.) The turbulent 
velocity profile is more uniform across the section, and thus the average velocity is 
only slightly less than maximum.

E3.3

2

1
Streamtube

control volume

V ∙ n = 0

V1

V2

r

r = R

x

u(r)

U0

u = 0 (no slip)

E3.4
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EXAMPLE 3.5

The tank in Fig. E3.5 is being filled with water by two one-dimensional inlets. Air is 
trapped at the top of the tank. The water height is h. (a) Find an expression for the 
change in water height dh/dt. (b) Compute dh/dt if D1 = 1 in, D2 = 3 in, V1 = 3 ft/s, 
V2 = 2 ft/s, and At = 2 ft2, assuming water at 20°C.

Solution

Part (a)

A suggested control volume encircles the tank and cuts through the two inlets. The flow 
within is unsteady, and Eq. (3.22) applies with no outlets and two inlets:

	
d

dt
 ( ∫

CV
 ρ d �) − ρ1A1V1 − ρ2A2V2 = 0� (1)

Now if At is the tank cross-sectional area, the unsteady term can be evaluated as 
follows:

	
d

dt
 ( ∫

CV
 ρ d �) =

d

dt
 (ρw Ath) +

d

dt
 [ρa At(H − h) ] = ρw At

dh

dt
� (2)

The ρa term vanishes because it is the rate of change of air mass and is zero because 
the air is trapped at the top. Substituting (2) into (1), we find the change of water height

	
dh

dt
=

ρ1A1V1 + ρ2A2V2

ρw At

� Ans. (a)

For water, ρ1 = ρ2 = ρw, and this result reduces to

	
dh

dt
=

A1V1 + A2V2

At

=
Q1 + Q2

At

� (3)

Part (b)

The two inlet volume flows are

 Q1 = A1V1 = 1
4π( 1

12 ft)2(3 ft/s) = 0.016 ft3/s

 Q2 = A2V2 = 1
4π( 3

12 ft)2(2 ft/s) = 0.098 ft3/s

Then, from Eq. (3),

	
dh

dt
=

(0.016 + 0.098) ft3/s
2 ft2 = 0.057 ft/s� Ans. (b)

Suggestion:  Repeat this problem with the top of the tank open.

	 The control volume mass relations, Eq. (3.20) or (3.21), are fundamental to 
all fluid flow analyses. They involve only velocity and density. Vector directions 
are of no consequence except to determine the normal velocity at the surface and 
hence whether the flow is in or out. Although your specific analysis may concern 

1
2

Tank area At

a

w
H

h

Fixed CS

ρ

ρ

E3.5
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forces or moments or energy, you must always make sure that mass is balanced 
as part of the analysis; otherwise the results will be unrealistic and probably 
incorrect. We shall see in the examples that follow how mass conservation is 
constantly checked in performing an analysis of other fluid properties.

3.4 The Linear Momentum Equation
In Newton’s second law, Eq. (3.2), the property being differentiated is the linear 
momentum mV. Therefore our dummy variable is B = mV and β = dB/dm = V, 
and application of the Reynolds transport theorem gives the linear momentum 
relation for a deformable control volume:

	
d

dt
 (mV)syst = ∑F =

d

dt
 ( ∫

CV
Vρ d �) + ∫

CS
Vρ(Vr · n) dA	 (3.35)

The following points concerning this relation should be strongly emphasized:

1.	 The term V is the fluid velocity relative to an inertial (nonaccelerating) 
coordinate system; otherwise Newton’s second law must be modified to 
include noninertial relative acceleration terms (see the end of this section).

2.	 The term Σ F is the vector sum of all forces acting on the system material 
considered as a free body; that is, it includes surface forces on all fluids 
and  solids cut by the control surface plus all body forces (gravity and elec-
tromagnetic) acting on the masses within the control volume.

3.	 The entire equation is a vector relation; both the integrals are vectors due to 
the term V in the integrands. The equation thus has three components. If we 
want only, say, the x component, the equation reduces to

	 ∑Fx =
d

dt
 ( ∫

CV
 uρ d �) + ∫

CS
 uρ(Vr · n) dA	 (3.36)

	 and, similarly, Σ Fy and Σ Fz would involve v and w, respectively. Failure to 
account for the vector nature of the linear momentum relation (3.35) is prob-
ably the greatest source of student error in control volume analyses.

	� For a fixed control volume, the relative velocity Vr ≡ V, and Eq. (3.35) 
becomes

	 ∑F =
d

dt
 ( ∫

CV
Vρ d �) + ∫

CS
Vρ(V · n) dA� (3.37)

Again we stress that this is a vector relation and that V must be an inertial-frame 
velocity. While most of the momentum analyses in this text are concerned with 
Eq. (3.37), it is useful to present several important generalities for its applications. 
They are demonstrated by example problems to illustrate features of various forms 
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of Eq. (3.37) for a control volume. We describe these generalities under subhead-
ings mostly with examples.  Example 3.6 explains how to simplify pressure force 
on a closed control volume by working in gage pressures. Examples 3.7 and 3.8 
demonstrate how choice of the control volume can help analysis of external 
anchoring forces.  Example 3.9 shows how choice of the control volume can 
simplify analysis of friction or drag force.  Example 3.10 explains how to set up 
pressure conditions for flows at a sluice gate.  Example 3.11 involves a problem 
with a moving object.  Finally we will summarize a few tips used in the analysis 
of the linear momentum equation.

One-Dimensional Momentum Flux
By analogy with the term mass flow used in Eq. (3.28), the surface integral in 
Eq. (3.37) is called the momentum flow term. If we denote momentum by M, then

	 M


CS = ∫
sec

Vρ(V · n) dA	 (3.38)

Because of the dot product, the result will be negative for inlet momentum flow 
and positive for outlet flow. If the cross section is one-dimensional, V and ρ are 
uniform over the area and the integrated result is

	 M


seci = Vi (ρiVni Ai) = m

iVi	 (3.39)

for outlet flow and −m

iVi for inlet flow. Thus if the control volume has only 

one-dimensional inlets and outlets, Eq. (3.37) reduces to

	 ∑F =
d

dt
 ( ∫

CV
Vρ d �) +∑ (m


iVi)out −∑

 
(m


iVi)in� (3.40)

This is a commonly used approximation in engineering analyses. It is crucial to 
realize that we are dealing with vector sums. Equation (3.40) states that the net 
vector force on a fixed control volume equals the rate of change of vector momen-
tum within the control volume plus the vector sum of outlet momentum flows 
minus the vector sum of inlet flows.
	 One-dimensional flows are easier to work with than flows involving nonuni-
form velocity distributions.  For viscous flow through a circular pipe or duct, the 
axial velocity is usually nonuniform as seen in Example 3.4. But we can use the 
average velocity of the pipe in the momentum flux calculation with a correction 
factor to be introduced in this section. 
	 Note that the time rate of change of the vector momentum within a nondeform-
ing control volume is zero for steady flow. The linear momentum problems 
considered in this text are all steady flow.

Net Pressure Force on a Closed Control Surface
Generally speaking, the surface forces on a control volume are due to (1) forces 
exposed by cutting through solid bodies that protrude through the surface and 
(2)  forces due to pressure and viscous stresses of the surrounding fluid. The 
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computation of pressure force is relatively simple, as shown in Fig.  3.6. Recall 
from Chap. 2 that the external pressure force on a surface is normal to the surface 
and inward. Since the unit vector n is defined as outward, one way to write the 
pressure force is

	 Fpress = ∫
CS

 p(−n) dA	 (3.41)

Now if the pressure has a uniform value pa all around the surface, as in Fig. 3.7a, 
the net pressure force is zero:

	 FUP = ∫ pa(−n)dA = −pa ∫ n dA ≡ 0	 (3.42)

where the subscript UP stands for uniform pressure. This result is independent of the 
shape of the surface8 as long as the surface is closed and all our control volumes are 
closed. Thus a seemingly complicated pressure force problem can be simplified by 
subtracting atmospheric pressure pa and working only with the pieces of gage pressure 
that remain, as illustrated in Fig. 3.6b. So Eq. (3.41) is entirely equivalent to

	 Fpress = ∫
CS

(p − pa) (−n)dA = ∫
CS

pgage(−n)dA	

This trick can mean quite a savings in computation.

Closed
CS

pa

n

pa
pa

pa

pgage =  p – pa

Closed
CS pgage =  0

pgage

pgage

pa

(a) (b)

n

pa

Fig. 3.6 Pressure force computation 
by subtracting a uniform 
distribution: (a) uniform pressure,

F = −pa ∫ n dA ≡ 0;

(b) nonuniform pressure, 

F = − ∫ ( p − pa)n dA.

EXAMPLE 3.6

A control volume of a nozzle section has surface pressures of 40 lbf/in2 absolute at 
section 1 and atmospheric pressure of 15 lbf/in2 absolute at section 2 and on the exter-
nal rounded part of the nozzle, as in Fig. E3.6a. Compute the net pressure force if  
D1 = 3 in and D2 = 1 in.

8Can you prove this? It is a consequence of Gauss’s theorem from vector analysis.
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Pressure Condition at a Jet Exit
Figure E3.6 illustrates a pressure boundary condition commonly used for jet exit 
flow problems. When a fluid flow leaves a confined internal duct and exits into 
an ambient “atmosphere,” its free surface is exposed to that atmosphere. Therefore 
the jet itself will essentially be at atmospheric pressure also. This condition was 
used in Fig. E3.6.
	 Only two effects could maintain a pressure difference between the atmosphere 
and a free exit jet. The first is surface tension, Eq. (1.31), which is usually neg-
ligible. The second effect is a supersonic jet, which can separate itself from an 

Solution

∙	 System sketch:  The control volume is the outside of the nozzle, plus the cut sections 
(1) and (2). There would also be stresses in the cut nozzle wall at section 1, which 
we are neglecting here. The pressures acting on the control volume are shown in Fig. 
E3.6a. Figure E3.6b shows the pressures after 15 lbf/in2 has been subtracted from all 
sides. Here we compute the net pressure force only.

∙	 Assumptions:  Known pressures, as shown, on all surfaces of the control volume.
∙	 Approach: Since three surfaces have p = 15 lbf/in2, subtract this amount everywhere 

so that these three sides reduce to zero “gage pressure” for convenience. This is 
allowable because of Eq. (3.42).

∙	 Solution steps:  For the modified pressure distribution, Fig. E3.6b, only section 1 is 
needed:

	 Fpress = pgage,1 (−n)1 A1 = (25 
lbf
in2)[−(−i)][

π

4
 (3 in)2

] = 177i lbf� Ans.

∙	 Comments:  This “uniform subtraction” artifice, which is entirely legal, has greatly 
simplified the calculation of pressure force. Note: We were a bit too informal when 
multiplying pressure in lbf/in2 times area in square inches. We achieved lbf correctly, 
but it would be better practice to convert all data to standard BG units. Further note: 
In addition to Fpress, there are other forces involved in this flow, due to tension stresses 
in the cut nozzle wall and the fluid weight inside the control volume.

2

1

2

1

40 lbf/in2 abs 15 lbf/in2 abs

Jet exit pressure is atmospheric

25 lbf/in2 gage

15 lbf/in2 abs

(a) (b)

15 lbf/in2

abs
Flow Flow

0 lbf/in2 gage

0 lbf/in2 gage

0 lbf/in2 gage

E3.6
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EXAMPLE 3.7

Water flows steadily through a section of expanding elbow shown in the diagram. At 
the inlet to the elbow, the absolute pressure is 230 kPa and the cross-sectional area is 
0.004 m2. The direction of flow is 45° from horizontal. At the outlet, the absolute 
pressure is 200 kPa, the cross-sectional area is 0.01 m2, and the velocity is 2 m/s.  
Given water density of 1000 kg/m3, determine the anchoring forces in x and y directions 
required to hold the elbow in place.

Solution

Choose a fixed control volume in Fig. 3.7a that includes the elbow, cuts through the 
inlet and exit of the elbow, and includes the elbow support (not shown in the figure). 
The friction between the flow and the inner surface of the elbow is internally self-
canceling. If we subtract Patm from the entire control surface, we can work in gage 
pressures at the inlet and exit of the elbow. If we assume uniform flow at the elbow 
inlet and exit, and atmospheric pressure Patm = 101 kPa, and neglect weight of elbow 
and water in elbow, then Eq. (3.40) reduces to

	 ∑F = m

2V2 − m


1V1� (1)

Conservation of mass for the flow requires m
1 = m


2 = m

 = ρAV . Referring to the coor-
dinates in Fig. 3.7(a), we can readily find the force components in x and y directions, 
respectively.
	 In x direction,

	 Rx + P1, gage A1 cos θ − p2, gage A2 = (ρ2A2V2)V2 − (ρ1A1V1)V1 cos θ� (2)

atmosphere with expansion or compression waves (Chap. 9). For the majority of 
applications, therefore, we shall set the pressure in an exit jet as atmospheric.

Anchoring Force to Hold an Elbow or Vane Stationary
When a liquid flow passes through an elbow that changes the direction of flow 
in a piping system, or water jetting out from a nozzle is deflected by a vane into 
different direction, it is crucial to determine the anchoring forces required to hold 
the elbow and vane stationary.

x

y
P1A1

P2 A2

Fixed
control
volume

m V2

ΣF = m (V2 – V1)

(a) (b)
1

2

V ∙ n = 0 V2

V1

.

.

.

.

m = constant

m V1

θ
θ

Fig. 3.7 Net forces on an expanding 
elbow: (a) geometry of the elbow 
turning the steady water flow;  
(b) vector diagram for the forces and 
momentum.
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For incompressible flow, ρ = const.

V1 = V2
A2

A1
= 2 m∕s

0.01 m2

0.004 m2 = 5 m∕s

Rearranging Eq. (1), it becomes

	 Rx = −P1, gage A1 cos θ + p2, gage A2 + (ρ2A2V2)V2 − (ρ1A1V1)V1 cos θ� (3)

For the given numerical values, we have

Rx = −(129 kPa)(0.004 m2) cos 45 + (99 kPa)(0.01 m2) + 1000
kg
m3 [(0.01 m2) 22 m2

s2  

	 −(0.004 m2) 52 m2

s2  cos 45] = 594.4 N� Ans.

In y direction,

	 Ry + P1, gage A1 sin θ = 0 − (ρ1A1V1)V1 sin θ� (4)

Rearranging Eq. (4), it becomes

	 Ry = −P1, gage A1 sin θ = 0 − (ρ1A1V1)V1 sin θ� (5)

For the given numerical values, we have

Ry = −(129 kPa)(0.004 m2) sin 45 −1000
kg
m3 (0.004 m2) 52m2

s2  sin 45 = −435.6 N  Ans.

Negative sign of Ry indicates that the anchoring force component is in the direction 
facing downward. 
	 Selecting an appropriate control volume that contains the elbow and water in the 
elbow leads directly to the solution for the anchoring force. Use of the gage pressures 
at the inlet and exit simplifies evaluation of the surface forces. The weight of the elbow 
and of the water in the elbow are neglected, but they could be accounted for in calcu-
lating the force component Ry.

EXAMPLE 3.8

As shown in Fig.  3.8a, a fixed vane turns a water jet of area A through an angle θ 
without changing its velocity magnitude. The flow is steady, pressure is pa everywhere, 
and friction on the vane is negligible. (a) Find the components Fx and Fy of the applied 
vane force. (b) Find expressions for the force magnitude F and the angle ϕ between F 
and the horizontal; plot them versus θ.

Solution

Part (a)

The control volume selected in Fig. 3.8a cuts through the inlet and exit of the jet and through 
the vane support, exposing the vane force F. Since there is no cut along the vane–jet 
interface, vane friction is internally self-canceling. The pressure force is zero in the uniform 
atmosphere. We neglect the weight of fluid and the vane weight within the control volume. 
Then Eq. (3.40) reduces to

Fvane = m

2V2 − m


1V1
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But the magnitude V1 = V2 = V as given, and conservation of mass for the streamtube 
requires m


1 = m


2 = m

 = ρAV . The vector diagram for force and momentum change 
becomes an isosceles triangle with legs m

 V and base F, as in Fig.  3.8b. We can readily 
find the force components from this diagram:

	 Fx = m

V(cos θ − 1) Fy = m


V sin θ� Ans. (a)

where m

V = ρAV2 for this case. This is the desired result.

Part (b)

The force magnitude is obtained from part (a):

	 F = (F2
x + F2

y)1/2 = m

V[sin2θ + (cos θ − 1)2]1/2 = 2m


V sin 

θ

2
� Ans. (b)

y

x

V

V

1

2pa

CV

F

F
Fy

Fx

mV

mV

(a) (b)

θ
θ ϕ

Fig. 3.8 Net applied force on a fixed 
jet-turning vane: (a) geometry of the 
vane turning the water jet; (b) vector 
diagram for the net force.

