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Chapter 1

1.1

a) One dimensional, multichannel, discrete time, and digital.
b) Multi dimensional, single channel, continuous-time, analog.
¢) One dimensional, single channel, continuous-time, analog.
d) One dimensional, single channel, continuous-time, analog.
e) One dimensional, multichannel, discrete-time, digital.
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Chapter 2

2.1

12
=4q...0,=,-,1,1,1,1,0,...
o) = {0,321 }
Refer to fig 2.1-1. Also, visit Library Genesis (forum.mhut.org, libgen.is) for more manuals.
(b) After folding s(n) we have

2/3

Figure 2.1-1:

21
.T(—n): {...071,1,17%,3,3,0,...}.

After delaying the folded signal by 4 samples, we have

21
I(*ﬂ+4): {...O,?,:L].,].,l,3,3707...}.

On the other hand, if we delay x(n) by 4 samples we have

12
—4)=4...0,0,-,-,1,1,1,1,0,...p.
x(n ) { 9’ ’3737 ) ) 7 M }
Now, if we fold z(n — 4) we have
21
-n—-4)=<...0,1,1,1,1, -, -,0,0, ...
:Z:( n ) { 777”3737 7?7 }

)

Telegram: @uni_k



www.konkur.in

(c)
2 1
—n+4)=1{...0,1,1,1,1,5,-,0,...
x( n+) { ?”77’33377 }

(d) To obtain z(—n + k), first we fold x(n). This yields (—n). Then, we shift x(—n) by k
samples to the right if £ > 0, or k£ samples to the left if £ < 0.

(e) Yes.
z(n) = %5(71 -2)+ %5(71 +1)4+un) —u(n —4)
2.2
x(n) z{ 0,1,%,1,1,%,%,07 }
(a)
x(n—z):{...0,?71,1,1,1,;7;,0, }
(b)

(c)
11
x(n—l—?):{...0,1,1,1,%,2,2,0, }
(d)
x(n)u(Q—n):{...0,1,%,1,1,0,0,...}
(e)
x(n—l)é(n—i’)):{...(T),O,I,O,...}
()
x(n?) = {...0,2(4),z(1),2(0),2(1),2(4),0,...}
= 0 1 1,1,1,-,0 }
{ B AN A
(8)
ze(n) = x(n)—‘;x(—n)?
11
z(—n) = {...0,2,2,1,1,%71,0,...}
_ { gttt 111, }
o 447277727474
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2.3

2.4

Let

Since

and

it follows that

To(n) = 9

B ol 1 1, 111
- ) 47 47 27 ) ) ’27474
0, n<0
un) —un—1)=6dn)=<¢ 1, n=0
0, n>0

" 0, n<0

> 5(k)—u(n)—{ L n>0

= 0, n<0
gé(n—k)z{ 1, n>0
reln) = 3lo(n) + a(-n)],

z(n) = ze(n) + zo(n).

The decomposition is unique. For

we have

and

Telegram: @uni_k

2(n) = {2,3,%,5,6},
z.(n) = {4,4,4%,4,4}

Zo(n) = {—2,—1,?,1,2} .
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2.5
First, we prove that
Z ze(n)zo(n) =0
Z Te(n)xzo(n) = Z Te(—m)x,(—m)
= _ Z Ze(m)xz,(m)
= — Z Ze(n)xo(n)
= Z Ze(n)zo(n)
= 0
Then,
Yo ) = Y [we(n) + zo(n))?
= Z xi(n)—i— Z :U?)(TL)-F Z 2z (n)zo(0)
= E;+Eo ) )
2.6

z(n) = y(n) = z(n?)
z(n—k) = ypn) = z[(n—k)’]
= z(n® +k* - 2nk)
7 y(n—k)
(b) (1)
xz(n) = {O, )1r, 1,1,1,0,.. }
(2)
y(n) = z(n?) = {...,O,l,%,l,O,...}
(3)

Mn—m_{””Q%LLLQ”}

8
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(4)
ﬂn—%:{“w%&LLLL&”}
(5)
ymﬂ—ﬂﬂmﬂﬂ—{”ﬁﬁ@%Qme}
(6)
ya2(n) # y(n — 2) = system is time variant.
(c) (1)
z(n) = {%,1,1,1}
(2)
y(n) = {%,0,0,0,0,—1}
(3)
y01—2)::{%0,LOJLOJL—1}

(4)
xm—a)z{%QLLlJJ}

(5)
ya(n) = {9,071,0,0,0,0,—1}

(6)

ya(n) = y(n — 2).

The system is time invariant, but this example alone does not constitute a proof.

(d) (1)
y(n) = na(n),

mm:{“wa%LLLan}

(2)

mm—{”w%Lz&“}

(3)
Mnm{uwgamLz&“}

(4)

ﬂn—%:{”wQ%QLLLL”}

9
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ya(n) =Tlz(n—2)]={...,0,0,2,3,4,5,...}

(6)

y2(n) # y(n — 2) = the system is time variant.

2.7

(a) Static, nonlinear, time invariant, causal, stable.
(b) Dynamic, linear, time invariant, noncausal and unstable. The latter is easily proved.
For the bounded input (k) = u(k), the output becomes

y(n) = Z u(k) = n+2, n>-1

k=—oc0

e, { 0, n<—1

since y(n) — 0o as n — oo, the system is unstable.
c¢) Static, linear, timevariant, causal, stable.
d) Dynamic, linear, time invariant, noncausal, stable.
e) Static, nonlinear, time invariant, causal, stable.
f) Static, nonlinear, time invariant, causal, stable.

(
(
(
(

2.8
(a) True. If
v1(n) = Ti[z1(n)] and
v2(n) = Tilz2(n)],
then
arz1(n) + agza(n)
yields

av1(n) + agva(n)

by the linearity property of 7;. Similarly, if
y1(n) = T2[v1(n)] and

y2(n) = Tz[v2(n)],

then
Brvi(n) + Bava(n) — y(n) = Pryi(n) + Baya(n)

by the linearity property of 75. Since

v1(n) = Ti[xz1(n)] and

va(n) = Talwz(n)],

it follows that
AlIl (?’L) + AQIQ (’I’L)

yields the output
ArTlar(n)] + Ao Tz (n)],

10
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where 7 = T17T5. Hence 7T is linear.
(b) True. For Ty, if
z(n) = v(n) and
x(n—k) = v(n—k),
For 7, if
v(n) = y(n)
andv(n — k) — y(n — k).
Hence, For 7175, if
z(n) — y(n) and
z(n—k) = yln—k)
Therefore, T = 7175 is time invariant.
(c) True. Ty is causal = v(n) depends only on x(k) for k < n. T3 is causal = y(n) depends only on v(k) for k <
n. Therefore, y(n) depends only on z(k) for k¥ < n. Hence, T is causal.
(d) True. Combine (a) and (b).
(e) True. This follows from hi(n) * ha(n) = ha(n) * hi(n)
(f) False. For example, consider

Then,
T2[Ti[o(n)]] = 72(0) =0.
TTB@Y = Tilstn+1)
= —d(n+1)

(g) False. For example, consider
Ti:y(n) = z(n) + b and

Tz : y(n) = x(n) — b, where b # 0.

Then,
Tlz(n)] = T2[Ti[z(n)]] = Ta[z(n) 4 b] = z(n).

Hence 7 is linear.

(h) True.
Ty is stable = v(n) is bounded if x(n) is bounded.
Ts is stable = y(n) is bounded if v(n) is bounded .

Hence, y(n) is bounded if x(n) is bounded = T = 71T is stable.
(i) Inverse of (c). 77 and for T3 are noncausal = 7T is noncausal. Example:

Ti:y(n) = =z(n+1)and
To:y(n) = z(n—2)
ST oyn) = a(n—1),

which is causal. Hence, the inverse of (c) is false.
Inverse of (h): 7; and/or T is unstable, implies T is unstable. Example:

71 : y(n) = e*™ stable and T3 : y(n) = Infz(n)], which is unstable.

But 7 : y(n) = x(n), which is stable. Hence, the inverse of (h) is false.

11
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2.9

Z h(k)x(n —k),z(n) =0,n <0

y(n) =
k=—o0
n+N n+N
yn+N) = Y hk)z(n+N-k)= >  hk)z(n—k)
k=—o k=—c
n n+N
= Z h(k)z(n — k) + Z h(k)z(n — k)
k=—oc0 k=n+1
n+N
= Y)Y hkjaln k)
k=n+1
For a BIBO system, lim,,_,o|h(n)| = 0. Therefore,
n+N
lim,, - 0 Z h(k)z(n — k) =0 and
k=n+1

lim, oy(n + N) = y(N).

(b) Let z(n) = zo(n) + au(n), where a is a constant and

Zo(n) is a bounded signal with lim z,(n) = 0.
—

Then,
y(n) = aY_ h(k)u(n—k)+ > h(k)ze(n— k)
k=0 k=0
= a) h(k)+yo(n)
k=0

clearly, > 22(n) < oo =Y., y2(n) < oo (from (c) below) Hence,
lim;, s oo |[yo(n)| = 0.

and, thus, lim,,,.y(n) =a ,_, h(k) = constant.

()
y(n) = D hk)z(n—k)

k

o 0o 2
D> ) = Z[Zh%)x(n—k)]

— 00 —o00 k
= Y D h(k)h(1)> a(n—k)x(n—1)
ko1 n

But
Zx(n —k)x(n-1) < ZxQ(n) =E,.

n

12

Telegram: @uni_k



www.konkur.in

Therefore,
For a BIBO stable system,

Hence,
E, < M?E,, so that

E,<0if E, <0.

2.10

The system is nonlinear. This is evident from observation of the pairs
z3(n) <> ys(n) and xa(n) < ya2(n).
If the system were linear, y(n) would be of the form

y2(n) = {37 6, 3}

because the system is time-invariant. However, this is not the case.

2.11

since
21(n) + z2(n) = §(n)

and the system is linear, the impulse response of the system is
y1(n) + y2(n) = {0,%7 -1,2, 1} .
If the system were time invariant, the response to x3(n) would be

{&ZL&I}
3

But this is not the case.

2.12

N.

)

(a) Any weighted linear combination of the signals z;(n),i = 1,2,...
(b) Any z;(n — k), where k is any integer and i = 1,2,..., N.

2.13
A system is BIBO stable if and only if a bounded input produces a bounded output.

y(n) = D hk)z(n— k)
k
> Ih(k)lz(n — k)
k
M,y |h(k)
k

IN

ly(n)|

IN

13
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where |z(n — k)| < M,. Therefore, |y(n)| < oo for all n, if and only if

> |h(k)| < 0.
k

2.14

(a) A system is causal < the output becomes nonzero after the input becomes non-zero. Hence,

z(n) =0 for n < n, = y(n) =0 for n < n,.

y(n) = z”: h(k)x(n — k), where z(n) =0 for n < 0.

If h(k) =0 for k < 0, then

y(n) = Z h(k)xz(n — k), and hence, y(n) = 0 for n < 0.
0

On the other hand, if y(n) = 0 for n < 0, then

i h(k)z(n — k) = h(k) =0,k < 0.

N
Fora=1,% a" = N-M+1
n=M
N
for a # 1, av = a4 M dY
n=M
N
(1—a)Za” = oM 4 oM M N N - oV
n=M
= oM —NF!

(b) For M =0, |a| < 1, and N — oo,

= 1

E a" = JJal < 1.
1—a

n=0

14
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2.16
(a)

Telegram: @uni_k

y(n) = Y hk)z(n—k)
k
Syn) = D> h(k)xn—k) =Y hk) > z(n-—k)
n n k k n=-—00
- () (5)
k n
y(n) = h(n) xx(n) = {1,3,7,7,7,6,4}
Sym)=35 S hk)=5 Y ak)=T
n k k
y(n) ={1,4,2,-4,1}
dym) =4, D hk)=2, > x(k)=2
k k

Sy =-5, S hm)=25 3 a(n)=-2
y(n) = {1,2,3,4,5}
St Sh -1 Yel-1s

y(n) = {07()’ 17 _17 2a 2a 1; 3}

dyn)=8, D h(n)=4, > x(n)=2

n

15
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2

(b) By following the same procedure as in (a), we obtain
(c) By following the same procedure as in (a), we obtain
(d) By following the same procedure as in (a), we obtain

2.18
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(b)
1
o) = snlu(n) ~u(n 7))
h(n) = u(n+2)—u(n—23)
y(n) = x(n)*h(n)
- %n[u(n) —u(n — )] * [u(n +2) — u(n —3)]
= %n[u(n) xu(n+2) —un)xun—3)—uln—"7) xuln+2)+uln—"7) xu(n — 3)]
yn) = %5(71 +1) 4+ 6(n) + 26(n — 1) + %5(n )+ 55(n —3) + 23—05(11 —4)+65(n—5)
+58(n — 6) + 56(n — 6) + %15(71 — )+ 6(n—8)
2.19
4
y(n) = Y h(k)z(n— k),
k=0
xz(n) = {a_?’,oz_Q,ofl,%,a, ,a5}
hin) = {%, 1,1,1, 1}
4
y(n) = Zx(n—k),—?) <n<9
k=0
= 0, otherwise.
Therefore,
y(_3) = 04_3,
y(=2) = a(=3)+z(-2)=a’+a?
y(=1) = a’+at+a,
y(0) = a P +a?4+at+1
y(1) = a3 +a2+a'+1+a,
y(2) = aP+a+al+1+a+a?
y3) = al+ltata®+a®,
y(4) = a*+aP+atta+l
y(3) = a+ao®+ad+at+ad,
y(6) = o?+ad+at+ad
y(7) = od+at+a’,
y(8) = a'+ad,
y(9 = o
2.20

(a) 131 x 122 = 15982
(b) {1T737 1} * {1T7272} = {175797&2}

17
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(€) (1+32+2%) (1422 +22%) =1+ 52+ 922 + 823 + 22*
(d) 1.31 x 12.2 = 15.982.
(e) These are different ways to perform convolution.

2.21
(a)
y(n) = Zaku(k)bnfku(n —k)y=1b" Z(abil)k
k=0 k=0
gy = { e utn), b
b*(n+Lu(n), a=
(b)
z(n) = <1,2,1,1
o - fuay)
h(n) = {1,—1,0,0,1,1}
i
y(n) = {1,1,—%,0,0,3,3,2,1}
(c)
xz(n) = {1,1,1,1,1,0,1},
+
h(n) = {172,3,2,1}
e
y(n) = {1,3,6,8,9,8,5,1,—2,—2,_1}
T
(d)
2(n) = {171,1,1,1},
+
W(n) = {0,0,1,1,1,1,1,1}
T
h(n) = HK(n)+h(n-29),
y(n) = y'(n)+y (n—9), where
y'(n) = {(T),o,1,2,3,4,5,5,4,3,2,1}

18
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2.22
(a)

yi(n) = a(n)x*hi(n)
z(n) +z(n—1)
{1,5,6,5,8,8,6,7,9,12,12,15,9}, similarly

<

[

—~
S
|

ya(n) = {1,6,11,11,13,16,14,13,15,21, 25,28, 24,9}

ys(n) = {0.5,2.5,3,2.5,4,4,3,3.5,4.5,6,6,7.5,4.5}

ya(n) = {0.25,1.5,2.75,2.75,3.25,4,3.5,3.25,3.75,5.25,6.25, 7, 6, 2.25}
ys(n) = {0.25,0.5,—1.25,0.75,0.25, —1,0.5,0.25,0,0.25, —0.75,1, —3, —2.25}

(b)
ys(n) = %yl(n)7 because
hs(n) = yhi(n)
ya(n) = %yg(n), because
ha(n) = ha(n)

(¢) y2(n) and y4(n) are smoother than y;(n), but y4(n) will appear even smoother because of the
smaller scale factor.

(d) System 4 results in a smoother output. The negative value of hs(0) is responsible for the

non-smooth characteristics of ys(n)

(e)
13 1 11 13 9
=22 -1,5,1,-1,0,=, 2,1, —=, >, —=
yG(n) {2723 19 7072727 Ty 2}
y2(n) is smoother than yg(n).
2.23

We can express the unit sample in terms of the unit step function as §(n) = u(n) — u(n — 1).
Then,

h(n) = h(n)*d(n)
(

= h(n)* (u(n) —uln—1)
= h(n)*xu(n) —h(n) xu(n—1)
s(n) —s(n—1)
Using this definition of h(n)
y(n) = h(n)*xz(n)

= (s(n) =s(n—1)) x2(n)
= )

Telegram: @uni_k
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2.24
If
yi(n) = nyi(n—1)+x1(n) and
y2(n) = nya(n —1)+ x2(n) then
z(n) = axi(n)+ bra(n)

produces the output
y(n) =ny(n — 1) + z(n), where
y(n) = ay1(n) + byz(n).

Hence, the system is linear. If the input is z(n — 1), we have

yln—1) = (n—1Dy(n—-2)+z(n—1). But

yin—1) = ny(n—2)+z(n—1).
Hence, the system is time variant. If z(n) = u(n), then |z(n)| < 1. But for this bounded input,
the output is

y(0)=1, y(1)=1+1=2, y2)=2x2+1=5,...

which is unbounded. Hence, the system is unstable.

2.25
(a)
6(n) = v(n)—ay(n—1) and,
dn—k) = ~y(n—k)—ay(n—k—1). Then,
x(n) = > x(k)s(n—k)
k=—oc0
= > ak)(n—k) —ay(n—k—1)]
k=—o00
wm) = Y #Bn-k)-a Y wEnmn k1)
k=—o00 k=—o00
z(n) = Z z(k)y(n—k) —a Z z(k—1)y(n—k)
k=—oc0 k=—o0
= > [ak) —az(k - Dy(n— k)
k=—oc0
Thus, ¢ = x(k) —ax(k—1)
(b)
y(n) = Tlz(n)]
= T[Y arln—k)
k=—oc0
= > aThn—k)
k=—o00
S
k=—o00
20
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2.26
With x(n) = 0, we have
yn—1)+ Syn—1) = 0
Y1) = —5u(-2)
yO) = (~3 u(-2)
y1) = (-3)u(-2)
— 4 ko -
y(k) = (_5) y(—2) < zero-input response.
2.27
h(n) = hi(n)*ha(n)
= Z a*lu(k) — u(k — N)][u(n — k) — u(n — k — M)]
k=—oc0
= Z a*u(k)u(n — k) — Z a*u(k)u(n — k — M)
k=—o0 k=—o0
- i a*u(k — N)u(n — k) + i a*u(k — N)u(n — k — M)
kn:_oo n—M n k:;ioM
_ ok — ok = ok — ok
Eeze) (B2
= 0
2.28

(a) L1 = Ny + My and Ly = Ny + My
(b) Partial overlap from left:

low N1+M1 hlgh N1+M2—1

Full overlap: low Ny + M, high Ny + M,

Partial overlap from right:

low N2+M1—|—1 hlgh N2—|—M2

21
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(c)
xz(n) = {1, 1,1,1,1,1, 1}
T
h(n) = {2,%,2,2}
Nl = _27
N2 = 47
M, = -1,
M2 - 23
Partial overlap from left: n=-3 n=-1 L;=-3
Full overlap: n=0 n=3
Partial overlap from righttn =4 n=6 L; =26
2.29

(a)
y(n) — 0.6y(n — 1) + 0.08y(n — 2) = z(n).

The characteristic equation is
A% — 0.6\ + 0.08 = 0.

A =0.2,0.4 Hence,

1" 2™
yn(n) = g —|-ng .
With z(n) = d(n), the initial conditions are
y(0) = 1,
y(1) = 0.6y(0) = 0= y(1)=0.6.
Hence,ci +¢c; = 1 and
1 2
gcl+g = 06=c=-1,c5=3.
1 2
Therefore h(n) = {—(5)" + 2(5)”] u(n)
The step response is
s(n) = h(n—k),n>0
k=0
.2 1
—_ 22 n—Fk n—~k
> |2+ - ]

(b)
y(n) —0.7y(n — 1) + 0.1y(n — 2) = 2z(n) — z(n — 2).

The characteristic equation is

A2 —0.7TA+0.1 =0.

22
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1 IR
yh(n)_01§ +C2g
With z(n) = §(n), we have
y(0) = 2,
y(1) = 0.7y(0) = 0=y(l) =14
Hence,c1 + ¢ = 2 and
1 1
§C1 —+ g = 14 = -
=+ gc = E
P T 5
These equations yield
_o 4
1 = 3 ,C2 = 3
10,1 4.1
h _ _(_\n _ —(_\n
() = |2 - 56" uw

The step response is

s(n) = Z h(n — k),
k=0
10
3

= =0
10 1™ 1,1"
— (= n+1 (= n+1
2.30
1111
o = {13551
y(n) = {1,2,2.5,373,3,2,1,0}
T
z(0)h(0) = y(0) = =(0) =1
1 3
ix(O)Jr:v(l) = y(l)ﬁx(l):§
By continuing this process, we obtain
3373
= 1 —_ _ — p— .
o) ={1.3.3.2.3..}
23
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2.31
(a) h(n) = hi(n) * [ha(n) — ha(n) * ha(n)]
(b)
hs(n) * hg(n) = (n—1u(n—2)
ha(n) — hg(n) x hy(n) = 2u(n)—3J(n)
h(n) = %5(71) + ia(n 1+ %5(71 o)
Hence h(n) = Bé(n) + ié(n -1+ %5(11 — 2)} * [2u(n) — d(n)]
1 ) )
= 55(71) + Zé(n —1)+2i(n—2)+ iu(n -3)
()
z(n) = {1,0,9,3,0, 4}
v = {3520 2200
2.32
First, we determine
s(n) = Zu(k:)h(n —k)
k=0
= Y h(n—k)
k=0
— an—k
_ an;rl__l 1 ,n>0

For z(n) = u(n + 5) — u(n — 10), we have the response

s(n+5) —s(n—10) = an:i; 1u(n +5)— a”a_iz 1u(n —10)
From figure P2.33,
y(n) = xz(n)*xh(n) —z(n) *h(n —2)
Hence, y(n) = %u(n +5) — %u(n —10)
a”a+4_; 1u(n +3)+ a”;l_l ; 1u(n —-12)
24
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2.33
h(n) = [u(n)—uln— M) /M
s(n) = Z u(k)h(n — k)
k=—oc0
_ Zh(nk){ fﬁ ne
k=0 -
2.34
Yool o= D af?
n=—oo n=0,neven
- S
n=0
_ 1
- 1—|a?

Stable if |a| < 1

2.35

h(n) = a™u(n). The response to u(n) is

yi(n) = Zu(k)h(n—k‘)

1— a7z+1
= T4 n)
Then, y(n) = yi(n)—yi(n—10)
= ﬁ [(1 - an+1)u(n) —(1- aan)U(n _ 10)]

2.36

We may use the result in problem 2.32 with a = %. Thus,

vt =21 (7| ut) —2 |1 () utn - 10)

25
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2.37

2.38
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2.39

(a) z(n)d(n — ng) = z(ng). Thus, only the value of z(n) at n = ng is of interest.
x(n) * §(n —ng) = x(n — ng). Thus, we obtain the shifted version of the sequence z(n).
(b)

oo

> h(k)z(n — k)

k=—o0

= h(n)*z(n)

<

—

2
Il

)
(n) = h(n)*xz1(n)
zo(n) = y2(n) = h(n)*z2(n)
(n) = azi(n)+ Brz(n) = y(n) = h(n) * z(n)
(n) = h(n)*[azi(n) + Baz(n)]
= ah(n)xx1(n) + Bh(n) *x z2(n)
= ayi(n) + By2(n)
Time Invariance:

z(n) = yn) = h(n)*xz(n)
x(n—no) = y1(n) = hn)xx(n—no)
= Zh(k)x n—ng—k)
k

= yn—no)
(c) h(n) = d(n — ng).
2.40
(a) s(n) = —a1s(n—1) —azs(n —2) — ... —ans(n — N) + bov(n). Refer to fig 2.40-1.

b) v(n) = % [s(n) +a1s(n —1) + azs(n —2) + ...+ anys(n — N)]. Refer to fig 2.40-2

27
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v(n)

s(n)

b ) s(a)
: N ¢
Z—l
Z—I
-a,
,-1
-a
N
Figure 2.40-1:
v(n)

Bl

F
L H-0—0—0

Figure 2.40-2:

28

Telegram: @uni_k




www.konkur.in

2.41
y(n)
y(—2)
y(=1)
y(0)
y(1)
2.42

(a) Refer to fig 2.42-1
(b) Refer to fig 2.42-2

x(n)

—%y(n - 1)+ z(n) +2x(n —2)

—5V(=) +2(=2) + 2(~4) =1

——y(—2)+z(-1) +2x(-3) = %
—=y(—=1) +2z(-2) + z(0) = %
—5y(0) + 2(1) + 22(-1) = §7 et

172

0
&

O

-172
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Figure 2.42-1:
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x(n) @ ¢ o < . > y(n)
O

Figure 2.42-2:

2.43

yn) = gyln—1)+a(n) +a(n—1)

W) = 2(0)=1,

y(1) = () +2(1) +2(0) =5

y(2) = %y(l) +2(2)+2(1) = Z Thus, we obtain
333 3 3

v = {133 515 )

(b) y(n) = 3y(n — 1) + x(n) + x(n — 1)
(c) As in part(a), we obtain

5 13 29 61
—112 2222
y(n) {,274,8,16, }

30
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> u(k)h(n — k)

k

> h(n—k)
k=0

h(0) = 1
p(O) +h(1) =2
B(0) + h(1) + h(2) = % et

(e) from part(a), h(n) = 0 for n < 0 = the system is causal.

S k() =1+ o
n=0

2.44

(¢) b=1—a in both cases.

2.45
(a)

1

2

y(n)
y(n) —0.8y(n — 1)

The characteristic equation is

Telegram: @uni_k

A—08 =
A
yh(n)

1
1+ -4 -+...)=4= system is stable

4

_ an+1

] u(n)

= 0.8y(n—1)+2z(n)+3z(n—1)

2z(n) + 3z(n — 1)

0
0.8.
c(0.8)"

31
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Let us first consider the response of the sytem

y(n) = 0.8y(n — 1) = x(n)

to x(n) = §(n). Since y(0) = 1, it folows that ¢ = 1. Then, the impulse response of the original
system is

h(n) = 2(0.8)"u(n)+ 3(0.8)" tu(n —1)
= 25(n)+4.6(0.8)" tu(n — 1)

(b) The inverse system is characterized by the difference equation
1
z(n) = —-1.5z(n—1) + iy(n) —0.4y(n—1)

Refer to fig 2.45-1

y(n) 0.5 x(n)

_1.5 _0.4

Figure 2.45-1:

2.46

y(n) =0.9y(n — 1)+ z(n) + 2z(n — 1) + 3z(n — 2)
(a)For x(n) = §(n), we have

y(0) = 1,

y(1) = 29,

y(2) = 5.61,

y(3) = b5.049,

y(4) = 4.544,

y(5) 4.090, . ..
32
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(b)
s(0) = y(0)=1,
s(1) = y(0)+y(1)=391
s(2) = y(0)+y(1)+y(2) =951
s(3) = w(0)+y(1)+y(2)+y(3) =14.56
4
s4) = > y(n)=19.10
0
s(5) = > y(n)=23.19
0
(c)
h(n) = (0.9)"u(n) +2(0.9)" tu(n — 1) + 3(0.9)" 2u(n — 2)
= 6(n)+2.95(n — 1)+ 5.61(0.9)" 2u(n — 2)
2.47
(a)
1 1
y(n) = ga(n)+ge(n=3)+ym-1)
for x(n) = §&(n), we have
1112222
0 = s sreee)
(b)
yn) = Syln—1)+ Syn—2)+ se(n—2)
with z(n) = §(n), and
y(—1) = y(—2) =0, we obtain
113 1 11 15 41
) = {00,536 5 o5 02 )
(c)
y(n) = l4y(n—1)—0.48y(n —2)+ z(n)
with z(n) = §d(n), and
y(—1) = y(—2) =0, we obtain
h(n) = {1,1.4,1.481.4,1.2496,1.0774,0.9086, ...}

33
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(d) All three systems are IIR.
(e)

y(n)
The characteristic equation is

1.4y(n — 1) — 0.48y(n — 2) + x(n)

A —1.4X+048 = 0 Hence
A = 0.8,0.6. and
yn(n) = ¢1(0.8)" 4+ ¢2(0.6)"For z(n) = §(n). We have,
ci1+ca = 1and
0.861 + 0.602 = 14
=c = 4,
¢y = —3. Therefore
h(n) = [4(0.8)" —3(0.6)"] u(n)
2.48
(a)
hi(n) = cod(n)+c1d(n— 1)+ c2d(n — 2)
hs(n) = agd(n)+ (a1 + agaz)d(n — 1) + a1a2d(n — 2)
(b) The only question is whether
ha(n) = ha(n) = hi(n)
Let a9 = ¢y,
a1 +agco = c1,
asa; = co. Hence
& +ascg—c; = 0
a2
= coag —cias+co = 0

For ¢y # 0, the quadratic has a real solution if and only if

2.49
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— 40062 Z 0

= %y(n —1)+z(n) +z(n—1)

= J(n), the solution is

(5)"u(n) + ()" u(n — 1)
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2.50
(a)
convolution: y;(n) = {1,3, 7,7, 7,6,4}
)
correlation: vy (n) = {1,3,7,77 I,6,4}
(b)
. 1 3 1 )
convolution: ya(n) = {2, (TL 3 -2, o —6, —5 _2}
1 3 1 )
correlation: vy (n) = {2, 9, 5, -2, 3 -6, —5 —2}
Note that ya(n) = y2(n), because ha(—n) = ha(n) (¢
convolution: ys3(n) = {4 11,20, 30,20, 11 4}
correlation: y1(n) = {1 4,10, 20 25,24, 16}
(c)
convolution: y4(n) = { 1,4, 10,20, 25, 24, 16}
correlation: y4(n) = {4,11,20,3T0 20,11 4}
Note that hg(—n) = ha(n+3),
hence, y3(n) = ya(n+3)
and hg(—n) = hs(n+3),
= (n) = ys(n+3)
2.51
Obviously, the length of h(n) is 2, i.e.
h(n) = {ho,h}
hoe = 1
3ho+h1 = 4
=hy = 1,h=1
2.52
N M
(2.5.6) yn) = - Z ary(n — k) + Zbkx n—
k=1 k=0
N
(259 wn) = - Z arw(n — k) + x(n)
k
M
(25.10)  y(n) = Y brw(n—k)
k=0
35
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From (2.5.9) we obtain
N
xz(n) = w(n) + Z arw(n —k)  (A)
k=1

By substituting (2.5.10) for y(n) and (A) into (2.5.6), we obtain L.H.S = R.H.S.

2.53
z(n) = z(n)*d(n)
= x(n) *[u(n) —u(n —1)]
= [z(n) —z(n = D] u(n)
= Z [z(k) —z(k —D]u(n — k)
k=—o0
2.54

Let h(n) be the impulse response of the system

k

s(k) = Z h(m)
= h(k) = sk)—s(k-1)

yn) = > h(k)z(n—k)

k=—o0
= Y [s(k) = s(k—D]a(n—k)
k=—o00
2.55
v ={ 5 oheraiee
1, = N<n<N
y(n) = { 0, otherwise

The range of non-zero values of ~,,(l) is determined by
ng—N<n<ng+N

n—-—N<n—-I[<ng+N

which implies
—2N <[ <2N

For a given shift [, the number of terms in the summation for which both z(n) and z(n — 1) are
non-zero is 2N + 1 — |I|, and the value of each term is 1. Hence,

- [ 2Nl 2N <i<oN
Yo\ =0, otherwise

36
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For v,4(1) we have

Yoy (1) = { (?NJF to Il Zgh;rifji\geg P now N
2.56
(a)
VYez(l) = Z z(n)x(n —1)
Yor(=3) = z(0)z(3) =1
Yez(—2) = 2(0)z(2) + z(1)z(3) =3
Yea(=1) = x(0)z(1) + x(1)z(2) + 2(2)x(3) =5
3
Yoa(0) = > aP(n) =7
n=0
AlSo i (1) = Az (l)
Therefore v,,.(1) = {1,3,5,1,5,3,1}
(b)
W@ =D yn)yn—1)
We obtain )
’yyy(l) = {1,3,5,7,5,3,1}

we observe that y(n) = x(—n + 3), which is equivalent to reversing the sequence x(n). This has
not changed the autocorrelation sequence.

2.57

- 2N +1-]l], —2N<I<2N
o 0, otherwise

Yz (0) = 2N +1

Therefore, the normalized autocorrelation is
1
ex(l) = 2N +1—|l]),—2N <1< 2N
pusll) = SN+ 1)

= 0, otherwise

37
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2.58
(a)
all) = 3 wm)a(n 1)
= 3 [s(n) +ms(n— k) +as(n — k)] =

[s(n — 1) +ms(n —1 — k1) +y2s(n =1 — k2)]
= (L4797 +93)7ss(1) + 71 [Yss(l + K1) + vss(l — k1))]
+72 [’Yss(l + k2) + ’Yss(l — k‘g)]
+7172 [’755(1 + kl — kg) + "yss(l + k2 — kl)]
(b) Vza(l) has peaks at | = 0,=+ky, +ky and (k1 + k2). Suppose that ki < k. Then, we can

determine 7; and k1. The problem is to determine v and ko from the other peaks.
(c) If 4o = 0, the peaks occur at [ = 0 and [ = +k;. Then, it is easy to obtain v; and k.

38
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Chapter 3

3.1

X(z) = Z x(n)z™"

n

= 32946421 —422ROC: 0 < |z| < 00

27 1—1z71

1 275 1

39
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3.2

X(z) = Z xz(n)z="

n

= 2(1 +n)z™"
n=0
= Z 74 Z nz" "
n=0 n=0
e 1
But - = ROC: 1
u ;Z =1 2] >
[e’} B 271
n=0
1—2z71 271
Therefore, X(z) = TEEEE + Iz 1y
_ v
 (1—z1)2
(b)
X(z) = Z(a” +a ™MzT"
n=0
o0 o0
= Z a2z "+ Z a "z"
n=0 n=0
But ianzﬁn = # ROC |Z| > |a|
n=0
and ia*"z*” S ROC: |z| > 1
- o
1 1

Hence, X(z) =

1
- ROC: |z| > max (Jal, ;)

X(Z) = Z(_i)nzfn
n=0
L1172

40
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o0
X(z) = Zna"smwonz_"
n=0

elwon _ g=jwon]
= E na” — z

2j
1 aelwoz—1 aeJwoy~1
2j {(1 —aeiwoz—1)2 (1 — ae‘jwf)z—l)?]
[az™ — (az71)3] sinwg

= >
(1 — 2acoswpz~1 + a2272)2’ |2l > a

oo

X(z) = Zna"coswonz7”
n=0

on’ﬂ + e —jwon
E na" | — | 27"

n=0

1 aelwoz~1 ae~Iwoz~1

2 {(1 —aewoz—1)2 (1 — aejwozl)z]
[az71 + (az71)3] sinwy — 2a%272

= >
(1 — 2acoswoz=1 + a2272)2 ' |2l > a

X(z) = A Z rcos(won + @)z "

n=0

0o ) . ) .
eJwon i 4 p—jwon o—j¢
= A E T" |: +2 :| Z_n

A el® e J¢
2 {1 — rejwoz—1 Tz re_j“’(Jz—l}
[cosgb —rcos(wy — @)z~ 1

1 — 2rcoswgz=1 + r2z=2

|
S

], 2 > 7

n=1
_ (3)3271 271
But 1 L= 3 =
nzl -1 (-5
Z R s 527
= R SR
1 21 7l 1,2
Therefore, X (z) = = + 3
2 [(1—221)2  (1—1z1)3
271 12| > 1
(1—3271)3 3
41
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XE) = Sree S re
n=0 n=10
1 (%)102—10

_ 1,1 _ 1.1
1 5% 1 5%

1,-1410

ks 0 R P

1—-352 2

The pole-zero patterns are as follows:
(a) Double pole at z = 1 and a zero at z = 0.
(b) Poles at z =a and z = 1. Zeros at z =0 and z = L(a + 1).
(c) Pole at z = —1 and zero at z = 0.
(d) Double poles at z = ae?™ and z = ae~"° and zeros at z = 0, z = +a.
(

e) Double poles at z = ae?™° and z = ae™7*° and zeros are obtained by solving the quadratic
acoswoz2 —2a%z + a?’coswo =0.

(f) Poles at z = re’“0 and z = ae™7*° and zeros at z = 0, and z = rcos(wg — ¢)/cos®.
(g) Triple pole at z = % and zeros at z =0 and z = % Hence there is a pole-zero cancellation so

that in reality there is only a double pole at z = % and a zero at z = 0.

(h) X () has a pole of order 9 at z = 0. For nine zeros which we find from the roots of

1
1—(= —1,\10 = 0
(357
1
or, equivalently, (5)10 210 = 0
]. Jj2nn
Hence, z, = 56 0 n=12 ...,k

Note the pole-zero cancellation at z = 2

5-
3.3
(a)
> 1 0 1
Xi(z) = Z(g)nz_n‘*‘ Z (§)nz_n—1
n=0 n=—oo
o 1—ipt +Z(§) a
n=0
B L N
I
5
_ 6
(1- %z*l)(l —52)
42
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The ROC is § < |2] < 2.
(b)

The ROC is |z] > 2.
()

The ROC is 3 < |2] < 2.
(d)

The ROC is 5 < |2] < 3.

3.4

Telegram: @uni_k

XQ(Z)

X3(2)

X4(Z)

X;(z_l)
5
6
(1- gz)(l — %z*l)
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oo
E nz "
n=0

AN
dz?2 |1 —271

271 2271

271+ 271

1
(1 _ 2_1)3 ’ ‘Z| >

-2 0f (-2

d 1

= —Z— —_—
dz |1 —az™!
az"t

= ool <l

From formula (9) in table 3.3 with a = —1,

14+ 2 1cosZ

3

X(z) =
_ 144271
14zl
- Seare
n=0
1
= Ty T
{1,0,1,0,1,1}
:
1—224274—275 240

44
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3.5
Right-sided sequence :xz,.(n) = 0,n < ng
-1 o'}
X (z) = Z xp(n)z7" + Zxr(n)z*"
n=nqo n=0

The term Z;ino x.(n)z~™ converges for all z except z = 0.
The term Y ", x,(n)z~" converges for all |z| > rq where some 9. Hence X,.(z) converges for

ro < |z| < oo when ng < 0 and |z| > rg for ng >0

Left-sided sequence :z;(n) = 0,n > ng
0 no
Xi(z) = Z zi(n)z™" + Z xi(n)z~"
n=—oo n=1

The first term converges for some |z| < r;. The second term converges for all z, except z = 0.
Hence, X;(z) converges for 0 < |z| < r; when ng > 0, and for |z| < r; when ng < 0.

Finite-Duration Two-sided sequence :z(n) = 0,n > ng and n < ny, where ng > n
no
X(z) = Z x(n)z™"
n=ni
—1 n=ng
= Z x(n)z™" + Z x(n)z™"
n=ni n=0

The first term converges everywhere except z = co.
The second term converges everywhere except z = 0. Therefore, X (z) converges for 0 < |z| < co.

3.6

yn) = Y (k)

k=—o00
=yn)—yn-1) = z(n)
Hence,Y(2) =Y (2)z™! = X(2)
_ X(?)
Y(z) = 1—271
3.7
_[ G n=0
m(n) = { ) n<o
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Xi(z) = Z(%)” e 3 (b
n=0 n=—o0
_ 1 1 1
11— %z—l 1—1,
_ o
- H0-19
Xo(z) = Z(%)” -n
n=0
= 1 ]1. “1'9 < |Z‘ <2
Then,Y (z) = =2 4 % %4
’ 1—%2—1 1_%z—1 1-9,-1
_9(1\n 10/1\n n
Hence,y(n) = { 322()?;7)’ + 5" nig
3.8
(a)
k=—oc0
= Z x(k)u(n — k)
k=—c
Y(2) = X(2)U(z)
_ X
1—z71
(b)
un)xu(n) = Y ulk)u(n—k)
k=—oc0
= > ulk)=(n+1un)
k=—oc0
Hence,z(n) = wu(n)xu(n)
1
andX (z) = m"z|>l
3.9

y(n) = z(n)e/*o™. From the scaling theorem, we have Y (z) = X (e=7"“0z). Thus, the poles and
zeros are phase rotated by an angle wy.

46
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3.10

3.11

3.12

3.13

Telegram: @uni_k

From the final value theorem

Therefore,z(n)

on) = 3 [u(n) + (~1)"u(n)
X+(Z> _ <# + 1+z*1)
2

xz(o0) = ;l_%(z —1)X*(2)
B z2(z—1)
B ;}E(z T +1 )
1
T2

X = g

14427+ 7272410273 + ...
{%,4,7,10,...,3n+1,...}

X(z) = 224522 +8°4...

Therefore,z(n) = { o, —(Bn+1),...,11,8,5, 2,0}

3

1
X =
(2) (1—2:-1)(1— 21)2

B A n B n Ozt

o (1=227Y 0 (T—2h) (1 —z1)2

Hence,z(n)

= 4B=-3,C=-1
= [4(2)" -3 —-n]u(n)

z(Z), neven
xl(”):{ 0(2) n odd

47
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xa(n)

XQ(Z)

3.14

Hence,z(n)

Xi(z) = Z x1(n)z™"
= > w3z
= i x(k)z"
k=—o0
= X(2%
z(2n)
Z xo(n)z™"
Z z(2n)z™"
Z a,"(lc),fg
k=—oc0
o [z(k) + (=DFa(k)] s even
k_zoo{ 2 }z Lk
1 & BT 1
3 x(k)z"2 —|—§ Z x(k)(—z2
k=— k=—c
L X(VE+ X(-v3)]
1-3271
) = e
B A B
T A+ ) (20
A = 2,B=-1
= [2(=1)" = (=2)"] u(n)

48
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1
X = —
) 1—z7 141272
A -2+ B(3z )
B 1—z 141272
A = 1,B=1
1— L (cosT)z7!
Hence, X (z2) = I \/?r 714 T
1- QE(COSZ)Z + (ﬁ) z
N %(sin%)z‘l
1— 2%(005%),2_1 + (%)22_2
1 T 1 T
Hence,x(n) = —)"cos—n + (—=)"sin—n| u(n
(n) (ﬁ) iR Sy-)) (n)
276 277
X =
(2) 1—271 1-—271
z(n) = un—6)+un-—"1)
1 272
X = 2
(=) 1122 ‘1122
1
X(z) = 2———
(2) 14272
T T
z(n) = cosgnu(n) + 26055(71 —2u(n — 2)
z(n) = 20(n)— cosgnu(n)

1462714272

1
4(1-214+2:72)(1 - Lz
Al =271 Bzt C

1—2z71 42272 1—2z—1+2z—2+1—%

3 23 17

_°B==22c=2L
5’ 1070 20

_§(L)ncasﬁn+ @(L)nsmﬁn+ H(,
52 4 10°v/2 4 20°2

- 2— 152"
T 1-152"140.52"2
B 1 N 1
11— %z—l 1—2-1
1 n
= ()" + 1| uln)
49
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1422714272
144271 4422

_ 1 2271 43272
N (14+2z71)(1+2271)

_ 1 2271 272

14221 + (142271)2
= 6(n) —2(=2)""tu(n —1) +

(n—1)(=2)" " u(n —1)

5(n) + (n—3)(=2)"tu(n — 1)

I 2
1—271+ %z—Q 1l—z1412 "1 %z—l
1 7 3
B=Lc="2
2’ 8’ 4
11 n- 7 1
—5(5) 1cozsg(n -1+ g(,) T sin—(n—1) + 7(5)"71 u(n —1)
1—171
X = 2
(2) 1+ %zfl
B 1 1zt
144t 41+ 4!
1

X() =
1/1—az!
I <1 - iz‘1>
1 1 az" !
- T [1 — %z*l 1 izl}
wn) = () un) + ()" un 1)
= (o)) + ()~ 1)

50
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3.15
5271
X@) = G e=
B 1 1
o 1—2z71 * 17%2*1
If |z] > 2,2(n) = [2” — (;)"} u(n)
1 1., "
It 3 < |z| < 2,z(n) = f(g) u(—n—1) —2"u(—n —1)
If |2] < %,x(n) = (%)”u(fn —1)—2"u(—n—1)
3.16
(a)
nn) = (" un-1)
1y,-1
= Xi(z) = 1(j)1z*1 |zl > i
4
waln) = 1))
= Xy(z) = 1—1z_1 + 1_ 11Z—1"Z| >1
Y(z) = Xi(2)Xa2(2)
R D T
B 1—iz—1+1—z—1 1— 1271
s = |-+ 5 Q)" )
(b)
z1(n) = u(n)
1
= Xl(Z) = 1 -1
ran) = 6(n) + (5)"u(n)
= XQ(Z) = 1+ 1— 11271
Y(z) = Xi(2)Xa(2)
3 1
e R %z—l
) = |- ] utm
51
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=

)"u(n)
1
1-— %2—1 ’

1
2

= cosmnu(n)

14271
1422714272

= Xl(Z)XQ(Z)

1+271
(1— 22711 +2271 4 272)
A(l+271h) B
1422714272 1 - 1271
2 1

= 7B:7

3’ 3

Z—l

(e
2"u(n —1)

2271
1—2271
X1(2)X2(2)

2272

(1—271)2(1-2271)

-2 —2z71 2

T—2z1  (1—z71)2 T

[—2(n+ 1) 4+ 2" "] u(n)

52
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3.17
2T zn+1)] = 2[XT(z)—z(0)]
= 2X7T(2) — 22(0)
Therefore, 2 X (2) = Z z(n+1)z7" 4 zx(0)
n=0
(z—-1D)XT(z) = — Z x(n)z™" + Z x(n+1)z7" + zz(0)
n=0 n=0
lim, 2 Xt (2)(z—1) = 2(0)+ Z z(n+1) — Z x(n)
n=0 n=0
= liMmooo [2(0) +2(1) +2(2) + ...+ 2(m)
—2(0) —2(1)z(2) — ... — z(m)]
= limpoeox(m+1)
= x(o0)
3.18
(a)
YAt = Y [a(n)(z)7"]
= X'()
(b)
SX@ X = e} + 2 ()]
RMEUEEL)
2
= z[Re{z(n)}]
(c)
3 X -] = &[T
S
(d)
Xip(z) = Z x(%)z‘"
n=—oo,n/kinteger
= Z x(m)z=mk
= X(2M
(e)
Z oty (n)z™" = Z x(n)(e”Iwoz)™"
= X(zeJw0)
53
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3.19
(a)
1
X(z) = log(1—22),|z| < 3
dX(z)
Y() = -2
(2) =
R S
11— 170 2
1
Syl = (5)hn <o
1
Then,z(n) = —y(n)
n
1.1
= —_(=\" —n — ]_
HESTE)
(b)
1 1
X(z) = log(1- 5% D2l > 3
dX(z)
Y(2) = —
(2) -
1,1
= R > —
— kg
11 n—1
Hence,y(n) = 75(5) u(n —1)
1
rn) = y(n)
1
= — (=" — ]_
L3)utn—1)
3.20
(a)
z1(n) = rtsinwonu(n), 0<r<1
; —1
rsinwyz
X =
1(2) 1 — 2rcoswgz=1 +r2z=2
Zero at z = 0 and poles at z = re*"0 = r(coswy + jsinwy).
(b)
z
X = . .
2(2) (1 —redwoz=1)(1 — re—Jwoz—1)

z

1 — 2rcoswgz=—1 4 r22—2

(¢) X1(z) and X5(z) differ by a constant, which can be determined by giving the value of X;(z)
at z = 1.

