
Principles of 
Fluid Mechanics

Jürgen Zierep · Karl Bühler

Fundamentals, Statics and 
Dynamics of Fluids

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


Principles of Fluid Mechanics

www.KonkuR.in
سایت کنکور ، مرجع دانلود رایگان کتب علوم پزشکی و مھندسی

Telegram: @uni_k

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


Jürgen Zierep  •  Karl Bühler

Principles of Fluid 
Mechanics
Fundamentals, Statics and Dynamics 
of Fluids

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


Jürgen Zierep
Karlsruhe, Germany

Karl Bühler
Hochschule Offenburg
Offenburg, Germany

This book is a translation of the original German edition “Grundzüge der Strömungslehre” by 
Zierep, Jürgen and Bühler, Karl, published by Springer Fachmedien Wiesbaden GmbH in 2018. 
The translation was done with the help of artificial intelligence (machine translation by the service 
DeepL.com). A subsequent human revision was done primarily in terms of content, so that the 
book will read stylistically differently from a conventional translation. Springer Nature works 
continuously to further the development of tools for the production of books and on the related 
technologies to support the authors.

ISBN 978-3-658-34811-3        ISBN 978-3-658-34812-0  (eBook)
https://doi.org/10.1007/978-3-658-34812-0

© Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2022
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or 
part of the material is concerned, specifically the rights of translation, reprinting, reuse of 
illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and 
transmission or information storage and retrieval, electronic adaptation, computer software, or by 
similar or dissimilar methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this 
publication does not imply, even in the absence of a specific statement, that such names are exempt 
from the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this 
book are believed to be true and accurate at the date of publication. Neither the publisher nor the 
authors or the editors give a warranty, expressed or implied, with respect to the material contained 
herein or for any errors or omissions that may have been made. The publisher remains neutral with 
regard to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Fachmedien Wiesbaden 
GmbH part of Springer Nature.
The registered company address is: Abraham-Lincoln-Str. 46, 65189 Wiesbaden, Germany

www.konkur.in

Telegram: @uni_k

https://doi.org/10.1007/978-3-658-34812-0
https://t.me/uni_k


v

Preface to the 11th Edition

The Principles of Fluid Mechanics (Grundzüge der Strömungslehre) has proved 
very popular with teachers and students over the past 40 years through its 10 edi-
tions.

We have been able to ascertain this time and again on the basis of lectures and 
discussions at home and abroad. The statements of the preface of the first edition—
especially concerning the application of the important momentum theorem—are 
still valid.

“First, to gain knowledge on examples of fluid mechanics and then, second, to 
consider the control space and the flow data on the boundary” are important prereq-
uisites for the successful application of the momentum theorem.

Over time, the desire arose, e.g., during lectures at the TH Budapest, for further 
current exercises in fluid mechanics. Preference is given to problems with the fol-
lowing alternative: inflow or outflow from containers, without or with friction, sta-
tionary or unsteady, incompressible or compressible. The implementation of the 
conservation laws for mass, momentum, and energy based on the initial and bound-
ary conditions in concrete problems is still often difficult.

The energy theorem is central to many flow problems today. This is illustrated 
in the following examples. The energy theorem is derived and applied in many 
forms. Interesting and typical are the values in the Rayleigh–Stokes problem, 
where the time variation of kinetic energy, dissipation, and wall shear stress power 
occur simultaneously. In the potential flows of viscous media, the physical pro-
cesses take place on the energetic side. The physical principles of these viscous 
potential flows are covered in the text and the exercises on vortex flow and source–
sink flow in the cylinder gap. These statements play an increasingly important role 
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today where the energy balance is concerned. Up to now, they have been little 
represented in the textbooks of fluid mechanics.

The book is intended for students of engineering and physics at universities and 
colleges to accompany and reinforce lectures on fluid mechanics and for self-study. 
This book is also useful for engineers working in practice as an introduction to and 
consolidation of fluid mechanics fundamentals.

We have dealt with some relevant problems of this kind in detail and added 
them at the end of the book. Again, it is the case that the reader must often reach 
for paper and pencil in order to be able to follow the solution path proposed by us.

We would like to thank the mechanical engineering editorial office of Springer 
Vieweg for their active support and great confidence in the publication of this book 
and the extremely gratifying cooperation.

Karlsruhe, Germany� Jürgen Zierep  
 � Karl Bühler   November 2017

Preface to the 11th Edition
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From the Preface of the 1st Edition

The present book Principles of Fluid Mechanics (Grundzüge der Strömungslehre) 
originated from introductory lectures which I have been giving for about 20 years 
at the University of Karlsruhe (TH). Here, I had the interesting task of introducing 
fluid mechanics to students after their preliminary examinations in a 4-h, one-
semester lecture. The spectrum of the listeners was broad. It ranged from mechan-
ical and chemical engineers to physicists, meteorologists, and mathematicians. 
This fact, together with the time available, determined the content and scope of the 
material presented. The aim was therefore not to present everything (that can be 
done in special lectures), but to choose a presentation that was as interesting as 
possible and easy for the students to grasp and apply.

A few words about the structure. Unlike most presentations of fluid mechanics, 
the momentum theorem is treated late. There are good reasons for this. Despite its 
simple formulation, it is and remains the most difficult theorem in fluid mechanics. 
The difficulty lies in the appropriate choice of the control space and the flow data 
used on the boundary. This is where a lot of knowledge goes in, which one has to 
gather beforehand when dealing with examples of fluid mechanics. We have made 
this experience again and again.

I have endeavored to follow a systematic structure. This is done by starting with 
the simplest and proceeding to the questions that arise in the numerous applications 
and are of great interest today. It is important, for example, to know from the begin-
ning which and how many equations are available for the flow quantities. In some 
of the questions treated, one will feel certain attention to detail. This seems to be 
justified where students bring little information from other lectures. On the other 
hand, the beginner must have a thorough and detailed demonstration of the most 
important tools. That there will be compromises is clear to every lecturer.

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


viii

Two-hour exercises are held parallel to the lectures. Without this own engage-
ment of the listeners, one cannot master the material. Some of the assignments are 
included in the text. Here, as with the lecture material, the reader will have to reach 
for paper and pencil to absorb, process, and then apply the content. This effort is 
well worth it! I would be satisfied with the success of my many years of work if the 
reader could confirm this.

Karlsruhe, Germany� Jürgen Zierep  

From the Preface of the 1st Edition
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Introduction, Overview and Basics

Abstract
Fluid mechanics deals with the motion processes in liquids and gases (so-called 
fluids). Instead of the term fluid mechanics, one often encounters the terms fluid 
mechanics, fluid dynamics, aerodynamics, etc. Fluid mechanics plays a major 
role in science and technology. The applications can be roughly divided into 
two groups:

	1.	 Flow around bodies, e.g., motor vehicles, aircraft, buildings. Here, the flow field 
in the outer space is of interest, i.e. velocity, pressure, density and temperature 
in the vicinity of the body, which results in the force effect on the body.

	2.	 Flow through pipes, ducts, machines and entire plants. Now the flow in the in-
terior is of interest, e.g., of manifolds, diffusers and nozzles and the resulting 
pressure losses due to frictional influences.

The quantitative description of a flow is given by the flow quantities velocity, 
pressure, density and temperature, which are to be determined by the conserva-
tion laws and fluid properties.

Fluid mechanics deals with the motion processes in liquids and gases (so-called 
fluids). Instead of the term fluid mechanics, one often encounters the terms fluid 
dynamics, aerodynamics and others.

Fluid mechanics play a major role in science and technology. Roughly speak-
ing, the applications can be divided into two different groups.
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	1.	 Flow around bodies, e.g., motor vehicles, aircraft, buildings. Here, the flow 
field in the outer space is of interest, i.e. velocity, pressure, density and 
temperature near and far from the body. This results, for example, in the force 
effect on the body from the flow around it.

	2.	 Flow through pipes, ducts, machines and entire plants. Now the flow in the 
interior is of interest, e.g., of manifolds, diffusers and nozzles. Of importance 
here are frictional influences, which become noticeable through pressure losses.

In current technical problems, the two subtasks just discussed can of course also 
occur in combination. Numerous applications can be found in the fields of fluid 
mechanics, chemical engineering, aircraft construction, automotive engineering, 
building aerodynamics, meteorology, geophysics etc.

The quantitative description of a flow is given at any point (x, y, z) of the con-
sidered field at any time (t) by the quantities:

	
Velocity , , Pressure Density Temperaturew � � �u v w p T, , , . 	

We assume the existence of these state variables as a function of (x, y, z; t). We 
are thus in the realm of continuum mechanics. In total, we are dealing with 6 de-
pendent and 4 independent variables. To determine the former 6 equations, the 
basic physical laws of fluid mechanics, are required. They are formulated in the 
form of conservation laws and are outlined in the following table:

Physical statement
Number of 
equations

Type of 
equations

Conservation 
laws

Continuity (conservation of mass) 1 Scalar
Equilibrium of forces (momentum 
theorem)

3 Vectorial

Energy theorem (e.g., 1st law, Fourier’s 
heat conduction equation1 etc.)

1 Scalar

Fluid Equation of state (thermodynamic 
linkage of p, ϱ, T)

1 Scalar

Compared with the mass point mechanics, which gets along with 3 equations 
for 3 velocity components, 6 equations are necessary here. To these differential or 
integral relations, initial conditions (t) and/or boundary conditions (x, y, z) are 
added to determine the solution of the problem, which may be uniquely deter-
mined, from the manifold of possible solutions. For the flow around and flow 
through problems given above, one can easily discuss these conditions. A general 

1 J.B.J. Fourier, 1768–1830.
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solution of the basic equations of fluid mechanics encounters the greatest difficul-
ties, since the associated differential equations are nonlinear. Therefore, one is 
often limited to so-called similarity statements, with which it is possible to trans-
fer the flow data from one flow field to another. This leads to the important model 
laws which allow, for example, wind tunnel experiments to be converted to the 
large-scale model.

In the context of this presentation we will start with the simplest (hydrostatics). 
By increasing the number of independent and dependent variables, we will ad-
vance to the issues of interest in the applications. The following scheme explains 
from left to right our approach:

 

The temperature T can be omitted here, since T can be determined from p and ϱ 
by the equation of state.

The historical development of fluid mechanics shows two different directions of 
work until about 1900.

1.1	 �Theoretical, Mainly Mathematical Fluid Mechanics

It is associated with the names Newton,2 Euler,3 Bernoulli,4 D’Alembert,5 
Kirchhoff,6 Helmholtz,7 Rayleigh.8 This is mainly the theoretical treatment of fric-
tionless flows (so-called potential flows). With this, it was not possible, for exam-
ple, to determine losses in flows quantitatively correctly in the case of flow-around 
and flow-through problems.

2 I. Newton, 1643–1727.
3 L. Euler, 1707–1783.
4 D. Bernoulli, 1700–1782.
5 J. D’Alembert, 1717–1783.
6 G. Kirchhoff, 1824–1887.
7 H. v. Helmholtz, 1821–1894.
8 J.W. Rayleigh, 1842–1919.
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1.2	 �Engineering Fluid Mechanics or Hydraulics

Decisive researchers were Hagen,9 Poiseuille,10 Reynolds.11 Here it was a question 
of problems of measurement and their representation in friction flows, e.g., the 
laws for pipe flows.

Both directions were brought together in 1904 by Prandtl’s12 boundary layer 
theory. According to this theory, the cause of the frictional resistance of a body is 
to be found in the so-called boundary layer. This is a relatively thin layer close to 
the wall, in which the increase in velocity from zero at the wall to the value of the 
external flow occurs. Here the adhesion condition at the body surface is essential. 
If the body is moved, the flowing medium at the surface follows this movement. It 
sticks there! Figure 1.1 shows the particularly simple case of the longitudinally 
flowed plate—the prototype of a boundary layer. This Prandtl boundary layer con-
cept has proved to be very fruitful. It leads to essential simplifications in the non-
linear differential equations, so that a solution is possible.

If, in addition to frictional losses, heat transfer also plays a role, a temperature 
boundary layer occurs in addition to the flow boundary layer (Fig. 1.2). Both 
have their cause in completely analogous physical processes: friction and heat 
conduction.

Fig. 1.1  Flow boundary 
layer on the longitudinally 
flowed flat plate

9 G. Hagen, 1797–1884.
10 J.L. Poiseuille, 1799–1869.
11 O. Reynolds, 1842–1912.
12 L. Prandtl, 1875–1953.
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Fig. 1.2  Flow and temperature boundary layer on the flat plate
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Properties of Fluids

Abstract
The molecular composition and the resulting microstructure is of central impor-
tance for the macroscopic properties of the fluid media. The molecular structure 
is used to explain the physical states of gas, liquid and solid bodies. The resis-
tance to changes in shape due to elasticity and viscosity is shown using the ex-
amples of solid elastic bodies and fluids and explained by the rheological sub-
stitute models.

Properties of Newtonian and non-Newtonian fluids are defined by the rela-
tionship between shear stress and strain rate. The behavior of dynamic and ki-
nematic viscosity is shown as a function of temperature for fluids and gases. 
With the gas-kinetic explanation of internal friction the kinematic viscosity is 
attributed to molecular properties.

The equation of state of ideal gases is derived from the combination of 
Boyle-Mariotte’s and Gay-Lussac’s law. The physical causes of surface and in-
terfacial tension and capillarity are considered in detail and explained in appli-
cation examples.

2.1	 �Molecular Composition: Microstructure

For the understanding of the flow processes in fluids to be discussed later, it is im-
portant to compile the basic facts of their molecular composition. We are talking 
about the microstructure.

2
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Matter is made up of elementary components (molecules or atoms) whose di-
ameter is of the following order of magnitude: d ≈ 10−10m. Now there are two facts 
that have a significant influence on the structure of these elements.

	1.	 If the individual particles are relatively far away from each other, that is, if the 
density is sufficiently low, they are uninfluenced by each other and perform an 
irregular statistical movement due to their thermal energy (Brownian movement 
for gases1). For air under normal conditions, that is, atmospheric pressure and 
20 °C, the following applies to this movement: Mean free path length ℓ ≈ 10−7m, 
mean molecular velocity c ≈ 500m s/ .

Addition:
Thermodynamics provides the dependence of the molecular velocity on the 

temperature. The internal energy of the molecule for each degree of freedom 
=(1/2)kT with k= Boltzmann constant.2 With f = 3 as the number of degrees of 
freedom the energy theorem for the molecule of mass m:

	
Internal energy Mean kinetic energy of translat= = =

3

2

1

2
2kT mc iion. 	

So c
k

m
T2 3

= , or in terms of size c c T2 ≈ ~ .

This is a characteristic dependence on temperature, which occurs repeatedly 
later at many typical speeds (speed of sound, maximum speed).

	2.	 If the particles are relative close together, that is, if the density is high enough, 
they influence each other. Intermolecular so-called van der Waals forces3 act. 
Their extension reaches over a distance of about 10d ≈ 10−9m. These attractive 
forces, which are electromagnetic forces by nature, can fix the particles mutu-
ally, for example, in a regular crystal lattice. Figure 2.1 gives a qualitative rep-
resentation of the force exerted by a particle at zero point, on another at a dis-
tance r.

If the particles approach each other very closely, repulsion occurs instead of 
attraction. The inner structure of the particles plays a major role in this. However, 
this is not important for our considerations.

1 R.Brown, 1773–1858 Botanist.
2 L.Boltzmann, 1844–1906.
3 J.D. van der Waals, 1837–1923.
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The interplay of the two facts 1. and 2. leads to the three states of matter. The 
following scheme explains this in a rough but satisfactory way. The density in-
creases from left to right.

Gas Liquid Solid body
1. 
Predominates 
2.

1. and 2. equal 2. Is predominant than 1.

Random 
motion

Random motion that is not 
unaffected by its neighbors 
takes place

Intermolecular forces bind particles to 
fixed points, e.g., in the crystal lattice

2.2	 �Resistance to Deformation (Elasticity, Viscosity)

There is a fundamental difference between solid, elastic bodies on the one hand, 
and fluids on the other. We explain this in the case of the claim to shear stress 
(thrust).

	1.	 A solid, elastic body is stressed by a shearing force F. This case is sketched in 
Fig. 2.2. The angle γ is a measure for the deformation and A the area where the 

Fig. 2.1  Intermolecular 
force exerted by a particle at 
zero point on another

Fig. 2.2  Shear stress of a 
solid, elastic body and 
rheological model

2.2  Resistance to Deformation (Elasticity, Viscosity)
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force F acts. For small deformation, Hooke’s law4 applies, according to which, 
the shear stress is proportional to the deformation:

	

| |F
A

G G� � � �� � , coefficient of sliding friction or sheer moduluus. 	 (2.1)

Figure 2.2 also shows the corresponding rheological model. It is the elastic 
spring, which is stressed by the force F. Such models are very useful for under-
standing these processes and we will encounter them often.

	2.	 With fluids, the medium must be guided. Figure 2.3 explains the particularly 
simple case of shear or Couette flow5 between two flat plates. The upper plate is 
moved with the constant velocity U, the lower one rests. We follow the flow 
process both in the position plane (x, y) as well as in the velocity plane (u, y). 
The experiment provides a linear velocity distribution

	
u U

y

h
= 	 (2.2)

in the plate gap. The adhesion condition for y = 0 and y = h is apparently fulfilled. 
The connection between position and velocity plane leads to the equations

	
U

s t

t
s t h t�

� � � � � � �d

d
d d, ,� 	

4 R. Hooke, 1635–1703.
5 M. Couette, 1858–1943.

Fig. 2.3  Couette flow. Position and velocity plane and rheological model for the Newtonian 
medium
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That is,

	
U h t� � �� . 	 (2.3)

Let’s define a Newtonian fluid through

	
� ��

d

d

u

y
,
	

(2.4)

thus yield (2.2) and (2.3):

	
� � � ��� � � � �d

d

u

y

U

h
t .

	
(2.5)

For Newtonian fluids the shear stress is thus proportional to the deformation 
velocity. This is a fundamental difference to the elastic body. The rheological 
model here is a damping cylinder (Fig. 2.3).

The proportionality factor η in (2.4) and (2.5) means dynamic viscosity.

	
�

�
� � �


Kinematic viscosity, .Density of medium
	

(2.6)

In the applications, the more general case is often found that

	
� �� � �f  	 (2.7)

f is called the flow function. Figure 2.4 contains some characteristic cases. Is f a 
linear function, we are dealing with Newtonian fluids (oil, water, air, etc.). The 
slope of the straight line is a direct measure of the dynamic viscosity. Nonlinear 
flow functions are used to describe non-Newtonian fluids. Examples are suspen-
sions, polymers, oil paints etc. An interesting special case is the Bingham medium.6 
It behaves for τ < τf like a solid, elastic body, but for τ > τf like a Newtonian fluid.

τf is called the yield stress. This is a model for the viscosity behavior of pulps 
and pastes. The rheological model (Fig. 2.5) contains a damping cylinder and par-
allel to it a block on a rough surface; upstream is an elastic spring whose deflection 
is limited. The block has static and sliding friction. The latter is neglected in the 
model under consideration. An interesting combination results when an elastic 

6 E.C. Bingham, 1878–1945.
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body shows viscous behavior. In this case one speaks of a viscoelastic medium. 
Under short-term load, this medium behaves like an elastic body, whereas under 
longer loads it behaves like a Newtonian fluid. The “jumping putty” is an example. 
It is a kneadable, rubber-like medium. A ball is elastically reflected at the solid 
wall. It melts under its own weight when lying down for a long time. The rheo-
logical model is an elastic spring and a damping cylinder connected in series 
(Fig. 2.6).

Dimensions and units of measurement are required for the quantitative indica-
tion of the introduced physical quantities. We primarily use the international sys-
tem (SI), but comparatively we also give the data in the old technical system.

The dynamic viscosity η is measured in

	

Ns

m
Pa s

2
= . 	

The kinematic viscosity ν = η/ϱ is measured in m2/s.
The following table contains typical numerical values under normal conditions:

Fig. 2.5  Rheological model 
of the Bingham medium

Fig. 2.4  Various flow 
functions. Newtonian, 
non-Newtonian fluids, 
Bingham medium
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η ⋅ 106 ν ⋅ 106

Nm−2s = Pa s m2s−1

Air 18.2 15.11
Water 1002.0 1.004
Silicone oil Bayer M 100 130,950.0 135.0

This immediately shows that η is characteristic for the force transmitted by the 
viscosity and not ν = η/ϱ. (2.4) provides the statement for η

	

�
�

�
d
d
u

y

,

	

that is, η is a measure of the force per unit area (=τ), which is required to reach the 
velocity gradient (=du/dy). The kinematic viscosity is obtained by dividing by the 
density, whereby the order of magnitude can be changed considerably.

Viscosity is temperature-dependent for fluids; With increasing temperature it 
decreases in liquids and increases in gases (Fig. 2.7). This fact becomes under-
standable from the microstructure shown above. Viscosity is a macroscopic effect 
caused by the molecular, that is, microscopic impulse exchange of the individual 
fluid particles. This view leads in the next section to the gas-kinetic explanation of 
internal friction. In gases, the molecular velocity increases with increasing tem-
perature and thus the momentum transmitted during the impact, which leads to an 
increase in viscosity in this model. In liquids the intermolecular forces play a deci-
sive role. Here, increasing temperature loosens the mutual bond, the particles be-
come more easily displaceable and the viscosity decreases.

Fig. 2.6  Rheological model 
for the viscoelastic medium
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An interesting special case is the sulfur melt (Fig. 2.8). In a certain temperature 
range, this substance behaves like a liquid, when the temperature increases it be-
haves like a gas and when the temperature increases further it behaves like a liquid 
again. This is obviously connected with the transformation of the crystalline struc-
ture of this substance. Interesting is the analogy between internal friction and 
heat conduction. These are molecular transport processes that proceed in a similar 
way.

We can put a very simple heat conduction problem aside for the Couette flow 
discussed above (Fig. 2.9). The heat flow Q , as the amount of heat transferred per 
time, can be represented using the Fourier approach as follows:

	

Q A
T

y
� ��

d

d
.
	

(2.8)

Fig. 2.8  Dynamic viscosity 
of the sulfur melt

Fig. 2.7  Viscosity as a 
function of temperature for 
liquids and gases
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λ is the thermal conductivity and A the transmitting surface. For the specific heat 
flow q  therefore applies

	





Q

A
q

T

y
� � ��

d

d
.
	

(2.9)

Thus the analogy between internal friction and heat conduction is

	
� � �� � � �

d

d

d

d

u

y
q

T

y
 .

	
(2.10)

λ and η are molecular exchange variables for heat and momentum. For later it is 
important that a characteristic number can be derived from both quantities. It is 
named after Prandtl:

	 Prandtl number � �Pr .
�
�
cp 	 (2.11)

cp is the specific heat at constant pressure.

2.3	 �Gas Kinetic Explanation of Internal Friction

Two statements are at issue here. On the one hand we want to derive Newton’s 
shear stress approach (2.4) for gases and on the other hand we want to trace η or ν 
back to known microscopic values. For the derivation we use gas-kinetic consider-
ations, where macroscopic and microscopic considerations are considered simulta-

Fig. 2.9  Analogy of internal friction and heat conduction
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neously. We investigate the flow along a plane wall (Fig. 2.10). u(y) is the averaged 
speed profile as we register it macroscopically, for example, with the naked eye. 
Microscopically, on the other hand, the gas particles execute a random motion. The 
resulting impulse exchange of the different layers leads to an interlocking, that is, 
to internal friction. Figure 2.10 illustrates how the shear occurs in the layer y. ℓ 
denotes the mean free path length. Particles, which originate from the level (y + ℓ) 
accelerate the particles present at y. Particles coming from below (y − ℓ) decelerate 
them accordingly. This causes a shear or shear stress in the level y. This force effect 
is now calculated.

The mass of the impacting particle is m, then the average momentum of a par-
ticle coming from above is ∣io  ∣   = mu(y + ℓ); the same applies to a particle that 
comes from below, ∣iu ∣  = mu(y − ℓ).

To determine the total transmitted momentum, we have to count how many 
particles pass through the unit area per unit time, n being the number of particles 
per cm3. Due to the equal distribution, n ∕ 3 particles move in 1 cm3 in x- or y- or 
z-direction, that is, half of them, so n ∕ 6 particles, in (+x)- or (−x)-, ... -direction. 
So kick n c/ 6� �  particles per second by the unit area (Fig. 2.11). The decisive 
factor here is the average microscopic molecular speed c  of the particles. 
Figure 2.11 shows that only those molecules that are located in a cuboid with the 
height c ⋅1s  can pass through the unit area in the unit of time.

Thus for the impulse transmitted to the layer y per unit of time and area = force 
per area = shear stress.

	

� � �� � � �� �

� � � � ��� � � � ��
�

�
�

�

�

n
cmu y

n
cmu y

nm
c u y

u

y
u y

u

y

6 6

6

 

 

d

d

d

d ��.
	 (2.12)

Fig. 2.10  For the gas-kinetic 
explanation of internal 
friction. Flow along the plane 
wall
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During development, we only take into account the ℓ linear terms, then

	
� � �

nmc u

y

c u

y

 

3 3

d

d

d

d


,
	

(2.13)

	

�
�


� �

c

3
.
	

(2.14)

Thus, the Newtonian shear stress approach for gases is derived and at the same 
time ν accesses the previously introduced microscopic determinants c  and ℓ back 
to the original location. Because of c T~  further follows that for gases the vis-
cosity ν increases with temperature. From the specifications for air: c ≈ 500m s/ , 
ℓ ≈ 10−7m follows with (2.14) ν ≈ 15 ⋅ 10−6m2/s which is consistent with the one in 
the table in Sect. 2.2 and is in good agreement.

With a dimensional view, you can also go to the presentation of the kinematic 
viscosity ν. It is assumed that ν can depend solely on the kinematic microscopic 
determinants ℓ and c

	
� � � �f c, . 	

A power approach

	 � � Ac m n


	

Fig. 2.11  Determination of 
the number of impacting 
particles
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with A = const delivers immediately

	 � � Ac, 	

that is, apart from the numerical factor A, again (2.14). This reduction of the kine-
matic viscosity to the microscopic quantities: Average molecular velocity and 
mean free path length, is a very plausible result, which clearly shows the mecha-
nism of the internal friction. We will come back to similar considerations later on 
(e.g., the concept of Prandtl‘s mixing length) repeatedly.

2.4	 �Volume Change and Equation of State for Gases

We recall two elementary basic laws for so-called ideal gases.

	1.	 The Boyle-Mariotte law7 for isothermal processess states:

	 pV p V t t= = =0 0 const const in C, , . 	 (2.15)

	2.	 The Gay-Lussac law8 for isobaric processes is:

	
V V t p� �� � � � �0 1

1

273
� �, , .const

C 	 (2.16)

t herein refers to the Celsius temperature. In Fig. 2.12 are different processes (iso-
choric – ϱ = const, isobaric – p = const, isothermal – t = const, isentropic – s = const) 
in the (p, V)-plane are entered.

Any change of state p1, V1, t1 = 0 → p, V, t can always consist of the two elemen-
tary processes considered above (Fig. 2.13). An isothermal process leads from p1, 
V1, t1 = 0 to p, V2, t2 = 0:

	 p V pV1 1 2= . 	 (2.17)

A subsequent isobaric process leads p, V2, t2 = 0 in p, V, T over with

7 R. Boyle, 1627–1691; E. Mariotte, 1620–1684.
8 J.L. Gay Lussac, 1778–1850.
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V V t� �� �2 1 � . 	 (2.18)

If we use (2.17) here, then

	
pV pV t p V t p V t p VT� �� � � �� � � �

�

�
�

�

�
� �2 1 1 1 1 1 11 1

1
� � �

�
� ,

	

thus in specific sizes

	
p

p R

m
T R Ti� � � �


.
	

(2.19)

Fig. 2.12  Thermodynamic 
state changes in the 
(p, V)-plane

Fig. 2.13  Composition of an 
isothermal and an isobaric 
process
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This is the ideal gas equation. In this, mean:9

	
R � � � � � �general molar Gas constant

m g

s molK

J

molK
 8 314 10 8 3143

2

2
. . ,,

,R

m

i � �

�

specific or special Gas constant in
m

s K

J

kgK

Molar 

 
2

2

mmass in
g

mol
.

	

The relationship applies

	

R

m
c c Rp i� � �� . 	 (2.20)

The most important representatives are

Gas O2 N2 H2 Air

m in g ∕ mol 32 28.016 2.016 29

For real gases, we are dealing with more general equations of state in contrast 
to the above considerations. One example is the so-called van-der-Waals-equation.

2.5	 �Surface or Interfacial Tension and Capillarity

So far we have only considered a homogeneous medium. Now we are dealing with 
the immediate surroundings of the interface between two media of different den-
sity. Such surfaces play an important role in fluid mechanics. If two immiscible 
liquids of different densities touch each other, we speak of an internal interface. A 
free surface is present when a liquid and a gas are adjacent to each other. Inside of 
the liquid, the intermolecular attractive forces on a particle cancel each other out on 
average (Fig. 2.14). A spherically symmetrical force field is present here. At the 
surface a resultant occurs which is directed inwards, as the gas particles above the 
surface do not exert any intermolecular forces. The thickness of this surface layer 
is comparable to the range of action of the intermolecular forces (≈10d ≈ 10−9m). 
This resultant of the intermolecular forces is in balance with the other forces (grav-
ity, pressure force). In anticipation of later developments, this means that a modi-

9 J.P.Joule, 1818–1889.
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fied hydrostatic pressure distribution occurs near the surface. Work must be done 
against this resultant if a particle is to be moved from the interior of the liquid to 
the surface, that is, the molecules on the surface have a higher energy than particles 
inside. So there is energy in every liquid surface. To keep this additional energy 
low, nature uses as few particles as possible to form the surface. This leads to the 
formation of so-called minimal surfaces. The following example illustrates this 
clearly (Fig. 2.15). A rectangular wire frame is filled with a soap skin. A closed 
thread of yarn is placed on top. If the soap skin is pierced in the loop, the loop will 
spring open to form a circle. As is well known, the circle has the largest area for a 
given circumference. The remaining area is therefore the minimum area under the 
given boundary conditions.

