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Grading Policy
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Final Exam 60% of the final grade

Note: Homework will be assigned every other session.
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Chapterl: Introduction

X Vibration is a mechanical phenomenon whereby oscillation
occurs about an equilibrium point. (Showtime)

™ The oscillations may be periodic such as the motion of a
pendulum or random such as the movement of a tire on a gravel

road.

1.Simple harmonic motion
of the mass-spring system

2.Vibration of a circular
drum

1
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1.1. Classification of Vibration

1-Linear or Nonlinear
2-Free or Force
3-Damped or Non-damped

4-Discrete or Continuous

5-Deterministic or Random
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1.2. Review

(

Natural Frequency

Free Vibration
Mode shape

Frequency Response
Time response

Forced Vibration {

"

Damped forced vibration system: X+ 200, X+ w;x =0
mX 4 cX + kx = F (1)

Yy, X(t) = X, (t) + %, (1)

If F(t)=0:>{

mX+cX+kx=0
X(t) = X, ()

If x(t) =€ = (ms®+cs+k)e* =0
m 51,8 =——+\/(—) —( )

1 X, (t) = Ae™ + Be™'

K C
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damping ratio: gzi . o = K
C m

cr

If <1 undamped vibration(oscillatory motion)

W, =, 1—;2 x(t)=e"§w“t (c;sina,t +c,cosay,t)
If F(t)=Fsinat x =X sin(at —¢)

X = Foz/k =T =2
Ja-r®) +@gn) o
200 9
¢:tan‘1(2§r/(l—r2)) tang=c/D = —
-

n
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1. Spring-mass undamped:

Spring-Mass-Dashpot: E=10M.m, m=1kg, c=0Ns-m

u] 2 4 1 a2 10 12 14
t [=]
EE.Z‘I
S
s
. /\ /\ [\ /\
o
=
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[EKAMPLE]

T ML T b R i A

2. Spring-mass underdamped:

Spring-Mas=s-Dashpot: k=10Msm, m=1kg, c=0.5M=.m
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[EXANPLE}

3. Spring-mass critically-damped:

Spring-Mass-Dashpot: E=10M.m, m=1kg, c=&.3245Ns.-m

—

4

4 [ g 10 1z 14

t [=]
o
4 & ] 10 12 14
t [=]
0.9
-1.8

7
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4. Spring-mass overdamped:

Spring-Mass-Dashpot: k=10M-m, m=1kg, c=10Ms.m

& g 10 1z 14
t [=]
— 134+
n
"
=
T oer v
-
pnl
o T - - T T ,
i 4 & = 10 1z 14
L t [=]
-0.67
-1.34 -

i A
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- Vibrations problems in Millenium Bridge opening day  Play
- Two degree of freedom spring-mass system- Vibration absorber

effect Play
- Sand Vibration Patterns Play
- Amazing Water & Sound Experiment Play

- Resonance Play Play
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Chapter 2: Self Excited Vibration

Self Excited Vibration 1s due to excitation that 1s a function of the
motion itself such as displacement or velocity.

o

- = -

W

——_—_———

10
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Turbulence encountered off the coast of Japan on a United
Boeing 777-200. 2~ Boeing 777

11
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2.1. Dynamic Instability

V: Potential Eneregy

Dstable system has min. potential energy Y SEY

—=0, —>0
dx dx
@ unstable system has max. potential energy
dVv dV
—=0,—<0
dx dx

3 Threshold of Instability

d?v

dx®

=0

12
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mX+kx =0
(/111 V(x)=%kx2
(= X(1) dv
— =kX
dx
m 2
d_\z/:k
dx

If A>0 stable region

If A<0 unstable region

13
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[EXARPLE]

Instability of fluid carrying pipes at high flow velocity
F. force due to change in direction of the flow
o. fluid density
A: The cross-sectional area of the pipe
EF. flexural rigidity

V—>| >~
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ENRRPLE]
0 =20, = ?
48El _
K = E F=2ApV?°sing,
2

forsmalld > F =ApV°0= A0V X
E.of M. :

e ‘e 2
mXx+kx=F mx+(4?5|—6AfV )X=0
forinstability k<0 - V >(SEl yu2

Apl?
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2.2. Fluid-flow-induced Vibration