3.21

Assume that the polynomial has real coefficients and a complex root and prove that the complex
conjugate of the root will also be a root. Hence, let p(z) be a polynomial and z; is a complex

54
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root. Then,

n n—1
AnZzy + ap_12

+...4+a1z1+ay3=0 (1)
The complex conjugate of (1) is

an(Z)" + an_1(z)" P+ tai(z)) +ap =0

Therefore, 2§ is also a root. More information at libgen.rs and annas-archive.org

3.22
Convolution property:
2{m(n)xza(n)} = D | > m(k)za(n—k)| 2"
n=—oo Lk=—o0
= Y a(k) Y mn—k)z"
k=—o00 n=-—oo
= 3wk Xa()
k=—o0
= Xl(Z)XQ(Z)
Correlation property:
ri2(l) = x1(n)*z2(—n)
Ria(z) = z{x1(n)*xza(—n)}
= Xi(z)z{w2(-n)}
= Xl(Z)Xg(Zil)
3.23
2 .3
X(z) = 1+z+§+§+
+1+z_1+§+%_!3+...
2(n) = o)+ %
3.24
(a)
1
X@) = 5052
0.136 0.864

1—-0.282"1 + 1+ 1.7821
[0.136(0.28)™ + 0.864(—1.78)"] u(n)

Hence, x(n)

95
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(b)
1
X —
(2) 1— 0521 +0.622
1-0.25z""1 0.73262~!
= 0.3412
1-0.52z"14+0.62"2 + 1—-05271+0.62—2
Then, z(n) = (0.7746)" [cos1.24n + 0.3412sin1.24n] u(n)

partial check: z(0) = 1,z(1) = 0.5016,2(2) = —0.3476,x(c0) = 0. From difference equation,
x(n) —0.5z(n — 1) + 0.6x(n — 2) = 6(n) we obtain, z(0) = 1,z(1) = 0.5,2(2) = —0.35,z2(c0) = 0.

3.25
(a)
1
X&) = o080
2 1
T l-2z1 1-05z71
For |z| < 0.5,z(n) = [(0.5)" —2]u(—n—1)
For |z| > 1,z(n) = [2—(0.5)"]u(n)
For 0.5 < |z] < 1,z(n) = —(0.5)"u(n)—2u(—n—1)
(b)
1
X@) = o5
0.5271
- [(1 - 0.5z1)2] 2
For |z| > 0.5,2(n) = 2(n+1)(0.5)" M u(n+1)
= (n+1)(0.5)"u(n)
For 2| < 0.5,2(n) = —2(n+1)(0.5)" " u(—n —2)
= —(n+1)(0.5)"u(—n—-1)
3.26
3
X&) = T
-3 5
- 1— 3271 * 1-3z71
ROC: £ < |2 <3,2(n) = 5(3)"uln) - %73"u(—n ~1)
56
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3.27

X(z) = Z z(n)z™"
= Z z1(n)zi(n)z""
— Z % j{Xl(v)vnfldvxZ(n)zfn
1 - * ol —n -1
- gjéXl(v)dv L_z_:ooxg(n)(v) ] v
- S fae L_Zoou(n)(j:)—"] vl

1 AN
= ?jin(v)XQ(v—*)v Ydv

3.28
Conjugation property:
o atn)z T = lz x(n)(z*)_”]
= X'(z")
Parseval’s relation:
0o ) 1
Z ri(n)rs(n) = % X1(U)v"71dvx§(n)
- e | S st e
omj .0 L
1 1
= o X1 (v) X3 (= )dv
U C
3.29

(n) 1 %z"dz
z(n) = —
2j J.z—a’

where the radius of the contour ¢ is r. > |a|. For n <0, let w = % Then,

1 1,,—n—1
z(n) j{/ “wildw,

:% w_a

where the radius of ¢’ is --. Since -~ < |a|, there are no poles within ¢’ and, hence z(n) = 0 for
n < 0.

57
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3.30
xz(n) = (N — 1 —n), since z(n) is even. Then
N-1
X(z) = Z xz(n)z™"
n=0
= 2(0)+z()z '+ (N -2z V2 (N - 1)V

|
_ (-1 Z (n) [Z(N—l—Qn)/Q +Z—(N—1—2n)/2] Neven

n=0
If we substitute z—! for z and multiply both sides by 2= (=1 we obtain
VDX (Y = X(2)

Hence, X (z) and X (27!) have identical roots. This means that if 27 is root (or a zero) of X (z)
then i is also a root. Since z(n) is real, then z7 must also be a root and so must Zi
1

3.31

From the definition of the Fibonacci sequence, y(n) = y(n — 1) + y(n — 2),y(0) = 1. This is
equivalent to a system described by the difference equation y(n) = y(n — 1) + y(n — 2) + z(n),
where z(n) = d(n) and y(n) = 0,n < 0. The z-transform of this difference equation is Y (z) =
27 (2) + 272Y (2) = X (z) Hence, for X(z) = 1, we have

I
A B
CoVE+1l L, V-1 145
where A = 2\/S,B— VA N
Hence, y(n) = fjg%“i“)”u(n) 12g5<12“5>“u<n>
= [ e )
3.32
(a)
Y(z)[1-0227"] = X(2)[1-032""—0.02277]
Y(z) = (1-01z"1)(1-02z71)
X(z) 1-0.2z71
= 1-01z7"
(b)
Y(z) = X(z)[1-01z7"]
YR g
X(2) '

Therefore, (a) and (b) are equivalent systems.

58
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3.33

XCG) = g
=x1(n) = a"u(n)
or zo(n) = —a"u(-n-—1)

Both x1(n) and z2(n) have the same autocorrelation sequence. Another sequence is obtained
from X (z71) = =2

l—az

X('fl) - 1 —laz
1
= 1= 1_1,-1
1
Hence z3(n) = d(n) — (=)"u(n)

We observe that x3(n) has the same autocorrelation as x1(n) and z2(n)

3.34

H(z) = Z 3"2""—1—2(%)”2‘”
n=0

n=-—1
-1 1 2
= 3=+ - ROC: = < |2 <3
1
X@) = 1—271
Y(z) = H(2)X(2)
_13,-1
_ 5% ROC: 1< |2] < 2
(1—21(1—=32"1)(1— 2z71)’ ’
13 3 2
_ 6 _ 2 3
1—z7t  1-3271 1—2x71
Therefore,
3., 13 22,
vy = 3ratn-v+ |2 =23 uw
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3.35
(a)
1 n
M) = (5)"u(n)
1
H =
® = oo
1
xz(n) = (5)"cos7r—:u(n)
1— 3271
X(Z) = 11— %Z—l n lZ_Q
Y(:) = H(2)X(2)
_ 1= 3ot
B I PR P
_ A 1C St T 3v3 !
1—2271  1— 2z 141272 7T 1-ixtyln2
Therefore,
11, 61, m 3/3 1,
y(n) = ;(g) +§(§) COS?JFT(i) sin—o- u(n)
(b)
1 n
W) = () u(n)
1
H(z) = e
1., 1,
z(n) = (3)"u(n)+(5)"u(-n~1)
1 1
X = —
(=) 1—3z71 1-2271
Y(z) = H(2)X(2)
= 7%,271
(1—327 (1 - 32711 -2271)
I
- 1—1z71 +1f%z*1 M
Therefore,
10 1 1
y(n) = {3( )= 2(3)n] u(n) + =2"u(—n — 1)
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(c)
y(n) = —01y(n—1)+0.2y(n —2)+z(n) + z(n—1)
I _ 1+271
Gl = T 0222
wn) = (3)"uln)
Xe) =
3
Y(z) = H(2)X(2)
7 1+271
o (I=212 (1401271 —0.2272)
I T S
11t T1D04T T 1050
Therefore,
ym) = |8+ SR~ 55 um)
(d)
yn) = ga(n) - galn—1)
=Y(z) = %(1 — 2z HX(2)
X o= 3 +1272
Hence, Y(z) = 10(11__5%
y(n) = 5cos7;—nu(n) — Bcos — 1)u(n -1)
= [56087 - 5sin7 u(n —1) + 55(n)
= 5d(n)+ %sm(% + %)u(n -1)
10 . m™m =
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Therefore,

y(n)

Therefore,

y(n)

—y(n —2) + 10z(n)

14272

10

10

X(z)

1+ 272

100

(1+272)2

50 50 95521 25271

144271 1 — gzt * (1452712 (1-jz71)2

= {50[5" + (=4)"] = 25n [5" + (=4)"]} u(n)
= (50 = 25n)(5" + (=4)" )u(n)

50 — 25n QCOS@U n
( )2c0s”

1 n
= (5) u(n)
B 1
= —
1 52 1
= (-1, —oo<n<oo
= cosmn, —o0o<n <o
62
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z(n) is periodic sequence and its z-transform does not exist.

y(n) = |H(wo)lcoslmn + O(wo)], wy = 7
1
e
1
H =
@ =
2
= g, @ = 0
Hence, y(n) = %coswn, —oo<n<oo
(h)
1 n
W) = () uln)
1
H =
() 1—1z71
1
z(n) = (n+1)(7)"u(n)
1 1,-1
X(z) = 1
=) 1—1z71 + (1—1z-1)2
Y(z) = H(2)X(2)
1
(1=t - 222
B 4 n Sz + -3
I e R e Pa
Therefore,
un) = 40" ()" —33)" [ utn)
3.36
1—2271 42272273 1
H = - 1
N i e [ SN A
1—2z7t 4272 1<‘|<1
= - <z
(1-2zH(1 -7 2
1+ 3543 1 1
(a) Z12 = QJ\fv =5 P2=g
2 -2.8
_ 2 -1
(b) H(z) = 1+{ g 1—%2"1}2
1 1
A = 000+ [5(3)" = 143)" | o)
63

Telegram: @uni_k



www.konkur.in

3.37

3.38

Telegram: @uni_k

1
1—271
8 9 1
— 3 3
Yi) = l—z7t 1-1z71 * 1—1z71
1 11
ym) = |3 25"+ ()" um)

1
y(n=1) = gy(n = 2) +2(n) + z(n - 1)
14271
1—2714+ %2*2

X(2)

64

y(n) 0.7y(n—1) - 0.12y(n —2) + z(n — 1) + z(n — 2)
27l 4272
Y(z) 071701227
Xe) = g
2724273
Y(z) (-2 21— 22 )(1- 222
4.76271 —12.36 —26.5 38.9
YE = iy T im g T A
y(n) 4.76n — 12.36 — 26.5(%)" + 38.9(%)" u(n)
1
y(n) = y(n—1)—cy(n—2)+a(n)
1
Y(Z) = 1— %2_1 T %2_2 (Z)
Impulse Response: X(z) = 1
Yiz) = 1- 2;21 C1- fllzl
1 1
a0 = [23)" - ()|
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H(z) has zeros at z = 0,1, and poles at z = % Hence, the system is stable.
Impulse Response: X(z) = 1
1— 2 -1 T —1 3,-1
Y(Z) ,(1\[)#870‘1542 12 72+ Elz 1,2
1—2(v2)"tcosZz —1—(%) z 1—2z7t+ 32
1
=y(n)=h(n) = (ﬁ)" [cos%n + singn u(n)
1
t : X =
Step Response: X (z) 1
14271
Y(z) = — ——
1=z =27t 45272
(1= 1271 1271 n 2
e T
1
y(n) = (ﬁ)" [Sm%n - cos%n u(n) + 2u(n)
()
2 Y1+ 271
H = —
(2) 1— 1)
= h(n) = nu(n)

Triple pole on the unit circle = the system is unstable.

1
Step Response: X (z) = 1
2711+ 271
Y(z) = (1— 21y
A I LA A I
3 (1—271)4 2 (1—2"13  6(1—2z1)2
_ ol 1o 1
yn) = G+ on® 4 Snjuln)
1
= 3 (n+1)(2n 4+ Du(n)
(d)
y(n) = 0.6y(n—1)—0.08y(n —2) + z(n)
1
Y = X
(=) 0.6 1 00822 %)
Impulse Response: X(z) = 1
1
H =
® = TCha-
65
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= zeros at z = 0, poles at p; = %,Pz = % system is stable.

1
H(z) = 1— 3271 + 1— 2271
Step Response: X(z) = 1_12_1
1
R TR Ty
Y(z) = 1_%2_1 + 1_41;2—1 + 1 —_§z—1
ym) = |l - G um)
(e)
y(n) = 0.7y(n—1)—0.1y(n —2) + 2z(n) — z(n — 2)
Y = 15 72;11 0121
' 2 — 2*2.

- Lo L%

zeros at z = 0,2, and poles at z = %, % Hence, the system is stable.
Impulse Response: X(z) = 1
=5 46
_ 3 15 —1
H(z) = 2+ (1_52_1 + - é2_1> z
1 46 1
= h(n) = 20(n)— ()" uln— 1) + T (3)" Huln — 1)
1
t : X =
Step Response: X (z) T
2— 272
Y =
®) = Ta e
5 10 =23
_ 2 3 6
1-21 1—%2*14_17%2*1
5 101, 231,
y(n) = 5 3(5) - g(g) u(n)
3.39
(14271 1
X = = —— =
) (1-1zQ—pz )1 —przt) P 213
(a)
z1(n) = z(-n+2)
Xi(z) = 272X(zhH
= : 2 (1+2) , ROC:|z| < 2
=191 —p2)(1—p2)
66
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Zero at z = —1, Poles at z = 2, %7 p% and z = 0.
(b)
xo(n) = ejtrTnx(n)
Xo(z) = X(e 5 2)

im
1+e3 271
im
3

(1- %e%z_l)(l —peF 1) (1 — preS z)

All poles and zeros are rotated by % in a counterclockwise direction. The ROC for X(2) is
the same as the ROC of X (z).

3.40
wn) = (5)"u(n)— 1(5)" uln—1)
1 1 2!
S g e
1ok
- =5
yn) = (3)"uln)
YG) =
3
(a)
H(z) = Y(2)X(2)
e
N (1— 3211 —3z71)
3 2
N 1—%2—1 1 %z_l
) = (3"~ 20" wtw)
(b)
1—1-1
H@z) = 1—1—722'—124—%2—2
7 1
un) =yl —1)— Syl —2) +2(n) — zxln—1)

(c) Refer to fig 3.40-1.
(d) The poles of the system are inside the unit circle. Hence, the system is stable.

67
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x(n)

y(n)

712

-1/2

W

3.41

H(z)
If a? — 4as

DP1,2

p1.2/?

= a9

If a? — aday
P12

—ay + \/a% —4daq
2
—ay —+/a? — 4asy

2
= a1 — az

a1 + as

Refer to fig 3.41-1.

3.42

Telegram: @uni_k

1

2

-1/12

Figure 3.40-1:

1
1+a271 +agz2

0, there are two complex poles

—ay £ j\/4as — a%
2

2
ap .o das — a?
“u V3 T o 1

1

0, there are two real poles

—aj + /a2 — 4ay
2

1 and

-1
1 and
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a a4 o

eal
real

complex

a+ay=-1 a ra,=l
1z

real

Figure 3.41-1:

(o
_7 9
H(z) = = [1_ T 1 gzl]
b = g+ 3Gt -1
(v)
v(e) = HEX()
X = 1—1z—1
25 7 B
Y(e) = it ;”Z_l
ym) = (24l -3 um)
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(c) Determine the response caused by the initial conditions and add it to the response in (b).

y(m) ~ Syln 1)+ yn—2) = 0
YF(z) - g [Y*(z)z"t +1] + % [YH(z):2+2"+2] = 0
+ %2 5
e
_ i
- 1—%_1+1—22_1
i = |G- RG]
Therefore, the total step response is
v = [ ()" = 5] utm)
3.43
[aY (2) + X ()] 272 = Y(2)
Y(:) = 1——X()
Assume that @ > 0. Then
1 1
B = S e va
111 11
B a+2a1—fz—1 201+ az"!
M) = —26(m) + 5 (VA" + (V@) un)
Step Response: X (z) = T _12_1
B = aomas Va T Vaz )
(a1 D + 2(11*\/5) 2(a+f)
1—271  1—Vaz"! 1+ /az"!
L 1 nye L a)”| u(n
3.44
y(n) = —ary(n—1)+boz(n) + brz(n —1)
b +b12’71
Y(2) = f—l—ailz—lX(z)
(a)
bo —+ blzfl _1
H(z) = = = h(n) = bo(—a1)"u(n) + b1 (—a1)" "u(n —1)
= by + W = h(n) = bo(S(TL) =+ (b1 — boal)(—al)"_lu(n — 1)
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1
Step Response: X(z) = T
bo + blz_l
Y —
(=) Tz D0 +mz1)
bp+b1 1 arby — by 1

14+a;1—271 1+a; 14+az7t
bo +b1  aiby — by

um) = | T+ B a)” ul)

(¢c) Let us compute the zero-input response and add it to the response in (b). Hence,

YtH()+a [z7'YT(z)+A] = 0
—(11A
e
=y,(n) = —a1A(—a1)"u(n)

The total response to a unit step is
b0+b1 a1b0 —bl —alA(l—i—al)

sy = iy =i Z AL ) (o o)
(d)
z(n) = coswonu(n)
1 — 2z~ Leoswy
X =
(2) 1 —2z"1coswg + 272
Y(z) = (bo + b1z~ 1) (1 — 2z~ Lcoswy)
(14+a1z27H(1 =2z Lcoswy + 272)
B A B(1 — z7tcoswy) C(z~tcoswy)
T o 1l4az7t  1=2z"leoswg+ 272 1—2z"leoswy + 272
Then, y(n) = [A(—a1)" + Beoswy + Csinwg] u(n)

where A, B and C' are determined from the equations

A+B = b
(2coswg)A + (a1 — coswg) B + (sinwg)C = by — bycoswy
A — (a1 — coswg) B + (sinwg)C = —bjcoswy
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3.45
1
yn) = syln—1)+4a(n) + 3zt — 1)
443271
Y(z) = 1_7%271)(@)
x(n) = e/""y(n)
1
X@) = T gee
443271
Y = .
(2) (1= Lo 1) (1 — ewoz1)
A B
Yiz) = 1—4z71 * 1—eiwoz—1
5
where A = +———
35— eJwo
4eIwo
B = 6‘11)74-13
eJWo — 5
1 ,
Then y(n) = A(i)” + Be™o™ | u(n)
The steady state response is
limn—)ooy(n) = yss(n) = Bejwon
3.46
(a)

(z —1e7®)(z — re79)
2(z+0.8)
1 —2rcos@z 1 + 12272
(140.821)
1.8
1 — 2rcos© + r?

H()e1=1=C =277

(b) The poles are inside the unit circle, so the system is stable.

(c) y(n) = —0.8y(n — 1) + Cx(n) — 1.5v/3Cx(n — 1) + 2.25Cx(n — 2). Refer to fig 3.46-1.
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w @ ¢ @ =y

-0.8 -1.5/3
N

2.25

Figure 3.46-1:

3.47

Xi(2) = 2242414214272
Xo(2) = 142714272
Y(z) = Xi(2)Xa2(2)
= 22422434327 43272423474

Hence, z1(n) * z2(n) = y(n)
= {1,2,373,3,2,1}
)
By one-sided transform:
XH(z) = 142714272
Xf(z) = 14+zt4272
YT() = 1+227 4327242234274
Hence, y(n) = {1,2,3,2,1}

(b) Since both z;1(n) and x2(n) are causal, the one-sided and two-sided transform yield identical
results. Thus,

Y(z) = Xi(2)Xa(z)
1
o (1-iahHa -1
3 2
1-3z71 1-1z71
1 1
Therefore, y(n) = [3(2)" - 2(3)"} u(n)
73
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By convolution,
y(n) = x1(n)*z2(n)
= {4,11,20,39,20,11,4}

By one-sided z-transform,

Xf(z) = 243271 +4272
XF(z) = 24271
V() = X[ (2)X](2)

= 448 1 +11272 44273

{4, 8, 11,4}
1

(d) Both z1(n) and x2(n) are causal. Hence, both types of transform yield the same result, i.e,

Therefore, y(n)

Xi(z) = 14z 422423 4,7
Xa(z) 142714272
Then, Y(z) = Xi(2)X2(z)
= 142271 +3272 43234327 42,5 4276

Therefore, y(n) = {%,2,3,3,3,2, 1}
3.48
Xt(z) = Zw(n)z "
n=0
o0
= Z Z_n
n=0
R R
3.49
(a) ' X
YH(z)+ 3 7'Vt (2) +y(-1)] - 1 [272Y T (2) + 2 'y(-1) +y(-2)] =0
(a)
1, -1_1
H & = 4 4
ence, (2) T %271 — %272
~ 013 044
 1-031z"1 1408121
Therefore, y(n) = [0.154(0.31)™ — 0.404(0.81)"] u(n)
(b)

YH(2) =15 [z 'Y (2) +1] 405 [z 2Y (z) + 27" 4+ 0] =0
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1.5 —0.5z"1
1—15z"14+0.52—2
2 0.5
1—z1 1-05z1
[2 —0.5(0.5)"] u(n)
(2 —(0.5)" "] u(n)

Y(z) =

Therefore, y(n)

()
_ 1
YH(z) =057 'Y T(2)+1] = —
15— 1271
Y+ — 6
() (1—- 11— 052 1)
1-05271 1-1z71
7 1
Hence, y(n) = {2(0.5)" - 2(3)"} u(n)
(d)
YH(2) - H [27°YT(2)+1] = !
4 1—271
51,1
Y+ _ 4 4
B = Tu -t
4 =3 e
- 3 g 24
1-21 + 1—1z71 * 141271
Hence, y(n) = |3 — 2(5)" + o (—3)" | uln)
3.50
If h(n) is real, even and has a finite duration 2N + 1, then (with M = 2N + 1)
H(z) = h0)+h(1)z"" +h(2)z72+ ...+ h(M —1)z~M-1/2
since h(n) = h(M —n —1), then
H(z) = zM=D72(p(0) {Z(Mfl)/Z 4 Zf(M71)/2}

+h(1) {z(M—?’)/? + z_(M_?’)/Q} F o (M —1/2)
with M = 2N + 1, the expression becomes

H(z) = z7N(h( [ZN+2_N]

—N = N-—n = —(N—n)
z h(N)+ > h(n)2N""+ Y h(n)z
n=0 n=0

= 2 N{h(N)+P(z)+ P(z"")}

(0]
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Now, suppose z; is a root of H(z), i.e.,

H(z) = 27V {h(N)+P(z1)+ P(z;")} =0
Then, h(N) + P(z) + P(z;') = 0.

This implies that H (i) = 0 since we again have

h(N)+ P(z;')+P(z) = 0.

3.51
(a)

z—1 1
, ROC: - < |z] < 2
CrhGEI3G-2) 5 <Al

(b) The system can be causal if the ROC is |z| > 3, but it cannot be stable.

(c)

H(z) =

A B C

H =
=) 144271 Tl s TTo 2

(1) The system can be causal; (2) The system can be anti-causal; (3) There are two other
noncausal responses.The corresponding ROC for each of these possibilities are :
ROC; :[z] >3; ROCy:|z|<3; ROCsz:3 <|z/<2; ROCy:2< |z]<3;

3.52

x(n) is causal.

(a)

X(z) = Z z(n)z="
n=0
lim, 500X (2) = 2(0)

(b)) X(2) = E:%f = lim; 00X (2) = 00 = z(n) is not causal.

,)3
3
1,—2y2
(i) X(z) = % = lim, X (z) = 1 Hence X(z) can be associated wih a causal
sequence. :
142
(i) X(z) = Ei:i;a = lim,00X(2) = 0. Hence X(z) can be associated wih a causal
sequence. 2
3.53
The answer is no. For the given system hy(n) = a™u(n) = Hy(z) = ;—=—, |a| < 1. This system

is causal and stable. However when hy(n) = a™u(n + 3) = Ha(z) = % the system is stable
but is not causal.

3.54

Initial value theorem for anticausal signals: If z(n) is anticausal, then z(0) = lim,_,0 X (2)
Proof: X(z) = 3" 2(n)z™" = 2(0) + 2(—1)z + 2(—2)22 + ... Then lim,_,c X (z) =

n=—oo

(0)
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3.55

() = ()" Zu(n +2)

h(n) = s(n)—s(n—-1)
= (3" uln+2)— (5" Puln+ 1)
= 3%(n+2)—545(n+1) — 18(%)"u(n)
) ~18
H(Z) = 8lz —54Z+ @
81z(z71)
- 1—L1,-1

H(z) has zeros at z = 0,1 and a pole at z = 1.
(b) h(n) = 818(n + 2) — 546(n + 1) — 18(3)"u(n)
(c) The system is not causal, but it is stable since the pole is inside the unit circle.

3.56
(a)

1 Zn—l
R A e
1 n
= -_— i 1dZ
27'('] CZ_§
1
forn>0,2(n) = (5)"
1 1
for n < 0793(—1) = % md?f
c 2
R
- Z—%ZZO ZZ:%_
1 1
9) = —¢—— 4
#(=2) 27rj7{z2(z—§) :

I T T T
- dz z—% =0T ale=g T

By continuing this process, we find that z(n) = 0 for n < 0.

(b)
1 1
X(z) = —— =
© = o<
1 " . . 1
z(n) = 5— ¢ —dz, where cis contour of radius less than_
2nj Joz— 5

7
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For n > 0, there are no poles enclosed in ¢ and, hence, z(n) = 0. For n < 0, we have

1 1
25 Jo 2(2 = 3)
1
= 1 |z:0 = -2
2
1 1
“9) = d
l‘( ) 27'['] B Q(Z _ 1) z

Alternatively, we may change variables by letting w = z~!. Then,

1 w- " 1
wmo= o pw o)t

1 % -1 d
= J —  dw
215 Jor w1 (1 — Jw)

o f{ 2wt
T Tujf w2

= —2™, n<0
()
zZ—a 1
X = 2% il
€ = Tl
1 —
z(n) = — ¢zt S dz, c has a radius greater than—
27 J, 1—az |al
1 -1 n—1 _
S T e e CI P
25 J. a z— =
-1,1 1
F > O = (=l
orn>00(n) = ) —a)
. 1 n—1 1 n+1
= Or -0
1 -1 -
Forn=0,z2(n) = — —Lc?dz
2rj Jo a z2(z— )
-1 {—a %— a
R
—L 5 2
= —_— 1—
L 41— a)
-1
a
For n < 0, we let w = z~!. Then
1 —w " Y w Tt —a), 1
= — ——)d
#(n) 215 S 1—aw! ( w2) 0
= 0, forn<0
78
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1— 1,71 1
X() = >
6
3 i
_ 0 10
1—1,-1 14+ 1.-1
1 3m 1 Lan
x(n) = o % 1O_ld 27% 10 T

z(n) = |5G)" +5(=3)" | uln)

10°2 10" 3
Forn < 0,z(n) = 0
3.57
1—a? 1
X = , <lzl<=0<a<1
(2) (1—az)(1—az"1) a <l a “
B Lo, -
1l —az! 17%2,71
1 n 1 n
z(n) = — & z— — B Tdz
2n3 J.z—a 2mj Jez— 5
1 n
Fornzo,—‘% i dz = a" and
2rj J. 2z —a
1 z"
D 1dZ =0
271'] CZ_E
1 "
For n < 0, — dz = 0and
2rj J. 2z —a
1 n
— i Tdz = —a™"
2y Joz— =

79
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3.58

220 1
= < |zl <2
(z—H(z-2)P50=+5)2(2+3) 2 1
1 Zn_12’20
T 1 5 512 dz
7 Je (2= 3)(z = 2)°(z + 3)*(2 + 3)

80
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Chapter 4

4.1
(a) Pe I‘lOdlC with period T}, = 2F.
(b) f = 2= = non- perlodlc
(c) f= 12f = non-periodic.
(d) cos(g) is non-periodic; cos(’g*) is periodic; Their product is non-periodic.
(e) cos(75*) is periodic with period N,=4
sin(7*) is periodic with period N,=16

cos(" + %) is periodic with period N,=8

Therefore, x(n) is periodic with period N,=16. (16 is the least common multiple of 4,8,16).

4.2
(a) w = 2% implies that f = £. Let
a= GCD of (k,N), ie
k=kKa, N=Na.
Then,
/
f= N which implies that
v
o
(b)
N =7
k= 01234567
GCD(k,N) = 71111117
N, = 17777771
(c)
N = 16
k = 0123456789101112 ... 16
GCD(k,N) = 16121412181214...16
N, = 168164168162168164 ... 1
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4.3

(a) Refer to fig 4.3-1
(b)

———> xa(t)

0 5 10 15 20 25 30
———>1(ms)

Figure 4.3-1:

z(n) = x4(nT)
= za(n/F)
= 3sin(mn/3) =
1
F= %G
1

- 67Np:6

~—

(¢)Refer to fig 4.3-2
_ 3 3 3 3 _
l’(n) = {0, %, ﬁ707 _ﬁ,_ﬁ} 7Np = 6.

(d) Yes.
z(l)=3= 3sin(1007r) = F, = 200 samples//sec.
4.4
(a)
z(n) = Acos(2nFyn/Fs+0)
= Acos(2n(T/T,)n+0)

But T'/T, = f = x(n) is periodic if f is rational.
(b) If x(n) is periodic, then f=k/N where N is the period. Then,
k T
Ti=(5T) = k(52
Thus, it takes k periods (kT},) of the analog signal to make 1 period (7y) of the discrete signal.
(c) Ty=kT, = NT =kT, = f=k/N =T/T, = f is rational = x(n) is periodic.

)T = kT,

82
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Figure 4.3-2:

4.5

(a) Fmax = 10kHz = Fs > 2Fmax = 20kHz.
(b) For Fy = 8kHz, Fyyq = Fs/2 = 4kHz = 5kHz will alias to 3kHz.
(¢) F=9kHz will alias to 1kHz.

4.6

(a) Fmax = 100kHz, Fy > 2Fmax = 200H 2.
(b) Fyojq = % = 125Hz.

4.7

(a) Fmax = 360HZ, FN = QFmaX =T20Hz.
(b) Fo1q = & = 300H 2.

(c)
x(n) xa(nT)
= xzq(n/Fs)
= sin(4807n/600) + 3sin(7207n/600)
xz(n) = sin(4dmn/5) — 3sin(47n/5)
= —2sin(4mn/5).
Therefore, w = 47 /5.
(d) yo(t) = z(Fst) = —2sin(4807t).
83
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4.8

(a) For Fy = 300H z,

z(n) = 3cos (%) + 10sin(mn) — cos (%n>

= 3cos (%) — 3cos (%)

(b) z,(t) = 3cos(100007t/6) — cos(100007t/3)

4.9

(a) Refer to fig 4.9-1. With a sampling frequency of 5kHz, the maximum frequency that can be

represented is 2.5kHz. Therefore, a frequency of 4.5kHz is aliased to 500Hz and the frequency of
3kHz is aliased to 2kHz.

1 Fs = 5KHz, FO=500Hz 1 Fs = 5KHz, FO=2000Hz
05 0.5
0 0
-0.5 ~0.5
o 50 100 o 50 100
1 Fs = 5KHz, FO=3000Hz 1 Fs = 5KHz, F0=4500Hz
05 05
0 0
-0.5 ~0.5
o 50 100 o 50 100
Figure 4.9-1:

(b) Refer to fig 4.9-2. y(n) is a sinusoidal signal. By taking the even numbered samples, the
sampling frequency is reduced to half i.e., 25kHz which is still greater than the nyquist rate. The
frequency of the downsampled signal is 2kHz.

84
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FO = 2KHz, Fs=50kHz

1 T T T
0.5r 4
of |
-0.51 b
-1 ! ! ! ! ! ! !
20 30 40 50 60 70 80

FO = 2KHz, Fs=25kHz
1 T T T

_1 Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

Figure 4.9-2:

4.10

(a) Since z,(t) is periodic, it can be represented by the fourier series

o0
[L'a(t) _ Z Ck€j27rkt/‘r

k=—o00

1/ ;
where ¢, = f/ Asin(mt/7)el2 kT gt

TJo

A T
- = |:€j7rt/7' _ efjﬂt/T:| 67j27rkt/rdt
J21) o

A |:€j7r(1—2k)t/7' e—jﬂ(1+2k)t/7':|7
0

G271 [jE(1—2k)  —jT(1+ 2k)

AT 1 1

- w[1—2k+1+2k]
24

(1 — 4k2?)

Then, X,(F) = / wa(t)e*ﬂ”(F*é)tdt

— 00

o e’}
= Z ck/ e=I2m(F=)t gy
k=—oc0 -0
(o]

= > ckd(ng)

k=—o00

Hence, the spectrum of z,(t) consists of spectral lines of frequencies é, k=0,£1,£2 ... with

amplitude |ck| and phases Zcy.

(b) Py = L[T22(t)dt = L [T A2sin?(Tt)dt = 4

(c) The power spectral density spectrum is |cx|?, k = 0, £1,£2,.... Refer to fig 4.10-1.
(d) Parseval’s relation

85

Telegram: @uni_k



www.konkur.in

e, |2 le 5l

Figure 4.10-1:

= |el?

ad 44?2 & 1
2 _ _
2 lef = = k,z,m<4k2—1>2

k=—oc0
4A? 2 2
= 1+ <5+ + ...

2 327 152
2 2 . ) 72
1+ 3 + 12 +...| = 1.2337(Infinite series sum to g)
- 442
Hence, Z lex|> = ?(1.2337)
k=—o0
AQ
T2
86
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4.11
(a)

Refer to fig 4.11-1

Refer to fig 4.11-2

Telegram: @uni_k

A=2,a=4

phase of Xa(F)

r,(t) = Ae u(t), a>0
X.(F) = / Ae e 72 gt
0
_ A. o—(a+j2mF)t -
—a— j2nF 0
_ A
- a+j27F
A
Xo(F)| =
a?+ (27 F)
2nF
LX (F) = —tan (22
a

5 10 -10 -5

Figure 4.11-1:

S
/ Aeateijﬂ'Ftdt + /
0

A A
a—j2nF + a+ j2nF
20 A
a? + (27 F)?
20 A
a’?+ (2nF)?
0

87

oo

0

Aefat67]27rFtdt



www.konkur.in

A=2,a=6

0.7

0.51 |

0.4r |

[Xa(F)|

0.31 |

0.2 |

0 w ‘ ‘
0 5 10 15 20 25

-—>F

Figure 4.11-2:

4.12

(a) Refer to fig 4.12-1.

" IX ()

VAN

- 0 ! 0 1t 2

Figure 4.12-1:

1= g <r
t) = T —
=() { 0, otherwise

0 T
X t . ¢ )
a(F) — / (1+;)e—]2TFFtdt+/0(1_ ;)e—]%'rFtdt

—T

Alternatively, we may find the fourier transform of

l, —T7<t<0
y(t):x’(t):{ A
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Then,
Y(F) = / y(t)e 32 gt
0 1 . T _1 i
— / 767'727‘-Ftdt+/ (7)67]271'Ftdt
_+T o T
_ _28in27TFT
N JjnFT
1
and X(F) = j27TFY(F)
_ sintFr\>
o nFT
sintF'r\?
X(F) =
Xl = o)
X (F) = 0
(b)
1 [To/2 '
cx = —/ x(t)e 2R To gy
TP —Tp/2
1 0 by jonkt/T, " by _jonkt/T,
= 7 (1+—)e™? rdt+ [ (1——)e™? rdt
p —r T 0 T
_ 7 [sinmkT/T, 2
T, wkT/T,

(c) From (a) and (b), we have ¢; = Tian(TLp)

4.13

z(n) = {...,1,0,172,3,2,1,0,17...}
T
N = 6
1o ,
cp = gzx(n)efj%rkn/(i
n=0
—jork —j2rk —jank —j107k
= [3+26 6 4+e 3 +e 3 42 6
1 k 2wk
= 6|:3+4COS7T3+260873T:|
9 4
Hence, ¢g = 6,01:6,02:0,03:6,C4:0,C5:6
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1 5
2
= 52 le()]
n=0
1
= 6@2+?+42+$+4?+?)
19

16

5
= D lem)?
n=0

— [ QR0 (g (37

19

16
19

16

1
z(n) =2+ 2cosmn/4 + costn/2 + 500837m/4, = N=238

(b)
Py
Py
Thus, P,

4.14

(a)
C =
z(n) =
Hence, ¢ =

(b)

7
1 ,
g Z m(n>e—]7rkn/4
n=0
11 3 3 1 3 3
— 24+ -Vv2,1,2—=-vV2,=-,2——-V2,1,2+ -2
{Fa+dvire-dvige-2vaieeive
1 1
2,1 =cr=1lca=cs=,c3=¢5 1704:0
7
2
Po= > e(i)
i=0
SR I I SR
a 4 4 16 16
_®
-8
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4.15
(a)
B . m(n—2)
z(n) = 4smT
= 482'717271-(”_2)
6
R ,
c, = EZx(n)e_%”k”/ﬁ

n— 2 Y
— = E sm 2jmkn/6

_ 1 [_e—j27rk/3 _ emimk/3 4 o—jmk/3 +€—j2wk/3]

V3

1 2rk k ~
= %(7]2) {smg + sin% e~I2mk/3
Hence, cg = 0,¢1 = —j2e 72/3 ¢g =3 =c4=0,c5 = A
and |e1] = [es| = 2,]eo| = |ea| = |es| = [ca| =0
T 2w 5w
/ = - -
“ TTETE T
—bm
“5 = g
ZCO = ZCQ = 403 = 404 =0
(b)
2 2
z(n) = cos%n + sin%n = N=15
Cy = Cik 1 Cog

where ¢y, is the DTFS coefficients of cos 2’;” and ¢y, is the DTF'S coefficients of sin<Z2 2”" . But

2mn ].( 72% i —jgﬂ'n)
cos— = —(e e
3 2
Hence,
[t k=510
1k = 0, otherwise
Similarly,
. 2mn 1 j2nn —j27n
sin— = —(e"35 —e 5 ).
5) 23
Hence,
1 _
35 k=3
cop =1 5, k=12
0, otherwise
Therefore,
3, k=3
J
%, k=5
cp=cip+cay 5, k=10
S+, k=12
J
0, otherwise
91
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() z(n) = cos®Frsin?T" = LsindST" — Tsin®™™. Hence, N = 15. Following the same method
as in (b) above, we find that
;—jl, k=27
cp = 4%., k=813
0, otherwise

N =5
1 4 —j2mnk
c = gngox(n)e 5
1 —j2nk —jank —j6rk —j8nk
25[654—265—265—65}
2j 2nk Ak
= gj fsin(L)—Q zn(ﬂ)}
Therefore, ¢g = 0, )
25 [ 2 4
¢, = gj —sm(;)—i—%m(;)]
25 [ 4 2
co = gj sm(;)Qsm(;)}
3 = —C2
Cq = —C1

N = 6
1 5 —j2nnk
L = ng(n)e
1 —jmk —jornk —jarnk — 5k
:6{14-263 —e 3 —e 3 —&-263}
1 k 2k
= 3 {1 + 4005(%) - 2608(7;):|
1
Therefore, ¢g = 5
2
C1 = §
Cy = 0
L P
P76
Cy = 0
2
Cs = =
3
92
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N =5
1o —
c = gnzzom(n)e 5
1 —j2nk
- N 3 }
5 [ +e
2 k., —ink
= gcos(?)e 5
2
Therefore, ¢g = 3
2 jm
= 5008(%)6 5
_ 2 (Ql) =2
2 = geos(—)e
c3 = 2005(%)€7J3W
5T 5 s
_ 2 (4£) —gan
ca = geos(—)e
@) N=1 ¢,=z(0)=1lorc=1
(h)
N = 2
cr = 1z:av(n) —Jmnk
2n:0
1 .
= 5(1—6_‘77rk)
=c¢ = 0,c1=1
4.16
(a)
v j2 k
z(n) = chejs
k=0
. j2npk
Note that if ¢z, = e 8 , then
’ j2mpk j2mnk 7 27 (p+n)k
Ze.] 817 e] 5 _ ZeJ T—’S
k=0 n=0
= 8a p=-"n
- 07 p#_n
. 11 jene —jork 1 j6mk —jérk
Since ¢, = *[68 +e 8 }+—_[68 —e 8 }
2 27
We have z(n) = 46(n+1)+46(n—1)—4j06(n+3)+456(n—3),-3<n<5
93
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4.17

3 V3 V3
0701: 2 , 02 = 2 763:0764:_ 2 ,C5 =
7
j2mnk
E cpe 8
k=0
\/§ jnn j2mn jamn j5mn
_ |:€ 1 +e 1 —e 4 —e 4
\/§|i . ™ 4 . 7TTL:| .i"(3:—2)
SN —— Sitn—-| e
2 4
4
j2mnk
E cpe 8
k=-3
94 % n 7j41r'n. n 1 j‘;n n 1 —j;m 1
(& (& —€ —e - —
2 2 4

(b) Refer to fig 4.17-1.