F
m V

F
m V

0 45° 90° 135° 180°

180°1.0

2.0

90°

ϕ
ϕ

θ
E3.8

From the geometry of Fig. 3.8b we obtain

	 ϕ = 180° − tan−1
 
Fy

Fx

= 90° +
θ

2
� Ans. (b)

These can be plotted versus θ as shown in Fig. E3.8. Two special cases are of interest. 
First, the maximum force occurs at θ = 180°—that is, when the jet is turned around 
and thrown back in the opposite direction with its momentum completely reversed. 
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	 One of the differences between Examples 3.7 and 3.8 is the driving force to 
push the fluid. In Example 3.7, the water flow is confined in the pipe and elbow, 
and is pressure-driven. The pressure in the control volume at the inlet and outlet 
is usually higher than the atmospheric pressure. Hence, the pressure forces must 
be accounted for in the momentum equation. For an open jet like in Example 3.8, 
the motion of the jet stream is due to the initial momentum of the jet flowing 
from the nozzle. The water jet is surrounded by atmospheric pressure. Therefore, 
there is no contribution of pressure force at the inlet and outlet of the control 
volume.

Friction or Drag Force Exerted by Solid Wall on Fluid Flow
Many engineering applications need to find the friction force exerted by pipe wall 
on the fluid flow in a pipe or determine the drag force induced by a flat plate 
on the flow over it.  The overall friction force or drag can be determined using 
the linear momentum equation (3.37).  Using the differential equation of linear 
momentum in Chap. 5 and the boundary theory in Chap. 7 can also help us to 
determine local friction along the wall.

This force is 2m

V  and acts to the left; that is, ϕ = 180°. Second, at very small turning 

angles (θ < 10°) we obtain approximately

F ≈ m

Vθ  ϕ ≈ 90°

The force is linearly proportional to the turning angle and acts nearly normal to 
the jet. This is the principle of a lifting vane, or airfoil, which causes a slight 
change in the oncoming flow direction and thereby creates a lift force normal to 
the basic flow.

EXAMPLE 3.9

In Fig. 3.9 the plate is parallel to the flow. The stream is not a jet but a broad river, 
or free stream, of uniform velocity V = U0i. The pressure is assumed uniform, and 
so it has no net force on the plate. The only effect is due to boundary shear. The 
no-slip condition at the wall brings the fluid there to a halt, and these slowly mov-
ing particles retard their neighbors above, so that at the end of the plate there is a 
significant retarded shear layer, or boundary layer, of thickness y = δ. The viscous 
stresses along the wall can sum to a finite drag force on the plate. These effects 
are illustrated in Fig. 3.9. The problem is to make an integral analysis and find the 
drag force D in terms of the flow properties ρ, U0, and δ and the plate dimensions 
L and b.9

9The general analysis of such wall shear problems, called boundary-layer theory, is treated  
in Sec. 7.3.
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Solution

Like most practical cases, this problem requires a combined mass and momentum bal-
ance. A proper selection of control volume is essential, and we select the four-sided 
region from 0 to h to δ to L and back to the origin 0, as shown in Fig.  3.9. Had we 
chosen to cut across horizontally from left to right along the height y = h, we would 
have cut through the shear layer and exposed unknown shear stresses. Instead we follow 
the streamline passing through (x, y) = (0, h), which is outside the shear layer and also 
has no mass flow across it. The four control volume sides are thus

1.	 From (0, 0) to (0, h): a one-dimensional inlet, V · n = −U0.
2.	 From (0, h) to (L, δ ): a streamline, no shear, V · n = 0.
3.	 From (L, δ) to (L, 0): a two-dimensional outlet, V · n = +u(y).
4.	 From (L, 0) to (0, 0): a streamline just above the plate surface, V · n = 0, shear 

forces summing to the drag force −Di acting from the plate onto the retarded fluid.

The pressure is uniform, and so there is no net pressure force. Since the flow is assumed 
incompressible and steady, Eq. (3.37) applies with no unsteady term and flows only 
across sections 1 and 3:

 ∑Fx = −D = ρ ∫
1

 u(0, y) (V · n) dA +  ρ ∫
3
 u(L, y) (V · n) dA

 = ρ ∫h

0
 U0(−U0)b dy + ρ ∫ δ

0
 u(L, y) [+u(L, y) ]b dy

Evaluating the first integral and rearranging give

	 D = ρU2
0 bh − ρb ∫ δ

0
 u2dy ∣x=L� (1)

This could be considered the answer to the problem, but it is not useful because the 
height h is not known with respect to the shear layer thickness δ. This is found by 
applying mass conservation, since the control volume forms a streamtube:

ρ ∫
CS

 (V · n) dA = 0 = ρ ∫h

0
 (−U0)b dy + ρ ∫ δ

0
 ub dy ∣x=L

y

U0

Oncoming
stream
parallel
to plate

0

1

y = h

Streamline just
outside the

shear-layer region

2

Plate of width b

4

Boundary layer
where shear stress

is significant

p = pa

y = δ

3

U0

u(y)

x
L

Fig. 3.9 Control volume analysis of 
drag force on a flat plate due to 
boundary shear. The control volume 
is bounded by sections 1, 2, 3, and 4.
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10The autobiography of this great twentieth-century engineer and teacher [2] is recommended 
for its historical and scientific insight.

or	 U0h = ∫ δ

0
 u dy ∣x=L� (2)

after canceling b and ρ and evaluating the first integral. Introduce this value of h into 
Eq. (1) for a much cleaner result:

	 D = ρb ∫ δ

0
 u(U0 − u) dy ∣x=L� Ans. (3)

This result was first derived by Theodore von Kármán in 1921.10 It relates the friction 
drag on one side of a flat plate to the integral of the momentum deficit ρu(U0 − u) 
across the trailing cross section of the flow past the plate. Since U0 − u vanishes as y 
increases, the integral has a finite value. Equation (3) is an example of momentum 
integral theory for boundary layers, which is treated in Chap. 7.

EXAMPLE 3.10

The sluice gate in Fig. E3.10a controls flow in open channels. At sections 1 and 2, the 
flow is uniform and the pressure is hydrostatic. Neglecting bottom friction and atmo-
spheric pressure, derive a formula for the horizontal force F required to hold the gate. 
Express your final formula in terms of the inlet velocity V1, eliminating V2.

Solution

Choose a control volume, Fig. E3.10b, that cuts through known regions (section 1 and 
section 2 just above the bottom, and the atmosphere) and that cuts along regions where 
unknown information is desired (the gate, with its force F ).
	 Assume steady incompressible flow with no variation across the width b. The inlet 
and outlet mass flows balance:

m
 = ρV1h1b = ρV2h2b  or  V2 = V1(h1∕h2)

V1 h1 

F

A

h2 

Sluice
gate, width b

V2

E3.10a

Nonuniform Hydrostatic Pressure
In hydrodynamic applications, there are problems where the momentum equation 
is applied to a control volume for which the pressure is not uniform on the con-
trol surface. In this case, the hydrostatic resultant force on a plane or curved 
surface should be calculated using the relations we developed in Chap. 2.
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Moving Control Volume
A nondeforming control volume that translates into a straight line at constant 
speed is inertial because there is no acceleration. In this case, the linear momen-
tum equation (3.37) is still applicable, except that the velocity V should be 
treated as the relative velocity for an inertial, moving, and nondeforming control 
volume. Calculation of the relative velocity is a vector operation in kinematics. 
However, if the absolute velocity of A and absolute velocity of B are in the same 
direction, the relative velocity can be easily calculated using the algebraic 
relation Vc = VA – VB.

EXAMPLE 3.11

A water jet of velocity Vj impinges normal to a flat plate that moves to the right at 
velocity Vc, as shown in Fig. 3.10a. Find the force required to keep the plate moving 
at constant velocity if the jet density is 1000 kg/m3, the jet area is 3 cm2, and Vj and 
Vc are 20 and 15 m/s, respectively. Neglect the weight of the jet and plate, and assume 
steady flow with respect to the moving plate with the jet splitting into an equal upward 
and downward half-jet.

We may use gage pressures for convenience because a uniform atmospheric pressure 
causes no force, as shown earlier in Fig.  3.6. With x positive to the right, equate the 
net horizontal force to the x-directed momentum change:

 ΣFx = −Fgate +
ρ

2
 gh1(h1b) −

ρ

2
 gh2(h2b) = m

 (V2 − V1)

	  m = ρh1bV1	

Solve for Fgate, and eliminate V2 using the mass flow relation. The desired result is:

	 Fgate =
ρ

2
 gbh2

1[1 − (
h2

h1)
2

] − ρh1bV2
1 (

h1

h2
− 1)� Ans.

This is a powerful result from a relatively simple analysis. Later, in Sec. 10.4, we will 
be able to calculate the actual flow rate from the water depths and the gate opening 
height.

E3.10b

gh2gh1

CV

≈  0

Gage
pressure F

τ

ρρ
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Solution

The suggested control volume in Fig.  3.10a cuts through the plate support to expose 
the desired forces Rx and Ry. This control volume moves at speed Vc and thus is fixed 
relative to the plate, as in Fig. 3.10b. We must satisfy both mass and momentum con-
servation for the assumed steady flow pattern in Fig. 3.10b. There are two outlets and 
one inlet, and Eq. (3.30) applies for mass conservation:

m

out = m


in

or	 ρ1A1V1 + ρ2A2V2 = ρj Aj (Vj − Vc)� (1)

We assume that the water is incompressible ρ1 = ρ2 = ρj, and we are given that A1 = A2 = 
1
2Aj. Therefore Eq. (1) reduces to

	 V1 + V2 = 2(Vj − Vc)� (2)

Strictly speaking, this is all that mass conservation tells us. However, from the sym-
metry of the jet deflection and the neglect of gravity on the fluid trajectory, we conclude 
that the two velocities V1 and V2 must be equal, and hence Eq. (2) becomes

	 V1 = V2 = Vj − Vc� (3)

This equality can also be predicted by Bernoulli’s equation in Sec. 3.5. For the given 
numerical values, we have

V1 = V2 = 20 − 15 = 5 m/s

Now we can compute Rx and Ry from the two components of momentum conservation. 
Equation (3.40) applies with the unsteady term zero:

	 ∑Fx = Rx = m

1u1 + m


2u2 − m


juj� (4)

where from the mass analysis, m

1 = m


2 = 1

2m

j = 1

2ρj Aj(Vj − Vc). Now check the flow 
directions at each section: u1 = u2 = 0, and uj = Vj − Vc = 5 m/s. Thus Eq. (4) becomes

	 Rx = −m

juj = −[ρj Aj(Vj − Vc) ] (Vj − Vc)� (5)

Nozzle
Vj

   p = pa

Vc

CS

Vc

Vj – Vc

Aj j

CS

1

Ry

Rx

A1 =      Aj
1
2

2 A2 =      Aj
1
2

(a) (b)

Fig. 3.10 Force on a plate moving at 
constant velocity: (a) jet striking a 
moving plate normally; (b) control 
volume fixed relative to the plate.
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Momentum Flux Correction Factor
For flow in a duct, the axial velocity is usually nonuniform, as in Example 3.4. 
For this case the simple momentum flow calculation e uρ(V · n) dA = m


V = ρAV2 

is somewhat in error and should be corrected to ζρAV2, where ζ is the dimension-
less momentum flow correction factor, ζ ≥ 1.
	 The factor ζ accounts for the variation of u2 across the duct section. That is, 
we compute the exact flow and set it equal to a flow based on average velocity 
in the duct:

ρ ∫ u2dA = ζm
  Vav = ζρAV2

av

or	 ζ =
1
A ∫  

(
u

Vav)
2

 dA� (3.43a)

	 Values of ζ can be computed based on typical duct velocity profiles similar to 
those in Example 3.4. The results are as follows:

Laminar flow:	 u = U0(1 −
r 2

R2) ζ =
4
3

� (3.43b)

Turbulent flow:	 u ≈ U0(1 −
r

R)
m

 
1
9

≤ m ≤
1
5

	 ζ =
(1 + m)2(2 + m)2

2(1 + 2m) (2 + 2m)
	 (3.43c)

For the given numerical values we have

	 Rx = −(1000 kg/m3)(0.0003 m2)(5 m/s)2 = −7.5 (kg · m)/s2 = −7.5 N� Ans.

This acts to the left; that is, it requires a restraining force to keep the plate from accel-
erating to the right due to the continuous impact of the jet. The vertical force is

Fy = Ry = m

1υ1 + m


2υ2 − m


jυj

Check directions again: υ1 = V1, υ2 = −V2, υj = 0. Thus

	 Ry = m

1(V1) + m


2(−V2) = 1

2 m
j(V1 − V2)� (6)

But since we found earlier that V1 = V2, this means that Ry = 0, as we could expect 
from the symmetry of the jet deflection.11 Two other results are of interest. First, the 
relative velocity at section 1 was found to be 5 m/s up, from Eq. (3). If we convert 
this to absolute motion by adding on the control-volume speed Vc = 15 m/s to the right, 
we find that the absolute velocity V1 = 15i + 5j m/s, or 15.8 m/s at an angle of 18.4° 
upward, as indicated in Fig.  3.10a. Thus the absolute jet speed changes after hitting 
the plate. Second, the computed force Rx does not change if we assume the jet deflects 
in all radial directions along the plate surface rather than just up and down. Since the 
plate is normal to the x axis, there would still be zero outlet x-momentum flow when 
Eq. (4) was rewritten for a radial deflection condition.

11Symmetry can be a powerful tool if used properly. Try to learn more about the uses and 
misuses of symmetry conditions.
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The turbulent correction factors have the following range of values:

These are so close to unity that they are normally neglected. The laminar correc-
tion is often important.
	 To illustrate a typical use of these correction factors, the solution to Example 
3.8 for nonuniform velocities at sections 1 and 2 would be modified as

	 ∑F = m
 (ζ2V2 − ζ1V1)	 (3.43d )

Note that the basic parameters and vector character of the result are not changed 
at all by this correction.

Linear Momentum Tips
The previous examples make it clear that the vector momentum equation is more 
difficult to handle than the scalar mass and energy equations. Here are some 
momentum tips to remember:

	 The momentum relation is a vector equation. The forces and the momen-
tum terms are directional and can have three components. A sketch of 
these vectors will be indispensable for the analysis.

	 The momentum flow terms, such as e V(ρV · n)dA, link two different sign 
conventions, so special care is needed. First, the vector coefficient V will have 
a sign depending on its direction. Second, the mass flow term (ρV · n) will 
have a sign (+ , −) depending on whether it is (out, in). For example, in 
Fig. 3.8, the x-components of V2 and V1, u2 and u1, are both positive; that is, 
they both act to the right. Meanwhile, the mass flow at (2) is positive (out) 
and at (1) is negative (in).

	 The one-dimensional approximation, Eq. (3.40), is glorious, because non-
uniform velocity distributions require laborious integration, as in Eq. 
(3.11). Thus the momentum flow correction factors ζ are very useful in 
avoiding this integration, especially for pipe flow.

	 The applied forces ΣF act on all the material in the control volume—that 
is, the surfaces (pressure and shear stresses), the solid supports that are cut 
through, and the weight of the interior masses. Stresses on non-control-
surface parts of the interior are self-canceling and should be ignored.

	 If the fluid exits subsonically to an atmosphere, the fluid pressure there is 
atmospheric.

	 Where possible, choose inlet and outlet surfaces normal to the flow, so that 
pressure is the dominant force and the normal velocity equals the actual 
velocity.

Clearly, with that many helpful tips, substantial practice is needed to achieve 
momentum skills.

Turbulent flow:
	 m	 1

5	 1
6	 1

7	 1
8	 1

9

	 ζ	 1.037	 1.027	 1.020	 1.016	 1.013
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Noninertial Reference Frame12

All previous derivations and examples in this section have assumed that the coor-
dinate system is inertial—that is, at rest or moving at constant velocity. In this 
case the rate of change of velocity equals the absolute acceleration of the system, 
and Newton’s law applies directly in the form of Eqs. (3.2) and (3.35).
	 In many cases it is convenient to use a noninertial, or accelerating, coordinate 
system. An example would be coordinates fixed to a rocket during takeoff. A 
second example is any flow on the earth’s surface, which is accelerating relative 
to the fixed stars because of the rotation of the earth. Atmospheric and oceano-
graphic flows experience the so-called Coriolis acceleration, outlined next. It is 
typically less than 10−5g, where g is the acceleration of gravity, but its accumu-
lated effect over distances of many kilometers can be dominant in geophysical 
flows. By contrast, the Coriolis acceleration is negligible in small-scale problems 
like pipe or airfoil flows.
	 Suppose that the fluid flow has velocity V relative to a noninertial xyz coor-
dinate system, as shown in Fig.  3.11. Then dV/dt will represent a noninertial 
acceleration that must be added vectorially to a relative acceleration arel to give 
the absolute acceleration ai relative to some inertial coordinate system XYZ, as in 
Fig. 3.11. Thus

	 ai =
dV
dt

+ arel� (3.44)

Since Newton’s law applies to the absolute acceleration,

∑F = mai = m(
dV
dt

+ arel)

or	 ∑F − marel = m 
dV
dt

� (3.45)

12This section may be omitted without loss of continuity.
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Inertial
coordinates

r

Ω

Fig. 3.11 Geometry of fixed versus 
accelerating coordinates.
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Thus Newton’s law in noninertial coordinates xyz is analogous to adding more 
“force” terms −marel to account for noninertial effects. In the most general case, 
sketched in Fig. 3.11, the term arel contains four parts, three of which account for 
the angular velocity Ω(t) of the inertial coordinates. By inspection of Fig. 3.11, 
the absolute displacement of a particle is

	 Si = r + R� (3.46)

Differentiation gives the absolute velocity

	 Vi = V +
dR
dt

+ Ω × r� (3.47)

A second differentiation gives the absolute acceleration:

	 ai =
dV
dt

+
d2R
dt2 +

dΩ
dt

× r + 2Ω × V + Ω × (Ω × r)	 (3.48)

By comparison with Eq. (3.44), we see that the last four terms on the right rep-
resent the additional relative acceleration:

1.	 d2R/dt2 is the acceleration of the noninertial origin of coordinates xyz.
2.	 (dΩ/dt) × r is the angular acceleration effect.
3.	 2Ω × V is the Coriolis acceleration.
4.	 Ω 3 (Ω × r) is the centripetal acceleration, directed from the particle 

normal to the axis of rotation with magnitude Ω2L, where L is the normal 
distance to the axis.13

Equation (3.45) differs from Eq. (3.2) only in the added inertial forces on the 
left-hand side. Thus the control volume formulation of linear momentum in 
noninertial coordinates merely adds inertial terms by integrating the added relative 
acceleration over each differential mass in the control volume:

	 ∑F − ∫
CV

 arel dm =
d

dt
 ( ∫

CV
 Vρ d �) + ∫

CS
Vρ(Vr . n) dA � (3.49)

where	 arel =
d2R
dt2 +

dΩ
dt

× r + 2Ω × V + Ω × (Ω × r)

This is the noninertial analog of the inertial form given in Eq. (3.35). To analyze 
such problems, one must know the displacement R and angular velocity Ω of the 
noninertial coordinates.
	 If the control volume is fixed in a moving frame, Eq. (3.49) reduces to

	 ∑F − ∫
CV

 arel dm =
d

dt
 ( ∫

CV
 Vρ d�) + ∫

CS
 Vρ(V · n) dA� (3.50)

In other words, the right-hand side reduces to that of Eq. (3.37).
13A complete discussion of these noninertial coordinate terms is given, for example, in Ref. 