The effort to make the surface as small as possible leads to stress state in the 
surface. The surface tension σ is defined as the force per unit length of the bound-
ary that keeps the surface in balance (Fig. 2.16). The surface tension σ depends 
essentially on the two media that are adjacent to each other on the surface. 
Moreover, it decreases with increasing temperature. The explanation is similar to 
that for viscosity. The intermolecular bonds decrease with increasing temperature. 
The resultant in Fig. 2.14 decreases, and thus the surface energy decreases.

Media σ in Nm−1

Water/air 0.071
Oil/air 0.025–0.030

Fig. 2.14  Intermolecular 
forces inside and on the 
surface of a liquid

Fig. 2.15  The formation of 
minimal surfaces
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Media σ in Nm−1

Mercury/air 0.46

(at 20 °C)

The measurement of σ can be carried out with a wire bow, on which a bar is 
attached in a sliding manner (Fig. 2.17). Since two surfaces are formed, the follow-
ing applies

	 | |F � 2� 	

Instead of the

	
Surface tension 

Attacking force on the edge

Length of th
� �

| |F

ee edge 	
(2.21)

is often referred to as the

	
Specificsurface energy

Increase in energy

Increase in su
� �

�E
rrface area�A 	

(2.22)

is used. It is
	 � �� . 	 (2.23)

Fig. 2.16  Definition of the 
surface tension

Fig. 2.17  Measurement of σ 
with a wire hanger
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In order to prove this statement, we move the bridge in Fig. 2.18 by Δ s. The 
surface increase achieved is Δ A = 2 Δ s ℓ. With (2.22), the following therefore ap-
plies to the energy required

	 � �E s� 2� . 	 (2.24)

On the other hand, if we move the bridge with the attacking force ∣F ∣  = 2σℓ 
about Δ s, it perform the work

	 � �W s� 2� . 	 (2.25)

Since both energies (2.24) and (2.25) are equally large (energy balance!), it fol-
lows

	 � � � �W s s E� � �2 2� �  , 	

that is, it applies (2.23).
With this relationship it is easy to estimate the energy contained in liquid sur-

faces. This is especially important if surfaces are constantly being formed anew, 
which is the case with atomization, for example. This last observation leads us 
away from flat surfaces treated so far to curved surfaces, which are of great inter-
est in the applications. Examples are a water drop, a liquid bubble or a gas drop 
(Fig. 2.19). In all three cases the surface tension strives to compress the drop or 
bubble. This leads to an increase in pressure inside. If gravity is neglected, this 
leads to an equilibrium between the pressure force and the force resulting from the 
surface tension.

Fig. 2.18  On the equality of 
surface tension and specific 
surface energy
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Particularly simple is the associated equilibrium consideration for the spheri-
cal liquid drops (Fig. 2.20). If we cut the drop at the equator, we get a resulting 
surface tension force

	 | |F � 2� �r . 	 (2.26)

The resulting pressure force points in the vertical direction and has the same 
size as if the equatorial plane would be impinged with Δ p (Fig. 2.21):

Fig. 2.19  Three different 
types of drops

Fig. 2.20  Equilibrium 
consideration for the 
spherical liquid drop
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| |FD i a� � �� �� p r p p r� �2 2. 	 (2.27)

From the balance of the two forces follows

	
� p p p

r
� � �i a

2�
. 	 (2.28)

For the bubble there is an additional factor of two on the right side of (2.28), 
because two surfaces are formed. This can result in a considerable overpressure in 
the drop or in the bubble. In the case of fog droplets, r = 10−6m = 10−3mm, we re-
ceive for example:

	
� p �

� �
� � �

�

�

2 7 1 10
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bar 	

We want the detailed derivation of the pressure force (2.27) because the result 
is of general interest. In Fig. 2.21, the interface element is specified. For reasons of 
symmetry, only the z-component of the pressure force must be considered:

Fig. 2.21  To derive the 
pressure force
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The external pressure pa results in the following proportion for the area element

	 � � �p A p ra ad d dcos sin cos .� � � � �2 	

Integration across the hemisphere delivers

	

� � �
� �
� �

�

�

�

�

� � � � �
0

2

0

2
2 2

/

sin cos .p r p ra ad d
	

Taking into account the contribution of pi on the equatorial surface =piπr2 the 
total is

	
F p p r p rzD i a, .� �� � �� �2 2� 	

This fact is generally valid, that is, at curved surfaces only the projection into 
the respective plane is important. The projection is in the direction in which the 
component of the pressure force is sought.

We now come to the equilibrium consideration with an arbitrarily curved sur-
face. We cut out a rectangular surface element. Figure 2.22 contains all the terms 
relating to geometry and forces. r1 and r2 are the radii of curvature of the intersec-
tion curves of the surface with two planes perpendicular to each other.

Fig. 2.22  Equilibrium 
consideration for an 
arbitrarily curved surface
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Notice that r1and r2 are afflicted with signs. They have opposite signs if the 
centers of curvature are on different sides of the surface. The following relation-
ships apply

	 d d d ds r s r1 1 1 2 2 2� �� �, . 	 (2.29)

The resultant of the surface tensions applied must keep the pressure force in 
equilibrium (Fig. 2.23):

	 d d d DF F F01 02� � � 0. 	 (2.30)

The following applies here for the amounts
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	 (2.31)

The equilibrium condition provides

	
�p p p

r r
� � � �

�

�
�

�

�
�i a �

1 1

1 2

.
	

(2.32)

As special cases we would like to point out:

	1.	 Bubble drop: r1 = r2 = r, �p
r

�
2�

	2.	 Spherical bubble: �p
r

�
4�

	3.	 Cylindrical surface: r1 = r, r2 → ∞, �p
r

�
�

Fig. 2.23  Balance of forces 
for the case of Fig. 2.22
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A sign discussion is of interest. We start with r1 > 0 and r2 > 0. Both centers of 
curvature are on the same side of the surface. We hold on r1 > 0 and let r2 vary from 
positive values to infinity to negative values. Then the curvature in the both direc-
tions one and two is opposite. It is the behavior of a saddle surface (Fig. 2.24). In 
such a case, it is quite possible Δp = pi − pa = 0 namely when the surface tension 
forces are in equilibrium with each other. With suitable wire hangers, such saddle 
surfaces can be easily produced from soap skin. Both sides of the surface are under 
atmospheric pressure, and thus the following applies to the radii of curvature

	

1 1
0

1 2r r
� � .

	
(2.33)

In mathematics, this defines the so-called minimal surfaces. The condition for 
this is that the average surface curvature

	
H

r r
� �

�

�
�

�

�
� �

1

2

1 1
0

1 2 	

is what agrees with our condition (2.33).
Finally some elementary consequences. If two bubbles are in contact with each 

other, the convex side is in the larger bubble, because the smaller one has the higher 
pressure (Fig. 2.25). If the two bubbles are connected by a pipe, the small one in-

Fig. 2.24  Balance on a 
saddle surface
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flates the large one. In the final state both surfaces have the same curvature. In 
Fig. 2.26 the corresponding experiment is sketched. In the initial state there are two 
bubbles of different sizes. The smaller one on the right contains smoke. When the 
connection between the two is made, the smoke flows to the left. The right bubble 
decreases in size. In the final state, a piece of surface remains on the right, which 
has the same curvature as the bubble on the left.

We come to the discussion of the capillarity. The term derives from the raising 
or lowering of the liquid level in a capillary. Now it is a matter of three media, for 
example, gas-liquid-solid body. Besides the intermolecular forces of the liquid, the 
attractive forces of the wall (=adhesion) also play a role. The weight of the particle 
itself (gravity) can be disregarded in this context.

Two extreme cases are of importance.

Fig. 2.25  Two bubbles in 
contact

Fig. 2.26  Pressure 
equalization between two 
bubbles of different sizes
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	1.	 Adhesion is much stronger than attraction by neighboring liquid particles. At this 
case the wall is wetted. The liquid is attracted to the wall and rises to the top 
(Fig. 2.27). The resultant of adhesion and intermolecular forces is perpendicular 
to the surface of the liquid (neglecting gravity!). This must be so, because other-
wise there would be a component in the direction of the surface, which would 
lead to a displacement of the particles at the surface and thus to a movement. The 
sketched case corresponds, for example, to combination: glass, water and air.

	2.	 If the attraction of the liquid partners is much greater than the adhesion, the non-
wetting case is present. The liquid sinks down the wall (Fig. 2.28). This corre-
sponds, for example, to the combination: glass, mercury, and air.

Fig. 2.27  Wetting of the 
wall (e.g., glass, water, air)

Fig. 2.28  Non-wetting case 
(e.g., glass, mercury, air)
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Of importance is the calculation of the capillary rise (or fall). We want to use 
different methods here, all of which play a role in the applications.

	1.	 We use the cutting principle of the mechanics and cut the liquid column raised 
in the capillary free (Fig. 2.29). There must then be a balance between the sur-
face tension force F1 and the weight force of the lifted liquid column F2. In 
equilibrium with the designations of Fig. 2.29

	 F r F r h g1 2
22� � �� � � �cos , 	

that is,

	
h

r g dg
� �
2 4� � � �cos cos

.
  	

(2.34)

Adhesion enters through the contact angle α. When fully wetted, α = 0, and the 
following applies

	
h

dg
�
4�

,
	

(2.35)

which provides an easy way to measure the surface tension σ.

	2.	 We consider the special case of complete wetting and explain another possibil-
ity (Fig. 2.30). A pressure smaller than atmospheric pressure is created in the 
liquid under the free surface

Fig. 2.29  Balance in 
capillary uplift
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�p p p

r d
� � � �i 2

2 4� �
. 	

The associated suction force, which results from projection of the surface into 
the capillary cross section, supports the liquid column. The following applies to 
the suction force: Δpπr2 = 2πσr while the weight is πr2hϱg. If we put both ex-
pressions in the same way, we get (2.35).

	3.	 We use the consistency condition for the pressure in point 2 (Fig. 2.30). At this 
point we anticipate the representation for hydrostatic pressure. The pressure in 
2 can be calculated in two ways: As hydrostatic pressure p2 = p1 − gϱh and as 
capillary pressure p2 = p1 − 2σ/r. By equating you get (2.35) again. From the last 
display you can immediately see that the height of capillary rise is limited. For 
p2 = 0 is hmax = p1/(ϱg) or rather rmin = 2σ/p1. Strictly speaking, it would be re-
quired that the pressure of the liquid must not fall below the vapor pressure of 
the liquid at point 2. The first represents the well known capillary height of the 
hydrostatic head, the second gives, within the framework of the model used 
here, an estimate of the minimum capillary radius.

With σ = 7.1 ⋅ 10−2N/m and p1 = 105N/m2 we get dmin ≅ 3 ⋅ 10−3mm.
For the capillary heights in the cylindrical tube (2.35) follows

	 h
d

h
dH O Hgmm mm

2

28 8 13 8
= =

.
,

.
.# # 	

Fig. 2.30  Calculation of the 
pressures during capillary 
rise
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In this is d to be entered in mm.
If we consider the uplift of a liquid between two adjacent vertical plates 
(Fig. 2.31), then for the vertical component of the surface tension force

	 F b1 2� � �cos 	

and for the weight of the lifted liquid

	 F hbd g2 =  , 	

so

	
h

dg
�
2� �cos

.
 	

The capillary height is therefore half as large as with the cylindrical capillaries. 
This is immediately obvious, since the effective pressure is also only half as 
high.

Fig. 2.31  Capillary rise 
between two adjacent plates
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Hydro- and Aerostatics

Abstract
Hydro- and aerostatics deals with the state variables in the absence of motion. 
The pressure p is proved to be a scalar quantity by a force balance for Newtonian 
fluids. Fluid pressure in force fields is derived using the basic hydrostatic equa-
tion for the gravity and centrifugal force fields. A stratified medium is present in 
the atmosphere. The pressure and density distributions are derived and dis-
cussed for the troposphere and stratosphere.

Technically important applications are considered with the calculation of the 
pressure force on plane vessel walls. The hydrostatic paradox is explained. 
Hydrostatic buoyancy and the associated Archimedes’ principle are derived and 
applied to the examples. With some experience, forces on curved surfaces can 
be determined using Archimedes’ principle. Considerations of the stability of 
floating bodies round off this chapter.

3.1	 �Liquid Pressure p

In this chapter we deal with the state variables in the absence of motion. We first 
catch up with the proof that the pressure is a direction-independent quantity, 
i.e., a scalar quantity. We consider a mass element with the depth dz (Fig. 3.1) of a 
Newtonian fluid in a motionless equilibrium state. Shear stresses occur in the inter-
secting surfaces only when there is motion. In our case, only normal forces are 
present there. We label the pressure with an index: px, py, pz, depending on which 
surface it acts on. The weight enters as a volume force. These are the relations
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	 d d d dx s y s� �cos , sin .� � 	

The equilibrium of forces is

	 �
�� �F 0,

	

i.e., the sum of all acting forces is zero. In components this means

	

� � � � �� � �
�
F p y z p s z p p y z

p p
x x s x s

s x

d d d d d dsin ,

.

� 0

	
(3.1)
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�
� �

F p x z p s z x y z g

p p g y x z

y y s

y s

d d d d d d d

d d d
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,

�
1

2
1

2
0





pp p g ys y� �
1

2
 d . 	

(3.2)

If we contract the mass element to a point, then (3.1) and (3.2) merge into

	
p p ps x y= = . 	 (3.3)

We can therefore omit the indices. Thus the fluid pressure p is recognized as a 
scalar quantity.

Fig. 3.1  Equilibrium of 
forces at the stationary mass 
element
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3.2	 �Fluid Pressure in Force Fields

We still consider a medium at rest, cut out an infinitesimal cuboid (Fig. 3.2) and 
formulate the equilibrium condition. We divide the occurring forces into two 
classes: mass forces and surface forces. By definition, the first group includes all 
forces acting on the mass of the element (gravity, centrifugal force, electric and 
magnetic forces, etc.). The second group contains all forces acting on the surface 
(pressure force, friction forces, etc.). The latter forces are caused by normal and 
tangential stresses on the surface. In the special case considered here, only static 
pressure occurs.

The mass force per unit mass is

	
f �� �f f fx y z, , . 	 (3.4)

The x-component of the equilibrium condition is

	
p y z p

p

x
x y z f mxd d d d d d also� �

�
�

�
�
�

�
�
� � � 0, ,

	

	
�
�
�

� �
p

x
x y z f mxd d d d 0. 	

With the mass element dm = ϱdxdydz follows for all three components

	

1 1 1

  
�
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�
�
�

�
�
�

�
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x
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p

y
f

p

z
fx y z, ,

	
(3.5a)

Fig. 3.2  Equilibrium 
consideration for the cuboid
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or, summarized in vector form,

	

1


grad p = f .

	
(3.5b)

We discuss special cases that are important for fluid mechanics. As mass forces 
we consider gravity

	
fs , ,� �� �0 0 g 	 (3.6)

as well as the centrifugal force that occurs when rotating with constant angular 
velocity ω about the z-axis (Fig. 3.3):

	
fz x y�� �� �2 2 0, , . 	 (3.7)

Strictly speaking, this example no longer falls within the field of statics. If the 
fluid rotates with constant angular velocity like a rigid body, the above equations 
can still be used. (3.6) and (3.7) result with (3.5b) in the differential equation sys-
tem.

	

1 1 12 2

  
�
�

�
�
�

�
�
�

� �
p

x
x

p

y
y

p

z
g� �, , .

	
(3.8)

The integration leads step by step at constant density ϱ to the result

Fig. 3.3  On centrifugal force
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(3.9)

This pressure distribution can be most easily discussed in terms of the isobaric 
surfaces p = const. These are rotational paraboloids, which all diverge by transla-
tion along the axis of rotation (Fig. 3.4):

	
z z

g
x y

g
r� � �� � �0

2
2 2

2
2

2 2

� �
.
	

(3.10)

Especially this representation is valid for the liquid surface, because there the 
pressure is equal to the constant atmospheric pressure. It is also very easy to arrive 
at this result in the following way: at the liquid surface, the resultant of gravity and 
centrifugal force must be perpendicular to the surface (Fig. 3.5). This leads to the 
increase

	

d

d

z

r

r

g
�
�2

,
	

i.e., (3.10) applies:

Fig. 3.4  Isobars with 
rotation of the fluid around 
the z-axis
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r� �0

2
2

2

�
.
	

We are now concerned with the pressure distribution in liquids and gases in the 
gravitational field.

In a fluid at rest (ϱ = const) we obtain from (3.9) for the pressure difference 
p1 − p2 at the height difference h (Fig. 3.6)

	 �p p p g h� � �1 2  . 	 (3.11)

Thus, pressure increases linearly with depth in liquids. The units of pressure 
are1

1 B. Pascal, 1623–1662.

Fig. 3.6  Pressure distribu-
tion of liquids at rest in the 
gravitational field

Fig. 3.5  Equilibrium 
consideration for the liquid 
surface

3  Hydro- and Aerostatics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


41
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Older units are

•	 Technical atmosphere:

	
1 1 10 0 981

2
at

kp

cm
mWS bar= = = . 	

•	 Physical atmosphere:2

	 1 760 76 1 033 1 013 1013atm Torr cmHg at bar mbar= = = = =. . 	

The following relationships apply

	

1
1

760
133 3

1 13 6

Torr atm Pa

mmHg mmWS

= =

=

. ,

. . 	

The older definitions assume either the pressure of a 10 m high water column 
(WS) (=1  at) or a 76 cm high mercury column (=1  atm).

The pressure measurement (p1) can thus be traced back to a length measurement 
(h) (Fig. 3.7). This is the principle of the barometer. The maximum height of rise is 

2 E. Torricelli, 1608–1647.

Fig. 3.7  Principle of the 
barometer
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obtained for p2 = 0. If p1 is the atmospheric pressure and the vapor pressure is ne-
glected, hmax = 10mWS.

Of interest is the consideration of the barometer taking into account capillarity 
effects (Fig. 3.8). Hydrostatics provides

	 p p g h1 2� ��  . 	 (3.12)

The surface tension leads to a pressure difference at complete wetting.

	
p p

d2 2

4
� �� �

	 (3.13)

Subtraction results in

	
p p g h

d1 2

4
� � �

�
, 	

i.e.,

	
h

p p

g dg
�

�
�1 2 4

 
�

.
	

(3.14)

After that, it looks as if the maximum rise height could be increased by capillar-
ity effects. However, this is not the case. The only to note here is that after (3.13) 
p p2 2 0� �� . A reduction of p2 has its limit where p2 0� � . Then it follows from 

(3.13): p2min = 4σ/d and from (3.12): p1 = gϱhmax. This is in complete agreement with 
the climb height determined earlier.

Fig. 3.8  The barometer 
considering capillarity effects
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Let us now examine the pressure distribution in a stratified medium with den-
sity ϱ = ϱ(z) . There are many applications, e.g., in liquids or also in the atmo-
sphere. We will deal with gas layers in the following. The basic hydrostatic equa-
tion for pressure (3.8)

	

d

d

p

z
g� � 

	

yields with the ideal gas equation (2.19)

	

p
RTi

=
	

the equation of determination

	

d dp
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g

R

z

Ti

� � .
	

(3.15)

An integration is only possible if T = T(z) is given. This is an additional state-
ment, which follows from thermodynamic considerations (energy balance!). The 
integration becomes particularly simple for an isothermal gas layer. Equation 
(3.15) results with the initial values p(z0) = p0, ϱ(z0) = ϱ0:

	
p p
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z z
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�
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0
0exp , exp . 

	
(3.16)

In the case of a fluid of constant density, the dependence of the pressure on the 
height is linear. Here, on the other hand, it is an exponential curve (Fig. 3.9).

Fig. 3.9  Pressure distribu-
tion in an isothermal gas 
layer
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In the atmosphere, in the troposphere and in the stratosphere, the temperature 
can be well approximated by a straight line and by a constant, respectively 
(Fig. 3.10). An appropriate integration as above leads to a power function in the 
troposphere, while an exponential function in the stratosphere. Both pressure 
functions merge into each other in the tropopause in a continuous and continuously 
differentiable manner. The latter follows immediately from the basic hydrostatic 
Eq. (3.5b) with (3.6), because the density is continuous in the transition. In meteo-
rology, these relations (barometric altitude formulas) are used very frequently, for 
e.g., in ascent evaluation.

3.3	 �Pressure Force on Flat Container Walls

The subject under consideration is important for dimensioning vessels, tanks, 
dams, etc. We consider here first the plane inclined walls (Fig. 3.11). The follow-
ing applies to the pressure

	 p p g z� �1  . 	

We determine the magnitude of the force ∣F ∣ = F transmitted from the fluid to 
the surface A. The following applies to dF = pdA, i.e., in total

	

F p A p g z A p A g dA

p A g A p A g z
A A A

� � �� � � �

� � � �

� � �d d

s

1 1

1 1

 
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cos
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�
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

 ss sA p A� . 	

Fig. 3.10  Temperature and pressure in the atmosphere
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Here the ℓs centroid coordinate of A, is defined by

	 A

dA A� � s .
	

(3.17)

The force exerted by the fluid is thus equal to the pressure at the focus of the 
surface multiplied by the surface area. If the constant pressure p1 prevails outside, 
the resulting force is

	 F g z ARes s=  . 	 (3.18)

This is an obvious result. In determining the force, the lower pressures above 
the center of gravity apparently cancel out with the over pressures below the center 
of gravity. This is due to the linear distribution of pressures. It is different for the 
moments needed to determine the point of application of this force. The 
overpressures below the centre of gravity have a larger lever arm than the under 
pressures. Consequently, the point of application of the force is always below the 
center of gravity. We perform the calculation only for constant external pressure p1, 
i.e., for the resultant (3.18). The reader can treat the general case immediately. The 
moment equilibrium with respect to the x-axis is:

	 F g z A p p dA g z dA g A g J
A A A

xRes m s m d    � � �� � � � �� � �   1
2cos cos .� � 	

Jx denotes the area moment of inertia of A with respect to the x-axis. Thus, the 
contact point of the force FRes is:

	




m
s

=
J

A
x .

	
(3.19)

Fig. 3.11  Pressure force on flat, inclined walls
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We move the reference axis parallel through the center of gravity. Steiner’s 
theorem3 is

	 J J Ax � �s s
2 	

with Js as the area moment of inertia with respect to the gravity axis parallel to the 
x-axis. So from (3.19) becomes

	
 



m s
s

s

� � �
J

A
0,

	
(3.20)

which shows that the point of application of the force is below the centre of gravity. 
This deviation can be considerable. In the special case of a rectangular, flat, vertical 
wall (Fig. 3.12), the result is, for example

	
 s m= =

h
h

2

2

3
, . 	

The above considerations immediately yield the explanation of the so-called hy-
drostatic paradox (Fig. 3.13). According to (3.18), the resulting force on the bottom 
surface of the various containers depends only on A, zs and ϱ, but not on the shape 
of the container. The force exerted on the bottom surface is the same in all sketched 
cases, although the weight of the liquid contained in the vessels is different.

3 J. Steiner, 1796–1863.

Fig. 3.12  The centre of 
gravity (ℓs) and point of appli-
cation of the resulting force 
(ℓm) for the rectangular, plane, 
vertical wall

Fig. 3.13  The hydrostatic 
paradox
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3.4	 �Hydrostatic Buoyancy. Pressure Force on Curved 
Surfaces

We consider a body completely immersed in a liquid (Fig. 3.14). Due to the hydro-
static pressure distribution, the pressure at the bottom of the body is greater than at 
the top. This results in a vertically directed force, the buoyancy. The observation is 
first carried out for one body element:

	

d d d d

d dFl Fl

F p A p A p p A

g h A g V
z � � � �� �

� �
2 2 1 1 2 1cos cos

.

� �
  	

Integration delivers

	 F g Vz = Fl , 	 (3.21)

i.e., the buoyancy is equal to the weight of the displaced fluid (Archimedes’ prin-
ciple4). This statement can be used directly to determine ϱFluid or ϱBody. For the body 
weight G applies

	
G g V= Body , 	

so with (3.21)

	

G

Fz

=


Body

Fluid

.
	

4 Archimedes of Syracuse, 287–212 BC.

Fig. 3.14  The hydrostatic buoyancy
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If one of the specific weights is known, the other can be determined if G and F 
have been measured.

Archimedes’ principle also applies to partially immersed bodies (Fig. 3.15). To 
prove this, a section is made through the body along the surface of the liquid with 
constant pressure p1 along the section. The pressure integral over the non-submerged 
part of the body (I) gives the value zero, since the pressure is constant. What re-
mains is the volume of the immersed part (=V), and thus (3.21) also applies here.

Archimedes’ principle can be applied very simply to determine the forces on 
curved surfaces, since the integration over the arbitrary body shape has already 
been carried out here once and for all. We illustrate this with a simple example 
(Fig. 3.16). A cone of revolution points horizontally into a vessel filled with fluid. 
We determine the components Fx and Fz of the force acting on the cone. We cut the 
cone free and obtain the specified force distribution. We record the linear pressure 
distribution on the cone plan—once positive and once negative. Thus we have on the 

Fig. 3.16  Determination of the force on curved surfaces

Fig. 3.15  Archimedes’ 
principle for the partially 
immersed body
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one hand a completely immersed body (=Cone) to which we can apply Archimedes’ 
principle, and on the other hand a plane immersed surface. This gives us

	

F p R p g R

F g R H

x

z

� � �� �
�

s Fl

Fl

� �

�

2
1

2

21

3





 ,

. 	

Another application concerns the floating of a body in a liquid. In this case, it 
is the balance of forces between buoyancy and weight of the body. Figure 3.17 
illustrates this. SK is the body’s centre of gravity, while Sv denotes the centre of 
gravity of the displaced fluid. In general SK ≠ Sv, since the masses may be unevenly 
distributed or the body may be only partially submerged. Therefore, the question of 
the stability of this equilibrium state arises. For this purpose, we bring the body 
slightly out of the equilibrium position and consider the restoring moment of the 
buoyancy force.

In Fig. 3.18 a stable case is considered. The buoyancy provides a back-rotating 
moment. Stability obviously exists whenever the metacenter M is above the body’s 
center of gravity. M is the intersection of the line of action of the lift with the verti-
cal axis of the body. Figure 3.19 illustrates an unstable case. M lies below SK. 
These illustrative considerations are plausible and very simple. However, the quan-
titative determination, e.g., of the oscillations around the equilibrium position, re-
quires some effort.

Fig. 3.17  Balance of forces 
during swimming
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Fig. 3.18  Stable balance during swimming

Fig. 3.19  Unstable 
equilibrium during swimming
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Hydro- and Aerodynamics

Abstract
The basic concepts of steady and unsteady flows are derived according to 
Lagrange for the mass- or particle-fixed consideration and Euler for the station-
ary consideration. Streamline theory is considered with conservation laws for 
mass, momentum, and energy. The gas dynamic considerations include the 
speed of sound, the flow in the Laval nozzle and the vertical compression shock.

Frictionless, plane flows form the basis of the potential theory, which is 
explained by numerous examples.

The flows with friction are treated with the momentum theorem. Dimension-
less ratios illustrate the fundamental influence of friction in laminar-turbulent 
transition. The laminar and turbulent pipe flow leads over to the basic properties 
of turbulent flows: Prandtl’s mixing length, Reynolds apparent shear stress, and 
logarithmic wall law.

The general form of the Navier-Stokes equations, boundary layer theory, the 
energy theorem, and similarity considerations with dimensional analysis con-
clude in this chapter.

4.1	 Flow Filament Theory

4.1.1	 Basic Concepts

The following must be determined for a moving medium

4
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w � � �u v w p T, , , , , . 	 (4.1)

For this purpose—as already emphasized in the introduction—six equations are 
available. In the following, special cases of these equations for the study of motion 
are examined. The totality of the quantities (4.1) in the considered space and time 
domain describes a flow field. This field is called stationary if all quantities (4.1) 
are only functions of the spatial coordinates. On the other hand, the field is called 
unsteady if time appears as an additional variable.

There are two different ways of describing flow fields.
	1.	 Lagrangian method1 (mass- or particle-fixed observation)

Here, the individual particle is tracked as it moves through space. The respective 
position of the particle is a function of the initial position

	
r0 � � �a b c, , 	

and the time t. The particle trajectory (Fig. 4.1) is thus written in the form

	
r r r� � �0,t . 	 (4.2)

For the velocity w and the acceleration b, the following material or substantial 
derivatives result (Fig. 4.2):

	
w

r r r r r
� �

�� � � � �
�

�
�

�
�
�

�
�
� �

� �
lim lim ,

, ,
� �

�
�

�
�t t

a b ct

t t t

t t t0 0

d

d 	 (4.3)

1 J.L. Lagrange, 1736–1812.

Fig. 4.1  Motion along the 
particle path
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b
r r

�
�
�

�

�
�

�

�
� �

2

2

2

2t t
a b c, ,

.
d

d 	
(4.4)

The index a,b,c means that the derivation is carried out at a fixed initial position, 
that is, for one and the same particle. However, the measurements required for this 
are difficult to realize. One would have to let the measuring instrument fly along, 
so to speak. On the other hand, this description is well suited for quantities which 
are firmly connected with the particle in question. For example, the vorticity intro-
duced below is such a quantity. All conservation laws (mass, momentum and en-
ergy) are best formulated this way.
	2.	 Euler’s method (stationary observation)

Here we consider the change in the flow quantities at a fixed point in space as 
the individual particles pass by. This corresponds to the procedure when measuring 
with a fixed measuring device. Both representations are related in a simple way. 
For a particle property f (x, y, z, t)

the chain rule gives
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(4.5)

Here on the left side is the substantial change, while on the right side the local 
change occurs in the first place. The difference between the two is formed by the 
convective expression w grad f. It describes in a simple way the influence of the 
velocity field.