()

919 ™ n ™ n 1 3mn
coS— + coS— + —cos——
4 2 2 4
Ifk = 0,£N,£2N,...
N-1 N-1
Z ejQWkn/N _ 1=N
n=0 n=0
Ifk # 0,£N,+2N,...
N-1 o
Z ed2mkn/N - _ 1 — ef2mh
— 1 — ei2mk/N
= 0
N—-1

n=0
N-1

— E ej27r(k—i)n/N
n=0

= Nk=i
0,k #£1i

Therefore, the {s;(n)} are orthogonal.
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k=1
s (2) s;(D)
5 SO
5
Si4) s i )
k=4
s (5
s 4( )
N 42
0
s 4( )
s (3)
1 4
s 4( )
4
s 4( )

4.18
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k=2
s (4
s o(1)
55(0)
3
52(2) 82( )
5
sz( )
k=5
s (4) S 5(5)
% 50
s (1)
s (2 5
s 5( )

Figure 4.17-1:

n=—oo

5
— Z e—jwn
n=0
1 — e 6w

1—eiw

2"u(—n)

u(n) —u(n — 6)

Z x(n)e 7vn

k=3

1
83()

3
53( )

5
S3( )

3 N
53(2,

4
83()

k=6

0
86()

56(5)
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wn) = ()uln+4)
X(w) — Z in —jwn
n=—4

= (e

m=0
44ej4w

T
_ Llo—Jw
1 46

)44ej4w

z(n) = o sinwonu(n),|al <1
o
edwon _ o—jwon _
X(w) = {] e Jwn
> " %

n=0

=0

1 0

_ —j(w—wo)

N QJZ[QGJ O}
B

1

[aefj(wﬂuo)] "

Y [1—@6 j(w—wo)

asinwye IV

1
1 — ae—3(w+wo)

1 — 2acoswoe™ I + q2e—J2w

z(n) = |a|"sinwen, ol <1
o0 o0
Note that Z lz(n)] = Z |a|™|sinwon|
n=—oo n=—oo
Suppose that wy = g, so that |sinwon| = 1.
o) oo
dooda" = Y Ja(n)] = oo
n=—oo n=-—oo
Therefore, the fourier transform does not exist.
_ 2= Inl<4
o(n) = { 0, otherwise

4

Z x(n)e7vn

n=—4
4

- ¥

1 .
|:2 _ (2)n:| e Jwn
n=—4
Qe
1—e v
1 jdw —jdw
—5 [—46 + 4e —

26j4w

3ej3'w + e—j3w _

2720 4 9e7I2W _ oiw 4 e_jw]

= ———— 4+ j[4dsindw + 3sin3w + 2sin2w + sinw]

1—ew

96
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4.19
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Z x(n)e7vn

n=—oo

_ _26]2111 _ e]w + e]w + 26—]211}

—2j [2sin2w + sinw]

2(n) = { 64(2M+ 1—1n|), |n|<M

M

[n| > M

X(w) = Z x(n)e Ivn

n=—M
M

n=—M

AN @M 41— |nf)eimn

= (@M +1)A+24) (2M + 1 — k)coswk

—wo
For n # 0,/ e’ dw

—T

s
/ el dw
wo

Hence, z(n)

M
(2M +1)A+AY (2M +1—k)(e 77" + &"F)
k=1
M
k=1
L X (w)ed™" dw
s

—T

1 —wo X 1 T .
— 7" dw + 2—/ e dw
T

wo

iejwn —wo

Vig o

i( —Jjwon __ —j‘n’n)

jn e e

1 gunys

Jn .

i( jmn jwon)

j’n, e (&
sinnwg

,n#0

nm

97
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1 /8 37/8
= / 2coswndw + /
s 0 /8
. Tmn s 6mn
— sin 3 sin 3 sin

X(w) = cos®(w)
= (%ejw—F%e*jw)Q
= i(eﬂ'2w+2+e*j2w)
z(n) = % T;X(w)ejw”dw
= o [2m6(n+ 2) + 4md(n) + 2md(n — 2]

_ 1 [6(n +2) +26(n) + 6(n — 2)]

4

z(n) = %

1

2w
2

= —dw

s

n/8 3m/8 /8 i
/ 27 du +/ 7" dw +/ 7" dw +/
0 /8 67/8 /8

/ X(w)ej“’"dw
Sw

w0+7f .
e dw
_sw
2

wo

noéw/2

/8
coswndw +/
67/8
) 377711 — sin@
8 8

98

coswndw + /

K

/8

ejw”dw}

QCosumdw]
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4.20
xe(n) — x(n)—i—x(—n)
2
1 1
= 12,0,1,2,1,0, >
{2’07 7%7 ’0’ 2}
m()(n) — J;(n)—x(—n)
2
1 1
= 42,0,-2,0,2,0,~
{2’07 79’ 70, 2}
3 .
Then, Xp(w) = Z xe(n)e 7vn
n=—3
3 .
iXi(w) = ) we(n)e "
n=-—3
Now, Y(w) = Xj(w)+ Xg(w)e?”. Therefore,
y(n) = F'{X;(w)}+F " {Xp(w)e*}
= —jzo(n) + ze(n+2)
1 J P P |
= {-01-221+20>-j202
{27 ) 27 ? + 27%)7 2 .7 Y ) 2}
4.21
(a)
1 97/10 —8n/10 T ] —97/10
z(n) = — / e]w"dw—l—/ ejw"dw+2/ e]w”dw+2/ " dw
27 87/10 —97/10 97/10 -7
111, . . . )
— g |:jn(€]97rn/10 _ e—]an/lO _ ej87m/10 + e—j87m/10)
_"_3(_6]’97771/10 + e—j9ﬂ'n/10 + ej7rn o e—jﬂ'n)
an
1. . .
= — [sinmn — sin8mn/10 — sin97n/10]
nw
= —— |sind ) in9 10
— [sindmn /5 + sin97n/10]
(b)
x(n) = L ’ X(w)ej"“”"dw—l—i 7rX(w)ej“mdw
2 J_, 2m Jo
1 /0 ; 1 [Tw
= — (E—l—l)eﬂ“”duw——/ L edwm gy
2 J_w 2t Jo T
_ L [Vejw"mﬁj.wnm}
2m | jnm an
= Lsm@e_j””/2
™
99

Telegram: @uni_k



www.konkur.in

wc"l‘% . 1 —'LU(:“F% .
/ 2eI" dw + o 27" dw

we—4% u —We—"g

jwn
1 Jjwn Wwe+5 e’ —we+ 4
- 6 |w _w - ‘,w _w
cT2 n cT2
|:6J(wc — e]‘(wcf%)n + efj(wcfg)n — efj(wc+%)"

2j

1
2T
1
T

2
™

2
™

{szn we + —)n — sin(w, — —)n}

4.22

oL 0snsM
) = 0, otherwise

M

E e*jwn

n=0

1— e—jw(M+1)
1—edw

mo{ b “M<n<-l
2= 90, otherwise

-1
Xo(w) = Z e I
n=—M

M

n=1

1= edwM jw
1—eiw
X(w) = Xi(w)+ Xo(w)
14+ ejw _ ejw — 1= e—jw(M-i—l) _ ejw(M+1) + ejwM + e—jw]%
2 —eJw — efw

2coswM — 2cosw(M + 1)

2 — 2cosw
2sin(wM + §)cosy
2512

sin(M + 3w

(a) =2 pa(n)=—-1
(b) £X( ) =7 for all w
(c

(

~
=

(0) = 5= [ X(w)dw Hence, [*_X(w)dw = 27x(0) = —67

X(m) = f: z(n 63"”—2 y=-3-4-2=-9

n=—oo

100
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() [T |X(w)Pdw =27, |z(n)|* = (27)(19) = 387

4.24

(a)

Therefore, ¢ =

(b) See fig 4.24-1 X (0) =1 Therefore, ¢ = % =0.

dw

Figure 4.24-1:

101
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4.25
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z1(n) = a"u(n)
<E) 1
1—aeJv
Now, suppose that
 (n+Ek-1)
o) = g @)
5 1
(1 —ae—iw)k
holds. Then
_ (k)
_n —]|€— kmk(n)
Xppr(w) = —

Zy(n)eijw” = Zx(n)efj“’” - Zx(n —1)eIwn

n n

n

Y(w) = X(w) +_X(w)eijw
= (1-e’")X(w)

Hence, X (w) =

=Y(w) =

= > k)
k=—oc0
= y(n) —y(n-1)
= a(n)
(1 e )Y (w)
X(w)
1—ew

102
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e—jwn

—j¥n

Y(w) = Zx(Zn)
= Zx(n)e

= X(

CIR

)

Y(w) = Z x(g)efj“’"
Zx(n)e_ﬂw"

4.27

Xi(w) = Z z(n)e 7wn

n
ej2w+e]w+1+e—]w+e—j2w

= 14 2cosw + 2cos2w

Xo(w) = Z zo(n)eIvn

_ €j4w +e]2w +1 _’_67j2w +67]4’LU

= 14 2cos2w + 2cosdw

X3(w) = Z z3(n)e”Ivn

_ ej6w +6j3w + 1 +e*j3w +efj6w
14 2cos3w + 2cosbw

(d) Xa(w) = X1(2w) and X3(w) = X;(3w). Refer to fig 4.27-1
(e) If

_ ) xz(%), % an integer
wi(n) = { 0, otherwise

Then,

Xp(w) = Z zp(n)e Ivn

n,2 an integer

Z x(n)e‘jkw”

n

= X(kw)

103
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)ﬁ(w) )§(W)
é
0 o -0.57 0 05t =w
X(w)
\%%

4.28

—7t/3

0 w3

Figure 4.27-1:

—_

7( j7rn/4+67j7rn/4)x(n)

| — Do

[X(w Y X (w f)]

2 4 4

1 . .
?(e]ﬂ’ﬂ/2 + e—jﬂn/2)$(n)
J

— [X(w— g)—l—X(w-l-g)}
(ej””/2 + e_j””/g)x(n)

{X(w—%)—i—X(w-ﬁ-g)}
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4.29
| Nl
vy _ —j2wkn/N
% = N HZOZI/(“)‘? e
1 N-1 oo .
= ¥ [ Z z(n — lN)] e~92mkn/N
n=0 Ll=—o0
| oo NN _
— N Z Z z(m)(ifJQﬂ'k(erlN)/N
l=—00 m=—IN
oo N—1-IN
But Z Z z(m)e TWmHN) - — X (1)
l=—00 m=—IN
1 2k
Therefore, ¢f = NX(%)
4.30
Let zy(n) = M, —N<n<N
™
= z(n)w(n)
where z(n) = M, —o<n< oo
™
w(n) = 1, —-N<n<N
= 0, otherwise
Then 20t £ X(w)
™m
= 1 |U)| < we
= 0, otherwise
Xn(w) = X(w)*xW(w)
- / X(0)W(w— ©)do
/wc sin(2N 4+ 1)(w — ©)/2
= : e
o, sin(w — ©)/2
4.31
(a)
Xi(w) = Zx(2n+ L)e—dwn

n
_ Zx(k)e—jwk/erw/Q
k
= X(5)e
ejw/2

1 — geiw/2

105

Telegram: @uni_k



www.konkur.in

(b)
Xo(w) = Zx(n + 2)e™/2gmiwn
= _ Z x(k)e*jk(wﬂﬂ/?)eﬂw
k
= —X(w+ %T)ejm
()
Xs(w) = Zx(—Qn)e*jw”
= - Z x(k)eikw/2)
k
- XY
(d)
X4(w) — Z%(ejo.&rn —|—67j0'37m)33(n)67jum
_ ;zn:xm) [6—j(w—0.37\')n n e—j(w+0.37r)ni|
= % [X(w —0.37m) + X (w + 0.3m)]
(e) X5(w) = X(w) [X(w)e "] = X?(w)e v
(f)
Xo(w) = X(w)X(—w)
1
(1 —aeiw)(1 — aeiv)
- 1
(1 —2acosw + a?)
4.32

(a) Yi(w) = >, y1(n)e=dvn = donm even £(n)e 7™ The fourier transform Y;(w) can easily be
obtained by combining the results of (b) and (c).
(b)

y2(n) = z(2n)

Ya(w) = ) ya(n)e "

w
= X(=
(%)
Refer to fig 4.32-1.
(c)
106
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Y,(w)

- —7/2 0 w2 n 3un 2n

Figure 4.32-1:

[ x(n/2), neven
ys(n) {0, otherwise

Yiw) = Y pa(me
= Z x(n/?)e‘jw”

n even
= Z x(m)e‘ﬂwm
= X(2w)

We now return to part(a). Note that y;(n) may be expressed as

n/2), n even
yl(n){ :6/2( ) n odd

Hence, Y1 (w) = Y2(2w). Refer to fig 4.32-2.

107



www.konkur.in

(W)

-1 —71/8 -m8 o W8 w2 Tn/8 m

Y(w)

- —3m/4 —m/2 4 0 /4 T2 g4 T

Figure 4.32-2:
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Chapter 5

5.1

(a) Because the range of n is (—o00,00), the fourier transforms of z(n) and y(n) do not exist.
However, the relationship implied by the forms of x(n) and y(n) is y(n) = 23(n). In this case,
the system H; is non-linear.

(b) In this case,

1
X(w) = 15w

2

1
Y(w) = 15w

8

Y

Hence, H(w) = X((Z])))
o l—gerdv
N 17%673-“’

= System is LTI

Note however that the system may also be nonlinear, e.g., y(n) = z3(n).
(c) and (d). Clearly, there is an LTI system that produces y(n) when excited by z(n), e.g.
H(w) = 3, for all w, or H(¥) = 3.
(e) If this system is LTT, the period of the output signal would be the same as the period of the
input signal, i.e., N1 = N5. Since this is not the case, the system is nonlinear.

5.2
(a)

Wg(w) = Z wr(n)e Ivm

n=0

_ § e—Juwn
n=0

1— efj(MJrl)w
1—edw
L MA1
o—iMuw/2 sin(55= )w

sin¥

109
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(b) Let wr(n) = hg(n) x hg(n — 1),

1, 0<n<H -1
hir(n) = { 0, otherwise
Hence,
Wr(w) = Hp(w)e ™"
_ SINGWY _jumy
sing
(c)
1 2
Let ¢(n) = 5(1 + cos%)
1 2m 1 2m
= “6(w— =)+ = = —r<w<
Then, C(w) W{é(w)—i—Qé(w M)+26(w+M) r<w<7w
1 ™
We(w) = Py c(©)Wg(w — 0)dO
)7
1 1 2 1 2m
= §WR(U))+§WR(U)— M)+§WR(1U+M)
Refer to fig 5.2-1
IW(w)| W W)l
R
QUM+ 0 2mM+l v auM 0 4wM
IWw)
-2mM M1 0 2n/M+1 2WM
Figure 5.2-1:
110
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5.3
(a)
W) = (3)"u(n)
Hw) = > (5re
n=0
- Z(%e—jw)
n=0
1
- 1-— %e*ﬂ“
Hw) = ——
[(1 = $cosw)? + (§sinw)?]?
_ 1
[2 — cosw]?
ZH(w) = —tcm_ll Esizs;w
= o)
(b) (1)
. 3
For the input z(n) = cos M
1, js«n —j3mn
= 5(6 10 +4e 10 )
X(w) = = [(5(111— %) +6(w + 17(;)] Jw) <7
Y(w) = Hw)X(w)
- H(i’%)w [6(11} - %) +o(w+ ‘?g)]
) = HCleos | T+ o)
(2)
z(n) = {...,1,0,0,%,1,1,0,1,1,1,0,...}
z(n) + z(=n)

First, determine z.(n) = 5

and z,(n) = M

2
Then, Xp(w) = er(n)e*jw”

Xi(w) = Z z,(n)eIvn

[H(w)| = [Xk(w)+XF(w)],
O(w) = tan~! ))((;((2‘;))
and Y(w) = H(w)X(w)
111
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5.4
(a)
z(n)+z(n—1
oy = Tt =)
1 .
Y(w) = (1+e9")X(w)
1 .
H(w) = 5(1+e*9w)
= (cos%)(fjw/2
Refer to fig 5.4-1.
(b)
1 T
0.8
Zosf
Tas|
0.2
e 0 i 3
—w
2
= 1r
2
i
2 of
N
I
—1F
_2 I I I I I I
Z4 -3 2 1 0 1 3
—>Ww
Figure 5.4-1:
z(n)—z(n—1
oy = =)
1 .
Y(w) = 501X (w)
1 .
H(w) = 5(1—67]7“0)
= (sin2)e Iw/2eim/2
2
Refer to fig 5.4-2.
(c)
112
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0.8 J
EO.G* J
T
Toar 1

0.2F i

0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3.5
—>W
2
_ 1.5 b
2
S
2 |
A
I
0.5 i
0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3.5
—w
Figure 5.4-2:
z(n+1)—z(n—-1
oy = T =stn=)
1 . .
Y(w) = 5"~ e X(w)
1 . .
H(w) 5(6]10 _ e—]w)
(sinw)e’™/?
Refer to fig 5.4-3.
(d)
z(n+1)+zn—-1
oy = T Ean=)
1 . .
Y(w) = " +e")X(w)
1 . .
Hw) = 5" +e")
cosw
Refer to fig 5.4-4
(e)
z(n)+zx(n—2
sy = HEs=2)
1 .
Viw) = (1+e)X ()
1 .
Hw) = 5(+e)
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0.5

1.5 2 25

3.5

——> theta(w)

0.5
0

0.5

1.5 2 25

Figure 5.4-3:

3.5

Zosl

0.4

——> |H

0.5

1.5 2 25
—-—>w

N w
T T

——> theta(w)

—_
T
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Refer to fig 5.4-5.

(f)
1
0.8} J
Sosf |
T
’I‘o.4k ]
0.2 J
0 1 1 1 1 1
0 0.5 1 1.5 2 25 3.5
—-—>W
2
= 1r 1
2
S
20 i
A
I
1 N
_2 I I I I I
0 0.5 1 1.5 2 2.5 3.5
—>W
Figure 5.4-5:
z(n) —z(n —2
sy = T2
1 .
Y(w) = 5(1-e72)X(w)
1 .
Hw) = S(—e)
= (sinw)e IwHiT/2
Refer to fig 5.4-6
(8)
z(n)+z(n—-1)+z(n—2
sy = HOEH D4 e-2)
1 , ,
Y(w) = §(1 eIV 4 eI X (w)
1 . .
H(w) = 5(1 + eI | emI2W)

1 .
= g(l + 2cosw)e 7V
1
Hw)| = |5(1+ 2c0m)

—w, 14 2cosw >0
T—w, 14 2cosw <0

115
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0.8 i
EO.G* i
ho
Toar 1
0.2F i
0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3.5
—>Ww
2
_f 1
2
E
£ of ]
A
|
1t 4
2 L L L L L
0 0.5 1 1.5 2 2.5 3.5
—>Ww
Figure 5.4-6:
Refer to fig 5.4-7.
5.5
(a)
y(n) = a(n)+a(n—10)
Y(w) = (1+e 71X (w)
H(w) = (2cosbw)e %
Refer to fig 5.5-1.
(b)
T
H(Z) = 0
5 .
H(g) = (2608§)€_JL
5 )
y(n) = (6cosl)sin(§ 110 - g)
s ™ 47
—  (6cos T sin( X _ 2T
(6cos 3 )sm(3 30 )
(c)
HO) = 2
H(47T) _ 9
107
2
yln) = 20+10005%+E

Telegram: @uni_k
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0.8
Zo6l
T

o4t

0.2

1.5

—>W

2.5

3.5

o

|
-
T

——> theta(w)

1.5

—>W

Figure 5.4-7:

2.5

3.5

—=> [H(w)|

0 0.5

1.5

—>Ww

25

3.5

o —_
T

——> theta(w)

|
-
T

-2 L

1.5

—-—>W

25

3.5

Figure 5.5-1:
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5.6
h(n) = 0(n)+20(n—2)+d(n—4)

H(w) = 1+42e792v 474w
= (1+ 67j2“’)2
= 4(cosw)*e I

Steady State Response: H(g) = 0
Therefore, yss(n) = 0,(n >4)
Transient Response:
Yir(n) = 102 u(n) + 20e ™7 u(n —2) + 10" u(n —4)

= 10§(n) + j106(n — 1) + 106(n — 2) + j106(n — 3)

5.7

(a)
yn) = a(n) +a(n—4)
Yw) = (1) X(w)
H(w) = (2cos2w)e 7%

Refer to fig 5.7-1.
(b)

—=> [H(w)|

2 25 3 3.5
2
= 1r 1
2
S
20 i
A
I
Ak 4
_2 | | | | | |
0 0.5 1 1.5 2 25 3 3.5
-—>W
Figure 5.7-1:
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y(n) = cos%n—kcos%n—!—cosg(n—él) —|—cos%(n—4)
But cosg(n —4) = cos%ncosZﬂ' + sin%nsin%’
T
= cos=n
2
and cos%(n —4) = cos%ncosw - sin%nsimr
71'
= —cos—n
4
T
Therefore, y(n) = 2005571

(c) Note that H(%) =2 and H (%) = 0. Therefore, the filter does not pass the signal cos({n).

s
2 4

5.8
un) = 3 le(n) —(n—2)
Y(w) = %(1—e*j2w)X(w)
H(w) = %(1—6_-72“})
= (sinw eI (5w
H(0) = O,H(g):l
Hence, yss(n) = SCos(gn +607)
Yr(n) = 0
5.9
x(n) = Acosin

s

(n)
a) y(n) = x(2n) = Acostn = w =%
b) y( :

n) = a%(n) = A%cos*In = $ A% + J A%cosZn. Hence, w =0 and w =

y(n) = xz(n)costn
m
= ACOSZHCOSTFR

B 51 +A T
= 2cos4n 200841’L

3 5
Hence, w = ZW and w = Zﬁ

119
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5.10
(2)
yn) = 3 fwn)+ 2t~ 1)
Yiw) = S(1+e7)X(w)
Hw) = S(1+e")
= cos(F)e 7%

Refer to fig 5.10-1.
(b)

I

o

)
T

|
-
T

—-—> theta(w)

|
-
a
T

1 1 1 1

|
N

0.5 1 1.5 2 25 3
-—>W

o

Figure 5.10-1:

yn) =~ le(n) —a(n 1]
Y(w) = —%(l—e_j“’)X(w)
|H(w)| = sm%
O(w) = el (E=%)
Refer to fig 5.10-2.
(c)
120
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0.8F
So6l
T

?0'4*

0.2

—>W

——> theta(w)

Refer to fig 5.10-3.

Telegram: @uni_k

3.5

Figure 5.10-2:

% lw(n) + 32(n — 1) + 3¢(n — 2) + 2(n — 3)]
S+ e X (w)
%(1 e Iwy3

3(W i %
cos (2)6
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5.11

5.12

Telegram: @uni_k

0.8 i
206 i
e
’I‘o.4 ]

02 i

0
35
2
_1r 1
2
g
20 i
A
I
Ak N
_2 I I I I I
0 05 1 15 2 25 35
—w
Figure 5.10-3:
y(n) = x(n)+z(n— M)
Y(w) = (1+e7"M)X(w)
H(w) = (1+e7wM)
M 1
Hw) = maﬁ%f:@+§m, k=0,1,...
orw = (2k+L)n/M, k=0,1,...
M
\H(w)| = |2cosz

y(n) = 0.9y(n — 1) + bx(n)

Y(w) = 0.9¢79"Y (w) + bX (w)
Y (w)
H - -\
(w) X(w)

_ b

- 1-09ev
|H(©0) = 1,=b==0.1

M wM
_ ]~ cosT >0

O(w) = { T — “’é”, cos% <0

122



www.konkur.in

(b) |H(wo)l? = 3 = t5r—t5msms = 3 = wo = 0.105
(c) The filter is lowpass.

(d) For |H(wo)|?> = 3 = wo = 3.036. This filter is a highpass filter.

5.13
(a)
y(n) = a(n) — 2coswox(n — 1) + z(n — 2)
h(n) = 6(n) - 2coswod(n — 1) + &(n — 2)
(b)
H(w) = 1-—2coswge % + e 92

(1 — e Iw0e™dW)(1 — efWoel®)

w—+wy . w—wy
S

= —4e IV
(& s B) m B

—2e77"(cosw — coswy)

[H (w)]
= |Hw)| = 0atw=zw

2|cosw — coswy|

Refer to fig 5.13-1.
(c)

w0 = pi/3

35
2
~1F -
2
S
20 ]
A
I
-1+ B
_2 I I I I I
0 05 1 1.5 2 25 35

—-—>W

Figure 5.13-1:
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when wo = 7/2, H(w) = 1— ¢/
at w=m/3,H(r/3) = 1—e?m/3=1"/3
y(n) = |H(7r/3)|3cos(gn+30" — 60°)

= 3005(%71 —307)

5.14

y(n) = =z(n) —z(n—4)
Hw) = 1—e¢7v

= 2e7I2WeI™/2ginon

Refer to fig 5.14-1.
(b)

> [Hw)

0.5

3.5

——> theta(w)

-2 I I I I I

0 0.5 1 1.5 2 2.5 3

—-—>W

Figure 5.14-1:

7r T T
xz(n) = cos o + cos 1, H(in) =0
T T T
y(n) = 2008111, H(Z) =2, ZH(Z) =0

(c) The filter blocks the frequency at w = 7.

124
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5.15
y(n)
H(w)
z(n)
H(0)
y(n)
5.16
(a)
y(n) =
Y(w) =
(b)
y(n) =
Y(w) =

()

5.17

Telegram: @uni_k

[z(n) —x(n —2)]

(1 —e72w)

NN R

e I eI™ 2 sinw
5+ 3sm(gn + 60°) + 4sin(mn + 45°)

33in(gn +60°)

x(2n) = This is a linear, time-varying system
oo
> ylne "

n=-—oo
oo

Z z(2n)e "

n=—oo

X(—
(3)

™
1 < —
) |w|—2

0, gSIwISW

2%(n) = This is a non-linear, time-invariant system

1
%X(w) * X (w)

(cosmn)x(n) = This is a time-varying system

% [To(w —7) + 7o (w + 7)] * X (w)
%[X(w—ﬂ')-i-X(w‘f'ﬂ')]
0, Jw|< ?%
1 3
-, — < ‘w| <7
2 4
) = | (7 cos o)
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Y(w)
1/4

/2 0 /2

Figure 5.16-1:

1 1005%2*1

H(z) = 4
(2) 1-— 2(%)003%2*1 + (i)2z*2
1 V2

V2 -1
& 2

1-— %2—1 + %z—Q

(b) Yes. Refer to fig 5.17-1
(c) Poles at z = Le*7%, zeros at z =

IS

y(n)

Figure 5.17-1:

B gw
H(w) = l,ﬁlefﬁj+ie—j2w' Refer to fig 5.17-2.
4 16
(d)

126
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0.8 : L L L I L
0 0.5 1 15 2 2.5 3

-—>W

Figure 5.17-2:

1
on) = ()uln)
1
X =
(=) =
Y(z) = X(2)H(2)
I N {C s 0
1—1x-1 1_§z—1+17162,—2
. 1+2\/§ng1
1*%2*1+%ﬁz*2
1.1, us s
y(n) = 5(1) [1+COSZn+(1+\/§)stn u(n)

5.18

= 2e77%eI % sinbw
|H(w)| = 2|sinbw|,
O(w) = g — bw, for sinbw >0
= g—5w+7r, for sinbw < 0
127
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Refer to fig 5.18-1.
(b)

2
_1.5* i
B
T 1t -
A
I
0.5 i
0 1 1 1 1 i\ 1
0 0.5 1 1.5 2 25 3 3.5
—>Ww
2
= 1r i
2
_.(g
2 or ]
N
|
A+ J
-2 1 L L 1 ! 1
0 0.5 1 1.5 2 25 3 3.5
—>w
Figure 5.18-1:
T T
H(— = 2 ZH(—)=0
HEDl = 2 ZHE)
T T T
HE) = V3, o)=zHZ)=-=
HDI = VB e()=cH(G) =1
(1) Hence, y(n) = 2005110n + 3\/§sm(gn - 115)
2
H(O) = 0, H(F)=0
(2)  Hence, y(n) = 0
5.19
(a)
1 4 )
h(n) = o _WX(w)eJ“’"dw
3 s
1 R s )
= — / ejw"dwf/ e I dw
2T — 3 S
= i sing—ﬂn—sinzn
o 8 8
=2 T 0sT
= —singncos n
(b) Let
hi(n) = 2singn
nm
128
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Then,
_[ 2 w<g
Hl(w)_{ 0, F<lwl<m
and
h(n) = hi(n)cos—n
5.20
1 1
vn) = Suln—1)+a(n) + srn—1)
1 1
Y(z) = 5271}/(2) + X(2) + izle(z)
Y(z)
HE = x0)
s %z_l
1- 1271
(a)
2
H = -1
(2) 1— %2*1
1 n
hn) = 2(3)"u(n) — d(n)
(b)
H(w) = Z h(n)e=Ivr
n=0
1- le—iw -
14 gemdv
1- le—iw
= H(2)|,zeiw
(c)
T 1+ Ze 7%
H(i) = 1 ? —jz
—lei3
_ 1)
o 1+j3
_ 1e—j2tan7 %
— cos(Tn+ T~ 2tan12
Hence, y(n) = cos(2n + 1 2tan 2)
5.21
Refer to fig 5.21-1.
129
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[X(w)] for (a) IX(w)] for (b)
4 8
3 6
(O] (0]
e} ©
2 2
c2 c4
(@] o
(] ©
€ IS
1 2
0 0
0 1 2 3 4 0 1 2
[X(w)| for (c) [X(w)| for (d)
1.5 12
10
3 g8
=2 =2
c 1 c 6
(o)) (@]
© ©
€ E 4
2
0.5 0
0 1 2 3 4 0 1 2

Figure 5.21-1:

5.22

H(z) = (l—ej%zfl)(l—efj%zfl)
= 1-V2z 14272
Hw) = 1—+2e77% 47200
= 279" (cosw — g)
yn) = z(n)—v2zn-1)+z(n—2)
for x(n) = smzu(n)
y(0) = 2(0)=0
y(1) = =z(1) —v22(0) +z(-1) = g

y(2) = x(2)—V2(1)+ ()_1—f£+0_0

y3) = (3)— Va2 +a(l) = f'ﬁ+£:
y4) = 0

130
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(a) H(z) = kli()# Refer to fig 5.23-1.

Figure 5.23-1:

1—e I
H(w) = #
1+ 0.9e- 7w
2|sin%|
|H(w)| = 2
v 1.81 + 1.8cosw
stnw 0.9stnw
C) = tan '—— 4 tan t—
(w) an 1 — cosw +tan 1+ 0.9cosw
1—e 9™ 2
(C)H(ﬂ') km koi—QOk—lik—*
(d) y(n) = =0.9y(n — 1) + 55 [x(n) — z(n — 1)]
(e)
H(%) = 0.014¢79(8)
y(n) = 0.028008(%” +134.2%)

131
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5.24

|H (w)|”

4 1
dw | H (w)|?

(1+r?)(sin(w — ©) + sin(w + 0))
(1 + r?)2sinwcos©

Therefore, cosw

Wy

5.25

H(w)| =
O(w) =

Refer to fig 5.25-1

5.26
(a)

Hence, H(z) =

Telegram: @uni_k

A
1+ 72 —2rcos(w— ©)][1+r2 — 2rcos(w + O)]

= l[27’51’71(11) — 0)(1 +r? — 2rcos(w + ©))

A
+2rsin(w + 0)(1 + 2 — 2rcos(w — ©))]
-0
= 2r[sin(w — O)cos(w + O) + sin(w + O)cos(w — O)]
= 2rsin2w
= 4rsinwcosw
1 2
= tr cos©
2r
1 2
= cos™! [ Bl cos@}
2r
1 1 1
Zm(n) + §x(n —1)+ Zx(n —2)
1 1 _. 1 .
- - —jw - —j2w
1730 T
14+e v,
e
—jw . 2W
e Peos”
2 W
cos” 3
ZH(w) = —w

(3)"u(n) +u(-—n —1)

1 -1 1
ROC: - 1
[ g g <=
Y(2)
X(2)
1—271
_— : 1
= ROC: |z| <
132
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0.8

206l

——> theta(w)
o n
T T

|
N
T

|
| &
N
|
w -
|
-
|
- |

0 1 2 3
—>w

Figure 5.25-1:

_%Z,1
YE = T myare
_3 3
_ 5 5
1—3z71 14271
yn) = —2()u(m) - (-1 u(-n— 1)
133
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5.27
H(z) = 14z+224+...428
1= 2°
o 1—2zt
1 — e 9w
Alw) = ==
B e 79/ 5in9w /2
e Iw/2 ginw/2
Y sin9w/2
N sinw /2
sin9w/2
il S kit
O(w) = —4w, when sin9w/2 >0
—4w + 7, when sin9w/2 <0
27k
H(w) = 0, ath%,k::l,l...ﬁ
The corresponding analog frequencies are 2=k =1,2,3,4, or 1kHz, 2kHz, 3kHz, kHz.
5.28
Refer to fig 5.28-1.
%\
~
172

Figure 5.28-1:

134
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(1— e384~ 1) (1 — ema3m/4,71)

Qe
H(w) = H(z)|[.zciw
N o [ R i)
H(O) = (1 _ %)2
l2
Hw)] = 1=C1 =1
4
l2 = 24 \/5
1
G = m =0.073
5.29
() = T "<
(a)
1
|Hy(w)| = 2 1 [rsi 2}2
{[1 = rcos(w — 0)]? + [rsin(w — 0)]%}2
1
-~ [H.(w)]
1
[Hp(w)lgg = 2010g10(|Hz(w)|)
= —2010g10|Hz(w)|
= —|H.(w)|gp
Hence proved.
(b)
N 1 —rcos(w — 6) — jrsin(w — 6)
Hy(w) [1 —rcos(w — 0)]2 + [rsin(w — 6)]?
B 1 rsin(w —0)
Oplw) = —tan T o)
= —0.(w)
Hence proved.
(c)
Tp(’w) == d@;é}w)
_d(=6.(w))
dw
_de.(w)
o dw
= —7;(w)
Hence proved.
135
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5.30
(a)
1—a)?
o (
[Hi(w)] (1 — acosw)? + a?sinw
(1-a)?
1+ a? — 2acosw
4a —1—a?
Hi(w)]* = - - -
|Hq(w)] = coswy 5
(b)
o (0 (l—a o (14 cosw)? + sin*w
2 =

2 ) (1 — acosw)? + a?sinw
(1-a)? 2(1+ cosw)

2 14 a?—2acosw
2a

1+ a2

1
|Hy(w)|” = 5 = coswz =

By comparing the results of (a) and (b), we find that cosws > cosw; and, hence wy < wy
Therefore, the second filter has a smaller 3dB bandwidth.

5.31

h(n) = cos(won + ©)

coswoncos® — sinwynsin®

use the coupled-form oscillator shown in figure 5.38 and multiply the two outputs by cos®
and sin©, respectively, and add the products, i.e.,

Ye(n)cos® + ys(n)sin® = cos(won + O)

5.32
(a)
y(n) = e"y(n—1)+a(n)
= (coswg + jsinwg) [yr(n — 1) + jyr(n — 1)] + 2(n)
yr(n— 1)+ jyrin—1) = yr(n — 1)coswy — yr(n — 1)sinwgy + z(n)

+7j lyr(n — 1)sinwg + yr(n — 1)coswy)

(b)Refer to fig 5.32-1.
()

Y(z) = &"zY(2)+1
1
T T eiwop 1
y(n) = e"u(n)

= [ecoswgon + jsinwon] u(n)

Hence, yr(n) = coswonu(n)
yr(n) = sinwonu(n)
136
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x(n)

n
-:J YR( )
cos w

-sin Wo J

sin W

_ +

y(m)
cos w,

Figure 5.32-1:

(d)
n 0 1 2 3 4 5 6 7 8 9
yr(n) 1 2 1 0 -1 -8 1 ¥ 1 g
yin) 0 5 P 1% 5 0 -5 —f 1
5.33

(a) poles: py o = retiwo
zeros: 2y g = etIvo

(b) For w = wq, H(wg) = 0 For w # wy, the poles and zeros factors in H(w) cancel, so that
H(w) = 1. Refer to fig 5.33-1.

()

137
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Figure 5.33-1:

5 11— eije_jw|2|1 - e‘jw‘)e_jw\2

Hw)]? =
[ w) |1 — refwoe=iv|?*|1 — re-iwoe—iw|?
o 2(1 — cos(w — wyp)) 2(1 — rcos(w + wyp))
1472 —2rcos(w —wp) | |14 r2 —2rcos(w + wp)
where wg = g Then
d| H(w)|*
T = O=w=mn
3
HmP = 4G*(+—2—)?=1
1H(x) ()
1
G = 5(1 +r+1r?)

(d) Refer to fig 5.33-2.
()
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y(n)

Figure 5.33-2:

2
[H (w)]
In the vicinity of w = wy, we have

|H (w)[?

cos(w — wp)

B3gp = w1 — wo

Q

5 |1— ejwoe—jw|2|1 _ e_j“’ﬂe_j“"2

|1 — reiwoe—iw|?|1 — re—iwoe—jw|?

|1 = efuwoeiv]?
|1 — refwoe—iw|?

o[ 2(1 = cos(w — wp))

1472 — 2rcos(w — wy) 2
1472 —4G?
2r — 4G2
14 r2 —4G?
-1
'LUOjZCOS (W>
1472 —4G?
-1
2e0s (5 —age )
r—1
2c0s (1 — 2
( (\/i))
1—1r
24/2 2
(\/5)
2v/1—r
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5.34

For the sampling frequency Fs, = 500samples/sec., the rejected frequency should be w; =

2m(L2%) = L. The filter should have unity gain at wy = 2 (239) = 37. Hence,

Telegram: @uni_k

6
H(—7) =
(™ = 0
4
and H(gw) =1
Hw) = G1- ej%e_jw)(l - e_j%e_jw)
; 6m
— Ge w9 902N
e 7" [2cosw — 2cos 25]
4 4 6
H(gﬂ') = 2G|[cos(57r) - cos(%w)ﬂ =1
1
Hence, G = ﬁ
COSH=T — COSET
5.35
From (5.4.22) we have,
1— e—j2w
H = b : ;
(w) 01 = red(wo—w))(1 — re—i(wo—w))
1— e—j2w|2
H(wo)|*> = b} | =1
[ (wo)l O(1 — 7)2[(1 — recos2wp )2 + (rsin2wp)?]
Hence, by = V(1 =7)2(1 - 2rcos2wg + r2)
2|sinwo|
5.36
From o = (n+1)wp
B = (n—1uw
and cosa + cosff = ZCosa —; ﬁcosa ; ﬁ, we obtain
cos(n+ Dwg + cos(n — L)wg = 2cosnwycoswy
with y(n) = coswon, it follows that
yln+1)+yn—1) = 2coswey(n) or equivalently,
y(n) = 2coswoy(n —1) —y(n—2)
5.37
sina + sinf3 = 25ina er 5cosa ; B, we obtain

when o

sinnwg + sin(n — 2)wg
If y(n)

y(n)

Initial conditions: y(—1)

= nwp and 8 = (n — 2)wp, we obtain

= 2sin(n — 1)wycoswy

= Asinwgn, then

= 2coswpy(n — 1) —y(n — 2)
—Asinwg, y(—2) = —Asin2wy
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5.38
For h(n) = Acoswonu(n)
1 — 2z~ teoswy
H =
(2) 1 —2coswpz=1 + 272
Hence, y(n) 2coswoy(n — 1) —y(n — 2) + Az(n) — Acoswoz(n — 1)
For h(n) Asinnwou(n)
2" Ysinwg
H =
(2) 1 — 2coswpz=1 + 272
Hence, y(n) = 2coswoy(n —1)+y(n —2) + Az(n) — Asinwoz(n — 1)
5.39

Refer to fig 5.39-1. y1(n) = Acosnwou(n),y2(n) = Asinnwou(n)

K: y | (n)

-A cos W

A sin W)

vy

Figure 5.39-1:
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5.40
(a) Replace z by z%. We need 8 zeros at the frequencies w = 0, +5,+5, j:%”, 7 Hence,
1—278
H = —
(2) 1—az"8
_ Y(?)
S X(2)
Hence, y(n) = ay(n—8)+ x(n) —x(n —28)

;T T 237
(b) Zeros at 1,et7 % eti% o™ 1
1 1 T 1 s 1 - 37
Poles at as,aset? T ase®I3 as5eti T —1. Refer to fig 5.40-1.

()

Unit circle

Figure 5.40-1:

2|cosdw|
|H(w)] = i
V1 —2acosS8w + a
—tan 1 asindw_ cosdw > 0
/H — 1—acos8w’ -
(w) { T — tan_l%, cosdw < 0

Refer to fig 5.40-2.

5.41

We use Fs/L = lcycle/day. We also choose nulls of multiples of ﬁ = 0.071, which results in a
narrow passband of k40.067. Thus, M + 1 = 14 or, equivalently M = 13
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magnitude of notch filter

10

—=>[H()|

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

magnitude of a high pass filter

1 0 T T T T T

-=> [H()]

0 ‘ L I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Figure 5.40-2:

5.42
(a)
1— le—dw
H - __a”
(w) 1 —ae v
Hw)? = (1 — Leosw)? + (Lsinw)?
(1 — acosw)? + (asinw)?
1+ a% — %cosw
1+ a2 — 2acosw
1
= —; forallw
a
1
Hence, |H(w)| = =
a
For the two-pole, two-zero system,
Hiw) = (11— %ejwoe—jw)(l — %e—jwoe—jw)
YT A remiwoe—iw)(1 - rejwoe—iv)
o 1- 2coswoe ™I 4 eI
1 — 2rcoswge™ 9w + r2e—J2w
1
Hence, |H = —
AH@w)| = 5
1—%cosw0z’1+r%z72
(b) H(Z) = 1—2rcoswoz— 141222

Hence, we need two delays and four multiplies per output point.
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5.43

5.44

Telegram: @uni_k

60, _6r
200" T 50
= (1- ej%z_l)(l - e_j%z_l)bo

6
= 1—2cos—z"' 4272
bo( oS e 2 z77)

= 2bge 7" (cosw — 00561)

50
61
— 2bp(l — cos—2) =1
o 60525)
1

2(1 — cosSE)

(1- ej%z_l)(l - e‘j%z_l)
(1—red%z-1)(1—re 9% 2-1)
_ 2by(1 cos%) 3

1- 2rcos T4
1-— 27"0056i + 72

2(1— cosgg)

= (0]

{1n(0),

2h(0)sin" + h(1)sin’ )

1
2h(0)sin3§ + 2h(1)sz’n%) =3

h(1),h(2),h(3)} where h(0) =

2h(0)sin9§ + 2h(1)sin3§) =1
1

2
1

0.56, h(0) = 0.04

I (1—2"1(1 42711 —2cos2F271 + 272)

~ (1 - 1.6cosZrz—1 +0.642-2)(1 — 1.6cos T 21 4 0.642-2)
—Jjw Jw _ 37

- (2je~ 7" sinw)(2e~ )(cosu) cos<y)

(1 —1.6cos3Fe 7" + 0.64e—72%)(1 — 1.6cos eI + 0.64e—72w)

4|sinw||cosw — cos2F

|1 — 1.6cosZre=Iw 4 0.64e92 |1 — 1.6cosFe =7 + 0.64e 72|

1= b9 =0.089
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(b) H(z) as given above.
(c) Refer to fig 5.45-1.

The filter designed is not a good approximation of the desired response.

1.5
= ]
T
i
10.5F R
0 1 | | L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
——>f
4
2r i
[0
(2]
@
S of 1
A
!
i
ot ]
_4 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
——>f
Figure 5.45-1:
5.46
iy dX (w)
Y(w) =e "X
(1) = e X () + L
(a)
For z(n) = d(n),X(w)=1.
X .
Hence, (w) = 0, and Y(w) =e™7¥
dw
1 [ .
h(n) = — Y (w)e?™ dw
2 J_,
1 (™ .
= o » eI (=1 gy
_ 1 jw(n—l)lw
27j(n —1) -
_ sinm(n —1)
 7w(n—1)

(b) y(n) = x(n — 1) — jnx(n). the system is unstable and time-variant.
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5.47

o

H(w) = Z h(n)e 7vn

n=—oo
= 1, |w<w

= 0, w<]ww
(o)

Gw) = Y gln)e "

n=—oo

= Z h(§)€_jwn

n=—oo

= Z h(m)e 72wm

m=—0o0

= H(2w)

Hence,

We

|w| < % and |w| > 7 —

— ’ 2
ow={ o 5T

5.48

y(n) = x(n) —x(n) xh(n) = [6(n) — h(n)] * z(n) The overall system function is 1 — H(z) and the
frequency response is 1 — H(w). Refer to fig 5.48-1.

5.49

(a) Since X (w) and Y (w) are periodic, it is observed that Y(w) = X(w — m). Therefore,
y(n) = ™z (n) = (—1)"z(n)

(
(b) z(n) = (=1)"y(n)

5.50

y(n) =0.9y(n — 1) + 0.1z(n)

0.1
H =
(2) 1- 0921
T 0.1
Hyp(w) =H(w - 3) = 1= 0.90—7w=5)
B 0.1
1 —350.9e"dw

(b) h(n) = 0.1(0.9¢? 2 )"u(n)
(c) Since the impulse response is complex, a real input signal produces a complex-valued output
signal. For the output to be real, the bandpass filter should have a complex conjugate pole.
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H(w) 1-H(w)
1 i 1
0 w v 0 w T w
c c
H(w) 1-H(w)
1 _ > 1
w
0 W L 0 We

Figure 5.48-1:

5.51
(a)
Let g(n) = nh(n)
Then, G(w) = jdgfuw)
D = > |ymf
— 5 [ 6wl
= o | Gw)E waw
1 [T [dH@w), . (dH(w)\"
= or _W[J dw (_])< dw )]dw
But dli(uw) - [dZ;w)Jer(w)ld(Zf?} 7o)
Therefore,

o - {5 mor] o

(b) D consists of two terms, both of which are positive. For |H(w)| # 0, D is minimized by
selecting ©(w) = 0, in which case the second term becomes zero.
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5.52
yn) =ay(n —1) +bzx(n),0 <a <1
b
H(z)= —
(2) 1—az"!
(a)
b
H = -
(w) 1—ae v
0]
H = =1
o)l =
b = £(1—-a)
(b)
b? 1
Hw? = ——— =
[ (w) 14+ a? — 2acosw 2
=20 = 1+a®— 2acosw
1
cosw = o [1+a®—2(1-a)?]
1
= %(4a —1—-d%
da —1—a?
_ -1
wy = cos | 5 )
()
—1)2
ws = cos H(1— (a 5a ) )
(a—1)?
Let = 1-
et f(a) =
2
-1
Then f'(a) = —6127
1—a?
G

Therefore f(a) is maximum at @ = 1 and decreases monotonically as a — 0. Consequently,
ws increases as a — 0.

(d)
b = £(1-a)
_,4a—1—a?
wy = cos 1(T)
The 3-dB bandwidth increases as a — 0.
5.53
yn) = zn)+azx(n—-M),a>0
Hw) = 1+ aevM
|Hw)| = 1+ 2acoswM + o2
—asinwM
o L pgp-lCosinw
(w) @ + acoswM
Refer to fig 5.53-1.
148
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M=10, alpha = 0.1

2 T T T
1.5 |
A
|
|
0.5 R
O | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
——>f
1
0.5 i
(0]
@
5 0 Nl - N
A
|
|
-0.5F b
_1 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
- f
Figure 5.53-1:
5.54
(a)
1 1
Y(z) = 3 (X (2) + 27X (2)]
Y(z)
H -
- Lasay
oz +1
B 2z
Zero at z = —1 and a pole at z = 0. The system is stable.
(b)
1 -1
V() = 5 [-X()+2X(2)]
Y(z)
H =
(2) X0)
= L1tz
. z—1
N 2z
149
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Zero at z =1 and a pole at z = 0. The system is stable.