4, pp. 49–51.
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3.5 Frictionless Flow: The Bernoulli Equation
A classic linear momentum analysis is a relation between pressure, velocity, and 
elevation in a frictionless flow, now called the Bernoulli equation. It was stated 
(vaguely) in words in 1738 in a textbook by Daniel Bernoulli. A complete deriva-
tion of the equation was given in 1755 by Leonhard Euler. The Bernoulli equation 
is very famous and very widely used, but one should be wary of its restrictions—
all fluids are viscous and thus all flows have friction to some extent. To use the 
Bernoulli equation correctly, one must confine it to regions of the flow that are 
nearly frictionless. This section (and, in more detail, Chap. 8) will address the 
proper use of the Bernoulli relation.
	 Consider Fig.  3.12, which is an elemental fixed streamtube control volume 
of variable area A(s) and length ds, where s is the streamline direction. The 
properties (ρ, V, p) may vary with s and time but are assumed to be uniform 
over the cross section A. The streamtube orientation θ is arbitrary, with an 
elevation change dz = ds sin θ. Friction on the streamtube walls is shown and 
then neglected—a very restrictive assumption. Note that the limit of a vanish-
ingly small area means that the streamtube is equivalent to a streamline of the 
flow. Bernoulli’s equation is valid for both and is usually stated as holding 
“along a streamline” in frictionless flow.

EXAMPLE 3.12

A classic example of an accelerating control volume is a rocket moving straight up, as 
in Fig. E3.12. Let the initial mass be M0, and assume a steady exhaust mass flow m

  
and exhaust velocity Ve relative to the rocket, as shown. If the flow pattern within the 
rocket motor is steady and air drag is neglected, derive the differential equation of 
vertical rocket motion V(t) and integrate using the initial condition V = 0 at t = 0.

Solution

The appropriate control volume in Fig. E3.12 encloses the rocket, cuts through the exit 
jet, and accelerates upward at rocket speed V(t). The z-momentum Eq. (3.49) becomes

∑Fz − ∫arel dm =
d

dt
 ( ∫

CV
 w dm


) + (m


w)e

or	 −mg − m 
dV

dt
= 0 + m

 (−Ve) 
 

with  m = m(t) = M0 − m

t

The term arel = dV/dt of the rocket. The control volume integral vanishes because of 
the steady rocket flow conditions. Separate the variables and integrate, assuming V = 
0 at t = 0:

	 ∫V

0
 dV = m

  Ve ∫ t

0
 

dt

M0 − m

t

− g ∫ t

0
 dt or V(t) = −Veln (1 −

m

t

M0) − gt� Ans.

This is a classic approximate formula in rocket dynamics. The first term is positive 
and, if the fuel mass burned is a large fraction of initial mass, the final rocket velocity 
can exceed Ve.

E3.12

Accelerating
control volume

Datum

V(t)

V(t)

Ve

z

gm
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	 Conservation of mass [Eq. (3.20)] for this elemental control volume yields

d

dt
 ( ∫

CV
ρ d�) + m


out − m


in = 0 ≈

∂ρ

∂t
 d� + dm



where m  = ρAV and d� ≈ A ds. Then our desired form of mass conservation is

	 dm
 = d(ρAV ) = −

∂ρ

∂t
 A ds� (3.51)

This relation does not require an assumption of frictionless flow.
	 Now write the linear momentum relation [Eq. (3.37)] in the streamwise direction:

∑dFs =
d

dt
 ( ∫

CV
Vρ d�) + (m


V )out − (m


V )in ≈

∂
∂t

 (ρV ) A ds + d(m

V)

where Vs = V itself because s is the streamline direction. If we neglect the shear 
force on the walls (frictionless flow), the forces are due to pressure and gravity. The 
streamwise gravity force is due to the weight component of the fluid within the 
control volume:

dFs, grav = −dW sin θ = −γA ds sin θ = −γA dz

The pressure force is more easily visualized, in Fig. 3.12b, by first subtracting a 
uniform value p from all surfaces, remembering from Fig. 3.6 that the net force 
is not changed. The pressure along the slanted side of the streamtube has a stream-
wise component that acts not on A itself but on the outer ring of area increase 
dA. The net pressure force is thus

dFs,press = 1
2 dp dA − dp(A + dA) ≈ −A dp

to first order. Substitute these two force terms into the linear momentum relation:

 ∑dFs = −γA dz − A dp =
∂
∂t

 (ρV) A ds + d(m

V)

 =
∂ρ

∂t
 VA ds +

∂V

∂t
 ρA ds + m

  dV + V dm


p+

A

A + dA

τ = 0

, V

d s

CV

dz

 ρ + dρ
V + dV

p + dp

dp

0

0

dp

dp

dFs ≈  12 dp dAdW ≈   g d�

(a) (b)

p

S

θ

ρ

ρFig. 3.12 The Bernoulli equation for 
frictionless flow along a streamline: 
(a) forces and flows; (b) net pressure 
force after uniform subtraction of p.
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The first and last terms on the right cancel by virtue of the continuity relation 
[Eq. (3.51)]. Divide what remains by ρA and rearrange into the final desired 
relation:

	
∂V

∂t
 ds +

dp

ρ
+ V dV + g dz = 0	 (3.52)

This is Bernoulli’s equation for unsteady frictionless flow along a streamline. It 
is in differential form and can be integrated between any two points 1 and 2 on 
the streamline:

	 ∫2

1

∂V

∂t
 ds + ∫2

1

dp

ρ
+

1
2

 (V2
2 − V2

1) + g(z2 − z1) = 0� (3.53)

Steady Incompressible Flow
To evaluate the two remaining integrals, one must estimate the unsteady effect  
∂V/∂t and the variation of density with pressure. At this time we consider only 
steady (∂V/∂t = 0) incompressible (constant-density) flow, for which Eq. (3.53) 
becomes

p2 − p1

ρ
+

1
2

 (V2
2 − V2

1) + g(z2 − z1) = 0

or	
p1

ρ
+

1
2

V2
1 + gz1 =

p2

ρ
+

1
2

V2
2 + gz2 = const � (3.54)

This is the Bernoulli equation for steady frictionless incompressible flow along 
a streamline.

Bernoulli Interpreted as an Energy Relation
The Bernoulli relation, Eq. (3.54), is a classic momentum result, Newton’s law 
for a frictionless, incompressible fluid. It may also be interpreted, however, as an 
idealized energy relation. The changes from 1 to 2 in Eq. (3.54) represent revers-
ible pressure work, kinetic energy change, and potential energy change. The fact 
that the total remains the same means that there is no energy exchange due to 
viscous dissipation, heat transfer, or shaft work. Section 3.7 will add these effects 
by making a control volume analysis of the first law of thermodynamics.

Restrictions on the Bernoulli Equation
The Bernoulli equation is a momentum-based force relation and was derived 
using the following restrictive assumptions:

1.	 Steady flow: a common situation, application to most flows in this text.
2.	 Incompressible flow: appropriate if the flow Mach number is less than 0.3. 

This restriction is removed in Chap. 9 by allowing for compressibility.
3.	 Frictionless flow: restrictive—solid walls and mixing introduce friction effects.
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4.	 Flow along a single streamline: different streamlines may have different 
“Bernoulli constants” wo = p/ρ + V2/2 + gz, but this is rare. In most cases, 
as we shall prove in Chap. 4, a frictionless flow region is irrotational; that 
is, curl(V) = 0. For irrotational flow, the Bernoulli constant is the same 
everywhere.

The Bernoulli derivation does not account for possible energy exchange due to 
heat or work. These thermodynamic effects are accounted for in the steady flow 
energy equation. We are thus warned that the Bernoulli equation may be modified 
by such an energy exchange.
	 Figure 3.13 illustrates some practical limitations on the use of Bernoulli’s equa-
tion (3.54). For the wind tunnel model test of Fig. 3.13a, the Bernoulli equation is 
valid in the core flow of the tunnel but not in the tunnel wall boundary layers, the 
model surface boundary layers, or the wake of the model, all of which are regions 
with high friction.
	 In the propeller flow of Fig. 3.13b, Bernoulli’s equation is valid both upstream 
and downstream, but with a different constant w0 = p/ρ + V2/2 + gz, caused by 
the work addition of the propeller. The Bernoulli relation (3.54) is not valid near 
the propeller blades or in the helical vortices (not shown, see Fig.  1.14) shed 
downstream of the blade edges. Also, the Bernoulli constants are higher in the 
flowing “slipstream” than in the ambient atmosphere because of the slipstream 
kinetic energy.

Invalid

Model
Valid

Valid

(a) (b)

Valid Valid,
new

constant

Ambient
air

Invalid

Valid, new
constant

Invalid

(c)

Valid

Fig. 3.13 Illustration of regions of 
validity and invalidity of the 
Bernoulli equation: (a) tunnel 
model, (b) propeller, (c) chimney.
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	 For the chimney flow of Fig.  3.13c, Eq. (3.54) is valid before and after the 
fire, but with a change in Bernoulli constant that is caused by heat addition. The 
Bernoulli equation is not valid within the fire itself or in the chimney wall bound-
ary layers.

Jet Exit Pressure Equals Atmospheric Pressure
When a subsonic jet of liquid or gas exits from a duct into the free atmosphere, 
it immediately takes on the pressure of that atmosphere. This is a very important 
boundary condition in solving Bernoulli problems, since the pressure at that point 
is known. The interior of the free jet will also be atmospheric, except for small 
effects due to surface tension and streamline curvature.

Stagnation, Static, and Dynamic Pressures
In many incompressible-flow Bernoulli analyses, elevation changes are negligible. 
Thus Eq. (3.54) reduces to a balance between pressure and kinetic energy. We can 
write this as

p1    +     

1
2

 ρ V2
1    =     p2   +     

1
2

 ρ V2
2    =     po    =      constant

The quantity po is the pressure at any point in the frictionless flow where the 
velocity is zero. It is called the stagnation pressure and is the highest pressure 
possible in the flow, if elevation changes are neglected. The place where zero-
velocity occurs is called a stagnation point. For example, on a moving aircraft, 
the front nose and the wing leading edges are points of highest pressure. The 
pressures p1 and p2 are called static pressures, in the moving fluid. The grouping 
(1/2)ρV2 has dimensions of pressure and is called the dynamic pressure. A popu-
lar device called a Pitot-static tube (Fig.  6.30) measures (po − p) and then cal-
culates V from the dynamic pressure.
	 Note, however, that one particular zero-velocity condition, no-slip flow along 
a fixed wall, does not result in stagnation pressure. The no-slip condition is a 
frictional effect, and the Bernoulli equation does not apply.

Hydraulic and Energy Grade Lines
A useful visual interpretation of Bernoulli’s equation is to sketch two grade lines 
of a flow. The energy grade line (EGL) shows the height of the total Bernoulli 
constant h0 = z + p/γ + V2/(2g). In frictionless flow with no work or heat trans-
fer [Eq. (3.54)] the EGL has constant height. The hydraulic grade line (HGL) 
shows the height corresponding to elevation and pressure head z + p/γ—that is, 
the EGL minus the velocity head V2/(2g). The HGL is the height to which liquid 
would rise in a piezometer tube (see Prob. 2.11) attached to the flow. In an open-
channel flow the HGL is identical to the free surface of the water.
	 Figure 3.14 illustrates the EGL and HGL for frictionless flow at sections 1 
and 2 of a duct. The piezometer tubes measure the static pressure head z + p/γ 
and thus outline the HGL. The pitot stagnation-velocity tubes measure the total 
head z + p/γ  + V2/(2g), which corresponds to the EGL. In this particular case 
the EGL is constant, and the HGL rises due to a drop in velocity.
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	 In more general flow conditions, the EGL will drop slowly due to friction losses 
and will drop sharply due to a substantial loss (a valve or obstruction) or due to 
work extraction (to a turbine). The EGL can rise only if there is work addition (as 
from a pump or propeller). The HGL generally follows the behavior of the EGL 
with respect to losses or work transfer, and it rises and/or falls if the velocity 
decreases and/or increases.
	 As mentioned before, no conversion factors are needed in computations with the 
Bernoulli equation if consistent SI or BG units are used, as the following examples will 
show.
	 In all Bernoulli-type problems in this text, we consistently take point 1 
upstream and point 2 downstream.

Flow

1

2

Energy grade line

Hydraulic grade line

Arbitrary datum (z = 0)

z1

2g
V22

V12

2g

p1

z2

p2
  g

Constant
Bernoulli

head
ρg

ρ

Fig. 3.14 Hydraulic and energy grade 
lines for frictionless flow in a duct.

EXAMPLE 3.13

Find a relation between nozzle discharge velocity V2 and tank free surface height h as 
in Fig. E3.13. Assume steady frictionless flow.

Solution

As mentioned, we always choose point 1 upstream and point 2 downstream. Try to 
choose points 1 and 2 where maximum information is known or desired. Here we select 
point 1 as the tank free surface, where elevation and pressure are known, and point 2 
as the nozzle exit, where again pressure and elevation are known. The two unknowns 
are V1 and V2.
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1

2

V1

EGL

HGL

V2

Open jet:
p2 = pa

V12

2g

h = z1 – z2

E3.13

	 Mass conservation is usually a vital part of Bernoulli analyses. If A1 is the tank 
cross section and A2 the nozzle area, this is approximately a one-dimensional flow with 
constant density, Eq. (3.30):

	 A1V1 = A2V2� (1)

Bernoulli’s equation (3.54) gives

p1

ρ
+ 1

2 V2
1 + gz1 =

p2

ρ
+ 1

2 V2
2 + gz2

But since sections 1 and 2 are both exposed to atmospheric pressure p1 = p2 = pa, the 
pressure terms cancel, leaving

	 V2
2 − V2

1 = 2g(z1 − z2) = 2gh� (2)

Eliminating V1 between Eqs. (1) and (2), we obtain the desired result:

	 V2
2 =

2gh

1 − A2
2/A2

1
� Ans. (3)

Generally the nozzle area A2 is very much smaller than the tank area A1, so that the 
ratio A2

2 /A1
2 is doubly negligible, and an accurate approximation for the outlet velocity 

is

	 V2 ≈ (2gh)1/2� Ans. (4)

This formula, discovered by Evangelista Torricelli in 1644, states that the discharge 
velocity equals the speed that a frictionless particle would attain if it fell freely from 
point 1 to point 2. In other words, the potential energy of the surface fluid is entirely 
converted to kinetic energy of efflux, which is consistent with the neglect of friction 
and the fact that no net pressure work is done. Note that Eq. (4) is independent of the 
fluid density, a characteristic of gravity-driven flows.
	 Except for the wall boundary layers, the streamlines from 1 to 2 all behave in 
the same way, and we can assume that the Bernoulli constant h0 is the same for all 
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the core flow. However, the outlet flow is likely to be nonuniform, not one-dimen-
sional, so that the average velocity is only approximately equal to Torricelli’s result. 
The engineer will then adjust the formula to include a dimensionless discharge 
coefficient cd:

	 (V2)av =
Q

A2
= cd(2gh)1/2� (5)

As discussed in Sec. 6.12, the discharge coefficient of a nozzle varies from about 0.6 
to 1.0 as a function of (dimensionless) flow conditions and nozzle shape.