Using the example f = T, that is,

Fig. 4.2  Formation of the 
substantial derivative
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d

d

T

t

T

t
T�

�
�

�wgrad , 	

you can visualize this very easily.
Particle trajectories are curves through which the particles pass in the course of 

time. Their differential equation results from (4.2) and (4.3) to

	

d

d

r
w

t
= , 	

that is,

	

d

d
, , ,

d

d
, , ,

d

d
, , ,

x

t
u x y z t

y

t
v x y z t

z

t
w x y z t� � � � � � � � �, , . 	 (4.6)

If the velocity w is known, the particle trajectories are obtained by integration.
Streamlines are curves that fit the velocity field at any fixed time. They repre-

sent an instantaneous picture of the velocity field (Fig. 4.3). At a later time, the 
shape of the streamlines may be quite different. The differential equation in the 
(x, y)-plane is (Fig. 4.4)

	

d

d

, , ,

, , ,

y

x

v x y z t

u x y z t
�

� �
� �

.
	

t plays the role of a parameter here. In general, the differential equations can be 
summarized in the following relation:

	
d d d , , , , , , , , ,x y z u x y z t v x y z t w x y z t: : : : .� � � � � � � 	 (4.7)

Fig. 4.3  Streamlines as in-
stantaneous image of the ve-
locity field
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In stationary flows, the particle trajectories coincide with the streamlines. In 
(4.7) then no more time dependence occurs. In the case of unsteady flows, on the 
other hand, the two curve systems generally differ. We explain this problem with a 
simple example.

We consider the flow around a cylinder at rest with the incident flow u∞ 
(Fig. 4.5). The observer is located on the cylinder. The flow is stationary. The 
particle trajectories coincide with the streamlines. We now change the reference 
frame and move the observer along with the incident flow. The cylinder then moves 
from right to left with velocity −u∞. Now we are dealing with an unsteady flow. 
The cylinder pushes the medium in front of it as it moves, pushing it to the side and 
finally leaving it behind. Figure 4.6 shows the instantaneous images of the stream-
lines at two different times and a particle trajectory. Figure 4.7 shows some particle 
trajectories for different initial positions. If the particle is far away from the cylin-
der in the transverse direction, it performs an almost circular evasive motion. If the 
particle is approached to the cylinder, it performs a looping motion, the horizontal 
extent of which increases as it approaches the axis. The discussion of these particle 
motions is very interesting and provides many insights into fluid mechanics. The 
quantitative calculation of particle trajectories uses the potential theory developed 
below. It is a characteristic of the example discussed that the unsteady flow can be 
made a steady flow merely by changing the reference frame.

Fig. 4.4  On the differential 
equation of the streamlines

Fig. 4.5  Stationary flow 
around the circular cylinder
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Fig. 4.7  Different particle trajectories during cylinder motion

Fig. 4.6  Unsteady flow during movement of the cylinder. Instantaneous images of the 
streamlines and particle trajectory
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4.1.2	 Basic Equations of the Flow Filament Theory

Here we consider frictionless flows which, moreover, are supposed to be station-
ary with a few exceptions. For the following, the concept of the streamline is de-
cisive. We start from a streamline 1 → 2 (Fig. 4.8). In 1 we consider the cross-
sectional area A1. Through each edge point of A1 we draw another streamline. 
These envelop a streamtube. The flow filament represents an abstraction. Here we 
restrict ourselves to the immediate vicinity of the streamline in such a way that the 
changes of all state variables in the transverse direction are much smaller than in 
the longitudinal direction. Thus, in each cross-section of the flow filament there is 
only one value each for velocity c, pressure p, density ϱ and temperature T. These 
quantities then depend only on the arc length s and, if applicable, on the time t. This 
makes it a one-dimensional process, the treatment of which is much simpler than 
the general case. This flow filament theory is an important tool for fluid mechan-
ics. However, if one wants to treat examples from applications with it, one must 
check carefully whether the conditions for the idealization made are fulfilled. In 
particular, it must be checked whether the changes in the state variables in the 
transverse direction are really very much smaller than in the longitudinal direction.

	1.	 Continuity equation (constancy of mass flow)
The sheath of the flow filament consists of streamlines (Fig.  4.8). Nothing 

passes through it. Therefore, the mass passing through the cross-section per unit 
time is

	 m c A c A= = = 1 1 1 2 2 2 constant 	

or generally

	 m cA= = constant. 	 (4.8)

Fig. 4.8  Definition of the 
flow filament

4.1  Flow Filament Theory

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


58

	2a.	Balance of forces in the direction of the flow filament
In the following consideration on the infinitesimal flow filament element, the 

change in cross-section can be neglected. It gives higher order members in the dif-
ferentials. We apply Newton’s fundamental law (Fig. 4.9):

	 Mass Acceleration Sum of the applied forces� � . 	 (4.9)

	
Mass d d= =m dA s ,

	

Herein is

	

Acceleration
d

d

d

d

Applied forces

� �
�
�

�
�
�

�
�
�

�
�
�

�

c

t

c

t

c

s

s

t

c

t
c

c

s
,

ppressure weight

d d d d d

�

� �
�
�

� � �
�
�

�
�
�

�
�
�

�
�
�

p

s
A s g A s

p

s
g

z

s
A cos� dds. 	

(4.9) gives Euler’s equation for the flow filament
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for steady flows all quantities are only functions of s:
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An integration along the flow filament from 1 → 2 results in
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. 	 (4.12a)

Fig. 4.9  Equilib-
rium of forces in 
the direction of the 
flow filament
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If we consider the final state (2) as variable, then

	

c p
gz

p2

2
� � ��

d
constant


.
	

(4.12b)

The constant summarizes the three terms on the left in the initial state (1). It is 
the same for all points of the flow filament, but can vary from flow filament to flow 
filament. (4.12a, b) is called Bernoulli equation and provides an important relation 
between velocity and pressure.

For unsteady flows, the Bernoulli equation on the left contains the additional 
element

	 1

2

�
�
�
c

t
sd .

	
(4.13)

The integration is to be carried out there with fixed t along the streamline of 
1 → 2. This expression must often be estimated and compared with the terms ap-
pearing in (4.12a), in order to be sure that one may calculate stationary.

In Bernoulli’s equation (4.12b) each member has the dimension of one energy 
per mass. Nevertheless, this is not the energy theorem, but an integral of the equa-
tion of motion. In continuum mechanics this is essential. For the evaluation of the 
integral

	 p

p
p

1

2

∫
d

 	
(4.14)

in (4.12a) it must be known from an energy balance what change of state of 
1 → 2 takes place. We come back to this with (4.23a, 4.23b, 4.23c, 4.23d).
	2b.	 Equilibrium of forces perpendicular to the flow filament

Flow filaments can exert forces on each other. Figure 4.10 sketches the case of 
a curved flow filament. The following results in sequence
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r is the local radius of curvature of the orbit. The minus sign occurs because the 
acceleration points to the center of curvature.
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Thus follows
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(4.15)

Without gravity, we have an equilibrium between centrifugal force and pressure 
force:
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2 1
�

�
�

,
	

(4.16)

that is, in radial direction pressure increases. The force resulting from this pres-
sure increase keeps the centrifugal force in balance.
	3.	 Energy theorem for steady-state flow filament theory

We summarize the internal energy (e) and the kinetic energy (1/2 c2) per unit 
mass:

	
e c+

1

2
2. 	 (4.17)

This energy flow in the flow filament is thus

	


E e c m� ��
�
�

�
�
�

1

2
2 . 	 (4.18)

Fig. 4.10  Balance of forces perpendicular to the flow filament
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In both cross sections 1 and 2 we obtain:
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The cause for the change of the energy flow of 1 → 2 is given by the power of 
the applied forces as well as by the mechanical power and the power of the heat 
flow. If we denote the work supplied to the unit of mass by wt and the heat supplied 
by q, we get

	
 

  E E p A c p A c g z z m w m q m2 1 1 1 1 2 2 2 1 2� � � � �� � � � � �t . 	 (4.20)

With (4.19a, b) follows
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or with the enthalpy h = e + p/ϱ
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If we take the final state (2) as variable again, then

	 h c gz w q� � � � �
1

2
2

t constant. 	 (4.22a)

This equation has a remarkable relationship with Bernoulli’s equation (4.12b), 
with which, however, it agrees only in special cases. We will come back to it. The 
energy eq. (4.21a) can be represented for the special case of incompressible flow 
without heat supply as:
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The pressure loss due to friction is associated with an increase in internal energy 
e2 − e1 = Δpv/ϱ.

Here the technical work is wt > 0 at energy input (pump) and wt < 0 at energy 
output (turbine).
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We summarize the result. Along the flow filament (s) we have the following 
three nonlinear equations for the variables c, p and ϱ:

	 m cA= = constant, 	 (4.22c)
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p
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(4.22d)
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2
2c h gz w q� � � � �t constant. 	 (4.22e)

A and q are herein considered to be known. The enthalpy h is due to thermody-
namics to p and ϱ. The equilibrium of forces normal to the flow filament provides 
the pressure change ∂p/∂n, if with the above system c(s) and were determined ϱ(s).

Instead of the three basic equations (4.22c), (4.22d) and (4.22e), one can of 
course proceed to combinations of them. If, for example, one subtracts (4.22d) and 
(4.22e), one obtains
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(4.22f)

This corresponds in differential form to
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d
d dth

p
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
, 	 (4.22g)

that is, the first law of thermodynamics comes, which then takes the place of the 
law of energy. If no work or heat is added or removed and no friction occurs, then 
(4.12b) is for ϱ = constant identical to (4.22a). This is the important special case in 
which Bernoulli’s equation coincides with the energy theorem. The difference be-
tween the two equations becomes essential only when energy components occur 
that are not included in the equation of motion. Examples of this are: Supply and 
removal of work and heat, heat conduction processes, radiation components.

For simple changes of state, we can easily determine the integral occurring in 
(4.12b).

Isobar:
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Here comes the energy theorem of mass point mechanics:
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Isochor:


  

� �
�

��constant
d

, .
1

2
2 1p p p p�

�
(4.23b)

Isothermal: T = constant.
The ideal gas equation leads to
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Isentrop: the reversible adiabatic 
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4.1.3	 Flow Filament Theory in Detail

In this section we will cover in detail, among other things, a wide range of exam-
ples. This will help you understand many typical details of fluid mechanics, which 
we will return later.

4.1.3.1	 Movement on Concentric Circular Paths (Vortices)
The movement takes place in a horizontal plane. Then we can disregard gravity. 
Because of the rotational symmetry all quantities depend only on r and not on the 
polar coordinate angle φ. In radial direction is valid (4.16):

	
c

r

p

r

2 1
=

d

d
	 (4.24)

and in the circumferential direction (4.12b):
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p
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Here we consider that the total energy f (r) can in principle depend on r in the 
flow field. If we assume below f(r) ≡ constant, we restrict ourselves to isoenergetic 
flows. With this additional assumption, the Bernoulli equation also relates the 
states on different streamlines. The continuity equation does not give any statement 
here, since A = A(r) is not known. (4.24) and (4.25) are two equations for c, p and 
ϱ. Thermodynamics provides the missing condition with a prescription for the type 
of change of state.

For isoenergetic flows, (4.25) gives with (4.24)
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1 2
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that is,

	

d

d

c

r

c

r
� � 	

with the solution (r = r1, c = c1)

	
c

c r

r
= 1 1 . 	 (4.26)

This is a hyperbolic velocity distribution c ~ 1/r. This is referred to as a poten-
tial vortex. For the calculation of the pressure we restrict ourselves to isochoric 
processes. (4.24) gives
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with the solution (r = r1, p = p1)
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(4.27)

Velocity and pressure vary in opposite directions in the potential vortex. This is 
a typical statement of the Bernoulli equation (Fig. 4.11). Near zero, both quantities 
grow arbitrarily in magnitude, which is a consequence of our assumptions, in par-
ticular the absence of friction. We use (4.26) and (4.27) only for r ≥ r1. For a vis-
cous flow medium, friction plays the crucial role near r = 0. The shear stresses there 
would grow arbitrarily with a velocity distribution corresponding to the potential 
vortex. Nature helps itself, so to speak, and the medium rotates instead like a rigid 
body (angular velocity ω = constant, shear stress τ(r) ≡ 0):
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c r
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r� �� 1

1
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(4.28)

To calculate the associated pressure, we can use the equation of forces in the 
radial direction (4.24). Moreover, the relation (4.24) can be used whenever friction 
enters only through shear stresses in the tangential direction and not in the normal 
direction.
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leads to the solution (r = r1, p = p1)
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(4.29)

The pressure distribution (4.29) merges at r = r1 with continuous tangent into 
(4.27). For r < r1 speed and pressure vary in the same direction. Considerable low 

Fig. 4.11  Velocity and pressure in the vortex
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pressure can occur in the so-called vortex core. We will come back to this. A state-
ment about the size of r1 is not possible without explicit consideration of friction.

4.1.3.2	 Vortex Source or Vortex Sink Flow
For the potential vortex, the following applies to the circumferential velocity

	
c

c r

ru
u= 1 1 . 	 (4.30)

The same is true for the source or sink for the radial velocity, as we will add 
later,

	
c

c r

rr
r= 1 1 . 	 (4.31)

If we superimpose both single fields, we get

	 c c c c c
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2 1 . 	 (4.32)

Also in this case c ~ 1 ∕ r holds. The determination of the streamlines is explained 
in Fig. 4.12. It is
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The integration leads to logarithmic spirals (r = r1, φ = φ1)
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(4.33)

Fig. 4.12  Determination of the streamlines of the vortex source
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Figure 4.13 explains the various case distinctions as far as the direction of rota-
tion or the source or sink property is concerned. Such vortex flows occur very fre-
quently in nature and technology, although the magnitudes can be quite different. 
We remind of whirlwinds, high and low pressure areas of meteorology and spiral 
nebulae of astrophysics. As a simple example of application, we cite the flow in a 
cyclone. In Fig. 4.14 such a device is sketched in plan and side view. A gas flow 
loaded with particles (for example, air containing dust) enters a circular path tan-
gentially at A. A vortex-sink-flow occurs, where the gas is sucked off in the dip-
tube B, while the particles are thrown outwards by the centrifugal force and caught 
at the bottom. The radial pressure difference mentioned earlier plays a significant 
role in this process.

4.1.3.3	 Rotational Movement Taking into Account Gravity
We are thinking here, for example, of the outflow vortex in a container with a free 
surface. The outflow causes a lowering of the liquid level with simultaneous rotary 

Fig. 4.13  Case distinctions 
for vortex source and sink
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motion. In plain view, there is a good approximation of a vortex sink flow of the 
type discussed above. Figure  4.15 contains the terms that occur. We apply 
Bernoulli’s equation for ϱ = constant along the streamline of 1 → 2:

	
c p

gh
c p

gh1
2

1
1

2
2

2
22 2

� � � � �
 

. 	 (4.34)

At the free surface is p1 = p2 = p. If we let the point 1 → ∞, then c1 → 0, h1 → H. 
Let the index 2 be variable, neglecting the vertical velocity component becomes:

	 c c r K r h z2 2= = = =constant / / , . 	

Fig. 4.14  Flow in the 
cyclone
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(4.34) changes to
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(4.35)

So there is a lowering of the free surface in the funnel ~1/r2.

4.1.3.4	 Different Pressure Terms and Their Measurement
We start from the Bernoulli equation at ϱ = constant in the gravitational field:

	 p c gz� � �



2

2 constant. 	 (4.36)

We designate herein in order

	

p p
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Fig. 4.15  Vortex sink flow 
with free surface in the gravi-
tational field
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It is a coupling between pressure and velocity at each point of the velocity field. 
The constant is determined by suitable reference values on the respective stream-
line. We discuss this in the special case of the flow around problem without grav-
ity field. Along the stagnation streamline (Fig. 4.16) applies

	
p c p c p� �� � � �

 
2 2

2 2
0. 	

p0 is the pressure at the stagnation point and is referred to as the resting pressure 
or total pressure, that is,

	
p p pstat dyn ges� � . 	 (4.37)

It should be noted that if the flow is created by suction from a vessel or from the 
atmosphere, the resting pressure is given by the pressure in the vessel or the atmo-
sphere.

The measurement of the static pressure p is most simply done with a wall 
borehole (Fig. 4.17) or with a static probe (Fig. 4.18). In the latter case, holes for 
taking the pressure are distributed around the circumference. These must be a suf-
ficient distance from the probe tip and shaft to allow the disturbance caused by the 
body to decay to there. In both cases a flow boundary layer occurs. In it, the pres-
sure transverse to the flow direction is practically constant, it is imposed on the 
boundary layer from the outside! Therefore, the static pressure of the external flow 
can be measured with these methods, because this is what matters.

For these measurements, the relationship between pressure and head in the 
pressure gauge is important. Figure 4.19 shows the incoming designations. It is

	
� �� � � �p p g h p g h 1 1 2 , 	

	 p p g h g h� � � �
1 2 1  	

Fig. 4.16  Flow around a 
body. Pressure term
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Fig. 4.17  Wall drilling (static 
pressure)

Fig. 4.18  Static probe (static pressure)

Fig. 4.19  Relationship between 
pressure and head in the pressure 
gauge
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If gϱ1h′ ≪ gϱ2h, which is true in most cases

	 p p p g h g h� � � �1 2�   . 	 (4.38)

The total or resting pressure p0 can be measured by damming up the flow in 
the Pitot tube2 (hook tube). A stagnation point is created in the inlet cross-section 
(Fig. 4.20).

The dynamic pressure pdyn can be determined by combining the two methods 
discussed with Prandtl’s pitot tube (Fig. 4.21).

From the measurement of the difference

	
p p pges stat dyn� � 	

the flow velocity c is obtained as

	
c p=

2

 dyn . 	 (4.39)

2 H. Pitot, 1695–1771.

Fig. 4.20  Pitot tube (total 
pressure)

Fig. 4.21  Prandtl pitot tube 
(dynamic pressure)
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ϱ is the density of the flowing medium. With Prandtl’s pitot tube one can deter-
mine the flow velocity. It should be noted that there is a non-linear relationship 
between pdyn and c (4.39). If the flowing medium is air (ϱ = 1.226 kg/m3), the fol-
lowing applies
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If the flowing medium is water (ϱ = 103 kg/m3), then
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4.1.3.5	 Discharge from a Container
We first treat the incompressible case and trace a flow filament from the fluid sur-
face (1) to the outlet (2) (Fig. 4.22). The Bernoulli equation is

	

c p
gz

c p
gz1

2
1

1
2
2

2
22 2
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.
	

(4.42)

If the cross-section 1 is much larger than the cross-section 2, the continuity 
provides

Fig. 4.22  Outflow of an in-
compressible medium from a 
container
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and we can delete c1
2 2/  in (4.42). In this case we speak of a large reservoir. In 

(1), a continuous inflow is required to keep the level constant. For the outflow ve-
locity c2 comes

	
c p p gh2 1 2

2
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
.
	

(4.43)

We consider two special cases. If p1 = p2 is c gh2 2= . This is the Torricellian 
formula. The same velocity occurs as in free fall from the height h and at the initial 
velocity c1 = 0 because of the absence of friction (Fig. 4.22). It is further notewor-
thy that c2 is independent of the direction of outflow. Figure 4.23 explains this by 
following one flow filament.

The second special case is the outflow under the effect of an overpressure, that 
is, without the influence of gravity (Fig. 4.24). The pressure energy is converted 
into kinetic energy and thus into velocity.

	
c p p

p
2 1 2

2 2
� �� � �
 

�
. 	

We apply this relation to atmospheric motions. If we take as pressure level 
Δp = 10  mbar = 103  Pa, then with ϱ = 1.226 kg/m3

Fig. 4.23  Independence of the magnitude of the velocity from the discharge direction

Fig. 4.24  Outflow under the 
effect of overpressure
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	 c2 40 145≈ ≈
m

s

km

h
. 	

This is a considerable speed for the relatively small pressure difference. For 
larger pressure differences, we must take compressibility into account. We then 
speak of gas dynamics. The Bernoulli equation (4.12a) gives for horizontal motion 
and with c1 = 0 in the reservoir (Fig. 4.24)
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. 	 (4.44)

The determination of the outflow velocity is thus based on the calculation of the 
integral that already occurred earlier
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If we also assume entropy here, then from (4.44) with (4.23d) we get
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(4.45)

This is the formula of Saint-Venant3 and Wantzell.4 It represents the outflow 
velocity c2 as a function of the boiler or quiescent values (p1,ϱ1,T1) and the back 
pressure p2. The shape of the nozzle connected to the boiler plays a major role in 
the realization of this velocity. This enters via the continuity equation, which has 
not been considered so far. We first consider (4.45). With fixed quiescent values, 
follows for p2/p1 → 0 the maximum velocity

	
c

p R

m
T2

1

1
12

1
2
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�
�
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�

	 (4.46)

Under atmospheric conditions follows for this maximum velocity:

	 � � � �1 40 1 1 2261 1 3
. , , . ,p bar

kg

m
 	

	
cmax .≈ 755

m

s 	 (4.47)

3 A. Barré de Saint-Venant, 1797–1886.
4 P.L. Wantzell, 1814–1848.
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This is a remarkable result, which clearly shows the influence of compressibility. 
The value (4.47) can be increased in a roundabout way via the quiescent values. 
Equation (4.46) offers essentially two possibilities. If one heats up the boiler, then 

c Tmax ~ 1 . Here again the typical root dependence on temperature occurs. More 

effective, however, is the transition to lighter gases, because c mmax ~ /1 . The 
transition from air to hydrogen provides a factor of 4 for the velocity. The extreme 
case p2/p1 → 0 can be realized in two ways:

	1.	 We hold p1 fixed, for example, =1 bar, and evacuate a container, that is, p2 = 0. 
There is then an inflow into the vacuum (Fig. 4.25)

	2.	 We hold p2 fixed, for example, =1 bar, and charge a boiler, that is, p1 → ∞. Then 
an outflow occurs (Fig. 4.26)

Both cases are in use to generate high speeds.

4.1.3.6	 Gasdynamic Considerations. The Flow in the Laval 
Nozzle.5 The Normal Shock
In order to understand the flow processes that occurred in the last section, we must 
deal with the concept of the speed of sound. This is another characteristic of com-
pressible flows.

We define the speed of sound as the propagation velocity of small perturbations 
of the state variables (=sound) in a stationary compressible medium: it is a signal 
velocity, distinct different from the flow velocity. We study the wave propagation in 
a channel of constant cross section, a so-called shock wave tube. In the initial state, 
it is divided into two chambers by a membrane. On the right is the low pressure part 
and on the left the higher pressure (Fig. 4.27). If the diaphragm is removed, com-
pression runs into the low pressure part and dilution into the high pressure part. If 

5 C.G.P. de Laval, 1845–1913.

Fig. 4.25  Flow into the vac-
uum

Fig. 4.26  Discharge from a 
boiler under high pressure
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the disturbances are small, the signals run at the speed of sound (=a). We consider 
the environment of the wave front traveling to the right (Fig. 4.28). This is an un-
steady process which can be made stationary by the superposition of -a. We apply 
to this the basic equations of the flow filament theory and linearize.

Continuity with a constant cross-section:

	
� � �� � � �� � � � � � ��     a d a c a ad dcd , 	
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Bernoulli’s equation:
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Fig. 4.27  Schematic of a shock wave tube

Fig. 4.28  Right-hand compression wave
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We combine statements (4.48) and (4.49) together:
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(4.50)

The last statement results from the fact that the small disturbances propagate 
without loss, that is, entropically. The speed of sound is therefore bound to the 
pressure and density changes in the medium. If a certain pressure disturbance Δp is 
accompanied by a small change in density Δϱ, the medium is practically incom-
pressible and the speed of sound (4.50) is high. If, on the other hand, the change in 
density is considerable, compressibility prevails and the speed of sound is low.

With the isentropic change of state
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and the ideal gas equation becomes from (4.50)
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Again, the typical proportionalities result a T~ , a m~ /1 , which we have 
already derived for the maximum velocity. The dependence on the molar mass m is 
serious. It applies: T = 300K

Gas O2 N2 H2 Air
m in g/mol 32 28.016 2.016 29
a in m/s 330 353 1316 347

a is thus a suitable reference velocity for all compressible flows. The ratio (flow 
velocity)/(sound velocity) is a characteristic ratio and is named in honour of Ernst 
Mach6 called

6 E. Mach, 1838–1916.
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c

a
M Mach number= =  . 	 (4.52)

This designation was introduced by Ackeret7 in 1928. One distinguishes there-
after

	

Subsonic flows with M and

Supersonic flows with M

�
�
1

1. 	

Figure 4.29 shows this in somewhat more detail. The following special cases 
occur: M2 ≪ 1 describes the incompressible flows, on the other hand, M2 ≫ 1 the 

so-called hypersonic flows and the M ���1  near-sonic or transonic flows. This dis-
tinction has proved to be expedient.

Euler’s equation gives
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(4.53)

The relative density change is proportional to the relative velocity change along 
the flow filament. The proportionality factor is M2.

For M

<1  the relative density change is <  as the relative velocity change.

For M

>1  is the relative density change >  as the relative velocity change. For 

example, for M = 10, the proportionality factor follows 100.
In incompressible flow M2 ≪ 1, the change in velocity predominates that of the 

state variables p, ϱ, T. In hypersonic M2 ≫ 1 it is the other way round. In the vicin-
ity of sound, all changes are of the same order of magnitude.

7 J. Ackeret, 1898–1981.

Fig. 4.29  Assign-
ment of the differ-
ent flows to the 
Mach number
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The continuity equation shows the influence of the change in cross-section 
(Fig. 4.30). If we differentiate it along the flow filament, we get
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If we take into account (4.53), we get
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Herein we take A(x) as given, but c(x) and M(x) as unknown. (4.54) immediately 
provides a qualitative discussion of the flow in a nozzle. Its purpose is to acceler-
ate the flow, that is, dc/dx > 0.
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If we push these three partial results together, we inevitably arrive at the flow in 
the Laval nozzle (Fig. 4.31). In a convergent inlet the subsonic flow is accelerated; 
at the narrowest cross-section is the sonic passage. In the following divergent part, 
the supersonic flow is further accelerated. The latter is a direct consequence of Eq. 
(4.53). In the supersonic flow, the decrease in density predominates the increase in 

Fig. 4.30  Options for the 
cross-section course
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velocity. Since m cA= = constant , therefore A must increase here in the direction 
of flow.

To quantify the flow, we rewrite the differential equation (4.54) to the two func-
tions M(x) and A(x). We differentiate (4.52):
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and use Eqs. (4.50), (4.51) and (4.53):
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If we take this into account in (4.54).
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. 	 (4.55)

This is an ordinary differential equation of first order for M = M(x), which can 
be solved by separation of variables. With the condition M∗ = 1, A(M∗ = 1) = A∗ 
becomes
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	 (4.56)

Here implicitly is given the Mach-number as a function of nozzle-cross-section, 
if at the narrowest point A∗ the speed of sound prevails. We want to obtain an over-
view of all possible flows in a Laval nozzle as a function of the boundary condi-

Fig. 4.31  Laval nozzle
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tions (geometry and effective backpressure). For this purpose we determine the 
direction field of (4.55), that is, we determine the slope of the solution curve in 
each point of the (x, M)-plane. Excellent directional elements are:
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x
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Singular points are located where the factor of dM/dx is zero or infinity. Only 
there can intersect integral curves. M = 0 corresponds to A → ∞, that is, the boiler. 
Here infinite directions of progression are possible. M = 1 and dA/dx = 0 lead to an 
indefinite expression in (4.55). The application of Bernoulli-L’Hospital’s8 rule 
gives

	
d
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dM
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�
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21

4,

.
�

	 (4.57)

There are two directions of progression if d2A/dx2 > 0, that is, at the narrowest 
cross section. It is there a saddle point. If, on the other hand, d2A/dx2 < 0 which 
corresponds to the maximum of the function A(x), there is no real direction of pro-
gression. There is a vortex point.

After these preparations, the field of integral curves can be drawn immediately 
(Fig. 4.32). By varying the pressure at the nozzle end, the different flows can be 
realized. If there is a small difference between the boiler pressure and the back 
pressure (A), we obtain a subsonic nozzle. (B) corresponds to the case where at the 
narrowest cross-section the speed of sound is reached but not passed. If the pres-
sure is reduced further (C), it is immediately apparent that a steady flow is no 
longer possible. A so-called (normal) compression shock occurs, in which the 
state variables change discontinuously. The velocity decreases to subsonic; pres-
sure, density and temperature increase. With further pressure reduction, the shock 
moves to the nozzle end (D). Between D and E an oblique shock occurs at the 
outlet. E is borderline case of ideal Laval-nozzle. Here exists a parallel jet at outlet. 
If the pressure is reduced further (F), an expansion occurs there (Fig. 4.33). This 
heuristic description shows the variety of possible flow processes depending on the 
boundary conditions. For the moment, we only follow steady flows. We will return 
to the calculation of the compression shocks at the end of this section.

8 G.Fr.A. de L’Hospital, 1661–1704.
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We thus have the Mach number M(x) at every point in the nozzle. The calcula-
tion of p(x), ϱ(x) and T(x) is done with the Bernoulli equation. For isentropic 
changes of state

	

c p c a c
c Tp

2 2 2 2

2 1 2 1 2
�

�
� �

�
� � �

�
� �

constant.
	