(c)

1
V() = g+=71)
1 (1+2)3
8 28
Three zeros at z = —1 and three poles at z = 0. The system is stable.
5.55
Y(z) = X(2)+b272X(2) +271X(2)
Y(z)
o -
= 1+4+bz 2427

Refer to fig 5.55-1.

Refer to fig 5.55-2.

5.56

1 +€j2w +€—j4w

(1 + 2cosw)e™ v

|H(w)| = |1+ 2cosw|
o —w, 1+ 2cosw >0
AH(w){ m—w, 1+ 2cosw <0
b=—1,Hw) = 1—e % fe 2
= (2cosw —1)e "
|H(w)| = |2cosw —1|
] —w, —1 4+ 2cosw > 0
LH(w) = { T —w, —1+2cosw <0
y(n) = z(n) — 0.95z(n — 6)
Y(z) = X(2)(1-0.9527°)
H(z) = (1-0.9527°)
5095
el
2 = 095
z = (0.95)5¢/2™%/6 | =0,1,...,5

6" order pole at z = 0. Refer to fig 5.56-1.

(b)Refer to fig 5.56-2.

(¢) Hin(2) = 55595
(d)Refer to fig 5.56-4.

Telegram: @uni_k

r = (0.95)5. Refer to fig 5.56-3.
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—=> [H(w)|

0 0.5 1 1.5

25

——> phase

0 0.5 1 1.5
—>W

Figure 5.55-1:

2.5

—=> [H(w)]|

0 0.5

——> phase

0 0.5 1 1.5
—-—>W

Figure 5.55-2:

151

Telegram: @uni_k



www.konkur.in

Telegram: @uni_k

—=>[H()|

r=(0.95)/6

g

Figure 5.56-1:

1
0.4 0.45

1
0.35

0.5

0 | | |
0.05 0.1 0.15 0.2 0.25 0.3
——>f

Figure 5.56-2:
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——> |H(f)|
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r=(0.95)/6

Figure 5.56-3:

045 0.5

|
035 04

0 005

02 025 03
——>f

1
0.1 0.15

Figure 5.56-4:
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5.57
(a)
—1
z
Hz) = 1—271—272
— Z_l
(1 1+2f271)(17 1—2\/5271)
1 1
_ V5 V5
1 1+2\/5z—1 1— 1—2\/52—1
1
Tzl > 1- +2‘/5 is ROC, then
1 1++V5 1 1-+5
h(n) = |—=(——)"—-—= " u(n
(n) M( 2 - =5 )]()
1
If ROC s <2 < 5; . then
1 1-v5,, 1 1+v5,,
By = =) ) = 2= () a1
If 2] < 17‘/52*1 is ROC, then
1 1++5 1 1-5
h(n) = |—— "4+ —= "l u(—n—1
(n) [¢5<2> ﬁ<2)]< )
From H(z), the difference equation is
y(n) = yn—1)+ymn-2)+z(n-1)
(b)
1
HE = 1=
The difference equation is
y(n) = e *y(n—1)+z(n)
1
H = -
(2) (1—e 2z (1 —elze 9z ) (1 +e 227 1)(1 4 je—2z71)
1 1 1 1
1 1 1 1

L—emaz7t  1—jeaz7l  14e9z7t 14 jeaz71
If ROC is |Z‘ > 1, then

hn) = [ G) () () e u(n)
If ROCis |z2] < 1, then
h(n) = —i [L+ ()" + (=)™ + (=) e u(-n — 1)
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5.58

Telegram: @uni_k

Therefore, H(z)

h(n)

1—z 143272 —-23 4627
(14271275 (1—2271 43272
1427142272

Y(2)

X(2)

1—2271 43272

=y
0

155




www.konkur.in

5.59

Hence, r;(n)

th(z)

Hence, rpp,(n)

Ryy(2)

Hence, 7y, (n)

Telegram: @uni_k

Syl — 1)+ 2(n)
()" uln)
Y(z)
X(z)
1
1— 3271
1
1— 1271
1
(1- 11— 11
X(2)X(z™)
1
(1-1i1H1-1z)
—4z71
(1- %z—l)(l —4z71)
16 1 16 1
151 — iz*l 151 — 421
() ) + 1@ (-~ 1)
H(2)H(z™")
1
(1-3271)(1~32)
—2z71
(1-111-2271)
4 1 4 1
gl—%z—l 31—221
4.1 4
3(5) um) + 3 (2)"u(-n—1)
X(2)Y (27
1
(1-111-12)(1-12)

16 1 16 1 128 1
C171-2z71 151 —4271 T 1051 — o1
1—3(2)"u(—n -1) - %(4)"11(—71 -1)+ 1281
Y(2)Y(271)

1
(1-2211-32"H(1 - 1)1 - 32)

64 1 128 1 64 1
C211—2z71 11051 -4z T 211 — L1
%(2)%(_71 - %(4)"u(—n _y4+ Al
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5.60

(a)
h(n) = {1TO79’ -7, —8,0,5,3}
The roots(zeros) are 0.8084 + j0.3370, —0.3750 4 j0.6074, —1.0, —0.7667
All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.
(b) h(n) = {5,4,-3,-4,0,2, 1} H(2) =5 +42"1 — 3272 — 4273 + 22754 276

The roots(zeros) are 0.7753 £ j0.2963, —0.4219 £ j0.5503, —0.7534 £ j0.1900
All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.

5.61

The impulse response satisfies the difference equation

N
Zakh(n —k) = dn)a =1
k=0
N
n=0,= Zakh(—k) = aph(0)=1
k=0
_ 1
ap = WO)
n=1,= aoh(1) + agh(0) = 0
- —aoh(l) - —h(l)
N TORN A ()
n=N,= ah(N)+ah(N—-1)+...+anyh(0) = yields an

It is apparent that the coefficients {a, } can be determined if we know the order N and the values

h(0),h(1),...,h(N). If we do not know the filter order N, we cannot determine the {a,}.
5.62
B(z) 140b2 = _
(2) A(z)  14azx nz::O (n)z

(a)

H(z) = 14+ ((b—a)z7 4 (a®> —ab)z7? + (a®b— a®)272 + (a* — a®b)2™° +

Hence, h(0) = 1,

h(1) = b-—a,

h(2) = a® - ab,

h(3) = da%b—d?,

h(4) a* — a®b

157
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y(n) +ay(n—1) = w(n)+ba(n—1)
For z(n) = d(n),
h(n) + ah(n — 1) d(n)+bd(n—1)
Multiply both sides by h(n) and sum. Then

h(0) + arpn(1) h(0) 4 bh(1)
Thh( ) + arhh(O) = bh(O)
Thh( ) + arhh(l) = 0
rrn(3) +arpp(2) = 0
By solving these equations recursively, we obtain
b2 —2ab+1
0= T E
(ab—1)(a—b)
rn(l) = g
(ab—1)(a—b)
n(2) = —e T
 g(ab—=1)(a—0b)
() = T

5.63

x(n) is a real-valued, minimum-phase sequence. The sequence y(n) must satisfy the conditions,
y(0) = z(0), |y(n)| = |z(n)|, and must be minimum phase. The solution that satisfies the
condition is y(n) = (—1)"x(n). The proof that y(n) is minimum phase proceeds as follows:

V() = Sy
= Z(—l)”x(n)zf"

n

= a2y

n

= X(-2)

This preserves the minimum phase property since a factor (1 —az=1) — (1 +az™1)

5.64

Consider the system with real and even impulse response h(n) = {%, 1, i} and frequency response
H(w) = 1+ icosw. Then H(z) = 27 (32> + 2+ 1). The system has zeros at z = —2 + /3.
We observe that the system is stable, and its frequency response is real and even. However, the
inverse system is unstable. Therefore, the stability of the inverse system is not guaranteed.
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5.65
(a)
g(n) = hn)xz(n) = Gw)=Hw)X(w)
fn) = h(n)*g(—n) = F(w) = H@w)G(~w)
Y(w) = F(—w)
Then, Y(w) = H(—w)G(w)
= H(—w)H(w)X(w)
= H'(w)H((w)X(w)
= |H@w)PX(w)

(b)

Gw) = Hw)X(w)

Fw) = Hw)X(—w)

Y(w) = Gw)+ F(—w)
= Hw)X(w)+ H(—w)X(w)
= X(w)(H(w)+ H"(—w))

But Hy(w) = 2Re {H(w)} is a zero-phase system.

5.66

(a) Correct. The zeros of the resulting system are the combination of the zeros of the two systems.
Hence, the resulting system is minimum phase if the inividual system are minimum phase.
(b) Incorrect. For example, consider the two minimum-phase systems.

1—1,-1
Hi(z) = —2—
1(2) 1— 3271
—2(1+ 1271)
and HQ(Z) = ﬁ
3
B
Their sum is Hy(z) + Ha(z) = 7161, which is not minimum phase.
— 727
3
5.67
(a)
5
9 2 — cosw
Hw)|" = 15—
9 gCOS'lU
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(b)
[H(w)[* = ﬂ%
H(z)H(z"') = 1+a3(—1a(z2—|)—2_1)
H(z)H(z™') = (12£1;—CL1)((11__aa)z)
Hence, H(z) = %
or sy = V2L
5.68

T
—
N
&
[

(1 —0.8¢"™2271)(1 — 0.8¢7™/2271) (1 — 1.5e7™/ 427 1)(1 — 1.5 7™/4271)

3
(14+0.64273)(1 — —=2"1 +2.2527?)
V2

(a) There are four different FIR systems with real coefficients:

3
Hi(z) = (14064273 (1 - —=2"1+2.2527%)
V2
Hy(z) = (1+0.6427%)(1— %z‘l +2.25272)
Hs3(z) = (1+0.6427%)(1— %z_l +2.25272)
—2 3 —2
Hy(z) = (140.64277)(1 — EZ +2.2527%)

H(z) is the minimum-phase system.

(b)
Hi(z) = 1- %2_1 +2.89272% — %2_3 +1.4427%
hi(n) = {%,—55,2.89,_\1;2,1.44}
Hy(z) = 0.642% — %z +2.44 — %z* +2.25272
ho(n) = {0.64,_\1[‘32,2.%4,—55,2.25}
H3(z) = 2.252%— %z +2.44 — 1%22—1 +0.64272
hs(n) = {2.25,\_/‘;1,2.;14,—1\?;,0.64}
Hy(z) = 1.442* - %23 +2.892% — %z +1
hy(n) = {1.44,;;2,2.89,—55,%,}
160
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(c)
Ei(n) = {1,5.5,13.85,15.70,17.77}
Es(n) = {0.64,2.48,8.44,12.94,18.0}
Es(n) = {2.25,6.75,12.70,14.55,14.96}
Ey(n) {1.44,3.28,11.64,16.14,17.14}

Clearly, h3(n) is minimum phase and hs(n) is maximum phase.

5.69

1
Tl + Zgzl arz=*
(a) The new system function is H'(z) = H(A\"'2)

1
B 1+ Zgzl ak)\kz*k

If py is a pole of H(z), then Apy is a pole of H'(z2).

Hence, A < —— is selected then |pyA| < 1 for all k and, hence the system is stable.

[Pmac]

(b) y(n) = =331, axAFy(n — k) = z(n)

H'(2)

161
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Chapter 6

6.1

(a) Fourier transform of dzx,(t)/dt is X, (F) = j2nFX,(F), then Fs > 2B

(b) Fourier transform of 22 (t) is X, (F) = ( ) * Xo(F), then Fy, > 4B

(c) Fourier transform of x4 (2t) is X, (F) = Xa( 2) hen F; > 4B

(d) Fourier transform of z4(t) cos(6mBt) is Xo(F) = 2+ Xo(F + 3B) + 3 X,(F — 3B) resulting in
Fr, =2B and Fly = 4B. Hence, Fy, = 2B

(d) Fourier transform of z,(t) cos(7rBt) is X, (F) = %XG(F +3.5B) + £+ X,(F — 3.5B) resulting
in Fr, =5B/2 and Fg = 9B/2. Hence, kyax = L%‘IJ =2and Fs = 2Fy /kpmar = 9B/2

6.2

(a) F,=1/T>2B=A=T,F,=B.

(b) X,(F)=0for |F|>3B. F,=1/T >6B= A=T,F,=3B.
(¢) Xo(F)=0for |F|>5B. F,=1/T >10B= A=T,F, =5B.

6.3
K|
za(t)= (;) et/ Ty (6.1)

k=—o0

Since filter cut-off frequency, F. = 102.5, then terms with |n|/T, > F, will be filtered resulting

10 1 |kl
ya(t) Z (2> e]27rkt/Tp

k=-10

Sampling this signal with F's = 1/T = 1/0.005 = 200 = 20/T,, results in aliasing

Z o(F'—nFs)

_X

n=—oo

Yo(F)

Y(F) =

oo\r—\

\k| ]

§(F — k/T, — nF,) + (2)9 §(F —10/T, — nFS)>
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6.4

z(n) = z,(nT) = nTe "Tuy,(nT)
= nTa"u,(nT)

where a = e~ T.

Define z1(n) = a"uq(n). The Fourier transform of x1(n) is

o
E a”efﬂﬂF"

n=0
1

1 — ge—J27F

X1 (F)

Using the differentiation in frequency domain property of the Fourier transform

Xi(F
X(F) = Tj d% )
Tae~i%7F
(1- ae—ﬂ”F)2
T
e(T+527F)  o—(T+527F) _ 9

(b) The Fourier transform of z,(t) is

1
H = G gy

Fig. 6.4-1(a) shows the original signal z,(t) and its spectrum X,(F’). Sampled signal z(n) and
its spectrum X (F') are shown for Fy = 3 Hz and Fs = 1 Hz in Fig. 6.4-1(b) and Fig. 6.4-1(c),
respectively.

(c) Fig. 6.4-2 illustrates the reconstructed sugnal Z,(t) and its spectrum for F; = 3 Hz and

Fy, =1 Hz.
. - sin (w(t —nT)/T)
Fa(t) = n:z—:oo Za(nT) w(t —nT)/T
6.5
The Fourier transfrom of y(t) = fioo x(7)dT is
X (w) ,
A
Y (w) 0 + 71X (50)0(w)
Then,
1
— +mi(w), 0<n<I
= jw
H(w) { 0, otherwise
164
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0.4
0.3}

“0.2¢
=

0.1f

F)

=0.5

t(sec)

0.4

0.3

(nT)

()

x0.271

><0.1,

-

t(sec)

5

10

T

Figure 6.4-1:
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0.4 1
0.3t
- n
><n0.2 F ><m0.5 F
0.1t

Figure 6.4-2:
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6.6
(a) B = F»—F) is the bandwidth of the signal. Based on arbitrary band positioning for first-order
sampling,
2Fy
Fymin =
’ kmam
where
F
kmaac = I_EQJ
(b)
Za(t) = Z za(nT)ge(t — nT)
where
in Bt
ga(t) = Sli;t cos 2 F,t

and F, = (F1 + Fy)/2.

6.7

oo
ga(t) = / Go(F)e?mFtqp
—00
Fr—mB 1 . —F 1 -
= / 7m+lej2ﬂ'FtdF+/ 7meg2ﬂFtdF
~r-p) 177 Fr-mB 1 =7
—FrL+mB 1 — FL+B ] -
+/ —el T dF+/ - pinitgp
Fr, 1—ym F4mB 1 — A~ (mA1)
= A+B+C+D
1 . .
= j2m(FL—mB)t _ ,—j2m(FL+B)t
A = jzﬂ_Bt(l _ ,y7n+1) (6 L e L )
ejﬂBA(m+l) ‘ -
= - . i €j27T(FL—mB)t _ e—]er(FLJ,-B)t
j2m Bt(edmBA(m+1) _ e—jmBA(m+1))
6j71'BAm

B = _ _ e—j27rFLt _ ejor(FL_mB)t

j2n Bt(eimBAM _ e—jmBAm)

efjﬂ'BAm ‘ ‘

C = , i (ej27rFLt o 67J2W(FL7mB)t)

J2n Bi(eInBAm _ o—jnBAm)

e—jﬂBA(m+1) 4 4
D = - . (e—JZW(FL—mB)t _ e]Qﬂ(FL+B)t)
j2m Bt(edmBA(m+1) _ e—jmBA(m+1))

Combining A and D, and B and C, we obtain,
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1 . .
A+D = jl2n(Fr+B)t—mBA(m+1)] —j2n(FL+B)t—mBA(m+1)]
* Bism(xBAm 1) Te
_ej[QW(FL—mB)t+7rBA(m+1)] _ e—j[27r(FL—mB)t+7rBA(m+1)])
_cos[2n(FL + B)t — w(m + 1) BA] — cos 2n(mB — Fp)t — w(m + 1) BA|
B 27 Btsin [r(m + 1) BA]
BiLC = 1 (ej[Qw(FLme)t+7rBAm] +efj[27r(FL7mB)t+7rBAm]

mBtsin(rBAm))

_ej[27rFLt—7rBAm] _ e—j[Qﬂ'FLt—ﬂ'BAm])

cos [2mr(mB — Fr)t — mmBA] — cos [2nFrt — mmBA]
2 Bt sin(mmBA)

We observe that a(t) = B+ C and b(t) = A+ D. Q.E.D.

6.8
1.
(n) = 1, 0<n<I
gsu\n) = 0, otherwise
2.

> gsu(n)e "

n=—oo

I
— § : e—jum
n=0

o—jw(r—1)/28m [wl/2]
sin(w/2)

Gsm(w)

3. The linear interpolator is defined as

i [n]z 1—|n|/[, |n|§]
lin 0, otherwise

Taking the Fourier transform, we obtain

sin(wl /2)] 2

1
Gitin(w) = I [ sin(w/2)

Fig. 6.8-1 shows magnitude and phase responses of the ideal interpolator (dashed-dotted line),

the linear interpolator (dashed line), and the sample-and-hold interpolator (solid line).
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4
3 L
©2r
1+
0
-4
3
2 L
1+
)
s of
s
1k
o+
_3 | | | | | | |
-4 -3 -2 -1 0 1 2 3
F
Figure 6.8-1:
6.9
(a)
.Ta(t) _ e—j27rFot
oo .
X (F) = / zq(t)e 2 qt
0

oo
_ / e—]ZﬂFote—JQﬂ'tdt
0

o0
_ / o2 (F+Fo)t gy
0
e—d2m(F+Fo)t

—]27T(F + Fg)
-
j2m(F + Fy)

iy
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(b)
z(n) = e_%w
X(f) = ) z(n)e??n

o0 .
= YR

1200

n=0
o0
_ Ze—jQﬂ'(F—&-%)n
n=0
_ 1
] _ i (PR
(c) Refer to fig 6.9-1
(d) Refer to fig 6.9-2
1200
1000} .
8001 .
C
5]
X 600 .
A
|
400 .
200 8
0 1 1 1 1
0 200 400 600 800 1000
Figure 6.9-1:

(e) Aliasing occurs at Fy = 10Hz.

6.10

B
Since FC% = 50;010 = 3 is an integer, then F; = 2B = 40Hz
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Fs=10 Fs=20
12 15
10
= 8 =10
L L
X 6 x
A A
I 4 I 5
2
0 0
0 5 10 15 0 10 20 30
Fs= 40 Fs= 100
40 100
30 80
C T 60
L) x
?
10 20
0 0 I
20 40 60 0 50 100 150
Figure 6.9-2:
6.11
(a)
Number of bits/sample = log21024 = 10.
o [10, 000 bits/sec]
®  [10 bits/sample]
= 1000 samples/sec.
(b)
18007
Fmax =
2
= 900Hz
()
6007 , 1
i = o (Fs)
= 0.3;
18007 , 1
2= — (E)
0.9;
But fo = 0.9>05= fo=0.1.
Hence, z(n) 3cos[(2m)(0.3)n] 4 2cos[(27)(0.1)n]

Telegram: @uni_k
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_ max— iy 5-(=5) _
() & = R0 min = 27E8 = .
6.12
z(n) = x.(nT)
s (1000 (250w
= 2% 200 S\ 7200
3
= 3cos (%) — 2sin (T)
T = L;s (t) = z(t/T")
1000 ~ Ye
71000t . (371000t
= 3cos — 2stn
2 4
Yo (t) = 3cos(500mt) — 2sin(750mt)
6.13
(a)
Range = xmax — i = 12.7.
m o= 1 range
B A
12741 =128 = log2(128)
= 7 bits.

(b) m =1+ 327 = 636 = log(636) = 10 bit A/D.

6.14

B = -z
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6.15

The output y;(¢) is basically the square of the input signal y,(t). For the second system,

X(w) X(w) * X(w)

-3n -2n -& 0 T 2n 3mw -2 -7 0 T 27

spectrum of sampled xi ),

(i.e.), S(n) = axz(IlT)

2
spectrum of X% (1)

2B 0 2B 2B 0 2B

Figure 6.15-3:

22(t) +» X(w) * X(w), the bandwidth is basically 2B. The spectrum of the sampled signal is

a

given in fig 6.15-3.
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~—

y1(t
Sa(t)

Y1 (t)
sa(t)

= COoS

1

—co
2
1 n 1

= —Cc0S——

2
1 n 1

= —co
2

= cosd40mnt

40mn

50
41mn

= cosS—
)

= -+ 50082071’75

2

= (1)

a

= cos’40rt

1 1
= B + 56088071'15

80mn
S
50
8mn

+

1
2

2 5

2mn
- s —
2 5

1 1
= =+ —cos20nt

2 2

= 30,

47n

= COS—/—

3

= =4 —cos207t

2 2

— 2

a

= cos’40mt

1 1
= =+ —cos807t

2
n 1 80mn
—cos
2 30
1
2

2mn
coS——

3

2
1
2
sy
2

1 1
= =+ —cos20nt

2 2
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6.16

Sa(t)
Sa(n)

Sq(w)
Xo(w)

-
If T is an integer, then we may select

6.17

Also, E, = /

o0
Therefore, Z 2*(n) =

n=—oo

H(F) = /OO h(t)e 72 tqt

— 00

Ty 2T
= / —eszﬂftdtJr/
o T T

Zo(t) +axg(t —7), Jof <1

Za(n) + azq(n — %)

1+ae™T

27
267j2”ftdt7/ —e It gy
T

T

A
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Substituting a = —j27 f

1 [eoT 1
AF) = |G =1 - (-1
_ 6aT eaT L
 a Ta?2  Ta?
Al A2 A3
2
B(F) _ 7[60’2:’1 eaT}
a
2 a3T /2
= = sin(m fT)
f
1 eaQT aT
C(F) = —7 5 (a2T - 1) — 2 (aT —1)
eaQT eaZT ea2T eaT eaT
T T T4 a +Ta2 a Ta?
——— N
c1 Cc2 c3 c4 C5
6a'3>T/2
AL(F)+ CL(F) = - 7 sin(w fT)
T
ea3T/2
A2(F F) = si T
(F)+C3(F) = T sin(xfT)
eaT/Q
A3(F F) = - 31 T
3(F) + C5(F) oy (s T)
ea3T/2
C2(F)+c4(F) = - 7 sin(w fT)
m
Then,
e 327IT (sin(xfT)\>
H(F)=
0= ("7")
(b)
6.19
1 its
R o_ (QOsamp es)x(8 bits )
sec sample
= 160%
sec
F
FfOld = ?:101‘12
1volt
luti =
Resolution 58 1
= 0.004
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— HF)
_ H

ideal

(F)

I T2+ B
0 1 L | o N ! !
-6/T -5T 4T -3T -=2/T -1/T 0 1T 2/T 3T 4T 5/T

F
Figure 6.18-1:
6.20
x(t) = Acos2nFt
dx(t
Zi) = —A(2nF)sin2nFt
= —21AFsin2nFt
dx(t) A
= 2mAF < —
a max =T
Hence, A > 27AFT
_ 2mAF
= 7

Refer to fig 6.20-1.

6.21

6/T

Let P; denote the power spectral density of the quantization noise. Then (a)

B
Fg
/ Pydf
_ B
Fg
2B
Iy

2
e

b,

Py

ag
2

SQNR 10logro &
0’6

2
oz

2BP,;

o2 F,
2 110! F

2BP, + 0910

10[0910

10l0910
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Figure 6.20-1:

Thus, SQNR will increase by 3dB if F§ is doubled.
(b) The most efficient way to double the sampling frequency is to use a sigma-delta modulator.

6.22
(a)

o
Se(F) = i
TF
H,(F = 2|si
HL(F)| = 2lsin’|
B
o2 = / |H,(F)|*S.(F)dF
B 2
— 2 [ 4sin2(ZZear
/0 sm(FS)FS
402 B onF
= Fi:./o (1 — cos ;s )dF
405[ F 271'3]
= — —Zsin
F, o R,
_ 202 2rB . 27TB]
- a2 VR TR
178
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(b)
2B
F 1
or F. << s
. 2B 2rB 1(27TB)3
F T R 6 R
202 2rB  2rB 1,27B
Th £ 2 _ e _ _ - 3
erefore, o el 2 6( F. )]
1 2B
= 577203(?8)3
6.23
(a)
1 27t
(X() - Dyl oy~ Dby = Dyle) — B(2)
Dy(z) = 27'X(2)+(1-2"1H%E(2)
Therefore, Hy(z) = =z~
and H,(2) = (1—2z71?
(b)
Ho(F)| = 4sin®(%
AP = asin*(5)
2nF
= 2(1-
(1 - cos(2Z0)
(c)
2 o 200
= H,(F)|*-£tdF
i o= [ merE
B 2
mF o
~ 2 [4 P_cdF
| ures
_ 3o / " prar
F2 o Jo
1 2B
= 574UZ(FS)5
6.24
(a)
2
z(n) = cosﬁﬂn
za(t) = x(n)|n=t
= cos@
- NT
Fs
= 2m(—)t
cos 7T(N)
F

Therefore, Ffy = -—

(b) N analog sinusoids can be generated. There are N possible different starting phases.
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6.25
(a)
h(t
(b)
H(F)
X(F)
Y (F)

But C(F — F,)U*(~F — F.)
FHOE)U(F)]

Hence, y(t)

6.26
(a) zp(t) = 3202 oo

fourier series representation are

Ck

Telegram: @uni_k

/ H(F)e? Ftqp

0o
.
c(t)ejQTcht + C*(t)e—jQTcht

2Re[c(t)ej2”F“t]

[¢(F — F.) + c¢*(—F — F.)|e/*™ 't dF

O(F — F) + C*(-F — F,)
SWU(F ~ F) + U (-F ~ F,)]
X(F)H(F)

YO - F)U(F ~ F) 4 U(-F ~ F)C*(-F ~ )
1

+§[C(F — F)U*(-F

U(F — F,)C*(~F — F,) =

[

%,U(t)ej%cht + %,U*(t)efj%cht

Re[v(t)e?mFe!]

F)+U(F_FC)C*(_F_FC)]
0

e(r)u(t —r)dr =

xq(t — nTy) is a periodic signal with period Ts. The fourier coefficients in a

t/
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(b) Let

wipy={ b —Fst<y
1 0, otherwise

Ty >21, x,(t) = x(t)w(t)
Xa(F) = Xp(F)xW(F)
- k sintF'T,
K = | 3w [m
> sinm(F — £)T,
= TS Z Ck kTs
b oo 7T(F — i)TS
> sinm(F — £)T,
= Y Xu(kéF) ( kTs) B
k=—o00 (F - TS)TS oF

(¢c) If T < 27, there will be aliasing in every period of z,(t). Hence, x4(t) # x,(t)w(t) and

consequently, z,(t) cannot be recovered from x,(t).
(FZKSF)

(d) From (b) Xo(F) = X320, Xa(koF) ™ Fefr

SF
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Chapter 7

7.1

Since x(n) is real, the real part of the DFT is even, imaginary part odd. Thus, the remaining
points are {0.125 4 j0.0518,0,0.125 + 50.3018}

7.2
(a)
W) = m), 0<I<N-1
= z(l+N), —(N-1)<I<-1
Za2(l) = sin(3—ﬂ-l), 0<I<T
= sm(%ﬂ(z +8)), —-7<1<-1
= sin(Tp), <7
3
Therefore, xl(n)xg(n) = Z Zo(n —m)
m=0
= sm(%\nb + sm(%rm —1)+...+ sm(%m -3
= {1.25,2.55,2.55,1.25,0.25, —1.06, —1.06,0.25}
(b)
- 3T
Zo(n) = cos(gn)7 0<I<T

Therefore, xl(n)xg(n) = 23: (Dm;zg(nm)

= {0.96,0.62,—0.55, —1.06, —0.26, —0.86, 0.92, —0.15}
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7
for (a) X1(k) = Zml(n)eﬁ%k"
n=0
= {4,1—52.4142,0,1 — j0.4142,0,1 + j0.4142,0,1 + 52.4142}
similarly,
Xo(k) = {1.4966,2.8478, —2.4142, —0.8478, —0.6682, —0.8478,

—2.4142,2.8478}
DFT of xl(n)xg(n) = Xi(k)Xa(k)
= {5.9864,2.8478 — j6.8751,0,—0.8478 4+ j0.3512, 0,
—0.8478 — 5j0.3512,0,2.8478 + j6.8751}

For sequences of part (b)

X;1(k) = {1.3333,1.1612 — 50.2493,0.9412 — j0.2353,0.8310 — j0.1248,
0.8,0.8310 + ;j0.1248,0.9412 + 50.2353, 1.1612 -+ j0.2493}
Xo(k) = {1.0,1.0 + j2.1796,1.0 — j2.6131,1.0 — j0.6488, 1.0,

1.0 + j0.6488,1.0 + 52.6131, 1.0 — j2.1796}

Congeqyently,
DFT of xl(n)xg(n) = Xi(k)Xa2(k)

= {1.3333,1.7046 + ;2.2815,0.3263 — j2.6947,0.75 — j0.664, 0.8,
0.75 + j0.664, 0.3263 + j2.6947,1.7046 — j2.2815}

7.3
#(k) may be viewed as the product of X (k) with

1, 0<k<k, N—k.<k<N-1
F(k)_{ 0, k<k<N—k,

F (k) represents an ideal lowpass filter removing frequency components from (k. + 1)%7T to .
Hence @(n) is a lowpass version of z(n).

7.4
(a)
z1(n) = % (ej%" + e_j%”)
N
Xi(k) = 5 [6(k—1) +6(k+1)]
also Xo(k) = % [0(k—1)—6(k+1)]
So X3(k) = Xi(k)Xa(k)
N2
= Tj[é(kfl)fé(kJrl)]
and z3(n) = gsm(%n)
184
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(b)
Rey(k) = X1(k)X;5(k)
N2
= 7 =1 =0k +1)]
= Tay(n) = —gsin(%ﬁn)
(c)
= N72[5(k—1)+5(k+1)]
= 'anc(n) = %COS(%n)
(d)
Ry, (k) = Xo(k)X3(k)
N2
= k=1 +0(k+1)]
= Fyy(n) = gcos(%n)
7.5
(a)
N-1 = L
le(n)$2(n) = 1 (eJW"_|_€ Jﬁn)
n=0 ne0
1 e ( c4m 4m 2)
= Z IR 4 oI 4
4 n=0
I
N
)
(b)
N_lxl(n)%(”) = —i.N_l (ejzfgn—i—e JN”> (e—y%”n
n=0 45 —
! IS iwn —jirn
Ty (e Fn_ . )
= 0

185

Telegram: @uni_k



www.konkur.in

7.6

w(n) = 0.42-0.25 (eﬂ’%n +e7 Nw) +0.04 (ej%n + eﬁ%n)
N—-1 N—1 N—1
w(k) = 042 Z e IR _0.25 [Z I NI I RNk | Z e—jszlnejzﬁnk]
=0
TN—1
+0.04 Zele e]N"k+Ze N_1 Nnk]
= 0.42N6(k)
1— 2wk 1 gmi2n[Fr ]
~0.25 A o
1 e]27r[ 1—ﬁ] 1 6_3277[N—1+W]
[ —e2n[#5 -k e[+
+0.04 e T oy lme T
11— ejzﬂ[ 2] 1— eisz[N 1+%]
—  0.42N5(k)
095 | LT 08D — cos2mlmty + ) + cos(RE)
. 1—cos(2m(727 + &)
1 —cos(2EN)Y — cos(2m (2= + £)) + cos(2Zk
+0.04 (W=r) = cos(@rly ziv)) ()
i 1 —cos(2m(5=7 + +))
7.7
- 1 Irkon j2mkon 2rkn
Xc(k) = §m(n) (63 +e 1N )e_T
n=0
N—-1 N—
1 ™ n ]. ™ n
= 5D z(ne T +5 Z _j2mltho)n
n=0 n=0
1
- §X(k — ko)modn + §X(k + ko) modn
. 1 1
similarly, Xy(k) = ZX(k - kO)mOdN - ZX(k + ko)modN
7.8
y(n) = xl(n)@l’g(n)
3
= Z :El(frn)l'ﬂOC]Agc2 (TL - m)m0d4
m=0

= {17,19,22,19}
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7.9

7.10

7.11
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z1(n)

X1(k)

zo(n) = z(n—2)

Xo(k) = X

X1 (k)X2(k)
{17,19, 22,19}
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7.12
(a)
s(k) = WEX(k)
= (-1)*X(k)
5
s(n) = %Z(—n’fX(k;)W];’m N=6
1k;0
= 2D Xk
k=0
= z(n=3)mods
s(n) = {3,4,0,0,1,2}
(b)
y(n) = IDFT{X(k)—;X*(k)}

[(n) + 2" (=n)modn]

[IDFT {X(k)} + IDFT {X*(

7 z(1) +z(5) «(2)+ x(4)’

k)}]

I

— SN =N =
8
=

2 ’ 2
1 1
- 07233a37372}
()
v(n) =
By similar means to (b)

v(n) =

188
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7.13
(a)
N-1
Xi(k) = 2(n)Wy"
n=0
3N—-1
Xs(k) = 2(n) W
n=0
N—-1 2N—1 3N—1
= Y Wi+ Y amWik+ Y a(m)Wif
n=0 n=N n=2N
N-1 N N-1 X N-1 X
= z(n)Wy® + Z (n)WEWy® + Z x(n)WEEW 2
n=0 n=0 n=0
N-1 X
= (n) [1+ W5 + Wi Wit
n=0
= (1+W§+ WX (k)
(b)
X (k) = 2+ Wy
X3(k) = 2+ WF+2Wek + Wk + 2wk + gk
k k k
= 2+ W) +WEFQ+ W)+ Wik @2+ Wy)
k
= (W WEX(3)
7.14

R— ) I

= {4,0,1,2,3}
(b) Let x3(n) = {zg,z1,...,24}. Then,
04 3 2 177 a0 1
1 0 4 3 2 1 0
21 0 4 3 z2 [ =10
3 2 1 0 4 T3 0
4 3 210 T4 0

Solving yields sequence

z5(n) = {—OT.18,().22,0.02,0.02,0.02}

7.15

Define Hi(2) 2 H~1(z) and gotrsponding time signal hi(n). The use of 64-pt DFTs of y(n)
and hq(n) yields z(n) = y(n)hl(n) whereas x(n) requires linear convolution. However we
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can simply recognize that

X(z) = Y(2)Hi(2)
= Y(2) - 05Y(2)z!
so z(n) y(n) —05y(n—1), 0<n<63

>

190
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7.16

where Z
But Z

g(0)

g(ko)

9(2]{70)

9(3ko)

and g(n)

Therefore, g(n) * h(n)

Telegram: @uni_k

2
]. ;T 1 ;I
e () () e

{4 16 —45 4 16 +4j

, repeat kg times }

37 17 5 17
| Nl
27
L5 e
4ko—4 4ko—3 .
1 4 j2"" kn 16—4] J2—"'k’n
P —_ 4k 4k
4ko[z3e°+z<17e°
k=0,4,... k=1,5,...
4kO 2 4k70 1
16+ 4 P
+ Z J‘“Co ( ;; j>€'742k0k ]
k=2,6,.. k=3,7,.

S (E s (o)

() e

ko—1

> o

=0

1, yielding

1[4 (16—45\ 4 [(16+4j
4[3+< 17 >+5+< 17 )}
256

255

1[4 (16—45\ 4  [16+4j
4_3+=7( 17 )_5_3( 17 )}
64

255

1[4 [(16—45\ 4 [16+4j
4_3_< 17 >+5_< 17 )}
16

255

1[4 [16—45\ 4  [16+4j
4_3_]< 17 )_5+J( 17 ﬂ
4

255

0 for other nin [0, 4ko) .

256 1

) 07 07 ) ) b ) ) b b ) O
255 ? 9 t 255
ko 2k 3ko T
4ko
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g(.) represents a close approximation to an inverse system, but not an exact one.

7.17

n=0
= {6,-0.7071 — j1.7071,1 — 4,0.7071 + 50.2929,0,0.7071 — j0.2929, 1 + 7,
—0.7071 4+ j1.7071}

IX(k)| = {6,1.8478,1.4142,0.7654,0,0.7654, 1.4142, 1.8478}
/X(K) = {0, —1.9635, _TW, 0.3927,0, —0.3927, Z, 1.9635}
7.18
o0
z(n) = Z d(n—iN)

y(n) = Y h(m)z(n—m)

= > h(m) lz 5(n—m — iN)]
Z h(n —iN)

Therefore, y(.) is a periodic sequence with period N. So

N-1

Y(E) = > ymwi
)
Y(k) = H(%) k=01, N—1
7.19
Call the two real even sequences z.;(.) and ez (.), and the odd ones z,;(.) and z,2(.) (a)
Let zc(n) = [ze1(n) + zo1(n)] + J [we2(n) + 2o2(n)]
Then, X.(k) = DFT {zc1(n)}+ DFT {251(n)} + jDFT {zez(n)} + jDFT {245(n)}

= [Xe1(k) + Xo1 (k)] + j [Xea (k) + Xo2(k)]

where X1 (k) Re[Xc (k)] + Re[X (k)]

2
Xo(ky = DReXlDlZ RelXel=)]
Xeo(k) = Im[Xc(k)]—;Im[Xc(_k)]
Xplh) = Xe(k) —ZIm[XC(—k;)]

192
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(b)
81(0) = l‘l(l) —(,Ci(N— 1) =0
—si{(N—-n) = —z;(N—-n+1)4+z,(N—-n-1)
= zin+1)—zi(n—-1)
= si(n)
()
z(n) = [z1(n) + s3(n)] + 7 [22(n) + s4(n)]

The DFT of the four sequences can be computed using the results of part (a)

N-1
For i = 3,4,s;(k) = s;(n)Whn
n=0
N-1
= [2i(n +1) = @i(n — )] WY
n=0
= Wy"Xi(k) — WEX;(k)
2m
= 2jsin(—=k)X;
jsin( ~ k)X (k)
Therefore, X3(k) = . 83(]2)
2jsin(5rk)
k
X = 5
2jsin(57k)
(d) X3(0) and X4(0), because sin(3Fk) = 0.
7.20
N-1
X(k) = Z x(n)Wh"
n=0
N_q N _q
2 2 N N
= z(n)Wer + x(n + ?)WJI\C,( +2)
n=0 n=0
|
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X(2+1)

X (k)

For k

If k is even, WF =1, and X (k) =0
(b) If k is odd, W¥ = —1, Therefore,

N1
2
= ZQm(n)Wﬁ"
n=0
-1 k
= 2 w2
nz:;)a:(n)W%
N
= 2l+1 l=0,...,—
+ ) 07 72
J-1

(a) Fs = Fy = 2B = 6000 samples/sec

—L_ %120 = 0.02 seconds.

6000

N
— — pt DFT of sequence 2z

= 3 (n)Wx
T = L
F
_ 1
6000
! < 50
Lr -
-~ 50T
_ 6000
50
= 120 samples
1 S27 1 27
N+ ge IR 0<n<N, N=10
N-1 .
z(n)e I NN
n=0
N711 N711
1 2 (k—1)n Lo —iE (k+1)n
26 JN + Z 26 IN
n=0 n=0
50(k—1)+56(k—9), 0<k<9
194
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7.23
(a) X(k) = >0 ) d(n)e 7 Fkn =1, 0<k<N-1
(b)
N-1 .
X(k) = Z §(n —ng)e IxH
n=0
= e ¥k 0<k<N-1
()
N-1
X(k) = ae I kN
n=0
N-1
= (ae j%k)”
n=0
_ 1—aV
1 —qe ¥k
(d)
N
: 27
X(k) = Y e iwkn
n=0
1—e i FoH
T iRk
_ 1-(DF
ek
()
N-1
X(k) = Z el Ko g =i 5 kn
n=0
N-1
_ o= 35 (k—ko)n
n=0
= Nk — ko)
(f)
1 2 1 2
z(n) = 563%"% + 56_]%7”%
N
From (e) we obtain X (k) = 5 [0(k — ko) +0(k — N + ko)]
(&)
z(n) = 1 iZenko i’e*jzlnko
2j 2j
N
Hence X (k) = % [0(k — ko) —0(k— N + ko))
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7.24
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eI vk (assume N odd )

fa
=
|

i MZ

= 1+e W% p Tk 4 iF0-Dk
1_( 27r2k)N+1

1—e j27'2k

1—e ik
B 1—e ik
B 1
1 iRk
1N—1
zn) = =Y X(k)ed Tk
Nk:O
N-1 Y
= X (k) ¥ = Na(n)
k=0
X(0)+X(1)+X(2)+X(3) = 4
X(0)+ X(1)e'3 + X(2)ed™ + X(3)e! T =
X(0)+ X (1)ed™ + X(2)e7™ + X(3)e?™ = 12
X(0)+ X(1)e T + X(2)e™ + X(3)e T = 4
11 1 1 X(0) 4 X(0) 7
1§ -1 —j X | _ (8 || X | _|-2-J
1 -1 1 -1 X2 | | 12 X2 | |1
1 —j -1 3 X(3) 4 X(3) —2+7

X(0) = z(n)
n=0
— 7
3
X(1) = Zx(n)eﬂfl
n=0
— —2—]
3
X(2) = x(n)e ™"
n=0
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7.25

o0

X(w) = Z x(n)e Ivn

— ej2w + 2ejw L34 2€—jw +e—j2w
= 34 2cos(2w) + 4cos(4dw)

n=0

3+ 207k L eI F J 0TI T | IOk
2

34 4cos(gk) + QCOS(gk)

(¢) V(k) = X (w)],_2z6_ s

w 5
This is apparent from the fact that v(n) is one period (0 < n < 7) of a periodic sequence
obtained by repeating x(n).

7.26

Let z(n) = Z§n+lN

l=—00

Hence, x(n) is periodic with period N; i.e.

z(n) = 1, n=0,£N,£2N,.
0, otherwise
N-1
Then X (k) = z(n k=1, 0<k<N-1
n=0
1= 2z
and z(n) = i Z X (k)ed Nnk
k=0
o) 1 N-1 o
Hence, Z d(n+IN) = i eIk
l=—00 k=0
197
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7.27
(a)
M-1
Y(k) = y(n) Wiy
n=0
M-1
= > a(n+ IM)WEP
n=0 1
Now X (w) = Zx(n)efj“m,
sz(2—7Tk;) = ZW’“"
M M
M-1
= Z x(n + lM)W]]\}(nHM)
n=0 1
M—1
= ZZx(n—i—lM)Wl’f/[”
n=0 1
= Y(k)
Therefore, Y (k) X(w)| =22
(b)
Y = Xl
k
Y5 = Xl
= X(k), k=24,...,N-2
()
Xi(k) = X(k+1)
= x1(n) = m(n)eij%ﬂ"
= z(n)Wy
N
Let y(n) = xl(n)+x1(n+5), 0<n<N-1
= 0, elsewhere
Then X(k+1) = Xi(k)
- Y(g), k=0,2,...,N—2

N
where Y (k) is the ?-pt DFT of y(n)

198
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Chapter 8

8.1

Since (! ¥*)N = ei27F = 1, ¢/ ¥ F satisfies the equation XV = 1. Hence e/ ¥F is an N poot
1 j2r

of unity. Consider Z,]j__o eI Wkneiin If | £ |, the terms in the sum represent the N equally

spaced roots in the unit circle which clearly add to zero. However, if k = [, the sum becomes
211:1:—01 1= N. see fig 8.1-1

z-plane j4m

unit circle

Roots for N=12

Figure 8.1-1:

8.2

(a) W]%W;{f(l_l) — efj%”qefj%’q(lfl) = e*j%ql = Wg]l
(b) Let W& = W +8 where W is the truncated value of Wg. Now W = (W% +6)! ~ W +15.

199
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Generally, single precision means a 32-bit length or § = 5x1071%; while 4 significant digits means
d = 5x107°. Thus the error in the final results would be 10° times larger.
(c) Since the error grows as 14, after N iterations we have an error of No. If W]%l is reset to -j

after every ql = % iterations, the error at the last step of the iteration is 6 = [4%} 6. Thus, the

error reduced by approximately a factor 4q.

LetX'(k")

Then, X'(k")

Using the fact that W]%,k/”

X'(K)

8.4

d W 0<k<N-1
n=0

N-1
()W + > a(n)Wx"
n=>N

2

N N
N g N_g

k < N+ )k
sWR' + D alr+ )Wy
r=0

X (2k+1), ng’gg—l

S N N (op
{fﬂ(n)Wﬁk O L a(n + E)WJ(VHT)(% +1)}

n=0

wkr o W =1

M7
o ,L |

nyk’n E Enynig s

vl
L

N /
2

3
I
o

Create three subsequences of 8-pts each

Telegram: @uni_k

21 22 23
Y(k) = ym)WRE+ > ymWE D y(m)WR?
n=0,3.6,... n=1,4,7,... n=2,5,...