2.2.1. Von Karman Vortex Trails

C. HORIZONTAL GALLOPING
OR SNAKING

16
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1.\Vortex induced vibration Play Play
2. Stop sign Play
3. Traffic lights Play
4. Galloping (1) Play
5. Galloping (1) Play
6. Vortex (Before) Play

7. Vortex (After)

5

17
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VIV.MPG
VIV-2.mp4
Stop sign.wmv
Traffic lights.wmv
galloping.mp4
Galloping Basin Electric transmission lines due to wind.mp4
Karman_Vortex_Street_Off_Cylinder.ogv.480p (2).webm
Vortex.fin.small.ogv.480p.webm

wwwkonkurinAdvanced Vibration Professor A.Farshidianfar
2.2.1.

2.2.1. \Von Karman Vortex Trails:

F(t) =Ckp\2/ A sin(2zft)

f :Si S _fV—D Strouhal number

D

5=0.2 for cylinder

5=0.12t0 0.15 for open-channel section

5=0.18 t0 0.22 for flat-thin section

5=0.12 for rectangular section _ _
o = Fluid density

For a great range of Raynolds numbers C,= The Von karman coefficient

/ . |
VD VD p C, =1.0 F(t) = Lateral alternating force

2 A= Cross-sectional area

F =050/ 2ACk D = Diameter for a circular section

R =

18
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[EKAMPLE]

ST WY RN b e 1 AL

C 7 Smokestack in 1953, 1 Hz
h =300 ft

N p=16f V> S0 MPN
o Tall chimney

\\ V=50 mph

\/ sin @ Petroleum tower

f =S—Vsin9
D

19 R. D. Blevins, Flow-Induced vibration, Van Nostrand Reinhold Co., New York, 1977
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[EXAMPLE]

]

T ML T b R i A

Helical spoilers to stabilize tall chimneys
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[EKAMPLE]

T ML T b R i A

Ferrybridge Power Station ,
UK (1960)

¢ 3 of 8 cooling tower
collapsed in a wind storm

¢ Tower height — 375 ft

+» Reason: Serious
understimation of wind
loads in design
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[EXAMPLE] |
—  Tacoma Narrows Bridge

November 7, 1940

Nowadays
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| EXAMPLE]

T ML RS W R i A

tacoma
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[EXAMPLE] Tacoma Narrows Bridge

Amplitude of oscillation reached 14 feet!

24
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[EXAMPLE] |
— Tacoma Narrows Bridge
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~10:30 A.M. First concrete section breaks away...

26
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[EXAMPLE] T2c0ma Narrows Bridge

b

11 02 A M 600 ft span breaks away...

27
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[EXAMPLE] Tacoma Narrows Bridge

-—
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Flutter is a dangerous phenomenon encountered in flexible
structures subjected to aerodynamic forces.

This includes aircraft, buildings, telegraph wires, stop signs, and
bridges.

Aero Elastic Flutter

Flutter at a Glance

Airbus A380 Flutter Test

Aircraft Wind Tunnel

Telegram: @uni_k


Aeroelastic Flutter.mp4
Aircraft wind tunnel.mp4
Airbus A380 Flutter Test.MP4
Flutter at a Glance.MP4
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[EKAMPLE] T(jay’s Tacoma Narrows Bridge
—{—@ Old section
—= 9

Open side truss —— | | New section

ey

i

e,

L
i
Il
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[EKANIPLE]

L Stock bridge damper

When vibration has Low amplitude and high
frequency

Glidddddl.__ T
L]

32
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2.2.2. Galloping of Transmission lines

When vibration has high amplitude and low frequency

a

U
Vrel

U
tana = —
V

a = angle of attack
V,,, = relative wind speed

33
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L,D wind Tunnel test L /T‘F
F =The airodynamic force A
D=Drag , L =left // \
b = width /) b
D" =The hydrolic diameter = 4
4 x area of cross section
perimeter
C,,C, =Aerodynamic parameters
C, =Linear viscous damping coefficient
F =L cosa +D sina
F =0.5pV *bD"(C, cosa +C sina) D :4(7T/4)d2 4
7d
t
- For a chimney of
rFe?:rtangaularbUIIdmgcroszf _ .D- 4ab _ 2ab circular cross—sﬁction
2(a+b) a+b and diameter ¢

section a xb
34
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1
X D=C,>phLV ? Drag
for smalla —a = — 2

