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Torsional system: SDOF

‘el oo e

T Equation of Motion:

JO+k6=0

] o @;—;5“\. Solution Form:

6(t)=Acos(m, t)+Bsin(o,t)

FIAURE 2,13  Torsonal vibwsison of & disc k 21-:
Here o, = ,/— = — = natural frequency (rad/se
T

Equation of Motion: MY T kx=0

Compare with Translatory System
X(t)=Acos ( ) t)+Bsin (m t)

fk 27
O, = 4[— = —
m T

Solution Form:
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Automobile shock absorbers 0.1-0.5
Rubber 0.04
Riveted steel structures 0.03
Concrete 0.02
Wood 0.003
Cold rolled steel 0.0006
Cold rolled aluminum 0.0002
Phosphor bronze 0.00007
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F, = uN

where u is the coefficient of friction, N is the normal force
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> = —7.9667 x10° m
o’ -w,” (10°-20%)rad” /s

x(#) = 0.02sin10¢ + 7.667 x10~° (cos10¢ — cos 20¢)
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70 70
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3000
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4800/70

2 =6.92x107° Rad
J50000/70 ~104.82f + (4491.4)

T =
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m = 1000 kg, F = 2450 N, N = 1500 rpm,
O0=2mm=2x10°m, ¢=0.2
We use,
TR= V(1+(2€w/w )?)/(1-(w/w, )?)?
+2&w/w,)?
Also TR=F_/F
w = 21TN/60 = 157.08 rad/sec.
w, = V(k/m)=Vg/ 5=9.81/2x10 3 =70 rad/sec.
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Subs for ¢, W, W, 1nto expr. for TR
TR=0.325,asTR=F,_ /F,F,=797N

The amplitude X 1s from the relation

X = (F/K) N(1-(w/w, )?)? +2€w/w. )2

Ask =mg/d=1000x9.81/2x 103
=4.905 x 10° N/m.

That gives X =1.21x 104 m
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The phase lag of transmitted force wrt F 1s
(P -a)= tan"((2EW/W )/(1-(W/W,)?))
—tan"! (2¢W/W,)
= 125.55°
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r2yY
JA=r2)? +(2&1)

Z(t) = sin(@,t — ¢)

y(t) = @,Y cos(w,t)

2
2(t) = Yo, cos(a,t — @)
JA-r’) +(2¢r)°
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Z(t) = —Zo; sin(w,t — @) ji(t) = —@?Y sin(w,t)
I(t)=-w z2(t) = & [— Y sin(w,t — ¢)]
JA=r?)? +(2£r)?
a)b —-z(t) = : [— a)éY sin(w,t — ¢)]
JA—r3)? +(2£1)>
~w’1(t) = 1 [— .Y sin(w,t - ¢)]

JA=r3)? +(2&1)
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Numerical problems
Problem-5
Design a vibrometer for the range of frequency 0-10 Hz.

Given data

@ =10 Hz maximum frequency for which
vibrometer should be designed

20
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Numerical problems

Problem-5

It is required to design stiffness
of spring (K), value of damping
coefficient (c) and the
magnitude of seismic mass (m)
for the given requirements

21
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Numerical problems
Problem-5

From theory, it is known

. 5 s that for vibrometer the
= () .
£ s & frequency ratio should
o 2 co0o
3 8= be more than 3
H < )/ e ===
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Numerical problems

Problem-5
Consider minimum r = 3 for the design

= wlao,

For the given frequency, natural frequency of the
iInstrument should be

w,= o lr

o,=10/3 = 3.33 Hz = 20.92 rad/sec
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Numerical problems
Problem-5

@, =NK/m

where, K= stiffness of spring and m seismic mass
For the fixed value of K magnitude of m can be obtained

We know, & = clc,

and c.=2m w,

From above equations, for a particular value of £ one
can estimate the magnitude of damping factor c

24
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2990 e

X(f) Strain gage

Cantilever beam

g=const x(¢) base
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Piezoelectric transducer

F=A4p

O.=d F=d A p

ng(f) =V h p('t)

d = piezoelectric constant
v =voltage sensitivity coeff

h = thickness of transducer

http://www _bksv.com/
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A v

Sensor: vel. »>Volt

V., (=B 1v(t)

Exciter: | > F

Bl =V/N=F/
F=BIlI
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Vliechanical exciters

m t Xty = rsiney

« Force applied as an
inertia force: = moirsna pL S0

(a)

« Force applied as an
elastic spring force:

« Used for frequency <30 et v
cotch yoke
Hz and loads <700N mechanism
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.
Self-Excitation and Stability Analysis

- Dynamic Stability Analysis

Consider the equation of motion of a single
degree of freedom system:

mx+cx+kx=0 (3.107)
This leads to a characteristic equation
2+l kg (3.108)
m m

Flutter of turbine blade, flow-

The roots of the equation are; nduced vibration of pipe,
- q1/2

automobile wheel shimmy

L (5] —4(£] (3.109)

m m

Self-excited vibrating system = force is fun of motion variable (x,v,a)
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T —
Self-Excitation and Stability Analysis

Let the roots be expressed as

s, = p+iq, s, = p—Iiq (3.110)

where p and g are real numbers so that
C k

(s—s)(s—5,)=5" (s, +5,)5+55, =5 +—s5+—=0 (3.111)
m m
Hence,
k > |
E:—(5;1+45*3):—2p,, —Czslszzp”rqz (3.112)
m m

If ¢ & kK are positive, then the system is dynamically stable
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Ex 3.8 Instability of Spring-Supported Mass on Moving Belt
Consider a spring-supported mass on a moving
belt, in Fig (a). The kinetic coefficient of friction
between the mass and the belt varies with the
relative (rubbing) velocity, in Fig (b). As rubbing
velocity increases, the coefficient of friction first
decreases from its static value linearly and them
starts to increase. Assuming that the rubbing
velocity, v, Is less than the transition value, Vo, the
coefficient of friction can be expressed as ,uz,uﬂ—%v
where «a Is a constant and "=mg is the weight of
the mass. Determine the nature of free vibration

about the equilibrium position of the mass.
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Ex 3.8 Solution

Let the equilibrium position
of mass m correspond to an
extension of x, of the spring.

(2)

Then, W = fx, ]

wuwo o Wooal’ &l N

Xo = — — Q

k k i
where Iis the velocity of the ° Reletve
belt. Hence, the rubbing (»)
velocity v is given by: — Y0 —dwtune

v=V —x k(x,tx) * = \

W

()
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I e ——
Ex 3.8 Solution

The equation of motion for free vibration is
mi = —k(x, +x)+ @V =—k(x, +x)+ PF( 1, - %(V _ .:;*)]
Le., mi —ax + kx = 0 (E.1)
The solution is given by
x(1) = e C e +Cle | (E2)

where C, and C, are constants and,

SERON
1) 48)
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Self-Excitation and Stability Analysis

- Dynamic Instability Caused by Fluid Flow
The figure illustrates the phenomenon of galloping

of wires:
Wire
Wind
— . Resultant
veloatty, O wind force
f2)
m.n.d. furne
Orginal
vgln::rty o m;'g force
Resuhtent »=" | q
wind velocity & e rﬂn] }
?‘r:rt.u::l velocity of 1illj;'tl':ll.!mi velocity due l
;n:::éhhﬂ wire relative to wind) to nonsymmetry i (velocity of wire)

) ©

Telegram: @uni_k
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Self-Excitation and Stability Analysis

The figure illustrates the phenomenon of singing
of wires:

Experimental data show that regular vortex
shedding occurs strongly in the range of Reynolds
number (Re) from about 60 to 5000. In this case,

_pVd

Ll
http://mecd424 .group.shef.ac.uk/simulations_cylinder.php

Re (3.113)

http://public.lanl.gov/wdaniel/science/turbulence/vortexstreet/single.html
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Self-Excitation and Stability Analysis

For Re > 1000, the dimensionless frequency of

vortex shedding, expressed as Strouhal number

(St), I1s approximately equal to 0.21.

St Eszo.zl (3.114)

where f'is the frequency of vortex shedding. The

harmonically varying lift force (F) is given by
F(t)= %cpr/iq sin ot (3.115)

where c¢ is a constant (c = 1 for a cylinder), A is the
projected area of the cylinder perpendicular to the
direction of V, w is circular frequency and tis time.
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Ex 3.10 Flow-Induced Vibration of a Chimney

A steel chimney has a height of Zm, an inner
diameter 0.75m, and an outer diameter 0.80m.
Find the velocity of the wind flowing around the

chimney which will induce transverse vibration of
the chimney In the direction of airflow.

69
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Ex 3.10 Solution

Approach: Model the chimney as a cantilever
beam and equate the natural frequency of the
transverse vibration of the chimnet to the
frequency of vortex shedding.