Surface Velocity Condition for a Large Tank
Many Bernoulli, and also steady flow energy, problems involve liquid flow from 
a large tank or reservoir, as in Example 3.13. If the outflow is small compared 
to the volume of the tank, the surface of the tank hardly moves. Therefore these 
problems are analyzed assuming zero velocity at the tank surface. The pressure 
at the top of the tank or reservoir is assumed to be atmospheric.
	 Before proceeding with more examples, we should note carefully that a solu-
tion by Bernoulli’s equation (3.54) does not require a second control volume 
analysis, only a selection of two points 1 and 2 along a given streamline. The 
control volume was used to derive the differential relation (3.52), but the inte-
grated form (3.54) is valid all along the streamline for frictionless flow with no 
heat transfer or shaft work, and a control volume is not necessary.
	 A classic Bernoulli application is the familiar process of siphoning a fluid 
from one container to another. No pump is involved; a hydrostatic pressure dif-
ference provides the motive force. We analyze this in the following example.

EXAMPLE 3.14

Consider the water siphon shown in Fig. E3.14. Assuming that Bernoulli’s equation is 
valid, (a) find an expression for the velocity V2 exiting the siphon tube. (b) If the tube 
is 1 cm in diameter and z1 = 60 cm, z2 = −25 cm, z3 = 90 cm, and z4 = 35 cm, estimate 
the flow rate in cm3/s.

E3.14

z1

z2

z3

z4

V2

z = 0
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Solution

∙	� Assumptions:  Frictionless, steady, incompressible flow. Write Bernoulli’s equation 
starting from where information is known (the surface, z1) and proceeding to where 
information is desired (the tube exit, z2).

p1

ρ +
V2

1

2
+ gz1 =

p2

ρ +
V2

2

2
+ gz2

Note that the velocity is approximately zero at z1, and a streamline goes from z1 to z2. 
Note further that p1 and p2 are both atmospheric, p = patm, and therefore cancel. (a) 
Solve for the exit velocity from the tube:

	 V2 = √2g(z1 − z2)� Ans. (a)

The velocity exiting the siphon increases as the tube exit is lowered below the tank 
surface. There is no siphon effect if the exit is at or above the tank surface. Note that 
z3 and z4 do not directly enter the analysis. However, z3 should not be too high because 
the pressure there will be lower than atmospheric, and the liquid might vaporize. (b) 
For the given numerical information, we need only z1 and z2 and calculate, in SI units,

	  V2 = √2(9.81 m/s2)[0.6 m − (−0.25) m] = 4.08 m/s

	  Q = V2A2 = (4.08 m/s)(π/4)(0.01 m)2 = 321 E–6 m3/s = 321 cm3/s� Ans. (b)

∙	 Comments:  Note that this result is independent of the density of the fluid. As an 
exercise, you may check that, for water (998 kg/m3), p3 is 11,300 Pa below atmo-
spheric pressure.

	 In Chap. 6 we will modify this example to include friction effects.

EXAMPLE 3.15

A constriction in a pipe will cause the velocity to rise and the pressure to fall at section 2 
in the throat. The pressure difference is a measure of the flow rate through the pipe. The 
smoothly necked-down system shown in Fig. E3.15 is called a venturi tube. Find an 
expression for the mass flow in the tube as a function of the pressure change.

21

p1
HGL p2

E3.15

Solution

Bernoulli’s equation is assumed to hold along the center streamline:

p1

ρ
+ 1

2 V2
1 + gz1 =

p2

ρ
 + 1

2 V2
2 + gz2
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If the tube is horizontal, z1 = z2 and we can solve for V2:

	 V2
2 − V2

1 =
2 Δp

ρ
 Δp = p1 − p2� (1)

We relate the velocities from the incompressible continuity relation:

A1V1 = A2V2

or	 V1 = β2V2 β =
D2

D1
� (2)

Combining (1) and (2), we obtain a formula for the velocity in the throat:

	 V2 = [
2 Δp

ρ(1 − β4) ]
1/2

� (3)

The mass flow is given by

	 m
 = ρA2V2 = A2 (

2ρ Δp

1 − β4)
1/2

� (4)

This is the ideal frictionless mass flow. In practice, we measure m

actual = cd m


ideal and 

correlate the dimensionless discharge coefficient cd.

EXAMPLE 3.16

A 10-cm fire hose with a 3-cm nozzle discharges 1.5 m3/min to the atmosphere. Assum-
ing frictionless flow, find the force FB exerted by the flange bolts to hold the nozzle 
on the hose.

Solution

We use Bernoulli’s equation and continuity to find the pressure p1 upstream of the 
nozzle, and then we use a control volume momentum analysis to compute the bolt 
force, as in Fig. E3.16.

2

Water:
1000 kg/m3

1

D1 = 10 cm

(a)
CV

pa = 0 (gage)

1
2 FB

1
2 FB

p1

0

0

0

x

Control volume
(b)

D2 = 3 cm

E3.16
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	 The flow from 1 to 2 is a constriction exactly similar in effect to the venturi in 
Example 3.15, for which Eq. (1) gave

	 p1 = p2 + 1
2ρ(V2

2 − V2
1 
) � (1)

The velocities are found from the known flow rate Q = 1.5 m3/min or 0.025 m3/s:

 V2 =
Q

A2
=

0.025 m3/s
(π/4)(0.03 m)2 = 35.4 m/s

 V1 =
Q

A1
=

0.025 m3/s
(π/4)(0.1 m)2 = 3.2 m/s

We are given p2 = pa = 0 gage pressure. Then Eq. (1) becomes

 p1 = 1
2 (1000 kg/m3)[(35.42 − 3.22)m2/s2]

 = 620,000 kg/(m · s2) = 620,000 Pa gage

The control volume force balance is shown in Fig. E3.16b:

∑Fx = −FB + p1A1

and the zero gage pressure on all other surfaces contributes no force. The x-momentum 
flow is +m


V2 at the outlet and −m


V1 at the inlet. The steady flow momentum relation 

(3.40) thus gives

−FB + p1A1 = m
 (V2 − V1)

or	 FB = p1A1 − m
 (V2 − V1)� (2)

Substituting the given numerical values, we find

m
 = ρQ = (1000 kg/m3)(0.025 m3/s) = 25 kg/s

	 A1 =
π

4
 D2

1 =
π

4
 (0.1 m)2 = 0.00785 m2

 FB = (620,000 N/m2)(0.00785 m2) − (25 kg/s)[(35.4 − 3.2)m/s]
	  = 4872 N − 805 (kg · m)/s2 = 4067 N (915 lbf)� Ans.

	 Notice from these examples that the solution of a typical problem involving 
Bernoulli’s equation almost always leads to a consideration of the continuity equation 
as an equal partner in the analysis. The only exception is when the complete velocity 
distribution is already known from a previous or given analysis, but that means the 
continuity relation has already been used to obtain the given information. The point 
is that the continuity relation is always an important element in a flow analysis.

3.6 The Angular Momentum Theorem14

A control volume analysis can be applied to the angular momentum relation, Eq. 
(3.3), by letting our dummy variable B be the angular-momentum vector H. How-
ever, since the system considered here is typically a group of nonrigid fluid 

14This section may be omitted without loss of continuity.



3.6  The Angular Momentum Theorem  179

particles of variable velocity, the concept of mass moment of inertia is of no help, 
and we have to calculate the instantaneous angular momentum by integration over 
the elemental masses dm. If O is the point about which moments are desired, the 
angular momentum about O is given by

	 Ho = ∫
syst

 (r × V) dm� (3.55)

where r is the position vector from 0 to the elemental mass dm and V is the 
velocity of that element. The amount of angular momentum per unit mass is thus 
seen to be

β =
dHo

dm
= r × V

The Reynolds transport theorem (3.16) then tells us that

	
dHo

dt
 ∣

syst
=

d

dt
 [ ∫

CV
 (r × V)ρ d�] + ∫

CS
 (r × V)ρ(Vr · n) dA� (3.56)

for the most general case of a deformable control volume. But from the angular 
momentum theorem (3.3), this must equal the sum of all the moments about point 
O applied to the control volume

dHo

dt
= ∑Mo = ∑ (r × F)o

Note that the total moment equals the summation of moments of all applied forces 
about point O. Recall, however, that this law, like Newton’s law (3.2), assumes 
that the particle velocity V is relative to an inertial coordinate system. If not, the 
moments about point O of the relative acceleration terms arel in Eq. (3.49) must 
also be included:

	 ∑Mo = ∑ (r × F)o − ∫
CV

 (r × arel) dm� (3.57)

where the four terms constituting arel are given in Eq. (3.49). Thus the most 
general case of the angular momentum theorem is for a deformable control vol-
ume associated with a noninertial coordinate system. We combine Eqs. (3.56) and 
(3.57) to obtain

∑ (r × F)o − ∫
CV

 (r × arel) dm =
d

dt
 [ ∫

CV
 (r × V)ρ d� + ∫

CS
 (r × V)ρ(Vr · n) dA 

	 (3.58)
For a nondeformable inertial control volume, this reduces to

	 ∑M0 =
 ∂
∂t

 [ ∫
CV

 (r × V)ρ d�] + ∫
CS

 (r × V)ρ(V · n) dA � (3.59)
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Further, if there are only one-dimensional inlets and exits, the angular momentum 
flow terms evaluated on the control surface become

	 ∫
CS

 (r × V)ρ(V · n)dA = ∑ (r × V)out m

out − ∑ (r × V)in m


in� (3.60)

Although at this stage the angular momentum theorem can be considered a sup-
plementary topic, it has direct application to many important fluid flow problems 
involving torques or moments. A particularly important case is the analysis of 
rotating fluid flow devices, usually called turbomachines (Chap. 11).

EXAMPLE 3.17

As shown in Fig. E3.17a, a pipe bend is supported at point A and connected to a flow 
system by flexible couplings at sections 1 and 2. The fluid is incompressible, and 
ambient pressure pa is zero. (a) Find an expression for the torque T that must be resisted 
by the support at A, in terms of the flow properties at sections 1 and 2 and the distances 
h1 and h2. (b) Compute this torque if D1 = D2 = 3 in, p1 = 100 lbf/in2 gage, p2 = 80 
lbf/in2 gage, V1 = 40 ft/s, h1 = 2 in, h2 = 10 in, and ρ = 1.94 slugs/ft3.

p1, V1, A1

1

pa = 0
    = constant

V2 , A2, p2

h2

h1

A

2

ρ

E3.17a

Solution

Part (a)

The control volume chosen in Fig. E3.17b cuts through sections 1 and 2 and through 
the support at A, where the torque TA is desired. The flexible couplings description 
specifies that there is no torque at either section 1 or 2, and so the cuts there expose 
no moments. For the angular momentum terms r × V, r should be taken from point 
A to sections 1 and 2. Note that the gage pressure forces p1A1 and p2A2 both have 
moments about A. Equation (3.59) with one-dimensional flow terms becomes

 ∑MA = TA + r1 × (−p1A1n1) + r2 × (−p2A2n2)

	  = (r2 × V2) (+m

out) + (r1 × V1) (−m


in)� (1)



Figure E3.17c shows that all the cross products are associated with either r1 sin θ1 = h1 
or r2 sin θ2 = h2, the perpendicular distances from point A to the pipe axes at 1 and 2. 
Remember that m


in = m


out from the steady flow continuity relation. In terms of 

counterclockwise moments, Eq. (1) then becomes

	 TA + p1A1h1 − p2A2h2 = m
 (h2V2 − h1V1)� (2)

Rewriting this, we find the desired torque to be

	 TA = h2( p2A2 + m

V2) − h1( p1A1 + m


V1)� Ans. (a) (3)

counterclockwise. The quantities p1 and p2 are gage pressures. Note that this result is 
independent of the shape of the pipe bend and varies only with the properties at sec-
tions 1 and 2 and the distances h1 and h2.15

Part (b)

For the numerical example, convert all data to BG units:

D1 = D2 = 3 in = 0.25 ft  p1 = 100
lbf
in2 = 14,400 

lbf
ft2    p2 = 80 

lbf
in2 = 11,520 

lbf
ft2

h1 = 2 in =
2
12

 ft h2 = 10 in =
10
12

 ft ρ = 1.94 
slug
ft3

The inlet and exit areas are the same, A1 = A2 = (π/4)(0.25 ft)2 = 0.0491 ft2. Since the 
density is constant, we conclude from mass conservation, ρA1V1 = ρA2V2, that V1 = V2 
= 40 ft/s. The mass flow is

m
 = ρ A1V1 = (1.94 

slug
ft3 )(0.0491 ft2)(40 

ft
s ) = 3.81 

slug
s

∙	 Evaluation of the torque:  The data can now be substituted into Eq. (3):

	  TA = (
10
12

 ft)[(11,520 
lbf
ft2 )(0.0491 ft2) + (3.81 

slug
s ) (40 

ft
s )]

− (
2
12

 ft)[(14,400 
lbf
ft2 ) (0.0491 ft2) + (3.81 

slug
s ) (40 

ft
s )]

	  = 598 ft · lbf − 143 ft · lbf = 455 ft · lbf counterclockwise� Ans. (b)

E3.17b	 E3.17c
CV

V2

TA

V1

Ar1

r2
p1A1

p2 A2

r1    V1 = h1 V1 

r2    V2 = h2 V2

2

1

r2

r1

V2

V1

h2 = r2 sin 

h1 = r1 sin 

2

1

θ

θ

θ

θ

15Indirectly, the pipe bend shape probably affects the pressure change from p1 to p2.
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∙	 Comments:  The use of standard BG units is crucial when combining dissimilar 
terms, such as pressure times area and mass flow times velocity, into proper additive 
units for a numerical solution.

EXAMPLE 3.18

Figure 3.15 shows a schematic of a centrifugal pump. The fluid enters axially and passes 
through the pump blades, which rotate at angular velocity ω; the velocity of the fluid 
is changed from V1 to V2 and its pressure from p1 to p2. (a) Find an expression for the 
torque To that must be applied to these blades to maintain this flow. (b) The power sup-
plied to the pump would be P = ωTo. To illustrate numerically, suppose r1 = 0.2 m,  
r2 = 0.5 m, and b = 0.15 m. Let the pump rotate at 600 r/min and deliver water at  
2.5 m3/s with a density of 1000 kg/m3. Compute the torque and power supplied.

1
2

ω

Blade
Pump
blade
shape

Width b

CV

Inflow

z,k

r1

r2

r

O

Blade

Vn2

Vt2
Vn1

Vt1

Fig. 3.15 Schematic of a simplified 
centrifugal pump.

Solution

Part (a)

The control volume is chosen to be the annular region between sections 1 and 2 where 
the flow passes through the pump blades (see Fig.  3.15). The flow is steady and 
assumed incompressible. The contribution of pressure to the torque about axis O is 
zero since the pressure forces at 1 and 2 act radially through O. Equation (3.59) 
becomes

	 ∑Mo = To = (r2 × V2)m

out − (r1 × V1)m


in� (1)



where steady flow continuity tells us that

m

in = ρVn12πr1b = m


out = ρVn22πr2b = ρQ

The cross product r × V is found to be clockwise about O at both sections:

 r2 × V2 = r2Vt2 sin 90° k = r2Vt2k clockwise
 r1 × V1 = r1Vt1k clockwise

Equation (1) thus becomes the desired formula for torque:

	 To = ρQ (r2Vt2 − r1Vt1)k    clockwise� Ans. (a) (2a)

This relation is called Euler’s turbine formula. In an idealized pump, the inlet and 
outlet tangential velocities would match the blade rotational speeds Vt1 = ωr1 and Vt2 
= ωr2. Then the formula for torque supplied becomes

	 To = ρQω (r2
2 − r2

1) clockwise� (2b)

Part (b)

Convert ω to 600(2π/60) = 62.8 rad/s. The normal velocities are not needed here but 
follow from the flow rate

 Vn1 =
Q

2πr1b
=

2.5 m3/s
2π (0.2 m) (0.15 m)

= 13.3 m/s

 Vn2 =
Q

2πr2b
=

2.5
2π (0.5) (0.15)

= 5.3 m/s

For the idealized inlet and outlet, tangential velocity equals tip speed:

 Vt1 = ωr1 = (62.8 rad/s) (0.2 m) = 12.6 m/s
 Vt2 = ωr2 = 62.8(0.5) = 31.4 m/s

Equation (2a) predicts the required torque to be

 To = (1000 kg/m3) (2.5 m3/s)[(0.5 m)(31.4 m/s) − (0.2 m)(12.6 m/s)]

	  = 33,000 (kg · m2)/s2 = 33,000 N · m� Ans.

The power required is

 P = ωTo = (62.8 rad/s)(33,000 N · m) = 2,070,000 (N · m)/s
	  = 2.07 MW (2780 hp)� Ans.

In actual practice the tangential velocities are considerably less than the impeller-tip 
speeds, and the design power requirements for this pump may be only 1 MW or less.

EXAMPLE 3.19

Figure 3.16 shows a lawn sprinkler arm viewed from above. The arm rotates about O at 
constant angular velocity ω. The volume flow entering the arm at O is Q, and the fluid 
is incompressible. There is a retarding torque at O, due to bearing friction, of amount 
−Tok. Find an expression for the rotation ω in terms of the arm and flow properties.
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y

x

R

ω

2 Absolute outlet
velocity

V2 = V0i – Rωi

CV

Retarding 
torque T0

O

 V0 = 
Q

Apipe
k

Inlet velocity

Fig. 3.16 View from above of a sin-
gle arm of a rotating lawn sprinkler.