\Y 1 2
L =C, —phLV Lift

Cp, C_ = Drag and lift coefficient v
1 = Depth of the cross section \/ = el 2 _\i2 4\ 2
L = Length of the body Vi =y +V

F,=—(C,sina+C, cos a)%phLV_z sec’a=Cp %,thV_2

Force along y-axis
oY C. =—(C_ +C_tana)seca

y

L
The lateral force excites the vibration if the first
, derivative of C at a=01is> 0.
Can be found using wind
V "\ V7 D tunnel tests for particular
o // sections
j I 35 % oC oC
A1:—Fy|a=o:_( ~+Cp) =0
Vel ) U oa o
”; A, <0 Stable condition, Den Hartog’s Criterion
D77
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Best condition
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— 27f.h

V,=¢ "y minimum wind velocity for galloping
1

f; = natural velocity
m = mass of body per unit length

2

n= AL mass parameter
4m

3.0

2.0

1.0

')
Q
Je
O o
S
0 ~——— SMOOTH FLOW
o — —~— TURBULENT FLOW
o
1 i T T T T -
0. 30. 60. 90. 120. 150. 130_.'“

ANGLE OF ATTACK, DEGREES

Fig. 4-22 Lift and drag coefficients for D-section in smooth and 11% turbulent ﬂow,
Re =9 x 10* (Novak and Tanaka, 1974).
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for smalla -« VA

/‘
oC ;
2, L X
F=-05pV “bD +C . |—
P ( oo, D)V
" dF . .
If | — |<0 Dynamic Instabilit
= daj y y
_ If d—Fj>0 Dynamic stability
wind da
— 5 * aCL
Cy —05pV “bD +C <0
] oo D
wind
—s dF (dL) . (dDj .
— = cosa —L sina +| — |Sina + D cosa =
do da da
wind dD . dL dL
_ ——L |SIna+| D +— |c0Sa. =D +—<0
(da j ’ ( daj ’ da
Best condition N db <-D
da
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On the following figure, you can see a two loops galloping occuring
on a 220 kV line. The red arrows indicate the point where two of the
three phases are too close (risk of short-circuit), while the green
arrows show the point where they are the most far away one from
each other. Of course, these two points move all over the span as the

Telegram: @uni_k
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2.3. Friction-induced Vibration (stick-slip)

The stick-slip phenomenon, is the spontaneous jerking motion that
can occur while two objects are sliding over each other.

A N\
\ i A
\ / \U.’

37

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

[EKAMPLE|

ST MY AN BT i AL

Stick-slip 1s responsible for the squeaking sound of chalk on a Black
board one can take a piece of paper, put the paper on a solid Surface ,
and place a heavy object on it. Put a mark on the paper to Determine
the initial position of the object. Now slowly move the paper to the
left and suddenly slide it to the right. If you do this a few times then
you should observe that the object will be to the left side of its initial

position.

l

«— “Stick” (windup)

s

e «— “Slip” (release and
oscillate)

Vibration amplitude
=

38
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#A Unstable Stable
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1 ,= static coefficient of friction
4 = Kinetic coefficient of friction

If &x <u,w static friction

When motion begins u << u,

F=kx - uw >>F,
accelerating Force
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ERRIPLE] ¢ ©
AN -
Metal Cutting Stability V. K \N
(plane mill) 2 99 00 069
U = Cutting Velocity CX m X(t)
p=a-bu kx
C= ? Critical Value \VU
F=-mg[a-b(V +X)] HMg

mx +cX +kx =-mga+mgb (V +X)
mx + (c- mgb)X + kx =- mga + mghV

1) If b<0 — stable system

2) If b>0 — (asusually happens)

Cy <mgb {stick-slip chatter}

40
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- Wall slip is a unigue character of polymeric liquids.