(4.58)

Fig. 4.32  Mach number 
curve in the Laval nozzle at 
different back pressures

Fig. 4.33  Influence of back pressure on the flow pattern in the Laval nozzle
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We can set the constant in two ways:
	1.	 We use the boiler or rest values9

c = 0, a0 ¸ p0 ¸ ϱ0 ¸ T0 (4.58) is thus written

	

c a a2 2
0
2

2 1 1
�

�
�

�� � 	
(4.59)

or as a so-called energy ellipse
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(4.60)

This curve (Fig. 4.34) captures all possible flow states with the changes in flow 
and sound velocity discussed earlier. From (4.59) it follows for T(x) then with the 
is entropy for and p(x):
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(4.61a)
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(4.61b)

9 In the following we denote the rest values by the index 0, as it is common in gas dynamics.

Fig. 4.34  Energy ellipse in the (c,a)-plane
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(4.61c)

Figure 4.35 explains the different variation of the state variables. The critical 
values at M = 1 are characteristic.
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	 (4.62)

The figures refer to κ = 1.40.
	2.	 We can use the critical values as reference values: c = a = a∗,p∗, ϱ∗, T∗. Besides 

M = c∕a, the critical Mach number M∗ = c/a∗ occurs. For invariant rest values 
is a∗ constant. The normalization with the critical sound velocity has thus the 
practical advantage that in the denominator of the Mach number no local, that 
is, variable, sound velocity stands any more.
We have the following range of variability:

M 0 1 ∞
M * 0 1

�
�
�
�
1

1

Fig. 4.35  T, ϱ, p as functions of the Mach number
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For the latter statement we consider the inflow into the vacuum with the maxi-
mum velocity (4.46)
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This results in the following calculation procedure: Given the known nozzle 
geometry A(x), we determine M(x). Subsequently (4.61a, 4.61b, 4.61c) gives T(x), 
ϱ(x) and p(x).

We now come to the treatment of the normal compression shock. We consider 
a one-dimensional steady flow in the flow filament of constant cross section 
(Fig.  4.36). We apply the conservation laws for mass, momentum10 and energy 
across the shock front.

	 Continuity : , c= cˆˆ 	

	 Momentum : p c p c� �� 2 2ˆ ˆ , 	
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This system has two solutions with known initial values (c, p, ϱ, T):

10 This is done in anticipation of Sect. 4.3.1.

Fig. 4.36  Normal compres-
sion shock
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The first solution is the identity, the second gives the changes of the state over 
the shock. With the speed of sound a (4.51), the Mach number M (4.52) and the 
entropy s of the mass unit, we get
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Figures 4.37 and 4.38 show the change in the state variables in the case of a 
normal shock. Since an impact ŝ s� � 0  must be (Fig. 4.38), a normal shock can 
only occur in supersonic flow M > 1. This is a compression (Fig. 4.37) with transi-
tion from supersonic to subsonic. This follows from the Prandtl relation for the 
critical Mach numbers:

	 M M� �� �ˆ .1 	

It is an elementary consequence of the derived shock equations. Characteristic 
is the behavior of the rest values. If we think of the medium as being at rest before 
and after the shock, the energy theorem over the shock is as follows

	
c T c T c c T c c Tp p p p0

2 2
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that is,

	 T T a a a a0 0 0 0� � �� �ˆ ˆ ˆ, , . 	

For pressure and density, isentropic deceleration is performed before and after 
the impact. If one uses an isothermal comparison process, then because of
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 	

Fig. 4.37  The shock quanti-
ties for a normal shock as a 
function of M (κ = 1.40)

Fig. 4.38  The entropy in the 
normal compression shock as 
a function of M (κ = 1.40)
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The decrease of the resting pressure is small in the vicinity of sound, but it is 
considerable for strong shocks at high Mach numbers (Fig. 4.39).

We hold: About the normal shock.

are increasing: p, ϱ, T, s
are decreasing: c, M, p0, ϱ0, p∗,ϱ∗

remain constant: T0, a0, T∗, a∗

To explain the introduced terms, we give some examples of gas dynamics.
	1.	 Temperature increase at the stagnation point of a missile. On the central 

streamline (Fig. 4.40), a stagnation occurs, which can lead to a significant tem-
perature increase. We can apply (4.61a) to find the temperature at the stagnation 
point (=T0). For M > 1, there is a head wave between the inflow and the body. 
(4.61a) holds across this shock, since this equation is identical to the energy 
theorem that applies to shocks:

Fig. 4.39  Decrease in resting pressure and resting density for normal shock as a function of 
M (κ = 1.40)
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(4.63)

For air, this means
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At the last temperatures one is already at the limit of the range of validity of the 
ideal gases of constant specific heats. With further increase dissociation, ionization 
etc. occur. These effects require energy and lead to the fact that the stagnation point 
temperature resulting from (4.63) is actually considerably undershoot.
	2.	 Up to what Mach number (velocity) can a flow be considered incompressible? 

We require that in such a case the relative density change should be less than 
1%. (4.61b) gives
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This Mach number, in the air at room temperature, leads to c ≤ 50 m/s.
	3.	 Determination of the amount of leakage from a boiler at supercritical condi-

tion (Fig. 4.41). The leakage forms a critical cross section A∗. We trace the mass 
flow to the boiler values (κ = 1.40):

Fig. 4.40  Flow around a 
blunt body
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with a0 = 347m/s it will be
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scm scm 	

This means that 20 ℓ of air of the boiler state flow through one square centimetre 
per second. In 10 s thus 20m3 at 100cm2, if critical pressure difference is main-
tained. These numbers illustrate large mass-through flow within the narrowest 
cross-section of Laval-nozzle. They give an idea of the capacity of a reservoir con-
nected to such a nozzle.
	4.	 Filling a boiler—principle of a supersonic wind tunnel. We connect a Laval 

nozzle to an evacuated boiler of volume V (Fig. 4.42). Let the initial state in the 
boiler be: pa, ϱa, Ta, outside, for example, that of the atmosphere p0, ϱ0, T0. If we 
remove the separating membrane, in Fig. 4.42 to be imagined for example, at 
the nozzle end, a transient starting process occurs similar to that in the shock 
wave tube. If pa/p0 is sufficiently small, a Laval nozzle flow is present. After a 
short start-up phase, the stationary flow associated with the pressure ratio pa/p0 
is then established for a few seconds. This is the measuring time of the channel. 
During this phase, models, for example, airfoils in supersonic flow, can be ex-
amined in the measuring section. The flow is made visible with suitable meth-
ods and observed through the duct windows. However, in this case the vessel is 
gradually filled up. The state values p(t), ϱ(t), T(t) can be calculated from the 
volume V and the nozzle geometry. As time progresses, that is, as p(t) increases, 
the flow states discussed earlier passed through: expansion, oblique shock, nor-
mal shock. This normal shock moves to the nozzle throat with weakening. Thus 
the critical state collapses there and we have a subsonic flow until complete 
pressure equalization is established.

Fig. 4.41  Outflow from a 
boiler in the supercritical case
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	5.	 The Pitot tube in supersonic flow (Fig. 4.43) is used to measure p̂0 . When M 
is known, p0 can be calculated by the formula for loss at rest. However, if p or 
p̂  and p̂0  are measured, M can be determined. For this purpose, the isentropic 

relation (4.61c) is used. We give the corresponding formulae, since they are 
important for the supersonic measurement technique:
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Fig. 4.42  Filling up a boiler
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4.2	 Frictionless, Plane and Spatial Flows

In the following we extend the one-dimensional flow filament theory to several 
independent variables using Euler’s method.

4.2.1	 Continuity (=Conservation of Mass)

We consider a spatially fixed control region, a cuboid with edge lengths dx, dy, dz 
(Fig. 4.44). A change in mass flux through the boundary leads to a change in mass 
inside. The mass flow through the surface in the x-direction is
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For all three axis directions a total of
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(4.64)

This equation expresses that the resulting mass flow through the surface must be 
reflected in a local temporal increase or decrease in mass inside. In other words, the 
mass can only increase in the interior by, for example, more flowing in than flowing 
out. (4.64) can be written in different forms:

Fig. 4.43  Pitot tube in super-
sonic flow
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(4.65)

From this follows the physical meaning of divergence

	
div
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d 	

as the relative yield of the flow field.

4.2.2	 Euler’s Equations of Motion

We apply Newton’s fundamental law to the spatially fixed mass element (Fig. 4.45) 
and obtain in turn

	

Mass d d d
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d

d
Applied forces Mass and 
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m dx y z
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,
w

 ssurface forces d d d d� �f m grad p x y z, 	

with f = (fx, fy, fz) as the force related to the mass. So
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(4.66)

Altogether we get the statement: Continuity and Euler’s equations provide four 
conditions for the five unknowns =(u, v, w), p and ϱ. So, again, an additional equa-
tion (energy theorem) is needed to determine all the unknowns.

Fig. 4.44  On the der-
ivation of continuity
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4.2.3	 Plane, Stationary, Incompressible Potential Flow

This is a special case important for fluid mechanics, which will occupy us in detail. 
The condition ϱ = constant replaces the missing equation. If we still eliminate grav-
ity, then:

Continuity:
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(4.67)

Euler’s equations:
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(4.68a)
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(4.68b)

These equations for u, v and p can be reduced to two relations for u and v. We 
differentiate (4.68a) by y and (4.68b) by x and subtract. If we use (4.67) for simpli-
fication, we get
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(4.69)

where the last equation takes into account that we are studying steady-state 
flows.

(4.69) shows that

Fig. 4.45  Space fixed mass 
element
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(4.70)

is along each streamline. In principle, the value of this constant can vary from 
streamline to streamline. In the case of the flow problems around bodies we are 
mainly concerned with, we have constant incident flow at infinity, that is, u → u∞, 
v → v∞. In the limit x →  − ∞, therefore, on each streamline from (4.70)
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So the constant is zero in our case. This gives the basic equations
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(4.71a)

	
Freedom of rotation : .

�
�

�
�
�

�
v

x

u

y
0

	
(4.71b)

We explain the concept of rotation with two simple examples.

	1.	 In the case of the rigid body vortex (Fig. 4.46)

	 c r u r y v r x� � � � � � �� � � � � � �, sin , cos . 	
So

Fig. 4.46  Rigid body vortex
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x
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y
2�,

	

and thus ∂v/∂x − ∂u/∂y can be taken as a measure of the local rotation of the 
particle.

	2.	 With the potential vortex (Fig. 4.47) is

	
c

k

r
u k

r
k

y

x y
v k

r
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x

x y
� � � � �

�
� �

�
,

sin
,
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,

� �
2 2 2 2

	
and thus

			 

�
�

�
�
�

�
v

x

u

y
0,

	
that is, here is a rotation-free movement. By integrating the two differential 

equations (4.71a, 4.71b) for u and v we determine the velocity field. Then the pres-
sure is determined with Bernoulli’s equation. There are two possible solutions 
here.
	1.	 We satisfy the rotational freedom (4.71b) by a potential function Φ(x, y), that is,

			 
u

x
v

y
�
�
�

�
�
�

� �
, .

�
(4.72)

Then the continuity (4.71a) gives the condition
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(4.73)

Fig. 4.47  Potential vortex
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Thus, for Φ the Laplace equation11 (= potential equation) is to be solved under 
the given boundary conditions of the flow problem.
	2.	 We satisfy continuity (4.71a) by a stream function Ψ(x, y), that is,

		
u

y x
v

x y
�
�
�

�
�
�

� �
�
�

�
�
�

� � � �
, .

�
(4.74)

The freedom of rotation (4.71b) requires

	

�
�

�
�
�

� �
2

2

2

2
0

� �
�

y x
� ,

	

that is, Laplace’s equation also applies to Ψ.
Φ and Ψ have an important physical meaning:

	1.	 For the contour lines of the Ψ-surface, that is, the curves Ψ = constant, applies

	
d d d d d�

� �
�
�
�

�
�
�

� � � �
x

x
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y v x u y 0,
	

	

d
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�
�
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��

.
	

Consequently, the curves Ψ = constant are streamlines.
	2.	 For the curves Φ = constant comes accordingly

	
d d d d d�

� �
�
�
�

�
�
�

� � �
x

x
y

y u x v y 0,
	

	

d

d constant

y

x

u

v
�
�
�

�
�
� � �

��

.
	

The curves Φ = constant, the potential lines, are orthogonal to the streamlines. 
Φ = constant and Ψ = constant form an orthogonal network (Fig. 4.48). For the 
volumetric flow, in terms of the unit of width or depth, between two streamlines, 
the following holds (Fig. 4.49)

11 P.S. Laplace, 1749–1827.

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


99
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�

�

�
� � � �� � � �d d d d d d

� �
� � �11.

	
(4.75)

That is, the difference between the Ψ−values of two streamlines in the plane 
case provides the volume flow per unit depth perpendicular to the image plane be-
tween them.

We now discuss general methods of solving the equations ΔΦ = 0 and ΔΨ = 0.
	1.	 Any differentiable complex function

		
F z F x y H x y� � � �� � � � � � �i , i, 1

	

Fig. 4.48  Orthogonal net-
work of potential-lines and 
streamlines

Fig. 4.49  Calculation of the 
volume flow between two 
streamlines
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is a solution of the potential equation ΔH = 0, because
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y
F z F z�
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	2.	 If we decompose the complex potential F(z) into real and imaginary parts, the 
following applies

	
F z F ImF x y x y� � � � � � � � � �Re .i , i ,� � 	

For the proof we differentiate here by x and y.
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and therefore

	

�
�

�
�
�

�
�

� �
�
�

� � � �
x y y x

, .
	

These are the relations (4.72) and (4.74) which apply to potential and current 
functions, respectively, thus proving the assertion. They are called Cauchy-Rie-
mann differential equations12 and play an important role in the theory of func-
tions.

The above statements 1 and 2 are of fundamental interest for fluid mechanics. 
Thus, if one decomposes a complex function into real and imaginary parts, one 
obtains the potential and flow function of a potential flow. The difficulty lies in 
determining those functions which satisfy the given boundary conditions of the 
flow problem.

Another property of differential equations ΔΦ = 0 and ΔΨ = 0 is their linearity. 
With Φ1 and Φ2 is c1Φ1 + c2Φ2 (c1, c2 = constant) also a solution, because

	
� � � � �c c c c c c1 1 2 2 1 1 2 2 1 1 2 2 0� � � � � ��� � � � � � � � � � � . 	

12 A.L. Cauchy, 1789–1857; B. Riemann, 1826–1866.
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This superposition can also be done graphically. We explain this with the ex-
ample of the superposition of parallel flow (Ψ1) and source (Ψ2). Figure 4.50 shows 
the emergence of the new field with the stream function Ψ = Ψ1 + Ψ2. Each stream-
line can be taken as a material obstacle and considered as a body with the flow 
around it. If we take the stagnation streamline, we have a model for the flow around 
a blunt half-body. We will encounter this flow again in the analytical treatment.

Bernoulli’s equation also holds here, as can be easily verified with the Euler 
equations (4.68a, b) and the freedom of rotation (4.71b):

	
p u v p c p� �� � � � �� �

 
2 2

2 2 2
0. 	

(4.76)

For the dimensionless representation we use the pressure coefficient

	

c
p p

c

p

q

c

cp �
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2

1
2

2
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.

	

(4.77)

Special values are cp�
� 0  in the inflow as well as cp0

1=  in the stagnation 
points.

4.2.4	 Examples of Elementary and Composite Potential 
Flows

We discuss the examples listed in Table. 4.1. At the beginning we will be brief, later 
we will be more detailed. We thereby gain experience about simple flow fields, 
which we will need later.

	1.	 Parallel flow

	

F z u v z u v x y u x v y u y v x

u x v y
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Streamlines constant cconstant.
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	2.	 Source-sink flow
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	3.	 Vortex flow
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completely analogous to the source-sink flow. Γ is called circulation or vorticity 
and is a measure of the intensity of the rotational motion.

	4.	 Dipole flow
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that is, circles come with center on the y-axis, all of which pass through the ori-
gin. The dipole can be realized by superposition of source and sink, whose distance 
disappears and intensity simultaneously grows beyond all limits.

	5.	 Superposition of parallel flow with source-sink flow
We treat the case discussed graphically earlier (Fig. 4.50). With horizontal par-

allel flow is
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For the streamlines comes an implicit transcendental equation. Therefore, we 
have determined their shape graphically above:
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For stagnation points thus c = 0 and u = 0 and v = 0. The latter leads to (ys = 0 
symmetry to the x-axis), the former then to xs =  − Q/2πu∞. So there is exactly one 
stagnation point, which lies to the left of the zero point for a source (Q > 0) and to 
the right of it for a sink (Q < 0):

	
c u

Qu x

x y

Q

x y

c
p

q

Q

u x y
x

Q

up

2 2
2 2

2

2 2 2

2 2

4

1

1

4

� �
�

�
�

� � �
�

�
�

�
�

�
�

� �

� �

� �

,

� ��

�
�.

	

Herewith one can discuss the course of the pressure and velocity distribution on 
the stagnation streamline. In Fig. 4.51 the case of the source is sketched. In front of 
the body the pressure increases, the flow is slowed down. At the body, it is acceler-

Fig. 4.50  Linear superposition of parallel flow and source
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ated by the displacement effect, and the pressure drops. At this point the incident 
flow velocity is exceeded. At infinity we have parallel flow. So there comes up the 
contour of a half-body obtuse in front. Its diameter results d∞ from a balance. The 
quantity V Q=  flowing out of the source per unit of time and per unit of depth 
flows right with the velocity u∞, thus V Q u d� � � � ,  that is,

	
d

Q

u�
�

� .
	

(4.78)

In Fig. 4.52 the case of the sink is sketched. Here, flow occurs around a blunt 
body tail. The pressure increases as the rear stagnation point is approached, while 
the flow is decelerated. This can lead to a detachment of the boundary layer in real 
flows, that is, flows with friction. The pressure distribution we have determined 
with the potential theory is imposed on the boundary layer. If we superimpose the 
individual cases discussed in Figs. 4.51 and 4.52 with the same source and sink 
strengths, we get a closed body. An important special case will now be discussed.

Fig. 4.51  Source in parallel 
flow
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	6.	 Superposition of parallel flow with dipole flow
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The stagnation streamline Ψ = 0 is given by y = 0 and x2 + y2 = R2 . It is the flow 
around the cylinder. On the cylinder we obtain: c = 2u∞∣sin φ∣, cp = 1 − 4sin2φ. In 
Fig. 4.53, velocity and pressure on the stagnation streamline are sketched. At the 
thickness maximum we get the velocity cmax/u∞ = 2. A considerable pressure in-
crease occurs on the back side of the body. Due to the symmetry of the pressure 
distribution in the x and y directions, no resultant force is exerted on the cylinder.

	7.	 Superposition of flow around cylinder and vortex
We go one step further by superimposing a vortex on the example discussed in 

6. The scheme in Fig. 4.54 already shows the typical properties of the flow field. 
There is an asymmetric flow with respect to the x-axis. The cylinder obviously 
remains a streamline here as well, since it is a streamline in both subfields. How-

Fig. 4.52  Sink in parallel 
flow
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ever, Ψ = 0 does not hold on it now, but Ψ = Γ/(2π) ln R. For velocity and pressure 
on the cylinder comes
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(4.79)

The stagnation points are located at

	
sin .�

�s � �
�

�
4 u R 	

Fig. 4.53  Velocity and pres-
sure distribution for flow 
around a cylinder

Fig. 4.54  Sche-
matic of the superim-
position of cylinder 
flow and vortex
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For a clockwise vortex (Γ > 0), the two stagnation points are located in the third 
and fourth quadrants. In Fig. 4.55 possible flow fields are sketched. For, Γ = 4πu∞R 
the two stagnation points coincide (x = 0, y =  − R) on the contour. If Γ > 4πu∞R, 
then this stagnation point on the y-axis moves into the flow field. The flow is in any 
case symmetrical to the y-axis. A force perpendicular to the x-axis arises here, a 
lift, the so-called magnus force13. Figure 4.56 explains the calculation of this force 
Fy:

	
d dF p R by � �� sin .� � 	

b is the width of the cylinder perpendicular to the drawing plane. The sign is 
chosen so that an overpressure Δp > 0 causes a downforce dFy < 0.

13 H.G. Magnus, 1802–1870.

Fig. 4.55  Cylinder flow with circulation

Fig. 4.56  Calculation of the 
lift force
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F u by � � � 	 (4.80)

Equation (4.80) is called the Kutta-Joukowski formula14 for lift. According to 
this formula, the lift is directly proportional to the circulation (vorticity). A com-
pletely corresponding calculation shows that the resistance disappears. This was to 
be expected due to the symmetry of the flow field. The result is valid for potential 
flows in general and is called D′Alembert’s paradox. We will come back to this.

We move to dimensionless quantities to better evaluate the above lift. The ap-
proach

	
F qAc q uy � � �a ,


2

2

	

results with the designations of (Fig. 4.57) A = 2bR and the Kutta-Joukowski 
formula for the lift coefficient

	
c

u Ra �
�

�
.
	

(4.81)

14 W. Kutta, 1867–1944; N.J. Joukowski, 1847–1921.

Fig. 4.57  Designations in 
the case of flow around a cyl-
inder

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


111

If we take the limiting case where both stagnation points coincide, Γ = 4πu∞R, 
then (4.81) becomes

	 ca = 4 12 5� �� . . 	 (4.82a)

This is an extremely high value compared with results for an airfoil. There they 
are about one power of ten lower. For example, the following applies to the little 
inclined (angle α) plane plate

	 ca � 2� �sin . 	 (4.82b)

At α = 10° ÷ 0.175 becomes ca ≈ 1.1. Because of the high lift of the rotating 
cylinder, there has been no lack of attempts to use this effect technically. With the 
Flettner rotor,15 for example, the transverse force was to be used to propel a ship. 
Two vertical fast rotating cylinders did drive the ship. Technical difficulties and the 
occurrence of considerable resistance led to the abandonment of the experiments, 
although ca-values of about 9 could be realized.

4.2.5	 Potential Flows Around Given Bodies

The examples treated so far serve mainly to gain experience in this field. In the 
present form they are not yet able to solve the boundary value problem for a given 
body. For this purpose, for example, the singularity method is used, which is to 
be presented in its basic features for slender bodies. Here, continuous distribu-
tions of singularities (sources/sinks, vortices) are attached to the chord of the pro-
file. The strength of the same is to be dimensioned in such a way that, when super-
imposed on the parallel flow, the given body contour appears as a streamline. Here 
it is so that for the symmetrical body in non-adjusted flow (thickness effect) source 
and sink distributions are used, while for adjustment and curvature vortex assign-
ments are used. In the first case the flow is symmetric about the x-axis, while in the 
second case it is asymmetric. We give the derivation only for the thickness effect 
and refer to the special literature for tilt and kurtosis. The contribution of a differ-
ential source-sink element (source point P2(ξ, η)) at the receptor point is P1(x, y)
(Fig. 4.58)

	
d , , ,

d ,
� �x y

Q
x y�

� �
�

� �� � � � �
�� � � �� �

2
2 2

ln . 	

15 A. Flettner, 1885–1961.
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If we only use the chord (= ξ ‐ Axis), the velocities are as follows
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In this dQ/dξ, is the source-sink density. If we occupy the length ℓ, then come to 
the integral representations
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(4.83a)
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(4.83b)

The source-sink density dQ/dξ is to be determined herein in such a way that the 
body contour becomes streamline. The condition of the slender body leads in the 
condition for the streamline (4.7) to the essential simplification
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(4.84)

Fig. 4.58  Source and recep-
tor point
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The boundary condition is thus satisfied on the profile chord. If we use (4.84) in 
(4.83b), then with the substitution ξ − x = ys, dξ = yds in the limit y → 0 we get
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This is a very illustrative result. Sources (dQ/dx > 0) have to be placed where 
the body expands, sinks where it contracts (Fig. 4.59). Equation (4.85), inciden-
tally, also follows immediately from the formula for the thickness of the half-body 
(4.78), if one sets d = 2 h and allows dependence on x on the left and right. This 
then takes into account the effect of the source occupancy instead of the single 
singularity allowed there. Equation (4.85), together with (4.83a, b), gives the solu-
tion to our problem. What remains is a pure integration problem:

	

u u

u

x
h

x y

�
�

�� �

�� � �
�

�
�

1

0
2 2�

�
�

�
�



d
d

d ,
	

(4.86a)
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(4.86b)

Fig. 4.59  Source- sink distri-
bution and body contour

4.2  Frictionless, Plane and Spatial Flows

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


114

Particularly important is the speed on the profile (y  →  0). It becomes from 
(4.86a)
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(4.87)

The singular integral is to be formed herein in terms of Cauchy’s principle. Here 
we exclude the singular point ξ = x symmetrically and proceed to the limit ε → 0 
(Fig. 4.60). We compute the velocity for the parabolic profile:
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(4.88)

The thickness parameter of the profile is

	
� �

2hmax .
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(4.87) leads to (Fig. 4.61)
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(4.89)

At the thickness maximum is

Fig. 4.60  To calculate Cau-
chy’s main value
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The velocity distribution shows the characteristics found earlier: in front of the 
body an accumulation, at the body first acceleration, behind the thickness maxi-
mum again deceleration up to the rear stagnation point. In the stagnation points a 
(weak) logarithmic singularity results as a consequence of our simplified boundary 
condition. This error influences the flow field only slightly.

The pressure coefficient (4.77) can be simplified for the flow around slender 
bodies:
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(4.90)

Fig. 4.61  Velocity at para-
bolic profile
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For the resistance of the symmetrical slender body we get (Fig. 4.62)
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The double integral J occurring in this representation is zero. This can be seen 
immediately by swapping the integration variables and then changing the integra-
tion order (Fig. 4.63)
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Fig. 4.62  To calculate 
the resistance of the 
slender body
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The resistance is zero. Thus, within the framework of our theory, D′Alembert’s 
paradox for potential flows is proven.

If the flow is asymmetrical to the x-axis, which is generated by an inclination 
and/or a camber, an additional vortex occupation of the chord is necessary. The 
calculation is similar to the one above, but with the difference that no unique solu-
tion results. The total circulation of the profile Γ remains freely selectable here. It 
is only determined by an additional condition that takes friction into account to 
some extent. We discuss this qualitatively for the case of the adjusted plate and 
airfoil (Fig. 4.64). At the beginning of the motion (start-up process), there is an 
antisymmetric vortex distribution (Fig. 4.64, left). The leading and trailing edges of 
the plate have flowed around. The total circulation Γ disappears and, according to 

Fig. 4.63  To swap the order 
of integration

Fig. 4.64  Flows of the adjusted plate and an airfoil
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(4.80), the lift is zero. Detachment occurs very rapidly at the trailing edge, which 
leads to the fact that it has no longer flowed around. Then the so-called Kutta-
Joukowski condition of smooth outflow is fulfilled. The total circulation is thus 
uniquely determined and different from zero, as is the lift. This is the stationary 
final state of the supporting wing (Fig. 4.64, right).

4.3	 Flow with Friction

The previous considerations serve as preparation for the treatment of flows with 
losses.

4.3.1	 Momentum Theorem with Applications

This general theorem is a balance statement. Numerous experiences from fluid 
mechanics go into its application. Here we will benefit from the insights gained at 
special flow fields.

The momentum of a mass element is

	 d d dJ w w= =m V . 	 (4.92)

For a fluid with a volume V(t), the following applies

	

J w�
� �
�

V t

V d .
	

(4.93)

The momentum (impulse) theorem reads: The temporal change of the mo-
mentum is equal to the resultant of the external forces. The external forces Fa 
are, as usual, the mass and surface forces of the fluid enclosed in the volume V:
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(4.94)

Now we need the transformation of the time derivative
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The derivation can be done similar analogous to the continuity (4.64). If we 
replace the integrand by the scalar function f(x, y, z, t), then (Fig. 4.65) holds
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(4.95)

The first integral on the right describes the local change of f inside. The second 
integral gives the resulting flow through the surface. n is the outer normal and  
is wn� � �d dA V  the volume flow through the surface element dA. If we replace f 
by ϱ, then for the conservation of mass we get
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that is, (4.65) holds. If we replace f in turn by the components of ϱw and sum-
marize everything, then (4.94) passes into
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(4.96)

The first part describes the local momentum change. This requires knowledge 
of the flow variables in the volume. The second part gives the momentum flow 
through the surface. Here, the variables occur only on the surface.

For steady flows, the volume integral is dropped. The flow data are only needed 
on the surface of the control area.

Fig. 4.65  To derive the vol-
ume integral
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	 A

A� � � � �w wn Fd a.
	

(4.97)

Let us define as impulse force FJ

	
F w wnJ

A

A� � � �� d ,
	

(4.98)

so (4.97) is written in the very simple form

	 F FJ � � �a 0. 	 (4.99)

It is true for the impulse (momentum) force (4.98) that it is locally parallel to 
w and always directed into the interior of the control region (Fig. 4.66), because

	
d dF w wnJ A� � � � . 	 (4.100)

If the flow data on the boundary are known, it is possible to draw conclusions 
about the forces acting on the boundary. When applying this theorem, it is very 
important to choose a suitable control area. A lot of experience that we have gained 
earlier goes into this. It is important to note that, apart from stationarity, no other 
conditions are required. In particular, lossy flows are included. The losses enter 
here via the boundary conditions. We now treat some examples.

4.3.1.1	 Flow Through a Manifold
The force exerted by the flowing medium on the inner wall is requested. We assume 
that velocity w and pressure p at the inlet (1) and outlet (2) are known (Fig. 4.67). 
If we disregard gravity, then (4.99) gives

	
0

1 2 1 23 4� � � � � � � �F F F F F F Fa D DJ J J, . 	

Fig. 4.66  Control area with 
designations

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


121

With the pressure force

	
F nD d� ��

A

p A
	

(4.101)

and F3,4 as the force which the inner wall of the manifold transmits to the flow-
ing medium. R = − F3, 4 is the resultant sought, which is exerted by the flow on the 
inner wall of the manifold. Momentum forces do not occur on the edges (3, 4), 
since flow does not pass through them. The force map (Fig. 4.68) gives the result 
by magnitude and direction. In the quantitative treatment, it must be noted that the 
specifications in the cross-sections (1) and (2) are usually not constant. For mo-
mentum and pressure force then the integrals (4.98) as well as (4.101) have to be 
evaluated. For the velocity at the inlet and outlet Fig. 4.69 shows one possibility. 
By these specifications the losses in the flow field are taken into account.

We deal with the same problem again with a modified control space. Let the 
manifold be free blowing and the control surface be guided along the outer wall of 
the manifold. Thus, this time we get the total force transmitted to the manifold. 
We cut through the bolts holding the flange connection at the inlet. FB is the hold-
ing force we are looking for, assumed arbitrarily at first, which keeps the manifold 
in equilibrium.