184  Chapter 3  Integral Relations for a Control Volume

Solution

The entering velocity is V0k, where V0 = Q/Apipe. Equation (3.59) applies to the control 
volume sketched in Fig.  3.16 only if V is the absolute velocity relative to an inertial 
frame. Thus the exit velocity at section 2 is

V2 = V0i − Rωi

Equation (3.59) then predicts that, for steady flow,

	 ∑Mo = −Tok = (r2 × V2)m

out − (r1 × V1)m


in� (1)

where, from continuity, m
out = m


in = ρQ. The cross products with reference to point O 

are

 r2 × V2 = Rj × (V0 − Rω)i = (R2ω − RV0)k
 r1 × V1 = 0j × V0k = 0

Equation (1) thus becomes

 −Tok = ρQ(R2ω − RV0)k

	 ω =
Vo

R
−

To

ρQR2� Ans.

The result may surprise you: Even if the retarding torque To is negligible, the arm 
rotational speed is limited to the value V0/R imposed by the outlet speed and the arm 
length.

3.7 The Energy Equation16

As our fourth and final basic law, we apply the Reynolds transport theorem (3.12) 
to the first law of thermodynamics, Eq. (3.5). The dummy variable B becomes 
energy E, and the energy per unit mass is β = dE/dm = e. Equation (3.5) can 
then be written for a fixed control volume as follows:17

	
dQ

dt
−

dW

dt
=

dE

dt
=

d

dt
 ( ∫

CV
eρ d� ) + ∫

CS
 eρ(V · n) dA� (3.61)

Recall that positive Q denotes heat added to the system and positive W denotes 
work done by the system.
	 The system energy per unit mass e may be of several types:

e = einternal + ekinetic + epotential

We consider the three terms as discussed in Eq. (1.9), with z defined as “up”:

	 e = û + 1
2V

2 + gz� (3.62)

16This section should be read for information and enrichment even if you lack formal background 
in thermodynamics.

17The energy equation for a deformable control volume is rather complicated and is not discussed 
here. See Refs. 4 and 5 for further details.
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	 The heat and work terms could be examined in detail. If this were a heat 
transfer book, dQ/dt would be broken down into conduction, convection, and 
radiation effects and whole chapters written on each (see, for example, Ref. 3). 
Here we leave the term untouched and consider it only occasionally.
	 Using for convenience the overdot to denote the time derivative, we divide the 
work term into three parts:

W


= W


shaft + W


press + W


viscous stresses = W


s + W


p + W


υ

The work of gravitational forces has already been included as potential energy in Eq. 
(3.62). Other types of work, such as those due to electromagnetic forces, are excluded 
here.
	 The shaft work isolates the portion of the work that is deliberately done by a 
machine (pump impeller, fan blade, piston, or the like) protruding through the 
control surface into the control volume. No further specification other than W


s is 

desired at this point, but calculations of the work done by turbomachines will be 
performed in Chap. 11.
	 The rate of work W


p done by pressure forces occurs at the surface only; all 

work on internal portions of the material in the control volume is by equal and 
opposite forces and is self-canceling. The pressure work equals the pressure force 
on a small surface element dA times the normal velocity component into the 
control volume:

dW


p = −( p dA)Vn, in = −p(−V · n) dA

The total pressure work is the integral over the control surface:

	 W


p = ∫
CS

p(V · n) dA� (3.63)

A cautionary remark: If part of the control surface is the surface of a machine part, 
we prefer to delegate that portion of the pressure to the shaft work term W


s, not 

to W


p, which is primarily meant to isolate the fluid flow pressure work terms.
	 Finally, the shear work due to viscous stresses occurs at the control surface 
and consists of the product of each viscous stress (one normal and two tangential) 
and the respective velocity component:

dW


υ = −τ · V dA

or	 W


υ = − ∫
CS

τ · V dA� (3.64)

where τ is the stress vector on the elemental surface dA. This term may vanish 
or be negligible according to the particular type of surface at that part of the 
control volume:

Solid surface. For all parts of the control surface that are solid confining 
walls, V = 0 from the viscous no-slip condition; hence W


υ = zero 

identically.
Surface of a machine. Here the viscous work is contributed by the machine, 

and so we absorb this work in the term W


s.
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An inlet or outlet. At an inlet or outlet, the flow is approximately normal to 
the element dA; hence the only viscous work term comes from the nor-
mal stress τnnVn dA. Since viscous normal stresses are extremely small in 
all but rare cases, such as the interior of a shock wave, it is customary to 
neglect viscous work at inlets and outlets of the control volume.

Streamline surface. If the control surface is a streamline, such as the upper 
curve in the boundary-layer analysis of Fig. 3.11, the viscous work term 
must be evaluated and retained if shear stresses are significant along this 
line. In the particular case of Fig. 3.11, the streamline is outside the 
boundary layer, and viscous work is negligible.

	 The net result of this discussion is that the rate-of-work term in Eq. (3.61) 
consists essentially of

	 W


= W


s + ∫
CS

 p(V · n) dA − ∫
CS

 (τ · V)ss dA� (3.65)

where the subscript SS stands for stream surface. When we introduce (3.65) and 
(3.62) into (3.61), we find that the pressure work term can be combined with the 
energy flow term since both involve surface integrals of V · n. The control volume 
energy equation thus becomes

	 Q


− W


s − W


υ =
∂
∂t

 ( ∫
CV

 eρ d �) + ∫
CS

(e +
p

ρ)ρ(V · n) dA� (3.66)

Using e from (3.62), we see that the enthalpy ĥ = û + p/ρ occurs in the control 
surface integral. The final general form for the energy equation for a fixed control 
volume becomes

[ ∫
CV

(û + 1
2V

2 + gz)ρd�] + ∫
CS

(ĥ + 1
2V

2 + gz)ρ(V · n)dAQ


− W


s − W


υ =
∂
∂t

 

� (3.67)
As mentioned, the shear work term W


υ is rarely important.

One-Dimensional Energy-Flux Terms
If the control volume has a series of one-dimensional inlets and outlets, as in 
Fig.  3.5, the surface integral in (3.67) reduces to a summation of outlet flows 
minus inlet flows:

∫
CS

(ĥ + 1
2V

 2 + gz)ρ(V · n) dA

	 = ∑ (ĥ + 1
2V

2 + gz)outm

out − ∑ (ĥ + 1

2V
2 + gz)inm


in� (3.68)

where the values of ĥ, 1
2V2, and gz are taken to be averages over each cross section.



EXAMPLE 3.20

A steady flow machine (Fig. E3.20) takes in air at section 1 and discharges it at sec-
tions 2 and 3. The properties at each section are as follows:

Section	 A, ft2	 Q, ft3/s	 T, °F	 p, lbf/in2 abs	 z, ft

	 1	 0.4	 100	 70	 20	 1.0

	 2	 1.0	 40	 100	 30	 4.0

	 3	 0.25	 50	 200	 ?	 1.5

Work is provided to the machine at the rate of 150 hp. Find the pressure p3 in lbf/in2 
absolute and the heat transfer Q


 in Btu/s. Assume that air is a perfect gas with R = 

1716 and cp = 6003 ft-lbf/(slug · °R).

Solution

∙  System sketch:  Figure E3.20 shows inlet 1 (negative flow) and outlets 2 and 3 (positive 
flows).

∙  Assumptions:  Steady flow, one-dimensional inlets and outlets, ideal gas, negligible shear 
work. The flow is not incompressible. Note that Q1 ≠ Q2 + Q3 because the densities are 
different.

∙  Approach:  Evaluate the velocities and densities and enthalpies and substitute into Eq. 
(3.67). Use BG units for all properties, including the pressures. With Qi  given, we evalu-
ate Vi = Qi/Ai:

V1 =
Q1

A1
=

100 ft3/s
0.4 ft2 = 250 

ft
s
 V2 =

40 ft3/s
1.0 ft2 = 40 

ft
s
 V3 =

50 ft3/s
0.25 ft2 = 200 

ft
s

	 The densities at sections 1 and 2 follow from the ideal-gas law:

ρ1 =
p1

RT1
=

(20 × 144) lbf/ft2

[1716 ft-lbf/(slug°R)][(70 + 460)°R]
= 0.00317

slug
ft3

ρ2 =
(30 × 144)

(1716)(100 + 460)
= 0.00450 

slug
ft3

	 However, p3 is unknown, so how do we find ρ3? Use the steady flow continuity relation:

	 m

1 = m


2 + m


3 or ρ1Q1 = ρ2Q2 + ρ3Q3� (1)

(0.00317 
slug
ft3 ) (100 

ft3

s ) = 0.00450(40) + ρ3(50) solve for ρ3 = 0.00274 
slug
ft3

	 Knowing ρ3 enables us to find p3 from the ideal-gas law:

p3 = ρ3RT3 = (0.00274 
slug
ft3 ) (1716 

ft-lbf
slug °R) (200 + 460°R) = 3100 

lbf
ft2 = 21.5 

lbf
in2   Ans.

∙  Final solution steps:  For an ideal gas, simply approximate enthalpies as hi = cpTi. 
The shaft work is negative (into the control volume) and viscous work is neglected 
for this solid-wall machine:

W


υ ≈ 0 W


s = (−150 hp) (550 
ft-lbf
s-hp ) = −82,500 

ft-lbf
s

 (work on the system)

E3.20

(1) (3)

(2)

Q = ?150 hp

CV
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	 For steady flow, the volume integral in Eq. (3.67) vanishes, and the energy equation 
becomes

Q


− W


s = −m

1 (cpT1 + 1

2 V2
1 + gz1) + m


2 (cpT2 + 1

2 V2
2 + gz2) + m


3(cpT3 + 1

2 V2
3 + gz3) � (2)

	 From our continuity calculations in Eq. (1) above, the mass flows are

m

1 = ρ1Q1 = (0.00317)(100) = 0.317 

slug
s

  m

2 = ρ2Q2 = 0.180  

slug
s

m

3 = ρ3Q3 = 0.137 

slug
s

	 It is instructive to separate the flow terms in the energy equation (2) for examination:

	  Enthalpy flow = cp(−m

1T1 + m


2T2 + m


3T3)

	  = (6003)[(−0.317)(530) + (0.180)(560) + (0.137)(660)]
	  = −1,009,000 + 605,000 + 543,000 ≈ + 139,000 ft-lbf/s

	  Kinetic energy flow = 1
2 (−m


1V

2
1 + m


2V

2
2 + m


3V

2
3 )

	  = 1
2[−0.317(250)2 + (0.180)(40)2 + (0.137)(200)2]

	  = −9900 + 140 + 2740 ≈ − 7000 ft-lbf/s

	  Potential energy flow = g(−m

1z1 + m


2z2 + m


3z3)

	  = (32.2)[−0.317(1.0) + 0.180(4.0) + 0.137(1.5)]
	  = −10 + 23 + 7 ≈ +20 ft-lbf/s

Equation (2) may now be evaluated for the heat transfer:

Q


− (−82,500) = 139,000 − 7,000 + 20

or	 Q


≈ (+ 49,520 
ft-lbf

s ) (
1 Btu

778.2 ft-lbf) = +  64 
Btu

s
� Ans.

∙	 Comments:  The heat transfer is positive, which means into the control volume. It is 
typical of gas flows that potential energy flow is negligible, enthalpy flow is dominant, 
and kinetic energy flow is small unless the velocities are very high (that is, high sub-
sonic or supersonic).

The Steady Flow Energy Equation
For steady flow with one inlet and one outlet, both assumed one-dimensional, 
Eq.  (3.67) reduces to a celebrated relation used in many engineering analyses. 
Let section 1 be the inlet and section 2 the outlet. Then

	 Q


− W


s − W


υ = −m

1(ĥ1 + 1

2 V2
1 + gz1) + m


2(ĥ2 + 1

2 V2
2 + gz2)� (3.69)

But, from continuity, m
1 = m


2 = m

 , we can rearrange (3.69) as follows:

	 ĥ1 + 1
2 V2

1 + gz1 = (ĥ2 + 1
2 V2

2 + gz2) − q + ws + wυ� (3.70)

where q = Q

/m = dQ/dm, the heat transferred to the fluid per unit mass. Simi-

larly, ws  = W


s /m
  = dWs/dm and wυ = W


υ /m

  = dWυ /dm. Equation (3.70) is a 
general form of the steady flow energy equation, which states that the upstream 



stagnation enthalpy H1 = (h + 1
2V

2 + gz)1 differs from the downstream value H2 
only if there is heat transfer, shaft work, or viscous work as the fluid passes 
between sections 1 and 2. Recall that q is positive if heat is added to the control 
volume and that ws and wυ are positive if work is done by the fluid on the sur-
roundings.
	 Each term in Eq. (3.70) has the dimensions of energy per unit mass, or velocity 
squared, which is a form commonly used by mechanical engineers. If we divide 
through by g, each term becomes a length, or head, which is a form preferred by 
civil engineers. The traditional symbol for head is h, which we do not wish to 
confuse with enthalpy. Therefore we use internal energy in rewriting the head form 
of the energy relation:

	
p1

γ
+

û1

g
+

V2
1

2g
+ z1 =

p2

γ
+

û2

g
+

V2
2

2g
+ z2 − hq + hs + hυ� (3.71)

where hq = q/g, hs = ws /g, and hυ = wv /g are the head forms of the heat added, 
shaft work done, and viscous work done, respectively. The term p/γ is called 
pressure head, and the term V2/2g is denoted as velocity head.

Friction and Shaft Work in Low-Speed Flow
A common application of the steady flow energy equation is for low-speed 
(incompressible) flow through a pipe or duct. A pump or turbine may be included 
in the pipe system. The pipe and machine walls are solid, so the viscous work is 
zero. Equation (3.71) may be written as

	 (
p1

γ
+

V2
1

2g
+ z1) = (

p2

γ
+

V2
2

2g
+ z2) +

û2 − û1 − q

g
	 (3.72)

Every term in this equation is a length, or head. The terms in parentheses are the 
upstream (1) and downstream (2) values of the useful or available head or total head 
of the flow, denoted by h0. The last term on the right is the difference (h01 − h02), 
which can include pump head input, turbine head extraction, and the friction head 
loss hf, always positive. Thus, in incompressible flow with one inlet and one outlet, 
we may write

	 � (3.73)

Most of our internal flow problems will be solved with the aid of Eq. (3.73). The 
h terms are all positive; that is, friction loss is always positive in real (viscous) 
flows, a pump adds energy (increases the left-hand side), and a turbine extracts 
energy from the flow. If hp and/or ht are included, the pump and/or turbine must 
lie between points 1 and 2. In Chaps. 5 and 6 we shall develop methods of cor-
relating hf losses with flow parameters in pipes, valves, fittings, and other inter-
nal flow devices.

3.7  The Energy Equation  189



190  Chapter 3  Integral Relations for a Control Volume

EXAMPLE 3.21

Gasoline at 20°C is pumped through a smooth 12-cm-diameter pipe 10 km long, at a 
flow rate of 75 m3/h (330 gal/min). The inlet is fed by a pump at an absolute pressure 
of 24 atm. The exit is at standard atmospheric pressure and is 150 m higher. Estimate 
the frictional head loss hf, and compare it to the velocity head of the flow V2/(2g). 
(These numbers are quite realistic for liquid flow through long pipelines.)

Solution

∙	 Property values:  From Table A.3 for gasoline at 20°C, ρ = 680 kg/m3, or γ =  
(680)(9.81) = 6670 N/m3.

∙	 Assumptions:  Steady flow. No shaft work, thus hp = ht = 0. If z1 = 0, then z2 = 150 m.
∙	 Approach:  Find the velocity and the velocity head. These are needed for comparison. 

Then evaluate the friction loss from Eq. (3.73).
∙	 Solution steps:  Since the pipe diameter is constant, the average velocity is the same 

everywhere:

Vin = Vout =
Q

A
=

Q

(π/4)D2 =
(75 m3/h)/(3600 s/h)

(π/4)(0.12 m)2 ≈ 1.84 
m
s

Velocity head =
V2

2g
=

(1.84 m/s)2

2(9.81 m/s2)
≈ 0.173 m

Substitute into Eq. (3.73) and solve for the friction head loss. Use pascals for the 
pressures and note that the velocity heads cancel because of the constant-area pipe.

pin

γ
+

V2
in

2g
+ zin =

pout

γ
+

V2
out

2g
+ zout + hf

(24)(101,350 N/m2)
6670 N/m3 + 0.173 m + 0 m =

101,350 N/m2

6670 N/m3 + 0.173 m + 150 m + hf

or	 hf = 364.7 − 15.2 − 150 ≈ 199 m� Ans.

The friction head is larger than the elevation change Δz, and the pump must drive the 
flow against both changes, hence the high inlet pressure. The ratio of friction to velocity 
head is

	
hf

V2/(2g)
≈

199 m
0.173 m

≈ 1150� Ans.

∙  Comments:  This high ratio is typical of long pipelines. (Note that we did not make direct 
use of the 10,000-m pipe length, whose effect is hidden within hf.) In Chap. 6 we can 
state this problem in a more direct fashion: Given the flow rate, fluid, and pipe size, what 
inlet pressure is needed? Our correlations for hf will lead to the estimate pinlet ≈ 24 atm, 
as stated here.

EXAMPLE 3.22

Air [R = 1716, cp = 6003 ft · lbf/(slug · °R)] flows steadily, as shown in Fig. E3.22, 
through a turbine that produces 700 hp. For the inlet and exit conditions shown, 
estimate (a) the exit velocity V2 and (b) the heat transferred Q in Btu/h.