-
Il

>

0
Yi(k) + W Ya(k) + WY (k)

200

where Y7, Y5, Y3 represent the 8-pt DFTs of the subsequences.

7 7 7
= D yBHIWE + > y@Bi+ HDWEWE + > y(3i+ 2)WEWR
=0
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8.5

Temporal aliasing occurs in first two points of 2/(n) because X (z) is not sampled at sufficiently

small spacing on the unit circle.

8.6

(a) Zy, = 0.8¢7 %5+ 5] see fig 8.6-1

(b)

Telegram: @uni_k

14z 4. +276
X _ 2
14+e % 4% 4. 45
242 9% 4 eI 4 4T
{2,2,1,1,1}

Zw(n—i—?m), n=0,1,...,4

m

z-plane
3
Z4 27
z
%
circle of radius 0.8
Figure 8.6-1:
X(k) = X(2)|:=
v —n
= Y a(m[ose/l ]
n=0

= z(n)0.8e7I5"
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8.7
Let M = g, L = 2. Then
|
F0,q) = z(0,m)W 1
n=0 2
A1
F(l,g) = Y a(1mWge
n=0 2
which are the same as Fy (k) and Fz(k) in (8.1.26)
G(lq) = W{F(l,q) = F(k)Wy
X(0,q) =x(k) = G(0,9) +G(1,q)Wy
= Fi(k)+ B(kWy
X1,q) =x(k) = G(0,q) +G(1,q9)W;
= Fi(k) - Fa(k)Wx
8.8
1
W = —=

ﬂ(l 7)

Refer to Fig.8.1.9. The first stage of butterflies produces (2, 2, 2, 2, 0, 0, 0, 0). The twiddle
factor multiplications do not change this sequence. The nex stage produces (4, 4, 0, 0, 0, 0, 0,
0) which again remains unchanged by the twiddle factors. The last stage produces (8, 0, 0, 0, 0,
0, 0, 0). The bit reversal to permute the sequence into proper order unscrambles only zeros so
the result remains (8, 0, 0, 0, 0, 0, 0, 0).

8.9

See Fig. 8.1.13.

8.10

Using (8.1.45), (8.1.46), and (8.1.47) the fig 8.10-1 is derived:

8.11

Using DIT following fig 8.1.6:

111 1

15t stage outputs {2, 2 2,...,2}

nd 1 2 1 2 1 2 1 2

27% stage outputs 1,2(1—|—W8),O,2(1 WS),1,2(1+W8),0,2(1 Wg)

1 1

grd stage outputs {2, 5(1 + W4+ WZ+W3),0, 5(1 —WZ+ W3 —W),0,
1 1
2(1—W81+W82—Wg),o,2(1—wg—wg+wg}
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x(0) O x(0)
@ Q O x()
>0
® Q \O X
«(12) O x(3)
x() 00 O x#)
x(5) 0 O x(5)
x©9) 30 O x(6)
«13) 00 O x(7)
RONG; o O x(8)
x(6) (5 O x©9)
0
10 o . O x(10
«14) 50 O x(l1
0
x3) O O O x(12
0, Q
R OXe! O O x(13
0 6 €
x(1D) & O O x(14
9
x(15) & O O x(15

Figure 8.10-1:

Using DIF following fig 8.1.11:

t 1111111 1 1
1S Stage Outputs {2’2727272’2’2W81’2W8272W83
1 1 1 1
ond stage outputs : {1,1,0,0,2(1+W82),0,Q(ng—I—WSB),Q(I—WE?),Q(W{:’—WSs)}
1 1
grd stage outputs {2,0,070, 5(1 + Wy + W2+ W), 5(1 — W3 +Wg -W3),
1 1
(1= W2 W = W), 10— W2 = W 4w |
8.12
Let
1 1 1 1
a1l =5 -1
A= 1 -1 1 -1
g =1 =
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www.konkur.in

Telegram: @uni_k

2 = [ 23) (1) 2(11) 2(15) ]
[ F(0) ] [ 4]
F4)y |, _|o
F8) | 4=
| F(12) | L0 |
[ F(1) ] [0 ]
F5) | 0
F9) | 4=
| F(13) | 0 |
F(2) —4
F6) | _, | 0
F(o) | 4= o
F(14) 0
F(3) 0
F(T) | _ . _ |0
Fal | %7 | o
F(15) 0

As every F(i) = 0 except F(0) = —F(2) =4,

2(0) F(0) 0
2(T) | _ 4, | FO) | _ | 8
2®8) | TFHM| FR) | T |0
x(12) F(3) 8

which means that X (4) = X (12) = 8. X (k) = 0 for other K.

8.13

(a) "gain” = WIW(-1)Wg = —Wg = j

(b) Given a certain output sample, there is one path from every input leading to it. This is true
for every output.

(c) X(3) = z(0) + Wgz(1) — W2z(2) + WaW3x(3) — Wlx(4) — WIWZx(5) + WIW2xz(6) +
WIWEWx(T)

8.14

Flowgraph for DIF SRFFT algorithm for N=16 is given in fig 8.14-1. There are 20 real, non
trivial multiplications.

8.15
For the DIT FFT, we have
J-1 4-1
X(k) =" a(2n)Wy* Z (2n + YW TR
n=0
204



www.konkur.in

x(O)O\ O X(O)

"“)O\ . O X(8)
- R

x(3) Q\ N ] O X(12)
0

x(4) - s O XQ2)
W NS

| 9Bk
x(6) ” 5 ¢ O X(6)

x(7) 2><>< }<>< >< 8| + O X(14)
0

x(8) > v O x(1)
o/ IR0 SO f

x(9) S O X(9)

¢ O X(5)

/ A AW 1

-1
1

1

¢ 5 ™ O x(13)
w

O X3)

O X(11)

> =
H K S O X(7)
W

- O X5
-1 +j

Figure 8.14-1:

The first term can be obtained from an %—point DFT without any additional multiplications.
Hence, we use a radix-2 FFT. For the second term, we use a radix-4 FFT. Thus, for N=8, the
DFT is decomposed into a 4-point, radix-2 DFT and a 4-point radix-4 DFT. The latter is

§1 i1 il
2n+1)k k
w@n+ HWEE = 3" a(n +1) WAWE +Z (4n+ 3)WRFWE
n=0 n=0

The computation of X (k), X (k+ &), X (k+ %), X(k+2¥) for k =0,1,..., & — 1 are performed
from the following:

4-1 4 g-1
X(k) = ) x(2n)W§’“ + > z(dn+ 1)W}f,wgc + x(4n + 3)Wf¢kW§k
n=0 n=0 n=0
N X1 X1 |
X(k+) = > x(2n) M (=1)" + > wdn +1)( Z (4n +3)WR (H WK
n=0 n=0
N | J1 |
X(k+5) = > )W + Y w(dn + 1)(-HWRWE" + Z (4n +3)(~)WWE
n=0 n=0
3N o | | 41
X(k+=5) = )W (=1)" + ) z(n+ DGWRWE + Y (dn + 3)(=) W W
n=0 n=0 n=0

The basic butterfly is given in fig 8.15-1
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X(k)
WI‘:I from the use of *{
/i\ x(2n) X(k+N/4)  Note that this is a mirror image of DIF-SRFFT butterfly.

from

X

X(2n+1) O/ m X(k+N/2)
J
from /X\ i X(k+3N/4)
X(4n+3) \TJ 5
wik
N

O X(0)

x(0) O u\/\/ 7/\/
o | XA .
DIT/SRFFT
x@ © T O X©)
This graph looks like the transpose of
x(6) O ] 1 Ox@) ™ N-point DIF FFT. The twiddle factors
W W come before the second stage.
o m o

x(5) O T F /\/ =1 O X(5)
X L
x3) O 7 1 Oxe@)
J
OX(7)

x(7) O

w

Figure 8.15-1:

8.16

r = zp+jrr
= (a+jb)(c+jd)

e = (a—0bd 1add, 1 mult
zrg = e+ (c—d)a 2adds 1 mult
xy = e+ (c+db 2adds 1 mult

Total 5 adds 3 mult
8.17
N-1
X(z) = z(n)z™"
n=0
N—1
Hence, X (zx) = x(n)r*"e*j%k”
n=0

where zp = re_j%ﬂk,k; =0,1,...,N — 1 are the N sample points. It is clear that X (z;),k =
0,1,...,N — 1 is equivalent to the DFT (N-pt) of the sequence z(n)r—",n € [0, N — 1].
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8.18

LN-1
1

/ _ / —kn
z'(n) = N kZ—O X' (K)Wrn
1 [ko—1 LN—-1
= IN Z X' ()W N" + Z X' ()W 3"
L k=0 k=LN—ko+1
1 [ko—1 LN-1
= Ix SOXEWA+ > X(k;—i—N—LN)WL](“,”]
L k=0 k=LN—ko+1
. -
_ LS 1X k)W, kn IS X (k)W FNHEN)n
= IN (R)WLN" + Z ()W N
L k=0 k=N—ko—1
1 ko—1 N-1
Therefore Lz'(Ln) = N [ X)W+ > X(kz)WN’m]
k=0 k=N—ko+1
= z(n)

L =1 is a trivial case with no zeros inserted and

s =) = {3.5+i505-i5)
8.19
N-1
X(k)= > a(n)W§"
n=0

Let F(t), t=0,1,...,N —1 be the DFT of the sequence on k X (k).

Ft) = X (k)yWik

k=0 Ln=0
N-1 N-1
= z(n) lz WJI\C,(”H)
n=0 k=0
N-1
= z(n)o(n + t)mod N
n=0
N-1
= z(n)d(N—-1-n—-t) t=0,1,...,N—1
n=0
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8.20
aN-1
Y(k) = Z y(m)WE  k=0,1,...,2N —1
n=0
2N-1
= y(n)Wan
n=0,n €Vel
N-1
= Z y(2m)Wkm
m=0
N-1
= Z z(m)Wrm
m=0
(k), kel0o,N—-1]
= X(k-N), ke[N,2N—1]
8.21
(a)
w(n) = %(l—cas]\?ﬂ_n ), 0<n<N-1
= %—i(ejl%lw_nl +e J]%rﬂ-_nl)
N-1
W(z) = Z w(n)z™"
n=0
N—1
= 2 B - (@R iR o

Tw(n) = w(n)z(n)

= X, (k W (k)NX (k)
8.22
The standard DFT table stores N complex values WX, &k =0,1,..., N — 1. However, since

N N

Wfﬁ ® = —W%, we need only store W§  k=0,1,..., 5 — 1. Also, W]]f,Jr * = —jWX which is
merely an interchange of real and imaginary parts of W& and a sign reversal. Hence all essential
quantities are easily obtained from W§  k=0,1,..., % -1
8.23

The radix-2 FFT algorithm for computing a 2N-pt DFT requires %10922]\/' = N + NlogaN
complex multiplications. The algorithm in (8.2.12) requires 2[%loggN + %] = % +loga N complex
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multiplications.

8.24

M bkz_k
since H(z) = —kzjg
143 apgz™F
M n
H( 2w k) _ Zk:O kaJI\Cf-i-l
N -1 1+ ZkN:1 akWJI\Cfﬁ-l

(1>

H(k), k=0,...,N

Compute N + 1-pt DFTs of sequences {bg, b1,...,br,0,0,...,0} and {1,as,...,any} (assumes
N > M), say B(k) and A(k) k=0,...,N

8.25

y(n) W™

=
=z

I
[M]

0

= y(mWes + D ymWet + Y y(n) W

3
Il

n=0,3.6 n=1,47 n=2538
2 2 9
= D yBmWET + Y7 yBm o+ DT 1y 3m - Wt
m=0 m=0 m=0

2 2
yBm)WE™ + 3" y@Bm + DWFEWE + ) y(3m + 2)WirEwgk

0 m=0 m=0

I
||Mw

3

1
Total number of complex multiplies is 28 and the operations can be performed in-place. see
fig 8.25-1

209
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x(0) 5 >, S, S = OX(0)
1
L€ \\ f
x(1) O W OX(3)
x(2) O S, 1o S O X(6)
x(3) O > O O X(1)
3 W
x@) O ? O X(4)
x(5) O >, wl & 9 OX(7)
3 W
x(6) O © O OX(2)

N\ N\
M 2 m

x(7) O Wy O OX(5)
O w SN

x(8) O o O OX(8)

Figure 8.25-1:

8.26
8
X(k) = Y x(n)Wg*
n=0
2
= > (W + Z (n)Wek + Z (n) Wk
n=0 n=3 n=6
2 2 2
= Z x(n)Wen + Z z(n + 3)Wakwy + Z z(n + 6)Wakw2k
n=0 n=0 n=0
2 2 2
z(3l) = Z x(n)Wal + Z z(n +3)Wal + Z z(n + 6)Wat
n=0 n=0 n=0
2 2 2
2Bl+1) = > a@WPWg + > a(n+ WP WeWs + Y x(n+ 6)Wi W w3
n=0 n=0 n=0
= ZWQ n) + Wyz(n +3) + Wiz(n +6)] W3
(3l +2) = ZW&” n) + Wiz(n +3) + Wiz(n + 6)] Wi

The number of required complex multiplications is 28. The operations can be performed in-place.
see fig 8.26-1
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x(0) O O O O O X(0)
:\ ﬂ

x(1) X@3)

X(2) O O i O X(6)
O "

= N/ q% \/ O X(1)
x(4) OAI"‘,‘- LN

I o

| O X7
W (7

x(5)

x(6) .h{'/e‘A O , O X2
XS v XKL

Wo oSGk
x(7) O N VV3 . ‘v. O X(5)
3 N
W W
x(8) O 20 2—0 31 OX(®)
W W
3

Figure 8.26-1:

8.27

(a)Refer to fig 8.27-1

(b)Refer to fig 8.27-2

(c) DIF is preferable for computing all points. It is also better when only X (0), X (1), X(2), X(3)
are to be calculated. The rule is to compare the number of nontrivial complex multiplies and
choose the algorithm with the fewer.

(d) If M << N and L << N, the percentage of savings is

NilogoN—MLogo N MI
2 2 — (y
YlogaN x 100% = ( N)XIOOO

211
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x(0)

x(1)

x(0)

x(1)

Figure 8.27-1:

\ W

W
“146 Vxﬁoﬁ
W

W
AN
W

W
AT
W

Wy
W W

52

=
=)}

=2

=

=
=}

=

oA

—

== (= =
oo P

[=))

Figure 8.27-2:

212
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X(0)
X(8)
X4
X(12
X(@)
X(10
X(6)
X(14
X(1)
X(9)
X(5)
X(13
X@3)
X(11
X(T)

X(15

X(0)
X(1)

X(2
X@3)
X4
X(5)
X(6)
X(7)
X(8)
X(9)
X(10
X(11
X(12
X(13

X(14

X(15
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8.28

(a)Refer to fig 8.28-1. If data shuffling is not allowed, then X (0),..., X (3) should be computed

x(0) 0 X(0)
W
x(1) o . 16 x(8)
W
x(2) S X4
4 0
“ W L
x(4) \><></ I 162 0 X(2)
<G) 1 WY Y <10
W
16 16
x(6) U e - X
() . pl6 : 16 : 16 X(14)
AEAALEL w
X(8) ‘? ) X
WY WY X)
e -
Ve WY
x(10) /><><\\ 3 1 4 0 X(5)
w W, W
x(11) \ lz WO T 1% xa3)
w
x(12) \ 16 I '62 . X@3)
w3 w W
x(13) 16 L6 16 vy
y 4 0 -1
\Wlé W W
x(14) \ ; T T, X(7)
w W, W,
x(15) e . 16 - 16 > 16 y1s)

Figure 8.28-1:

by one DSP. Similarly for X(4),...,X(7) and X(8),...,X(11) and X (12),...,X(15). From the
flow diagram the output of every DSP requires all 16 inputs which must therefore be stored in
each DSP.

(b)Refer to fig 8.28-2

(c) The computations necessary for a general FFT are shown in the figure for part (a), N, =
%loggN . Parallel computation of the DFTs requires

IN, N 2N

N, = -logy— S
v 2M092M+;22z
N N 1

= loge— + N(1— —
aare%2qy TN 3p)

Complex operations, as is seen in the figure for (b). Thus

G- N
Np
_ %loggN
aarlogaar +N(1— g7)
Mloga N

logaN —logaM +2(M — 1)
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x(0)
x(1)
X(2)
x(3)
x(4)
X(5)
X(6)
x(7)
X(8)
X(9)
x(10)
x(11)
x(12)
x(13)
x(14)

x(15)

8.29

Refer to fig 8.29-1

x(n+4)

This result can be obt

of Wi — Wﬁi and multiplying each output by % (or

each stage).

Telegram: @uni_k

0
Ve
e, ) X@
WY Y
LA 1 X(10)
W
e e ;X©)
W W W
- 1 X(14)

Figure 8.28-2:

1 N-1
v > X (kWi
k=0

1 1

5 X (k)yWg k4 3 > X (kW kn
k even t odd

1< 1<

g > X@m)wm + 3 > X@mA+ )W, W
m=0 m=0

1 3

5 > [x@Em)+ X@m+ )W W

3
XEm)W, ™ + W™ Y X(2m+ )W, ™"
m=0
3
XEm)W, ™ = W™ Y X(2m+ )W,

m=0

ng

], 0<n<3

m=0

“

1

[ ] , 0<n<3
ained from the forward DIT FF'T algorithm by conjugating each occurrence
L can be multiplied into the outputs of

m=0

2
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X(0) L8 x(0)

X(4) 8 18 (1)

X(2) 8 . 1/8 x(2)
W 2 N\

X(6) —3 We q 18— x(3)

X 8 18 (4

|
5 1/ O
W W
X(5) 8 8 1/8 x(5)

-1 -
w2 A e/
XG) — _2 1 \\ X(6)
1

X(7) —38 8 4 8

x(7)

Figure 8.29-1:

8.30
1 7
z(n) = ng(k)Wg"“"
k=0
1 : —kn 1 ’ —kn
= 3 X (k)W +§2X(k)W8
k=0 k=4
1 [ 3 3
= = ZX(k)WSk"+(—1)”ZX(k+4)W8k"]
Lk=0 k=0
[ 3 3
1
w2A) = 3 X(k)W4_lk+ZX(k—|—4)W4_lk], 1=0,1,2,3
Lk=0 k=0
[ 3 3
1
p2+1) = g X(Ic)W4”“W8k—ZX(k+4)W4lkW8k1, 1=0,1,2,3
Lk=0 k=0

Similar to the DIT case (prob. 8.29) result can be obtained by conjugating each W3, and scaling
by %. Refer to fig 8.30-1
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X(0) 148 x(0)

X(1) —18 We x(4)
8
W W
X(3) 118 8 8 x(6)

W W_

X(S) 1/8 \ 82 W—O _1 8 X(S)
W

X(6) 18 8 8 x(3)

-1 -
1/8 w83 WS ’ W8 "
X(7) I 1 3 X(7)

Figure 8.30-1:

8.31

Since the IDFT of a Hermitian symmetric sequence is real, we may conjugate all terms in the
sum yielding

IDFT(z*(n)) = (N —m ) WE™

Telegram: @uni_k
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In general, the IDFT of an N-length sequence can be obtained by reversing the flow of a forward
FFT and introducing a scale factor % Since the IDFT is apparently capable of producing the

(scaled) DFT for a Hermitian symmetric sequence, the reversed flow FFT will produce the desired
FFT.

8.32

¥

w(m)Wy™"

z 3
[l
= o

z(m)WEMWEN since WY =1

z 3
Dyl

=0

3

This can be viewed as the convolution of the N-length sequence x(n) with the impusle response
of a linear filter.

hi(n) 2 W¥u(n), evaluated at time N
Hi(z) = Z Whny=n
n=0

_ 1

o 1-Whe?

_ Yu(z)

 X(2)
ye(n) = Wiye(n—1)+z(n), yu(=1)=0
ye(N) = X(k)

8.33

(a) 11 frequency points must be calculated. Radix-2 FFT requires %10921024 ~ 5000 complex
multiplies or 20,000 real multiplies. FFT of radix-4 requires 0.75 x 5000 = 3,750 complex
multiplies or 15,000 real multiplies. Choose Goertzel.

(b) In this case, direct evaluation requires 10° complex multiplies, chirp-z 22 x 10% comples
multiplies, and FFT 1000 + @ x 13 = 33 x 10% complex multiplies. Choose chirp-z.

8.34

N

In the DIF case, the number of butterflies affecting a given output is 5

in the first stage, % in
the second, .... The total number is

1
1+2+...+2"_1:2‘”(1—(5)”):N—1

Every butterfly requires 4 real multiplies, and the eror variance is %. Under the assumption that
the errors are uncorrelated, the variance of the total output quantization error is

52 N§?

4(N_1)E =

217

Telegram: @uni_k



www.konkur.in

8.35
(a)
Re[Xoii(B)] = 5 Xuin(k) + 3 Xia (R
= SXalR) + S WEXAD) + 5 X5 (R) — 5 WR"Xa()
= Re[Xn(k)] + Re[W X, (1)]
since \Xn(k)|<%, Re[ X, (k)] < %
since \Xl(k:)\<%, Re[WE X, ()] < %
so Re[WEX,(1)]| < %

Therefore |[Re[X,+1(k)]] <

Re[X,, (k)] + |[Re[WRX,(D)]| < 1
The other inequalities are verified similarly. (b)
Xng1(k) = Re[Xn (k)] + jIm[X, (k)]
cos(2em) — jsin( e m)][Re[Xo ()] + jTm{X, (0]
Re[X,, (k)] + cos(.)Re[ X, (D] + sin(.)Im[ X, (1)]

+7 {Im[X,, (k)] + cos()Im[X,, (1)] + sin(.)Re[X,(1)]}
[ Xn(F)| + | Xn(D)] + A

Therefore, | X, 41 (k)]

>

where A 2cos(.) {Re[ X, (k)|Re[ X, (1)] + Im[ X, (k)] Im[X,, ()]}
+2sin(.) {Re[X,, (k)| Im[X,, ()] — Im[X,, (k)|Re[ X, (1)]}
also [Xps1 (D = [ Xu(k)P + [ Xa (D) — A(x)
Therefore, if A >0,
max(| X 1 (F)]; [Xna (D] = [ Xnga (R)]

= {IXa (B £ |Xa ()P + A}

By similar means using (*), it can be shown that the same inequality holds if A < 0. Also,
from the pair of equations fro computing the butterfly outputs, we have

2X(k) = Xpor(k)+ Xpoa()
2Xn(l) = Wy Xnpi(k) = W™ X (D)

By a similar method to that employed above, it can be shown that

2max(| X, (k)] [ Xn (D] = max(| X1 (F)], [Xna (D]

218
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Chapter 9

9.1

(a) H(z) = 14+2271 + 3272 + 4273 + 3274 + 2275 + 276, Refer to fig 9.1-1
(b) H(2) =1+ 2271 +3272 + 3273 + 2271 + 275, Refer to fig 9.1-2

x(n) 71 7zl 71
+
3
y(n)
Figure 9.1-1:

9.2

Refer to fig 9.2-1

219
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x(n) 21 z-1 71 21 zl
O
3
—( =
N
y(n)
Figure 9.1-2:
Ay(z)=H(z) = 1+28827' +3.4048272 + 1.74273 + 0.42~*
By(z) = 04+ 1.7427" +3.404827% +2.8827 % 4 274
Hence, Ky, = 04
A4(Z) — k4B4(Z)
A = =2 e
= 1+4+26z7"+2432:72 407277
Bs(z) = 0.7+2432:7' +2627 24277
Hence, K3 = 0.7
Ag(Z) — k‘3B3(2)
A = = o
2(2) 1— k2
= 14176271 +1.2272
Bo(z) = 1.2+ 176271 4 272
Then, K, = 1.2
AQ(Z) — kQBQ(Z)
A — 1=\E] emad)
1(2) 1—- k2
= 1+0.8271
Therefore, K1 = 0.8

Since Ko > 1, the system is not minimum phase.

220
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k(n)

x(n) ) W VRN SO N fa @y
& 10/ i s o s K s G ey

(b)

Figure 9.2-1: (a) Direct form. (b) Lattice form

9.3
1
V(iz) = X(2)+ 5% V(z)
v(n) = xz(n)+ %v(n -1
Y(2) = 2BX(2)+V(2)]+2:'V(2)
_ 8§ —z71
- 1-0.5271
h(n) = 8(0.5)"u(n) — (0.5)" u(n — 1)
9.4
H(z) = 5+ 1 +32121 11+;Zz11
An) = 56(n) + 3(~ )" uln — 1) + (3)"u(n) +2(3)" u(n — 1)
9.5
H(z) = Chd il GO

(1422711 - 3271

Refer to fig 9.5-1

221
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6
x(n) — —=y(n)
1
1/6
21
-5/3
Figure 9.5-1:
9.6
For the first syst H(z) = ! + !
or the first system, H(z) = = —
1-— (b1 + b2)2_1
H =
(2) (1— b1z 1)1 —baz 1)
co + clz’l
For the second system, H(z) = 0= diz (1 —ape1)
clearly, ¢g = 1
cp = —(bl + bg)
di = b
as = bg
9.7
(a)
y(n) = ary(n—1)+asy(n —2) +boz(n) + biz(n — 1) + boz(n — 2)
bo + blz_l + ng_2
H —
(2) 1+a1271 +ag22
222
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H(z)
Zeros at z

Poles at z

1422714272
1415271 4+0.92—2
-1,-1
—0.75 4+ j0.58

Since the poles are inside the unit circle, the system is stable.

Zeros at z

Poles at z

The system is unstable.

()

Hence, y(n)

9.8

Telegram: @uni_k

1422714272
14271222
—-1,-1

2, -1

7r
cos(gn)
1

14271 —-0.992—2
1

1+ e Jw — (.99 72w
100e™ 75

7r 7r
1 P
00008(371 3)

Ty —2) +a(n)

_ 1,2
1 17

1
—~

N
—
3
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(b)
1 1
z(n) = |:(2)n+(_2)n:| u(n)
1 1
X =
(2) 1—2z71 14121
2
X =
(2) 1—1272
Y() = X(:)H(2)
_ 1 L LA T
Lgzt T 1—g2t (1-3271)2 7 (14 3271)
1., 1., 1., 1.,
ym) = ()" + (=) = n(5)" +n(—5)"| uln)
(c)Refer to fig 9.8-1
(d)
Direct form 2 cascade form
(+)
y(n)
xm ! x(n) () ¢ y(m)
D
D
172
D
1/4
Parallel form
12 7\ 0
+ I \*J y(n)
D
1/2
x(n) —=
1/2/+\
D
-1/2
Figure 9.8-1:
1
H(w) = Tl
4 _1 Sin2w

_— / —tan”T  ——
17 — 8cos2w 4 — cos2w
Refer to fig 9.8-2.
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Magnitude of H(w)

1.4 T T
T12f
I
A
|
L
0.8 ‘ : : ; ‘
0 0.5 1 1.5 2 2.5
— W
Phase of H(w)
T T
g 0.2
I
©
5 0
c
©
A
I
I -0.2f
| | | | |
0 0.5 1 1.5 2 2.5
—>Ww
Figure 9.8-2:
9.9
(a)
14 L1
H(z) = 1_3 _f 1.2
— 327+ 3%
1+ %z_l
- (1- %z—l)(l - lz_l)
10 _7
3 3

Refer to fig 9.9-1
(b)

0.7(1 — 0.3622)
1+0.1271—0.7222
0.7(1 — 0.6271)(1 + 0.6271)
(140.9271)(1 - 0.8271)
0.1647 0.1853
140921 1-08z1

= 0.35—

Refer to fig 9.9-2
(c)
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Direct form 1I:

Direct form I:

Parallel:

y(n)

Figure 9.9-1:

3(1+1.2271 4+ 0.2272)
1+01z71—-0.2272
3(1+0.227)(1+271)

(1+0.5271)(1 —0.4271)

7 1

1-04271 1405271

Refer to fig 9.9-3
(d)
21— 27 H(1+ V2271 +272)
(140.5271)(1-0.9271 +0.8272)
24+ (2v2 —2)271 (2 2v2)272 - 2279)
1—0.42714+0.36272 + 0.4052—3
A B+Cz!
14051 T 1209214081

H(z) =

Refer to fig 9.9-4

(e)
14271
H =
(Z) 1752—17%272
_ 14271
(1 -0.81271)(1 +0.31271)

1.62 i —0.62
1-081z=1  1+0.31z71

226
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Direct form I: Direct form 1I:

Parallel:

y(n)
- -0.1853
x(n) 8 0.35 Kf} y(n)
| 3 0.1647

Figure 9.9-2:

Refer to fig 9.9-5

(f) H(z) = % = Complex valued poles and zeros.Refer to fig 9.9-6 All the above

systems are stable.

227
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Direct form I: Direct form 1I:

Parallel:

x(n)

x(n)

} y(n)

Figure 9.9-3:

Direct form II:

Direct form I:

Figure 9.9-4:

228
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Direct form I: Direct form II:

Cascade: Parallel:

Figure 9.9-5:

Direct form I: Direct form II, cascade, parallel:

y(n)x(n) + \L +
21
1 -1
+ +
71
05 [ 1
Figure 9.9-6:
229
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9.10

Refer to fig 9.10-1

x(n) < :v(n) ( N >W(l’1 -
b

By combining (1)

}

w(n-1) __ Tsinwy fh
i o/

Figure 9.10-1:

y(m)

1
H(z) = 1 — 2rcoswoz=t 4+ r2z
(1) V(2) = X(2)—rsinwez 'Y (2)
(2) W(z2) = V(2)—rcoswoz "W(z)
3) Y(2)

and (2) we obtain

Use (4) to eliminate W (z) in (3). Thus,

Y (2)[1 = 2rcoswoz™! + (r2cos*wq + r2sin*wg)z~

Telegram: @uni_k

1
4 . — e
(4)  W(z) TR —— (2)
Y (2)[(1 - 7”COSU)OZ_l)2 + T2sin2w0z_2]

230

’]
Y(2)
X(2)

rSinwgz

-2

= rcoswoz 'Y (2) — rsinwez ' W(z)

1

"1 — rcoswyz1 Y(2)
X(2)
X(2)
1

1 — 2rcoswgz=1 4 r2z—2
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9.11
Ao(Z) = BQ(Z) = 1
Al(Z) = Ao(Z) + leo(Z)Z_l
e
— 52
1 —1
Bi(z) = 3 +z
As(z) = A1(2) + keB1(z2)
= 1403271406272
By(z) = 06+03271+272
Ag(z) = AQ(Z) + 1{3332(2})
= 1-0122"1 4039272 —-0.7273
B3(z) = —0.7+403927! 0122724273
A4(Z) = A3(Z> + k‘4Bg(Z)
53 1
= 1— — 271405272 -0.742"3 + =%
1502 + 0.52z 0.74~ +32
. 1
Therefore, H(z) = C(1 — 15—530271 +0.52272 —0.74273 + 52*4)
where C' is a constant
9.12

Refer to fig 9.12-1

bok + bikz "t + bapz 2

Hi(z) = 14+ a2~ + agpz—2

yr(n) = borzr(n) +wip(n —1)
wig(n) = bipx(n) — a1pyr(n) + war(n — 1)
wak(n) = bapx(n) — agwyr(n)

9.13
H(z)=As(z) = 1422142772
1
By(z) = 3 + 227 4272
1
kQ = g
o AQ(Z) — I{/’QBQ(Z)
Az) = 1- k2
= 1+ %z_l
3
kl - 5
231
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b
x (n) Ok @ %™
21
Wik ()
blk A _alk
\V
21
wy(n)
bok "2k
+
N2
x(n) =
T N I
w1 Heo) N = =y )
Figure 9.12-1:
9.14
(a)
Ai(z) ] [ 1 ks 1] [1+3271
Bi(z) | | k1 1 U T 4
AQ(Z) o 1 7% Al(z) _ 1 + %271 - %272
By(z) | | -3 1 z1Bi(z) | | i+ 52422
5@ _[1 1] Al
Bs(z) | |1 1 27 1By (2)
Hi(2)=A3(z)=1+23 =
zeros at z = —l,eij%
(b)
Hy(z) = Ay(z) —27'By(2)
= 1+ %z‘l — gz_z — 273
-5+ jv11
The zeros are z = 1, ST‘]\/»
232
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(c) If the magnitude of the last coefficient |ky| = 1, i.e., ky = £1, all the zeros lie on the unit

circle.

(d) Refer to fig 9.14-1. We observe that the filters are linear phase filters with phase jumps at

———> phase of H1(w)

———> phase of H2(w)

2
1t i
0 -
1} .
_2 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> freq(Hz)

the zeros of H(z).

9.15

(a) Refer to fig 9.15-1

_40 0.65 011 0.‘15 0‘.2 0.é5 0.‘3 0.(‘35 0.‘4 0.‘45 0.5
———> freq(Hz)
Figure 9.14-1:

z(n) = 6(n)
filn) = 6é(n)+0.655(n—1)
gi(n) = 0.656(n)+d(n—1)
fo(n) = fi(n) —0.34g1(n — 1)

= 0(n)+0.4296(n — 1) — 0.346(n — 2)
g2(n) = —034f1(n)+gi(n—1)

= —0.346(n) +0.4296(n — 1) + d(n — 2)

h(n) = f3s(n) = f2(n)+0.8g2(n —1)

= 6(n)+0.1575(n — 1) 4+ 0.00326(n — 2) + 0.85(n — 3)

(b) H(z) =1+ 0.1572"1 + 0.0032272 + 0.8273. Refer to fig 9.15-2

Telegram: @uni_k
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x() () fm )t Ot =yw
0.65 9@ 0
71 + 71 + 71 +
g @ vgz(n v g m
Figure 9.15-1:
xm) y(n)

Figure 9.15-2:
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9.16

C3(2)
H(z) =
(2) As(2)
Az(z) = 140927108272 +0.5273
Bs(z) = 05-082"14092724:73
ks = 0.5
As(z) — k3 Bs(z)
A = =2 o
2(2) 1- k2
= 14173271 —1.67272
Bo(z) = —1.67+1.73271 4272
ko = —1.67
AQ(Z) — k:ng(z)
A = =2 emes
1(2) 1- k2
= 1+1.6227"
Bi(z) = 1.6242z7!
khk = 162
C3(z) = 142271 43:7242273
D3(z) = 243271 422724273
ks = 2
_ C3(2) — k3Ds(2)
Calz) = 1— k2
4 1
= 1 + 5271 =+ 5272
1 4
Dy(z) = 3 + ngl + 272
1
k2 = g
_ CQ(Z) — kQDQ(Z)
Gilz) = 1— K2
3
= 1+ 1271
3
Dy(2) = 1 + 271
3
kl = Z
C3(Z) = g+ UlDl(Z) + UQDQ(Z) + Ung(Z)

142271 4+32724+92273

From the equations, we obtain

vy = 207
T
_ 1
v = 4
Vo = -1
V3 = 2
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The equivalent lattice-ladder structure is: Refer to fig 9.16-1
(b) A3(2) =1+0.9271 —0.82724+0.5272,  |k1| > 1 and |ks| > 1 = the system is unstable.

-1.67 1.62

Figure 9.16-1:

9.17

Refer to fig 9.17-1

Y(z) = [rsin@X(z)+ rcosOY (z) — rsinOC(z)] 2"
C(z) = [~rcos®OX(z)+rsin@Y (z) +rcos®@C(z)] 2!
Y(z
H(z) = X((zi
rsin®z 1
T 1-2rcos©z 1 412z 2
Hence, h(n) = r"sin(On)u(n)
and y(n) = 7rsinO@z(n — 1) + 2rcosOy(n — 1) — r’y(n — 2)

The system has a zero at z = 0 and poles at z = ret7©.

236
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9.18

= q1
qz
vi(n+1)

va(n)

or, equivalently,

x(n)

vin+1)=

Telegram: @uni_k

rcos 0
; n
r sin® N 71 y(n)
rsin®
-rsin 0
4 21 c(n)
-r cos 6
rcos O
Figure 9.17-1:
1
1 — 2rcoswgz=1 + 1222
__ s rcos2wg - rcos2wg
rcoswo J 2sinwo rcoswo + J 2sinwo

1+

z — (reoswy + jrsinwg)  z — (reoswy — jrsinwg)

X(z)

- rcos2wq
rcoswg — ji%imm)

z — (reoswg + jrsinwg)
v1(n) + jva(n)
ar +jo

rcoswg
rSinwg
@1+ 70

rcoswy
—rcoswy

2sitnwg
av1(n) — ague(n) + g1z(n)
reoswovy (n) — rsinwgvs(n) + recoswoz(n)

agv1(n) + aqvz(n) + gaz(n)
—rcoswy

+

rsinwovy (n) + rcoswoua(n) SE—
0

rcoswgy —Trsinwy rCcoswy
. v(n) 4+ | reoswy, | (M)
rSinNwgy  rcoswy st
237
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y(n) = s(n)+s%(n) +x(n)
= 2v1(n)+z(n)

or, equivalently,

y(n) = [2 OJu(n)+z(n)
where
_ | wn)
y(n) = [ v2(n) ]
9.19

ki = 0.6
Ai(z) = 1406271
Bi(z) = 06+2z7!
As(2) = A1(2) +keBi(2)z7t

= 140.7827140.3272
By(z) = 03+0.7827 1 4 272
As(z) = As(2)+ kgBQ(Z)271
= 14093271 4069272405273
B3(z) = 05+0.6927' 40932724273
H(z) = Ay(z) = As(2) +kyBs(z)z7!
= 1413821 4+1.311272+1.337272 + 0924

(b) Refer to fig 9.19-1

Direct form:

Figure 9.19-1:

238
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9.20

From (9.3.38) we have
y(n)

But, y(n)

Hence, ko

and, k1 (1 + k2)

k1

Refer to fig 9.20-1

—k1(1+ k2)y(n — 1) — kay(n — 2) + z(n)
2rcoswoy(n — 1) — r2y(n — 2) + z(n)

T2

—2rcoswy
2rcoswy
1472

(b) When r = 1, the system becomes an oscillator.

x(n)

y(n)

Telegram: @uni_k

Figure 9.20-1:
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9.21

1
For the all-pole system ——, we have

A(z)
ki(1+ ks)
ko
= k1
ko
For the all-zero system, Cy(2)
As(z)
By(z)
ko

A1 (Z)

B1 (Z)
k1
Ao(2)

Cs(2)

The solution is:
V2
v1 — 0.18wq
vo — 0.696v1 + 0.15v4
=
U1

U2

Thus the lattice-ladder structure is: Refer to fig 9.21-1

9.22
_ﬁzfl . 272
H(z) = %. Refer to fig 9.22-1

240

1—0.827140.15272
1401271 —0.72272
B(z)
A(z)

0.1
—0.72
0.357
0.72
1-0.82"140.15272
1-0.82"1 4015272
0.15— 0.8z + 272
0.15
As(z) — kaBa(2)

1— k2
1—0.696z"1
—0.696 + 271
—0.696
By(z) =1

Z Um B (%)
m=0

vo + v1 By (Z) =+ UQBQ(Z)
1-0.82"140.15272

0.15
-0.8
1

1.5
—0.68
0.15
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=15

Figure 9.21-1:

9.23
_ 14zt 1
H(z) = T—z—L* 1_0.8\/§z*1+0.64z121
H(z) = 1_2‘%321_1 + 170_.;{5)51;2143%.6@72 Refer to fig 9.23-1
9.24
(a)
For positive numbers, range is
01.00...0x2'%0t  —
N——
11
or 7.8125 x 1073  —
negitive numbers
10.11...1 x21000
—
11
or —7.8163x107°% —
(b)

For positive numbers, range is
01.00. . .0 x 210000001
23
or 5.8774717 x 1073°
negitive numbers
10.11 ... 1 x 210000001
23
or —5.8774724 x 10739

241
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y(n)

01.11...1 x 20ttt
N——
11
2.5596875 x 102

10.00...0 x 20111
N——
11
—92.56 x 10?

01 11 1 X201111111
23
3.4028234 x 1038

10 00 0 ><201111111
23
—3.4028236 x 1038
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Direct form II : Transposed form :

>

x(n y(n) x(n)

o

where a=0.8,b=/2/2, ¢ =0.25 and d = -0.64

Figure 9.22-1:

Cascade:

xm

Figure 9.23-1:

242

Parallel:

231
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9.25

(a) Refer to fig 9.25-1

. T y(n)

-aq -ap
2 -1 71
Figure 9.25-1:
Hr(z) = (1+az7' +a27%)7 !

poles zp12 =

—a1 £ \/a% — 4aq
2

for stability

(i)aj —4az > 0
_ 2 _
if a1 >0, ! V;l a2 5
= a%—4a2 < 2—a
=a1<2anda; —ay < 1
—a1 —+/a? — 4
if a; < 0, a1 2“1 2 <
=/a? —4day < 2+4a
=a;>—-2anda; +ay > -1
., a day — a?
(i) (-2 ¢ (220 <y
as é 1

Refer to fig 9.25-2. The region of stability in the a; — as plane is shaded in the figure. There are
nine integer pairs (ai,as) which satisfy the stability conditions. These are (with corresponding

243
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The stable area of (al s az)

W5

7

Figure 9.25-2:

system functions):

(0,-1)  Hg,(z) = (1-2z"7"
(0,0) Hpg,(2) = 1
(0,1)  Hp,(2) = (1+27371
(1,0)  Hp,(2) = (1+z7H7"
(1,1)  Hgy(z) = (1+z7 1427271
(2,1)  Hpy(z) = (14221427271
(=1,0)  Hg,() = (1-zH)7"
(=1,1)  Hp,(z) = (1—zt4272)71
(=2,1)  Hpy(z) = (1—-2z"14272)71
(b)
Hg,(2) = Hrg,(?)Hg,(2)
Hpy(2) = Hp,(2)Hp,(2)
Hp,(2) = Hg,(2)Hg,(2)

244
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(c) Only the following cases can make h(n) FIR:
(i)

hr(n) = 4(n)
N
Then H(z) = Zz_i
7,;0
y) = Daln—)

(if)

(d) see above.

9.26

Refer to fig 9.26-1
Note that 4 multiplications and 3 additions are required to implement H;(z). The advantage

x(n)

(DTl
) -1 W

Y "
L= Z_l

Py

Figure 9.26-1: Structure of Hy(z)

of Horner’s method is in evaluating H;(z) for a specific zg. Thus, if

Hi(2) = bo+bobiz~ ' 4 bobiboz ™2 + bobibobgz ™3
= bo + Zﬁl(bobl + Zil(boblbg + Zﬁlboblbgbg))

the 3 multiplications and 3 additions are required for the evaluation of 9.1 in the field of z.
If the various powers of z are prestored, then Horner’s scheme has no advantage over the direct
evaluation of 9.1. Refer to fig 9.26-2

This requires 4 multiplications and 3 additions. The linear-phase system is written as

245
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Figure 9.26-2: Structure of H(z) = boz =2 + bob1272 + bob1baz ™! + bob babs

H(z) = 22a3 + zag + a1 + 2z tag + 27 %a1 + 2 3ag + 2 tag
By applying Horner’s scheme, we can rewrite this as
H(z) = 2%(az + 27 (ag + 27 a1 + 27 Hao + 27 (a1 + 27 (ag + 27 1a3))))))

Assuming that =1 and z are given, a direct evaluation of H(z) at z = 2, requires 8 multiplications
and 6 additions. Using Horner’s scheme based on 9.26, requires the same number of operations
as direct evaluation of H(z). Hence, Horner’s scheme does not offer any savings in computation.

9.27

(a) When z; and x2 are positive, the result is obvious. If x; and x5 are negative, let

7 = —0nino...np
= —0m7ng ..., +000...01
To = —0mimg ... myp
= —1lmime ... mp+000...01
r3 = X1+ X9
= —0m0...04+0m0...0+c¢
wherec = 00mg ... M +00mMmo ... M +000...010
246
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If the sign changes, there are two possibilities

(’L) ﬁlzml = 0
= niy =ma = 1
Sl > 5 lel>
X - X -
1 27 2 2

= |zz] > 1, overflow

(ZZ)(ﬁl =1,m; =0,c= 0) or (ﬁl =0,m =1,c= O)

1 1
:>(|0ﬁ100)10|>§ or (\0%100)10|>§
1
and ‘010| 5
= |z3] 1, overflow
(b)
r1 = 0100
r3 = —0110=1010
r1+x2 = 1010, overflow
r1+x0+23 = 0100, correct result
9.28
(a)
—a+z71
H = —
(2) 1—az1!
; —a+e "
H(eIv 2 _ a : 2
)P = T

(—a + cosw)? + (—sinw)?

(1 — acosw)? + (asinw)?

a? — 2acosw + 1
—_ = Yw
1 — 2acosw + a?

(b) Refer to fig 9.28-1
(c) If |a| = | — al, where @ means the quantized value of a, then the filter remains all-pass.

(d) Refer to fig 9.28-2
(e) Yes, it is still all-pass.