The movie shows Stick-slip oscillation as the sheared
polymer was unable to settle down to a stable boundary
condition. Play
- Stick-slip device illustrating periodic slip and stress relief
Play

- There Is Stick-slip in industrial valves Play

- Stick-slip and vibration mitigated while drilling by the
use of AST from Tomax AS Play

41
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Features of the CVA Actuator - Stick Slip.MP4
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Chapter 3. Modal Analysis

Classification of modelling
1- Lumped parameter modelling
2- Distributed parameter modelling

[M]nxn {X}nxl T [C]nxn{x}nxl T [K]nxn{x}nxl :{ F(t) }nxl

Classification of methods

1-Lagrange’s method

2-Newton’s method

3-Stiffness Influence Coefficients Method
4-Flexibility Influence Coefficient method

42
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A degree of freedom system

mX + cX + kx = F (1)
= X(t) = X, (t) + %, (t)

X, (1) = X, sin(aw,t + @,)

X, ():

43
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If F(t)=Fsinat= X, (t)=Xsin(ot—p) X =

F, /K

1
wym

h(t) =——@ “"'sin(w,t)

Ja-r?

If F(t)=arbitraryfunction = X, (t) = j;F(r)h(t—r)dr

)" +(25r)°
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TEKAMPLE] [

q‘ a?mﬂgﬂm

YM=18  -krig+k,r(x-ro)+M(t)=J0
. K, X, X, X
36+ (k +k,)r’d-k,rx=M(t) mi=
ZF:mX‘ —K,(X—r6)—Cx=mX -

M +cX+k,x-k,rd=0

NN NN

M (t

L R e |

kré  K,(x-r@o)

44 | CX
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Generalized coordinates and coordinate coupling

1. Static coupling 2. Dynamic coupling 3. Static and dynamic coupling
(k, +k,) - (k,L, -k,L,) 1 (0
1:> \
{ } { (kly-K,l) (kL -k,L, )H {0}
RN 1 IR 1
2= —
mxe (kL -k,L,) |10 0
[l )
3= —
le Js |10 k,L* |16 0

45
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3.

Stiffness Influence Coefficients Method
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3.
My — X3 T Kay =0
k3
m — X D _ _
2 k 2 | : Ka1 =—KoX =Ky
my . X X zllr’ o ki, =k k
) 1 | | 11 = KpX T KXy
1 i i - k2 + kl
77777777777 X2:X3:OJ7777777|7
X, =1
1 X3:|1 ~ _
ek, TRk =k ek ko0
| | | k]=|-k, k, +k, -k,
Xo =1 '\ kyy =k, +k
2 7 I 2,2 2 3 k — —k 0 -k k
T | 23— N3 - 3 3-
f—kp=—k . -0 m, 0 0]
IM]=[0 m, 0O
STTTTTTT 777 JTT7 77777777 _O 0 m3_
47
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\’ \:
ks k,

)/

J3 Jo
Kgp ==K, k22 = kz + k3
J; 0 0] 'k, +k,

[M]=[0 J, O k]=] -k,

0 0 Jg 0
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Ky

= —k,
-k, 0~
k, +k, -k,
'ks ks_
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Flexibility Influence Coefficient method

F3 F3:1
My —F>2 211> a2, R=1 a,l
| F=1 I
m —l -y B |
b alli alziL' a13:
kMt [1ix}=0  [k]*=[A] flexibility matrix
N S A |
Hosk Tt sk Tt 3k
, .+t 1. 1 5 1 1_5
¥ o3k ¥ 3k 2k 6k ¥ 3k 2k 6k
1 1 1 5 1 1 1 11
3= 5 QT ot - =, A =ttt =
3k 3k 2k 6k 3k 2k k 6k
1'2 2 2
[A]l=—|2 5 5
6k
49 2 5 11
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3.1. Natural frequencies

[M [{x}+[K]{x}=0
(x}={Xe'"}={X}=-0"{Xe'" | =-0
o’ [M J{x}+[K ]{x}=0

mode shapes ([K] -&’[M]  ){X}, , =0
det([K]-w’[M ])=0 @°=4 Natural frequencies

Characteristic eq.
A"va )+, )+ +ad+a,,, =0

50
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[EKAMPLE|

ST MY AN BT i AL

A° —%(5—)/12 +2(l§—)2/1 =0 -

ol
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J 0 O]
0 J O

0 0 2]