The natural frequency of transverse vibration of a
cantilever beam is

W, = (ﬂ1])2 =

pAI*

(E.1)

where pl=1.875104 (E.2)

For the chimney, E = 207X10° Pa, pg = 76.5X103
N/m3, | =20m, d =0.75m, D = 0.80m,
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R B
Ex 3.10 Solution

4= E(JD2 —d¥) = %({).302 —0.75%) = 0.0608685 m*

and
I = 6—":(1)“ _dY) = é(@.so“ ~0.75%) = 0.004574648 m*

Thus,

5 1/2

(207 %10°)(0.004574648)
{ 76.5%10°

o, =(1.875104)°

L 9.81
=12.415417rad/s=1.975970 Hz

](0.0608685)(20)4

/1

Telegram: @uni_k
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Ex 3.10 Solution

The frequency of vortex shedding is given by
Strouhal number:

St:ﬁ:()ll
4

The velocity wind (V) which causes resonance
can be determined as

fd 1.975970(0.80)
0.21 0.21

V = =7.527505 m/s

72
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Break the vortex pattern

J

)

| Helical spoilers

2

73

Telegram: @uni_k
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Dr. Y.K. Lea MECH300G

Spoiler in a high-speed racing car to improve the stability

92 http://en.wikipedia.org/wiki/Spoiler_(automotive)

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

Self-Excited Vibrations

m Actually, there 1s an additional type of forcing,
called a self-excited vibration

m Self-excited vibrations always force the system
at 1ts natural frequency

Examples:

s Swingset

= Violin string / bow
s Washboard roads

76
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* !
!
ow } t
N i 1
string f g
L d )
a h

With high static friction, the bow tends to stick to the string (diagram a) and for a
little while it drags the string along with it (b,c,d). When the string has been pulled
sideways far enough (e), it breaks free of the bow and slides past it easily with very
little friction, thanks to the rosin (f). The string doesn't stop when it gets to the
straight position because its momentum carries it on until eventually it stops and
reverses direction. When it is going at about the same speed and in the same
direction as the bow it catches on the bow (g), static friction reigns, and the cycle
begins again. Usually the vibration of the string governs the cycle of stick-slip: while
the vibration is in the same direction as the bow travel, it sticks and moves with it,
when it reverses it slips. Thus the cycle of stick and slip on the bow has the same
period as the vibration of the string. This might be less than a thousandth of a
second for a violin or several hundredths of a second on a double bass. Do not
confuse this cycle with the forward and backward motion of the bow: while the
player is moving the bow in one direction hundreds of stick-slip cycles may occur.

77
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Self-Excited Vibr:
Machining Cha [

z
,
%
%

F_bﬁ;_j Lj '
t 7 T Regions. « Vibrations occur at the
|l d |'I /) / natural frequency of the
% e / cutting tool or the
5 "'=“|| == = workpiece
Al Ill L/ / * Indicates desirability of very
2 (IANARAR / stiff machine tools
by ' "-”'—\ﬁ”r— 1-——;‘— — - « Difficult to machine very
stable Regions . .
Revolutions Per Minute |{|3|'.I='l-'l'}'él > thln pleces 78

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

A SHe Olilas
090 (5,15,

(SS9 LgJ.ob-‘ WINPVR VW
SilSo 09,5 Lokl

2> g ol

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

ol s,L 4 &wl

mX + CX + kx = F (1) ioglite 5l gl RSl Asles
FO=FA+T)  scasl oo b F(D) o
1) Harmonic (sin, cos) 2) Transient

Tr\umunu A

3) Periodic 4) Random

ThlS force can be expressed in terms of its
Fourier Series Coefficients 2

" ¢
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N
VARV

42598 Sllie (6w holes
F(t) =a, + 4, cos(a)t)+ a, cos(2wt)+ a, cos(3a)t)+ .
+b, sin(wt)+ b, sin(2wt)+ b, sin(3cwt) + - -

w=2r/T

Amplitude

Telegram: @uni_k
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ol 38 4yl ald 51

2l S 498 (gpw dgg kol
F(ty=F(t+T) 15l Goglite s

Al asly g g

Al odd (i yai g 1S bl Stwgul o @
2o pj JHSEl e g pdy JLSEI @l ool 093 jo )5 B

. AW
jo (1) dt
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4,98l pd

F(t) &b 4598 (6w

F(t)=a, + ian cos(nwt)+b_sin(nwt)

n=1
Sl )ke dy58 culps oS
17 2 (T
a, :?jo F(t)dt, a, =T, F(t)cos(nmt)dt,
b, :$ " F(t)sin(not)dt
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Jle

203 o.)‘.)u é:b 4))9.9 Sy o] L_J91.LLO

4 X (1)

0<t<T/2

T
0
T
0

1
- X(t):{—l T/2<t<T

e

«T/2

J0

X(t)sin(net )dt = ?J‘O/ sin(not)dt + =

v T

[ x(t)dt =0, = —j )cos(nwt )dt =

2 ¢T/2 2 T

T (—1)sin(newt )dt
471 )

sin(net)dt = —{— cos(na)t)} =~ (1-cos(nr))
T|lho 0 Nz
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4/nz  n odd 4A>uS 4D
bn: 1 cos(nr)) {/ﬂ Y
n even
b =2, b, =0, b=, b, =0, b,=—, b, =0,
T RY/2 St

— gbn sin(nwt) = g 2 A_l )z sin((2n —1)wt)
= isin(a)t)+ isin(3a)t)+ isir1(5wt)+ isin(7a)t)+ e
7T 3 S r
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N=15 N=30

1.4

1.2

1
0.8
0.6
0.4
0.2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 8
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Cglide S o0 b 5 > dldleo Jo

mX +cX + kx = F(t), F(t)=F(t+T)

A3l 3990 58 (5 ialed

w=2x/T
mX+cX+kx=a, + Za cos(nwt)+b_ sin(nwt)
n=l1
)99 Sy O)gar X eyt 45,8 L
X(t)= A, + i A, cos(nwt)+ B, sin(nmt)

x(t)= i nw(— A sin(nwt)+ B, cos(nwt))

X(t)= i— n*o’ (A, cos(nwt)+ B, sin(nmt))
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1S > dAdleo yd odl,l,8 L

# 3 k- m(ne

+ § a, cos(nmt)+b, sin(nwt)=
n=1 E—

)An +chwB )cos(na)t)

" a = (k -m(nw)’ )An cnw B {450 )
A, =2
K b, = (k -m(new)’ )Bn —cnw A,
a, (k ~m(nw)’ )— bncna)\ b, (k -m(new)’ |+ ancna)\

[k—=mine)’J +(ena)

10
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a (k m(na))z) b,cne b (k m(no) 2)+a cne

( ) +(cnew)’

, B,

( m(no) ) (cnew)’

D 1y ke oy i NAO= @), )5 deld &5 24 a5
Siigoyld Ln 1V Cunsl Soe dos o dloly ials 0 N isl;8l
ol (S S o oy sl (Jgl Mez)

11
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Fourier Series Example

SO
|L| ¢ F(f)
()
k
) /
Find x(t)

Telegram: @uni_k

F(1),
F,
T t

Given:
J, =10 kg-m’ I =1m
c— 40 Yo k= 4000 Y

m m
Initial Conditions:

F, =107

T =1 sec

12
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Fourier Series Example: FBD & EOM

Lot F(1) 2 My =J0
2 2 2
K O+F (1)l =J,6
- —H = 6=—
p Jo0+= 0+ O=F (1)] ;
2
x =18 for small angles %_"4_%33?1-%1':5'(31)1?

%i+£i+£x:F(r)

13
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F(t)‘ w‘ L_J9L.~o )b
|:O
F F(t)= =t 0<t<T
T f

1499 ol o

——I IT . (t)dt:iﬁl 5

T T? 2 2
_I cos ncot )d 2F tsm%) N cos(najt)
o (o),

_2F, [cos(Znﬂ)—l}:O

T 2 (n a))Z

14
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T

2F, | tcos(nmt) N sin(nwt)

—I )sin(not)dt = )dt =

T e ey |,
| 2F, T2 cos(2n7) :_i
T? (2n7z) ni L VSRR
F F,
a,=—, a,=0, b =——"
2 nz )
iodwd 03l palde (gl y
Jozlojfcg-m2 [ = 1m F =107
= 40 NS k= 4000 X T=1 sec
m m

—X’+%)‘(+§x “F(t) = 10%+10%+1000x =57 -10% Sin(znn’”)

15
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cwly ol o

= sin(2nzt)

10X +10% +1000X = 57 -10)

a, Sz
Y% TT000
A8 ( na))z) b,cne _
n (k ~m(nw)’ )2 +(cnew)’
. bn( w)2)+a cnw _

2007

k — m(na))2 )2 +(cnew)’

(1000-10(2n2 )} +(20n7)
10(1000 - 10(2nz )’ )

nft000—10(2n7)* | +(20n2)

16
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X(t)= A, + i A cos(nwt)+ B, sin(nwt)
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el Sluls L sl Sy o0

Crtld b bl glite jgo d iy S5)05 &S (5 yg0)

il ol ytss dolre Jo oS0l Lol
mX +cX +kx =ky +cy, y(t)= Y(t+T)

b oy Ble WL Y )68 e Y Gide 2929 4 42y L
Crowo Olg8 (50 o0 ML Sige)la il o205 &5 (S)90 5
mX + cX + kx = kY sin(@t)+ coY cos(wt)

b, a;

18
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1829PL ) (Uitdod 32) (0908 (5,135 ,L @

o551 wsl (das ewdlad dhalee G Olga 93,0 X5 ¢ XS]
X=ax,+bx,
Cwwl Ol 3
doleo ogad Ul X S
X+2Em X+ x= 1,

X+2Ew X+w X =T,

dslee pogad Olgs X =X 1 X, o5 col

X+2Ew X+w'x=f + 1,

20
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L .. Aol e e
G, +| Fdt=G, sk OS> ojluil sl )58
039 (S L nl &5 38 9 p > s (590 s Jlosl 51 5
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AF®  Impulse excitation
Fl
2 e ) s = 4y
impulse force = j F(t)dt = FAt
i | | g T+e 00
TT © TE 1(g) = jF(t)dt:jF(t)dtN-s
¢ IS a small positive number E A
=—2¢=F 4,5