9.29

y(n) = 0.999y(n —1) +e(n)

247
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Figure 9.28-1:

X(]’l) Z'l t/)

y(n)

Figure 9.28-2:

e(n) is white noise, uniformly distributed in the interval [—2%» 2%]

E {y2(n)} = 0.999°F {yQ(n — 1)} +E {62(77‘)}
(1-0999")E{y*(n)} = E{e*(n)}
A
— 7 1 2
= /_§ Ze de
2
= s where A =278
2 _ 1ty 1
Therefore, £ {y (n)} = 12(28) 1 — 0.9992
= 6.361x107*
248
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9.30

() = (-
ma(n) = (3)uln)
Hs(z) = (14

hsin) = (-~

Refer to fig 9.30-1 Cascade the three systems in six possible permutations to obtain six realiza-

tions.

(b) Error sequence e;(n) is uniformly distributed over interval (327°,127%). So 02 = 2

any i (call it o2)

(c) consider cascade Hy - Hy - Hz Refer to fig 9.30-2

Telegram: @uni_k
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Figure 9.30-1:
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€l (n)

L) C )
2-1 z-1
1/4 -1/4
% (n) e3 (n)

Figure 9.30-2:

h4(n) = hg(’n)*hg(n)
1 1
= {1’0’1f3’0’(1(3)2’0""}

i o= a2+ Y]

3]

using similar methods:

H, — Hy — Hj
Hy — H, — H3
Hy,— Hy — H,
Hs; — Hy — Hy
Hs; — Hy — Hy

n=0
_ 02{ 2 1 }
i) 1-G)
= 3.074507
o, = 3.074507
ol 3.388207
ol 3.258807
ol = 3.262707
o, = 3.321607
250
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9.31

2 _ _ 1
(a) 0 =122(0) =3 = A, e
(b)
A = 276
AQ
2 — -
% T 1
_ 1
o 12x 212
1
so SNR = 10logio—
O-e
1010910(12 X 212)
46.91dB
(c) left-justified.
(d)
ol = o Z h*(n) 4 o2 Z h*(n)
n=0 n=0
1.1
2 2
Now 02, = 5(2—8)
1 16
2 _ _
and X P = g =
16 /1 1 1,1
2 _ o/l Loy Lo lig
9% = 7 (12(28) +13(%) )
T
344,064
and SNR = 10logloi2
9
= 43.06dB
9.32
Define p, 2 rcost, py £ rsind for convenience, (a)
—psy(n—1) +er1(n) + z(n) + pev(n—1) + ea(n) = v(n
psv(n —1) +es(n) + pey(n — 1) +es(n) = y(n
(b)
—ps2 Y (2) + E1(2) + X(2) + pez 'V (2) + Ea(2) = V(2)
0 IV (2) + By(2) £ por V() + Bal) = Y(2)
—1
sZ
Y(z) = £ [X(2) + By (=) + Ba(2)]

Telegram: @uni_k

n 1—pez

1—2pez=1 + 12272
-1

[E3(2) + E4(2)]

1—2p.z=1 + 12272

= Hi(2)X(2) + Hi(2)[E1(2) + Ea(2)]
+Hs(2)[E3(2) + Ea(2)]
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when Hi(z) and Hs(z) are as defined in the problem statement

hi(n) = ps ,1 er”_lsinenu(n -1)
sin
= r"sin(nf)u(n — 1)
= r"sin(nd)u(n)
_ 1 n..s 1 n—1_;: o
ha(n) = i sin(n + 1)6u(n) + p. pry L sin(On)u(n — 1)

n

= d(n)+ s:nﬁ [sin(n + 1)0 — cosfsin(nd)]u(n — 1)
= d(n) +r"cos(nf)u(n — 1)
= r"cos(nf)u(n)

A2
2_ 2 _ 2 _ 2 _ 2 _ 27
Oe = 0O¢1 Oe2 Oe3 Oeq 12
1 __
_ E(2 b)2
27217
- 12
of = 202) hi(n)+202) h3(n)
n=0 n=0
= 202 Z[rQnsinQnH + r?"cos?nd)
n=0
1
_ 2
= 2067177”2”
272 1
- 6 1—r2n
9.33
(a)
1 n
M) = (5)"uln)
1
ha(n) = ({)"u(n)
1 n 1 n
h(n) = [2(3) —(1) Ju(n)
o, = 2%12}12 +20€22h2
64 16
= 35 oo+ — 5 ol

64 , 4
- 35 31 + 300
252
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9.34

Refer to fig 9.34-1

x(n) 1 m y(n)
-1
z
3
+ e (n)
-1
z .
M-2
% M2 ™
-1
z

Telegram: @uni_k

Figure 9.34-1:

1
_ Log-2 .
B Vi

(M —1)o;,

M -1), o,
12
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Chapter 10

10.1
(a) To obtain the desired length of 25, a delay of 22-1 = 12 is incorporated into Hy(w). Hence,
—jl2w ™
Hy(w) = 1le7 7Y 0<|w| < s
= 0, otherwise
h L[t Hg(w)e™7""d
) = g [ Hawpesra
_ sing(n—12)
 7w(n—12)
Then, h(n) = hg(n)w(n)

where w(n) is a rectangular window of length N = 25.
(b)H(w) = Ziio h(n)e=7*" = plot |H(w)| and ZH (w). Refer to fig 10.1-1.

(¢) Hamming window:

w(n) = (0.54— 0.46003%)
h(n) = hgn)wn) for0<n<24
Refer to fig 10.1-2.
255
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———> mag(dB)

-100

150 ‘ ‘ ‘
0 005 01 015 02 025 03 035 04 045 05

———> Freq(Hz)

———> phase

1 1 1 1 1 1
0 0.05 041 0145 02 025 03 035 04 045 05
———> Freq(Hz)

-4

Figure 10.1-1:

———> mag(dB)

-100

_150 | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

———> Freq(Hz)

———> phase

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)

Figure 10.1-2:

256
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(d) Bartlett window:

2(n — 12)
24

Refer to fig 10.1-3.

_50 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
4
2 - .
[0]
(2]
©
s
A OR ]
|
|
|
2} i
_4 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

———> Freq(Hz)

Figure 10.1-3:

10.2
(a)
Hy(w) = le 7 Ju| < %, g <|w| <7
7r T
= 0,=-< < —
g sllsy
1 (" .
ha(n) = 5 /_ﬂ Hy(w)e 7" dw
— S(n)- sing(n—12)  sing(n —12)
w(n —12) w(n —12)

(b) Rectangular window:

wn) = 1, 0<n<24

= 0, otherwise

257
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Refer to

(¢) Hamming window:

fig 10.2-1.

10
0
S -10
&
€ -20
A
i -30
—40
_50 | | | | | | | | |
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
4
2 -
(0]
(2]
®
ol
A 0
|
[
i
ot
_4 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
Figure 10.2-1:
w(n) = (0.54— 0.46003%)
h(n) = ha(n)w(n)
24
H(w) = Y h(n)e 7"
n=0
Refer to fig 10.2-2.
(d) Bartlett window:
—12
w(n) = 1_(n12 )7 0<n<24

Refer to fig 10.2-3.

Note that the magnitude responses in (c¢) and (d) are poor because the transition region is
wide. To obtain sharper cut-off, we must increase the length N of the filter.
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———> mag(dB)
&

1 1
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
———> Freq(Hz)

———> phase

-4

1 1 1 1 1
0 0.05 0.1 0145 02 025 03 035 04 045
———> Freq(Hz)

Figure 10.2-2:

———> mag(dB)

_15 | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
———> Freq(Hz)

———> phase

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
———> Freq(Hz)

Figure 10.2-3:
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10.3

(a) Hanning window: w(n) = 3(1 — cosT2), 0 <n < 24. Refer to fig 10.3-1.
(b) Blackman window: w(n) = 0.42 — 0.5cos 75 + 0.08cos"g*. Refer to fig 10.3-2.

50
&= 0
°
g
g -50
AN
I
'—100
_150 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
4
2r N
[0
(2]
©
S
~ OK N
I
|
I
_oF -
_4 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
Figure 10.3-1:
10.4

(a) Hanning window: Refer to fig 10.4-1.
(b) Blackman window: Refer to fig 10.4-2.
The results are still relatively poor for these window functions.
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0
S -s0f
(o))
IS
IS
A
i -100|
_150 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
4
2r |
o
(7]
«
s
A (V1§ i
I
I
i
o} §
_4 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)
Figure 10.3-2:
10.5
m 1
M = 4, Hr(()) =1, HT(f) -5
2 2
M
M—1
H.(w) = 2 nzz% h(n)cos[w( 7~ n))

Atw=0,H.(0)=1 = 2 h(n)cos[0]
n=0
2[n(0) +R(1)] = 1 1)
Avw="1 (5 = % - 2;h(n)cos[§(f —n)]
—h(0)+h(1) = 0.354 (2)
Solving (1) and (2), we get
h(0) = 0.073 and
h(1) = 0427
h2) = h(1)
h3) = h(0)
Hence, h(n) = {0.073,0.427,0.427,0.073}
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5+

———> mag(dB)

-10

-15 ;
0 0.05

0.1

0.15

02 025 03
———> Freq(Hz)

1
0.35

0.4

0.45

0.5

———> phase

-4

1
0 0.05

0.1

1
0.15

|
0.2 0.25 0.3
———> Freq(Hz)

Figure 10.4-1:

1
0.35

0.4

1
0.45

0.5

———> mag(dB)

-15 ;
0 0.05

0.1

0.15

0.2 0.25 0.3
———> Freq(Hz)

0.35

0.4

0.45

0.5

———> phase

0 0.05
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0.1

0.15

0.2 0.25 0.3
———> Freq(Hz)

Figure 10.4-2:
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10.6
ok 1, £=0,1,2,3
M—15H(15) {07 k=4,56,7
M-1 M-1
Hr = 2 h —
(w) h( 5 )+ nz:% (n)cosw( 5 n)
h(n h(M —1-n)
h(n h(14 — n)
H.(w) = —|—2Zh n)cosw(7 —n)
Solving the above eqn yields,
h(n) = {0.3189,0.0341, —0.1079, —0.0365,0.0667,0.0412, —0.0498, 0.4667
0.4667, —0.0498,0.0412,0.0667, —0.0365, —0.1079, 0.0341, 0.3189}
10.7
1 k=0,1,2,3
2 k ) ) ) )
M = 15.Hr(1ﬂ—5) ={ 04, k=4
0, k=5,6,7
M -1
Hy(w) = )+2 Z h(n)cosw( —n)
h(n) = h(Mflfn)
h(n h(14 — n)
H.(w) = )+ 2 Z h(n)cosw(7 —n)
Solving the above eqn yields,
h(n) = {0.3133,—0.0181,—0.0914, 0.0122,0.0400, —0.0019, —0.0141, 0.52,
0.52,—-0.0141,—0.0019, 0.0400,0.0122, —0.0914, —0.0181, 0.3133}
10.8
(a)
dx,(t)
t =
d .
— L [pJ2mFt
pri
— j27TFej27'rFt
Hence, H(F) = j2nF
(b)
|H(F)| = 2nF
LH(F) = g F>0
0
= - F<o
2’ <
263
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Refer to fig 10.8-1.

(c)
B=pi/6

0.6 T
3
3504r B
c
(o))
5]
€
No.2F B
I

O | | | | | | | |

-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

——> Freq(Hz)

2

1 - |
[0]
(2]
©
S o 1
A

|

I

1+ J

_2 Il Il Il Il Il Il Il Il Il

-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

——> Freq(Hz)

Figure 10.8-1:

Hw) = jw, |w|<7
|H(w)| = |w|
ZH(w) = g, w >0
= —g7 w <0

Refer to fig 10.8-2.
we note that the digital differentiator has a frequency response that resembles the response
of the analog differentiator.

(d)
y(n) = z(n)—z(n—1)
H(z) = 1-2z"!
Hw) = 1—e¢v
= 6_3%(2]'82'”5)
[H(w) = 2|sing|
LHw) = $-3

Refer to fig 10.8-3.
Note that for small w, sing ~ % and H(w) ~ jwe 7% | which is a suitable approximation
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4
33
2
=
ot
IS
A
|
1k
0 1 1 1 L 1 1 1
-4 -3 -2 -1 0 1 2 3 4
—>W
2
1 - ;.
(0]
(7]
8
S 0OF N
A
|
|
-1k -
_2 1 1 1 1 1 1 1
—4 -3 -2 -1 0 1 2 3 4
—-—>W

Figure 10.8-2:

to the differentiator in (c).

(e) The value H(wy) is obtained from (d) above. Then y(n) = A|H (wo)|cos(won + 0 + 5 — 5)

10.9

Hy(w) = we v g<w<n
= —weijlow, — 7 <w<0
1 (7 .
ha(n) = Py Hy(w)e " dw
T J -
cosm(n — 10)
= 2 1
m—10 » "7
= 0, n=10
cosm(n — 10)
h = — <n<2 1
a(n) n—10) ° 0<n<20,n#10
= 0, n =10

With a Hamming window, we obtain the following frequency response: Refer to fig 10.9-1.
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——> magnitude
T

——> phase

_2 1 1 1 1 1 1 1
4 -3 -2 -1 0 1 2 3 4

—>W

Figure 10.8-3:

10.10

H(s) has two zeros at z; = —0.1 and zp = co and two poles p1 2 = —0.1 £ j3. The matched
z-transform maps these into:

e—O.lT — 6—0.01 =0.99

5 o=
22 = G_OOT =0
ﬁl — e(*O.l“t’jS)T — 0.996‘70‘3
P2 = 0.99¢77%3
1— —1
Hence, H(z) = i —, wo = 0.37 =0.99

1 — 2rcoswgz=—1 4+ 122

From the impulse invariance method we obtain

1 1 1
H(s) = -
(s) 2[5+0.1j3+s+0.1+j3}

1 1 1
H(z) = ) [1 — o—0.1T ¢j3T ,—1 + 1_ e—O.lTe—jBTZ—1:|

1 — reoswpz =t

1 — 2rcoswgz=1 4 1222

The poles are the same, but the zero is different.
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N
0w
T

———>mag(dB)
- o N
T

o
3
T

1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)

———> phase

2 4

L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> Freq(Hz)

-4

Figure 10.9-1:

10.11
(Qu — QZ)S
Hals) = o, — s + o
21—zt
§ = ——
T1+ 21

D e 21— =)tz
H(z) = (Qu Ql)(%)Q(l—z—l)Q—&—(Qu—Ql)(%)(l—z_l)(l+z_1)+Qqu(1—|—z_1)2
2(a-p)1-27?)
4+2a—-8)+af]—2(4—aB)z"1 +[4 —2(a— B) + af]z~2
where . = Q, 7, pB=QT

In order to compare the result with example 10.4.2, let

3T
v 5
27
w; = QlT = ?
0.245(1 — 272
’j[‘}”lel’l7 H(Z) = W ( example 83.2 )
In our case, we have a = Q, T = 2tan% =2.753
=0T = 2tan% — 1.453
By substituting into the equation above, we obtain
2.599(1 — 272)
H =
) 10.599 + 5.4012 2
. 0.245(1 — 272)
1+ 0.5092—2
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10.12
Let T =2 »
(a) H(z) = 7= = y(n) = y(n — 1) + z(n) + z(n - 1)
(b)
1 _ga Q 2 0
Ha(Q)_@ AH(Q):{ %7 0<0

(d) The digital integrator closely matches the magnitude characteristics of the analog integrator.
The two phase characteristics are identical.

(e) The integrator has a pole at w = 0. To avoid overflow problems, we would have E[xz(n)] = 0,
i.e., a signal with no dc component.

10.13

(14271)3
H = A
(=) (1—2z11—3271+1272)
_ A (14275 (1 +2271+272)
I I e )
H(Z)l=1 = 1
3 1 1 1
=A = 6Z7b1:2ab2:17a1:1a01:_§ad1:_§7d2:1

(b) Refer to fig 10.13-1
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y(n)

Figure 10.13-1:

10.14

(a) There are only zeros, thus H(z) is FIR.
(b)

4
Zeros: z1 = —3
3
zZ2 = _Zv
3 T
Z34 = ieij s
4 L x
z56 = geij K
zZr = 1
1
Hence, z2 = —
A1
z4 = 2
1
T —
(9] Z;
6 = 2
1
Z1 = — =1
27
and H(z) = 2z SH(z™Y
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Therefore, H(w) is linear phase.
(c) Refer to fig 10.14-1

. y(n)
KD — 9

x(n)

G

-4/3 - 3/4 =-25/12

O
A

)

(4132 + (3/4)2+ 4 cos 260° = 481/144

Figure 10.14-1:
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10.15

From the design specifications we obtain

Telegram: @uni_k

)
o

[s
Assume ¢t = 1. Then, §,

and

Butterworth filter: Ny,

Chebyshev filter: N iy
Elliptic filter: sina

sinf

N,

min

0.509

99.995
4

1
246
6 1
4
p

24
w
2tan—
an 5
2tanm fp = 1.155
w
2tan—

2
2tanmfs = 2

=5212 = N=6
=0.577 = a=35.3°

=0.577 = B =0.3°

(sina) k(cospB)

(cosa) "k(sinf3) =378 = N=4

o~
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10.16

From the design specifications we have

e = 0.349
§ = 99.995
1.2
= =2=0.15
fp 3
2
. = -=025
f 8
Q, = an% = 1.019
Q. = 2tan— =2
n = - =286.5
€
Q,
k= —=1.963
QZD
l
Butterworth filter: Np;,, > % =8393 = N=9
Chebyshey filter: N > M0 _ o0 o N
ebyshev er: Nypin 2 cosh 1k =
O
Elliptic filter: Ny, > k = N=4

10.17

Passband ripple = 1dB = ¢ = 0.509
Stopband attenuation = 60dB = § = 1000

w, = 037
wg = 0.357
Q, = 2tcm%:1.019
Q. = 2tcm%:1.226
5
no= - =1065.226
ko= %:1.203
P

cosh™n _8.277
cosh=1k — 0.627

v

=132 = N=14

min

Special software package, such as MATLAB or PC-DSP may be used to obtain the filter coeffi-
cients. Hand computation of these coeflicients for N = 14 is very tedious.
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10.18

Passband ripple = 0.5dB = ¢ = 0.349
Stopband attenuation = 50dB

wp, = 0.24m
ws = 0.357
Q, = 2tcm%:0.792
Q, = 2tan%:1.226
5
n o= —=9061
0
E = =2 =1.547
Qp
cosh™ln  7.502
Nyin > = =748 = N =38

cosh—1k  1.003

Use a computer software package to determine the filter coefficients.

10.19
(a)
h(n) = {?,1,2,3,4,5,4,3,2,1,0,...}
10
H(z) = Z h(n)z™"
n=0
= 2 42,7243, 3 44t 4520 4420 432 T 4228 4270
H(w) = eI [2cosdw + 4cos3w + 6cos2w + 8cosw + 5]

(b)|H (w)| = |2cosdw + 4cos3w + 6cos2w + 8cosw + 5|. Refer to fig 10.19-1.

10.20

(a)
de gain: H,(0) =
3dB frequency: |H,(jQ)|*> =

a2

or ————— = =
a? 4+ Q2
= Qe

For all Q, only H(joo) =
ho(T) =

D= O Q0 NI N|= -

QI=®
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25

20

—_
o
T

——> magnitude

e
o
T

I ! I

L L L
0 0.05 0.1 0.15 0.2 0.25 0.3
——> Freq(Hz)

Figure 10.19-1:

3dB frequency: |H (w,)|?

(1 —aTcosw.)? + (e~ sinw,)?

Hence, w,

Since |H (w)|?

1 1
it oscillates between and
(1 _ efaT)2 (1 + efaT)2
but never reaches zero

h(7)

=T

1
7 is the smallest integer that is larger than T

274

L
0.35

v

L
0.4 0.45 0.5

1—eoT
1
~|H(0)]
LIH()
2(1 _ e—(XT)Q

T
25in*1(sinh%)

1

1 —2e~9Tcosw + e—2aT
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DC Gain: H(z)|,=1
At z=—-1(w=m),H(z)

since |H,(59))?

We

o
FieT ta
al(1+z71)
20—z +aT(1+ 271
aT(1+2z71)
24+ aT + (aT —2)z71

o= O =

, we have Q. = «

Q
Qtan 1 =T
an 5
2tan " taT?2
2—aT
24 aT
1—a [1+ (1+a)z1]

2 1—az1
1—a

[6(n) + (1 +a)a" 'u(n — 1)]
1-a
2

1
e
1
e

lnl_‘f_a -1

Ina

In(2Z=pT) -1

In(372%)
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Chapter 11

11.1

(a) Let the corresponding baseband spectrum be called X;(€2). Then

X, (Q) = %[Xb(Q — 20007) + X,(Q + 20007)]

With frequencies normalized to F,

. The sequence x(n) has DTFT

X (w)

modulation by cos(0.87) causes shifts up and down by 0.87 (and scaling by 1) of each

w' = &
~&
S ! 2m0)
q=—00
Z (X, (0w — 0.8 — 2mq) + Xp(w' + 0.87 — 2mq)]
q——00

IX(wl Assumes peak of )%(.) normalized to unity
0.5
- = X (w’) shifted to 0.8t
period 21 b
] -0.81 0 0.87 T W
B=0.16m

component in the spectrum. Refer to fig 11.1-1. Ideal LPF preserves only the baseband spectrum

Figure 11.1-1:

(of each period). Refer to fig 11.1
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[W(w)|
,,,,,,,,, | I , - .
: : H(w’) period 2T
0.5 | | 0.5
- —0.47 0.1w 0.47 T W

Figure 11.1-2:

The downsampling produces the figure in fig 11.1, where w” = F% = % = 10w’. Note that
there is no aliasing in the spectrum |Y (w’)| because the decimated sample rate, in terms of w’,
is 2% > 0.04.

(b) The assumed spectral amplitude normalization in fig 11.1-1 implies that the analog FT
(magnitude spectrum) of z,(t) is (refer to fig 11.1-4).

The given sample rate is identical to F, above, F,, = 250Hz. The DTFT of samples taken
at this rate is )7(~Q) = T%, ¢ Xa(82 — q§2y) where Q, = 27F,. On a scaled frequency axis
w’' =QT, = F%, Y(w") = % >

a
¢ Xa(w” — g2m). Consequently y(n) = y(n).

[V(w)|
period 27
W
0.08w n
[Y(w)] =0.1 [V(0.1w™)|
0.1
period 27
0.87 b W

Figure 11.1-3:
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X2 (Q)]

4007
Figure 11.1-4:
11.2
(a) X(w) = T—ae72)
(b) After decimation Y (w') = 1X (%) = —1—
2(l—ae” "2)
()
DTFT {z(2n)} = Zx(Qn)e_j“’Q”
= Zx(?n)e‘j“’/”
= Y()
11.3

(a)Refer to fig 11.3-1
(b)

x(n)
© N<€ y(m)
-1
FX z Fy =K

)
L

Figure 11.3-1:
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Let w' = —, w'=—=—

v = Y aQere Y () e e

n €ven n odd 2 2

- 1 o’
_ juw'2p | L —jw” (2q+1)
_ zp:x(p)e jw"2p | 5 ;[m(q) +x(q+1))e v 22

1 . 7l
= X(2u")+ 56_]“} (X (2w") 4 72V X (2uw'))
= X(2uw")[1 + cosw"]

~n_ |1, 0<|uw|<02rm
X(w') = { 0, otherwise

o1, 0< 20" <027
X (2w )_{ 0, otherwise

[ 1, 0<w <0.1n
1 0, otherwise

m | 1+cosw”, 0<|w”|<0.1r
Y(w") = { 0, otherwise

(c) Refer to fig 11.3-2

X()

0.7 09r o LIm 1.3n 2n w’
0357 0457 0.557 0.657 T W

S O

Figure 11.3-2:
1+ cosw”, 0.35m < |w”| < 0.457

Y(w'") = or 0.557 < |w”| < 0.657
0, otherwise

11.4

(a) Let w' = £+ w" = 22 Refer to fig 11.4-1

)

Let z”(n) be the downsampled sequence.

280
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X (w )|
1
Wi W T W
X (w)
1/D
bw{n bv% ‘Tt w
Figure 11.4-1:
2"(n) = x(nD)
1 wll
Xl/ 1 — *X .
") = SX(5)

As long as Dw), < w, X(w’) [hence x(n)] can be recovered from X" (w”)[z"(n) = x(Dn)]
using interpolation by a factor D:

X (w') = DX"(Dw')

The given sampling frequency is w/, = 22. The condition Dw}, < 7 — 2w}, < 22 = w/,

(b) Let x4(¢) be the ral analog signal from which samples x(n) were taken at rate F,,. There exists
a signal, say «/ (t'), such that =, (t') = XG(T%) x(n) may be considered to be the samples of z’(t')

taken at rate f, = 1. Likewise 2"/ (n) = x(nD) are samples of z'(t') taken at rate f. = % =3
From sampling theory, we know that 2’(t') can be reconstructed from its samples x”(n) as long
as it is bandlimited to f,, < %, or wy, < 75, which is the case here. The reconstruction formula

1S

2(t') =Y " (k)h(t' — kD)
k

where

Refer to fig 11.4-2

Actually the bandwidth of the reconstruction filter may be made as small as w),,, or as large
as 2% —w/,, so h, may be
sin(wlt’)

hr(t/) = (w’ t’)

where w/,, < w/, < 28 —w/ . In particular z(n) = 2/(t' = n) so

z(n) =Y a(kD)h.(n — kD)

k
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|X(w )| period2 /D

H W) \

w> 7D 27/D-w> 2m/D
0 m m

Figure 11.4-2:

(c) Clearly if we define

o(p) = x(p), if p is an integer multiple of D
p)= 0, other p

then, we may write 11.4 as

z(n) =Y v(p)he(n — p)

so x(n) is reconstructed as (see fig 11.4-3)

v(n) x(n)

X"’ (n)=x(kn) h ()

D

Figure 11.4-3:
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11.5

To recover xz(n) from x4(n): see fig 11.5-1

(b)

X (W)
| 12 . period
-7 -2m/3 -m/3 /3 21/3 . w
X (1’1) 1\2 v(n) h(n) X(l’l)
I
where
Hr (w)
1
-T/2 /2 w

Figure 11.5-1:

283
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since z4(n) = 0 when n odd

see fig 11.5-2
No information is lost since the decimated sample rate still exceeds twice the bandlimit of

172 period 21

T
- 2m/3 b4 w

Figure 11.5-2:

the original signal.

284
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11.6

A filter of length 30 meets the specification. The cutoff frequency is w. = %

are given below:

h(1) = h(30) = 0.006399
h(2) = h(29) = —0.01476
h(3) = h(28) = —0.001089
h(4) = h(27) = —0.002871
h(5) = h(26) = 0.01049
h(6) = h(25) = 0.02148
hT) = h(24) = 0.01948
h(®) = h(23) = —0.0003107
h(9) = h(22) = —0.03005
h(10) = h(21) = —0.04988
h(11) = h(20) = —0.03737
h(12) = A(19) = 0.01848
h(13) = h(18) = 0.1075
h(14) = h(17) = 0.1995
h(15) = h(16) = 0.2579
pe(n) = h(n+k), k=0,1,...

corresponding polyphase filter structure (see fig 11.6-1)

s

and the coefficients

B, y(n)
o |
x(n) ‘ ‘
Fx G p4(n) J Fy =E/D

Figure 11.6-1:
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A filter of length 30 meets the specification. The cutoff frequency is w, = 5
are given below:

Il
>

>

>

>

| I
=

s

= 0.006026
= —0.01282
= —0.002858
= 0.01366
= —0.004669
= —0.01970
= 0.01598
= 0.02138
= —0.03498
= —0.01562
= 0.06401
= —0.007345
= —0.1187

= 0.4923
+k), k=01;n=01,...,14

corresponding polyphase filter structure (see fig 11.7-1)

y(n)

les|

F =K /D
y X

Figure 11.7-1:
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11.8

The FIR filter that meets the specifications of this problem is exactly the same as that in Problem
11.6. Tts bandwidth is . Its coefficients are

g(n,m) = h(nl+ (mD)p)
= h(nl+mD — [#]I)

5m

= h(2n+5m — 2[7])

9(0,m) = {n(0),n(1)}
g(Lm) = {h(2)7h(3)}

9(14,m) = {h(28),h(29)}
A polyphase filter would employ two subfilters, each of length 15

pi(n) = {h(1),h(3),...,h(29)}
11.9
(a)
z(n) = A{zo,x1,22,...}
D = I = 2. Decimation first
zo(n) = {xo,x2,24,...}
ya(n) = {x0,0,22,0,24,0,...}
Interpolation first
z1(n) = {x0,0,21,0,22,0,...}
yi(n) = {xo,z1,22,...}

so y2(n) # w1(n)
(b) suppose D = dk and I =ik and d, i are relatively prime.

ZL'(TL) = {$0,$1,$27...}
Decimation first
z2(n) = {xo,Tak,T2dk,---}
yg(n) = zo,0,...,0,24%,0,...,0, Togk, - - -
ik—1 ik—1

Interpolation first

z1(n) = 20,0,...,0,21,0,...,0,22,0,...,0,...
—— —— ——
ik—1 ik—1 ik—1
y1(n) = 20,0,...,0,24,0,...,0,...
—— ——
d—1 d—1
287
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Thus y2(n) = y1(n) iff d = dk or k = 1 which means that D and I are relatively prime.

11.10

(a) Refer to fig 11.10-1

w1(n)
W : HD) |y, o)
X D) v ip |5

Figure 11.10-1:
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y1(n)

so wa(n)

y2(n)

So y1(n)

Telegram: @uni_k

o0

> hlk)z(n — k)

= wi(p), n =pl(pan integer )

0, other n
IE(p), n= pI
= 0, other n
289
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Let h(n) be the IR corresponding to H(z')
ya(n) = D h(kyws(n — k)
k=0

= i h(kI)wy(n — kI)
k=0

= Y h(k)wa(n — kI)
k=0

form = pI

ya(n) = Y h(k)yws((p—k)I)
k=0

> h(k)z(p—k)
k=0

w1 (p)( see above )

ol

for n pl
ya2(n) = Z h(k).0=0
k=0
so we conclude y;1(n) = ya(n)

11.11
(a)
H(z) = Y h(2n)z>"+ Y h(2n+1)z7>""!
= zn: h(2n)(z2)~" +nz*1 > h@n+ 1))
= 1;0(22) + 27 H (%) ’
Therefore Ho(z) = » h(2n)z™"
Hi(z) = zn: h(2n +1)z7"
(b)

H(z) = Z h(nD)z~"P + Z h(nD 4 1)z~ P~ 4.

+> h(nD+ D —1)z""P~PH!
D—1

= Z 27k Z h(nD + k)(zP)™

n

k=0
Therefore Hi(z) = Z h(nD +k)z™"
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HQ(Z) =

Hy(z) =

11.12

The output of the upsampler is X (22). Thus, we have

Yi(z) =3 [X(2)H1(zY?) 4+ X (2)H1(z1/*W1/?)]

= L [Hi(2V/2) + H (2P W1/2)] X (2)
= Hy(2)X(2)
11.13
(a) Refer to Fig. 11.13-1 for I/D = 5/3.
DTFT[x(n)]
F SE,
Bter i
F SE.
DTFTy(m)] ,
(1/2)min(F _F)
E, 2F, 3F,

Figure 11.13-1:

(b) Refer to Fig. 11.13-2 for I/D = 3/5.
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DTET[x(n)]
F 3F,
Filter
( I/Z)min(Fx,Fy)
3F,
DTFT[y(m)]
F SF,

y

Figure 11.13-2:

11.14

(a) The desired implementation is given in Fig. 11.14-1
(b) The polyphase decomposition is given by

Hk(z) = (1 + z_1)5

14527 41027241022 +52"4 4 27°

= 141027245274 4 (5410272 + 274!
Py(2) + Pi(2)z7*

11.15
(a)

N-1

H(z) = Z 27" P, (2N)

n=0

where
Pu(2) = > h(kN +n)z""
k=—oc0

> A+ sRE > 1+ > |2 > (1+z7) >

Figure 11.14-1:
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Let m =N —1—n. Then

H(z

I
I8
L
=
L
|
2
i
T
3
0

i

> BN

B, (")

) >
Y
] »i
> P () > P (2Y)
!
]AEB

®
!
P (2Y) »é

> R@) J

Figure 11.15-1: Type 1 Polyphase Decomposition

Y
Y

Beo(@)

B (@)
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X(n) > Q@
\
Z
> Q) »ér)
Y ¢
> Q) »%

[
-1

7 1

y(n)
> Q. (2) —>

Figure 11.15-2: Type 2 Polyphase Decomposition

11.16

x(n)

> Q) 13

Y

7!
> Q@) 13

Z—l

Y oy
> Q2N 13

Figure 11.16-1:
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11.17

D, 25, Dy =4
F
F 10kHz, F, =~ =400 Hz
D,
Passband 0 < F < 50
Transition band 50 < F' < 345
Stopband 345 < F' < 5000
'3
F: — =100 H
2 D2 00 Hz
Passband 0 < F < 50
Transition band 50 < F' < 55
Stopband 55 < F' < 200
1
For filter 1, &; 5 = 0.05, 8y =10"3
345 — 50
A - —295¢107?
f 10, 000 9510
~ —101095152 —13
M- —_— = +1=T1
1 TN
For filter 2, &; 0.05, 6, =1073
55 — 50
A = 7.521073
I 100 7.5210
N —10logd10o — 13
—_— 4+ 1=2
My T4.6Af + 75

The coefficients of the two filters can be obtained using a number of DSP software packages.
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11.18

To avoid aliasing Fy. < 5—5 Thus D = I = 50.

Single stage

5 = 01, =103
65 — 60
Af = = 521074
! 10,000 "
~ —10l0g5152 —13
M, = ———F—=_—~ 113700
! uenf T
Two stages
Dy = 25, Dy=2 L =2 I,=25
10, 000
stage 1:F; = 725 = 400

Passband 0 < F < 60
Transition band 60 < F' < 335
Stopband 335 < F' < 5000

1073
0 = 01, b= 1
Af = 27521072 M, =84
400
stage 2:Fy = - = 200
Passband 0 < F' < 60
Transition band 60 < F' < 65
Stopband 65 < F' < 100
1073
0 = 0.1, o= 1

Af = 01875 M, =13

Use DSP software to obtain filter coefficients.
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11.19
one stage:
5 0.01, 6, =10"3
100 — 90 .
A ——=10"
/ 10,000 0
~ 710109(5152 —13
M=————"—+1=2
14.6/Af + 536
two stages: Fp 2 x 10° Hz
I 1, =2
F
) 0 —2x10* Hz
1
Passband 0 < F <90
Transition band 90 < F' < 19,900
19,900 — 90
Therefore A f W = 0.09905
01
and 511 9 512 = 62
N —10logd102 — 13
== 4+ 1=2
! uens + I
F
Fy L =1 x10* Hz
2
Passband 0 < F <90
Transition band 90 < F' < 9,900
9,900 — 90
Therefore A f W = 0.4905
6
and 521 21, (522 = (52
~ —10109(5152 —13
My=—""" " +1=~
2 TN
11.20

Refer to fig 11.20-1, where h;(n) is a lowpass filter with cutoff freq. 7. After transposition (refer
to fig 11.20-2). As D =1,let D; = I 114, then D = D1 D5 ... Dy. Refer to fig 11.20-3
Obviously, this is equivalent to the transposed form above.
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Interpolator 1 Interpolator L

Figure 11.20-1: I = 115 ... I L-stage interpolator

Figure 11.20-2:
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Figure 11.20-3: L-stage decimator
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11.21

Suppose that output is y(n). Then T, = %Tx. F, = % = é% = éFx Assume that the lowpass
Y :

filter is h(n) of length M = kI (see fig 11.21-4) ’

coefficient storage

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

F |
X)X gm0) | n=0,1, .., K-1 ;
input gnl) | =01, .., K-1
buffer !
length K i
emI-1) | n=0,1,..., K-1
buffer
length K

tput
buffer |y _
length I F= (UK E
y
Figure 11.21-4:
11.22
(a)
foranyn = I+j5 (0<j<I-1)
-1 I-1
S opkn—k) = Y p(l+j—Fk)
k=0 k=0
= p;(I)
= pil)
= h(j+1)
= h(n)
I-1
Therefore, h(n) = Zpk(n —k)
k=0
300
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(b) z-transform both sides

()
1 =1 2ml(n—k) K
72 h(n)ed =1 27"
I n =0
| I ‘
= 7DD h(k+ml)emmzm
m =0
= Y h(k+mI)z™"
= Zpk(m)z m
= pi(2)
11.23
X(n) > Q) > 1] ¢
s
> Q@) M H&E
Y #
> Q) > 11 Hé
7!
y(n)
> Q. () | 1 —>

Telegram: @uni_k

Figure 11.23-1:

301



www.konkur.in

302

Telegram: @uni_k



www.konkur.in

Chapter 12

12.1

Equation (12.1.15) is

N-1
1 .
n) = E QI(”_m)[N E Vi (m)e? ™ /N1 1 =0,1,...,N — 1.

The term in the brackets is the N-point DFT of {Yj(m)}, which we denote as {y;(m)}.
Then,

n) = qu(n —m)y;(m).

We interpret the expression as the convolution of {¢;(m)} with {y;(m)}. Thus, the inputs {y;(m)}
are passed through a set of filters with impulse responses {¢;(m)}, as shown in Fig. 12.1.6.

12.2

The prototype filter in a four-channel uniform DFT filter bank has the transfer function

Ho(2) =142t +3272 44273

(a)
N-1
z "P, N =4,
m=0
where
N-1
Po(z) = Z ho(nN +m)z"™, 0<m< N -1,
n=0
and
ho(0) = 1,ho(1) = 1,ho(2) = 3, ho(3) =
Then,

he(n) = ho(n)e’?™H/N

= ho(m)WR, 0<E<SN -1, Wy=e 2"/N
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and
Hy(2) = Ho(zWE).
Thus,
Hi(z) = 1+ (W) +3=WE)2+4WE)"°
= 14+ Wkt 43wy em2 a3
Hi(z) = 14427 =3272 45273
Hy(z) = 1—2"143272-4273
H3(z) = 1—jz ' =322 4+4j273

(b) The transfer functions of the syntheses filters are
Gr(z) = Go(2WE), 0<k<N-1, N=4.

In terms of the polyphase components, we have

N-1
Gr(z) = Y 2 "Wy Qm(zY), 0<k<N,

m=0

where
QM(ZN) = PNflfm(zN)
From the definition of P,,(z) in terms of ho(n), we obtain

Po(z) =1,Pi1(z) =1, Pa(2) = 3, P3(2) = 4.

Then,
QO(’Z) = 47@1(’2) = 37Q2(2) = 17Qd(z) =1
Hence,
N-1
Go(z) = Y 2 "Qm(z")
m=0
= 443z 4243
N-1
Gi(z) = 2T Qo (2Y)
m=0
= 444327 -2 53
N-1

Ga(z) = > 2 "W Qm(z")

Gs(z) = Y 2 "WR*"Qm(z")
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(¢) Analysis and Synthesis Sections:

=(n) Py(2*) +— yo(n)
[ ]
Py(2*) — y1(n)
4-point
E:I IDFT
Py(2%) +—> y2(n)
[ ]
P3(z%) — y3(n)

Figure 12.2-1: Analysis section of the DFT filter bank

Yo(n) —— Qo(z%)

1

y1(n) —— Q1(zY) D
4-point
DFT

Y2 (n) —— Q2(z") —— D

" l Z(n)
y3(n) — Qs(2%) ©®

Figure 12.2-2: Synthesis section of the DFT filter bank

12.3
The transfer function of the FIR filter is
H(z) =—-3+19272 432272 +1927* -3¢
(a) A linear phase FIR filter of length M — 1 must satisfy the condition
h(n)=+h(M —1-n), n=0,1,;M —1
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h(0) = h(6) = —3
h(1) = h(5) =0
h(2) = h(4) = 19
h(3) = 32

Therefore, the FIR filter has a linear phase.
(b) We may express H(z) as
H(z) = 23[-32° +192 4+ 324+ 19271 — 3277]

Hence, the filter coefficients satisfy the condition

32, n=0
h(2n)={0 n£0

Therefore, H(z) is a half-band filter.
(¢) Plot of the magnitude and phase of the FIR filter.

70

angle(H(w))
o
T

-5

_10 L L L L L L

Figure 12.3-1:

12.4

In a two-channel QMF,
Ho(z) =1+ 27"
(a) The polyphase filters are defined by

N-1
Pn(z) = Z ho(nN 4+ m)z=™

n=0
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In the case N =2, ho(n) =1 for n = 1,2 and zero otherwise. Hence,

Py(z) =) h(2n)z" =1
n=0

Pi(z) =) h(2n+1)z7" =1
n=1

(b) The impulse response for the filter Hy(z) is given as
hi(n) = ho(n)Wx*, k=1,N=2.
Therefore
hi(n) = ho(n)Wy™
hi(0) =1, hi(1)=-1
and
Hi(z)=1-2z""!
(¢) The synthesis filters are given by the relations
Go(z) = Po(2*) + 271 Pi(2?)
=1+z"!
Gi(2) = —[Po(2%) — 27 P1(2?)]
=—1+4+z1
(d) For perfect reconstruction,
Hy(2)Go(2) + Hi(2)G1(2) = cz7F
Then
A+zHa4+2zH -1 -2Ha-271
=1+2 22 (12214277

=471

Figure 12.4-2: QMF in a polyphase realization
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12.5

In a three-channel filter bank, the analysis filters have the transfer functions

Hy(z) =142 4272
Hi(z)=1—z"14272
Hy(z)=1—272

(a) The polyphase matrix E(z?) is given by the relation

Ho(z)] 1
Hi(2)| = E(2%) |27}
Hj(2) | Z?

L4+ z7" + 272 [Hoo(2®) Hoi(2%) Hoa(2%)] [ 1
1—271 4272 = |Hy(2%) Hu(2%) Hip(2%)| |27}
1—272 | |H2(2%) Hi(2%) Haa(2%)| [272
1 1 1 1
=1 -1 1 -1
1 0 -—1] |72

Therefore,
1 1 1
Ez)=|1 -1 1
1 0 -1

(b) To determine the synthesis filters, we need R(z). Since

R(2)E(z) = cz7FI,

we have
1 1 1 2
[E(z)] = 112 =2 0
1 1 =2
Then, we choose ¢ =4 and k = 0. Hence
1 1 2
R(z)=12 -2 0
1 1 =2

By using equation (12.3.13) we have

[Go(z) Gi(z) Ga(2)] =[+72 27! 1] R(z?)

Therefore,

Go(z2) =1+22"1 4272
Gi(z)=1—-2z"1 4272
Go(z) = =2+ 2272
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Figure 12.5-1:

12.6
From equation (12.2.46) we have
B (w)+ (-1 'B(w—7) = ae7 7D,

The filter length is 2N — 1.
With N even, we have

By (w) — By (w—7) = ae 7*WN =1,

where
B (w) = B(w) + de 7wV -1,
Then,
B(w) — B(w — ) = (a — 26)e /*(N=1),
But,
B(w= z:b(n)e_j“"7
B(w—7) = Z b(n)e I@=mn
= ib(n)(—l)”e*j“".

Therefore,

B(w) = Blw—1) = 3 [b(n) — (=1)"b(n)]e 7"

>, 2b(n)e 9", n odd

0, mn even
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12.7
In a two-channel QMF bank,
Ho(2) =446z 44272 4 273,
The quadrature mirror filter is
Hl(Z) = H()(—Z)
=462 44272 - 273
The conjugate quadrature filter is
Hy(z) = 27 Hp(—271)
= 2734 — 62 + 422 — 27
=144zt — 6272+ 4273

12.8

Determine the minimum phase filter that has the same magnitude response as
H(z) =34+6271 2272 — 273,

The roots of H(z) are -1.264, -1 and 0.2638.
The roots of the minimum phase system must be on or inside the circle |z| < 1. Therefore, the
roots of such a system are

—1/1.264, -1, 0.2638

and
Hp(2) = A1+ 271 (1 —0.2638271) (1 +

L
261 )
where A is a scale factor that can be selected such that H,,(z) = H(z) at z = 1.

12.9

The filter with system function
1

H(z) = 1—az1

has the two-component polyphase decomposition
H(z) = Py(2%) + 271 Py(2).

H(z) may be expressed as

1
H =
(2) 1—az"1
1 +az"! _ 1 az"1
T 1-—a2272 1-a22"2  1-—a22"2
Hence,
1
Py(2?) =
0(=") 1—a2272
a
Pi(2?) =
1) 1—a2272
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12.10

From (12.2.14), the condition for eliminating aliasing are
Ho(z) = H(=),
Hi(z) = H(=2),
G1(2) = H(2),
GQ(Z) = —H(—Z).

When these filters of the QMF bank are substituted in the condition for perfect reconstruction,
we have

Hy(2)Go(2) + H1(2)G1(z) = 227F,
H%(z) — H*(—z) = 227*.
When z = 7%, we obtain
H*(w) — H*(w —7) =227F
12.11
The product filter B, (2) is defined as
B, (2) = Ho()Go(2)
(a) For the alias-free condition given in (12.2.14),
Bi(z) = H*(2)

(b) Then, for

= Ho(2)Go(2),
it follows that
Ho(z) =1+ 272,
Go(z) =1+ 272,
Hy(z) = Ho(=2) =1+ 272,
(2)

12.12

In example (12.2.3), we have

o= mhie]

V2
where Hy(z) and Hy(z) are the Haar fitlers.
In the frequency domain, we have

Hy(w) = L(1 +e7w)

V2
= V2 cos(w/2)e 7w/,
Hi(w) = 7 (1 =)

= jV/2sin(w/2)e 7*/2.
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Then,
|Ho(w)|? + |Hy(w)]? = 2cos?(w/2) + 2sin?(w/2) = 2.