[K]

1)
2J
k 0
- 2K k
0 -k
A4 =0 —
/12:0.72£ -
J
k
=2.718—
kﬂs J

Professor A.Farshidianfar
3
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[EXARPLE]
k-4 k0 (6

K 2%k-A k 16,4 =0
0« k24 ||b

L - \

I 91:1,/1=o.72?— —56,=0.28, 6,=-0.64

o e L
()=}  {6,)=1028} (0,1 ={-178]
U -0.64) 1 0.39 ]
11 1
Ul=[6 6, 6,]=|1 028 -1.78
1 064 039

52
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Zn:Mi(Xi)r(Xi)s=0 Ifr=s

n n

> Y M), (%), =0
i=1 =1
K =a)2I\/Ir
r r

M, ={x }Tr (M ] {x} = Zn:I\/I (x.%), General mass
K, ={x} [K]{x} General stiffness
= of {xJ Mk, = {x K]ix ),
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3.2. Modal Matrix

1.Mode Shapes for Multiple Degree-of-Freedom Oscillators

Play
2. Multiple Degree-of-Freedom system forced vibration  Play

95
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Mode Shapes for Multiple Degree-of-Freedom Oscillators.mp4
MDOF system forced vibration.mp4

Farshidianfar

3.2. Modal Matrix

M X |+ [K]{X}={F(t)} Coupled Egs.
Ul=[{x}, {X}, {X}..{X}, | . Modal Matrix
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X, ] [X,)
>:(2$ 4X > <
| Xn)l XrUZ
(X, X,... X, ]
[U]T _ [Xl ><2 "Xn]z
_[Xl ><2 ><n]n _
rxl\
X, X, .., LM}
\Xn

X X

={Xn[MEX} =0

Professor A.Farshidianfar

If r=s

X5 IMEX) =M™,



-
IMIv]-|
0
”
LI K]
0

Professor A.Farshidianfar

0
- M,
_O —
(A)=
_ 0
= w’M
_O —




www.konkur.in

Advanced Vibration Professor A.Farshidianfar
(oo 2 N . .
o, +w 0,=0

o, + w25, =0

P > 5 =A coswt+B, sinwt
5 + @5, =0

6, +@?5, =0

(X, (A, COSw,t + B, Sinwt

<>(:2 >=[U]<A,2 cCosw,t + B, Sinw,t &

X, (A, COsSw,t+ B, sinw,t |

X, X, X X
<%2>:@<%2>+@<%2$+~~Hﬁ<%2>
an) \anl \anz \Xn)n
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[EXANIPLE]

T ML R W B i

1.C.

J t:o

(1.0
1.5}
3.5

o =12.23"0/

1 1 1
Ul=(2.05 054 -1.34
1293 -1.78 0.86
" 10 A
I% ¢+ =<15t=[UKA} |
%3], 35 A |

Telegram: @uni_k

t=0

_ rad
, =2555"9/

Professor A.Farshidianfar

_ rad
@, =3579180/
(B,w, 0]
-=U}B,w, =40 —>B, =B, =B, =0
| B3; 0
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(A ] 1.0] (0.896
4A2$:[U]_1<1,5>:<—O.461>
A 3.5] (0.065

0, =0.896c0s12.23t
0, =—0.461cos 25.55t
0, =0.065c0s 35.75t

X, (t) = 0.896 cos (12.23t) — 0.461cos(25.55t) + 0.065¢0s(35.79t)
X, (t) =1.837cos (12.23t) —0.249cos(25.55t) + 0.087 cos(35.79t)
X,(t) = 2.625cos (12.23t) + 0.821cos(25.55t) + 0.056 c0s(35.79t)

61
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3.3. Proportional Damping

MK [}k K Jix =0 |
@) [Cl=alM] > LT )=l T MIU]=| M,

C, =¢,C, =26,M, @, = aM,

r Ccr

@) [c]- pIK]~> LT eI ]- ALTKIV]=|  poim,

Zngrwr :ﬂa)rzlvlr
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[ o =] (e ) [ o ] (= h [ . 7] ( A
.