Solution

Part (a)

The inlet and exit densities can be computed from the perfect-gas law:

ρ1 =
p1

RT1
=

150(144)
1716(460 + 300)

= 0.0166 slug/ft3

ρ2 =
p2

RT2
=

40(144)
1716(460 + 35)

= 0.00679 slug/ft3

The mass flow is determined by the inlet conditions

m
 = ρ1A1V1 = (0.0166) 

π

4
 (

6
12)

2

(100) = 0.325 slug/s

Knowing mass flow, we compute the exit velocity

m
 = 0.325 = ρ2A2V2 = (0.00679) 

π

4
 (

6
12)

2

V2

or	 V2 = 244 ft/s� Ans. (a)

Part (b)

The steady flow energy equation (3.69) applies with W


υ = 0, z1 = z2, and ĥ = cpT:

Q


− W


s = m
 (cpT2 + 1

2 V2
2 − cpT1 − 1

2 V2
1)

Convert the turbine work to foot-pounds-force per second with the conversion factor 
1 hp = 550 ft · lbf/s. The turbine work W


s is positive

 Q


− 700(550) = 0.325[6003(495) + 1
2(244)2 − 6003(760) − 1

2(100)2]

          = −510,000 ft · lbf/s

or	 Q


= −125,000 ft · lbf/s

E3.22

1 2

Turbomachine

Ws = 700 hp

D1 = 6 in
p1 = 150 lb/in2

T1 = 300° F

V1 = 100 ft/s

D2 = 6 in
p2 = 40 lb/in2

T2 = 35° FQ ?˙

˙
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Convert this to British thermal units as follows:

 Q


= (−125,000 ft · lbf/s) 
3600 s/h

778.2 ft · lbf/Btu
	  = −578,000 Btu/h� Ans. (b)

The negative sign indicates that this heat transfer is a loss from the control volume.

Kinetic Energy Correction Factor
Often the flow entering or leaving a port is not strictly one-dimensional. In par-
ticular, the velocity may vary over the cross section, as in Fig. E3.4. In this case 
the kinetic energy term in Eq. (3.68) for a given port should be modified by a 
dimensionless correction factor α so that the integral can be proportional to the 
square of the average velocity through the port:

∫
port

(1
2 V2)ρ(V · n) dA ≡ α(1

2 V2
av)m



where	 Vav =
1
A ∫u dA	 for incompressible flow

If the density is also variable, the integration is very cumbersome; we shall not 
treat this complication. By letting u be the velocity normal to the port, the first 
equation above becomes, for incompressible flow,

1
2 ρ ∫u3dA = 1

2 ραV3
avA

or	 α =
1
A ∫(

u

Vav)
3

dA� (3.74)

The term α is the kinetic energy correction factor, having a value of about 2.0 
for fully developed laminar pipe flow and from 1.04 to 1.11 for turbulent pipe 
flow. The complete incompressible steady flow energy equation (3.73), including 
pumps, turbines, and losses, would generalize to

�(3.75)

where the head terms on the right (ht, hp, hf) are all numerically positive. All 
additive terms in Eq. (3.75) have dimensions of length {L}. In problems involv-
ing turbulent pipe flow, it is common to assume that α ≈ 1.0. To compute numer-
ical values, we can use these approximations to be discussed in Chap. 6:

Laminar flow:	 u = U0[1 − (
r

R)
2

]



from which	 Vav = 0.5U0

and	 α = 2.0� (3.76)

Turbulent flow:	 u ≈ U0 (1 −
r

R)
m

  m ≈
1
7

from which, in Example 3.4,

Vav =
2U0

(1 + m) (2 + m)

Substituting into Eq. (3.74) gives

	 α =
(1 + m)3(2 + m)3

4 (1 + 3m) (2 + 3m)
� (3.77)

and numerical values are as follows:

Turbulent flow:
m 1

5
1
6

1
7

1
8

1
9

α 1.106 1.077 1.058 1.046 1.037

These values are only slightly different from unity and are often neglected in 
elementary turbulent flow analyses. However, α should never be neglected in 
laminar flow.

EXAMPLE 3.23

A hydroelectric power plant (Fig. E3.23) takes in 30 m3/s of water through its turbine 
and discharges it to the atmosphere at V2 = 2 m/s. The head loss in the turbine and 
penstock system is hf = 20 m. Assuming turbulent flow, α ≈ 1.06, estimate the power 
in MW extracted by the turbine.

E3.23

Water

30 m3/s

z1 = 100 m

z2 = 0 m
2 m/s

Turbine

1

3.7  The Energy Equation  193



194  Chapter 3  Integral Relations for a Control Volume

Solution

We neglect viscous work and heat transfer and take section 1 at the reservoir surface 
(Fig.  E3.23), where V1 ≈ 0, p1 = patm, and z1 = 100 m. Section 2 is at the turbine  
outlet.
	 The steady flow energy equation (3.75) becomes, in head form,

p1

γ
+

α1V
2
1

2g
+ z1 =

p2

γ
+

α2V
2
2

2g
+ z2 + ht + hf

pa

γ
+

1.06(0)2

2(9.81)
+ 100 m =

pa

γ
+

1.06(2.0 m/s)2

2(9.81 m/s2)
+ 0 m + ht + 20 m

The pressure terms cancel, and we may solve for the turbine head (which is 
positive):

ht = 100 − 20 − 0.2 ≈ 79.8 m

The turbine extracts about 79.8 percent of the 100-m head available from the dam. The 
total power extracted may be evaluated from the water mass flow:

 P = m

ws = (ρQ) (ght) = (998 kg/m3)(30 m3/s)(9.81 m/s2)(79.8 m)

	  = 23.4 E6 kg · m2/s3 = 23.4 E6 N · m/s = 23.4 MW� Ans.

The turbine drives an electric generator that probably has losses of about 15 percent, 
so the net power generated by this hydroelectric plant is about 20 MW.

2
1

z1 = 0 

Pump

hs (negative)

Water

Machine

D2 = 3 in
z2 = 20 ft
p2 = 10 lbf/in2

p1 = 14.7 lbf/in2 abs

E3.24

EXAMPLE 3.24

The pump in Fig. E3.24 delivers water (62.4 lbf/ft3) at 1.5 ft3/s to a machine at section 
2, which is 20 ft higher than the reservoir surface. The losses between 1 and 2 are 
given by hf = KV2

2/(2g), where K ≈ 7.5 is a dimensionless loss coefficient (see Sec. 6.7). 
Take α ≈ 1.07. Find the horsepower required for the pump if it is 80 percent efficient.

Solution

∙  System sketch:  Figure E3.24 shows the proper selection for sections 1 and 2.
∙  Assumptions:  Steady flow, negligible viscous work, large reservoir (V1 ≈ 0).
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∙  Approach:  First find the velocity V2 at the exit, then apply the steady flow energy 
equation.

∙  Solution steps:  Use BG units, p1 = 14.7(144) = 2117 lbf/ft2 and p2 = 10(144) = 
1440 lbf/ft2.

Find V2 from the known flow rate and the pipe diameter:

V2 =
Q

A2
=

1.5 ft3/s
(π/4)(3/12 ft)2 = 30.6 ft/s

The steady flow energy equation (3.75), with a pump (no turbine) plus z1 ≈ 0 and  
V1 ≈ 0, becomes

p1

γ
+

α1V
2
1

2g
+ z1 =

p2

γ
+

α2V
2
2

2g
+ z2 − hp + hf , hf = K

V2
2

2g

or	 hp =
p2 − p1

γ
+ z2 + (α2 + K) 

V2
2

2g

∙	 Comment:  The pump must balance four different effects: the pressure change, the 
elevation change, the exit jet kinetic energy, and the friction losses.

∙	 Final solution:  For the given data, we can evaluate the required pump head:

hp =
(1440 − 2117) lbf/ft2

62.4 lbf/ft3 + 20 + (1.07 + 7.5) 
(30.6 ft/s)2

2(32.2 ft/s2)
= −11 + 20 + 124 = 133 ft

With the pump head known, the delivered pump power is computed similar to the 
turbine in Example 3.23:

 Ppump = m

ws = γQhp = (62.4 

lbf
ft3 )(1.5 

ft3

s ) (133 ft)

	   = 12,450 
ft − lbf

s
=

12,450 ft-lbf/s
550 ft-lbf/(s−hp)

= 22.6 hp

If the pump is 80 percent efficient, then we divide by the efficiency to find the input 
power required:

	 Pinput =
Ppump

efficiency
=

22.6 hp
0.80

= 28.3 hp� Ans.

∙	 Comment:  The inclusion of the kinetic energy correction factor α in this case made 
a difference of about 1 percent in the result. The friction loss, not the exit jet, was 
the dominant parameter.

Summary
This chapter has analyzed the four basic equations of fluid mechanics: conserva-
tion of (1) mass, (2) linear momentum, (3) angular momentum, and (4) energy. 
The equations were attacked “in the large”—that is, applied to whole regions of 
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a flow. As such, the typical analysis will involve an approximation of the flow 
field within the region, giving somewhat crude but always instructive quantitative 
results. However, the basic control volume relations are rigorous and correct and 
will give exact results if applied to the exact flow field.
	 There are two main points to a control volume analysis. The first is the selec-
tion of a proper, clever, workable control volume. There is no substitute for 
experience, but the following guidelines apply. The control volume should cut 
through the place where the information or solution is desired. It should cut 
through places where maximum information is already known. If the momentum 
equation is to be used, it should not cut through solid walls unless absolutely 
necessary, since this will expose possible unknown stresses and forces and 
moments that make the solution for the desired force difficult or impossible. 
Finally, every attempt should be made to place the control volume in a frame of 
reference where the flow is steady or quasi-steady, since the steady formulation 
is much simpler to evaluate.
	 The second main point to a control volume analysis is the reduction of the 
analysis to a case that applies to the problem at hand. The 24 examples in this 
chapter give only an introduction to the search for appropriate simplifying 
assumptions. You will need to solve 24 or 124 more examples to become truly 
experienced in simplifying the problem just enough and no more. In the mean-
time, it would be wise for the beginner to adopt a very general form of the 
control volume conservation laws and then make a series of simplifications to 
achieve the final analysis. Starting with the general form, one can ask a series of 
questions:

1.	 Is the control volume nondeforming or nonaccelerating?
2.	 Is the flow field steady? Can we change to a steady flow frame?
3.	 Can friction be neglected?
4.	 Is the fluid incompressible? If not, is the perfect-gas law applicable?
5.	 Are gravity or other body forces negligible?
6.	 Is there heat transfer, shaft work, or viscous work?
7.	 Are the inlet and outlet flows approximately one-dimensional?
8.	 Is atmospheric pressure important to the analysis? Is the pressure hydrostatic 

on any portions of the control surface?
9.	 Are there reservoir conditions that change so slowly that the velocity and 

time rates of change can be neglected?

In this way, by approving or rejecting a list of basic simplifications like these, 
one can avoid pulling Bernoulli’s equation off the shelf when it does not apply.

Problems
Most of the problems herein are fairly straightforward. More 
difficult or open-ended assignments are labeled with an aster-
isk. Problems labeled with a computer icon  may require 
the use of a computer. The standard end-of-chapter problems 

P3.1 to P3.184 (categorized in the problem list here) are followed by 
word problems W3.1 to W3.7, fundamentals of engineering (FE) 
exam problems FE3.1 to FE3.10, comprehensive problems C3.1 to 
C3.5, and design project D3.1.
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from a hole in the bottom of area Ao. Use the Reynolds 
transport theorem to find an expression for the instanta-
neous depth change dh/dt.

P3.7	 A spherical tank, of diameter 35 cm, is leaking air 
through a 5-mm-diameter hole in its side. The air exits 
the hole at 360 m/s and a density of 2.5 kg/m3. Assuming 
uniform mixing, (a) find a formula for the rate of change 
of average density in the tank and (b) calculate a nu-
merical value for (dρ/dt) in the tank for the given data.

P3.8	 Three pipes steadily deliver water at 20°C to a large exit 
pipe in Fig. P3.8. The velocity V2 = 5 m/s, and the exit 
flow rate Q4 = 120 m3/h. Find (a) V1, (b) V3, and (c) V4 if 
it is known that increasing Q3 by 20 percent would in-
crease Q4 by 10 percent.

P3.8	

D2 = 5 cm

D3 = 6 cm

D1 = 4 cm

D4 = 9 cm

P3.9	 A laboratory test tank contains seawater of salinity S and 
density ρ. Water enters the tank at conditions (S1, ρ1, A1, 
V1) and is assumed to mix immediately in the tank. Tank 
water leaves through an outlet A2 at velocity V2. If salt is 
a “conservative” property (neither created nor destroyed), 
use the Reynolds transport theorem to find an expression 
for the rate of change of salt mass Msalt within the tank.

Conservation of mass
P3.10	 Water flowing through an 8-cm-diameter pipe enters a 

porous section, as in Fig. P3.10, which allows a uniform 
radial velocity vw through the wall surfaces for a distance 
of 1.2 m. If the entrance average velocity V1 is 12 m/s, 
find the exit velocity V2 if (a) vw = 15 cm/s out of the 
pipe walls or (b) vw = 10 cm/s into the pipe. (c) What 
value of vw will make V2 = 9 m/s?

1.2 m

vw

D = 8 cm

V1 V2

P3.10 

P3.11	 Water flows from a faucet into a sink at 3 U.S. gallons 
per minute. The stopper is closed, and the sink has two 

Problem Distribution

Section	 Topic	 Problems

	 3.1	 Basic physical laws; volume flow	 P3.1–P3.5
	 3.2	 The Reynolds transport theorem	 P3.6–P3.9
	 3.3	 Conservation of mass	 P3.10–P3.38
	 3.4	 The linear momentum equation	 P3.39–P3.109
	 3.5	 The Bernoulli equation	 P3.110–P3.148
	 3.6	 The angular momentum theorem	 P3.149–P3.164
	 3.7	 The energy equation	 P3.165–P3.184

Basic physical laws; volume flow
P3.1	 Discuss Newton’s second law (the linear momentum 

relation) in these three forms:

∑F = ma ∑F =
d

dt
 (mV)

∑F =
d

dt
 ( ∫

system
Vρ d �)

		  Are they all equally valid? Are they equivalent? Are 
some forms better for fluid mechanics as opposed to 
solid mechanics?

P3.2	 Consider the angular momentum relation in the form

∑MO =
d

dt
 [ ∫

system
(r × V)ρ d �]

		  What does r mean in this relation? Is this relation valid in 
both solid and fluid mechanics? Is it related to the linear 
momentum equation (Prob. 3.1)? In what manner?

P3.3	 For steady low-Reynolds-number (laminar) flow through 
a long tube (see Prob. 1.12), the axial velocity distribu-
tion is given by u = C(R2 − r2), where R is the tube radius 
and r ≤ R. Integrate u(r) to find the total volume flow Q 
through the tube.

P3.4	 Water at 20°C flows through a long elliptical duct 30 cm 
wide and 22 cm high. What average velocity, in m/s, 
would cause the weight flow to be 500 lbf/s?

P3.5	 Water at 20°C flows through a 5-in-diameter smooth 
pipe at a high Reynolds number, for which the velocity 
profile is approximated by u ≈ Uo(y/R)1/8, where Uo is 
the centerline velocity, R is the pipe radius, and y is the 
distance measured from the wall toward the centerline. If 
the centerline velocity is 25 ft/s, estimate the volume 
flow rate in gallons per minute.

The Reynolds transport theorem
P3.6	 Water fills a cylindrical tank to depth h. The tank has 

diameter D. The water flows out at average velocity Vo 
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P3.14�

Water
D2 = 7 cm

Q3 = 0.01 m3/s

D1 = 5 cm

d 

2

3

1

h 

r

r = R

x = 0

U0

x = L

u(r)

P3.15
P3.16	 An incompressible fluid flows past an impermeable flat 

plate, as in Fig. P3.16, with a uniform inlet profile u = U0 
and a cubic polynomial exit profile

u ≈ U0 (
3η − η3

2 )  where  η =
y

δ

Compute the volume flow Q across the top surface of the 
control volume.

y = 0 CV

 U0  U0y = δ Q?

Solid plate, width b into paper
Cubic

P3.16
P3.17	 Incompressible steady flow in the inlet between parallel 

plates in Fig. P3.17 is uniform, u = U0 = 8 cm/s, while 
downstream the flow develops into the parabolic laminar 
profile u = az(z0 − z), where a is a constant. If z0 = 4 cm 
and the fluid is SAE 30 oil at 20°C, what is the value of 
umax in cm/s?

rectangular overflow drains, each 3/8 in by 1¼ in. If the 
sink water level remains constant, estimate the average 
overflow velocity, in ft/s.

P3.12	 The pipe flow in Fig. P3.12 fills a cylindrical surge tank 
as shown. At time t = 0, the water depth in the tank is 
30 cm. Estimate the time required to fill the remainder of 
the tank.

D = 75 cm

1 m

V1 = 2.5 m/s V2 = 1.9 m/sd = 12 cm

P3.12

P3.13	 The cylindrical container in Fig. P3.13 is 20 cm in diam-
eter and has a conical contraction at the bottom with an 
exit hole 3 cm in diameter. The tank contains fresh water 
at standard sea-level conditions. If the water surface is 
falling at the nearly steady rate dh/dt ≈ −0.072 m/s, esti-
mate the average velocity V out of the bottom exit.