Given: w1 and p1 as well as w2 and p2  =  pa. The control space is shown in 
Fig. 4.70. If we enter all the forces, we get Fig. 4.71. FD3 4,

 is the pressure force 
exerted on the manifold shell by the external pressure pa. The momentum theorem 
is

	
F F F F F FJ J1 2 1 2 3 4

0� � � � � �D D D B,
. 	

The pressure forces can be simply summarised as follows.

Fig. 4.67  Curved flow
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The last three integrals add up to zero, since a constant pressure on a closed 
surface does not exert any resultant force. If, moreover, velocity and pressure are 
constant in the respective cross-section, Fig. 4.72 applies.

Fig. 4.69  Velocity distribution at inlet and outlet

Fig. 4.68  Force map at the manifold
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4.3.1.2	 Free-Blowing Nozzle and Diffuser
We are looking for the holding force FB which acts on the nozzle in the flange con-
nection. Given are velocity w and pressure p each constant over A1 and A2, ϱ = con-
stant, moreover p2 = pa. Figure 4.73 shows an appropriate choice of control space, 
and Fig. 4.74 shows the applied forces. The direction of FB is again assumed to be 
arbitrary; it is determined by the momentum theorem. In the x-direction

	  w A p A w A p A F1
2

1 1 1 2
2

2 1 0� � � � �a B . 	

So with the continuity w1A1 = w2A2
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(4.102)

Fig. 4.70  Control space en-
closes the manifold

Fig. 4.71  Forces at the con-
trol space
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If we also assume frictionless flow here, Bernoulli’s equation leads to
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Thus (4.102) becomes
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Fig. 4.72  Forces map at the 
manifold

Fig. 4.73  Control space dur-
ing nozzle flow

Fig. 4.74  Forces at the con-
trol space
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(4.103)

This is the total force transmitted to the nozzle. It acts in the direction of flow, 
regardless of whether it is (A2 < A1 nozzle) or (A2 > A1 diffuser).

The bolts are therefore in any case subjected to tensile stress. This result can be 
seen immediately on the basis of the pressure distribution (Fig. 4.75). It should be 
emphasised that this result is only correct under the given conditions. For com-
pressible flows, for example, Laval-nozzle shows quite other results. Here comes 
up thrust which serves for drive. The reader discusses this case.

4.3.1.3	 Carnot Shock Diffuser16

We consider a diffuser with discontinuous cross-sectional expansion (Fig. 4.76). 
Space saving issues, among others, lead to such a design. Specifically, there is a 
complicated flow process. Detachment occurs at the sharp edge followed by mix-
ing. The pressure increase of 1 → 2 can be determined without knowing all the 
details of the flow. As preconditions we use:

	(a)	w1 and w2 are constant over the respective cross section.
	(b)	p1 is constant over the whole cross section (area A2) due to detachment.
	(c)	The wall friction on the inner wall of the diffuser can be neglected.
	(d)	Stationary flow.

Assumption (a) requires that the diffuser has a length of about 8 diameters. With 
the results derived later, one can estimate that on such a length the pressure drop 
due to wall friction is very small.

Under these assumptions, the momentum (impulse) theorem for an incompress-
ible flow medium is as follows

16 S. Carnot, 1796–1832.

Fig. 4.75  Pressure distribu-
tion for nozzle and diffuser
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(4.104)

With a constant change in cross-section and frictionless flow, the ideal case for 
the so-called Bernoulli diffuser is
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(4.105)

The pressure recovery is always greater in the ideal diffuser than in the Carnot 
diffuser (Fig. 4.77). The difference between the two curves represents a measure of 
the loss:
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(4.106)

It is particularly significant in the limiting case A1/A2 → 0. Here there is a blow-
out into the half-space (A1 fixed, A2 → ∞). With Bernoulli w2 = 0 and �p w�� � / 2 1

2,  
that is, the pressure increases by exactly the dynamic pressure. In the Carnot dif-

Fig. 4.76  Flow in the Carnot 
diffuser
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fuser, on the other hand, there is no pressure increase. The total kinetic energy of 
the inflow causes a heating of the medium by mixing.

The name shock diffuser comes from the analogy to the Carnot shock between 
two inelastic masses. The loss of kinetic energy there corresponds to the pressure 
loss here.

4.3.1.4	 Borda -orifice17

We consider the outflow from a sharp-edged orifice (Fig. 4.78). Here there is a jet 
contraction of A → As, since a jumpy deflection is not possible. The flowing me-
dium creates a rounded outlet for itself, so to speak. The constant pressure p of the 
environment acts on the free jet boundary. The magnitude of the jet contraction can 
be determined using the momentum theorem. For this purpose, we consider the 
outflow from a vessel with a Borda orifice (Fig. 4.79). If we calculate only with the 
overpressure compared to the atmosphere, an equilibrium occurs in the x-direction 
between the pressure force (3.18)

	 F g hAD =  	

on the left border and the impulse (momentum) force in the beam

17 J.Ch. de Borda, 1733–1799.

Fig. 4.77  Pressure recovery 
with the ideal diffuser and 
with Carnot
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	 F w AJ = 
2

s. 	

If we set both quantities equal, the beam contraction becomes

	

A

A

gh

w
s =

2
. 	

If we use the Torricellian outflow formula w gh= 2  in this case, then

	

A

A
s =

1

2
. 	 (4.107)

The experiments give larger values: 0.5 to 0.6, depending on how far the sharp-
edged muzzle projects into the container. The value 0.6 corresponds to the limiting 
case that the mouth is flush with the container wall.

Fig. 4.78  Flow through 
Borda -orifice

Fig. 4.79  Control area at the 
outflow in Borda -orifice
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4.3.1.5	 Thrust of an Air-Breathing Engine
We apply the momentum theorem to an aircraft engine. Let the control surfaces be 
so far away from the engine that the pressure is on them p = p∞ (Fig. 4.80). The 
catch cross-section A∞ is reduced by the propulsion to the jet cross-section As with 
a simultaneous increase in velocity u∞ → us. A mass flow balance for the area 
outside the engine provides

	

 


� � � � �

� � �

�� � � � �� �
� �� �

u A A m u A A

m u A A





s

s

,

. 	

So there is an influx of mass through the control surfaces at the sides. This leads 
to an impulse force there, whose x-component has the value:

	
F A u m u A AJ x

M

x, .� � � � � � �� �� � � � � w wn d s

2

	

Thus the momentum theorem is

	
   � � � � � � �� �� � � � �� � � �u A u A A u A u A A F2 2 2 2 0s s s s s T . 	

In this FT is the holding force that occurs at the engine mount so that there is 
equilibrium. For it comes

Fig. 4.80  Control surfaces at the power engine
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	 F u A u A m u uT s s s T s� � � �� �� � � � 2 2
 	 (4.108)

with m u A u AT s s s� � � � �   as mass flow in the engine. For the thrust applies 
Fs =  − FT. It is directly proportional firstly to the mass flow mT  and secondly to 
the increase in velocity us − u∞ in the jet compared to the environment. This makes 
it clear what possibilities there are for increasing the thrust.

4.3.1.6	 Resistance of a Half-Body in the Channel
We investigate the incompressible, frictionless flow around a half-body in a chan-
nel (Fig. 4.81). Here there is a finite flow cross section, and some differences arise 
compared to earlier considerations. In particular, the d’Alembert paradox does not 
apply here. A resistance results, which we can determine with the momentum 
theorem. To determine the effect of force on a body, it is crucial to know what 
conditions prevail at the back of the body. In the case of a half-body, these are not 
defined a priori. We therefore, cut the cross-section (2), at a sufficient distance from 
the tip of the body, and assume that in this case is p = p2. Now follow for the basic 
equations

	 Continuity mit: .w A w A A A A1 1 2 2 2 1� � � 	 (4.109)

	 Momentum theorem K: . w A p A w A p A F1
2

1 1 1 2
2

2 2 1 0� � � � � 	 (4.110)

Here FK is the holding force of the body and W =  − FK the resistance:

	
W w A w A p p A� � � �� � 1

2
1 2

2
2 1 2 1. 	 (4.111)

The Bernoulli equation gives for the considered frictionless flow with continuity

Fig. 4.81  Flow around a 
half-body in the channel
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p p w w w

A

A1 2 2
2

1
2

1
2 1

2

2
22 2

1� � �� � � �
�

�
�

�

�
�

 
.
	

This leads with (4.111) to

	

W w A
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A
w A
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�

�
�

�

�
� �

�
�

�
�

�

�
�

 
2

1
2

1

1
2

1
1

2

2

1
2 1

1

2 .

	

(4.112)

In this we can determine

	

c

A

A

A

A

w �

�
�

�
�

�

�
�

1

1

2

1
	

(4.113)

as a dimensionless resistance coefficient for a body in the channel. A/A1 is the 
characteristic area ratio, which provides a measure of the obstruction. For 
A1/A2 → 1, that is, in the infinitely extended flow field, goes W → 0.

4.3.2	 Angular Momentum Theorem with Application

Analogous to the impulse theorem, there is a corresponding statement about the 
moments. This is important for many applications. Because only this results in the 
points of application of the forces determined above. These considerations are par-
ticularly interesting for fluid flow machines. The power absorbed or delivered 
when flowing through an impeller can be calculated without further ado.

The angular momentum of a mass element is

	
d d dL r w r w� �� � � �� �m V . 	 (4.114)

For a fluid of volume V(t) is therefore
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L r w� �� �
� �
�

V t

V d .
	

(4.115)

The change in time of this angular momentum is equal to the sum of all 
applied external moments (= ∑ Ma).

The latter result from the mass and surface forces discussed earlier ( =  ∑ Fa).

	

d

d

d

d
d a

L
r w M

t t
V

V t

� �� � � �
� �
�  .

	
(4.116)

Again, we use the relation (4.95) for each component and then summarize ev-
erything:

	

d

d

d

d
d d d a

L
r w

r w
r w wn M

t t
V

t
V A

V V A

� �� � �
� �� �

�
� �� �� � � �� � �


 .

	

The discussion is similar to the case of the momentum theorem. For steady-
state flows, the volume integral falls away, and we again need the flow data only 
on the surface of the control region:

	 A

A� �� �� � � � r w wn Md a.
	

(4.117)

This prerequisite is somewhat problematic this time. A fluid flow engine is pre-
dominantly connected with an unsteady flow. Only in a system rotating with the 
impeller one can speak of a steady flow. Let us define as angular momentum MJ 
analogous to (4.98):

	
M r w wnJ

A

A� � �� �� �� d ,
	

(4.118)

then (4.117) is written similarly to the impulse theorem in the very simple form

	 M MJ � � �a 0. 	 (4.119)

It holds for the angular momentum (4.118) that it is locally parallel to r × w, 
because

	
d dM r w wnJ A� � �� �� � . 	 (4.120)
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The meaning is explained with an example.

4.3.2.1	 Flow Through a Radial Impeller
A turbine runner (angular velocity ω) is flown radially from the outside to the in-
side (Fig. 4.82). The fluid enters at r1 with absolute velocity c1 = (c1r, c1u) into the 
impeller channel and leaves it at r2 < r1 with the absolute velocity c2 = (c2r, c2u). If 
we place the control region so that it coincides with a blade channel (Fig. 4.83), 
then follows

	
0

1 2
� � � � � �M M M M Ma sJ J J . 	

Fig. 4.82  Flow through 
a turbine runner

Fig. 4.83  Control area in 
the impeller channel

4.3  Flow with Friction

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


134

The pressure forces at the inlet and outlet give no momentum, as they are di-
rected radially. Ms is the angular momentum transferred from the blades (that is, 
from outside!) to the fluid. −Ms = MTu is then the usable turbine momentum to be 
removed at the shaft. With w = c1 resp. c2 becomes

	 M r c c b

M r c c b

J

J

1

2

1
2

1 1

2
2

2 2

�

� �

�

�
�

�

�

�





u r

u r

d

d

,

,

	

with b= width of the impeller. If the velocities on the corresponding radii are 
constant, the generally valid representations are simplified to.

	
M mrc M mr cJ J1 21 1 2 2� � � u u, , 	

	
M m rc r cTu u u� �� � 1 1 2 2 . 	 (4.121)

We want to take m  already as the total mass flow through the impeller. For the 
impeller power follows (r1ω = u1, r2ω = u2)

	
P M m u c u c� � �� �Tu u u�  1 1 2 2 . 	 (4.122)

The (specific) work delivered per unit mass is

	

P

m
u c u c



� �1 1 2 2u u. 	 (4.123)

This equation is known as Euler’s turbine equation. It is valid with sign rever-
sal of the right side unchanged also for a pump impeller. Then (4.123) is the spe-
cific work absorbed by the fluid. Both cases differ only in the direction of energy 
transfer between the fluid flowing through the machine and the rotating compo-
nents. One often also speaks of force machines (turbines) and working machines 
(pumps).

Finally, a special case of (4.121) should be pointed out. If there is an impeller to 
which no moment is transmitted during the flow, that is MTu = 0, then obviously 
either m = 0  or rcu = constant holds. The first case is trivial, in the second case the 
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circumferential component is that of a potential vortex. The flow is on spiral paths 
(Sect. 4.1.3).

4.3.3	 Basics of the Influence of Friction: Similarity  
Parameters

With the momentum theorem, as we have seen, frictional losses can be taken into 
account. They enter in a roundabout way via the specifications on the boundary of 
the control space. These can be taken from measurements or calculations. We want 
to determine the friction influence quantitatively in a particularly simple case. Es-
sentially, this is an extension of the flow filament theory discussed earlier; s and n 
denote the coordinates in the direction of flow and perpendicular to it (Fig. 4.84). 
Only the influence of the shear stress τ acting tangentially to the flow direction will 
be investigated here. A friction tensor occurs in the complete consideration. We 
will come back to this in Sect. 4.3.10. The individual layers are interconnected by 
internal friction. This is the cause of the shear stress τ. We cut out a mass element 
and choose an arbitrary velocity profile in the n-direction (Fig. 4.84, right). The 
arrows indicate the directions of the frictional forces transmitted externally to the 
element under consideration (Fig. 4.84, left). They depend on the chosen profile. A 
small difficulty arises here in choosing the correct sign, which is why this example 
is discussed in detail. For the case outlined in Fig. 4.84, the following occurs

Frictional force

Mass

d

d

| | d| | | | d d

d d
� �

� �� ��� �
� �

R

m

s b

ds n b

� � �

 
1 dd| |

d

�
n

, 	 (4.124)

Fig. 4.84  On the friction in-
fluence in the flow filament
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where the magnitude of the shear stress ∣τ∣ using the Newtonian approach is 
given by

	

| |�
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�
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�

�
��

�
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�

c

n

c

n
c

n

c

n

, ,

, .

0

0 	
(4.125)

If we enter (4.125) into (4.124) for the case shown in Fig. 4.84, then
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(4.126)

If one chooses a different velocity profile in Fig.  4.84, for example, with 
∂c/∂n > 0, then again (4.126) is obtained. In the special case η = constant (4.126) 
simplifies to
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d
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c

n
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�
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2

2

2

2
.

	
(4.127)

The friction force therefore, depends on the second derivative of the velocity. 
The reason for this is obviously that it is the change in shear stress perpendicular 
to the flow filament is important. In Couette flow, a particle therefore, experiences 
no resulting frictional force.

We now compile some forces acting on a mass element. These are typical rep-
resentatives of the corresponding influences. In the bottom line the individual terms 
are represented by characteristic reference quantities for time (t), length (ℓ), veloc-
ity (c), density (ϱ) and pressure (p) of the flow filament. We use the same length 
scale ℓ in both axis directions s and n .

Physical effect
Inertia
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From these five typical forces, four independent dimensionless force (= ratios) 
can be formed. These ratios characterize a flow field and describe the incoming 
physical effects. We obtain in turn:

1. ~
Pressure force

Inertial force b
Euler-or Ne

� �
� �

p

c

p

c







2 2
wwton-number Eu Ne� � .

	
(4.128)

For a compressible medium

	
Eu � � �

p

c

p

c M 2 2 2

1 1 1�
� �

,
	

which results in a connection with the Mach number. We have already repeat-
edly encountered Euler numbers. We recall, for example, the pressure coefficient 
(4.77).

	
2. ~ .

Inertial force b

Gravity
Froude-Number Fr

� �
� �

c

g

2


	

(4.129)

The Froude number18 is important wherever gravity has a significant influence 
on the flow, for example, in waters with a free surface.

	
3. ~

Inertial force a

Inertial force b
Strouhal-number S

� �
� �

� �


tc
ttr.

	
(4.130)

18 W. Froude, 1810–1879.
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This ratio characterizes unsteady flow processes, as they occur, for example, in 
all periodically operating force machines and working machines. The Strouhal 
number19 is obtained by relating the transient term of the Bernoulli eq. (4.13) to the 
steady-state terms. This is often necessary to determine whether a flow can be con-
sidered steady-state. For this purpose, it must be Str ≪ 1.

	

4. ~
Inertial force b

Frictional force c
Reynolds-N

� �
� �

c
c

2

2







� �
uumber � Re.

	

(4.131)

This important ratio (similarity parameter) measures the influence of friction.

	
Re ,�

c�
�

�1 	 (4.131a)

that is, if the inertial force (b) is much greater than the friction force, the friction 
within the flow field has little influence. Viscosity only plays a role near the wall 
due to the adhesion condition in the boundary layer (Fig. 4.85). This is the starting 
point of Prandtl’s boundary layer theory. If

	
Re ,� �

c

�
1 	 (4.131b)

the friction in the whole flow field is of importance. By Re < 1 so called creep-
ing flows (= Stokes flows20) are captured. Here the non-linear inertia terms in the 
equations of motion can often be completely neglected. The pressure forces are in 
equilibrium with the friction forces. Examples are the motions in very viscous oils. 
However, (4.131b) is also important for flows at extremely low density, because the 
Reynolds number

	
Re �

c
� 	

19 V. Strouhal, 1850–1922.
20 G.G. Stokes, 1819–1903.
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becomes small with ϱ. These considerations play a role for example, for satellite 
movements at the edge of the atmosphere, and in the laboratory for example, for 
vacuum pumps.

Difficulties can sometimes arise in choosing the appropriate reference quanti-
ties for the similarity parameters. Here, a certain experience is needed to find out 
those determinants which are crucial for the physics of the respective flow. Some-
times there are several possibilities. For example, in the Re number of boundary 
layer flow (Fig. 4.85), the boundary layer thickness δ can be used as the length 
measure. Similarly, one can also use the run length ℓ, from the tip of the body to the 
point under consideration. Both formations are useful, although they lead to differ-
ent orders of magnitude of the Re number.

The most important application of the ratios (similarity parameters) is that with 
their help it is possible to convert geometrically similar flow fields into each other. 
This is the basis of all model tests were, on the basis of measurements on a geo-
metrically similarly reduced model, for example, in a wind tunnel or water chan-
nel, statements are to be made about the large-scale design. We will come back to 
this in Sect. 4.3.16.

4.3.4	 Laminar and Turbulent Flow

We observe two fundamentally different flow states in the experiment. They were 
described qualitatively by Hagen, and quantitatively recorded for the first time by 
Reynolds. The experimental facts are explained by means of Reynolds’ coloured 
filament experiment (Fig. 4.86). A viscous medium (kinematic viscosity ν) flows 
through a tube of circular cross-section (diameter d) with velocity c. The flow rate 
can be changed using a throttle. A coloured filament is used as a flow indicator.

Fig. 4.85  Velocity profile in 
the boundary layer
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	1.	 If the Reynolds number is small, that is, Re = cd/ν < 2300, then a laminar flow 
is present. The macroscopically observable flow takes place in parallel layers 
(lamina = layer, disc). Microscopically, that is, molecularly, a random exchange 
of momentum takes place between the individual layers, which, as we stated 
earlier, is the cause of the internal friction.

	2.	 If the Reynolds number is large, i.e., Re = cd/ν > 2300, then one speaks of tur-
bulent flow. Here, in contrast to the above, a macroscopic, visible exchange 
occurs. It is an unsteady, vortex-like random motion.

Reynolds studied the transition from laminar to turbulent flow (so-called lami-
nar-turbulent transition) and found that it depends solely on the cd∕ν ratio. Based on 
observations, he suspected a stability problem. The laminar flow becomes unsta-
ble to perturbations at higher Reynolds numbers, that is, small perturbations, which 
are always present in nature and technology, cause large effects in such a case, 
which finally transform the laminar flow into the turbulent flow.

This concrete recording of the turbulent state leads to the Reynolds description 
of turbulent flows. Here, the unsteady field variable (for example, the velocity 

u(x, y, z, t)) is additively decomposed into a temporal mean value u x y z, ,� �  and a
 

fluctuation variable u′(x, y, z, t).

	
u x y z t u x y z u x y z t, , , , , , , ,� � � � � � � �� , 	 (4.132)

	 v v v w w w� � � �� �, . 	

The time average at the fixed location is defined by

	
u x y z

T
u x y z t t

T

, , , , , d� � � � ��
1

0

.
	

(4.133)

Fig. 4.86  Reynolds colour 
filament test
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T is chosen in this to be so large that a further increase does not result in an ap-
preciable change in u . (4.133) has the consequence that the time averages of the 
fluctuation variables disappear:

	 u v w� �� � � � 0. 	 (4.134)

These fluctuation velocities u v w� �� � � � 0,  which contain the characteristic 
properties of turbulent flows, can be determined with a hot-wire probe. Here the 
cooling of a heated platinum wire is used as a measure of the fluctuations. In a fixed 
point in space (x, y, z), a representation as in Fig. 4.87 is obtained.

To characterize the degree of turbulence (=Tu) in a flow field, the following 
dimensionless formation is used

	
Tu �

� ��u

u

2

. 	 (4.135)

The numerator contains the root of the mean square error as a characteristic 
measure of the fluctuation variable. It is set in relation to the mean flow velocity at 
the point under consideration.

4.3.5	 Velocity Distribution and Pressure Drop in Circular 
Pipes with Laminar and Turbulent Flow

	1.	 Laminar pipe flow (Hagen-Poiseuille flow)
We consider a horizontal pipe section. Let the flow be developed, that is, the 

velocity profile does not change in the x-direction. This assumes that we are at a 
sufficiently large distance from the inlet. We will return to an estimate of this dis-

Fig. 4.87  Hot-wire signal as 
a function of time
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tance later. For a layered flow in the pipe, the pressure is constant across the cross 
section, as in the boundary layer. Consider (4.16) in the case r → ∞. A pressure 
difference in the direction of flow maintains the motion. To determine the velocity 
profile, we apply the momentum theorem to a coaxial cylinder (Fig. 4.88). There is 
an equilibrium between the pressure forces and the friction force. A resultant mo-
mentum force does not enter here because the flow is developed. We obtain for the 
case sketched in Fig. 4.88

	 � � � �r p r p r2
1

2
2 2 0� � �| |  . 	

The following applies analogously to (4.125)
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The shear stress is thus a linear function of r. If we assume a different velocity 
distribution in Fig. 4.88, the same relationship as above is obtained, namely
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Fig. 4.88  Application of the 
momentum theorem to lami-
nar flow in a circular pipe
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Integration provides with the adhesion condition (r = R, c = 0)
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(4.137)

A parabolic velocity distribution c(r) results with the maximum velocity

	
c

p R
max �

�


2

4� 	
(4.138)

on the axis of rotation (Fig. 4.89). By integration, the volume flow
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(4.139)

Thus, the volumetric mean of the velocity cm follows

	
c cm =

1

2 max. 	 (4.140)

This results in the representation for the volume flow
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�
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Fig. 4.89  Velocity and shear 
stress for laminar flow in a 
circular pipe
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Thus the proportionalities result

	
 V p V R~ , ~ .∆ 4 	 (4.141)

These statements are called the Hagen-Poiseuille law. They show the character-
istic dependencies of the volume flow rate. V R~ 4  is particularly important for 
applications in the field of medicine. Reduction of R can lead V  to a drastic reduc-
tion.

So far, we have investigated the question of what velocity arises as a conse-
quence of the pressure difference Δp. For the applications, the reversal of the ques-
tion is of interest: How large is the pressure decrease (= pressure loss) Δp in a 
pipeline for a given volume flow? The frictional influence is expressed in this pres-
sure decrease in the direction of flow. The velocity profile remains unchanged. If 
we combine (4.138) and (4.140), we get

	
�p
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R
� �
4 8

2 2
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We split this expression by combining characteristic quantities:

	
�p c

D

c D

D
D� � �


2

642
m lam lam

m

� �
�

,
Re

, Re .
	

(4.142)

The first part on the right side provides the dimension of the pressure, the sec-
ond part characterizes the geometry, the third contains the physics of the pipe fric-
tion process. λ is called the loss coefficient. This structure of the pressure loss for-
mula is typical. We will encounter it repeatedly. (4.142) contains the other 
interesting statements:

	 ∆ ∆p p c~ , ~ . m 	 (4.143)

The pressure drop is a linear function of the pipe length. This is plausible, since 
no pipe section is distinguished when the flow is developed. Therefore, only a 
linear function is possible. Δp~cm is typical for laminar flows.

In the applications are given, for example: V , A, ℓ ϱ, ν. From V c A= m  follows 

c V Am =  /  and hence Re / /D c A� � �m .� �4  Hereby we check whether is 

ReD ≷ 2300. If the laminar case is present, the pressure drop can be calculated us-
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ing (4.142). In practice, however, we are largely dealing with turbulent flows, 
which is why we now deal with this case in detail.

	2.	 Turbulent pipe flow
Turbulent flow is much more difficult to treat than laminar flow. In technical 

applications, often not all details of the flow field are of interest. It is often suffi-
cient to know the time-averaged mean values. We assume that there is a developed 
flow in the pipe. We extend the control space over the entire pipe cross-section 
(Fig. 4.90). There is an equilibrium between pressure and wall shear stress forces.

	 � � � �R p R p R2
1

2
2 2 0� � �| |w  , 	

	
�p p p

R
� � �1 2

2
| |w�



. 	 (4.144)

For the wall shear stress, we make the dimensional approach

	
| |w m� ��


2

2c . 	 (4.145)

Herein means the cm  temporal and spatial mean value of the velocity. It is ob-
tained from the function c(r, t), by successively carrying out the meanings (4.133) 
and (4.139). If one enters (4.145) into (4.144), then with the abbreviation 4σ = λturb

	
�p c

D
�

2

2
m turb



� . 	 (4.146)

Fig. 4.90  Control area for 
turbulent flow in the circular 
pipe
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The structure of the pressure loss formula is the same as in the laminar case 
(4.142). However, this time λturb must be determined from experiments. A theoreti-
cal (analytical) calculation is not possible so far. One obtains.

	1.	 by interpolation of measurement results (Blasius formula21)

	
�turb Dvalid until� �

0 3164
10

1 4
5.

Re
, Re ,

/
D 	

(4.147a)

	2.	 implicit representation of Prandtl

	

1
2 0 8 3 1010 6

�
�

turb

turb valid until� � � � � �log Re . , Re .D D
	

(4.147b)

In Fig. 4.91 the laminar law and the above relations are plotted. In addition, one 
can also find the results for rough pipes, which will be discussed in detail in the 
next section. In this context, one speaks of the Nikuradse diagram22. R/ks is called 

21 H. Blasius, 1883–1970.
22 J. Nikuradse, 1894–1979.

Fig. 4.91  Loss coefficient λ as a function of Reynolds number and roughness for circular 
pipe (Nikuradse diagram)
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sand grain roughness parameter, ks is a typical measure of sand grain roughness 
(Fig. 4.92). Increasing roughness, that is, decreasing R/ks, means increasing pres-
sure loss. We will return to this in detail.

From Blasius’ law follows an interesting consequence for the (time-averaged) 
velocity. We enter (4.147a) into (4.145) and refrain from numerical factors:

	
| |w m
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� �� � �

 
2 4
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	 (4.148)

We use a power approach with free exponent m for the velocity profile:

	
c y c
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�
�max .

	
(4.149)

y is the wall-normal distance y = R − r. We solve (4.149) for cmax  and enter this 
into (4.148):

	 | |w� �~ ./ / / / /c y Rm m7 4 7 4 1 4 7 4 1 4� � 	 (4.150)

Prandtl and v. Kármán23 have expressed the hypothesis that this turbulent wall 
shear stress should be independent of the pipe radius. That is, the turbulent flow is 
more or less determined by the local data of the flow field. In the above case this 
means
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/

	
(4.151)

This is the important 1∕7-power law whose validity coincides with that of Bla-
sius’ law.

In Fig.  4.93, the laminar (4.137) and turbulent velocity profiles (4.151) are 
drawn for the same volume flow. The turbulent profile is more rectangular than the 
laminar one. We discuss some statements in detail.

23 Th. v. Kármán, 1881–1963.

Fig. 4.92  Definition of sand 
grain roughness ks
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	1.	 For m = 1∕7 is c cm = 0 816. max . The velocity profile (4.151) has two small flaws. 
An infinite slope results at the pipe wall. This is not a concern because in the 
immediate vicinity of the wall the flow is laminar (frictional sublayer) and 
therefore the above law is not needed there. A bend in the velocity profile occurs 
at the pipe axis.

	2.	 As the Reynolds number increases, the exponent in (4.151) becomes smaller, 
that is, the profile becomes more and more rectangular. The reason for this is 
that the macroscopic transverse exchange strives to balance the velocity profile 
and make it as uniform as possible across the cross-section.

4.3.6	 Laminar and Turbulent Flow Through Rough Pipes 
(Nikuradse Diagram)

We discuss Fig. 4.91 in detail. The essence can be summarized in two points.

	1.	 For laminar flow is λ = f(Re), that is, the pressure loss coefficient does not de-
pend on the roughness.

	2.	 For turbulent flows the alternative applies

	(a)	� �
�

�
�

�

�
�g

R

k
Re,

s

 for 2 ⋅ 103 <  Re  < 3 ⋅ 105,

	(b)	� �
�

�
�

�

�
�h

R

ks
 for 3 ⋅ 105 < Re.