r

M i 280 M 3] oM =0

0 +2lwd. +w'S, =0 r=12,.n
5 =e (A cosa,t +B, sinm,t)
) [Cl=a[M |+ B]k] 20w M | = (a+ o )M |

63
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Chapter4. Continuous Vibration
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4.1. Lateral vibration of taut string

TS mgessT SEmaess s The piano
MBI, o emgrts STt - —imamtee The qu":ar

- v’ NE — — -~
- < — — — —— —_
— - o . -~ — - - - . -~ -

2 2 2 2
%y Czay or ayzzlza); ,C2:T_
ot* OX ° ox- C~° ot m
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Grand Piano How it Works.mp4
visualizing vibrations on singing strings.mp4

Professor A.Farshidianfar

www.konkurinAdyanced Vibration y
A 4.1.
y T F—10+2% 40
. S ) ox
-------- | 00
/A 0+ —dx
T
X X+tax X
B.V.P. (Boundary Value Problem) Small Deflection
2 2
0 32/ —C? 0 y2 one dimensional wave eq.
ot OX
C’= T wave speed , m =mass per unit lenght
m
_ _oy _
y =y(x,t) , 6'_a , M =total mass
X

2 2 2
SE=My - T@O+Zd)To=mix 2L - Z¥_c2%Y
OX ot ot OX

66
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B.C. y(0,)=0 & y(I,t)=0

1.C. y(x0)=f(x) & ayéxt’o) ~g(x) ,t=0

C? 1 dZCD(X): 1 dZOI(t):_wz
p(x) dx* q(t) dt’

y(X, 1) = ¢(x)a(t)

@(X) = eigenfunction(mode shapes)
« = natural frequency

67
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N

d gp(X) w° ! ]
o(x) =0 . WX @ X

2 = - o

) dx > <go(x) AsIn - + B cos |
ddcl(t) +0’q(t) =0 q(t) = Dsin (et +y) )

Formal Solution: y(x,t):(Asinw—X+B oS w—x).sin(a)t+l//)
C C

B.C. y(0,t)=0 = B=0, sm—I:O — a)_lzm for n=0,1,2,...
C C

Nz C

. o, =——(rad/sec) n=123,...

n

The General Solution :

> NTX . <1 .
y(x,t)=> A, sin ﬂszm(a)nt +y,) =) sin ?(Cn sinew t+D_cosm,t)
n=1

n=1

68
Telegram: @uni_k



www.konkur.inAdvanced Vibration Professor A.Farshidianfar

[EXAMPLE]

)

T ML T b R i A

2hx f 0< §| y
% o e A Vibrating String

2h(1—>%) for %Sx <[

y(x.00=0, y(x,0)=3C,am,sin 7>
n=1

y (x,0) =

Nz X

— C,=0,y(x,0)=> D,sin
n=1

' |
[D, sin ™= % sin 27 X g :jé X in 7 X g +[), 2h(a-2)sin = dx
0 | | 0o | | Y |
0 for n even
D, =9 8h

e (-2 forn odd
T

y (x,t) :8—2(Sin(7rx/| )cos(a)lt)—ésin(Snx/l )cos(a)st)+2i55in(57zx/l )cos(adt )+---)
T

g (<) L X rc
y(x,t)_ﬂzZ(2n+1)25|n£(2n+1) I jcos((2n+1) I tj

n=0
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Forced vibration of taut string: -

o’y ,0°y 1 0’y 10%y 1 T
—= =C +— f(x,t) (1) or = f t = —
ot* oOX° m (%1 () oXx* c¢°ot° (%1, m
(azy—szcosa)t |
X,t) =Y (X)cos wt 2 T y2
Example: yxt) =Y (x)cosw :>48X d X !
f (x,t) = F, cos wt 0%y ,
—= =—w"Y (X) cos wt
ot? ,
d?y a) F,
()= 12" =Y (X) =
x> c° - mc?
Y(X)=Y,(x)+Y,(x) = Acos 2X 4 Bsin 2X ~ "o
C C Mo
_cos @l
BC. y(©O)=y()=0->A=_o_p-Hl-CS8)_ K ol
Mo mo°sin< mo 2C
y(X,t) = i [(cos—x+tan—|sm——1)cosa)t ~1]