P3.13	

h(t)D 

V?

P3.14	 The open tank in Fig. P3.14 contains water at 20°C and 
is being filled through section 1. Assume incompressible 
flow. First derive an analytic expression for the water-
level change dh/dt in terms of arbitrary volume flows 
(Q1, Q2, Q3) and tank diameter d. Then, if the water level 
h is constant, determine the exit velocity V2 for the given 
data V1 = 3 m/s and Q3 = 0.01 m3/s.

P3.15	 Water, assumed incompressible, flows steadily through 
the  round pipe in Fig. P3.15. The entrance velocity is 
constant, u = U0, and the exit velocity approximates tur-
bulent flow, u = umax(1 − r/R)1/7. Determine the ratio U0/
umax for this flow.
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P3.20	

h = 2 mm
D = 10 cm

2

1

2

D1 = 3 mm

1

2

Air

D1 = 1 cm

D2 = 2.5 cm

P3.22

P3.23	 The hypodermic needle in Fig. P3.23 contains a liquid 
serum (SG = 1.05). If the serum is to be injected steadily 
at 6 cm3/s, how fast in in/s should the plunger be ad-
vanced (a) if leakage in the plunger clearance is neglected 
and (b) if leakage is 10 percent of the needle flow?

D1 = 0.75 in

D2 = 0.030 in
V2

P3.23

 *P3.24	 Water enters the bottom of the cone in Fig. P3.24 at a 
uniformly increasing average velocity V = Kt. If d is very 
small, derive an analytic formula for the water surface rise h(t) 
for the condition h = 0 at t = 0. Assume incompressible flow.

P3.24	

h(t)

V = Kt

Diameter d

Cone

θ θ

P3.17	

z = z0

umax

z = 0

 U0

P3.18	 Gasoline enters section 1 in Fig. P3.18 at 0.5 m3/s. It 
leaves section 2 at an average velocity of 12 m/s. What is 
the average velocity at section 3? Is it in or out?

D2 = 18 cm

D3 = 13 cm

(1)

(2)

P3.18
P3.19	 Water from a storm drain flows over an outfall onto a 

porous bed that absorbs the water at a uniform vertical 
velocity of 8 mm/s, as shown in Fig. P3.19. The system 
is 5 m deep into the paper. Find the length L of the bed 
that will completely absorb the storm water.

2 m/s

Initial depth = 20 cm

L?

P3.19
P3.20	 Oil (SG = 0.89) enters at section 1 in Fig. P3.20 at a 

weight flow of 250 N/h to lubricate a thrust bearing. The 
steady oil flow exits radially through the narrow clearance 
between thrust plates. Compute (a) the outlet volume flow 
in mL/s and (b) the average outlet velocity in cm/s.

P3.21	 For the two-port tank of Fig. E3.5, assume D1 = 4 cm, 
V1 = 18 m/s, D2 = 7 cm, and V2 = 8 m/s. If the tank sur-
face is rising at 17 mm/s, estimate the tank diameter.

P3.22	 The converging–diverging nozzle shown in Fig. P3.22 
expands and accelerates dry air to supersonic speeds at 
the exit, where p2 = 8 kPa and T2 = 240 K. At the throat, 
p1 = 284 kPa, T1 = 665 K, and V1 = 517 m/s. For steady 
compressible flow of an ideal gas, estimate (a) the mass 
flow in kg/h, (b) the velocity V2, and (c) the Mach num-
ber Ma2.
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This rate persists as long as p0 is at least twice as large as 
the atmospheric pressure. Assuming constant T0 and an 
ideal gas, (a) derive a formula for the change of density 
ρ0(t) within the tank. (b) Analyze the time Δt required for 
the density to decrease by 25 percent.

P3.28	 Air, assumed to be a perfect gas from Table A.4, flows 
through a long, 2-cm-diameter insulated tube. At section 
1, the pressure is 1.1 MPa and the temperature is 345 K. 
At section 2, 67 meters further downstream, the density is 
1.34 kg/m3, the temperature 298 K, and the Mach number 
is 0.90. For one-dimensional flow, calculate (a) the mass 
flow; (b) p2; (c) V2; and (d ) the change in entropy between 
1 and 2. (e) How do you explain the entropy change?

P3.29	 In elementary compressible flow theory (Chap. 9), com-
pressed air will exhaust from a small hole in a tank at the 
mass flow rate m  ≈ Cρ, where ρ is the air density in the 
tank and C is a constant. If ρ0 is the initial density in a 
tank of volume �, derive a formula for the density 
change ρ(t) after the hole is opened. Apply your formula 
to the following case: a spherical tank of diameter 50 cm, 
with initial pressure 300 kPa and temperature 100°C, and 
a hole whose initial exhaust rate is 0.01 kg/s. Find the 
time required for the tank density to drop by 50 percent.

P3.30	 For the nozzle of Fig. P3.22, consider the following data 
for air, k = 1.4. At the throat, p1 = 1000 kPa, V1 = 491 
m/s, and T1 = 600 K. At the exit, p2 = 28.14 kPa. Assum-
ing isentropic steady flow, compute (a) the Mach num-
ber Ma1; (b) T2; (c) the mass flow; and (d) V2.

P3.31	 A bellows may be modeled as a deforming wedge-
shaped volume as in Fig. P3.31. The check valve on the 
left (pleated) end is closed during the stroke. If b is the 
bellows width into the paper, derive an expression for 
outlet mass flow m

0 as a function of stroke θ(t).

h

h

Stroke

L

d ≪ h 

m0

 (t)
 (t)θ

θ

P3.31

P3.25	 As will be discussed in Chaps. 7 and 8, the flow of a 
stream U0 past a blunt flat plate creates a broad low-
velocity wake behind the plate. A simple model is given 
in Fig. P3.25, with only half of the flow shown due to 
symmetry. The velocity profile behind the plate is ideal-
ized as “dead air” (near-zero velocity) behind the plate, 
plus a higher velocity, decaying vertically above the wake 
according to the variation u ≈ U0 + ΔU e−z/L, where L is 
the plate height and z = 0 is the top of the wake. Find ΔU 
as a function of stream speed U0.

U0

U0

uWidth b
into paper

Dead air (negligible velocity)

Exponential curve

U + ∆U

z

L
2

CL
P3.25

P3.26	 A thin layer of liquid, draining from an inclined plane, as 
in Fig. P3.26, will have a laminar velocity profile u ≈ 
U0(2y/h − y2/h2), where U0 is the surface velocity. If the 
plane has width b into the paper, determine the volume 
rate of flow in the film. Suppose that h = 0.5 in and the 
flow rate per foot of channel width is 1.25 gal/min. Esti-
mate U0 in ft/s.

y

x

u (y)

g

h

θ

P3.26
P3.27	 Consider a highly pressurized air tank at conditions (p0, 

ρ0, T0) and volume υ0. In Chap. 9 we will learn that, if the 
tank is allowed to exhaust to the atmosphere through a 
well-designed converging nozzle of exit area A, the out-
going mass flow rate will be

	 m
 =

α p0 A

√RT0
 where α ≈ 0.685 for air
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P3.35	 In contrast to the liquid rocket in Fig. P3.34, the solid-
propellant rocket in Fig. P3.35 is self-contained and has 
no entrance ducts. Using a control volume analysis for 
the conditions shown in Fig. P3.35, compute the rate of 
mass loss of the propellant, assuming that the exit gas 
has a molecular weight of 28.

Propellant

Propellant

Combustion:
1500 K, 950 kPa

Exit section
De = 18 cm
 pe = 90 kPa
 Ve = 1150 m/s
 Te = 750 K

P3.35

P3.36	 The jet pump in Fig. P3.36 injects water at U1 = 40 m/s 
through a 3-in pipe and entrains a secondary flow of 
water U2 = 3 m/s in the annular region around the small 
pipe. The two flows become fully mixed downstream, 
where U3 is approximately constant. For steady incom-
pressible flow, compute U3 in m/s.

Inlet
Mixing
region

Fully
mixed

U1

D1 = 3 in

U2

U3

D2 = 10 in

P3.36

P3.37	 If the rectangular tank full of water in Fig. P3.37 has its 
right-hand wall lowered by an amount δ, as shown, wa-
ter will flow out as it would over a weir or dam. In 
Prob. P1.14 we deduced that the outflow Q would be 
given by

	 Q = C b g1/2
 δ 3/2

where b is the tank width into the paper, g is the ac-
celeration of gravity, and C is a dimensionless con-
stant. Assume that the water surface is horizontal, not 
slightly curved as in the figure. Let the initial excess 
water level be δo. Derive a formula for the time re-
quired to reduce the excess water level to (a) δo/10 and 
(b) zero.

P3.32	 Water at 20°C flows steadily through the piping junction 
in Fig. P3.32, entering section 1 at 20 gal/min. The aver-
age velocity at section 2 is 2.5 m/s. A portion of the flow 
is diverted through the showerhead, which contains 100 
holes of 1-mm diameter. Assuming uniform shower 
flow, estimate the exit velocity from the showerhead jets.

P3.32	

(3)

(2) (1)

d = 4 cm
d = 1.5 cm

d = 2 cm

P3.33	 In some wind tunnels the test section is perforated to 
suck out fluid and provide a thin viscous boundary layer. 
The test section wall in Fig. P3.33 contains 1200 holes of 
5-mm diameter each per square meter of wall area. The 
suction velocity through each hole is Vs = 8 m/s, and the 
test-section entrance velocity is V1 = 35 m/s. Assuming 
incompressible steady flow of air at 20°C, compute (a) 
V0, (b) V2, and (c) Vf, in m/s.

Df = 2.2 m
D0 = 2.5 m

Vf V2 V1 V0

L = 4 m

Test section
Ds = 0.8 m

Uniform suction

P3.33

P3.34	 A rocket motor is operating steadily, as shown in 
Fig. P3.34. The products of combustion flowing out the 
exhaust nozzle approximate a perfect gas with a molecular 
weight of 28. For the given conditions calculate V2 in ft/s.

P3.34	

1

3

2

Liquid oxygen:
0.5 slug/s

Liquid fuel:
0.1 slug/s

1100° F

15 lbf/in2

D2 = 5.5 in

4000° R
400 lbf/in2
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P3.40	

F

Plate

Dj = 10 cm

Vj = 8 m/s

P3.41	 In Fig. P3.41 the vane turns the water jet completely 
around. Find an expression for the maximum jet velocity 
V0 if the maximum possible support force is F0.

F0

0, V0, D0ρ

P3.41

P3.42	 A liquid of density ρ flows through the sudden contrac-
tion in Fig. P3.42 and exits to the atmosphere. Assume 
uniform conditions (p1, V1, D1) at section 1 and (p2, V2, 
D2) at section 2. Find an expression for the force F ex-
erted by the fluid on the contraction.

P3.42�

Atmosphere

pa p1

2

1

P3.43	 Water at 20°C flows through a 5-cm-diameter pipe 
that has a 180° vertical bend, as in Fig. P3.43. The 
total length of pipe between flanges 1 and 2 is 75 cm. 
When the weight flow rate is 230 N/s, p1 = 165 kPa 
and p2 = 134 kPa. Neglecting pipe weight, determine 
the total force that the flanges must withstand for this 
flow.

P3.37	

δ

Q ∝ δ 3/2

L

h

P3.38	 An incompressible fluid in Fig. P3.38 is being squeezed 
outward between two large circular disks by the uniform 
downward motion V0 of the upper disk. Assuming one-
dimensional radial outflow, use the control volume 
shown to derive an expression for V(r).

rh(t)
V

CV CV

V(r)?

V0

Fixed circular disk

P3.38

The linear momentum equation
P3.39	 A wedge splits a sheet of 20°C water, as shown in Fig. 

P3.39. Both wedge and sheet are very long into the pa-
per. If the force required to hold the wedge stationary is 
F = 124 N per meter of depth into the paper, what is the 
angle θ of the wedge?

F

4 cm

6 m/s

6 m/s

6 m/s

θ

P3.39

P3.40	 The water jet in Fig. P3.40 strikes normal to a fixed 
plate. Neglect gravity and friction, and compute the 
force F in newtons required to hold the plate fixed.



Problems  203

being a fraction. The reason is that for frictionless flow the 
fluid can exert no tangential force Ft on the plate. The 
condition Ft = 0 enables us to solve for α. Perform this 
analysis, and find α as a function of the plate angle θ. Why 
doesn’t the answer depend on the properties of the jet?

P3.47	 A liquid jet of velocity Vj and diameter Dj strikes a fixed 
hollow cone, as in Fig. P3.47, and deflects back as a 
conical sheet at the same velocity. Find the cone angle θ 
for which the restraining force F = 3

2 ρAjVj
2.

P3.48	 The small boat in Fig. P3.48 is driven at a steady speed V0 
by a jet of compressed air issuing from a 3-cm-diameter 
hole at Ve = 343 m/s. Jet exit conditions are pe = 1 atm and 
Te = 30°C. Air drag is negligible, and the hull drag is kV0

2, 
where k ≈ 19 N · s2/m2. Estimate the boat speed V0 in m/s.

P3.46	

1

2

3

F t = 0

(1-α)Q, V

αQ, V

F n 

, Q, A, V θρ

Conical sheet

Jet
Fθ

P3.47

Compressed
air

V0

Ve

De  = 3 cm

Hull drag kV0
2

P3.48

P3.43	

2

1

 *P3.44	 When a uniform stream flows past an immersed thick 
cylinder, a broad low-velocity wake is created down-
stream, idealized as a V shape in Fig. P3.44. Pressures p1 
and p2 are approximately equal. If the flow is two-
dimensional and incompressible, with width b into the 
paper, derive a formula for the drag force F on the cylin-
der. Rewrite your result in the form of a dimensionless 
drag coefficient based on body length CD = F/(ρU2bL).

2
1

U
U

2 L

L
U

U

L
2

P3.44

P3.45	 Water enters and leaves the 6-cm-diameter pipe bend in 
Fig. P3.45 at an average velocity of 8.5 m/s. The hori-
zontal force to support the bend against momentum 
change is 300 N. Find (a) the angle ϕ; and (b) the vertical 
force on the bend.

P3.45	

ϕ

P3.46	 When a jet strikes an inclined fixed plate, as in Fig. P3.46, 
it breaks into two jets at 2 and 3 of equal velocity V = Vjet 
but unequal flows αQ at 2 and (1 − α)Q at section 3, α 
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P3.52	 A large commercial power washer delivers 21 gal/min of 
water through a nozzle of exit diameter one-third of an 
inch. Estimate the force of the water jet on a wall normal 
to the jet.

P3.53	 Consider incompressible flow in the entrance of a circu-
lar tube, as in Fig. P3.53. The inlet flow is uniform, u1 = 
U0. The flow at section 2 is developed pipe flow. Find 
the wall drag force F as a function of (p1, p2, ρ, U0, R) if 
the flow at section 2 is

(a)  Laminar: u2 = umax (1 −
r2

R2)

(b)  Turbulent: u2 ≈ umax (1 −
r

R)
1/7

P3.53�

r = R

1

U0
r

x

Friction drag on fluid

2

P3.54	 For the pipe-flow-reducing section of Fig. P3.54, D1 = 
8  cm, D2 = 5 cm, and p2 = 1 atm. All fluids are at 
20°C. If V1 = 5 m/s and the manometer reading is h = 
58 cm, estimate the total force resisted by the flange 
bolts.

1 2

p2 ≈ pa = 101 kPa

h
Mercury

Water

P3.54

P3.55	 In Fig. P3.55 the jet strikes a vane that moves to the right 
at constant velocity Vc on a frictionless cart. Compute (a) 
the force Fx required to restrain the cart and (b) the power 
P delivered to the cart. Also find the cart velocity for 
which (c) the force Fx is a maximum and (d) the power P 
is a maximum.

P3.49	 The horizontal nozzle in Fig. P3.49 has D1 = 12 in and 
D2 = 6 in, with inlet pressure p1 = 38 lbf/in2 absolute and 
V2 = 56 ft/s. For water at 20°C, compute the horizontal 
force provided by the flange bolts to hold the nozzle fixed.

P3.49	 1

2

Open

Water

pa = 15 lbf/in2 abs

jet

P3.50	 The jet engine on a test stand in Fig. P3.50 admits air at 
20°C and 1 atm at section 1, where A1 = 0.5 m2 and V1 = 
250 m/s. The fuel-to-air ratio is 1:30. The air leaves section 
2 at atmospheric pressure and higher temperature, where 
V2 = 900 m/s and A2 = 0.4 m2. Compute the horizontal 
test stand reaction Rx needed to hold this engine fixed.

P3.50	

1 2

Rx

m fuel

Combustion
chamber

P3.51	 A liquid jet of velocity Vj and area Aj strikes a single 180° 
bucket on a turbine wheel rotating at angular velocity Ω, 
as in Fig. P3.51. Derive an expression for the power P 
delivered to this wheel at this instant as a function of the 
system parameters. At what angular velocity is the maxi-
mum power delivered? How would your analysis differ if 
there were many, many buckets on the wheel, so that the 
jet was continually striking at least one bucket?