Since
Go(Z) = Hl (—Z)

it follows that

12.13

In equation (12.2.84),

Show that

Ho(z)=(1+2"H%(1—a'" 271

é[a +2a—1z""+(a—2)27% — 277

Ho(z71) = é[a + (2a — 1)z + (a — 2)2% — 29
1

z 3 Ho(z71)
Go(2)

[~1+(a—2)2"  + (2a —1)272 + az7?)

(1+2"H%(-1+az™h)
142"+ 27 (=1 +az™h)
=—1+(@—-22"'4+Q2a—-1)z2+az3

Therefore,
Go(2) = 27 3aH (2™ 1)

12.14

The factorization of the half-band filter in equation (12.2.83) is
Ho(z) = (1+271)
Go(z) = (1+ 221 —a 27 ) (~14az7h)
(a) Determine the filters H;(z) and G1(z).
Hy(z) = Go(—=2),
Go(z) = (142271 +272)(=1+ (a + é)z*l — 2%
=—1-(2-bz '+ (20-2)272 - (2-b)z % -2z,
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where 1
b=a+ -
Then
Hy(z) = Go(—2)
=—-1-(2-bz '+ (20-2)272+(2-b)z 3 —27%
(b) Note that H;(z) is a linear phase filter due to the symmetry of the coefficients,
Gi(z) = —Ho(—2)
=—(1-2z"1+27?
=142z 273
Thus is also a linear phase filter.

(¢) This is a biorthogonal filter bank.

12.15

The factorization in (12.2.84) is
Ho(z)= (14221 —-a"t27h
Go(2) = (L+271)*(~1+az"™)
Then,
Hi(2) = Go(~2)
=(1—-2z"H%(-1—azh)
G1(z) = —Hy(—=2)
=—(1-z"HA+a 12z
det[H (2)] = Ho(2)Go(2) + H1(2)G1(2)
= Ho(2)H1(—2) — Hi(z)Ho(—2)
Ho(2)Go(2) = (1 +2"H)*(1 —a 2 (=14 azh)
=1+ HH~1+4271-272)
= (1432 +3:2 42731 =321 = 32724 279)
=—1+92"2+162"%+9z7"— 276
Hi(2)G1(2) = (1 -2z D1 +az H(1+a 127
=1 —-2zH*1+4271 4+ 272)
=(1-32"" 43272 21 +3271 =372 - 279
=1-92"241823—-9z4 4,76
Therefore,
det[H (2)] = 34273.

Hence, the two-channel filter bank yields perfect reconstruction.
The factorization in (12.2.86) is

Hy(z) = (1+271)3
= 1432 432724273
Go(2)=(1+2z"H(1 —az"H(1 —a"t27")
=143z 43272273
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Then,
Hi(z) = Go(=2)
=—-1-32z"1 432724273
Gi(2) = —Ho(—2)
=—(1-32"1+322-27?)
=143zt -3272-2,73
Ho(2)Go(2) = (1 +327 43272 4+ 273) (=1 4+ 3271+ 3272 —279)
=—1492241623492"1— 276
Hi(2)Gi(2) = (-1 -3z +3272 4+ 27%) (=1 +327 =322+ 279)
=1-92"24182"3 -9z 1427
Therefore,

det[H (z)] = 34273,

which is identical to the result in the factorization of (12.2.84).

12.16

The filter with transfer function

Ho(z) = (1427 (=14 az7!)
is one of the factors of the half-band filter given in (12.2.83).
(a) Determine the filter Go(z) = 273 Ho(271).

Ho(z) = (14227 +272) (=1 +az™!)
= _1— (2 — a)z_l — (1 - 2a)2_2 + az"3
Go(2) = 2731 - (2 —a)z — (1 — 2a)2* + az?]

—a—(1-2a)z7' —(2-a)z7? - 273

Hiy(z) = Go(—2)

—a+(1-2a)z7' —(2—a)z72+ 23
Gi(z) = —Ho(—2)

=1-2—-a)z '+ (1-2a)z2+az"3

(¢) Plots of the frequency responses (magnitudes and phases) of the analysis and synthesis filters:
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Magnitude of |H°(w)|

3 T T T
ot ]
3
z
1+ B
0
-4 -3 -2 -1 0 1 2 3 4
w
Phase of [H (w)|
4 T T
2k |
3
I 0F 7
~
2 -
_4 1 1 1 1 1 1 1
-4 -3 -2 -1 0 1 2 3 4
w
Figure 12.16-1: Magnitude and phase of Hy(w)
Magnitude of |H B (W)
3 — T T T —
_2F |
3
1+ |
0 1 1 1 | 1 1 1
-4 -3 2 -1 0 1 2 3 4
w
Phase of [H, ()|
4 T T
2r B
3
I 0f 7
~
-2 -
_4 | | | | | | 1
-4 -3 -2 -1 ] 1 2 3 4

Figure 12.16-2: Magnitude and phase of H;(w)
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Magnitude of IGD(“")I

3 T T
_2 [
3
z
1 -
O | | | | |
-4 -3 -2 -1 0 1 2
w
Phase of |G (w)|
4 T
s
3
I 0F
~
2
-4 I I I I I I
-4 3 -2 -1 0 1 2
w
Figure 12.16-3: Magnitude and phase of Go(w)
Magnitude of |G 4 (W)
3 —— T T T
_2 [
3
z
1 -
O | | | | | |
-4 -3 -2 -1 0 1 2
w
Phase of |G, (w)|
4 T
s
3
I 0F
~
2
-4 I I I I I I
-4 3 2 - 0 1 2

Figure 12.16-4: Magnitude and phase of G1(w)

12.17

A paraunitary two-channel two-channel filter bank has the analysis filter
Ho(2) =143z 414272 +2227% — 1227 + 4275,

Determine H (z):
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H,(2) is the conjugate quadrature filter of Hy(z). Therefore,

Hy(2) = 27 °Ho(—271)
= 2751 — 3z + 1427 — 222° — 122* — 42°]
= 4121 —922,72 4 142,73 — 3,74 4 270

12.18

The polyphase matrix of a two-channel filter bank is

344z 72 11,1
B = | ;
2 2

(a) Determine Hy(z) and Hy(z):

 [Huw(2) Hon(2)
E<Z>[HT§<2> Hfi(z)}

Then,
Ho(z) = HOQ(ZQ) + Z_1H01(22)

1
=-3+4z2 -3 42711 5272)

I
|
w
+
N
L
+
S
NI
[\v]
I
NI
w
|
NI
[N

(b) It is easily verified that

det[H(z)] = Ho(2)H1(—2) — Ho(—2)H1(z) = f%z*‘g,

so this is a PR filter bank. Therefore, according to (12.2.27),

{Go(z)] 227F [ Hy(—2) ]

Gi(z)| ~ det[H(z)] |~Ho(—2)
— 4y k3 [_Hf}é(_f;)}
Hence, with ¢ = —4 and k = 3, we have
&) - L)
- {—3 + zjl% _4%;;1—12_—23 + z_4]

12.19

For an orthogonal two-channel filter bank, Hy(z) is given as

Ho(z) =1—-22"1 +45272 4623+ 271 +0.527°
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Determine Hi(z), Go(z) and G1(%).

Since the filter bank is orthogonal, H;(z) has the form
Hi(z) = 2= W=V Hy(—27Y

Therefore,
Hy(2) = 27°[1 4 22 + 4.52% — 62° + 2* — 0.527]
= 05421 =622 4452342714270
Then,
Go(z) = Hi(—2)
=—05—2z1—62"2—-4523 42,7425
and
G1(z) = —Hy(—2)
= [1+2:7 44522 620 4271 - 05277
=1-2"1—4522 4623 -2t 405270
12.20

The analysis polyphase matrix for a three-channel PR filter bank is given as
11 2
EZ) =12 3 1
1 2 1

(a) Determine the analysis filters Hy(z), H1(z) and Ha(z).

Ho(2) 1 1+2z71 42272
Hi(2)| = E(z%) |27 = [2+3271 + 272
Hy(z) 272 1+2271 4272

(b) Determine the synthesis filters Go(z), G1(z) and Ga(z).
[Go(z) Gi(2) Ga(2)] =[2 27! 1] R(?*)

where
R(z)=cz "E7'(2).

It is easily verified that

(|1 3 =5
1 1 1
Hence, R(z3) may be set to
1 3 =95
RZ)=|-1 -1 3|,
1 -1 1
and, therefore,
Go(z)=1—z"1 4272
Gi(2) = —1— 27143272
Go(2) = 143271 — 5272
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12.21
The synthesis polyphase matrix for a three-channel PR filter bank is given as
2 =2 1
R:H)=13 1 -1
-2 3 2

Determine the synthesis filters and analysis filters.
[Go(z) Gi(2) Ga(2)] =[2"2 27! 1] R(:*)
Go(2) =222 43271 -2
Gi(z)=—22"24+2143
Go(z)=2"2—27142

The analysis polyphase matrix is given as

It is easily verified that

1 ) 7 1
[R(2)]™' = 9|4 6 5
11 -2 8
We select E(z) as
) 7 1
Ez)=|-4 6 5
11 -2 8
Then,
Ho(2) 1 547271+ 272
Hi(2)| =E(Z*) |27 = |-4+6271 +5272
Hy(2) 272 11—2271 48272
12.22

Using the definition of the Fourier transform and changing variables, we have
1 A
V(@) = [ (e - ba)e

The change of variable 7 = (t — b/a) gives t = aT + b and dt = adr. Substituting in the previous
equation, leads to the desired Fourier transform pair

o) = =0 (120) o Wap(@) = Van(age

a

12.23

Using Parseval’s theorem we have

W) = [ alwastiar =5 [~ X@w, 0000

— 00
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Substituting the Fourier transform of 1, 5 (¢) yields

We(a,b) = % /Oo (X (Q)va¥* (a2)]e’*?dQ

— 00

or

Wy(a,b) = F~ 1 {X(Q)va¥*(aQ)}

Thus, the CWT transform at a given scale a can be evaluated by the inverse Fourier transform
of the windowed spectrum X (9)/a¥*(af?).

12.24

From Figure 12.4.7 we see that
1, 0<t<1
-

0, otherwise.

The Fourier transform, obtained using the definition, is

B(Q) = sin{(;/)2/2)ejﬂ/2

The wavelet is given by

L, 0<t<1/2
Y(t) =o(2t) — (2t —1) = ¢ —1, 1/2<t<1
0, otherwise.

Using the linearity and scaling properties of the Fourier transform and the ®(2) we obtain

w(Q) = je—jﬂ/ﬁing(ji/ 4

ost F\ 1
— 06| / \ 4
a /

ol g

0.2+ N\ N 4

N/ \ / / \ /—\/\
0 /\/\/ v v I v AV NN
10 8 6 4 2 0 2 4 6 8 10
Qn
0.8 T T
) A~
/ \ \
06| \ / _
/ \
Soat / \ / \ 1
= / \\ J( \
/ \
/ \ \
L / \ \ 4

0.2 N / \ f \ 2N

™ / \/ AN e
0 Il Il L Il V‘ Il L Il Il
-10 8 6 4 2 0 2 4 6 8 10

Qn

Figure 12.24-5: Spectra of the scaling and wavelet Haar functions.
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12.25

The wanted decompositions are
(a) z(t) = —d(4t) + 4op(4t — 1) 4+ 2¢(4t — 2) — 3p(4t — 3)
(b) z(t) = (1/2)8(t) + () + (5/2)[¢ (2t — 1) — ¥(2¢))].

12.26

The dilation equations for the Haar scaling and wavelet functions follow directly from Figure

12.4.7. The lowpass and highpass filter coefficients and the corresponding frequency responses
are

go(n) = \}55(71) +—6(n— 1)« Go(e?) = V2e79/2 cos(w/2)

S -

and

g1(n) = %5(71) — L s 1) 2T G (09) = /B9 sin(w)2)

<
N

1G o)

0.5

wlT

wlT

Figure 12.26-6: Magnitude frequency responses of the scaling and wavelet Haar filters.

12.27
From the dilation and orthogonality equations we have
) = [ 60002t~ m)ds

If the support of ¢(t) is [0, N — 1], the functions in the integral do not overlap when n < 0 or

n > N. Therefore, the support of go(n) is [0, N — 1], that is, go(n) is an FIR filter with N
coefficients.
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12.28

The dilation equation for the hat scaling function is

B(1) = 020 +1) + 6(20) + 1621~ 1)

12.29

The derivation, which is identical to that for (12.4.62), is given bellow.

di(n) = ((t), Bin(t))
- / () (£)

:[ \[ Z 91 — 277, ¢k+l m(t)dt

m=—0o0

oo

_ 3 Z a1 (m —2n/ () bps 1 (t)dt

m=—o00 -0

— Z \/ﬁgl(m*Qn)Ck—o—l(m)

m=—00

Z V2h1(2n — m) ey (m)

m=—0o0

12.30
Doing the substitutions mentioned in the textbook we have

Crar(0) = <xk+1( ), 1, e(t)>

=Y e Zgo / 222841y — o — i)2 (D 2G(2M N — gyt ..

_+ _i di(n \_f Z 91(i / 2R D29k 1y o — )2k FD/2 g2k 1t — p)dt
_ _ff "V _Z 90(0) (641 204 (1), B o(1))

¥ i dy(m)V2 ; 91(0) (911 2t (1), B (1)
- i ck(n)\/ii 9o(i)5(0 —2n — i) + i dk(n)\/ﬁ'i 91(i)6(£ — 2n — i)
— f: cx(n)V2g0 (L — 2n) + i dy(n) V291 (£ — 2n)

Changing some of the indexes in the last equation gives the desired result

cry1(n Z V2g0(n — 2m)e(m Z V2g1(n — 2m)dy,(m)

m=—0oQ m=—0oQ
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12.31

The derivation is identical to that used to prove (12.5.5).

12.32

The proof follows the steps used to prove (12.5.5). However, we use the general Parseval’s theorem
given by

/ 2(t)y* (t)dt = % / X(Q)Y*(Q)dQ

Then we use the decomposition (12.5.6) and another decomposition which uses 1(t) in place of

(t)-

12.33

The solution is provided in Figure 12.33-7.

1.2 ‘

. Go@)| |

G, (&)
0.8 - B

0.6 - o

0.4 .

02 o

0 I I I I I I I I I
- -0.6 0.6 0.8 1

0.6 |- bl

04 - .

IGo (4G ()

0.2 bl

0 I I I I I I I
- -0.6 0 0.2 0.4

w/T

0.6 0.8 1

Figure 12.33-7: Frequency responses of the Daubechies DB4 or db2 filters and verification that
they satisfy the perfect reconstruction condition.

12.34
If we sample ¢(t) at t = nT/2, that is, at twice the Nyquist rate, we have
> sin 7 (2t — nT)
= T/2)—1— = 12.1
o= 3 oT/) (12,1
This can be written as -
o)=2 3 go(n)o(2t —nT) (12:2)
n=-—oo
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where ) 1 sin(rn/2)
sin(mn
=—¢p(nT/2)= -———= 12.
() = 5onT/2) = 3200 (123
is the impulse response of an ideal half-band lowpass filter
L |w| <7/2,
G = 12.4
o) {0, otherwise. ( )
Sampling the bandpass function () at the Nyquist rate we have
b0 =2 S a(n)e(t—nT) (125)
where ) ) A
g1(n) = SU(nT/2) = S”i:;%) cos(3mn/4) (12.6)
After some trigonometric manipulations', we have
g91(n) = (=1)"go(n) (12.7)
Since (—1)" = (e/™)™ we have
Gi(w) = Go(w — ) (12.8)

which is the frequency response of an ideal half-band highpass filter. From (4) and (8) it is clear
that these filters satisfy the perfect reconstruction conditions.

CP12.4

The following figures provide examples of multiresolution analysis with Daubechies orthogonal
wavelets for N = 4 and N = 8. More insight can be obtained can be obtained using the interactive
MATLAB wavelet analysis tool or other software.

Luse cos(3mn/4) = cos(m — mn/4) = (—1)™ cos(mwn/4), then use cosacosb = (sin(a — b) + sin(a + b)) /2.
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0 0.5 1 0 0.5 1
t t

Figure 12.34-8: Decomposition using the db2 Daubechies wavelet with N = 4.
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T_1(t
0.5 1)
-0.5 .
0 0.5 1
7o (t)
1
0 /\N‘/ \2
1L . )
0 0.5 1
T_3(1)
0 L
21
0 0.5 1
.’E_4(t)
1 L
0 L
1t
20+ . .
0 0.5 1 0 0.5 1
t t

Figure 12.34-9: Decomposition using the db4 Daubechies wavelet with N = 8.
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Chapter 13

13.1
(a)
25
Ioo(z) = (1—z1+122)(1—21+1:72)
1
B = T
and 02 = 25
sox(n) = z(n-1)— %m(n —2)+w(n)

b) The whitening filter is H1(2) =1 — 271 4+ 1,72
(b) g 2

13.2

(1-i21)(1-12)
(8) Tew(2) = 5 =ona—1n)
1

For a stable filter, denominator (1 — 52') must be chose. However, either numerator factor
_ (1—%21) (1—1z)

3
1

RS

may be used. H(z)

[min.pk.]
(b) Must invert the min. pk. filter to obtain a stable whitening filter.

1 B (l_lzl)
SRy

13.3

1+40.9z71
1—-1.6271+0.632~2
1—1.627140.63272

1+40.9271
zeros: z = 0.7 and 0.9

pole: z = —0.9

H(z) =

whitening filter, H'(z) =

327
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—

8

8

£
I

oo H (w)H(—w)
, 11+ 0.9¢—7% |2

T |1 —1.6e=7v + 0.63e—2iw|?

13.4

+
oo | ot
N\
+

k=

13.5

ki =
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13.6

1
Ai(z) = 1+ 52_1
1
Bi(z) = 3T 27t
AQ(Z) = Al(Z) + sz1(2)2_1
1 1
=1 + gz_l — 32_2
1 1
By(z) = -3+ gz_l + 272
H(Z) = A3(Z) - AQ(Z) + k332(2)2’71
= 14273
The zeros are at z = —1,e™7%

Refer to fig 13.6-1

L1
N

Figure 13.6-1:
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If k3 = —1, we have
H(z) = A3(2) = As(2) — Ba(2)z*
2 2
- 1 £ -1_ =2 -2 _ _-3
+ 32' 32’ z
V11
The zeros are at z = fl,f%ijT

(c) If |k,| = 1, the zeros of H(z) = Ap(z) are on the unit circle. Refer to fig 13.6-2.

13.7

Al (Z)
Bl (Z
As(

I\
— —

BQ(Z)
As(2)

Bg(Z)
HS(Z

~—

unit circle

Figure 13.6-2:

14+0.6271

0.6+ 2"

Ay (2) + ko By ()21

14078271 4+0.3272

0.3+0.7827 4272

Ag(2) +0.52By(2)2 "

14093271 +0.69272 +0.523
0.540.69271 +0.93272 + 273

As(z) +0.9B3(2)z "

14138271 +1.311272 4+ 1.337272 4 0.927*

{% 1.38,1.311,1.337,0.9,0, .. }
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13.8

Let y(m) = z(2n — p — m). Then, the backward prediction of x(n — p) becomes the forward
prediction of y(n). Hence, its linear prediction error filter is just the noise whitening filter of the
corresponding anticausal AR(p) process.

13.9
i(n+m) = —Zp:ap(k)x(n—k)
e(n) = x(fl:jrm)fA(ner)
= a(n+m)+ Y ap(k)z(n - k)
Ele(n)z*(n—1)] = 0, 121,216,:.1..,;)
izp:%(k)%m(k—l) = “Yeall+m), I=12....p
Thekr;linimum error is
E{le(n)} = Ele(n)z*(n+m)]
= 72(0) + kzpzlap(k)m(m +k)

Refer to fig 13.9-1.

x(n+m) + /7 0\ e(n)

forward ~
-m-1 ) x(n+m)
z linear
predictor

Figure 13.9-1:

331

Telegram: @uni_k



www.konkur.in

Telegram: @uni_k

13.10

Ele(n)z"(n —1)]

= i bp(k)'yzz(l - k)
k=0

The minimum error is

E{le(n)|}

Refer to fig 13.10-1.

x(n)

p—1
=D bp(k)z(n — k)

k=0
x(n—p—m)—=&(n—p—m)
z(n—p—m)+ pr(k):z:(n —k)

k=0

0, 1=02....,p—1
—Yzz(l—p—m), 1=0,2,...,p—1
Ele(n)z*(n —p—m)]

p—1

Y22 (0) + Y bp(k)vaw (p + m — k)
k=0

Backvard | (o)

predictor

X(n-p-m) + e(n)

Figure 13.10-1:
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13.11

The Levinson-Durbin algorithm for the forward filter coefficients is

am(m) =k, =

a'nL(k) - a'nL—l(k) + k'ma';kn_1(m - k)v
k=12,...m—1m=12,....,p
but by, (k) = a,(m—k), k=0,2,....,m
or am(k) = b5 (m—k)
Yo (m) +94 by,
Therefore, b},(0) = k,, = — E;m_l ml
b(m—k) = b, 1 (m—1=k)+ kmnbm-1(k)
Vaa(m) + 77, b
Equivalently, b,,(0) = k), = E;"Hl -
b(k) = bp_1(k—1)+Ek: by _1(m—k)
This is the Levinson-Durbin algorithm for the backward filter.
13.12
Let
— bm—l dm—l
o ke i bt
Then,
b
Eg;l—l Tm—1 {b _ [ b1 ] + [ Ay ]} _ { Cm-1
Y1 az (0) o 0 b (m) Cm(m)
Hence,
Em—lbm—l +£m—ldm—l + bm(m)ll;;_l = Cp-1
l:,_lbm—l + lf,i_ldm—l + b (Mm)Y2e(0) = cm(m)
But L' 10, 1 = ¢n
= £Tn—ldm—l = 7bm (m)ll;;_l
Hence, d,,, , = _bm(m)z:nl—llf;_l
Also, E;L1—1lf:b,1 = 2%71
Therefore, bm(m)1:71QZ71 + b (M)V2(0) = cm(m) — lf,iflbmfl
solving for b,,(m), we obtain
Cm(m) - 'ybt bmf
bm(m) — 7;7;71 i 1
Yo (0) + 92 ap 4
- Cm(m) - ll;,i_lbm—l
Ej,
we also obtain the recursion
bn(k) = bm—1(k) 4 bm(m)ay, 1 (m — k),
k=1,2,...

Telegram: @uni_k
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13.13

Equations for the forward linear predictor:

Lha, =c¢,
where the elements of ¢, are v,,(l +m), [=1,2,...,p. The solution of g,, is
em(m) =% @,
am(m) = B
(m) 'Y:rm(o) + l%,lgi)nfl
Cem(m) = a4,
Ej
am(k) = am-1(k) + am(m)ag,_i(m — k),
k=12,....m—1;, m=1,2,...,p
where o, is the solution to I, cv,, = 7«

—m

b

The coefficients for the m-step backward predictor are b, = a,,.

13.14
(a)
#(n) = —az(n—1)—ax(n —2) —azz(n — 3)
14 9
But z(n) = ﬂx(n -1+ ﬁx(n —-2)— ﬂx(n —3)+w(n)
E{[z(n) — &(n)]?} is minimized by selecting the coefficients as a; = —37,a2 = —2,a3 = o
(b)
3
Yez(m) = fZakfym(mfk'), m >0
k=1

P
= *Zak'}/xx(m*k)+aﬁn m=0
k=1

Since we know the {ax} we can solve for v,,(m), m = 0,1,2,3. Then we can obtain v, (m)
for m > 3, by the above recursion. Thus,

Yer(0) = 4.93
Veu(1) = 4.32
Veu(2) = 4.2
Vex(3) = 3.85
Yeu(4) = 3.65
e(5) = 346
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(c)
14 9 1
A3(Z) = 1 ﬂz 1 — ﬂ 2 + ﬂ
1
ks = —
3 24
1 9 ., 14 _
Bg(Z) = ﬁ—ﬂzl—ﬂz 2"‘2
As(z) — k3Bs(z)
Ag(z) = =L 0%
1—k3
1—0.569z"" —0.35122
ks = —0.351
By(z) = —0.351—0.569z"1 + 272
AQ(Z) — k’QBQ(Z)
A(z) = —F—5——
1— k3
= 1-0.877z"!
k, = —0.877
13.15
(a)
4 2 _ -1 2_
O =

The minimum-phase system function H(z) is

22—;2_1
33—2"1
41—%2"1

91— 4271

H(z)

(b) The mixed-phase stable system has a system function

21—2z71
33—271
21—22"1
01 _ 1_-1
91_52 1

H(z) =

335
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13.16

As(z) = 1—2rcos@z ' 4712272
= ky = 7'2
By(z) = 1r*—2rcos®©z7 '+ 272
Aa(2) — kaBa(2)
A = _—
2rcos® _;
= 1-——2
1+7r2
2
Hence, k&1 = 7&56
1+7r2

(b) Asr — 1,ky — 1 and k1 — —cos®

13.17
(a)
a1(1) = —1.25, as(2) = 1.25, a3(3) = —1
Hence, A3(z) = 1-1.252"1 4125272 — 273
First, we determine the reflection coefficients. Clearly, k3 = —1, whcih implies that the roots

of A3(z) are on the unit circle. We may factor out one root. Thus,

Az(z) = (1—z"H - %z_l +272)
= (1-zH1-azHA—-a*zh)
where @ = M

8

Hence, the roots of A3(z) are z = 1,a, and o*.
(b) The autocorrelation function satisfies the equations

S o2, m=0
Yoo (m) + Y a3(k)yaa(m — k) = { 00 1<m<3
k=1 ’ - -
Yoz (2) %cac(l) Yoz (0)  Vaz(1) 1.25 0
Yoz (3)  Vew(2)  Yax(l)  Yaz(0) -1 0

(c) Note that since k3 = —1, the recursion Ef = Efn_l(l — |km|?) implies that B = 0. This
implies that the 4x4 correlation matrix I';, is singular. Since Eg =0, then 02 =0
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13.18

Use the Levinson-Durbin algorithm
ax (1)

Al(z)

1

= kl - 5

Ey

az(2)

a2<1)
Therefore, A5 ()
1

= kjg — —5

Esy

as(3)

a3(2)
az(1)
Therefore, A3 (2)

1
:>k3:§
Es

(1= af(1))7e2(0) = Z
_fyx$(2) + al(l)’)’ww( ) _1

o) 2

a1<1) =+ a2(2)a1(1) = i

1 1
1 + 12_1 — §Z_2

9 9
(1-a3@)E =

_'V:m(?’) + a2(1)7zx(2) + a2(2)7ww(1) _

Ey

1

2
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13.19

lea(2) = Z Yoo (m)z™™

-1

— Z(i)—mz—m + Z(i)mz—m
0

—00
1y 1
= ! ot 1.1
15
_ 16
(1-12)(1- 1271
since Ty (2) = o?H(2)H(z™h),
0.968
H(z) = —2°%
() 1— 1271

is the minimum-phase solution. The difference equation is

z(n) = ix(n — 1) + 0.968w(n)

where w(n) is a white noise sequence with zero mean and unit variance.
(b) If we choose

1
H =
) 1-— %z
-1
z71-1
_ 4z71
o 1—4z!
then, z(n) = 4z(n—1)—4 x0.968w(n — 1)
338
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13.20
Yz (0) 1
”erc(l) =0
Y2z (2) = —a?
Yaz(3) 0
_ o Yee(d)
Al(z) = 1
=k =0
E, = (1 - a%(l))'ym’z(o) =1
_ 7’)’11(2) + a1(1)7za (1) — a2
a2(2) = El =
ag(l) 0,1(1) + a2(2)a1(1) =0
Therefore,Ay(z) = 14 a®z72
= ko = a2
By, = (1-d22)FE=1-a*
i) = et o) rsnelt) g
as(2) a(2) + az(3)as(1) = a?
G,g(].) = ag(].) + 03(3)(12(2) =0
Therefore,A3(z) = Aa(2) 1+a?272
= kig =0
E3 = E2 = 1- a4
13.21

Ap(2) = Apoa(2) + kyByor (2)2"

where Bj,_1(z) is the reverse polynomial of A,_1(z).

For |kpy| < 1, we have all the roots inside the unit circle as previously shown.

For |ky| = 1, A,(2) is symmetric, which implies that all the roots are on the unit circle.

For |k,| > 1, Ay(2) = As(2) + €Bp_1(2)z7t, where A4(z) is the symmetric polynomial with all
the roots on the unit circle and B,_1(z) has all the roots outside the unit circle. Therefore, A,(z)
will have all its roots outside the unit circle.

13.22
(a)

E[fm(n)a(n — )]

E[Y " am(k)z(n — k)az(n — )]
k=0

0, by the orthogonality property
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Elgm(n)x(n—1)] = Z a) (B)E[x(n —m+ k)x(n —1)]

Elgm(n)z(n —m)] = E{gm(n)lgm(n) = ) _ bm(k)z(n —k)]}

E[fi(n)f;(n)] = B{fitn)lz(n)+ ) a;(k)z(n - k)]}

I
=

where 7 > j has been assumed

.

Elfin)fin=0] = E{fi)[z(n—t)+) a;j(k)a(n —t - k)]}

k=1

when 0 <t <i—jz(n—t—1),z(n—t—2),..., x(n —t—j) are just a subset of z(n —1),z(n —
2),...,z(n — i) Hence, from the orthogonality principle,

Efi(n)fy(n — )] = 0
Also, when —1 >t > i — j holds, via the same method we have
Elfi(n)fi(n —1)] =0
()

j—1

Elgi(n)g;(n —t)] = E{gi(n)le(n—t—j)+ Y b(k)a(n —t —k)]}
k=0

when 0 <t <i—j,{a(n—t),z(n—t—1),...,z(n—t—74)} is a subset of {z(n),...,z(n—i+1)}
Hence, from the orthogonality principle,

Elgi(n)gj(n =)l =0
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Also, when 0 >t > ¢ — j 4+ 1 we obtain the same result (g)

fori=j, E{fi(n+i)fj(n+ )} = E{f}(n+i)}
- E
for i # j, suppose that ¢ > j. Then
E{filn+i)fi(n+j)} = E{filn+i)z(n+j)+ Z% z(n+j—k)}
S -
(h)
suppose ¢ > j
E{gi(n+i)gj(n+5)} = E{g(n+ixm)+> bk +j—k)}
k=0
Elgi(n + 1)z (n)]
= E
(i)
fori>j
E{fi(n)g;(n)} = E{fi(m)a(n—j)+ ) _bj(k)x(n—k)]}
k=0
= E{fi(n)[b;(0)z(n)]}
= kjE[fi(n)z(n)
= kjEi
for i < j
E{fi(n)g;(n)} = FE{g;(n)lz(n)+ > a;(k)z(n - k)]}
k=1
=0
&)
i—1
E{fi(n)g:(n—1)} = BE{fi(ne(n—1—-j)+> bi(k)z(n—1-k)]}
k=0
= Elfi(n)z (n—l—i)]
= E{fz gz+1 sz+1 }}
= _E[fZ( ) H—l(o)x(n)]
= —kit1 E;
(k)
i+1
E{giln—Daz(n)} = E{g(n—1)[fita(n Z@H-l - k)J}
k=1
= —FElgi(n —1Da;41(i 4+ Da(n — 1 —1)]
= ki B

2

E{fi(n+a(n-i)} = E{filn+D[fin—i) =Y ai(k)a(n —i—k)]}
k=1

341

Telegram: @uni_k



www.konkur.in

Telegram: @uni_k

M
suppose ¢ > j |
E{fi(n)gi(n—1)} = BE{fin)z(n—1—j)+ ) bj(k)z(n —1-k)]}
k=0
-0
Now, let ¢ < j. then
E{fi(n)gj(n =1)} = E{gj(n = Dx(n) + > _ai(k)z(n—k)]}
k=1
= E{gj(n—1z(n)}
= —]C]‘+1Ej from (d)
13.23
(a) Elfm(n)z*(n—14)] =0, 1<i<m
(b) Elgm(n)z*(n—14)]=0, 0<i<m-—1
(¢) E[fm(n)z™(n)] = Elgm(n)z™(n —m)] = Ey,
Ed)) E[fi(n)f; (n)] = Emax (i, j)
B0 0] =0, for { LELTITH 4
(f) . . .
Elatg; (0] =0, for { 055170 177
(&) o
sl ={ g 12
E};) E[gz(n + Z)g;(n + .7)] = Emam(ivj)
sl = { g5 12
() Elfi(n)g; (n — 1)] = =k, Es
8;) Elgi(n — D" (n)] = —ki;, Es
Blrog - ={ %, o 5]

13.24
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_ Yaa (1) _ ks
bee vl ]

G. — |: 0 0 ’Ym(z)Jrkl'Ym(l) 7%1(3)+k17m(2) :|
=2 0 0 7%2(0) +Akfvee(l)  Yea(l) + By (2)

Ve tk1ver (D) Yea(0)7es (2) =12, (1)
iherefore’ ky = =2 EGRRED = T (DT (5]
et,

1k
-

VoGl — { 0 0 0 A }
B= kQ’Ymc('?’) + kle"Ymc(2) + kl’me(Q) + ’Yzac(]-)

and therefore, G5 = { 0 0 0 7ea(3)+ k(14 k2)Vea(2) + kavaeu (1) ]

and

[’7390(1) — ’7390(0)]’79693(3) +C

o T (070(2) — 12 (D)o (3) — var (D72(2) + D

where C' = 27,4 (0) Yz (1)722(2) — 'Yxx(l)'ﬁx (2) - 723:(1) and
D = 722(0) ¥z (1) 22 (2) + 'Y:%m(l) - 'sz(l)’ygz(o)
This is the same result obtained from the Levinson Algorithm.
13.25
The results of section 11.1 apply directly to this problem. We may express I'y.(f) as
Lua(f) = o0 |H(f)?

where H(f) is a filter with transfer function

H(z) = exp[)_ v(m)z"""]

m=1
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The prediction error filter whitens the input process, so that the output process is white with

spectral density o2 = exp[v(0)]. Therefore, the minimum MSE is

Ef

o0

But v(0)

Therefore, EL,
13.26

Cuu(2)

= G(z)
Since d(n)
Ydx (k)

Therefore, Iy, (2)
=]
Gz ],

Hopt(z)

hopt(”)
the output is y(n)

MMSE

s
2
/ o,dw
—Tr

T
2
fop dw
—T
2
2oy,

2me?(0)

/_ (i

1
2
1

2W€Xp[[§ lnrzm(f)d.ﬂ

Nl=

1—az7!
z(n +m), we have
E{d(n)x(n —k)}
E{z(n+m)x(n—k)}
Yoz (m + k)
M0 (2)

202 (1 — az)
K I

1—az"1(1-az)

[ U%U = ]
g1
1—az "

a 2

l—az=1""

i(1 —azh) a” 2

o2, l—az"1"

am

a™d§(n)

hopt (n) * z(n)

a™x(m)

Yz (0) Z hopt(k)%lz(k)
k=0

2 m 2
oL ama o
1— a2 1— a2
2m
1—a 2
1—a2 %
344
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13.27
Ai(z) = 1406271
Bi(z) = 06+2z7!
Ax(2) = A1(2) + keBi(2)z7!
= 14078271 +0.3272
By(z) = 0340782714272
Az(z) = Aa(2) +k3Bay(2)z !
= 14093271 4069272 +0.5273
B3(z) = 05+0.692714093272 4273
Ay(z) = As(2) +kyBs(2)z7!
= 1413871 4+1.311272+1.337272 +0.92~*
1
HE = 4
13.28
Ag(z) = 1401271 —0.72272
ko = —0.72
By(z) = —072+0.1z7' 4272
A(z) = "W
140357271
k= 0.357
Bi(z) = 0357421
Ao(z) = Bo(z)=1
C2(2) = BoBo(2) + B1Bi(z) + B2Bs(2)

= Bo+F1(0.357 4 271 + Bo(—0.72 4+ 0.1271 + 272)
= 1-0.82"140.15272

Hence, 5y = 1.399
/1 = —0.815
B2 = 0.15

Refer to fig 13.28-1

13.29
Refer to fig 13.29-1 h!(n) mininizes E[e?(n)] (wiener filter) length M = 2 (a)
Fss (w) = Ug‘H(w”z
B 0.49
|1 —-0.8edw|2
0.49
Fes(z) =

(1—0.821)(1 — 0.82)

345
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1.399
0.15 -0.815

\U @ output

Figure 13.28-1:

We can either formally invert this z-transform, or use the following idea: The inverse z-
transform of 13.1 will have the form

Yss (M) = 755(0)(0.8)I™!

—~
=
~

- =

s(n) @xm) hmy YL ®
FIR -+
d(n)

Figure 13.29-1:
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From the AR model for s(n) it is easy to show

(c) € = MMSE, =

Telegram: @uni_k

Yz (1)

'YSS(O)

and vss(1)

solve for 7,5(0)

S0 Yss(m)

Now ~ss(m)

d(n)
= Vsz (l)

So the normal equations are

0.87s5(1) + ¥s50(0)
0.87ss(1) + 5
0'8’785 (O) + ,yS/U( )
0.8755(0)

49
36
49 4
36(5
Elz(n)z(n —m)]
E{[s(n) + w(n)][s(n
Yss(m )+0' d(m)
49 4

35 ()" 8(m)

)Im\

I
S
V2l
S
5
£}
|

= FE{s(n)[s(n —

—m)+w(n—m)|}

1+ 3 h(0) 29
49 £° 365 = | &%
35 1t ) LA 56 5
h'(0) = 0.462,  h'(1) =0.248
—0.462 x 32 — 0.248 x 32 x 3 = 0.462
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13.30

he (n)

C

&F = MMSE,

13.31

Using quantities in prob. 12-33,

H,,(2)

& = MMSE,,.

13.32

Ces(2)

0.49
(1-0.8271)(1-0.82)
Tes(2) +1
1.78(1 — 0.452~1)(1 — 0.452)

(1—0.821)(1—0.82)
(1—0.45271)
(1-0.821)

{(1 — 0.82*01.;1?1 - 0.45,2)]+

0.766 0.345z2
{1 —08z71  1- 0.452} n
0.766
1—0.821
1 1-08z"' 0.766
1.781—0.452—1 1 —0.82"1
0.43
1—0.45z1
0.43(0.45)"u(n)
1

ﬁj C[Fss(z) — Hc(z)Fss(z_l)]z_ldz

1 7{ 0.28 p
b z
275 J. (z— 0.45)(1 — 0.82)
0.438

de (Z)
Tuu(2)
0.275

(1—0.452"1)(1 — 0.452)

f Taa(2) — Ho(2)Tug (1) Nd
0.275

27 f (z—0.45)(1 — 0.452~1)
0.345

1
27y
1
— dz

Yss(m) = (0~6)|m|
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2 0.6 0367 [ ht(0)
06 2 06 ht(1) | =
[O.36 06 2 ] [h+(2) ]

1
0.6
0.36
ht(0) = 0455,  ht(1)=0.15  ht(2) =0.055

&3 =MMSE3 =1 —0.455 — 0.15 x 0.6 — 0.055 x 0.36 = 0.435

Increasing the length of the filter decreases the MMSE.

13.33
Yz (0) Yz (1) Vzx (2) 1 1
Yo (1) Vaz(0)  Yau(l) -1 1=10 Utzu

1 -1 06 Yz (0)
EEXIE]

vew(0) = 2.5641,  Ypu(1) = 1.6026, 7ue(2) = 0.064
For m > 3, Ve (m) = Ygz(m — 1) — 0.6755(m — 2)
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13.34
Bl = S 0,0 D+ S a0
Let a,(0) 2 1
B S (S ESO) M OES
Leo(2) = Tusl(z) +02
_ o tou0)
)
z(n)is ARMA(p,p). Suppose
P> SN EROTow SUACED
o (X oz ap(k)2=F) (327 ap(k)2F)
Comparing parameters of the two numerators
op+on Y ark) = o2 bi(k)
k=0 k=0
on Y ap(k)ay(k+q) = on > b(k)by(k+a) q=1,2,...,p
k=0 k=0

There are p+ 1 equations in p+ 1 unknown parameters o2, b,(1), ..., b,(p). Note that b,(0) = 1.
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Chapter 14

14.1

N M-1
&= Z y(n) + Z h(k
n=0 =0

By carrying out the minimization we obtain the set of linear equations:

M-—1
> h(k)ren(l — k) = rya(l) + rua(l),  1=0,--- , M -1

where,

14.2

Assume that the sample autocorrelation and crosscorrelation are given by the unbiased estimates:

1 N-1 1 N-1

Ty (k) = N Z v(n)v(n —k)  ry(k) = N Z y(n)v(n — k)

N-1

rop(k) = 1 <Zw2n—l )+ ws(n )(ngn—k D) ()+w3(n—k)>

23
H::>

[
2=
M

( Z wa(n — Dwa(n —k — p)h(D)h(p)+
0 \1=0 p=0

2 5

+ Y wa(n —Dws(n —k)h(l) + Z h(p)wa(n — k — p)ws(n) + ws(n)ws(n — k))

=0 p=0
Since Ewa(n — l)ws(n — k)] = 0, we obtain

N— co oo
Elr (K Z <Z > Efwa(n — Dwa(n — k — p)h(1)h(p) + Efws(n)ws(n — k)])

n=0 \!=0 p=0

or

Tvv Z Z h ’ngwg k +p- l) + Ywsws (k)

=0 p=0
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Tyv(k) = y(n)v(n - k)

- % Z (z(n) +wi(n) + wz(n)) (Z wa(n — k — Dh(l) + ws(n — k))
=0

N—-1 oo

D (@) + wi(n) + wa(n))wa(n — k= DA(l) +
n=0 (=0

(z(n)ws(n — k) + wy(n)ws(n — k) + wa(n)ws(n — k))

= E[Tyv(k)] = Z['waz (k +1) + Ywgw, (B + D)]A(1) + VYzws (k)

Further simplifications are obtained if w;, wo, w3 are white and x is uncorrelated with ws.

14.3
We need to prove that
[Lap(m)]Vinri(n) = [bh(n—1) 1]Qp 41 (n) = Ky (n)
z(1)
n n x*(1—1)
Ving1(n) = an_lx(l -m—-1)X} . (n)= Zw"_lx(l -—m—1) :
I= 1=0 :
’ x*(l —m)
S ow el —m —1)a* (1) v
- Vin(n —1) - Vin(n —1)
Thus,
1 apm()]Vims1(n) = [1 —Qu(n)R, (n—1)] ]
Vin(n —1)
= 0= Q)R (n = )Vn(n —1) = v+ Q/(n)by(n — 1)
= (- DQ)
But,
n Qm(n)
Qmir(n) =Y w" ' X)X, (1-1) =
1=0 v*
Hence,

v

[ a ()] Ving1(n) = [bf,(n — 1) 1] [
From the definition of K,,+1(n) in (13.3.29) we obtain
[ g (0)]Vis1(n) = by, (n = 1) 1]Q7,1(n) = Ky, (1)

352



www.konkur.in

14.4
We need to prove that
o G (n)g;kn(n)em l(n)
By definition
Om (1
fult) =~
Use the relations:
Om(n) = womn—1)+ amng,, (n)en,(n)
_ Om(n — 1)gm(n)
em+1(n) = em(n)— W
En(n) = wEp(n—1) + am|gm(n)[?
W0 (1= 1) 4 g () (e () + 2flen(ed
)= o 2, ()
_ = Dy (n—1) + am(n)lgm(n)?)  am(n)gm (n)em1(n)
E},(n)E},(n—1) E},(n)
- (;m(n — 1) o am(n)g:l(n)em+l(n)
E}(n—1) E},(n)
_ (1) g (n)em41(n)
Bl - YO
14.5
Kn(n) = zméz)) _ wum(n = 1)+ 2Ufm(n1)(n)g;“nl(n -
Um(n)Km(n) = wum(n—1)+ fro1(n)gp_1(n —1) + frn—1(n)gp,_1(n — 1)

= wum(n — 1)+ [fm(n) + Kn(n)gm-1(n — 1)]gp,_1(n — 1)
+ (g (n) + Kin(n) fr, 1 (0)] fr—1(n)

= wum(n—1) + fm(n)gp 1 (n — 1) + g5, (n) fr—1(n)
+ K (m){lgm—1(n = )|+ |fr_1(n = 1)}

Ko (0)[vm(n) = |gp,—1(n = D) = | £7, 1 (n = D]
= Wi (n = 1) + frm(n) g1 (n = 1) + g5, (n) frn—1(n)
— Ko (m)wim(n — 1) = Wit (n — 1) + fra(n)glp_1 (2 — 1) + g (1) fon_1(n)
+ fm(n)gszl(n — 1) + g;kn(n)fm—l(n)
W, (n—1)

Ky,(n)=Kpnn—-1)

14.6

We will derive the FAEST algorithm in Table 13.7 line by line. The alternative Kalman gain is
defined as

Rn(n) = 2Py (n — X" (n)

w m
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From (13.2.74)

Puln - VX5 B(n)
w+ X[ ()P (n = 1) X5 () 14 X1 ()P (n — 1) X7, (n)
= Kp(n)am(n) (seel3.3.57)

K, (n)

Define a,(n) = 1/am(n). Then,
am(n) =1+ len(n)Pm(n — D)X (n) =14 XL (n)Kn(n).
w
FAEST-line 1:

fm-1(n) = 2(n) + a5,y (n = X1 (n — 1)

FAEST-line 2:
fmfl(n,n) = fr—1(N)am-1(n) = (m_

FAEST-line 3: From (13.3.50)

am(n) = ap(n—1) me~(nf Dfm(n) =
am-1(n) = am-1(n—1)— {(m—l(n)ajn—l(n — 1) fm-1(n)
= ap-1(n—1) = Kp_1(n) fm-1(n,n)

FAEST-line 4: From (13.3.83)
Ef_1(n) = wE},_;(n = 1)+ am1(n—1)fm1(n) fr,_1(n)
But a,,_1(n—1)f%_,(n) = f_,(n,n), thus,
Bl _y(n) =wE},_ (n= 1)+ frm_1(n)f5_1(n,n)

FAEST-line 5:

Rpo(n) = %R;}(n X)) and  Kypoa(n—1) = %R;l_l(n COXE_(n—1)
Use the partition (13.3.32) to write
. To 0 1 | .
we0=[0 atn-n | s Lawatnoy |00
Thus,
. f1ro0 0 | ! o
Fn(n) = {w [ 0 R a2) ] e AT [ . } 1 all_( 1)1}
, [ z*(n) }
Xpoq(n—=1)

= Lt 55 Lo |

m—1

FAEST-line 6: We need to find the update formula for the step K, 1(n+ 1) — K (n+ 1).