10 ram: @uni K M o* C 2C C
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4.1.
1. Standing Waves on String Play
2. String vibration lab Play
71
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Standing Waves on String.FLV
string vibration lab.MP4

www.konkiidRanced Vibration Professor A.Farshidianfar

4.2. Longitudinal vibration of rods

u(x,t) = The axial displacement

x_ 9
O'ZEE,‘, E—E(/a—u I:
A OX — T
Y F=mi - (P+a—dx) P= dma - |
OX ot*
oP o°u 0 o°u
—=pA— > — - A—-
ox ax( ) ST
2
If EA=const. g sz = 1262 The wave eq.
ox® c° ot

¢’ = E The velocity of wave propagation for L.V.

o,

2 2
AT p(x,t) Forced vibration

- n
Ox> ¢ ot?

72
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X  dx

e 4.3.

4.3. Torsional vibration of shafts ? ) 0

M =34 | :

&(x ,t) =angular displacement Circular Shaft -

06 T dx T+—dx
T =1G Fo Hook's law 2\
X

| , = The polar moment of inertia of the cross section
| .G = The torsional stiffness 00
C_/@Jr—dx

oT 0°0 LoT | 00 oX

T+ )T =t dx 22 oL _ 5, 9¢

(T 4500 =T =pledx =5 ox PP
5 00 520 020 1 0%
— (.G —)=pl,— If | G =const. — =
o 1€ 50 =Ple 5 P ox? ot

C° = S The velocity of wave propagation for T.V.
Yo,
0’0 1 0°0 T (x,1)

ox*: ctot’ 1,.G

/3
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4.3.
1. Torsional vibration introduction Play
2. Torsional vibration in engine Play
74
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Torsional Vibration.MP4
torsional vibration_2.MP4
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[ENANPLE]

q‘ a?MﬂgﬂM

Some worker have been Imprisonment in Mine. They impact on
compressor and Simultaneously they Shout . Peoples out of mine
hear the voices with difference 0.2 seconds. Calculate the distance.

At=0.2 sec
pair = 1.29 kg/m3
Psteel = 7800 kg/m3

Eair: 1.37x10° N/m? t= l‘p+ Al
gtee, 210 Gpa 1= Cine G - ALIAC
1= 69.5 m

C.i. =(E,/p,)? =326 m/s
=(E,/p)Y/2=5189 m/s
t,=l, Gxt=l

plpe

Cplpe

75
Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

URREREE! Al if ith both end fi
L@ﬁﬁiﬁﬁ ong uniform rod with both end fixed

W BT i

A

ou 1o 2_E
Ox* ¢’ ot’ P, |

. WX X .
u(x,t)=(A sin?” 1B cosa)—)(clsma) t+Dcoswt)
C C

BC. u(0t)=0 - B=0

u(l,t)=0- Asinw—|=0:sinn7z
C

ol nzc n
—=N7 - o = =

n

C I

Iﬂ JE/p Natural frequency

. nTx, .
u_(x,t) :smﬂl—(clsln ot +Dcosat)

Nz X

The general solution: u, (x,t) = sin
=1

76
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e e e 2 —
E_ﬁﬁm@ Lumped model

M]="107 . [1]= unit matrix

'3 -1 0 0 0
-1 2 -1 .0 0
=210 -1 2 -1 0
0 0 -1 2 -1
0 0 0 -1 3
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mﬁﬁﬂq (0.3090)

RINFLE 0.8090
{(a)l)a—3.0902\/EA/mI2} L)

—11.000
(@), =3.1416,/EA/mI? 0.8090

0.3090)

Vo

(@,), =5.8779/EA/mI? |
<
(@,), = 6.2832,/EA/mI? |

(@,), =8.0902 /EA/mI? |
9
(,), =9.4248 JEA/mI? |

(@,), =9.5106 /EA/mI?
S
(,), =12.5664/EA/mI?

(@), =10.000,/EA/mI?
S
(@5), =15.708 EA/mI?

/8
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.