2

22


https://t.me/uni_k

www.konkur.in

Sl W &b

D9d (o Ly pj Gjgo 4 Slps gl &b
Dirac Delta (0 t=0

ion 4 Pleay
F(t) ) function 5('[) — . 0 120

/ N uo‘9>

[ oyt =1, [ s(t-t,)f(t)dt=1(t,)
FTr 4\:)*0 é)b
o : J: .......... > F(t - 'Z') _ O, t £ 1

N

[ Ft-ndt=F if F=1 = Ft-1)=5(t-7)

23
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Vg 9 X adol basl s b yae sl51 ilas | grwly oS ouils o

X(t)=e " [Xo cos(m,t)+ o DnXo + Vo sin(a)dt)j

Wy

P

2&

X()

e

B e
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= —Cwt
X(t) = e sin wyt (response with zero [.C.)
M,
A e_ega)nt A
X(t) = Fg(t), where g(t) = sin w,t F
ma)d 128

impulse response function

0 10 20 30 40


https://t.me/uni_k

www.konkur.in

| i 325 oo &S (6999 4 g

b odds sl I=7 boj 4> a8 )3

( " )O t<r
XO=1p8 sinw, (t-7) t>7

Mo,

1olug o 2l iy L

1 o<t
H(t)=
() {O t<0

n e_fa)n(t_f)
x(t)=FH(t-7) sinw, (t—7)

Mo,

27
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:4.7‘0.&;).)45
( o ) 0 t<rt
. _ e—a)nt—r .
g(t-7)=+ simoy,(t—-7) t=7
B
~op (t7)
g(t—7)=H(t—7)° sin @, (t — 7)

M,

28
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9,70,
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=0
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g(t—7) = 1 sin @, (t —17)
Mo,
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so ddgl bl b Jlgho 415590 1l

o3l 4 gl 455 =0 loj )3 105 Ll b yne it S5 &
m=1kg, ¢c=0.5kg/s, k=4N/m

F=2N's, @, =2 £=0125 a,=2J1-0.125" =1.984

n
—Sawpt

X, (t) = sin w,t =1.008e " sin(1.984t),t > 0

Mo,

31
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=70k 0 F = INS 2oy ol 40 piaas (ped 4 S
5l Gl Gyle Zwl 30,5 losl

0.504e 59 §in(1.984(t — 7)) t>7

X, (1) =<
() 0 t<r

.
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so ddgl bl b Jlgho 415590 1l

235 Jlosl Jlgie ©ygmr loj 93 )3 48 ST >
F(t)=20(t)+0o(t—-1)

—Swpt
X, (t) = 2 sinw,t = 1.008e "> sin(1.984t),t > 0

Mao,
X, (t) = 0.504e """ sin(1.984(t — 7)),t > 7

X(t) = X, + X,
- 1.008e"*" sin(1.984t) O<t<r
1.016e "' 5in(1.984t)+ 0.504e > sin(1.984(t - 7)) t>7
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£ 5 Cawl o Jlogl piunw (gl adgl baylyd a8 028 (58
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Conds ddgl byl Jlosl b 1) (50n Slox b <l ol
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Sy bl il oS dolse
X+2X+4x=0(t)—0o(t—4),X, =1 mm, X, = -1 mm/s

(@, =2rad/s,¢ = 0.5, w, =+/3 rad/s)

gl bl Jlosl b o' ((Ken) (0905 Clg>

V, + X, .
0 F %o6 " sinw,t + X, cos w,t]

Xp (1) = |
Wy

= e_t[_1+1sinﬁt + cos+/3t]

V3

— e ' cosA/3t
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Treato(t)as X, =0andv, =1,0<t <4

X, (t) =™

VO °
—si w,t
Wy

= Le_t sin /3t

V3

O<t<4
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X (1) = X, (D) + X, (1)

= e (cos/3t - :

J3

ﬂnJﬁLO£t<4
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X, :_—le_t+4 sin\/g(t—4), t>4

J3

= —H(t-4)

—1+4
€

5 sin~/3(t — 4)
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X(t) = e (—sm«/_t+ cos 3t )~ & 3t — 4)H ()

V , 1n1t1a1 condition - 3

A4
frist 1mpu1se second impulse

40
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250 o0 485 )l > F(G)AL
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X, (t) = H(t-t,) F(t)At g(t-t,)

N R ty olej o ool

X,(D) = H(t-1,) F(t,)At g(t-t,)
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X(tk) — Zklxi (tk) — iH(t _ti)F(ti)Atg(t _ti)

Impulses

>

\:—I- —v

At - 0,1, > 7
[x(t) = [ F(r)g(t- r)er
DagS JISa
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Sl b Jle
X(1)

oS > al>lxo
o 0 t<{,
T T L mX + CX + kX — F (t) —
SRR F, t=t,
t
F(t) X(t) = | F(r)g(t-r)dz
i preen(t-r)
Fol--- =| F, sinw, (t—7)dz
fo Ma,
t
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Example 1:
Given the initial value problem
J"# + 2_}"1+ ¥ = e—f . y([}) =—1. J}’({‘,ﬁ} =1
Step 1 transforms the problem from f-domain to s-domain using tables of functions:

(52 +25+1)7 — s5v(0) — y‘([}) —21(0)= L
s+1
The problem can now be solved using algebraic operation instead of calculus operation.

Step 2 solves the problem to find
Y(s) = 11
(s+1)° s+1

Step 3 takes the solution from s-domain back to the original f-domain using lookup table.
v = %rze_f —e!

14
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1 .
Let f(f)=cosh at= 3 (e”" +e %"y when = 0 where cosh at is called the hyperbolic

Example 4:

cosine function. Find F(s).

Solution:
From (1) and Theorem 1 we have

F(s) = L{coshar}:lz L {gar}+% o]

. It also implies that L {e_‘"}z !

From Example 2(b) we know that L {em}z g
s—a s+a

So we have
L{Cﬂﬂhﬂf}zl( ! )= u

2 s—a s+a s —a

Similarly we can obtain the transform of the hyperbolic sine as
L fsimh ar}=~ Lo} L )= L L L yo_ ¢
2

2 2's—a s+a si_g%
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Example 9:

Find the Laplace transforms of ¢’ cosar and ¢ sin ar .

Solution:
§ 5
From L jcosaf;=——— and L {sin & ;= ——— . By Theorem 5 we obtain
teosar}= e S
immediately
L {e“f cos ﬂj}z ° 4 L {e'” sin ar}: w

(3—{1)1+(:z:v21 {3—.-:::)2+|f:z;!'2

17
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Example 10: Transform of 1 (1)

Find the Laplace transform of the function
(2 if O<t<m

f(H=< 0 if m=t<2mw
hsiur if =27

Solution:

In the first step we write f (1) in terms of unit step functions.
F(O=2u(t)-2u(t—m+u(t—2m)sin 1
The last term equals u(f — 27T)sm( f — 27T) because of the periodicity.

Thus the Laplace transform is
~2ns

2 2 —T5
L{f(f)}:;_ i +j1+]

18
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Example 11: Inverse Transform of F(s)
Find the inverse Laplace transform f (7) of

2 207 47 g™

F(s)=—- +
52 57 5 52 +1
Solution;
Without exponential functions the four terms would have inverse 2r, — 2f. — 4., cosft.
Hence

(O =2t=2(t—2u(t—=2)—4u(t - 2)+cos(r —mu(t — )
=2r =2t —2)—4u(t—-2)+4u(r—2) —costu(t — m)
=2t —2tu(t —2) —costu(t—7)

2 if 0<fr<2
=4 0 if 2<r<2m
cost if =1

19
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u(r—a)z{

Unit Step Function
Unit step function (also called Heaviside function) is denoted by

0 ifr<=a
1 ifft=a

Note that if 1s discontinuous at 7 = a which 1s undefined.

The Laplace transform can be found directly from the definition:

L {u(t—a)} = _[:e_sr:; (f—a)drt 2_[;3_” -Qdr + J: e " 1dt

@  phs

1 -5t

5

a 5

transform of a delta function can be found as
—ksz
P
L iS(t—a);= lm e % =g %
{ ( )} —0 ks

The indeterminate limit is obtained by applying the I Hopital' s rule.