Jet

Bucket

Wheel, radius R

Ω

P3.51
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D = 4 m
D0 = 4 cm

60°

8 m/s

Cable

P3.58
P3.59	 When a pipe flow suddenly expands from A1 to A2, as in 

Fig. P3.59, low-speed, low-friction eddies appear in the cor-
ners and the flow gradually expands to A2 downstream. Us-
ing the suggested control volume for incompressible steady 
flow and assuming that p ≈ p1 on the corner annular ring as 
shown, show that the downstream pressure is given by

p2 = p1 + ρV2
1 

A1

A2
 (1 −

A1

A2)

		  Neglect wall friction.

p2 , V2 , A2

p1, V1, A1

Pressure ≈ p1
Control
volume

P3.59

P3.60	 Water at 20°C flows through the elbow in Fig. P3.60 and 
exits to the atmosphere. The pipe diameter is D1 = 10 cm, 
while D2 = 3 cm. At a weight flow rate of 150 N/s, the pres-
sure p1 = 2.3 atm (gage). Neglecting the weight of water and 
elbow, estimate the force on the flange bolts at section 1.

P3.60	
40°

1

2

P3.55	

Fy

Fx

Vc  = constant
, Vj , Aj

θ

ρ

P3.56	 Water at 20°C flows steadily through the box in Fig. 
P3.56, entering station (1) at 2 m/s. Calculate the (a) 
horizontal and (b) vertical forces required to hold the 
box stationary against the flow momentum.

P3.57	 Water flows through the duct in Fig. P3.57, which is 50 
cm wide and 1 m deep into the paper. Gate BC com-
pletely closes the duct when β = 90°. Assuming one-
dimensional flow, for what angle β will the force of the 
exit jet on the plate be 3 kN?

P3.56	

y

x

65˚

D2 = 3 cm

D1 = 5 cm

F = 3 kN

50 cm
1.2 m/s

Hinge B

C

β

P3.57

P3.58	 The water tank in Fig. P3.58 stands on a frictionless cart 
and feeds a jet of diameter 4 cm and velocity 8 m/s, 
which is deflected 60° by a vane. Compute the tension in 
the supporting cable.
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passes through the hole, and part is deflected. Determine 
the horizontal force required to hold the plate.

Plate

25 m/s 25 m/s

D1 = 6 cm
D2 = 4 cm

P3.64

P3.65	 The box in Fig. P3.65 has three 0.5-in holes on the right 
side. The volume flows of 20°C water shown are steady, 
but the details of the interior are not known. Compute 
the force, if any, that this water flow causes on the box.

P3.65	

0.1 ft3/s

0.2 ft3/s

0.1 ft3/s

P3.66	 The tank in Fig. P3.66 weighs 500 N empty and contains 
600 L of water at 20°C. Pipes 1 and 2 have equal diam-
eters of 6 cm and equal steady volume flows of 300 m3/h. 
What should the scale reading W be in N?

1

2

Water

Scale

W?

P3.66

P3.61	 A 20°C water jet strikes a vane mounted on a tank with 
frictionless wheels, as in Fig. P3.61. The jet turns 
and falls into the tank without spilling out. If θ = 30°, 
evaluate the horizontal force F required to hold the tank 
stationary.

P3.61 

FWater

Vj = 50 ft/s

Dj = 2 in
θ

P3.62	 Water at 20°C exits to the standard sea-level atmosphere 
through the split nozzle in Fig. P3.62. Duct areas are A1 
= 0.02 m2 and A2 = A3 = 0.008 m2. If p1 = 135 kPa (ab-
solute) and the flow rate is Q2 = Q3 = 275 m3/h, compute 
the force on the flange bolts at section 1.

P3.62	

30°

3

2

1

30°

P3.63	 Water flows steadily through the box in Fig. P3.63. 
Average velocity at all ports is 7 m/s. The vertical mo-
mentum force on the box is 36 N. What is the inlet mass 
flow?

P3.63	
(1)

(2) (3)

40°
40°

P3.64	 The 6-cm-diameter 20°C water jet in Fig. P3.64 strikes a 
plate containing a hole of 4-cm diameter. Part of the jet 
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P3.71	

45°

45°

 *P3.72	 When immersed in a uniform stream, a thick elliptical 
cylinder creates a broad downstream wake, as idealized 
in Fig. P3.72. The pressure at the upstream and down-
stream sections are approximately equal, and the fluid is 
water at 20°C. If U0 = 4 m/s and L = 80 cm, estimate the 
drag force on the cylinder per unit width into the paper. 
Also compute the dimensionless drag coefficient CD =  
2F/(ρU2

0bL).
P3.73	 A pump in a tank of water at 20°C directs a jet at 45 ft/s 

and 200 gal/min against a vane, as shown in Fig. P3.73. 
Compute the force F to hold the cart stationary if the jet 
follows (a) path A or (b) path B. The tank holds 550 gal 
of water at this instant.

L

Width b into paper

L

L

U0

U0     

U0

2

P3.72

P3.73 

60°
120°

A
B

F

Water

P3.67	 For the boundary layer of Fig. 3.9, for air, ρ = 1.2 kg/m3, 
let h = 7 cm, Uo = 12 m/s, b = 2 m, and L = 1 m. Let the 
velocity at the exit, x = L, approximate a turbulent flow: 
u/Uo ≈ (y/δ)1/7. Calculate (a) δ and (b) the friction 
drag D.

P3.68	 The rocket in Fig. P3.68 has a supersonic exhaust, and 
the exit pressure pe is not necessarily equal to pa. Show 
that the force F required to hold this rocket on the test 
stand is F = ρe AeV

2
e + Ae( pe − pa). Is this force F what 

we term the thrust of the rocket?

Fuel
mf

m0

Oxidizer

pa ≠ pe

pe , Ae ,Ve

e

F

.

.

P3.68

P3.69	 A uniform rectangular plate, 40 cm long and 30 cm deep 
into the paper, hangs in air from a hinge at its top (the 
30-cm side). It is struck in its center by a horizontal 
3-cm-diameter jet of water moving at 8 m/s. If the gate 
has a mass of 16 kg, estimate the angle at which the plate 
will hang from the vertical.

P3.70	 The dredger in Fig. P3.70 is loading sand (SG = 2.6) 
onto a barge. The sand leaves the dredger pipe at  
4 ft/s with a weight flow of 850 lbf/s. Estimate the 
tension on the mooring line caused by this loading 
process.

P3.70	

30°

P3.71	 Suppose that a deflector is deployed at the exit of the jet 
engine of Prob. P3.50, as shown in Fig. P3.71. What 
will the reaction Rx on the test stand be now? Is this reac-
tion sufficient to serve as a braking force during airplane 
landing?
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kPa, D1 = 25 cm, V1 = 2.2 m/s, p2 = 120 kPa, and D2 
= 8 cm. Neglecting bend and water weight, estimate 
the total force that must be resisted by the flange 
bolts.

P3.77	

1

2

pa = 100 kPa

P3.78	 A fluid jet of diameter D1 enters a cascade of moving 
blades at absolute velocity V1 and angle β1, and it leaves 
at absolute velocity V2 and angle β2, as in Fig. P3.78. The 
blades move at velocity u. Derive a formula for the 
power P delivered to the blades as a function of these 
parameters.

P3.79	 The Saturn V rocket in the chapter opener photo was 
powered by five F-1 engines, each of which burned 3945 
lbm/s of liquid oxygen and 1738 lbm of kerosene per sec-
ond. The exit velocity of burned gases was approximately 
8500 ft/s. In the spirit of Prob. P3.34, neglecting external 
pressure forces, estimate the total thrust of the rocket, in 
lbf.

P3.78	

α1

α2

u

1V1

D1 Blades

V2

2

Air jet 

β

β

P3.80	 A river of width b and depth h1 passes over a submerged 
obstacle, or “drowned weir,” in Fig. P3.80, emerging at 
a new flow condition (V2, h2). Neglect atmospheric 
pressure, and assume that the water pressure is hydro-

P3.74	 Water at 20°C flows down through a vertical, 6-cm-
diameter tube at 300 gal/min, as in Fig. P3.74. The flow 
then turns horizontally and exits through a 90° radial 
duct segment 1 cm thick, as shown. If the radial outflow 
is uniform and steady, estimate the forces (Fx, Fy, Fz) 
required to support this system against fluid momentum 
changes.

90°
R = 15 cm

Horizontal 
plane

y

x
Vertical 
plane

Radial outflow

6 cm

z

x

1 cm

P3.74

 *P3.75	 A jet of liquid of density ρ and area A strikes a block and 
splits into two jets, as in Fig. P3.75. Assume the same 
velocity V for all three jets. The upper jet exits at an an-
gle θ and area αA. The lower jet is turned 90° downward. 
Neglecting fluid weight, (a) derive a formula for the 
forces (Fx, Fy) required to support the block against fluid 
momentum changes. (b) Show that Fy = 0 only if α ≥ 0.5. 
(c) Find the values of α and θ for which both Fx and Fy are 
zero.

P3.75	

Fx

Fy

αA

V, A

(1 – α)A

θ ρ

P3.76	 A two-dimensional sheet of water, 10 cm thick and mov-
ing at 7 m/s, strikes a fixed wall inclined at 20° with re-
spect to the jet direction. Assuming frictionless flow, 
find (a) the normal force on the wall per meter of depth, 
and find the widths of the sheet deflected (b) upstream 
and (c) downstream along the wall.

P3.77	 Water at 20°C flows steadily through a reducing pipe 
bend, as in Fig. P3.77. Known conditions are p1 = 350 
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P3.83	 Gasoline at 20°C is flowing at V1 = 12 m/s in a 5-cm-
diameter pipe when it encounters a 1-m length of uni-
form radial wall suction. At the end of this suction 
region, the average fluid velocity has dropped to V2 = 10 
m/s. If p1 = 120 kPa, estimate p2 if the wall friction 
losses are neglected.

P3.84	 Air at 20°C and 1 atm flows in a 25-cm-diameter duct at 
15  m/s, as in Fig. P3.84. The exit is choked by a 90° 
cone, as shown. Estimate the force of the airflow on the 
cone.

P3.84	

40 cm90°25 cm

1 cm

P3.85	 The thin-plate orifice in Fig. P3.85 causes a large pres-
sure drop. For 20°C water flow at 500 gal/min, with pipe 
D = 10 cm and orifice d = 6 cm, p1 − p2 ≈ 145 kPa. If 
the wall friction is negligible, estimate the force of the 
water on the orifice plate.

P3.85	 1 2

P3.86	 For the water jet pump of Prob. P3.36, add the following 
data: p1 = p2 = 25 lbf/in2, and the distance between sec-
tions 1 and 3 is 80 in. If the average wall shear stress 
between sections 1 and 3 is 7 lbf/ft2, estimate the pres-
sure p3. Why is it higher than p1?

P3.87	 A vane turns a water jet through an angle α, as shown 
in Fig. P3.87. Neglect friction on the vane walls. (a) 
What is the angle α for the support force to be in pure 

static at both sections 1 and 2. Derive an expression for 
the force exerted by the river on the obstacle in terms of 
V1, h1, h2, b, ρ, and g. Neglect water friction on the river 
bottom.

V2, h2

V1, h1
Width b into paper

P3.80

P3.81	 Torricelli’s idealization of efflux from a hole in the side 
of a tank is V = √2 gh, as shown in Fig. P3.81. The cy-
lindrical tank weighs 150 N when empty and contains 
water at 20°C. The tank bottom is on very smooth ice 
(static friction coefficient ζ ≈ 0.01). The hole diameter is 
9 cm. For what water depth h will the tank just begin to 
move to the right?

P3.81	

30 cm

h

Water
1 m

Static
friction

V

 *P3.82	 The model car in Fig. P3.82 weighs 17 N and is to be 
accelerated from rest by a 1-cm-diameter water jet mov-
ing at 75 m/s. Neglecting air drag and wheel friction, 
estimate the velocity of the car after it has moved for-
ward 1 m.

x
V Vj

P3.82
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P3.90	

V(t)

h

Stopper

pa

 *P3.92	 A more involved version of Prob. P3.90 is the elbow-
shaped tube in Fig. P3.92, with constant cross-sectional 
area A and diameter D ≪ h, L. Assume incompressible 
flow, neglect friction, and derive a differential equation 
for dV/dt when the stopper is opened. Hint: Combine 
two control volumes, one for each leg of the tube.

P3.92 
V2

V1

pa

h

L

P3.93	 According to Torricelli’s theorem, the velocity of a fluid 
draining from a hole in a tank is V ≈ (2gh)1/2, where h is 
the depth of water above the hole, as in Fig. P3.93. Let 
the hole have area Ao and the cylindrical tank have cross-
section area Ab ≫ Ao. Derive a formula for the time to 
drain the tank completely from an initial depth ho.

P3.93	

Water h

V

compression? (b) Calculate this compression force if 
the water velocity is 22 ft/s and the jet cross section is 
4 in2.

P3.87	

V

V

F 25°

α

 

P3.88	 The boat in Fig. P3.88 is jet-propelled by a pump that 
develops a volume flow rate Q and ejects water out the 
stern at velocity Vj. If the boat drag force is F = kV2, 
where k is a constant, develop a formula for the steady 
forward speed V of the boat.

V

VjPump
Q

P3.88

P3.89	 Consider Fig. P3.36 as a general problem for analysis 
of a mixing ejector pump. If all conditions (p, ρ, V) are 
known at sections 1 and 2 and if the wall friction is 
negligible, derive formulas for estimating (a) V3 and 
(b) p3.

P3.90	 As shown in Fig. P3.90, a liquid column of height h is 
confined in a vertical tube of cross-sectional area A 
by a stopper. At t = 0 the stopper is suddenly re-
moved, exposing the bottom of the liquid to atmo-
spheric pressure. Using a control volume analysis of 
mass and vertical momentum, derive the differential 
equation for the downward motion V(t) of the liquid. 
Assume one-dimensional, incompressible, friction-
less flow.

P3.91	 Extend Prob. P3.90 to include a linear (laminar) average 
wall shear stress resistance of the form τ ≈ cV, where c is 
a constant. Find the differential equation for dV/dt and 
then solve for V(t), assuming for simplicity that the wall 
area remains constant.
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Neglect the short horizontal leg, and combine control 
volume analyses for the left and right legs to derive a 
single differential equation for V(t) of the liquid 
column.

 *P3.97	 Extend Prob. P3.96 to include a linear (laminar) average 
wall shear stress resistance of the form τ ≈ 8µV/D, where 
µ is the fluid viscosity. Find the differential equation for 
dV/dt and then solve for V(t), assuming an initial dis-
placement z = z0, V = 0 at t = 0. The result should be a 
damped oscillation tending toward z = 0.

 *P3.98	 As an extension of Example 3.11, let the plate and its 
cart (see Fig. 3.10a) be unrestrained horizontally, with 
frictionless wheels. Derive (a) the equation of motion for 
cart velocity Vc(t) and (b) a formula for the time required 
for the cart to accelerate from rest to 90 percent of the jet 
velocity (assuming the jet continues to strike the plate 
horizontally). (c) Compute numerical values for part (b) 
using the conditions of Example 3.11 and a cart mass of 
2 kg.

P3.99	 Let the rocket of Fig. E3.12 start at z = 0, with constant 
exit velocity and exit mass flow, and rise vertically with 
zero drag. (a) Show that, as long as fuel burning contin-
ues, the vertical height S(t) reached is given by

	 S =
Ve Mo

m
  [ζlnζ − ζ + 1], where ζ = 1 −

m

t

Mo

		  (b)  Apply this to the case Ve = 1500 m/s and Mo = 
1000  kg to find the height reached after a burn of 30 
seconds, when the final rocket mass is 400 kg.

P3.100	Suppose that the solid-propellant rocket of Prob. P3.35 is 
built into a missile of diameter 70 cm and length 4 m. 
The system weighs 1800 N, which includes 700 N of 
propellant. Neglect air drag. If the missile is fired verti-
cally from rest at sea level, estimate (a) its velocity and 
height at fuel burnout and (b) the maximum height it will 
attain.

P3.101	Water at 20°C flows steadily through the tank in Fig. 
P3.101. Known conditions are D1 = 8 cm, V1 = 6 m/s, 
and D2 = 4 cm. A rightward force F = 70 N is required 
to keep the tank fixed. (a) What is the velocity leaving 
section 2? (b) If the tank cross section is 1.2 m2, how fast 
is the water surface h(t) rising or falling?

P3.101	

12
h (t) 

F

P3.94	 A water jet 3 in in diameter strikes a concrete (SG = 2.3) 
slab which rests freely on a level floor. If the slab is 1 ft 
wide into the paper, calculate the jet velocity which will 
just begin to tip the slab over.

P3.94	

36 in

20 in

3 in

8 in

V

P3.95	 A tall water tank discharges through a well-rounded 
orifice, as in Fig. P3.95. Use the Torricelli formula of 
Prob. P3.81 to estimate the exit velocity. (a) If, at this 
instant, the force F required to hold the plate is 40 N, 
what is the depth h? (b) If the tank surface is dropping at 
the rate of 2.5 cm/s, what is the tank diameter D?

P3.95	

h

D
d = 4 cm

F

P3.96	 Extend Prob. P3.90 to the case of the liquid motion in a 
frictionless U-tube whose liquid column is displaced a 
distance Z upward and then released, as in Fig. P3.96.

P3.96 

h1

h3

z
z Equilibrium position

h2 ≈ 0

Liquid– column length
L = h1 + h2 + h3

V
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