Fig. 4.93  Laminar and tur-
bulent velocity profile in the 
circular pipe
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In the range of medium Reynolds numbers (2 ⋅ 103 <  Re  < 3 ⋅ 105), both arguments 
occur, while for higher Reynolds numbers only the roughness enters. These 
characteristic dependencies can be explained as follows.

	1.	 In laminar flow, there is no significant influence of the roughness, since the 
macroscopic cross exchange is missing. The laminar flow creates a smooth wall 
for itself, so to speak, and covers the roughness.

	2.	 2a, b. In turbulent flow, the decisive factor is whether the roughnesses are still 
covered by the laminar lower layer near the wall—in which case the pipe is 
called hydraulically smooth—or whether they protrude from this layer and 
thus significantly influence the fully turbulent flow.

We want to confirm this important idea quantitatively. To do this, we estimate 
the thickness of the laminar sublayer Δ. In it, the velocity should increase linearly 
from zero to 1 2/ cm

 approximately (Fig. 4.94). The wall shear stress can be repre-
sented in two ways:
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. 	 (4.152)

If we use the Blasius formula (4.147a) in this, then

Fig. 4.94  Definition of the 
thickness of the laminar sub-
layer Δ
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,

/ 	 (4.153)

Δ∕D thus decreases with increasing Reynolds number. This confirms the earlier 
statement that the velocity profile becomes more rectangular with increasing Reyn-
olds number.

A numerical example of the magnitude of Δ:

	
Re , . , , , .D D

D� � � � ��10 0 03 10 10 14 2�turb cm mm
�

� 	

The main increase in velocity occurs close to the wall, that is, over a distance of 
about 1% of the diameter.

Using the estimate (4.152), we can easily justify the above findings 2a, b. We 
consider two typical numerical examples:

	1.	 ReD = 105, λturb = 0.04, R

ks
= 30

Here we show that the roughnesses protrude from the sublayer. With (4.152) 
namely
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	2.	 ReD = 104, λturb = 0.03, 
R

ks
= 60

Now comes
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8
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. , .
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that is 	

This means that the roughnesses are covered by the underlayer. The pipe is hy-
draulically smooth.

The transition to technically rough pipes is made possible by the concept of 
equivalent sand grain roughness. This is understood to be the sand grain rough-
ness ks which provides the same loss coefficient λ for the same Reynolds number. 
Figure 4.95 shows some roughness values for technically important cases.

If a pipe of non-circular cross-section is present, the hydraulic diameter Dh 
is used instead of D as the characteristic length dimension in the turbulent case:

	 D
A

Uh =
4

	 (4.154)
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with A= cross-sectional area and U= wetted perimeter. For the pressure loss ap-
plies

	
�p c

D

c D
D� �


2

2
m

h
turb

m h
h



�
�

, Re . 	 (4.155)

Note that this statement is limited to turbulent flows. There, the velocity is al-
most constant over the cross-section. This is probably the reason that in these cases 
a conversion to the hydraulic diameter is possible. This does not apply to laminar 
flows, and the pressure loss must then be calculated or measured.

4.3.7	 Flow in the Inlet Section

So far we have dealt with the developed flow in the pipe. We now discuss the condi-
tions at the pipe inlet.
	1.	 Laminar flow

The fluid is sucked in from the resting state (0) (Fig. 4.96). With a simple model 
consideration we discuss the physical relationships. In the inlet cross-section (1) 
the velocity is constant =cm. The frictional influence leads to the formation of a 
boundary layer downstream. The inlet section ℓ ends where this boundary layer 
(BL) meets the pipe axis (2). From that point on, there is nearly developed flow. In 
other words: from that point on, boundary layer fills up the whole pipe. It is plau-
sible that the pressure loss in the inlet section is greater than in the case of devel-
oped flow. This is because

Fig. 4.95  Equivalent sand 
grain roughnesses
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	1.	 the wall shear stress is greater and
	2.	 an additional pressure difference is required to change the velocity profile of 

(1) → (2).

We can easily determine the pressure drop in the inlet section. Because of the 
almost frictionless behaviour of the core flow outside the boundary layer, we cal-
culate on the pipe axis of (1) → (2) with the Bernoulli equation
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So there comes the considerable pressure drop of three dynamic pressures. A 
calculation to determine the length of the inlet section must of course take into ac-
count the course of the wall shear stress. With the momentum theorem and energy 
theorem one can discuss the whole process. An approximate calculation gives

	


D

c D
D D� �0 03. Re , Re .m

�
	 (4.156a)

A numerical example illustrates the order of magnitude:

	 Re , .D D
� � � � �2 10 603 highest value



	

We hereby calculate the friction pressure drop for the developed flow on the 
same section for comparison:

Fig. 4.96  Flow in the inlet section of a circular pipe
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The additional pressure loss in the inlet section is therefore

	 �p c p� �1 08
2

1 082. . .


m dyn 	

At this point we give an estimate of the length of the inlet section. We use here 
already a result of the flat plate boundary layer (Fig. 4.97). For the boundary layer 
thickness δ holds
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5 5

Re
.

U 	 (4.157)

We apply this relationship to the inlet section in the pipe. It is clear that we are 
making a severe simplification here. The spatial influence of the tube is not taken 
into account. At the end of the inlet section, δ = D∕2; U corresponds in the pipe flow 
to cmax = 2 ⋅ cm. (4.157) hereby provides
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This agrees, at least as far as the dependence on the Reynolds number is con-
cerned, with (4.156a). The neglected spatial effect and the accelerated core flow 
(external flow) is expressed in the too small number coefficient.

The pipe inlet flow was studied experimentally by Nikuradse with the following 
results: The boundary layer has merged along the length considered. The velocity 
on the pipe axis has the value c(r = 0) = 1, 9cm, at this point, so the profile is even 
more complete. Another pipe section of the same length follows, in which the ve-
locity on the pipe axis is accelerated c(r = 0) = 2cm to and the parabolic velocity 

Fig. 4.97  Designations for 
the flat plate boundary layer

4.3  Flow with Friction

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


154

profile is developed. As total length for the inlet section follows from the experi-
ment

	
E m

D

c D
D D� �

�
0 06. Re , Re .

�
	 (4.156b)

The additional pressure difference Δp = 1.08pdyn determined in the model is not 
far from Δp = 1.16pdyn, the value determined experimentally.
	2.	 Turbulent flow

The length of the inlet section is hardly dependent on the Reynolds number. The 
specifications fluctuate:

	


D
≈ 20 30bis , 	

depending on how precisely the profile at the end is detected. In principle, this 
inlet section is shorter than in the laminar case. The turbulent velocity profile de-
veloped is almost nearly rectangular and thus already has a close relationship with 
the inlet profile. The additional pressure drop due to deformation of the velocity 
profile is also not significant, since only a slight acceleration occurs on the pipe 
axis. Within the range of validity of the Blasius law, the following applies
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The number coefficient here is considerably smaller than in the laminar case. It 
decreases even further with increasing Reynolds number.

4.3.8	 Velocity Fluctuations and Apparent Shear Stresses

We now deal with the details of turbulent flows and go back to the Reynolds de-
composition of velocities in Sect. 4.3.4. We determine the effect of fluctuation ve-
locities in a simple flow model. Let the main flow direction be in the x-direction 
(Fig. 4.98). We are interested in the impulse force transmitted by the fluctuation 
velocities on a time-averaged basis to a given control surface.
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	1.	 Let the control surface be perpendicular to the x-axis (Fig. 4.99):
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We form the time average of this normal stress:
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Through these fluctuations comes an additional share.
	2.	 The control surface lies in the x-direction (Fig. 4.100):

	
d

d

F

A
uvJ x, .=  	

The time average of this tangential stress is:

	
  uv u u v u v� �� � �� � � �. 	

We recognize that there is a contribution here only because of two fluctuating 
velocities u′ and v′. We discuss the sign. We consider particles which, coming from 

Fig. 4.98  Flow with 
fluctuation velocities

Fig. 4.99  Main flow 
direction vertical to the 
control surface

Fig. 4.100  Main flow 
direction tangential to the 
control surface

4.3  Flow with Friction

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


156

above, pass through the control surface (Fig. 4.101). u′ > 0, v′ < 0 lead to � � 0,  
that is, a positive tangential stress transmitted from the flow to the control surface. 
We therefore define it as

	 Reynolds apparent shear stress � � � � �� u v . 	 (4.159)

If we consider both this macroscopic exchange and the molecular processes, we 
obtain in total for turbulent flow

	
� �ges

d

d
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y
u v . 	 (4.160)

According to our derivation, this representation is only valid for a one-dimen-
sional basic flow. In the general case a stress tensor occurs. We will come back to 
this in the derivation of the Navier-Stokes equations.24

We treat two limiting cases of (4.160).
	1.	 In the immediate vicinity of the wall (v′ → 0), the following occurs

	 � �ges

d

d
�

u

y
. 	 (4.161a)

This representation in the (laminar) friction sublayer confirms the approaches 
we made earlier.
	2.	 In large wall distance, so-called free turbulence, is u ≈ constant  and thus

	
� ges � � � �u v . 	 (4.161b)

We estimate both fractions in the case of pipe flow:
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24 L. Navier, 1785–1836.

Fig. 4.101  To determine the 
sign of the apparent shear 
stress
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With ReD = 105 applies to the smooth pipe λturb = 1.7 ⋅ 10−2, so

	
| |

m

�1
2

32 1 10
c

� � �. . 	

The fluctuation velocities amount to a few percent of the mean velocity; with 
u c≈ m  becomes
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We see that when the Reynolds number is sufficiently high, the second fraction 
predominates.

4.3.9	 Prandtl’s Mixing Length Approach for the Fluctuation 
Velocities

The problem with the application of (4.160) is that so far we have little information 
about the fluctuation velocities. We assume here again a mean motion in x-direc-
tion:

	
u u y u v v� � � � �� �, 	

and look for a representation of the quantities u′, v′ by u y� �  . Analogous to the 
kinetic theory of gases (Sect. 2.3) we introduce the Prandtl mixing length. By this 
we mean the length that a turbulence element travels on average before it mixes 
with the environment and thus gives up its individuality (Fig.  4.102). This is a 
macroscopic analogue of the mean free path length of gas kinetics. Specifically, the 
reasoning goes as follows: A particle from layer y enters the v′ > 0 at level y + ℓ1. 
There, for the case sketched in Fig. 4.102, it has an under velocity with respect to 
its surroundings of magnitude
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Prandtl interprets this underspeed as a speed fluctuation in the level y + ℓ1, that 
is,
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(4.163a)
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For reasons of continuity, the following is applied accordingly
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This also gives the correct sign, as is immediately confirmed by Fig. 4.102. For 
the Reynolds apparent shear stress comes now
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For any velocity profile (for example, with d du y/ < 0 ), the following applies, 
taking into account the sign
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ℓ is herein a characteristic length measure for mixing in turbulent flows 
(=Prandtl’s mixing length). It must be taken from the experiment as a function of 
y, therefore this theory is called semi-empirical. It is important to note in (4.164a, 
b) the dependence on the square of the velocity gradient. This indicates typical 
differences from laminar flow. From (4.160) we get with (4.164a)
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Fig. 4.102  On Prandtl’s 
mixing length approach
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We discuss some properties of turbulent flow near a wall.
	1.	 In the (laminar) friction sublayer is ℓ → 0

	

� � �

�
�

ges w

w

d

d
� �

� � �

u

y

u y y

,

.

	

With the so-called wall shear stress velocity

	
u�

�
� w

 	 (4.166)

becomes
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u
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� �
� � �

�
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�
. 	 (4.167)

The velocity is a linear function of y. y+ is a wall distance made suitably dimen-
sionless. The magnitude of the wall shear stress velocity can be estimated from the 
pipe flow data (ReD = 105,λturb = 1.7 ⋅ 10−2):

	
u

u u c
� � � �
� � � �w w

m

turb

 2 2 8
0 05. . 	

We thus arrive at the same order of magnitude as the fluctuation velocities and 
can thus take uτ as a measure of u′ and v′.
	2.	 Outside the frictional sublayer, but still near the wall
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y
. 	

We speak here of the wall turbulence (Fig. 4.103). Prandtl made the assump-
tion that also here is � �ges w constant� �  as well as ℓ = κy with κ = constant.

This will
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We can take this as a determination equation for the velocity profile u y� � . In-
tegration leads with the terms (4.166) and (4.167) to

4.3  Flow with Friction

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


160

	

u y

u
y C

� �
� ��

� �
1
ln . 	

The two constants κ and C are determined in the experiment. The result is the 
logarithmic velocity profile

	

u y

u
y

� �
� ��

�

2 5 5 5. ln . . 	 (4.168)

This universal law is valid outside the (laminar) sublayer, so that the singularity 
at the wall at y = 0 is not of importance. At a larger wall distance, the free turbu-
lence follows (4.168). Figure 4.104 contains the two laws (4.167) and (4.168) in 
semi-logarithmic representation. The estimation of the sublayer thickness Δ carried 
out in Sect. 4.3.6 leads to the statement:

	 y
u y u u

u

uD

D
� �� � � � � � �� � �

� � �
� �

0 05 10 10 54 2. . 	

After a transition area (5 < y+ < 30) the fully turbulent area begins.

4.3.10	 General Form of the Navier-Stokes Equations

We proceed analogously to the derivation of Euler’s equations of motion. Newton’s 
fundamental law is applied to a mass element (Fig. 4.105). As a result of friction, 
there is a force acting on each surface element, which we decompose according to 
the three axial directions. If we relate the respective force to the surface, we obtain 
two shear stresses in the surface and one normal stress perpendicular to the sur-
face. The static pressure p is already split off. The indexing of the stresses is done 

Fig. 4.103  Velocity profiles 
in turbulent flow
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in such a way that the first index characterizes the position of the surface element 
(through the surface normal). The second index indicates the direction of the force. 
The force balance in x-direction is

Fig. 4.104  The velocity profiles in semi-logarithmic picture

Fig. 4.105  Equilibrium of forces on the mass element with friction
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The remaining two equations are obtained by cyclic interchange. The friction 
influence is captured by the following stress matrix:
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(4.170)

The moment equilibrium for each surface element states symmetry σik = σki . 
Thus, only six independent quantities appear in (4.170). The real difficulty lies in 
the representation of the σik by the velocity components. That is, it involves the 
three-dimensional generalization of the (one-dimensional) Newtonian shear stress 
approach. In continuation of the elementary considerations of Sect. 2.2, a linear 
relationship between stresses and deformation velocities is postulated for Newto-
nian fluids. In addition, the following Stokes approach fulfills some obvious, nec-
essary symmetry properties:
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(4.171)

η  is a second coefficient of viscosity in this case. This quantity does not occur 
in incompressible flow. From the framed part in (4.171) one immediately recog-
nizes the special case of the one-dimensional Newtonian shear stress approach 
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treated earlier. If we restrict ourselves to incompressible flows with η = constant, 
we obtain the Navier-Stokes equations in the form
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where again the two equations not given are obtained by cyclic permutation. In 
vector form the system is

	
d

d
grad

w
f w

t
p� � �

1


� � . 	 (4.173)

In addition, as before, the continuity statement is added, with which four dif-
ferential equations for w = (u, v, w) and p are present. Note that here was assumed 
ϱ = constant and therefore no further equation is necessary. The order of the Na-
vier-Stokes equations is higher than that of the Euler differential equations. This 
allows the condition of adhesion to the surface of the body to be satisfied. The 
Navier-Stokes equations are nonlinear in the same way as the Eulerian equations. 
This is due to the convective members. Exact solutions are known only in a few 
cases. We discuss two examples in the next section to learn about properties of 
these flows.

4.3.11	 Special Solutions of the Navier-Stokes Equations

	1.	 Developed laminar gap flow
We assume a developed layered flow of an incompressible medium in the plane 

gap (−h ≤ y ≤ +h, − ∞  < x < ∞) (Fig. 4.106). This gives v = w = 0 and u = u(y). The 
continuity equation is satisfied. It comes with neglecting the gravity

	 1
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2 3 0. . .and Navier Stokes Equation  :
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The last two statements give p = p(x). The pressure is constant in the gap trans-
verse to the flow. This is reminiscent of the boundary layer concept. Here, so to 
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speak, the whole gap is filled with boundary layer. (4.174a) leads with p = p(x) 
immediately to
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d
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d

d
constant

p
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y
= =, .

2

2 	 (4.175)

That is, the pressure gradient is constant, and for u(y) comes a very simple sec-
ond order ordinary differential equation. Integration twice gives
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For the Poiseuille flow (u(±h) = 0), result the parabolic course
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on the other hand, for the Couette flow (u(−h) = 0, u(+h) = U, dp/dx = 0) we 
obtain the linear function

	 u y
U y

h
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�
�

�
�
�2

1 . 	 (4.178)

The solution for the Poiseuille flow in the gap corresponds completely to the 
pipe flow discussed earlier. We determine the volume flow as there (b is the width 
extension of the flow)

Fig. 4.106  Poiseuille and Couette flow in a plane gap
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For the pressure drop along the gap length ℓ thus comes
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	 (4.180)

The same result is given by the momentum theorem. Let the reader confirm this. 
The two solutions (4.177) and (4.178) can be linearly superimposed, because in 
this special case the convective members are omitted and thus the Navier-Stokes 
equations are linear:
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The upper edge of the gap is moved with the velocity U, the lower is at rest. The 

pressure gradient is imposed d dp x/ ���0  on the entire flow field. Depending on the 

size of dp/dx, interesting velocity distributions results. For example, backflows can 
occur near the resting wall. Here, the forcing of the upper boundary is not sufficient 
to overcome the pressure rise throughout the gap (Fig. 4.107). The solution (4.181) 
describes, the flow in the lubrication gap between the shaft and the bearing shell, 
if the curvature of the gap is neglected (small gap widths). There, the pressure dis-
tribution is formed due to the gap geometry, that is, it is built up by the variable 
distance between shaft and bearing.
	2.	 Rayleigh-Stokes problem for the plate

The gap flow just discussed immediately followed on from the pipe flow calcu-
lated earlier. Now we discuss a completely different solution of the Navier-Stokes 
equations, which will lead us directly to the treatment of boundary layer theory.

An infinitely extended horizontal plate is abruptly brought to velocity U in a 
stationary environment. Due to the frictional influence, the fluid above the plate is 
gradually entrained (Fig.  4.108). The frictional influence spreads further in the 
transverse direction (y) with time, in other words, the boundary layer grows with 
time. We now determine its thickness. The flow is developed so that any derivative 
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with respect to x vanishes and v = 0. This leaves u = u(y, t). The initial boundary 
conditions of the problem are

Fig. 4.107  Superposi-
tion of Poiseuille and 
Couette flow in the plane 
gap with backflow

Fig. 4.108  Rayleigh-Stokes 
flow for the abruptly moving 
plate
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	 t u y� � �0 0 0: , , 	

	
t u t U u t� � � � �� � �0 0 0: , ., , 	 (4.182)

The Navier-Stokes equations, when eliminating the gravity, provide
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So pressure is constant across to flow direction. This characteristic property of 
boundary layers is exactly fulfilled here. (4.183a) is of the heat conduction equa-
tion type and can be easily solved under the conditions (4.182). We combine y and 
t into the new, dimensionless variable
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together. (4.183a) and (4.182) then go for
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into the ordinary differential equation with the following boundary conditions:
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As a solution we get the error function
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This results in a single velocity profile that depends on the variable y t/ 2 �� �  
(Fig. 4.109). From this, the velocity can be determined for any wall distance y at 
any time t. We want to use (4.184) to determine the thickness δ of that fluid layer 
which is entrained as the plate moves. For y = δ let u/U = 0, 01. (4.184) gives for 
this

	 � �� 4 t . 	 (4.185)

4.3  Flow with Friction

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


168

This layer thickness therefore increases with time, as is to be expected. For fric-
tion and heat conduction processes, the root dependence is characteristic. If one 
proceeds from the time to the length ℓ = t ⋅ U, then

	

�

�






� �
4 4

U Re
. 	 (4.186)

This inevitably leads to an approach to boundary layer theory, because δ can be 
understood as the friction layer thickness and the ℓ associated run length. The de-
pendence ~ / Re1



 typical for laminar boundary layers occurs, which we will 
encounter again later. It is important for what follows that the above statements 
were derived from the Navier-Stokes equations without further neglect.

4.3.12	 Introduction to Boundary Layer Theory

For high Re numbers (Re = Uℓ/ν ≫ 1), friction only plays a role in the boundary 
layer close to the wall (thickness δ) (Fig. 4.110). There, the increase of the velocity 
from zero to the value of the external flow occurs. We determine δ for the special 
case of the longitudinally flowed plate with laminar flow. Moreover, let the flow be 
stationary and incompressible. In doing so, we will confirm the relation (4.186). 
Using the ratios discussed earlier, we immediately see that for the plate for the 
boundary layer thickness at x = ℓ a dependence of the form

Fig. 4.109  Universal veloc-
ity profile for the abrupt mov-
ing plate
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must exist. With the momentum theorem one can easily determine the function f. 
For this purpose, we choose a rectangle with side lengths x and (δ(x) Fig. 4.111) as 
the control area. The pressure is imposed on the boundary layer by the external 
flow (∂p/∂y = 0). In the case of the plate, p is constant in the external space. There-
fore, in this case, the pressure is also constant in the boundary layer. We start with 
a continuity statement. For the mass flows through the control surfaces (1),(2), (3) 
comes (b = width of the boundary layer considered) m U b1 �  � ,

	

m b u y

b
U

3

0

0

� � � � �

�

�

�





�

�

�

d especially with the linear profile

yy y U b

m m m b U u y

d

d linear profile

�

� � � �
�

�
��

�

�
�� ��

1

2

2 1 3

0





�

�
�

,

   �� � �

�

�

�

�
�
�
�
�

�

�
�
�
�
�

1

2
U b� .

	

(4.188a)

Mass escapes through the upper boundary, since the mass flow in (3) is smaller 
than upper (1). The boundary layer thus has a displacement effect. This effect 
causes an impulse force on the surface (2). We get in turn

Fig. 4.110  Flow boundary 
layer on the wing

Fig. 4.111  Control sur-
faces for the plate bound-
ary layer
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The wall friction force is
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The velocity profile in the boundary layer was replaced by a linear function. 
This serves only to simplify the calculations. The momentum theorem provides the 
relationship
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Differentiation with respect to x gives the ordinary differential equation for δ(x)
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which can be solved immediately with the initial condition δ(0) = 0. If we re-
place x by the run length ℓ, we get
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The exact solution of the boundary layer equations gives for the boundary layer 
thickness δ1%, at which the external velocity is reached to the value u(δ) = 0.99U, 
the relation
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(4.189b)

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


171

We thus confirm the characteristic statements about the boundary layer  
used earlier. For Reℓ  ≫  1 is δ/ℓ  ≪  1, where the typical dependence occurs  
δ / ~ / Re



1 . A numerical example explains the order of magnitude.
Reℓ = 5 ⋅ 105  (upper limit),  δ1%/ℓ ≈ 7 ⋅ 10−3,  ℓ = 1 m,  δ ≈ 7 mm.
The wall shear stress τw(x) and the wall friction force WR are important for the 

applications.
With the above results comes
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Characteristic is the dependence � �w ~ / ~ /1 1x x� � . For the dimensionless 
coefficient we get

	
c

U
f

x

� �
�w


2

0 577

2

.

Re
. 	 (4.191a)

The exact solution of the boundary layer equations, that is, without using the 
linear velocity profile, gives

	 cf
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0 664.
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. 	 (4.191b)

The Reynolds number dependence is preserved, only the number coefficient is 
changed. By integration we obtain the wall friction force (Fig. 4.112):

	
d d dR w R wW b x W b x� � �� �, .

0



	

The dimensionless coefficient results in
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If the plate is wetted on both sides, the factor 2 comes along. Again, the depen-
dence ζ ~ / Re1



 occurs. If the Reynolds number varies from 104 to 106, the 
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order of magnitude changes ζ, from 1% to 1‰. These are typical magnitudes of the 
(laminar) coefficient of friction.

We now come to some basic statements about laminar boundary layers on 
curved walls. The external velocity and the pressure are now no longer constant. 
They have to be determined by the methods of potential theory (discussed above). 
At the edge of the boundary layer, we now view them as a known function of x. 
Depending on this imposed external pressure distribution, different velocity pro-
files are now established in the boundary layer. Figure 4.113 shows some of these 
possibilities.

We see that this can lead to significant changes in the near-wall (internal) ve-
locities. The slope of the wall tangent to the velocity profile can become zero (de-
tachment) or even negative (backflow). In contrast, the external velocities change 
relatively little. On a moderately curved body surface (u = v = 0), the first Navier-
Stokes equation provides the relation
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The second Navier-Stokes equation reduces in the case of a high Reynolds num-
ber, as in the case of the pipe and gap, to the statement
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Fig. 4.112  To calculate the 
wall friction force
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If we combine both relations, then with p = p(x) as the boundary layer imprinted 
pressure distribution of the potential flow on the flowed around body is valid
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The right side is a measure of the curvature of the velocity profile on the body. 
The left side we can consider as a given function. At this point the knowledge of 
the theory of potential flows enters. Figure 4.114 shows a typical case of laminar 
profile flow (subcritical). The starting point is the pressure distribution on the pro-
file streamline. On the front side of the body we have a complete velocity profile. 
There is dp/dx < 0, the flow is accelerated. At the thickness maximum is dp/dx = 0. 
According to (4.194), an inflection point in the velocity profile occurs there (Pw). 
At the backside of the body the flow is decelerated, dp/dx > 0. The internal ve-
locities decrease strongly, the wall tangent becomes steeper, the inflection point 
moves into the interior of the boundary layer. If the wall tangent is normal to the 
surface (Pa), detachment begins. Downstream, backward flow occurs. These retro-
grade movements can significantly change the potential pressure distribution on 
the backside of the body.

We distinguish between two typical cases of profile flow:

	1.	 Reℓ = Uℓ/ν < 5 ⋅ 105: subcritical flow with laminar separation (Fig. 4.115). Here, 
laminar flow is present throughout, which comes to separation due to the im-
posed pressure increase.

	2.	 Reℓ = Uℓ/ν > 5 ⋅ 105: supercritical flow with turbulent separation (Fig. 4.116). 
Here the laminar-turbulent transition (Pu) occurs after the run length ℓu. The 
subsequent turbulent boundary layer detaches in Pa.

For the body flowing around it, the critical Reynolds number is

Fig. 4.113  Velocity profiles 
in the boundary layer on a 
curved surface
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	 Re ,krit
u� � � �

U

�
5 10 105 6 	 (4.195)
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 

u krit� �
�Re

Re Re
.

5 105

	 (4.196)

With increasing Reynolds number ℓu/ℓ decreases.To Reℓ = 107 for example, ap-
plies ℓu/ℓ = 5 ⋅ 10−2. Here, therefore, a transition already occurs after a short running 
length.

Fig. 4.114  Pressure profile 
and boundary layer profiles 
with laminar airfoil flow

Fig. 4.116  Supercritical airfoil 
flow with turbulent separation

Fig. 4.115  Subcritical airfoil 
flow with laminar separation
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There is a simple relationship between the critical Reynolds numbers for the 
pipe and wing, that is, flow through and flow around (Fig. 4.117). There is the cor-
respondence:

	

c c U

D
max ,

.

� �

�

2

2

m

� 	

This allows the Reynolds numbers to be converted as follows:

	
Re Re .D

c D U U
� � � �m

�
�
�

�
� �2

2
	

The Reynolds number for pipe flow thus corresponds to the Reynolds number 
formed with the boundary layer thickness δ for the wing.

	
Re Re ,�

�
� �

�
� � � � � �U U





Plate boundary layer 5 	

	
Re Re .D = 5



	 (4.197)

This is the relationship of the Reynolds numbers in the two typical flow prob-
lems. The essential difference lies in the different characteristic length scales.

The turbulent velocity profile is always more complete than the laminar one 
(Fig. 4.118). This statement, known from pipe flow, is equally valid for flow around 

Fig. 4.117  Relationship between Reynolds numbers for pipe and wing
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problems. For the plate we compile the result for the laminar and turbulent bound-
ary layer flow:

	

W

U b

R
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turbulent

2

1 328

0 0742

1 5
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

� �

� �

�

�

�
�

�

�
�

.

Re
, ,

.

Re
, ./��

	 (4.198)

The following table explains the orders of magnitude:

Reℓ ζ
Laminar 106 (upper limit) 1.3 ⋅ 10−3

Turbulent 105 7.4 ⋅ 10−3

106 4.7 ⋅ 10−3

5 ⋅ 107 2.1 ⋅ 10−3

For the same Reynolds number is ζturb > ζlam, and the frictional resistance of 
laminar flow is therefore smaller than that of turbulent flow. This fact has led to the 
development of so-called laminar airfoils in aircraft construction. Here, the transi-
tion point is shifted as far as possible to the tail of the body by suitable selection of 
the airfoil shape, so that the laminar boundary layer is maintained for a long time. 
It must be noted, however, that in addition to the frictional resistance, pressure 
resistance also occurs. Only both components together result in the total resis-
tance. The ratio of the two components can vary within wide limits. For example, 
only frictional resistance occurs in the case of a plate with the longitudinal flow, 

Fig. 4.118  Turbulent and 
laminar velocity profile for 
plate flow
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whereas only pressure resistance occurs in the case of a transverse plate. We will 
come back to this in the next section.

For the frictional resistance ζ, of the rough plate, a plot similar to the Nikuradse 
diagram applies (Fig. 4.119). The plate is hydraulically smooth if the following 
estimation holds (ε= elevation of the equivalent sand grain roughness):

	
U�
�

�
� �Re .





100 	 (4.199)

The allowable roughness ratio ε/ℓ decreases as the Reynolds number increases. 
For a high-speed aircraft, for example, let U = 500m/s, ν = 15 ⋅ 10−6m2/s, Reℓ = 108, 
(ε/ℓ)allowed = 10−6εallowed = 3  ⋅ 10−3mm. Figure 4.119 provides ζ = 0.002. If we in-
crease the roughness by a power of ten to ε = 3  ⋅ 10−2mm, then ζ = 0.0033. In 
contrast to the pipe flow, a developed flow does not occur in the plate flow. The 
boundary layer thickness increases continuously in the direction of flow, and thus 
the (laminar) friction underlayer also increases. Roughness therefore has a much 
more serious effect at the front than further downstream, where it may already 
disappear in the sublayer. A particularly good treatment of the front parts of the 
flowed around the body should therefore be worthwhile in many cases.