20
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¥(s)= ‘;EE JS a4 eMus \JW
Sod o Ll Ko 4 col o5Y g 90T 0 o
Y(s)= 4 A
S—y S—4a> S —df

where 4;..4,.--4; can be found using Heaviside formula:

~lim (-4, )F(S)

for p=1.2.--.k
S—dy, G(’g)

21

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

Jtia

Example 6
Find the inverse transform of ¥ (s):

. s+1 . .41 . Al N ..43
s(s—2)s+3) s s—-2 s5-3
According to formula (1):

4 = fm s- 5+1 :—1
=0 s(s—-2)s+3) 6
4, = tm (s —2)- s+1 _ 3
5—=2 s(s—2)s+3) 10 3 7 N
s+1 2 = 2t -
— tm __2% | yv(n= ——+—E ——e
B - 6 10 15

Hence,
1 1 3 1 2 1

6 s 10 s—-2 15 5+3
Find the inverse transform by table lookup

Yis)=-—

22
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Case 2: Repeated factor (s—a, "

Suppose that G(s) has a repeated factor s—a,of order m . for m = 2. then the

fraction should contain terms

A A A

pl p.2 p.m
2 1 2 3 i
§$—ap (s—ap) (s—ap)

where

Apy = 1 ]]Iﬂ{ i |:(S —dp )" F(S):|} (2)

23

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

Telegram: @uni_k

Example 7:
Find the inverse transform of ¥(s):

s —4s7+4 Ay Ay 4, A
= + + +

s2(s—1)(s-2) § s> s-1 s5-2
According to the formula (2).
d » s> —4s?+4 d s —4s° +4

1.. —1; .
AI,I_EIE:}ES 32{3—])(3—2)_1Hd3 (3—1){3—2}

Y(s)=

(353 —85)(s —1)(s —2)— (25 —3)(s> — 452 +4) 12

=lim =
50 [(s = 1)(s-2)] 4
3 2 3 2
: 7 5T —4dsT+4 . 5T —45°+4 4
42 =]ms™ =lm =5 =2

im0 ST(s=1)(s-2) sop(-D(s-2) 2

=3

24
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According to the formula (1),

=i (-1 s°—4s’+4 zlﬂnsj—4sz+4: 1_
) 2
s—1 sT(s-1D(s—2) 51 sT(s-2) 1
. O —aste4 0 s —astea 4
A=lmG-2— =lm— = !
5—2 sT(s-D(s-2) ;=2 sT(s-1D)
Hence,
32 1 1
V{is)=—0+—-— —
2 5 s—-1 s5-2

Find the inverse transform by table lookup
yi)=3t+2—e — e’

25
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Transforms of Derivatives

Theorem 1: Laplace transform of the derivative of [ (1)

Suppose that /(1) is continuous for all 7= 0 and satisfies | f (r)| < Me" for all ¢=0and
some constants k& and M , and has a derivative f'(¢) that is piecewise continuous on
every finite interval in the range = 0. Then the Laplace transform of the derivative

f(1)exists when s = k and
L{r®=sL{r®}-r©

It is easy to show that

L O =sL{f ®O}-1'(0)= s> L{f(O}-s©0) - f(0)

Telegram: @uni_k
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To solve an initial value problem

vi+ay'+by=r), y(0)=Ky ¥y (0)=K;
4Jdlxo J).L.: :) falf
[s27(5) - 590 — ' (0) |+ als7(5) - @]+ ¥ (5) = R(s)
¥(s)=L {v(®}and R(s)= L {r(n)]

(s? +as +b)Y(s) = (s +a)y(0) +1'(0)+ R(s)

27
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Step 2. We solve the subsidiary equation algebraically for ¥(s). Divide the equation

by 52+ as+band let
1

0(s)=—

s +as+b
Then we have

Y(s) =[(s +a)y(0) + ¥ (0)]O(s) + R(5)O(s) (3)

This corresponds directly to the homogeneous solution and heterogeneous
solution in r-domain. 1.e.

y(E) =y +yp)

Telegram: @uni_k
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-domain

Given problem
y-y=t
y(0)=1
y(0)=1

Step 3. We obtain () from I__I{F (3)} . This often involves reducing (10) using
partial fractions to a sum of terms whose inverses can be found from the table.

s-domain

—

Subsidiary equation

(s’ -1)Y=s+1/5"

Solution of
given problem

y(t)=é +sinh -1

|

—

Solution of
subsidiary equation
¥ 1 ‘il 1
- 2 5, 2

29
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Example 1:
Solve
yvi-—y=t. yO0=1. y(0)=1

Solution:
Step 1: We transform the differential equation and get the subsidiary equation

/ 1 1

szf—w(ﬂ)—y(ﬂ)—l’z—z = y::sz—a)}’:s+1+—2
s 5
Step 2: We solve for ¥ and find
v §+1 1
= +
57 -1 32{32 —1)

3 1
s—1 5~ -1 =5 2 5=-1 2 s5+1 ¢

Step 3: By table lookup we have

3 1 1 1 1 3 1
f= LYy :—L‘l{—}——L‘l{—}— L—l{_}:_ef__e
y ) T} 2 s—1/ 2 s+1 52 2 2

30


https://t.me/uni_k

www.konkur.in

Io‘o

Example 2: Response of a damped vibrating system to piecewise confinuous function
Determine the response of the damped mass-spring system governed by

J}.ur +3_},-“+ 2y = r(f) , .};[:[}) =0, J}.-"(ﬂ) —0

where 7(r)is
(a) the square wave: r(f) =u(f—1)—u(r—2)
(b) the unit impulse at 1 =1: r(f) = Xi-1)

Solution:
The Laplace transform of the problem using Error! Reference source not found. is

s2¥ —51(0) — ¥°(0) +3sY —33(0)+ 2¥V =R

Substituting the initial conditions, we found the subsidiary equation as
R

(s+1)s+2)

(52 +35+2) Y =R = Y=
(a) with square wave input#(f):

1 _ _
R:_(E 5 —e 15)

&
31
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Solving for ¥, we have

— 1 -5 _ =25y _ -5 _—2s
Y(s)= GG (e e )=F(s)e e )
where
B 1
Fs)= s(s +1)(s+2)

By using partial fractions we get

F{S‘)Z%— ! + }é

5 §+1 s5+12
Hence by using lookup table. we found f(7)as
| O e
[j=——e +—¢
S@) 3 5

By using f-shifting theorem (Theorem 1 Lecture 9) we have

32
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y() =L {F(s)e‘*‘ —F(s)e ™ }
=t =Du(t—1)— F(f = 2)u(t-2)

= [1 _e~D 4 12D }(t ~1) —[% _e ) L1 20y ]u(t -2)

2 2 2
0 if 0<r<l
1 1 :
=< N G if l<f<2
: : if r>2
-1y 1 _ap- (- | R T
o) L2 2 (2) L -2

L3

33
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(b) with unit impulse input 7 (1) :

R=¢"
Solving for ¥, we have

—_ ]' -5 _ —5
Y) = +D)s+2) Flske

where
1 1 1

F(s)= = —
(s+1)(s+2) s+1 s5+2

Hence by using lookup table, we found f(f)as

)= ot _ o2
By f-shifting theorem (Theorem 1 Lecture 9) we have
-1 -

vy = L™HFse™ ]
= f({t-Du(t-1)
= [e_{f b _ 20 ]u(r —1)
|0 if 0=<t=1
e D 2D if t=1

Telegram: @uni_k
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Example 3:
Solve

Y +02y=001f. ¥(5)=0

Solution:
We have f; = 5and we set = + 5. Then the problem is changed to

7 +027=0.01(Ff +5. V(0 =0
where ¥(7)=v(1).
Taking Laplace transform we obtain

0.01 0.05
_I_

52 5

sY —7(0)+027 =

Solving algebraically we have
0.01 0.05  0.055+0.01 0.05(s+0.2) 0.05

Y=— * =7 =" ="
sT(s+02) s(s+0.2) s7°(s+02) s(s+02) s

Taking the inverse transform using lookup table. we found
7 =0.057
Substituting 7 =f—35 we obtain the solution
1 =0.05(f-5)=0.05r-0.25

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

Syl iyl il

i Zunly Sl gllas
K+ 2%+ 4% = S(t) — S(t— 4),X, = | mm, X, = —1 mm/s

(C()n = 21’3(1/8, é/ — 059 Wy — \/grad/s)
aJdleo J..:J,U :J9‘ rglf
LR+ 2%+ 4xp = 28 (1)} - Z{o(t - 4)}
5 X (s)—sx(0) - X(0) + 25X (5)— x(0) + 4 X (s) =1-e*

X(S) LS‘)'f J.> :f°9.) ralf

1-e™ +(2+5)X, +V
X — 0 0
) (52+2s+4)

36
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1ol

O Ceg O

l—e™ +Q2+s5)X, +v, =1 e °1+s
X(s)= . - — —— b
S*+2s+4 S°+2s+4 S +2s+4 s +2s+4

Wy dotio Jodo I gSae 1o Y p8

_ ol _e_tSin\/gt_H(t—4)e_t+4sin\/§(t—4)
)= {x(6) = *
+\/1—2+4e_tsin(\/§t+w)

V3

37
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e'siny/3t H(t—4)e™siny/3(t-4)
t)= — 3t
()= — re éos(f

38
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X(t) Z[x®)]= X(s)
e sina,t |
“ ).

w, =wA\1-¢7,0< <1

s> +2lw S+ @’

1 e “'sin(ew;t+¢)

2 M
@, 0y

)

n

W, =w1-¢*,0< <, g=cos &

1
S(s* +2lw S+ )

\/az ~2wa+a’ e sin(o,t+y)

9

Wy
w, =w\1-7,0< ¢ <1, i
P = tan‘l(a)d /(a—g“a)n))

1

S+«
S* +20w S+ @)

X

sX(S)—x(0)

5

s> X (s) — sx(0) — x(0)

39


https://t.me/uni_k

www.konkur.in
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Goerlt by pslas 55 @ S 5 3] 23 Sy s (B (oo

Aot Zewly Lo 1 09l (o w3 (mdo (il 8 Blde )5 s Zwly 9
Gl polan g9y 4y (05l ax 0 S elheitinn i (sleSely

29 (o 03l 3l lopmwdine ( ik gly (g sskey Fwly ko
SR pebe g 4 ]) Ao Gl lg (oo e So b (5 3 (il L

DS 1aw
S5 o olittusl ol Ciub )3 1ol w1 Ygare

40

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

e 308 Tl BubiJlo

F(t) (
FO'"I—l
t X(t) =
ty Ot
%[1 —cosw, t]
X(t) =+
Fo

.