Ro(n) = <= Po(n— 1)X (n).

w
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Using partition (13.3.27) we obtain

Po(n—1) = [ Pr—y(n —1) 0]+1[b”‘1(”_1) } BE L (n—1) 1]

0 0 m—1
Thus,

B A | P g R e

m—1

. [ bp—1(n —1) } b2 (n—1)1]- [ X (n) }

z*(n—m+1)

|+ om0 ]

m—1

Write

We identify

() = () = B (1= D),

m—1

FAEST-line 7: Using the partition of Km(n) in step-6 we obtain

C'm,l(n) = f(m,l(n) + Cmm(N)bm—1(n—1) = Kpn-1(n) = Cno1(n) — Gmm(n)bm—1(n — 1)
FAEST-line 8: From (13.3.91)
Firr (1) s ()

Ef; 1(n)
But, apm(n) = 1/dm(n) and fr_1(n) = fm_1(n,n)dm—1(n — 1). Thus,
E;,_(n)

Efn 1(”) - am—l(n - 1)|fm—1(n)|2
wE}, (0= 1) + |fm 1 (0)]*/am 1 (n = 1)

am(n) =am_1(n—1) |1 —

am(n) = CN’/mfl(n — 1)

= dm_l(n — 1)

wEf,_(n)
- a n— 1 |fm 1(7’L |2
= G ) e T Y wEl ()
= g n— |fm 1(”)‘2
B v e

FAEST-line 9: d,,(n) = 1+ K%, (n)X,n(n). If we use the partition of step-6 then

o) = 14 R0 010+ 1) 11 ()
= am-1(n) + Cmm(n)gm-1(n) =
dm_l(n) = &m (TL) - émm(n)gm—l(n)
FAEST-line 10: From (13.3.61)
_ _ D () = Im=1(1)
gm_1(n,n) —gm—l( ) m—l( ) dmfl(’n)
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FAEST-line 11: From (13.3.84)
Ep,(n) = wEy, (n = 1) + @ (n) gy, () gm ().
But, gm(n)am(n) = gm(n,n), so that,
Ep,(n) = wEy, (n = 1) + g5, (0)Gm(n,n) = wEp, (n = 1) + g (n) g (n, 1)

FAEST-line 12: The time-update of b,,(n) is given by (13.3.51)

b (n) = bm (1 = 1) = K (1)gm(n)
But, K, (n) = Ky (n)am(n) and a,m,(n)gm(n) = gm(n,n), so that

b (1) = by (n — 1) — Ky (1) Gm(n, 1)

FAEST-line 13: By definition ey (n) = d(n) — hl,(n — 1) X,,(n)
FAEST-line 14,15: From (13.2.76

(
)
)
)

hm(n) = hpnh-—1)+ Ifm(n)em(n) =hm(n—1) + Kp(n)am(n)en(n)
= hpn—1)+ K,(n)én(n,n)
where,
em(n,n) = am(n)em(n _em(n)
14.7
hm(n + 1) = why, (n) + Ae(n) X, (n)
where
e(n) = d(n) — L (n) X, (n).
Thus,
hm(n+1) = why(n) + Ad(n) = hy, (0) X (7)) X, (1)
= whp(n) + Ad(n) X5, (n) — AX;, (n) X, (n)hin (1)
= Elhmn+1)] = (wl—ARp)Ehm(n)]+ Ary,
where,

Ry, = BIX,,(m) X}, (n)], o = Bld(n) X, (n)].
Since R,, is Hermitian, it assumes the decomposition R,,, = UAUH | where A is a diagonal matrix
with elements \;, 0 < k < m — 1, the eigenvalues of R,,, and U is a normalized modal matrix
such that UUH = 1.
Thus,
E[hm(n+1)] = Ulwl — ANU? E[h,,,(n)] + Ary,.

Premultiplying the above by U we obtain

h?n (n+1) =[wl — AA]h?n(n) + A

where E?n(n +1) =UHEhn(n+1)], 8, = UHr,,. The values of A that ensure convergence of
the mean of the coefficient vector should satisfy

lw—AX| <1, k=0,---,m—1

or

1—w 1+w
<A< , k=0,--- m—1
Ak Ak "
or 1 1+
—w w
JAN
>\’ITL’LTL <)\mam
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en) = le(m) +clhy(n)]?
[d(n) = X3, (n) s ()] [d*(n) = haip (M) X3 (n) | + el (n)ly ()

[d(m)I? ~ 2Re |3 () X5, (m)] d(m) + 1 () X3 () X T () ayy () + choff () oy (n)

The complex gradient vector is de(n)/dh%,:

Oe(n)
onk,

= —Xj(n)d(n) + X3, () X3 (n)hys (n) + chy(n)

—X3(n) [d(n) + X3 (n)hpr(n)] + chyr(n)
= —e(n) X}y (n) + chy(n)
Then, in the steepest-descent method, we update the coeficient vector as follows:
Oe(n)
Ohgy
= hy(n) + Ale(n) X}y (n) — chy(n)]
= (1= Ac)hy(n) + Ae(n) Xy (n)

hy(n+1) = hyn)—A

14.9

The normalized LMS algorithm is given as:

A *
hy(n+1) = hy(n) + WKM(”)G(TL)

DEfine the error vector £(n) as
e(n) = hopy(n) = hpy(n)

Also, define the mean square derivation of the error vector as

J(n) = E [[le(n)]?]

Then,
Hnt1) = Bl - o Xem?]
_ Re [ (m)X* )e(m)] | o [ le(m)P
- J(”)‘QAE{ IXmI? }*AE{HMM
Hence,
o[l Re [£" ()X (n)e(n)]
S = a0 = 8 [ QAE{ IXmI? }

We observe that the mean square derivation decreases exponentially with an increase in n, pro-
vided that

Re[e" (n) X" (n)e(n)]
E { TX T }
0<AL

EOE
E {uz(nw}
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Approximation:

e@P ] B [lem)?]
E{Lxmﬂﬁ]” |

and

g Re [e(n)X*(n)e(n)] E{Re [¢" (n)X*(n)e(n)] }
1X(n)[? |

With the approximations, we obtain

0<A<

14.10

We can reduce the number of computations needed by m — 1 multiplications if we avoid the
update of the Kalman gain

Ky—1(n) = 2Cp—1(n) — ybpm—_1(n —1).

If we use the alternative Kalman gain this step takes the form

Kp—1(n) = Cp_1(n) — ybpm_1(n —1).

As in the a-priori case, the update of the alternative Kalman gain vector f(m(n), is carried out
in two steps,
PP i (n 1)

step—down
—

Kn(n+1)

K (n)

using the following Levinson-type recursions:

- 0 m—1 { 1 }
Knn)=| = +— step — Sofprob.13 — 8
2= & a1 wET (D) | amaa(n—1) | (Step =P )
and
o _ kmfl(n) g;‘%fl bm—l(n - 1) _ _
K, (n) = { 0 ] + —UJEfn_l(n— 0 [ 1 (step — 6ofprob.13 — 8)
With K,,(n) we associate the scalar d,, (n)
(1) = — = 1+ X3, (1) Ko ()
am(n) = = T (n)Kpm(n).
am(n)
This parameter is updated as (see prob. 13.8)
2
G (1) = Q1 (n — 1) + 7“7”;1(”)'
wEmfl(n)

dm—l(n - 1) = dm(n) - gm—l(n)é’rnm(n)-
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FAST RLS algorithm: Version A (a-posteriori version)

fmo1(n) = x(n)+ay, 1(n—1)X,,_1(n—1)
gm-1(n) = x(n—M+1)+b, (n—1)X, 1(n—1)
= a n— n— 7fm 1(n)
am—l(n) = m—l( 1) Km 1( 1)am 1(n—1)
fmoa(n,n) = a(n)+ay, (n—1) Xy 1(n—1)
B (n) = wEL ;(n—1)+ fm1(n)fr_i(n,n)
iy = |G ] 0 b)) [
B = [ b =] & e JME;_l(n_l) r—
f{mfl(n) = émfl(n) - bmfl(n - 1)~mm(n)
- - & n— |fm71(n)|2
B = A
am,l(n) = am(n)—gm,l(n)cmm(n)
b_1(n) = bml(n—l)—Kml(n—l)gZiEZ;
din) = ht (n —Al)Xm(n)
em(n) = d(n)—d(n)
ho(n) = hm(nleKmfn)em(n)
Initialization:

am-1(=1) =bpm_1(=1) =0, K 1(=1)=0, hp1(=1)=0, EL_(-1)=£&>0.

2
In this version we need 5 extra multiplications for the calculation of - fma () 1S o 1(n)]
m—1(n—1) wE! | (n—1)’

Im—1(n)Cmm(n), (1‘1'”17(175”)1), s ((n; and we save m multiplications from the estimation of K,, 1 (n).
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FAST RLS algorithm: Version B (a-posteriori version)

fmfl (n)
gmfl(n)

Initialization:

am—l(*]-) = bm—l(*l)

In this version we need 3 extra multiplications for the calculation of =

z(n) +al, _(n—1)X,,_1(n—1)
z(n—M+1)+b, (n—1)X,_1(n)
_ fT}'L—l(n)

am1(n—1) = Kys(n = 1) 220

fm—l(n)

dm,1<n — 1)
|.fm—1(n)|2

wE! _(n—1)+ PR e

Cp_1(n) ] 0 m—1(1)
[ Crmm (12) ] a { Km-1(n—1) } N wEﬂ;_l(n— 1) |: Gm-1
ém,l(n) —bm-1(n — 1)Cmm(n)
. B |[frm—1(1)]”
e )

&»m('fl) - gnb—l(n)émm(n)
gm-1(n)

bm,1<n — 1) — kmfl(’n — l)a _1(71)
Bt (n = 1) X ()

) = dn)
hm(n—1) 4+ W

fm—l(n)

1
(n—1)

0, Kpm—1(=1) =0, hyy_1(=1) =0, EL_(=1) =& > 0,a@p_1(—1) = 1.

gm—l(n)

nz—l(”_l) ’ a‘m

and we save m multiplications from the estimation of K,,_1(n).

14.11

Thus,

Telegram: @uni_k

M1 2
E=FE <g — h(n)x(n)) ]
n=0
= FE|2 (g - z_: h(n)x(n)) x(k‘)] =0, k=0,---,
n=0
M—1
Elgz(k)] = F Z h(n)x(n)x(k‘)] , k=0, ,M-1
n=0

360
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Blgz(k)] = Elg(gu(k) + w(k))] = Elg’Jo(k) + Elgw(k)]
= Gu(k) (ifg, w(k)areuncorrelated)
M-1 M—1
n=0 Av;—_ol
= h(n)E[(gv(n) + w(n))(gv(k) + w(k))]
v
= Y h(n)ElgPu(n)u(k) + gu(n)w(k) + gu(k)w(n) + w(n)w(k)]
e
= G hn)w(k)v(n)+ a2 h(k)
n=0
Hence,
M—1
Gu(k) = Gu(k) > h(n)v(n) + o7 h(k)
n=0
(GvvT +62I)h = Gv
where
v=[(0), -, o(M-1]",  h=I[n0), -, h(M-1)]".
14.12
Let
M-1 M-1
H(z) = hpz%  and  H, = H(z = ?™/M) = hy e 2mmk/M
k=0 k=0

The sequence {hy} is related to the sequence {H,} by the inverse discrete Fourier transform

M—-1
> Hpe™ M k=0, M- 1.

n=0

1

hk:M

When hyg, given above is substituted in the expression for H(z) the double sum that results can
be simplified to yield
1— M H
H(z)= —— ok .
M 1 — ei2mk/M 4—1
k=0

The filter structure is shown in Fig. 14.12-1.

1. Let yr(n) be the output at time ¢t = nT of the filter with transfer function

1— M 1
M 1 — ej2mk/M—1°

Then the response of the recursive filter at ¢t = nT is

) M-1
d(n) = Z Hy(n)yx(n).
k=0
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Telegram: @uni_k



www.konkur.in

Telegram: @uni_k

d(n)

(x)
H
JoM = {lef”/M X
MN , H dn)

e(n)

1 T M-1

1= LMLy X
HM*I

Figure 14.12-1:

where {Hy(n)} are the filter coefficients at t = nT. If e(n) = d — d(n) then, an algorithm
for adjusting the coefficients Hy(n) is given by

Hi(n+1) = Hg(n) + Ae(n)yp(n)k =0,--- , M — 1.

2. The cascade of the comb filter 17;; ™ with each of the single-pole filter forms a system
with frequency response

1— ej27rf/M
Hy(f) = M(1 = ei2n /M=)’

Thus,
1 e—jZﬂﬂlf ejQﬂﬂlf __e—j2ﬂﬂ4f
|Hi(f)] = Wi ejzw(k/Mf)" o—i2n(k/M—T) _6j27r(k/Mf)‘
1 27 sin(wM f) _ 1 sin(mM f)
M —2jsin(n(k/M — f)) M sin(w(k/M — f))|

We observe that |Hi(f)| = 0 at the frequencies f = n/M, n # k and |Hg(f)| = 1 at
f=k/M.

Thus, the kth system has a resonant frequency at f = k/M, and it is zero at the resonant
frequencies of all the other systems. This means that if the desired signal is

M—
d(n) = Ay, cos(wgn), wg, =
k=0

Ju

2k
M ?

the coefficient of each single-pole filter can be adjusted independently without any interac-
tion from the other filters.

14.13

Thus,
h(n+1) = h(n) — Ah(n) + 204 = h(n)(1 — A) + 20A.
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1. For an overdamped system,

N-Al<l=0<A<2.

2. Fig. 14.13-1 contains a plot of J(n) vs. n. The step A was set to 0.5 and the initial value
of h was set to 0. In Fig. 14.13-2 we have plotted J(h(n)) vs. h(n). As it is observed from
the figures the minimum value of J which is —372, is reached within 5 iterations of the

algorithm.
50
ol i
_sol i
-100|- i
150l i
%7200, i
_os0| i
_s00l i
_ss0l i
400 5 10 5 20 2:15 20 3 20 25 50
Figure 14.13-1:
14.14
Normal Equations:
M-1
> ak)r(l—k) =ry(l) 1=0,1,--- ,M—1
k=0

Too(l — k) = Tapguws (1 — k) + Top0, (1 — k)

Power spectral density of vq(n):

1 o 0.75

Toon(f) =2 H(f)P =02 = T 210
wr (1) = OulHU = 0w 7555777 = 575 125 —cos(@rf)

Thus,
o

g
075 (0.5)I™1.

Tugus ()
Hence,

2
k) = o268(] — w_ |i—k|
ol — k) =050(l — k) + 075 (0.5)1"="1.
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50

-50

-100

-150

-200

-250

-300

-350

—400 | | | | | | |
0 2 4 6 8 10 12 14

h(n)

Figure 14.13-2:

()

16 18 20

wyn) ] vy(n) v(n)

1-0.5771 C/ A

)

y(n)=x(n) + w,(n) + wyn)

Figure 14.14-1:

Assuming that z(n), wi(n), wa(n), ws(n) are mutually uncorrelated, it follows that

Ely(n)v(n —1)] = E[wava(n — )]

where h(k) = 0.5%. Thus,

Telegram:

@uni_k

o0
Ely(n)v(n —1)] Zh njws(n—1—k
k=0
The normal equations take the form
2, op 0.502 0.250
Owt o715 0.75 0.75 a(0)
0.502 Ow 0.50
0.75 oy + 0.75 0.75 a(;)
0.2502 0.502 2 a2 a(2)
0.75 0.75 Tw T 575
15 4
a0) =55 al)=-5
364
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14.15

e(n) = z(n)—ax(n—1) —asx(n —2)

£ = El*n)] =

g—i = FEl(z(n) —ajz(n —1) —asz(n —2))x(n —1)] =0

aa—ai = FEl(z(n) —ajz(n — 1) —asz(n —2))x(n —2)] =0

= Elz(n)x(n — 1)] — a1 E[z(n — 1)z(n — 1)] — axE[z(n — 2)x(n — 1)] =0

Elz(n)x(n —2)] — a1 E[x(n — 1)z(n — 2)] — asE[z(n — 2)x(n —2)] =0

But,

Thus, we obtain the system

with solution a; = a, as = 0.

14.16
The optimum linear predictor in Prob. 14.15 is a first order filter with transfer function
A(z)=1—az"t.
Thus, the corresponding lattice has one stage with the forward and backward errors given by
f(n) = fo(n) + Kbo(n = 1) b(n) =bo(n — 1) + K fo(n)
Since fo(n) = bo(n) = x(n), we obtain
fn)=z(n)+ Kz(n—-1) bn)=z(n—-1)+ Kz(n).
Comparing with the prediction error:
e(n) =z(n) —ax(n —1)

we identify K as —a.

14.17

1
D biryy(l— k) =ray(l) =ray(l),  1=0,1
k=0
where y(n) is the input of the adaptive FIR filter B(z)
ryy(lL = k) = rss(l = k) + 1w (l = k) = 55 (I = k) + 02,6(1 — k)
where s(n) is the output of the system C(z).
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fin)=e(n)
.
z g(n)
Figure 14.16-1:
If 2(n) is white with variance o2 then,
rss(l — k) = 1_03 92( 0.9)l=+ = 1_‘77;19( 0.9) /1l

rey(l) = Elz(n)y™(n — )] = Elz(n)(s"(n = 1) + w*(n = 1))].

If 2(n) and w(n) are uncorrelated then,
T2y (1) = E[z(n)s*(n — )] = a25(1).

Thus, we obtain the system:

With 02 and o2 known, we can determine by, b.

14.18
(a)

fm(n) = fm-1(n) = kmgm-1(n —1)
gm(n) = gm-1(n—1) =k}, fm-1(n)

Zw It OF + lgm(F]

" =—2Zw 010~ D) + Frner D (1] = 0

Zw" o1 (0= [fin-1(D) = kmgm-1(l = D] + frn-1() [grs1 (L = 1) = km frn—1 (D] }

=0

Solving for kjs, we obtain

b(n) = — 200" 1 Qg1 (=D um()

Z?:O wnil |:|fm—1(l)‘2 + |gm_1(l — ]_)|2 Um(n)
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Wim(n —1) +2fm-1(n)gp,_1(n — 1)

km(n) = 2
wom(n = 1) + [fm-a ()" + [gm-1(n = 1)

| 2

S gm-1(n=1) = fa-1(n) [g5,(n) + kn(n) f,_1 (n)]
Fn-1(n) gy (n) + kg (n) | frn—1 ()

fre1()gm-1(n=1) = gm1(n) [fin(n) + k(1) gm—1(n — 1)]
= Gm-1(n = 1) fin(n) + ki (n) [grm-1(n — 1)

Therefore,
2fm-1(M)g3s1(n = 1) = ki (0) || fro-1 () + g1 ()] + 2(n)
where
2(n) = fm-1(n)gm(n) + fm(n)gn 1 (n — 1)
Now,
21 (Mgipa(n=1) = 2(0) + ki (n) [w0n(0) + | frnoa () + g1 (n) ]
—km(n)wuy,(n — 1)
= z(n) + kn(n)vm(n) — kn(n)woy,(n — 1)
Then,
n—1
2) " a1 (g i (L= 1) + 2fr1(n)g, 1 (n = 1) = wup(n—1)

1=0
+2(n) + km(n)om(n)

— o (R) W (0 — 1)
But k(1) = m (1) /vm(n). Therefore,
o ()W (1) = 2(1) + Wk, (1 — 1) + Ko (0) 0y () — iy WU (12 — 1)
and, then

Fm(n) = Zzzgz_ i)) + vaj :zl)f 1)

(
(n)

wWoy,(n —1)

km(n) = knpn—1)+
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Chapter 15

15.1

ling — 00 E

_ 1 o 2w F't 2
t)e 7L
2TO | /To z( )e |

1 To ) To _
7/ x(t)(ﬂWFtdt/ z* (1)’ T dr
T | n, .

1 )
= hmToﬂooﬁ/ E[x(t)x*(T)]e—]27rF(t—7')dtd7_

= hrnTD—>OO 2T / / ’Yaxr t - T jQTrF(t_T)dth
0
T
= lim o —i2nF (o) gt
B To—00 o 2T0 'Ym'c 6 «

— 00

= 'Yaca:(F)

= 1imT0 00 E

m=—N m=

N
D Aws(m)e M = N SN w(ntm)at (n)e I
n=0
+N
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15.2

E[|’73:ac(m)|2}

Let p

El[Yza(m)|?]

Therefore,

var[Yeq (m)]

Telegram: @uni_k

Q

N—|m|—-1 N—|m|-1

PP DR DR
NQZZ{E

+Bla (n)2(n) Ela* (0 + m)a(n +m)]
#Bla” ()"0 + mlEla(n)a(n + m)}

32 X Yt

+’yzx (ﬂ +m — n)’YII (n +m— TL,)]
n —n’. Then

m) |25 ] 77 5 S0~ mhealp + )

NP+ 5 ZZ Vo (P)Vie (P — M) Yar(p + m)]

z(n+m)z(n)z*(n' +m)]

z(n +m)|Efz(n')z" (' +m)]

+’Y:cac n_n)

m|

|E[Yoa(m

2 0 S 2 (0 (o ) (p 4 )]

n . p

3 BRI~ Mo+ m)

p=—00
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15.3

E[’Yll(m)’}/;x(m/)] = F {

- = Z Z (Bl (n)a(n -+ m)| Ele(n)" (o' + )]

+E[x*(n)( DIE[™ (0" +m)x(n + m)]
+E["(n)x" (0’ + m )] Elz(n))z(n +m)]}

ol ,
= ﬁ;; m)§(m’) + 6(n —n')d(m —m')

+0(n" +m' —n)d(n+m —n')]

Hence, Eprs(f1)pzz(f2)] = Z Z Eype (m)yge (m')]e~32mmb1 =327’ f2

m_f(N 1) m’'=—(N-1)

— NQZZZZ m') + 8(n —n')s(m —m’)

+8(n" +m/ —n)d(n+m —n')e I2mmem2mm f2
T {Simf(fl + fz)N] n {Sinﬂ(fl - fQ)N}
x Nsinm(f1 + f2) Nsinn(f1 — f2)

COV[ xx(fl)pxw(fZ)] = [pxx(fl)pxw(f2)] E[prx(fl)] [pxac(fQ)]
= [pmz(fl)pzw(f2

o
) [sinm(fi+ f2)N 2 sinm(f1 — 2
- % {stmr (f1 —|—f2)] + {stmr (fr— )]

var[pgz (f)]

coV[paa (f1)Pae (f2)]| f1=fo=r
4 sin2wfIN 2
= % [14— (Nsin27rf> ]
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15.4

Assume that z(n) is the output of a linear system excited by white noise input w(n), where
02 =1. Then puz(f) = Low(f)Pww(f). From prob. 12.3, (a), (b) and (c), we have

Elpoe(f)Paa(f2)] = Taw(f1)Taa(f2) Elpuwn(f1)pwn(£2))
; 2 . 2
= Tow(f1)Taz(f2) {1 " [smw(ﬁ +f2)N] N {szmr(fl - fg)N] }

Nsina(f1 + f2) Nsinm(f1 — f2)
COV[ za:(fl)pa:a:(f2)] = Fa:w(fl)rmz<f2)cov[ ww(fl)pww(fQ)]

T (f) { h E bl }

var[pzz (f)] = cov[pea(f1)Pee(f)ll fr=fo=r

in2w f N 2
_ 1 sin
m[ * <Nsin27rf

15.5

Let ye(n) = x(n)* hi(n)

Yk(n)ln=n = x(m)e

Note that this is just the Goertzel algorithm for computing the DFT. Then,

N-1
—j2nkm
()P = [X(R)P = | a(m)e™

m=0

372
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15.6

From (14.2.18) we have

| M-
w(f) = SViii w(n)e 72"
n=0
| M-1m-
> n/zow(n)w*(n')e j2mf (=)

by the definition of U in (14.2.12)

15.7

(a) (1) Divide z(n) into subsequences of length M and overlapped by 50% to produce 4k subse-
quences. Each subsequence is padded with £ 5 Z€ros.

(2) Compute the M-point DFT of each frame or subsequence.

(3) Compute the magnitude square of each DFT.

(4) Average the 4k M-point DFT’s.

(5) Perform the IDFT to obtain an estimate of the autocorrelation sequence.

(b)

Xs(k) = Y as(m)eH"
m=0
%71 2 k M-1 27k
= D Y - e
m=0
M1 i2 k j2mkm’
— 21 (m)e” + ik Z zo(m)e” T
m=0
X3(k) = Xy(k)+e ™ Xy (k)

(c¢) Instead of zero-padding, we can combine two subsequences to produce a single M-point
subsequence and thus reduce the number of sequences form 4k to 2k. Then, we use the relation
n (b) for the DFT.

15.8
(a) Obviously, Af = 0.01. From (12.2.52), M = %’C = 90.
(b) From (14.2.53), the quality factor is @ = 1.1NA f. This expression does not depend on M;

hence, there is no advantage to increasing the value of M beyond 90.

373
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15.9

(a) From table 14.1, we have

Op = L1INAS
. Qp 1
=48 = [N T I
Ow = 139NAS
Qw1
=51 = 398~ 139
Qpr = 234NAf
Qpr 1
= of 234N _ 231

For the Bartlett estimate,
@B

=M
For the Welch estimate with 50% overlap,

Qu

=M

For the Blackman-Tukey estimate,
QBT

=M

374
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15.10

(a) Suppose P](;)(f) is the periodogram based on the Bartlett method. Then,

PM(f)

rxr

Therefore, E{PM)(f)}

var{ P00 ()}
var{ P21 (f)}

Telegram: @uni_k

| M 4
M' in(m)e_ﬂ”f"\Q, i=0,1,...,k—1
n=0
0
|y M2
| Z 55'1 —]27rfn|2
(1- )Pél)(f)
wP(f) + (1 - w)PY(f)

(1 —w)[wPS (f) + P (f)]
—w) Y mu™ P ()
k=1

—w) > Mw"FE[PY(f)]

_wl—wMi H N sinm(f —a)M1? N
(1 ) 1l—-w M Pm( ){ sinm(f — a) ] d
sinm( a)M 2
M/; [ sinm(f — o) ] d
E{[P(M (P} = [E{PEO(f )}]
B{(1 ZMwm Py (1)
k=1
~{E[(1—w) Y Muw™ PR ()]}
k=1
(1—w)? [Z Mw ™= E{PF(f)}? - {E[Pék)(f)]}Q]
k=1
(1 —w)? Z MMQ(M_k)Uar[PgC)(f)]
k=1

o1 w2M ) sin2m fM 2
1w sin2m f M 2
(1—w2 )mrix(f) |}+ (MSiTLQﬂ'f) ]
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(b)
E{PGV(NY = E{PL()
= /_l Fww(a>W(f - a)da
12 N )
where W(f) = m| Z w(n)efj27rfn‘2
n=0
M
Var[PnSy)(f)} = (1- w)2 Zw2(M7k)var[pﬂ(c;) ()]
k=1
—<1W%Gﬂﬂzm
15.11

Let R&Q be defined as follows:

Then,

E*(f)RVE(f)

Therefore, ngf) (f)

r0) ()
ri(=1) 72(0)

r{(0)
M-_1M-1
_ Z Mrgaz(k k/)efj27r(k7k )f
k=0 k’=0
| M-l .
- LYY e
k=0 m=k—(M—1)
(M-1)
_ Z (Mlm‘)r(i)(m) —j2nmf
M xTrxr
—(M-1)
= PR/
1 X
= 2 EUNREEF)
k=1
376
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15.12

To prove the recursive relation in (12.3.19) we make use of the following relations:

E, =
where f,(n) =
gm(n) =

and Em—l =

N-1

AISO, Z [fm—l(n) + g:n—l(n - 1)] =

n=m

We substitute for f,,(n) and g, (n — 1) from (2) into (1), and we expand the expressions. Then,

N-1

Y fmm)P +lgm(n = DP] (1)

n=m

fmfl(n) + kmgmfl(n - 1)

Ky fm-1(n) + gm-1(n—1)  (2)
N-1
Y Ufma @)+ |gm-1(n = D]

n=m-—1

|fm71(m - 1)|2 + |gm71(m - 2)|2

N-1
+ > (-1 () + lgm-1(n = 1)|7]
1~ -

——knEn—
5 1

use the relations for E,,_1 and k,, to reduce the result.

15.13

z(n)
Elz(n)]

since Elw(n)]

To determine the autocorrelation, we have

h(0)
h(1)
1
p:q:]-v az_iv b0:1; b1:_1

Hence, 7,4(0)
Yaz(1)
and 7z (0)

Yoz (1)

Y (m)

Y (m)

377
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- %h(o) +5(1) ~ 5(0) = —

_ %x(n “1) 4 w(n) —wln—1)

= %E[m(n — 1]+ E[w(n)] — Elw(n — 1)]
= 0, it follows that E[z(n)] =0

= %h(q) £5(0) —6(~1) = 1

1

1 1
= ST Vxx 1 2 1 5
(1) 4 031+ )
1
= 5%5:1:(0)'1‘05(—1)
4 2
= go'w
1 2
= —30’w
= _allyzx(m_l)
11 1—1 2
— (I \ym 1
Qe m
= sz(_m)
11 —-m-+1__2
= (= 0
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15.14
z(n) = wn)—2wh-1)+wh-—2)
El[z(n)] = 0 since Efw(n)]=0
q
Yoo(m) = 05 bpbeim, 0<m<gq
k=0
where q= 2, bo = 1, bl = —2, bg =1
2
Hence, 7,.(0) = o2 Zbi = bo?
k=0
2
"Y:cac(l) = 0'121} Zbkbk+1 = —40'3)
k=0
2
You(2) = 05 Y bbeia = o,
k=0
’711(—’1’)1) = Tax (m)

15.15

lea(2) = Z Yaa(m)z™™

= 2272(2" - 228+ 322 - 224 1)
1+5v3 14+5V3

The four zeros are

2 2
The minimum-phase system is
H(z) = G —z1427%), where G =2
Hence, H(z) = V2(1—2z"14272)
(b) The solution is unique.
15.16
(a)
Ioa(2) = Z Yoo (m)z™™
2
= 6—2(6 — 35271 462272 — 35273 + 6277
2 1 1
= (%(1 ~3 (-2 (- 52— g2
11
The four zeros are z = 3,2, 33
The minimum phase system is H(z) = i(1 - 1z_l)(l - 1z_l)
P Y V62T 2 3
1
= —(6-5z"t 4272
0! )
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(b) The maximum phase system is H(z) = \/%(1 — 5271 4+6272)
(c) There are two possible mixed-phase systems: H;(z) = —=(3 — 727! +2272)  Hy(z) =

V62
\/%(2 — 727 4+3272)
15.17
(a)
14271
H = —
=) 1-08z1
Lin(f) = H)H(ET)|menns
L+e920f 14277
~ 1-0.8¢7927/ 1 —0.8ei27f
B cos’n f
T 1.64 — 1.6cos2n f
1
—  (Z)Iml]
Telm) = (3)
= Fa:a:(f) = Z (§)|m\€—]2ﬂfm
m=—0oo
B 0.75
125 — cos2rf
Lyy (f) = Tea(H)Tnnl(f)
B 3cos’mf
(164 — 1.6c0s27f)(1.25 — cos2n f)
(b)
54 %
r = - 2
w(f) 1.64 — 1.6cos2nf  1.25 — cos2n f
9 3
= 150 25 50 1
1.64 — 1.6cos2n f 1.25 — cos2n f
1
Yyy(m) = 150(0.8)™ — 50(5)“”'

(©) 02 = 722(0) = 150 — 50 = 100

15.18

proof is by contradiction.
(a) Assume the |k,,| > 1. Since E,, = (1 — |km|?)Em_1, this implies that either E,, < 0 or
FE,,_1 < 0. Hence, 0120 < 0, and

is not positive definite.
(b) From the Schur-Cohn test, A,(z) is stable if |k,,| < 1. Hence, the roots of A,(z) are inside
the unit circle.
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15.19
(a)
Ve (0) Yer (1) Vex(2) 1 0—121)
Voz(m) = 081ygz(m—2), m>3
Hence, %Z(Zm) = {2.91,0,2.36,0,1.91,0,1.55,0,...}
" q
The values of the parameters d,,, = Z bibk1m are as follows:
k=0
MAQ2):d, = {2.91,0,2,36}
MA4):d, = {2.91,0,2,36,0,1.91}
MA®8):d, = {2.91,0,2,36,0,1.91,0,1.55,0}

(b) The M A(2), M A(4) and M A(8) models have spectra that contain negative values. On the
other hand, the spectrum of the AR process is shown below. Clearly, the MA models do not
provide good approximations to the AR process. Refer to fig 15.19-1.

6
5
()
©
24
c
g3
S
T2
|
1
O 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
—-——> frequency(Hz)
Figure 15.19-1:
15.20

Yoz (m) = {1.65602,0,0.8162,0,...}.
For AR(2) process:

1.65602, 0 0.8102, 1 go?
0 1.65603 0 a1 | = 0
0.8102 0 1.65602, as 0
380
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The solution is

g = 112
ay = 0
ay = —0.489
For the AR(4) process, we obtain ¢ = 1.07 and
a = {1,0,-0.643,0,0.314}
For the AR(8) process, we obtain ¢ = 1.024 and
a = {1,0,-0.75,0,0.536,0, —0.345,0,0.169}
Refer to fig 15.20-1.
MA(2) AR(2)
2 2.5
315 3 2
2 2
c =
g 1 €15
1S ISEN
0 0
1 0.5 P
0 0.5
0 0.2 0.4 0.6 0 0.2 0.4 0.6
———> frequency(Hz) ———> frequency(Hz)
AR(4) AR(8)
2 2
) 815
215 2
c c
(o] (o))
IS T 1
IS IS
o 0
| | 0.5
0.5 0
0 0.2 0.4 0.6 0 0.2 0.4 0.6
———> frequency(Hz) ———> frequency(Hz)
Figure 15.20-1:
15.21
(a) (1)
1—eJ®
H = —
(w) 14 08le v
Lo(w) = |H(w)|2012u
_ L—e 7V 5,
anc(w) = | 1+ 08leiw | Ow
381
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(2)
H(w) (1—e72v)
Lpp(w) = |H(w)|2012u
= 402 sin*w
(3)
1
H = —
(w) 1—0.8lei®
2
Tpo(w) = Tw
1.6561 — 1.62cosw
(b) Refer to fig 15.21-1.
(c) For (2),
(1) @)
8 2
56 815
= =
c =
%4 g 1
S €
0 i
|2 { 0.5
0 0
0 0.4 0.6 0 0.2 0.4 0.6
———> frequency(Hz) ———> frequency(Hz)
3)
6
5
(0]
©
24
oy
g3
1S
Mo
|
|
1
0
0 0.4 0.6

———> frequency(Hz)

Figure 15.21-1:

or Zi:o bibktm, 0<m <2

Yoz (m) = 0, m > 2
V;z(fm)v m <0
since by = 1, b1 = 0 and by = —1, we have
'wa(o) = 20121;
Yea(2) = _012u
Yoo (—2) = *0121;
Yea(m) = 0, m#0,%2
382
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For (3), the AR process has coefficients ag = 1,a; = 0 and a2 = 0.81.

1 0 081 Yaz: (0) o2
0 181 0 Yez(1) | =1 0
081 0 1 Yoz (2) 0
Yz (0) = 2'90121)

Yez(m) = 0, modd

Yee(m) = 2.9(0.9)™o2  m even

15.22
(a) For the Bartlett estimate,
0.9
= g =90
)M = ?VOQ =45
(Ofor (a), Qp = i
= ]\?—0 = 26.67
for (b), Qp = ZOO
= 5 53.33
15.23
le727f —0.9]2

)
Law(f) = oy, 67277 — j0.9[2[ei27f + j0.9|2

5, 2—09 z71-0.9

FT’E = 0
w(2) = O O8I 2 2 1 081
z—09
Theref H = —
erefore, H(z) 21031
oz (1-0927Y)
B 1+0.812z72
(b) The inverse system is
1 1+0.81272

H(z)  z1(1-09z71)

This is a stable system.

383
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15.24
= —j2nnk
n=0

e
>

=
I

S Bla(m)e ™3 =0
S5 Ela(n)a (m)le
= ZZUgé(n — m)e%(nfm)

N—-1

=
<

=
I

2 1

(]

= O
0

3
I

= No

8N

E{X(R)X"(k —m)} ZZE[x(n)m*(n/)]ewew

—j2mmn’  —j2mk(n—n’)
= 03;5 § 6(71—71/)6 N e N

n n’
o 42mmn
= N
o€

= No2

x

= 0, otherwise p=0,£1,£2,...

m =pN

15.25

Youo(m) = Ep*(n)v(n+m))

Then, Ty, (f) = o2 Z d,e-32mim
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15.26

15.27

'sz(m) =
= A?E{cos(win + ¢)cos[wi(n +m) + ¢|}

Therefore, y(n

Elz*(n)x(n + m)]

2
A?E{coswlm + cos[w1(2n + m) + 2¢]}

A2
5 coswin
z(n) = 08lz(n—2)+w(n)
y(n) = =z(n)+v(n)
=xz(n) = y(n)—ovn)
y(n) —v(n) = 0.8ly(n —2)—0.8lv(n —2) +w(n)
) = 0.8ly(n—2)+wv(n)— 0.8lv(n —2) + w(n)

so that y(n) is an ARMA(2,2) process

(b)

z(n) = -— Z arz(n —k) +w(n)
k=1
y(n) = x(n)+ov(n)
=z(n) = y(n)-v(n)

y(n) —ov(n) = =Y aly(n—k) —v(n k)] +w(n)

y(n) + Z aryin—k) = ov(n)+ Z arv(n — k) + w(n)
k=1

Hence, y(n) is an ARMA(p,p) process

Telegram: @uni_k

Note that X (z)[1 + Z az "] = W(2)
k=1
1
) = 1431 arz
_ 1
a Ap(z)
T2(2) = o2H(2)H(z™Y)
and I'yy(2) = o2 H(2)H(2™')+ o2
0120 2

385
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15.28
(a)
K K
ealm) = E{S Axcos(wn + éx) + wn)][ 3 Awcos(wg (n+m) + d) +w(n +m)]}
k=1 k/=1
= Z Z Ap A E{cos(win + ¢ )cos(wi (n+m) + ¢pr )} + Elw(n)w(n + m)]
koK
A2
= Z7cos(wkn) +026(m)
k=1
(b)
an: (U)) = Z Yz (m)e—jwm
K A2 e}
— Z I Z ejwk +e jwk)e juwn + 0_
K 42 B
= I 276 (w — wy — 27tm) + 278 (w + wy, — 27m)] + o2,
k=1
K
= g ZA%[J(U} — wy, — 27tm) + 27w (w 4 wy, — 27m)] + o2,
k=1
15.29
& = Q*TEny +A(1 - Q*TQ)
&
% = 0
=L,a- \a 0
or')pya = Aa

Thus, a is an eigenvector corresponding to the eigenvalue A. Substitute I a = Aa into €. Then,
2

€ = \. To minimize £, we select th smallest eigenvalue, namely, o

386
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15.30
(a)
Y22 (0) = P+o2
Yee(l) = Peosamfy
Yoz (2) = Pcosdnf
By the Levinson-Durbin algorithm,
0n() = (1)
Yoz (0)
Pcos2r fy
- P+toZ
ki = a1(1)
By = (1-k{)7a(0)
P2sin?2r f; +2Po2 + ot
- P+o?
@) =  Ya(2) +211(1)7193(1)
Po? cosdmfi — P2sin2r fy
- P2sin?2r f1 + 2Po2 + o
az(1) = a1(1) +az(2)a:(1)
Pcos2r fy P2sin?2n fi — Po? cosdr fy
- P+o2 P2sin22n f; + 2Po2 + o
(b) ko = a2(2) k1 =ai1(1) as given above.
(c)
If 02 — 0, we have
as(1) = —(cos2nf1)(1+1)
= —2cos2mfy
a(2) = 1
ky = 1
ki = —cos2rfi
15.31

e(h) = " Tyuh + p(1 = B (f)h) + p* (1 - BT E(f))
(a) To determine the optimum filter that minimizes 0_3 subject to the constraint, we differentiate
e(h) with respect to h* (compute the complex gradient):

Thus,
hope = 1Ly E(f)

(b) To solve for the Langrange multipliers using the constraint, we have
B (Nhop = 1" EM (L B(f) = 1

387
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Thus,
1

ET ()L E(f)
By substituting for p* in the result given in (a) we obtain the optimum filter as

*

I

L E(f)

—xxr =

Ront = G (AL E(G)

15.32

The periodogram spectral estimate is

Pex(f) = 5 IX()F = L X ()X ()
where N

X(f)=>_ (e " = E"(f)X(n)
By substituting X (f) into Pua(f), w:z:c:)btain

Pralf) = 3 E™ (DX ()X ()" E()
Then,
BPL()] = E"()E[Xm)X0)"] E()
= EM(OLLLE()

15.33

We use the Pisasenko decomposition method. First, we compute the eiggqnvalues of the correlation
matrix.

3—A 0 —2
g\ = 0 3-XA 0 :(S—A)‘
-2 0 3—A

= 3-X-22)B3-N)=0B-N[B-XN>—-4] =0

3—-A 0

0 3—2A ‘_2‘

Thus, A =5, 3,1 and the noise varinace is A\,;, = 1. The corresponding eigenvector is

2 0 -2 1 0 1
0 2 0 ai = 0 =a=1,a,=0= 0
-2 0 2 as 0 1

The frequency is found from the equation 1 + 272 = 0 = z = £j. Therefore, /¥ = £j yields
w = +7/2 and the power is P = 2.

15.34

The eigenvalues are found from

2-A —j -1
g(\) = J o 2=-X —j |=hM=LAh=1A=4
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and the normalized eigenvectors are

—j/V3 0 2/3
v =] 1/V3 vy = | j/V2 v = | —j/V6
i/V3 1/v2 1/v6

By computing the denominator of (14.5.28), we find that the frequency isw = 7/2 or f = 1/4. We
may also find the frequency by using the eigenvectors v, and v5 to construct the two polynomials
(Boot Music Method):

Va(2) = —“=z——=z277

Vi(z) = - ——=27 +—=z
Then, we form the polynomials

1 2 2 1
Va(2)Vs (1/27) + Va(2)V5' (1/27) = 522 +3iz 42 gjz‘1 + gz‘z

It is easily verified that the polynomial has a double root at z = j or, equivalently, at w = 7/2.
The other two roots are spurious roots that are neglected.
Finally, the power of the exponential signal is P = 1.

15.35
1

TR s (el

Pyusre(f)

The denominator can be expressed as

M M

S ls" (Dl S s (el s(h)

k=p+1 k=p+1

M
ST | DD v | s(f)

k=p+1

15.36

(a) Vi(z) = Zﬁi_ol ve(n+1)z=" and Vi (f) = Vi(2) | ,—es2ns Then, the denominator in Pyysro(f)
may be expressed as

M
SN o=l hwlt = > M)
k=p+1

k=p+1
= Y MG (/) Lo
k=p+1
(b) For the roots of Q(z), we consruct (from Problem 15.34) Q(z) as
Qz) = Va()V5 (1/27) + Va(2)V5'(1/27)
= ézQ + %jz +2— %jzfl + %zﬂ

Thus polynomial has a double root at z = j and two spurious roots. Therefore, the desired
frequency is w = 7/2.

389
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15.37

Yy (no)

Ezy(no)]

var [%cy (no)] =

i

y(n —no)[y(n —no) +w(n)]

il
D

E[y*(n —no)]

(]

il
D

E[A%cos?wo(n —ng)] 0<n<M-—1

(c) As M increases, the SNR increases.

n=j42
2
2
B2, o)) (2
2
33 By — no)y(n — no) + w(mlyln’ —no)lutn’ —no) + w(n)]} — ()2
MA?
9 w
 {Blhaymo))?
SNR- = var[yzy (no)]
(e
MA2 o2
D) w
 MA?
202
390
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