Fig. 4.119  Drag coefficient ζ of the plate as a function of roughness and Reynolds number
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4.3.13	 Energy Theorem

In addition to the equilibrium of forces, in the form of the Navier-Stokes equations, 
the energy balance in the flow field plays an important role. We now extend the 
earlier elementary consideration (4.17)–(4.22b) to the case of multi-dimensional, 
unsteady flow with friction, heat conduction, external heat supply and removal, etc.

If we combine the internal energy (e) and the kinetic energy (c2/2) as in (4.17), 
their total change with time in the volume V is given by the power of all the com-
ponents listed below:
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	 (4.200)

=Power of mass forces f (gravity, electric, magnetic field forces), surface forces 
(pressure, friction forces), heat flows by conduction, radiation or reactions 

qs.  If 
we use Fig. 4.105 as well as Figs. 4.65 and (4.66), then (4.200) becomes
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	 (4.201

Here, again, one can transform all occurring surface integrals into volume inte-
grals with the Gaussian theorem. The integrand must vanish altogether, since the 
volume V is arbitrary. We obtain from (4.201) the following extensive differential 
equation
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(4.202)

In this case, the Navier-Stokes eqs. (NS Eq.) (4.169) are used in the dashed por-
tion in the following form: u ⋅ (1. NS Eq.) + v ⋅ (2. NS Eq.) + w ⋅ (3. NS Eq.) and 
the continuity eq. (4.65). If one differentiates everything out and summarizes suit-
ably, then with the abbreviation ϕ for the continuously framed portion (= dissipa-
tion) comes
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 . 	 (4.203)

Here, on the right-hand side of the equation, there are the heat supplied by heat 
conduction, friction (dissipation ϕ), radiation as well as by reactions, which con-
tribute to an increase in entropy. This statement corresponds completely to the 
second law of thermodynamics

	 T s q� �d � , 	

in which all the heat supplied to or removed from the mass element is to be 
absorbed on the right.

From (4.203) with h = h(p, T), dh = cpdT + 1/ϱ(1 − βT)dp and the coefficient of 
thermal expansion β =  − 1/ϱ(∂ϱ/∂T)p follows the equation

	
 c
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t
T T

p

t
qp

d

d

d

d s� � � � � �� � ��  	 (4.204)

which is a generalization of the well-known Fourier heat conduction equation.
We treat two special cases with λ  =  constant and without thermal radiation 

qs = 0 :
	1.	 Ideal gas

with β = 1∕T follows the heat transport equation
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	 c
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d
� � �� �� 	 (4.205)

	2.	 Incompressible flow
with β → 0

	 c
T

t
Tp

d

d
� �� �� 	 (4.206)

For incompressible flow, the isobaric heat capacity plays a decisive role.
The reason for this is that the propagation velocity of heatwaves is much lower 

than the propagation velocity of pressure waves, which occurs at the speed of 
sound. In the energy equation for incompressible flows, cp must therefore be used 
instead of cv [10].

4.3.14	 Dissipation and Viscous Potential Flows

The Navier-Stokes equations for incompressible flows with constant material val-
ues η = ϱ ⋅ ν are given by (4.173):

	 divw = 0 	 (4.207)
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w w f w

t t
p�

�
�

� � � � � �
1


� � 	 (4.208)

In addition, there are the transformations (vector identities):

	
�w w w w� � � � � �grad rotrot rotrotdiv 	 (4.209)

	 w w
w

w w� � � �grad grad rot
2

2
	 (4.210)

For plane flows, the potential flows with rot w = 0 are solutions of the Navier-
Stokes equations. The boundary conditions of the potential flows, such as co-mov-
ing edges, are to be fulfilled. The decisive physical processes take place on the 
energetic level.

For the dissipation ϕ in the energy equation (4.206) it follows:
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	 (4.211)

For the total dissipation Φ in a flow space V bounded by the area A, it follows:

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


181

	
� � � � � � � � � �

�

�
�

�

�
���� ��� �rot d grad rot dw

w
w w

2
2

2
2

V A
V A

	 (4.212)

The second volume integral has been transformed into a surface integral using 
Gauss’ theorem.

We now consider the special cases:
	1.	 Dissipation and rotation

We consider flow fields with constant velocity on the surface (plane Couette 
flow) or vanishing velocity on the surface (convection in a closed vessel). The dis-
sipation Φ is then given by:

	
� � � � ����� rot dw

2

V
	 (4.213)

In these cases, the dissipation Φ is given by the rotation alone.
	2.	 Rotation-free flows with rot w = 0 but η ≠ 0

These flows are viscous potential flows. All dissipation is supplied via the power 
at the surface:
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A

	 (4.214)

The realization of viscous potential flows is discussed in Tasks 5.15 and 5.16.
With the stress tensor defined in (4.171), the dissipation ϕ is written as follows:

	
� � �� �� �� � � � � �� �� �� �ik ikw w 	 (4.215)

This represents the difference of the total power of the frictional forces minus 
the mechanical power of the frictional forces related to the unit volume.

Another notation follows for Cartesian coordinates by combining the framed 
component in (4.202) with the stress components (4.171).
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	 (4.216)

This notation shows the positively defined dissipation. It is zero only where the 
fluid particles are not deformed.

4.3.15	 Resistance and Pressure Drop

The total resistance (1) is the sum of frictional resistance (2) and pressure resis-
tance (3). As far as the measurements are concerned, (1) results from a simple force 
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measurement and (3) by integrating the pressure distribution over the body. The 
component (2), which is usually more difficult to measure, is then represented as 
the difference between the terms (1) and (3). The pressure resistance (3) can be of 
considerable magnitude, since a detachment can substantially change the potential-
theoretic pressure distribution near the body’s tail. The mutual magnitude relation-
ship of (2) to (3) can be quite different, as we have already noted in the last section. 
Therefore, an optimization must always take both influences into account. The 
following statements are valid:

	1.	 Frictional resistance should be minimised by ensuring a laminar boundary 
layer wherever possible.

	2.	 The pressure resistance can be reduced by moving the detachment point as far 
as possible to the rear of the body.

Both influences overlap and partly vary in opposite directions. We will come 
back to this when discussing the resistance of the sphere.

A Flow around problems
We now return to the basic tasks of fluid mechanics discussed at the very begin-

ning. In this section, we are mainly concerned with the resistance of a body in a 
flow:

	 W c Ac=

2

2
w. 	 (4.217)

ϱ is the density of the flowing medium, c is the incident flow velocity and A is a 
characteristic reference surface. The dimensionless resistance coefficient cw de-
pends here on all key figures of the problem: Re, M etc.
	1.	 Key figure-independent body shapes

Here, a detachment is usually fixed at a sharp edge. A Reynolds number inde-
pendence exists if the Reynolds number is sufficiently high. The body has primar-
ily pressure resistance.

Flow normal against a rectangular plate (Fig. 4.120):

a∕b 1 2 4 10 18 ∞
cw 1.10 1.15 1.19 1.29 1.40 2.01

Circular disk (Fig. 4.121) cw = 1.11.
Hemisphere (Fig. 4.122)
Bottomless cw = 0.34,
With bottom cw = 0.42,
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Without cover plate cw = 1.33,
With flat cover cw = 1.17.

	2.	 Key figure-dependent body shapes
Now the position of the detachment point depends on the Reynolds number. For 

the sphere, for Re < 1 the Stokes formula (= creeping flow) applies cw = 24/Re. In 
this, 1∕3 is pressure drag and 2∕3 is frictional drag. For larger Reynolds numbers, 
(Fig. 4.123):

Subcritical Supercritical
Re 2 ⋅ 104 to 3 ⋅ 105 4 ⋅ 105 106

cw 0.47 0.09 0.13

Fig. 4.120  Flow against a 
rectangular plate

Fig. 4.122  Flow against a 
hemisphere

Fig. 4.121  Flow against a 
circular disc
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The same applies to the cylinder (Fig. 4.123):

Subcritical Supercritical
Re ≈2 ⋅ 105 5 ⋅ 105

cw 1.2 0.3–0.4

Remarkable in both cases is the rapid drop in resistance during the transition 
from laminar to turbulent boundary layer flow. When exceeding Rekrit ≈ 5 ⋅ 105, the 
pressure resistance decreases considerably, since the turbulent boundary layer de-
taches later than the laminar one due to the greater energy exchange with the exter-
nal flow. Prandtl was able to demonstrate this convincingly using a wire that rested 
on the face of the sphere (tripwire), thereby making the flow turbulent. In the pres-
ent case, the decrease in pressure resistance overcompensates the increase in fric-
tional resistance in such a way that the total resistance decreases considerably. So 
here the pressure resistance and its variation play the decisive role. It should be 

Fig. 4.123  Drag coefficients of sphere, cylinder and disc as a function of Reynolds number
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noted that the special shape of the body has a significant influence. If there is a dif-
ferent body, the relation can be reversed. After these preparations, the reader can 
easily discuss the various cases for himself.

B Flow through problems
The main issue here is the determination of the pressure loss Δpv:

	 �p cv m v�

2

2� . 	 (4.218)

ζv denotes the loss coefficient and, like cw, depends on the dimensionless char-
acteristics of the problem in question. We have repeatedly encountered such a rep-
resentation earlier. In the following, we summarize some results for the straight 
pipe, the diffuser and the manifold. These three examples represent the most im-
portant elements of a pipe system.
	1.	 Straight pipe

Here we refer to the explanations given in Sections 4.3.5 and 4.3.6. When the 
flow is developed

	 � �v �


D
, 	 (4.219)

where λ = f(Re, R/ks) is given by the Nikuradse diagram (Fig. 4.91). If it is the 
flow in the inlet section, one must go back to (4.218).
	2.	 Diffuser

In this context, we first recall the limiting case of the Carnot diffuser. If we 
compare (4.218) with (4.106), we find that
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	 (4.220)

The following applies to the diffuser with continuous cross-sectional expansion
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with α as the opening angle:

α 5° 7.5° 10° 15° 20°
k 0.13 0.14 0.16 0.27 0.43
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	3.	 Manifold
This element is briefly presented here, as we did not deal with it earlier. As 

agreed, only the additional pressure loss compared to the straight pipe of the same 
length is given. The order of magnitude can be taken from Fig. 4.124 (Re = 105). 
According to this, already an unprofiled blade reduces the pressure loss coefficient 
from 1.4 to 0.76. A circular arc grid leads to 0.20. Profiling of the blades reduces 
the ζ-value again to about 0.10.

Using ζkr in (4.219), one can define an equivalent pipe length to the manifold 
loss:

	


D
�
�
�
kr . 	 (4.221)

A manifold with ζkr = 0.20 thus corresponds, for example, to a straight pipe sec-
tion (Re = 105,λ = 0.02) of

	



D
=10. 	

The additive pressure loss of the straight pipe of the same length of a manifold 
is (Re = 105,λ = 0.02, ℓ/Dh ≈ 3)

	 � � 0 06. . 	

This corresponds to half the value of a very good manifold.

Fig. 4.124  Resistance coef-
ficients of elbows

Fig. 4.125  On the pressure 
drop in a flowed-through pipe. 
Boiler (1), long pipe (friction) 
(2)  →  (3), Carnot diffuser 
(3) → (4), short pipe (without 
friction) (4) → (5)

4  Hydro- and Aerodynamics

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


187

We illustrate the results of this section with an example. An incompressible 
medium flows in a steady state through the pipe given in Fig. 4.125 with the V  
volume flow rate. What we are looking for is the pressure drop p1 − p5. We use dif-
ferent flow models and the corresponding equations for each section:
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By eliminating p2, p3 and p4 one obtains
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wherein c V A5 � ��� /  and c V Am � � /  are given. According to (4.218), (4.219) 
and (4.220), the result can be written in the following form:
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This is often referred to as the so-called Bernoulli equation with loss ele-
ments. Thus, on the right-hand side, only the individual pressure losses of the pipe 
through flow that occurs have to be taken into account additively. This often simpli-
fies the considerations considerably, but requires some experience in dealing with 
the various loss elements.

4.3.16	 Similarity Considerations

By means of examples, we have made a whole series of statements about resistance 
and pressure loss above. Having made these preparations, we now come to a gen-
eral discussion of these quantities, particularly as regards their dependence on the 
ratios introduced earlier (Sect. 4.3.3). This inevitably leads to similarity consider-
ations and model laws, which are very important for the applications. Once again, 
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the alternative of flow-around and flow-through problems, already discussed in the 
introduction, arises. We discuss these problems in turn.
	1.	 Flow Around Tasks

We study the flow around a body which a fluid (η, ϱ) with velocity c (Fig. 4.126). 
The model and the large-scale model should be geometrically similar to each other. 
Thus, the length ℓ uniquely characterizes the particular body specimen. If we are 
interested in resistance W, there is a dependence on the form

	
W f c� � �, , ,  � . 	 (4.222)

Thus, four independent variables (c, ℓ, ϱ, η) occur here, and accordingly many 
measurements are required to determine the function f . This characterizes the re-
spective body class. If one goes over to another form of the body, another function 
takes the place of f. The transition to dimensionless quantities leads to a consider-
able reduction in the number of variables and thus, of course, also in the number of 
measurements required. We exemplify this with the above example.

In mechanics, three basic quantities (mass, length, time or force, length, time) 
occur. Accordingly, we select three from the set of physical quantities (W, c, ℓ, ϱ, 
η) entering above, for example, (c, ℓ, ϱ) and represent the remaining two dimen-
sionally by power products of these three. We denote the dimension of a quantity a 
hereby [a]:

	
W c

a b c� � � � � �� � �� �  	 (4.222a)

	
�� � � � � �� � �� �c

A B C
  . 	 (4.222b)

If we proceed here to force (F), length (L), time (T), then

Fig. 4.126  Flow around a body
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	 F L T L F L Ta a b c c c� � �4 2 ,
	

(4.223a)

	 FL T L T L F L TA A B C C C� � ��2 4 2 . 	 (4.223b)

An exponent comparison for the basic variables leads to

	

a b c

A B C

= = =
= = =
2 2 1

1 1 1

, , ,

, , . 	

Thus, the five incoming physical quantities are reduced to the two ratios

	
W

c

c

2

2 2
1 2





� ��
�

�, . 	 (4.224)

The functional relation (4.222) now draws a dependence of the form

	
W

c
h

c
h


2

2 2






� �
�
�

�
�
� � � �

�
Re 	 (4.225)

after it. Thus, the number of required measurements is extraordinarily reduced. 
The resistance coefficient now depends only on the Reynolds number. In this con-
densed form, all the earlier representations of resistance can be summarised. 
(4.225) applies in the same way to model and large-scale. The conversion from one 
to the other case can be made immediately.
	2.	 Flow through tasks

Fig. 4.127  Flow through a 
horizontal, straight circular 
pipe
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We start with the horizontal circular pipe (Fig.  4.127). A fluid (ν, ϱ) flows 
through a piece of pipe (ℓ, D, ks) with the mean velocity cm . This gives the pres-
sure drop �p p p� �1 2 . There is a dependence of the shape

	
�p p p f D k c� � � � �1 2 , , , , ,s m � . 	 (4.226)

We move on to dimensions here as well and represent, for example ∆p , D, ks, 
ν by ℓ, ϱ, cm . With a similar calculation as above we get this time four parameters

	
�p

c

c D

D

k

D
2

2
1 2 3 4

m

m s� � � ��
�

� � �, , , .


	 (4.227)

The dependence (4.226) leads to the functional relationship

	
�p

c
F

D

c D k

D
2

2
m

m s, ,� �
�
�

�
�
�



�
. 	 (4.228)

This relationship is generally valid, that is, also in the inlet section. If there is 
specifically a developed flow, no pipe section is excellent with respect to another. 
In this case, F must be a linear function of ℓ/D. Thus from (4.228)

	
�p

c D

k

DD
2

2
m

s,� �
�
�

�
�
�



� Re , 	 (4.229)

with which the earlier representations for laminar and turbulent flows are cap-
tured. If one compares (4.226) with (4.229), one immediately recognizes the prog-
ress achieved. The number of measurements required is extraordinarily reduced. 
The Nikuradse diagram provides the function λ, and the Reynolds numbers and the 
roughness parameter alone enter here as independent variables. Also in this case, 
(4.229) applies in the same way for model and full-scale model. Geometrically 
similar flows are described by equal values of ℓ/D and ks/D. As one considers a 
nozzle or a diffuser, then an additional parameter occurs, for example, the diameter 
ratio

	

D

D
1

2
5� �

	 (4.230)
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At this point, of course, the area ratio A1/A2 or a characteristic angle α can be used. 
If this is taken into account in (4.228), the following applies in general

	
�p

c
G

D

D

D

c D k

D
2

2 1

1

2 1
m

m s, , ,�
�

�
�

�

�
�



�
. 	 (4.231)

By specialization comes for example, the formula for the Carnot-diffuser (4.220). 
The reader discusses in detail the necessary conditions for this and compares in par-
ticular the earlier derivation with the momentum theorem.
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In-Depth Exercises

Abstract
In-depth exercises illustrate quasi-stationary and time-dependent flows.

Frictional flows are solved with mechanical and energetic approaches in sys-
tems with pipes and connecting elements. Tasks include steady, quasi-steady, 
and time-dependent flows. The turbulent flow around the flat plate and the 
Rayleigh-Stokes problem are treated. The compressible flows are analyzed dur-
ing inflow and outflow and in connection with the Laval nozzle.

The use of wind energy is worked out using a wind turbine and the anemom-
eter. The lift and resistance of bodies flowing around them are dealt with using 
the example of the parachutist and in aircraft during take-off and cruising flight.

Energetic aspects of viscous potential flows are analyzed using the example 
of radial and vortex flow in the cylinder gap.

5.1	 �Task: Flow into a Submersible Tank (Sinking Ship)

The immersion tank shown in Fig. 5.1 fills slowly through the opening in the bot-
tom.

Given:
p1, ϱ, g, h, A2, A3.
Wanted:
w2(t), replenishment time T.
Solution:
Based on the Bernoulli equation for unsteady flow in the form:

5
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	 1

2

2
2

1
2

2 1 2 1

1

2

1
0∫

∂
∂

+ −( ) + −( ) + −( ) =w

t
s w w p p g z zd

 	

it can be simplified as follows:
For small aspect ratio A2 ≪ A3, the time variation of the velocity along the flow 

filament s from (1) → (2) is small, so that the acceleration term in the Bernoulli 
equation is negligible. The time dependence is accounted for solely by the 
time-varying boundary conditions. This flow is called quasi-stationary. From (1) to 
(2), the Bernoulli equation holds. In (2), the medium flows into the vessel as a free 
jet. The pressure in the jet is equal to the hydrostatic pressure in the environment at 
(2) in the vessel: p2(t) = p1 + ϱgz(t). From Bernoulli’s equation it now follows for a 
free surface at rest (1) with w1 = 0 the velocity at the inlet cross-section (2):

	

 


2 22
2

2 1
2

1w p w p gh+ = + + , 	

	
w t g h z t2 2( ) = − ( )( ). 	

With the continuity equation for the volume flow between (2) and (3)

Fig. 5.1  Flow into an immersion tank
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	 w A t A z2 2 3d d= 	

follows the ordinary differential equation, which is solved by separating the vari-
ables:

	

d
d d

t
A

A

z

w t

A

A

z

g h z t
=

( )
=

− ( )( )
3

2 2

3

2 2
.
	

From the integration, with the initial condition z = 0 for t = 0:

	

t
A

A

h

gh

z t

h
= − −

( )











3

2

2

2
1 1 .

	

For z = h the replenishment time T follows:

	

T
A

A

h

gh

A

A

h

g
= =3

2

3

2

2

2

2

	

and thus for the temporal change of the liquid level

	

z t

h

t

T

( )
= − −






1 1
2

	

and for the speed

	

w t

gh

t

T
2

2
1

( )
= −





.

	

In Fig. 5.2, the time histories of velocity and altitude change are plotted in di-
mensionless form.

5.2	 �Task: Oscillating Liquid Column (U-Tube 
Manometer)

U-tube manometers are often used for pressure measurement. When the liquid col-
umn oscillates, there is a transient flow in the U-tube as shown in Fig. 5.3.

Given: ϱ, L = h1 + h2 + ℓ, g.
Wanted: x(t), frequency of oscillation ω.
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Solution: With constant cross-section A, it follows from the continuity equation 
that the velocity w1 = w2 = w(t) depends only on the time t, but not on the location 
s. The deflection x of the fluid surfaces is equal on both sides. Bernoulli’s equation 
(4.12a, b), (4.13) then reads for the flow filament s between (1) and (2):

	





 

2 21
2

1 1 2
2

2 2

1

2

w p gz w p gz
w

t
s+ + = + + +

∂
∂∫ d .

	

With the pressure equality p1 = p2 on the two liquid surfaces follows

Fig. 5.2  Time response of 
velocity w(t) and liquid level 
z(t)

Fig. 5.3  Oscillating liquid 
column

5  In-Depth Exercises

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


197

	

d

d
d

w

t
s g h h

1

2

2 1 0∫ + −( ) = .
	

The length of the flow filament is

	 1

2

1 2

2

2 2 1 2∫ = = + + = − =d
d

d

d

d
s L h h

w

t

x

t
h h x , ,

	

and the velocity w follows from the change in surface position with time to w
x

t
=

d

d. This gives the following differential equation:

	

d

d

2

2
2 0

x

t
g
x

L
+ = . 	

The solution x = x0 cos (ωt) represents a harmonic oscillation with amplitude x0 

and angular frequency ω =
2g

L
.

5.3	 �Task: Time-Dependent Outflow from a Vessel 
(Start-Up Flow)

From the container with a very large cross-section shown in Fig. 5.4, the liquid 
flows frictionless through the connected pipe into the environment as soon as the 
valve at (3) is opened. The temporal development of the outlet velocity w3(t) up to 
the steady-state final value w3, st is of interest.

Fig. 5.4  Frictionless 
discharge from a vessel with 
connected pipeline
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Given: g, H, ℓ.
Wanted: w3(t), half-life t ∕ T for the velocity ratio w3(t)/w3, st.
Solution: The problem is solved using the Bernoulli equation for unsteady 

flow:

	





 

2 21
2

1 1 3
2

3 3

1

3

w p gz w p gz
w

t
s+ + = + + +

∂
∂∫ d .

	

With the assumptions: w1 = 0, p1 = p3, z1 = H and z3 = 0 follows simplified:

	






gH w

w

t
s w

w

t
= + = +∫2 23

2 3

2

3

3
2 3d

d
d

d

d
 .

	

For the stationary limiting case, the Torricelli formula is obtained:

	
w gH3 2, .st = 	

With the terminal stationary velocity w3, st follows the nonlinear ordinary dif-
ferential equation, which can be solved by separating the variables.

	

d

d

d

d

st

st

st

st

w

t

w w

w

w

w

w

w
t

3 3
2

3
2

3

3

3

3

2
3

2

1
2

=
−

∫

−










= ∫

,

,

,

,

,

,





	

with the initial condition w3(t = 0) = 0 follows as a solution with the reference  
time T:

	

artanh
st st

st

w

w

t

T
T

w gH

w

w

t

T

3

3 3

3

3

2 2

, ,

,

, ,

tanh .

= = =

=





	

The time response of the exit velocity is shown in Fig. 5.5.
The terminal velocity according to the Torricellian efflux formula is reached 

asymptotically. As half-life follows t

T
= 0 55. .
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The time-dependent pressure distribution in the pipe is plotted in Fig. 5.4. At 
time t = 0, the pressure along the pipe axis drops linearly from to p1 + ϱgH to p1. 
The pressure in the pipe is reached constant with p1 for t → ∞.

5.4	 �Task: General Outflow Problem

In Fig. 5.6, a liquid flows from the left tank into the right tank via a connected pipe 
with a shut-off valve. The flow in the pipe is assumed to be developed and the pipe 
wall hydraulically smooth. The tank surfaces are very large, so the flow can be as-
sumed to be steady. For a given volume flow, the required pressure difference must 
be determined.

Given: ϱ, ν, h, V , D, ℓ, g, ζE, ζV.
Wanted: Pressure difference p1 − p6.
Solution: The solution is given by Bernoulli’s equation for the frictionless sec-

tion and the loss considerations for the frictional section of the system.
Bernoulli’s equation (1) → (2):

Fig. 5.5  Time response of the velocity

Fig. 5.6  Overflow process between two vessels with connecting pipe line

5.4  Task: General Outflow Problem

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


200

	

p w gz p w gz w z

p p w

1 1
2

1 2 2
2

2 1 2

1 2

2 2
0 0

2

+ + = + + = =

− =









with and follows

22
2

1−gz . 	

Frictional flow (2) → (5) with inlet (ζE), circular pipe (λ), valve (ζV) and Carnot 
diffuser (free jet):

	

� �

�

V
D

w w w w
w D V

D

p p w
D

= = = = =

− = + +





π
ν π ν

ζ λ ζ

2

2 2 3 4
2

2 5 2
2

4

4

2

, , Re ,


E V


. 	

Free jet and hydrostatic (5) → (6)

	 p p gz5 6 6− =  . 	

Thus follows for the necessary pressure difference:

	
p p w

D
gh w

V

D1 6 2
2

2 22
1

4
− = + + +






 − =


ζ λ ζ

πE V with
� �

.
	

Rearranging the question according to the flow velocity w2 = w5 yields a gener-
alized Torricellian formula:

	

w
p p gh

D

2
1 62

1
=

− +

+ + +




















ζ λ ζE V



.

	

An energetic consideration with the energy equation of (1) → (6) supplies:
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=
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.
	

5.5	 �Task: Generalized Overflow Problem

In the flow system shown in Fig. 5.7, consisting of the two vessels connected by a 
pipeline, the liquid flows through an overpressure at (1) into the vessel with the 
surface (6). The required pressure difference p1 − p6 is sought so that the specified 
volume flow rate V  occurs. The flow in the pipes is assumed to be developed and 
the walls are assumed to be hydraulically smooth.

Given: Volume flow rate V = 0 002 3. /m s , Flow medium water at 20 °C with 
ϱ  =  998.4 kg/m3, ν  =  1.012  ⋅  10−6m2/s, System geometry h  =  7m, Pipes with 
D1  =  30mm, D2  =  60mm, ℓ1  =  50m, ℓ2  =  10m. Loss coefficients in inlet with 
ζE = 0.07 and manifold with ζK = 0.14.

Wanted: Pressure difference p1 − p6.
Solution: Two different solution methods are possible by a mechanical ap-

proach based on force balances and an energetic approach along the flow filament 
coordinate s.

	(a)	 Mechanical consideration:
(1) → (2) frictionless flow, Bernoulli equation

	
p w gz p w gz1 1

2
1 2 2

2
22 2

+ + = + +





 	
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with the preconditions w1 = 0, z2 = 0, the pressure difference follows

	
p p w gz1 2 2

2
12

− = −


 . 	

(2) → (5) Frictional pipe flow with loss elements, momentum theorem, continu-
ity, hydrostatics, Reynolds numbers:

	
Re .1

2 1 48 39 10= = ⋅
w D

ν 	

with w
V

D2
1
2

4
2 83= ⋅ =

π



.
m

s
,

	
Re .2

4 2 44 19 10= = ⋅
w D

ν 	

with w w
D

D4 2
1
2

2
2

0 71= ⋅ = .
m

s
.

In both pipe sections the flow is turbulent. The pipe resistance coefficients fol-
low from (4.147a) to:

	

λ λ1

1
4

2

2
4

0 3164
0 0186

0 3164
0 0221= = = =

.

Re
. ,

.

Re
. .

	

With the pressure loss figures for inlet and manifold and the pressure increase 
in the Carnot diffuser according to (4.106):

Fig. 5.7  Flow system with pipeline and connecting elements
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p p w
D

gz

p p w gz

2 3 2
2 1

1
1 5

2 3 2
2

5

2
2

2
31 35

− = + +








 +

− = ⋅ +







ζ λ ζE K



,

. ,,

,

. ,

p p w
A

A

A

A

p p w

p p

3 4 2
2 3

4

3

4

3 4 2
2

4 5

2
2 1

2
0 375

− = − ⋅ −










− = − ⋅

− =





 



2 2

2
0 230

4
2 2

2
2 2

2 1

2

4

2

2
2

4 5 2
2

w
D

w
D

D D

p p w

 

λ λ=










− = ⋅

,

. . 	

(5) → (6) Free jet, hydrostatic

	
p p g z z5 6 6 5− = −( ) . 	

Summarizing the pressure differences between (1) and (6) results with 
z6 − z1 = h:
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	(b)	 Energetic consideration:
Energy equation for steady-state flow system of (1) → (6):

	
p w gz p w gz p1 1

2
1 6 6

2
62 2

+ + = + + +





 ∆ V. 	

With the assumption of constant mirror height, i.e., w1 = 0, w6 = 0 follows:

	
p p g z z p1 6 6 1− = −( ) + ∆ V. 	

The pressure losses ΔpV along the coordinate s are composed of:
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∆

∆
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
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2
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1 2
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1
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ζ

λ

,

,



∆∆

∆

p w

p w
A

A

K K

CCarnot-Diffusor with

=

= = −












2

2

2
1

2
2

2
2

1 1
1

2

ζ

ζ ζ

,



=

=

2

2 4
2 2

2
22 2

,

,Pipe with

Discharge to container

R

A





∆

∆

p w
D

p


λ




2

1

2
2

4
2

2
2 1

1
1 1

1

2

4

2

2

w

p w
D

D

D D

ζ ζ

ζ λ ζ ζ

A A

V E K

with =

= + + + +










,

∆
 

λλ ζ2
1

2

4

2
2

2
32 19

+






















= ⋅

D

D

p w

A

V

,

. .∆


	

Thus follows for the pressure difference:

	
p p w gh1 6 2

2

2
32 19 1 972− = ⋅ + =


. . .bar 	

5.6	 �Task: Wind Turbine

The maximum power of a wind turbine is to be determined. Figure 5.8 shows the 
deceleration of the air through the wind turbine in the flow tube. The course of 
pressure and velocity along the coordinate x are sketched between the inflow cross-
section (1) and the outflow cross-section (5). With the conservation of mass, 
Bernoulli’s equation and the momentum theorem the power can be determined.