Telegram: @uni_k

0 t<t,
|:0
X, = ~[1-cosw, (t-1)] t, <t<t,
M;
|:O
X, — X, = 2[cosa)n(’[—tl)—cosa)n(t—to)] t>t
M

n

0<t<t,

[cos @, (t—t,)—cos a)nt] t>t

41
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F
ro[a)n sin @, t] O<t<t,
X(t) =+
FO . .
?a)n[—sma)n(t—tl)+sma)nt] t>t,
ty>T/ o, 3]

: F, F,
sinw,t, =0 ot =7 X(t,) :?[l—cosa)ntp]:2?
—sinw,(t-t,)+sinw,t =0 Q)M‘)ﬁ.&)b

sinw,t, cosw,t, —cosw,t, smat —sinaot=0

sin o, t,

sin @, t, (1 —cosa, t, ) =cosot,sinot, = tanw,t, = —cosol o
n-l
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sin w, t
tan ot = -
cosmw.t, —1
: sin @, t
sina,t, = 0

\/2(1 —cosat, )

cosmt. — cosat, —1
i \/2(1—cosa)ntl)

2(1-cosa,t,)

sin ot

cosa,t, —1

(cosa,t, —1)’ sin’ @ t,

X o (tp) = % :cos o, (t, —1,)—cos a)ntp}
|:0
K

\/2(1—005 a)ntl) \/2(1—cos a)ntl)

Telegram: @uni_k

\/sin2 ot +1+cos’ o t, —2cosm,t, = \/2 (I-cosayt,)

[cos ot cosat +sinot, smao,t, —cosat) ]

43
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JGe
mX(t) + kx(t) = F(t) :élp ly gl el
[t
F(t)=<F0E OSt<t1 4\5
F() Fo
0<t<t,
FO" """"" !
/ -
s t t
[
!

(5999 dasuiv QL°} FZZH(t-tl)FO(l- t/tl) t>t1
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Fy oy el 4 by

F F ino,t
X, (t) = — [T sinw, (t-ndr = 1_smo, 0<r<t,
mo, *° t, k {t, of
Xz(t):—FO t-t, smo,(t-t) (>t
k { t .t

)= X, O+ X, (0) = [t : Sm"’“t]

L, w,t,

_F [t—’[1 _sinw, (t-1))

H(t -t
k |t ot j( )

46
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EM’L’ )‘.M.o db;‘

o Ty gooly (55 o 3 i ol (3355 iy sl

Db 18 e
:39‘:’ s? pl?u‘ (™)) D990 9y LS‘)-f
X (t)—TO(l cosmt)=0=cosmt=1 t= 2nz t<t1 B
a)n
2
t>t, =

F
X(t) = &(— cosw,t+cosw, (t — tl)) —
1
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A7l
— cos(a)nt ) )+ cos(a)nt 5 )cos(a)n’t1 )+ sin(a)nt . )sin(a)n’[1 ) =0

cos(a)nt ) )[1 — c:os(a)n’[1 )] = sin(a)nt ) )sin(a)n’[1 )
[1 —cos(am, t, )]
sin(a)n’[1 )

tan(a)nt 5 )

C()ntp>72' O

sin(a)t ):_ l—cos(a)ntl)

D nr \/2(1 —cos(m, t,))

\sin' @ 1, +(1—cosam,
cos(a)nt ) ) =— sin(o,t,) =2(1~cosc1,)

\/ 2(1 — cos(a)nt1 ))

1-cosa t,

1 48
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eotoy) Gty Al ke (43,5 g
\/ 2(1 — cos(a)n'[1 )) ) )

sin(a)ntp)z -

cos(a)ntp)z—Jz(lsi_niz)s”g;))tl)) C.wl.: )9 )J.)l.mo u.)‘ u.)‘.) )‘).9[.:

Xpax = X(t,) = kaljot (a)nt1 —sina,t, +sina, (t, —tl))
n-l1
= kaF):tl (a)nt1 —sin a)ntp(l—cos a)ntl)—sin w,t, cos a)ntp)
F, 1- cos(a)nt1 ) : sin(cont1 )
_ t | 1— t)— t| -
Ko, t, [a)n 1 [ \/2(1—cos(a)nt1 ))j( o 1) S 1( \/z(l_cos(a)ntl ))
X = kalj:tl (a)nt1 +\/2(1—cos a)ntl))
k X ]
max_ _ {4 — 2Ll —=cosw. t, )| ot =27t 11, Llis 5 jlaie ol ww s
nt1 n'l 1/ n QR e )Y
F, o, t i
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kaax/F 0

1.75

1.5

1.25

tl/Tn
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Comparison between impulse

and harmonic inputs

Impulse Input
Max amplitude versus
normalized pulse
“frequency”

= . T
wn =2 Tz

21

uml-tl -nfz- (1 — o3 (mn-tl”

iy =1+

) 15+
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Harmonic Input
Max amplitude versus
normalized driving
frequency

r:=0,001.. 2
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Aoyl o9y

o9 o9y

boS &l sleedgy @
51 eolawl Ll )l ;0 Y adye V¥oslke slp ¥ cuwln i,
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D9d (oo didg pj Gyge 4l oloj 3 gl sde hgy ol 5o
dx g(x. )= X(t) = x(t) % — X

dt

— Xi —
ti+1 _ti h

iy =X +h g(Xi)

D9 (o
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Jle

X+x>=0 x,=1 : gl 45 3o dldlro

2 2

x=-x  g(x)=—x> x,=1
Xigg =X — hXi2

=X —0.1x’

X
X, =X, —0.1x2 =1-0.1=0.9 t, = 0.1
X, =X —0.1x> =0.9-0.1x0.81=0.819 t, =0.2
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—X(1)

— X exact||

0.5

15

X(t) X exact

0 1 1
0.1 0.9 0.909091
0.2 0.819 0.833333
0.3 | 0.751924 0.769231
0.4 | 0.695385 0.714286
0.5 | 0.647029 0.666667
0.6 | 0.605164 0.625
0.7 | 0.568542 0.588235
0.8 | 0.536218 0.555556
0.9 | 0.507465 0.526316

1] 0.481713 0.5
1.1 | 0.458508 0.47619
1.2 | 0.437485 0.454545
1.3 | 0.418346 0.434783
1.4 | 0.400845 0.416667
1.5 | 0.384777 0.4
1.6 | 0.369972 0.384615
1.7 | 0.356284 0.37037
1.8 0.34359 0.357143
1.9 | 0.331784 0.344828

2 | 0.320776 0.333333
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t X(t) X exact
0 1 1
0.5 0.5 | 0.666667
1 0.375 0.5
1.5| 0.304688 0.4
2| 0.25827 | 0.333333
2.5 | 0.224918 | 0.285714
3| 0.199624 0.25]|| ¢
3.5 | 0.179699 | 0.222222
4| 0.163553 0.2

x(1)

X exact

56
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Y a0 O¥alre (51 Yol 99,

mX+cx+kx=f(t) x©0)=x, X(0)=V,
y(t) = X(t) 5 2
y= "I TO g4y yo) -y,

m
X=1Y X(0) = X,

ELE J.>

Yia =Yi T hg(ti) y(0) =V,
Xin = X; + Dy, X(0) = X,

57
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é+%sin9:0 6(0)

é:—%sme 6(0)
y_——%sinﬁ Y,
0=y 0,

V.., =Y; —hgsind, /I
€i+1 = ei + hyi+1
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Sigl Jas s ddlro oo J> Jlo

Yian = Yi —hgsin@i/l

0., = 0, +hy,
g=9.81 (1=1 h=0.1
Y, =Y, —hgsing, /I =0-0.1x9.81sin(z/4)= —0,981g

V2

6, =6, +hy,=(r/4)-0.1x 0.981~
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Uss' &) v,

%= f(t,x,X)

k, = An?[f(t,x,%)]

[ AR2 )
K, | AN f(t+lAh,x+A—hX+lkl,X+iklﬂ
2 U2 2 "y Ah
(ARZY (1 Ah . 1 1 H

K, = flt+—Ah,x+—X+—k,,x+—Kk,
L2 ) U 2 2 4 Ah

(An2 Y [
k, = A f t+Ah,x+Ah>’<+k3,X+ik3ﬂ
Ah

2 L\

X(t + Ah) = x(t)+ Ah )‘((t)+%[k1 vk, +k,]

. : 1
X(t + Ah) = x(t)+ﬁ[kl +2k, + 2k, +k, |
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.65 generalized coordinates

ol s (3)3] Sl 3 dlasd Jolee a8l puesd Sliaisio slass ™

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

MDOF Lg.)‘ﬂ A0 > dw
N s el (ool5l am d N gy a8 oolj] as yd s s S
Natural state of ol o <l S (b Wil 98 1 (¢l y

Dgd 0 0duol Lo oy &S K0 pui 51 S5 &S L vibration
Dy g g
31 455k e ol b Jblize ) oo

(ol (LslS \8)EIgENValUes o549 (slo,lade =

(Lo Jloy b so JSU5) ElgENVECtOrs oy (slayly,s

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

il 42 ) 93 s B3] il

1 S0 s 0 1y g eoli] Ay 0 i B
28 > abslxe Cal Lgllaa (Ll ®

adg) bl &) e sl (0 B

Telegram: @uni_k



https://t.me/uni_k

www.konkur.in

\rc).}d‘ﬁdpdjb‘.u

Syl 8,5 s o b sl e sl
Ko(X1-X5)

—> F, =mX,
— KX =K, (Xl — X, ) = M X,
[mlxl T (kl +K, )Xl —KyX, = ]



https://t.me/uni_k

www.konkur.in

Yo slp S > dblre

o el 0B b gl e sl
372

- —> F, =m,X,
- k3X2 + kZ(Xl — Xz): m, X,
My, — KX, + (K, + Ky )x, =0
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m, %, + (k, + Kk, )x, —k,x, =0

m,%, —K,X, +(k, +k;)x, =0
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detl (M O (latke =k | _ Ktk —o'm,
0 m, ~k, ky+k, )| —k,

(k, + k, —@?m, )(k, +k; — @?m, )—k2 =0

mlmz(‘)4 _[ml(kZ T ks)"’ mz(kl +k, )]a)z B kz2 +(k1 +K, )(kz T k3): 0
A8 o Jol Iy (b (sleeuslS 3 @2 (gl ilas ] S
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m1m2a)4 B [ml(kz t ks)"' mZ(kl + K, )]a)z B kz2 + (kl +k, )(kz + ks): 0

:4.7&;..3 ).)

, —bx+b®-4ac

@5
2a
[ml(kZ + ks)"‘ m, (kl + kz )]i \/[ml(kz + k3)+ mZ(kl + kz )]2 o 4m1m2 [(kl + kz )(kz + ks)_ k22]
2m,m,
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X0 | A X1 X .

(Xz,oj = A[X;]sm(qﬁlﬁ B£X22]3m(¢2)

Vip | _ X, Xy
[VZJ = Aa){xéjcos(@)ﬁt BQ’Z[X;}COS(@)

X; X/ 0 0 Asin ¢
X5 X2 0 0 Bsin ¢,
0 0 X o,X; | Acosg,
0 0 wX; w,X;) Bcosg,
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p X L X2

>

) o> gy

m,X, = —k, (X, — X, )—kx, =(X, +40x, —24x, =0)

m, %, =K, (X, =X, )= ksX, =(X, —24x, +40x, =0)
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(64— 0 J16-0?)=0 ={w? =16, w}=64)
w, =14, @, =28 0519 y3ldo

i (b (Sleusls )5 4 )
w, =4radls, w, = 8rad/s)

~

N

X )‘.)).g O.))s‘ Cuw d‘).g
1

40-0° 24 (X} (0
—24  40-0? ) X,) \O X,
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Xl X2
A{)(ll]sin(a)lt+¢l)+ B[)(lzjsin(a)2 t+¢,)
2 2

(Zj AG sin(4t +¢, )+ B[ 11jsin(8t+¢2)

1990)5) Casdy |y oy Ol (o0 adgl Ll (il L oS
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Asin ¢, Asin ¢,
Bsing, Bsin ¢,
ACOS @, ACOS @,
Bcos g, Bcosg,

Asing, =15, Bsing, =0.5 _7 A=15 B=05
Acosg, =0  Bcosg, =0 2
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o
:col polde oyaly I8 L

()ﬂ =1.5®sin(4t +7/2)+ 0.5(_11jsin(8t +7/2)

G:} cos(4t)+ [_O(.):j cos(8t)
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2 DOF Free Vibration: FBDs & EOM

X,

m ¥, +(k, +ky ) x, —kyx, =0

Dynamic Equilibrium:

$) [k+k -k
Matrix Form: + B
¥ —k, k,+k||x,
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2 DOF Free Vibration: Solution

Assume a Solution: & (T) = Xl Siﬂ((ﬂf + gﬂ) _
X X

3

FE

Substitution:

0 ]|lX I+ 1k —k X 0
—ot| ™ ' Lsin(or + @)+ Lo ’ ' bsin(or + ¢)=
0 m,||X, —k, k+k|X, 0

Rearranging:

Slm 0 k,+k, -k, X, | . 0
—@" + sin (orf + @) =
0 m, —k,  k+k )X, 0
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2 DOF Free Vibration: Solution

~ Let A =" and divide by sin (of +¢) :

(ke +Fk,)—mA —k, X |_Jo
—k, (ky +hy)—myA || X, 0

b+ k) —m A —F, }

For a non-trivial solution: det (
—k, (J!i:2 +k3)—mzﬁ

Using numerical values: kl =10 kz — 4() k3 =35 m, = 2 m, = 5

50-24 —40
det =0
—40 45 -5
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2 DOF Free Vibration: Eigen Solution

The solution becomes:

(50—2&)(45—5/1)—1600:0 == 104 -34024+650=0 _

where: /‘LI —2.03 and /12 =31.96

Therefore: M, = ] 43 and o, = 565 ﬂ

Fa

SEeC

{; ?3} = A{j;} sin(@f+d )+ B{j;j sin (@t + ¢, )
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2 DOF Free Vibration: Mode Shapes

e 4 =203 {502(2_03) —40 HXI

—40 45-2(2.03) || X,
(50-2(2.03)) X, —40X, =0

X, =0.87X,

} mode shape for 15 natural frequency
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2 DOF Free Vibration: Mode Shapes

50-2(31.97)

Usi _ -
sing A4, =31.97 { —40 45-2(31.97)

(50-2(31.97)) X, —40.X, =0

X, =-2.87X,

|
{X} - mode shape for 2" natural frequency
: —0.35
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2 DOF Free Vibration: Free Vibration Solution

— Therefore the frree vibration solution becomes:

{x ((S}A{X} sin(@-+ )+ B{X}, sin(ox +4,)

! !

{28} {1-115}1““("”"”"1“{_0.35},f’i“(f”wz)

FE

A, ¢, B, ¢, aredetermined from the initial conditions.
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2 DOF Free Vibration: Initial Conditions

x (1) =AY, sm(@f+¢ )+ BX,, sin(w,t+¢,)
X, (1) = AX, sin(@f + ¢ )+ BX,, sin(a,t + ¢, )
X, (3‘) = Aw, X, cos (mlr - ¢1)+ B, X, cc}s(rﬂzf + gﬁz)

%, (1) = Ao, X, cos(oyf + ¢, ) + Bo, X, cos(a,t + ¢, )

% (0)=0
%, (0)=0

B =-0.566
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2 DOF Free Vibration: Initial Conditions

T s
@1_5 9332_5

Therefore:

{: ((3} - 1.566{1.115}sin(1 .43r+g) 0.566{_01.35} sin[ﬁ.ﬁﬁr J%]
| |

)~ st etz
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2 DOF Free Vibration: Initial Conditions

Eigen-solution method

k+k, &k |[X]
:>_
—k,  k,+k X

raw.

i

50 —40|[x, | .
40 45 ||Xx,]

A, =31.96

eigenvalues A =2.033

natural frequencies @, =1.426 rad/sec @, =5.654 rad/sec

Eigenvectors (mode shapes)

X 3411 1 X} 6194 1
xto|3917) (115 x| |-216) |-348
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B

koxy = ky(x + 1,0)
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kyxy = ky(x — 1,0)
kaxy = ka(x + 1,6)
+3 Y F=ma; = —k(x-1,8)-k,(x+1,8)=mx

A3 Mg =3e = k(x-LO), —ky(x+ L), = 3.0

mx + (k,+k,) x+(k,0, —k]1,)@=0
30+ (0, — k1) x + (k12 +K,12)0 =0
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D‘j fo‘)f\ib
+4 > F =ma,

«— [’} — ! aG :aP +aG/P

ki(y — 1'16) ky(y + I,6)

ag )y =Y+ ed Y clwly o ol ol adlse
+3 > F = maG)y

—k,(y—1,0) =Kk, (y +1,0) = my + med
(my+med +(k, +k,)y+(k,1; —k,1;) =0
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«— [’} —

ki(y — 1'16) ky(y + I,6)

4 Y M, = 3,6+ pg xmé,

k, (Y =10)l; =k, (y +1;0)1; = J o6+ mey
[mey+ 306 +(ky 1) =k 1)y + (K, 12 +K,152)0 = o]
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oS o dolra | yilo JS03

my+med +(k, +k,) y+(kl, -kl) =0
mey +J, 6+ (k, 1, —k 1)y + (k12 + Kk 1,2 )0 =0

m me\y . k, +K, Kl =k by Y(y) (0O
me J, \6) |kl -kl kl?+kI:2)\6) (0

o g (SSlwl pa) blisee  Stuls slyls dolee pl IS cdls o
Cowl ((Seolisd
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| m, e iCwwl g5 Olasuin )b Juogl o
m=1000kg

K=0.9 gmslj glus

a=1.0m
B b=15 m
k=18 kN/m
k=22 kN/m
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40000 —10000° 15000 X,) (0 Ao
15000 67500 —810w> \ X, ) |0

40000 —10000° 15000

15000 57500 81007 = (40000 - 10000% {67500 — 810v% ) 150007 = 0
- (0

8.1x10°w”* —999x10° w* + 24750x10° =0
8.1w"* —999w? + 24750 =0

G2 = 2%8.1

,  999++/999% — 4x8.1x 24750 _ {wf =34.331= @, =5.859rad/s

w; =89.002 = w, =9.434rad/s
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>

:0,°=34.331 |,
40000 —1000 x 34.331 15000 X,) (0
15000 67500 —810x34.331)\ X, ) 0

5669 15000\ X} 0
( j[ ]:( j:xf:—lsoooxl:—39692X§:—2.646X§

15000 39692 | X% /) (0 5669 ° 15000

X1\ (-2.646
= o
X . 1
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40000 —1000 x 89.002 15000 X,) (0
15000 67500 —810x89.002 |\ X, ) (0