Given: Rotor diameter D = 82 m, w∞ = 10 m/s, ϱ = 1.205 kg/m3.
Wanted: wS, holding force FH, maximum power Pmax, performance index cB ac-

cording to Betz.
Solution: The mass balance for the flow tube enclosing the propeller as a con-

trol space provides the mass flow m :
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	   w A w A w A m∞ = = =1 3 3 5S  . 	

Between cross sections (1) and (2),as well as (4) and (5), Bernoulli’s equation 
(4.36) is valid. With the prerequisite A2 ≈ A3 ≈ A4 follows w2 ≈ w3 ≈ w4 and thus 
the pressure difference:

1

Wx

FH

px

WS

W3

Wx

p = p2 – p4

p

W

Wx

x

x

0 x

WS

3

4 52

Fig. 5.8  Principle 
of a wind turbine 
with an outer control 
space and a control 
space around the 
rotor as well as the 
pressure and velocity 
distribution in the 
direction of flow
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p w p w

p w p w

p p p w w

∞ ∞

∞

∞

+ = +

+ = +

− = = −( )

 

 



2 2

2 2

2

2
2 3

2

4 3
2 2

2 4
2 2

,

,

.

S

S∆ 	

For the control space between cross-sections A1 and A5 it follows with the mo-
mentum theorem (4.99)

	  w A w A F∞ − − =2
1

2
5 0S H , 	

	 F w A w AH S= −∞ 2
1

2
5. 	

For the control space between (2) and (4) around the rotor follows:

p A p A F2 3 4 3 0− − =H ,

F p p A pA w w AH S= −( ) = = −( )∞2 4 3 3
2 2

32
∆


.

By equating the results for the holding force, the velocity in cross section A3 
follows

	
w w w3

1

2
= +( )∞ S . 	

The output power P of the system is calculated as

	
P F w A w w w w A w w w w w w= = −( ) +( ) = + − −( )∞ ∞ ∞ ∞ ∞H S S S S S3 3

2 2
3

3 2 2 3

4 4

 
. 	

We obtain the maximum value from the extreme value observation:
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d

d

d

S
S S S

P

w
A w w w w w

w

w
= − −( ) = =

−






∞ ∞

∞

∞


4

2 3 0
1

33
2 2

1 2
,

max.,

min.,
,

22

2 34
2 6 0

P

w
A w w

d
Maximum

S
S= − −( ) < →∞


	

at the rate of wS = w∞/3 follows

	
P A w Awmax .= ⋅ = ⋅∞ ∞

16

27 2

8

9 23
3

1
3 

	

In relation to the theoretically possible energy flow P A wtheor = ∞

1

2 3
3  through the 

propeller cross-section, the coefficient of performance (Betz number) follows 
(Fig. 5.9):

	

c
P

A w
B Key performance Betz number= = = = ( )

∞

max . .
1
2

16

27
0 593

3
3

 

	

0

0.2

0.4

0.6

0.8

1

–0.5–1 0.5 1Ws

Wx

0.333

P

Wtheor

16
27

Fig. 5.9  Dependence of the power P/Ptheor on the speed deceleration wS/w∞
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The result for the maximum power Pmax also shows that 8/9 ≈ 88.9% kinetic 
energy of the mass flow passing through the rotor is converted into mechanical 
power.

The output of the system is w∞ = 10 m/s = 36 km/h

	
P

D
w cmax .= =∞


2 4

1887
2

3π
B kW 	

5.7	 �Task: Frictional Resistance in the Flow Around a Flat 
Plate

A plane thin plate of length ℓ and width b is flowed around by a viscous medium. 
The boundary layer flow is assumed to be turbulent, so that a velocity distribution 
shown in Fig. 4.118 is the basis. The wall friction force Fw is to be calculated using 
the momentum theorem according to Fig. 4.111.

Given:
Boundary layer thickness 

δ


=
0 37

1

5

.

Re

, velocity distribution
u y

U

y( )
= 





δ

1

7
.

Wanted: Wall friction force Fw, x.
Solution: The solution is done with a balance of forces in the x-direction 

(momentum theorem):
Continuity:

	

 

  

m Ub m b u y

m m m bU
u

U
y bU

1 3

0

2 1 3

0

1

= =

= − = −





 =

∫

∫ ∗

 

 

δ

δ

δ

δ

, ,d

d ,,

.δ
δ

∗ = −





 =∫

0

1
u

U
yd Displacement thickness

	

Impulse forces:

	

F U b F U A Um U b

F b

J x J x

J x

1 2

3

2

2

2
2

0

, ,

,

, ,= = − ( ) = − = −

= −

( )

∗∫

∫

  



δ δ

δ

wn d 

uu y2d .
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Wall friction force: F b xx

x

w wd, .= − ∫
0

τ

Momentum theorem:

	

  

  

U b U b b u y b x

U U u y

x
2 2

0

2

0

2 2

0

2

0

0δ δ τ

δ δ τ

δ

δ

− − − =

− − −

∗

∗

∫ ∫

∫ ∫

d d

d d

w

w xx

U
u

U

u

U
y x

x

=

−





 − =∫ ∫

0

1 02

0 0


δ

τd dw 	

	

F

U b

y y
yxw d, .


2

1
14

72

0 074

2 0

1

7

1

7



= 





 − 






















= =∫
δ

δ δ
δ

RRe
.

/
1
1 5

	

For the overflow area on the top of the plate, the following is due cF =
0 074

1 5

.

Re /
.

If the plate is flowed around on both sides, the value cW = 2cF follows for the 
resistance coefficient.

5.8	 �Task: Suddenly Accelerated Plate (Rayleigh-Stokes 
Problem)

For the Rayleigh-Stokes problem of the suddenly started plate (Sect. 4.3.11), deter-
mine the energy balance using the control space in Fig. 5.10 with the lengths in the 
ℓx in the x-direction, ℓy in the y-direction, and ℓz = 1 the depth unit.

Given: Velocity distribution (4.185) 
u y t

U
erf

y

vt

,
.

( ) 





= −1

2

Wanted: Power of the wall shear stress L, the dissipation Φ and the time change 
of the kinetic energy dEkin/dt.
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Solution: The energy balance (power balance) for the control volume V with 
the surface A and the velocity vector w is: d

d kint
E L+ + =ΦΦ 0 . The individual pro-

portions result in

	

d

d

d

d
d d dkint

E
t

w V
t

w V w A
V V A

x

y

= =
∂
∂






 + ⋅( )

=

∫ ∫ ∫

∫

  
2 2 2

2 2 2

0

w n





 ⋅
∂
∂

=
∂
∂

= ( ) ⋅ ( ) −
∂
∂



∫

∫=

u
u

t
y u

y
y

u y t y t
u

y
y

x

x y

y

y

y

d d

, , d











0

0
0

τ

τ τ









.

	

This takes into account the momentum theorem in the form 
∂
∂

=
∂
∂

u

t y

τ
. The 

limiting process ℓy → ∞ leads to the final result:

Fig. 5.10  Control space with 
designations
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d

d
, d

,

kint
E U t

u

y
y L

L U t
U

vt

x x

x
x

= − ( ) − ∂
∂

= − −

= ( ) = −

∞

∫ 





τ τ

τ
η
π

0

0

0

2
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==

=
∂
∂

=
∞

∫

Power component of the wall shear stress

d

,

Φ  x

u

y
y

0

τ
ηη

π

η
π





x

x

U

vt

t
E

U

vt

2

2

2

1
1

2

=

= −







Dissipation

d

d kin

,

.
	

This is the solution for the suddenly accelerated plate. The energy transferred 
from the plate to the medium per unit time (power of the wall shear stress) is found 
in the increase of kinetic energy and dissipation of the medium.

Corresponding results are obtained for the suddenly delayed and for the peri-
odically oscillating plate. See K. Bühler, J. Zierep: Energetic considerations of the 
Rayleigh-Stokes problem. Proc. Appl. Math. Mech. PAMM 5, 539–540 (2005).

5.9	 �Task: Compressible Inflow and Outflow

Gas dynamic test facilities can be realized with a vacuum vessel with connected 
flow channel. For a certain time tkrit, supersonic velocity can be reached in the mea-
suring section. Determine the suction time of a supersonic channel using dimen-
sional analysis (Fig. 5.11).

Given: p1, ϱ1, p30, V, A∗, κ =
c

c
p

v

.

Searched for: tkrit= critical suction time for supersonic velocity in the measur-
ing section.

Solution: We assume the following relationship between the physical dimen-
sional quantities:

	
t f p p V A

c

c
p

v
krit , , , , ,= =











∗
1 1 30 κ .

	

Fig. 5.11  Vacuum tank with 
connected measuring section
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In the context of mechanics, this results in three other dimensionless ratios in 
addition to the ratio of the specific heats κ:

	
π π π π κ1

1
2

1

30
3

2

3 4=
⋅ ⋅

= = =
∗

∗

t A a

V

p

p

V

A
krit , , , .

	

with the speed of sound (4.51) a p1 1 1= κ /   and the dependence π1 = F(π2, π3, π4). 
This gives the following relationship:

	
t

V

A a
H

p

p

V

Akrit , ,=
⋅

⋅








∗ ∗

1

1

30

2

3
κ .

	

There t
Akrit ~
1
∗  must be, comes simplifying

	
t

V

A a
h

p

pkrit ,=
⋅

⋅








∗

1

1

30

κ .
	

The mass balance 
d

dt
p V a A3 ⋅( ) = − ⋅ ⋅∗ ∗ ∗  gives for the quasi-stationary flow 

with the other basic equations for the critical suction time

	

t
V

A a

p

p
krit = ⋅

⋅
+







 −

⋅
+









∗

−

+
−( )1

1
30

1
1

2 1

2
1

2
1

κ

κ
κ

κ
κ

κ
κ

.

	

The two borderline cases are important

	

p

p
t V

A a

30

1

1

1

2

1
0 528

0

0

0 652
= +







 =









=
⋅

⋅








−

∗
κ

κ
κ

. ,

,
. .krit


	

The first case represents the critical pressure ratio (4.62) and provides a vanish-
ing suction time. The second case provides the maximum suction time in which the 
speed of sound prevails in the narrowest cross-section:
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t

V

A a

V

A akrit = ⋅
⋅ ⋅

+
= ⋅

⋅∗ ∗
1 1

1 2

1
0 652

κ κ
. .

	

Figure 5.12 shows this result in dimensionless form τ = tkritA∗a1/V. The critical 
suction time τkrit decreases with increasing initial pressure ratio p30/p1.

Numerical example of the system in the Institute of Fluid Mechanics at the 
Karlsruhe Institute of Technology KIT:

	
a V A1

3 2330 30 30= = =∗m

s
m cm, , , 	

t
V

A a
tkrit krit krit

m

m
m
s

s=
⋅

⋅ =
⋅

⋅ ⋅
≈∗

−1

3

4 2

30 0 652

30 10 330
20τ ,

.
.

Reversing the motion (Fig. 5.13), the question of the blow-down time of a blow-
down channel arises (Abboud, Bühler).

In this case, the dimensional analysis provides the correlation for the critical 
blowing time:

0
0

0.528

P3

P1

1

0.34 0.652 1 1.6

P30

P1
(a) =0

P30

P1
(b) =0.25

Fig. 5.12  Relationship between the dimensionless pressure ratio p3/p1 and the dimension-
less suction time τ
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t

V

A a
F

p

pa
krit = ⋅

⋅








∗

10

10 . .κ
	

The conservation laws for mass and energy gives the result for quasi-steady 
flow:

	

t
V

A a

p

pa
krit = ⋅

⋅
−

⋅









 −

+




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







∗

−

10
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1

2
1

2

2

1

1
2

2
1

κ

κ

κ

κ
κ

11

1

10
1

0
1

2
1 894

κ

κ
κκ

−

−
→ →

+





 =

,

, . .t
p

pa
krit

	

This corresponds to the critical pressure ratio 
p

p

∗

=
10

0 528. . .

The critical blowing time tkrit increases with increasing ratio of resting pressure 
to ambient p10/pa pressure.

Numerical example:

a V A
p

pa
1

3 2 10330 30 30 5= = = =∗m

s
m cm, , , ,

t
V

A a
tkrit krit krit

m

m
m
s

s=
⋅

⋅ =
⋅

⋅ ⋅
≈∗

−1

3

4 2

30 1 286

30 10 330
39τ ,

.
.

In the case of blowing out with p10/pa  > 3, 17, higher blowing times can be 
achieved compared to flowing into the vacuum from the atmosphere.

For further questions see:

Fig. 5.13  Discharge from a 
vessel under over pressure 
into the atmosphere
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M. Abboud: The quasi-steady flow of gas during the emptying and filling of a container, 
Fluid Mechanics and Fluid Machinery 33, 59–70 (1983).

K. Buehler: Gas dynamics study of the Joule overflow experiment, Heat and Mass 
Transfer 23, 27–33 (1988).

5.10	 �Task: Laval Nozzle Flow

Using the differential equation (4.55) and the relation (4.57), discuss the flow in a 
Laval nozzle with two narrowest cross sections (A1, A3) and one widest cross sec-
tion (A2) as shown in Figs. 5.14 and 5.15. When is a compression shock possible at 
all?

Given: Nozzle cross sections A1, A2, A3, Shock Mach number Ms = 2.
Searched: Mach number distribution in the nozzle, location of the shock.
Solution: If A1 = A3 (Fig. 5.14), there are simultaneous critical conditions in 

cross sections 1 and 3. There they are saddle points of the integral curves (4.55), 
while 2 is a vortex point. This follows from (4.57) for the two singular points.

A normal shock between 1 and 3 is not possible. This would otherwise lead to 
a decrease in the rest variables and the critical values and thus reduce the mass 
flow. A3 is too low to fulfil the continuity (blocking!).

If A1 < A3 (Fig. 5.15), we have a model for a supersonic duct with sound passage 
in 1. A shock between 1 and 3 is possible if the adjustable diffuser in 3 is opened 
by as much as the decrease in the rest magnitudes dictates.

The plot for the resting pressure decrease at normal shock (Fig. 4.39) gives:
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
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
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
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.
	

For Ms = 2, the area ratio gives 
A

A
1

3

0 721= . .
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5.11	 �Task: Speed During Free Fall (Parachutist)

Figure 5.16 shows the parachutist with the acting forces. In a stationary case, the 
gravitational force and the flow resistance are in equilibrium. The speed of fall w is 
required.

Given: D = 8m, m = 90 kg, L
kg

m
=1 188

3
. , cW = 1.33.

Wanted: Stationary fall velocity w.

Fig. 5.14  Laval nozzle with 
two narrowest cross sections 
A1 = A3

Fig. 5.15  Laval nozzle with 
two cross sections A1 < A3
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Solution: If the umbrella shape corresponds to an open hemisphere, then fol-
lows (Fig. 4.122) the drag coefficient cW = 1.33 . With the force equilibrium of 
gravity and drag force, neglecting the buoyancy, it follows

	
F mg w AcW W= =


2

2 . 	

From this expression the fall velocity is given by

	

w
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D c
=



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In reality, the drag coefficient cw is lower due to the porosity of the screen and 
the velocity is thus somewhat higher.

5.12	 �Task: Lift Coefficients of Aircraft (Take-Off 
and Cruise)

The Airbus A380 aircraft has a take-off weight of m = 560, 000 kg. The wing cross-
section is given by the reference area A. The engines have a thrust of 
FS = 1244 kN. The speed at takeoff is wS and increases to w at cruise altitude of 

Fig. 5.16  Skydiver
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11 km. The lift coefficients for cruise cA and for take-off cA, max are to be determined 
(Fig. 5.17).

Given: A = 845 m2, m = 560, 000 kg, g = 9.81 m/s2, FS = 1244 kN.

z in m p in Pa ϑ in °C ϱ in kg/m3 a in m∕s w in m∕s w in km∕h M
0 101.325 15 1.225 340.26 69.44 250 0.204
11.000 22.614 −56.5 0.364 295.04 262.58 945 0.890

Wanted: Lift coefficients cA (cruise) and cA, max (takeoff).
Solution: For the lift coefficient cA at cruising altitude z = 11 km follows with 

FA = FG = mg:

	

c
F

w A
A

A
kg

m
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kg
m m

s

= =
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At takeoff, the lift coefficient is maximum cA, max with the data on the ground at 
z = 0. Due to the aircraft attitude with the angle of attack α, the thrust force of the 
engines FS contributes by the vertical thrust component with a fraction of FS ⋅  sin α, 
so that FA = FG − FS  ⋅   sin α results for the lift force. For an angle of attack of 
α = 10° follows

	

c
F

w A
A

A
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m
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Fig. 5.17  Aircraft in cruise flight
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The maximum lift coefficient cA, max is achieved by extending the slats and wing 
flaps.

For comparison, with the flat plate at an angle of attack of α = 20° (4.82b), a lift 
coefficient of

	
cA plate, sin . .= = ⋅ =2 2 0 342 2 15π α π 	

is reached.

5.13	 �Task: Water Jet Pump

Figure 5.18 shows the principle of a water jet pump. With the propelling jet of ve-
locity c0, fluid with velocity c1 is sucked out of the ring cross-section. In the area of 
(1) (→ 2) the two fluid streams mix and at the point (2) the liquid exits with the 
constant velocity c2 as a free jet into the environment with the pressure pa.

The wall friction can be neglected compared to the mixing losses of the two jets. 
The flow is assumed to be stationary and the medium incompressible. The pressure 
p1 is constant over the entire cross-section in (1).

Given: d0 = 0.05 m, d1 = d2 = 0.1 m, ϱ = 1000 kg/m3, c0 = 22 m/s, c1 = 3 m/s, 
pa = 105 Pa.

Wanted:

	(a)	 What are velocity c2 and mass flow m2  in exit cross section (2)?
	(b)	 What is the pressure p1 in the cross section (1)?
	(c)	 What are the energy fluxes   E E E0 1 2, ,  and losses of EV  (1) → (2)?

Solution:

	(a)	 Mass Conservation

	

  



m m m c
d

d
c

d

d
c

m

0 1 2 2
0
2

1
2 0

0
2

1
2 1

2

1 7 750

60

+ = → = ⋅ + −








 ⋅ =

=

. / ,m s

.. / .868kg s 	

	(b)	 Conservation of momentum

	
  ⋅ ⋅ + ⋅ −( ) ⋅ − ⋅ ⋅ + ⋅ − ⋅ =A c A A c A c p A p A0 0

2
1 0 0

2
1 2

2
1 1 2 1 0 	
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with p2 = pa follows p1 = 32312.5 Pa .
	(c)	 Energy conservation (power balance)
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E E E E
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∆

. , . ,W W
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5.14	 �Task: Anemometer

The cup cross anemometer, as shown in Fig. 5.19, is a frequently used device for 
determining wind speed w∞. Building services engineering is a major field of ap-
plication for controlling façade elements. The advantage lies in the linear relation-
ship between rotation speed and wind speed.

Given: r = 0.05 m, R = 0.5 m, cw1 = 1.33, cw2 = 0.34, ϱ = 1.225 kg/m3.
Wanted:

	(a)	 The relationship between torque and the given geometric quantities r, R, the 
drag coefficients cw1, cw2, the density of the air, the incident flow velocity w∞ 
and the rotational velocity R ω is to be represented dimensionless. A 
characteristic velocity parameter λ follows from the ratio of the rotational ve-
locity R · ω to the incident flow velocity w∞.

	(b)	 The torque MD is to be determined via a moment balance and plotted in dimen-
sionless form MD/MN with M w RN = ⋅ ⋅∞ / 2 2 2 , over the velocity parameter λ.

Fig. 5.18  Water jet pump
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	(c)	 The power P is to be normalized with P w RN = ⋅ ⋅∞ / 2 3 2  and represented as a 
function of λ.

	(d)	 Discuss the three cases:
	 1.	 ω = 0 locked rotor,
	 2.	 MD = 0 anemometer function and
	 3.	 P = Pmax the maximum power when operating as a wind turbine.

Solution:

	(a)	 MD = f(geometry, media, BC) = f(r, R, cw1, cw2, ϱ, w∞, ω)
With the dimensional analysis, 5 dimensionless parameters follow from these 
8 influencing variables minus the 3 basic variables (M, L,T):

	

c
M

w R

r

R

R

w
c c c F

r

R
c cM

D
M= =

⋅
→ = 








∞
∞


2

2 3
1 2 1 2, , , , .λ

ω
λw w w w, , ,

	

	(b)	 Moment balance

Fig. 5.19  Principle sketch of the wind anemometer
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	(c)	 Case (1): When the rotor is held stationary (λ = 0), the moment is maximum. 
It then decreases linearly with increasing parameter λ, as shown in Fig. 5.20.
Case (2): If the rotor is not loaded, the resulting moment is MD = 0. It is then

	
1 1 0
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Fig. 5.20  Course of torque (solid) and power (dashed) as a function of λ
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From λ
ω

=
⋅

∞

R

w
 follows ω π

λ
= ⋅ =

⋅∞2 n
w

R
, which corresponds to a linear re-

lationship (characteristic curve Fig. 5.21) between the wind speed w∞ and the 
angular velocity ω or the rotational speed n.
Case (3): The power P has the maximum value for the value λ = 0.159 as can be 
seen from Fig. 5.20. With the given data, a wind speed of w∞ = 10 m/s results in 
a maximum power of P = 0.370 W. Wind turbines of this type are therefore only 
conditionally suitable for energy conversion.

5.15	 �Task: Vortex Flow in the Cylinder Gap

The flow in the gap between two rotating cylinders is to be analyzed with respect 
to the transport properties of momentum and energy in the radial direction and the 
associated dissipation (frictional heat). The flow is rotationally symmetric and is 
said to have only the circumferential velocity v(r), while the radial and axial ve-
locities are zero. The pressure distribution p(r) is obtained by the relation (4.24). 
Figure  5.22 shows the gap geometry filled with a viscous incompressible fluid 
(η = ϱ ⋅ ν). The velocity distribution v(r) = A ⋅ r + B/r is composed of a rigid-body 
vortex and a potential vortex. The constants A and B are given with the boundary 
conditions v(R1) = ω1 ⋅ R1 and v(R2) = ω2 ⋅ R2.

Given: R1, R2, ℓ, ϱ, ν, ω1, ω2.

Fig. 5.21  Characteristic 
speed n as a function of wind 
speed w∞
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Wanted:

	(a)	 The velocity distribution v(r) with constants A and B.

	(b)	 The shear stress distribution τ η ηr r
r

v

r

v

r

v

r
( ) = − ⋅ ⋅

∂
∂

















 = − ⋅ −








d

d
.

	(c)	 The torques M1 and M2 on the inner and outer cylinder.
	(d)	 The dissipation Φ = L1 − L2 is to be determined from the power balance with 

L
E

t
E= =

d

d
  as well as from the volume integral ΦΦ = ⋅ ⋅
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v

2

d .

	(e)	 The limit cases
	 (1)	 v(r) = B/r with A = 0,
	 (2)	 v(r) = A ⋅ r with B = 0,
	 (3)	 v(r) = A ⋅ r + B/r with ω2 = 0,
	 (4)	 R2 →  ∞ , v(r → ∞) = 0,

are to be analyzed.
Solution:

	(a)	 From v(r) = A ⋅ r + B/r with v(R1) = ω1 ⋅ R1 and v(R2) = ω2 ⋅ R2 follow the con-
stants
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Fig. 5.22  Cylinder gap geometry and velocity distributions in the cylinder gap
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	(b)	 The shear stress distribution thus follows
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	(c)	 The torque at the inner cylinder follows from the integration over the cylinder 
surface area to
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and from the moment equilibrium then follows for M2 at the outer cylinder the 
same value, but with opposite direction.

	(d)	 For the dissipation Φ, the following results from the power balance and from 
the volume integral over the local dissipation
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The difference between the power L1 supplied at the inner cylinder and the 
power L2 discharged at the outer cylinder corresponds to the dissipation Φ.

	(e)	 Limit case (1): For the condition, ω ω2 2
2

1 1
2 0⋅ − ⋅ =R R  the constant A = 0 and 

the potential vortex is established in the cylinder gap. The viscous gap flow is 
then rotation-free and for the dissipation follows

	
ΦΦ = ⋅ ⋅ ⋅ ⋅

⋅ ⋅ −( )
−

4 1
2

2
2

1 2

2

2
2

1
2

π η
ω ω



R R

R R
.
	

A viscous potential flow is then present in the cylinder gap.
Limit case (2): For the case that the angular velocity is ω1 = ω2, a rigid body 
rotation is established in the gap. The medium rotates like a rigid body and 
does not flow. No shear stresses occur.
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Limit case (3): If the outer cylinder is held stationary, the general form of the 
velocity distribution is a combination of rigid-body and potential vortex. In this 
case, an unstable centrifugal force layering is present. As soon as the critical 
Taylor number Ta is exceeded, toroidal vortices set in. For small gap widths 

s = R2 − R1 and s/R1 ≪ 1, this Taylor number has the value Ta
R s2 1 1

3

2
1708= =

ω
ν

.

Limit case (4): In this case, the situation is that of a rotating cylinder im-
mersed in a viscous medium. The circumferential speed corresponds to that of 
the potential vortex. The power supplied to the rotating cylinder (energy flow) 
corresponds to the dissipation (frictional heat) generated in the medium. In this 
case, as in (1), there is also a viscous potential flow.

5.16	 �Task: Source/Sink Flow in the Cylinder Gap

The steady incompressible flow between two porous cylinders in Fig. 5.23 is to be 
analysed. Only the radial velocity u occurs, while the circumferential and axial 
velocities are zero.

The mass and momentum balance for radial flow in cylindrical coordinates is:

Fig. 5.23  Radial source flow 
in the cylinder gap
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Gravity in the z-direction is eliminated, which is possible for incompressible 
media. The pressure p thus corresponds to the superposition to the hydrostatic pres-
sure distribution.

Given: R1, R2, ℓ, ϱ, ν, V .
Wanted:

	(a)	 The velocity distribution u(r).
	(b)	 The pressure distribution p(r).
	(c)	 Discuss the solutions of (a) and (b) for u(r) < 0 sink flow.
	(d)	 The dissipation Φ = L1 − L2 can be calculated from the power balance as well 

as via the local dissipation ϕ with the volume integral
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Solution:

	(a)	 From the mass balance follows for the radial velocity

	
r u r C u r
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V
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where the constant C follows from the constancy of the volume flow 
� �V r u r= ⋅ ⋅ ⋅ ⋅ ( )2 π .

	(b)	 With the result of continuity, the friction term in the momentum balance is 
omitted.
The pressure distribution p(r) follows by integration to
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	(c)	 The velocity distribution u(r) and the pressure distribution p(r) are indepen-
dent of direction. They apply equally to the radial source and sink flow.
This exact solution of the Navier-Stokes equation is independent of the viscos-
ity ν. However, the dissipation Φ is different from zero.
This flow is rotation-free, it has a potential and therefore called viscous poten-
tial flow.

	(d)	 Dissipation is transmitted at the cylindrical boundary surfaces by the power of 

viscous normal stresses σ ηrr

u

r
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∂
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2 .
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The evaluation via local dissipation provides the same value:

	

ΦΦ = ⋅ = ⋅ ⋅
∂
∂







 + 



















⋅ =

⋅
⋅∫∫∫φ η

η
π

d dV
u

r

u

r
V

V

RV

2
1

2 2 2�
� 11

2
2
2

1
−









∫∫∫ RV

5  In-Depth Exercises

www.konkur.in

Telegram: @uni_k

https://t.me/uni_k


229© Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2022
J. Zierep, K. Bühler, Principles of Fluid Mechanics, 
https://doi.org/10.1007/978-3-658-34812-0

�Dimensions and Units of the Most 
Important Occurring Quantities

Size, designation

Dimensions

UnitsF, L, T, ϑ M, L, T, ϑ
Length L L Meter, m
Force F MLT-2 Newton, N
Mass FL−1T2 M Kilogram, kg
Time T T Second, s
Temperature ϑ ϑ Kelvin, K
Speed LT-1 LT-1 m/s
Acceleration LT-2 LT-2 m/s2

Pressure, tension FL-2 ML−1T−2 Pascal, Pa = N/m2

Moment, work, energy FL ML2T−2 Joule, J = Ws = Nm
Power, energy flow FLT-1 ML2T−3 Watt, W = Nm/s

Density ϱ FL−4T2 ML-3 kg/m3

Mass flow m
FL−1T MT-1 kg ∕ s

Dynamic viscosity η FL−2T ML−1T−1 Pas = Ns/m2

Kinetic viscosity ν L2T−1 L2T−1 m2/s

Coefficient of expansion β ϑ−1 ϑ−1 1 ∕ K
Specific heat cp, cv L2T−2ϑ−1 L2T−2ϑ−1 J/kgK

Thermal conductivity λ FT−1ϑ−1 MLT−3ϑ−1 W/mK

Surface tension σ FL-1 MT-2 N∕m
Thermal diffusivity k = λ/ϱ cp L2T−1 L2T−1 m2/s

Heat transfer coefficient α FL−1T−1ϑ−1 MT−3ϑ−1 W/m2K
Special gas constant Ri L2T−2ϑ−1 L2T−2ϑ−1 J/kgK
Entropy s L2T−2ϑ−1 L2T−2ϑ−1 J/kgK
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Size, designation

Dimensions

UnitsF, L, T, ϑ M, L, T, ϑ
Dissipation, volume-related ϕ FL−2T−1 ML−1T−3 W/m3

Total dissipation Φ FLT-1 ML2T−3 W

Dimensions and Units of the Most Important Occurring Quantities
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