X2 =0.3061X

~49002 15000 ](xf] B (oj _ w2 _ 15000, , 45916

15000 —4591.6 49002 % 15000

X2\ (0.3061
[x“ 1 Jﬂ

X,
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(kz +k, —o’m, K, j
2(o)] = 2Ntz (e)] k, ky +k, —0"m,

det|Z (w)] - (kl +K, —a)2m1Xk2 + K, —a)zmz) — k2

k, +k, —w’m, K, F
Flj: K, k, + k, —w’m, \ F,

Fo) o (k, +k, —?m, )k, + Kk, —0’m,) —k2
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[z(@]:(

2
K, +k, —o"m,

_k2

el (139 Camnty K> slady)

—k, ] »ol S gy (A

2
K, +K; —o"m,

F (K, +k, —@’m, )+ k,F,

(k, +k, —@’m, Sk, +k, — @?m,) —k

_ F,(k, +k, —?m, )+ k,F,

(k, +k, —@’m, Sk, +k, —@>m,) —k
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[z(@]:(

2
K, +k, —o"m,

_k2

F (K, +k, —@’m, )+ k,F,

(k, +k, —@’m, Sk, +k, — @?m,) —k

F,(k, +k, —?m, )+ k,F,

(k, +k, —@’m, Sk, +k, —@>m,) —k
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FRF (dlS)8 ol &b e ils
29 Ly o uiligal G ilo osSae g H() ol 51

[H(0)|=[Z(w)]”

(hll h12 ]( Flj _ [hll Fl + hlZ F2 ]
h21 h22 FZ h21 |:l + h22 FZ
Xl — h11F1 + Ny, Fz
Xz — h21F1 + 1y, Fz
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FRF sls )3 gy oo

8l FRE il 8 il &b

2

(k, +k, - @?m, Sk, + k, —@’m,) —k?

X K,

1:h12:

F, (k, +k, — w?m, [k, +k; —@’m,) —kZ

K,

2
K, +k, —o"m,

(k, +k, —0?m, )k, +k, —0’m,) —k?
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(N11) FRF (sl gl b

T

Arrows indicate that
‘ function goes to infinity

Frequency Hz

Telegram: @uni_k
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(1) FRF uils 5 sl o

T

Frequency Hz
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(1) FRF il 5 sk o

T

2 2.5
Frequency Hz
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(Ng5) FRF (sls b gl b

T

Frequency Hz
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2 DOF Forced Vibration: Damping

If damping is considered the equations of motion become:
my; 0 ||x N i G || N STRCER R R N
0 my |5 Cyp o || X, Ky ky | (% g

And if the forcing functions are harmonic functions (as before) the solufion is:

oy 0 |G G ky ok X 2
—® + jo + =
0 my 1 Cp ky k)X £,

Telegram: @uni_k
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2 DOF Forced Vibration: FRF w/ Damping

Define: [Z(m)] _{kll klg}mz {mu 0
k 21 kzz 0 m,,

Where [Z ( m}} is called the sysfem or impedance matrix.

e

Then the response can be solved for as:
P

MR

-1
Where [Z ( m}] = [H ( fﬂ}} is the Frequency Response Function Matrix

L

Telegram: @uni_k
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2 DOF Forced Vibration: FRF w/ Damping

The FRF matrix can be written as:

Z (o)

adj
[H(m)] B dei :Z (m)_

ke _‘-"’32”"22 + J Xy, —( Jocy, +hyy )
. 2 .
—(Jjoxcy + k) ky, — @y, + jox,,

(ku —’my, + joxcy, | (Fyy — @iy + jorcy, ) —( jocy +ky ) (jocy, +ky )

Therefore each response can be written as:

X, = hllFl "—hlez

X, = hZI‘F; +hzzF’z

18
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2 DOF Forced Vibration: FRF w/ Damping

The individual FRF’s are defined as:

ﬁ:h” =

ky (‘Ifu —o'my, )(‘E‘rzz —&'my, ]_U‘-"’Eu + iy ) (Jocy +hy)

3 5
(kyy — "y )+ jocy,

~(kyy + oy, )

[‘{711 - "’32’”11 ][‘{rzz - mzf”zz } —(Joxy +ky ) jocy +ksy, )

2, = — /ey + Joocy,)

("Efu —o'my, )(‘E"_z — 'y, )= (Joxy, +hy ) (joey +ky,)

g 1 :
(Fy—™myy )+ joy,

(;;11 — @'y, .}(kzz —a'my, )—(Joa, +hy ) ( oy +ky)

19
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Frequency Response Funclion

-\-‘--\_‘_\'—\_

——e
I

1

"I.H /f | \

1.5
Frequancy Hz
Frequency Responss Funcion

3
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4
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I|
/.

=1 1

T T T

III .’I I'.,
| |
A\

0.5 1

1.5 2 25
Frequency Hz
Frequency Response Function

2

3.5
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Vibration Absorbers

(25 05))) 3,1 b

ZJ.> D‘)
(0255 Ol3e) 9y @b Lials m
&JLC— O.)‘.) )‘).9 |
35 QS iS58 03 Sl
(205 il8 52

Sle cups Sloljel =

le o 1y 0k o)
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Move Resonance

T mp S——

-

u
Vi
Brge——
¥
r
ny
1
i T i [T i B B id i
S -

X sin(@t) X, = Amplitude (original)

T e eme emeea F FEw— D

¥ T

Amplitude
Reduction

X sin(ot) X = Amplitude (modified)

23
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F,sin((ey > o)1)

lﬂ
Original response
k ]l 2 ' : '
W 1 '*
wl @2 3 Modified response

24
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o)) sleedl>

+ Vibration Absorber

> Original System

209.3.»53 OJ‘ ).3
LT 0 b (o o W
) Wb o ials Al
(395 (o B>
* ogtxe S )8 pm o W
by rals 1y aly g

Telegram: @uni_k
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1.) Reduces amplitude response at or near a resonance.

2.) Reduces amplitude response at a specific frequency.

> Vibration Absorber

} Original System

26
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X5

kzl{xl_xzj

F(t)=F,sin(or)

Y F, =mj,

Z‘Fx: —itlig Xy

mx, +(k + &, )x, —k,x, = F,sin( o )

Telegram: @uni_k
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Equations of Motion
X, k,+k,
Tt
X, '

Solution X, =

N

0

(}J*M2

m,

X

B

2

xl_

} sin(of ) =—>
Xy

X, =

F,sin (ot )}

(Frz — 1,0 )F[,

(Frl +k, — mlml )(A’E — mzmz ) — k_?

ky Fy

(kl +k, —myo° )(A’2 —11,0° ) —k;

Telegram: @uni_k
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(kg —m,e’ )FD
£y 3 2 2 2
(A1+k2—mlm )(kz—mjra )—kz

: Reduce amplitude X,

(kz —m,e° ) =)

The natural frequency of the vibration absorber
equals the frequency of the forcing function:

F, sin (:;rur)

29
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Without absorber
/ / Witl}‘abmme:
"y

T
|
|

\

FIGURE 9.25 Effect of undamped vibration absorber on

the response of machine.

Q, , (2, = natural frequency of the “new” combined system

31
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B k,F;
™ (kl +k, —m’ )Z(Il —m,’ ) —k;

v - _to
2 Kz

Absorber design must accommodate this.

Telegram: @uni_k
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Equations of Motion

m, 0 "i:'-[ :
0 w1l

F, sin | of )

Solution:

|

Telegram: @uni_k
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F, (ﬂ’z —nm,e” + jc?zm)

A= & st Yk — z)_ Eoad]y o g 3 2
: mlm) , =M@ | =k, joc, \ ki, —m@” —m,o

v X, (k, + jor, )

2

2 :
(ﬂ'z —m,®" + _,rrucj)

35

Telegram: @uni_k


https://t.me/uni_k

www.konkur.in

m : .
1t =—== Mass ratio = Absorber mass / main mass

m,

I : :
o, = ?“ = Static deflection of the system
1
k

= = Square of the natural frequency of the absorber

By defining: . kl_
B

= Square of the natural frequency of the main mass

)

0] : .
f =—= = Ratio of natural frequencies

0 ;
g =— = Forced frequency ratio
@,

= 2m,m_ = Critical damping constant

C, . :
=—= Damping ratio
[

c

36
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X Ay
Solution: =

X, . 4

i

The magnitudes, X, and X,, can be expressed as:

- (2cg) +(g2 - 1)
% | (2¢g) (& -1+ ug’ ]2+{,f-’f2§2—(§1_1](33_f1)}

5
.3

(24g)
3 1 2 E ; 3
(268) (& -1+ e’} + ' (8-~ L)}

37
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FIGURE 9.29 Effect of damped vibration absorber on
the response of the machine.

Telegram: @uni_k
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m, =10 m, =2 F, sin(ot)
k,=1000 &, =200

¢ =1 c, =1

s 1200 200 || x| |F,sin(at)
-200 200 ||x,] | 0

39
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1.5
Frequency Hz

40
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w =1.75Hz

m, =10 m, = 2 F,sin(ot)
, =1000  k, =241

c =1 c, =0

—241]|x | |F,sin(ot)
241 ||x,) | 0
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1.5
Frecuency Hz

42
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Applications of Tuned Mass Damper

Automotive (Exhaust Steering & Suspension Systems. Rear view
mirror. airbag, battery, etc.)

Appliances (Washers, Dryers. Dishwasher, Refrigerators, etc.)

Machine Tools (Lathes, Milling Machines, Grinders, etc.)

Buildings (John Hancock Tower, Citicorp Center, Canadian
National Tower)

Aircraft & Spacecraft (Turbines. Inlet & Exhaust. accessory
component motors, etc.)

Telegram: @uni_k
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Multiple Degree of Freedom Systems

Topics:
1.) Equations of Motion

2.) Eigenvalue Problem
3.) Orthogonality

4.) Modal Space
S.) Seolving MDOF Problems in Simple Fashion

44
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MDOEF: Equations of Motion

Filn) F; wtﬂ F{r) Fir) F0)
ky = g e —p ik

T e e e .
l‘mn11+—" l"mf.t2+—0 anu+—> +—o Pmnu+-- L +i-

Equations of Motion Using Newton’s Second Law:

1.) Choose suitable coordinates for the point masses and rigid bodies in the system.

2.) Determine static equilibrium position of the system. Measure motion from this
position.

3.) Draw free-body diagram of each mass or rigid body. Indicate all forces acting
on the mass or rigid body when positive displacement or velocity is present.

4.) Apply Newton’s Second Law: Translation: Zﬂ! = .i'?:-'."f,-

Rotation: > M, =J§,
45
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Equation of Motion
General Form n-DOF Svystem

[m]{}+[e] {3} + [F]{x} = {F}

H’i’] — II1X1 mass matrix

c?] = nxn viscous damping matrix

k] = nxn stiffness matrix
:1} = nx1 acceleration vector
velocity vector

displacement vector

externally applied force vector

46
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MDOEF: General Solution to Equation of Motion

1.) Determine natural frequencies (®,) and mode
shapes {X}. from undamped Free Vibration.
(eigensolution)

2.) Use orthogonality of mode shapes to transform
Equations of Motion into “MODAL SPACE™.

3.) Solve “n” single degree of freedom problems.

4.) Use mode shapes to transform back to physical
space.

47
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MDOF: o, and {X}; from Eigensolution
[m] (5} +[K] ) = 0}

For Harmonic Motion: X = —mzx

(-0 [m] + [ )= 0

[k]{x} =’ [m]{ x}  classic eigenvalue problem

Computer or calculator solution (MATLAEB, Mathematica, etc.)
Yields “n” eigenvalues o fori=1.n
and “n” eigenvectors 1X}, fori=1.n
The natural frequencies are the square roots of the eigenvalues:

_,‘2
(. = 4| .

The mode shapes are the corresponding eigenvectors.

Telegram: @uni_k
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MDOF: o, and {X}, from Eigensolution

- (—mg |m] +[k]){x} ={0}

To solve, the characteristic determinant =0

‘[k]—a}z [m” =0 ‘[R]

results in an “n™ order polvnomial

—&[m]:

a,(A) +a, (A" +..+a,(A)+a,=0

roots = A fori=1n

natural frequencies ®, = ﬁ ;

Substitute @, or A, into original equations for mode shape solution.

0

49
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MDOF: o, and {X}, from Eigensolution

Alternate Method

(—mz m]+[k]){1} =10}
(2[K]-[m]) i =t0} 2=

(AT [k] =[] [m]){} = {0}
(2[7]-[D]){x} = {0}

|7]= Identity Matrix

A [I] {.1} = [D] {Jf} |D]= [.&']_1 [m]= dynamical matrix
Solutions are the eigenvalues and eigenvectors of [D].
| . .
A = S fori=1.n {X}j fori=1.n

I
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Orthogonality of Mode Shape Vectors

(—{{)2 |m]+ [k]){:f} =10}

Using the i» natural frequency and mode shape

@’ [m]{X}f_ = [A’]{I}r_ 1

Using the ji» natural frequency and mode shape

mf [ru]{X}j = [k]{ﬁf}j 2

Pre-multiply | by {X }f and 2 by {X }‘j

o] {X}j ] {X}r_ = {X}j & {X}f

o} (X}, [m]{X}, ={x}; [£
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Orthogonality of Mode Shape Vectors

Because of the symmeftry of [K] , [m]

(), k], = 4, [R] i,

o’ {X}f m|{X} RS,

_— -
mf.{X}j m|{X} __k_{X}j 4

Subtract -4 (({f — {{}? ){X}j [”E] {X}; _ {0}
rX*;-_'*f -‘.l' = _1'0
In general @, # @, Alsor L }"-fr [ ].t ), =10}
X, [k]{x}, =1{0}

Modal vectors are orthogonal with respect to [m] . [K].

52
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Modal Mass, Stiffness, & Damping

[m{X} =M, Modal Mass

_ .li:xf]{)f}l = Kr_f Modal Stiffness

Proportional Damping

Modal Damping

53
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Modal Mass, Stiffness, & Damping
Define [X] = [{X}l {X}2 {X}n] Modal Matrix -

&

iy, 0
[X] [m][X]= =[M] Modal Mass Matrix
0 }Hm
oy 0
[XT [£][X]= [ | =[K] Modal Stiffness Matrix
0 k.

For proportional damping:

[T [e][x]=

A 0
- = [C] Modal Damping Matrix
0 Cpn

54
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—1000
3000

1.00°
1.16
1.00

-

From @; [m] {X}= [k]{X}

.

(x},=

0

—2000
—2000 4000 |

1.00 |
0.00

=

~0.50,

(1.00
~5.16

| 1.00 |

£

=
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Examnle (continued)

[M]=[xT [m][X]=

[]=[xT [€][x]=

[K]=[xT [#][x]=

36.75

3.08

3080

1.00 1.00
1.16 0.00
[1.00 —0.50

15.00

163.25 |

3.00
116.92

3000

116920 |

Telegram: @uni_k
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Modal Space
Original Equations of Motion:
[m] {i‘} + [r:] {1} + [k]{x} = {F}

Define a new coordinate system

[X] {q} {C}} = Modal Space

‘\ principal coordinates
Modal Matrix

Substitute into equation of motion

[m|[X{a+[e][X Ha}+[F][X]ia) =15

Pre-multiply by [X ]T

[T (][]} + [T [e][X)4as + [T [} =[x ()
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Modal Space

[2]{g}+[c]ig}+[K]{a} =[XT {F}
J B

Uncoupled equations of motion in the form of single degree of freedom systeins.

M, g, +C,q +K,q =X F+X;F,+-+X'F
Mﬂqg +C,q,+K,,q, =X, FE+X,F,+---+ X F

Mﬂﬁ‘éjﬂ + Cﬂﬂqn + Kﬁﬁqﬁ — XIH‘Fi + X;FZ Tt ‘Y:F;?

*Solve each SDOF system x, (1)

*Transform back to physical space for total solution 4 i [‘T] ] 5 I

58
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Example

F, (t)=25sin(10¢)
ﬁ-}

X

m, =10kg k, =1000%/ ¢, = 10N/

m, =15kg k, =2000%/ c, = 20N/

m, = 5Skg k, =1000%/. =l
k, =500%/ c, =5¥=y

Determine the total solution if the system starts from rest.

59
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Example
'Equations of Motion

10 2] [30 —20 0 7(%) [3000 -2000 0 7(x 0
15 b+ =20 30 —10[{%, 4| —2000 3000 —1000 [{x, {=125sin(10¢)
5%, 0 -10 15 ||% 0 —1000 1500 ||x, 0

Determine the mode shapes and natural frequencies

[k] {x} - mz [m]{x} mnile 1 mode 2
o, = 6.62 4/ 1.00  1.00

@, =17.374/ 1.28 0.00
@, =21.4m/ 11.00 -2.00

60
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Example
Uncouple the Equations of Motion (transform to Medal Space)

tx}=[X]{q}

[ [m][x){g} +[XT [e][x gy +[xT [£][x]{q} =[XT {F}

39.6 g | [17.36 G| [1737 g | | 1.28(25sin(10r))
30 iy t+ 90 Gy (+ 9000 g = 0
24.14 | | 4, 110.13 | | g; 11,013 ||g;] [—0.78(25sin(10t))

61
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Example
Solve each SDOF syvstem
39.64, +17.36¢, +1737¢, = 32sin (10¢)

17.36 0,033 o, = =06.62

T 2,/39.6(1737) o, =6.60

s

e-{n.naﬂ(ﬁ.ﬁz}}r (A COS (6_6?) + Bsin (6.6?)) + O s1in (1 0r — 933)

from AR (r,&)=0.78
Fy
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Example

g, (t)=e""* (Acos(6.61)+ Bsin(6.6¢))+0.0144sin (10t — 7 )

Initial conditions:

1 (0)) =[xTig(0); 1¥(0)) =[XT1¢(0);
g =[x]"{x(0)})  {a(0)=[x 1{( 0);

I
For a system at rest: { } { 0} { q (0 }

0=g¢,(0)=(1)(A+0)+0.0144sin(-7) A=0
G, (1)=€"""(6.6Bcos(6.6))—0.218¢"** ( Bsin(6.61))+0.144cos (101 - 7 )
0=¢, =(1)(6.68)—(1)(0)—0.144 B=0.022

g (t)=e"""(0.0225in(6.67))+0.0144sin (107 — 7)
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In a similar manner:

304, +904, +9000g, =(0)(25sin(10¢))

i =[X]{g)=

gz(f)zo

24,1444, +110¢; +11,013¢, = —19.5sin (107)

g (r)=e""(1.25sin(217))-0.0025sin (107)

(100 1.00 1.00 |[gq(7)]
1.28 0.00 —0.78|4q,(7);
1.00 —2.00 1.00 ||g;(7)

'Tl('f) =4, (”""gz (7)+¢; (f)
x,(1)=1.28¢,(7)—-0.78¢, (1)

Ij(f):ql(f)—Z.Oﬂgz (I)+g3 (f)

64
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