[EXAMPLE] —F —u (1.V.P)

A

Nz

w,=—— n=135,... u(xt)= Z sin ZIX(Cnsina)nHDncosa)nt)

n=1,3,...

u(x,0)=F%E n au(x,O)at:O (L)

ou(x,0) i
at n=L3,...

. N7 X :
sin %(Cna)n cosw.t—D o, sinw,t)

79
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H.W1:
Find first & second frequency & mode shape of Longitudinal vibration
EA
4 EAp K=" (01:% E 49 (x) = 5in 2.0292
: WM/LE LYy L
- (022% £ 42 (x) =sin 4.913>
L \p L
[ L/ L[/
1(0 H.W2: Longitudinal vibration equation of the rod
X
u(0,t)=0 |
BC.Y (Lt ou(L,t) ¢
BLAN UL __ppduLy
k ot X |

80
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(1) Ifm—L—>oo = tanw—L—>oo = cosw—LzO
M C C

(2) IfM>>mL or %‘—)O = tanw—L:O =

C
.ol : /EA /k
Sin—=0=sinnz = o=,—=,—
C ML M

(3) m—L=O.1 — &L:o_gz,cz\/g —
M C o,

() g = 0.32— = 0.32 iz =0.32. EA2 ~0.32 \/ stiffness
L pL mL mass

K K stiffness
(a)l)app. = = \/ = O.31J_\/
M M+ mass
81
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[EXAMPLE]

]

T ML T b R i A |

A drill pipe of an oil well

0’0 1 0°0 , G
ox2 2 ot? ‘
e,

Q(X,t):(ASinﬂ—FB cosﬂ)(c Sinot+Dcoswt) QQ
C C &A

(x =0: 6(0,t)=0 = B =0

B.C. « . 2
x=L:>M :JH—>J08(9

(L.t)=-1G %(L,t)
OX

at?
: L L
~J % sin = = G L eosL—
C C C
| .G
tanwL: 0 a)Ltana)L:.Jshaft
c Joc C C Jo

82
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4.4. Lateral vibration of beams:

Critical Speed Mode Shape, Mode No.=2
Spinfrhirl Ratio = 1, Stiffness; Kex
Critical Speed = 15292 rpm = 25487 Hz
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First mode

Hil

oy
oI
(1)
™
o
o
000
oy
o014
s 8

Horizontal Bending Torsional Vertical Bending
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Second mode

-FEEESEEES

e
o
o
o
oy
0
oo
0
000
o
¢ B

Horizontal Bending Torsional Vertical Bending
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4.4.1. The Euler-Bernoulli beams
P(x.1) { v+ dx
Al |
v l v v l i < X . X > M +8de
/‘.;’/ - X M OX
dx v
< | > > X
- 5 %
Mm=gl Y 14(Yy? ,
NG El OX 0°Y.\4
< 1 M =— — p = 2 = ( 2
V-1 & oy &
¢ Ox’
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oM oM

dY>M=0 > —dx-Vdx=0—> —=V
OX OX

y oV 0%y oN 0%y

F=my > -V+—dX)+V=m—dx > ——=m—
2 Y \ OX ) ot’ OX ot’
0°M 0%y 0%y 0° 0%y 0%y
LD S [ A Y N | ST [aA N &
OX* ot’ OX* 8x2( 8x2) ot’

4 2

(C2=E=E) If EI =const. —6}1/:1282/

m pA ox' ¢ ot

4 2
Forced vibration:  — in/ = C12 ;2’ + Ell p(x,t)

0° o*
Or: pAaTZ+ El 87}‘/: p(x,1)

87
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Boundary Conditions:

1) Free — Free

L 1
(A2
Yoo (M)
Free at x=0—><6§
0 W)
Faz
~2=0 (M)
Free atx:l—><83
P

88
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2) Pinned —

Free

Free at x=1—>+

Pinned  at x =0 —+ 5%y
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3) Clamped — Free

m—

y
Clamped at x=0-—>1 gy
0

Free at x=1 >+

89
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=0

~0 (6)
X
82y
a 2

a0’y
=0
% V)

-0 (M)

Professor A.Farshidianfar

4) Pinned — Pinned

Pinned  at x=0-1 5%y

Pinned at Xx=1-—4 @zy
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5) Clamped — Pinned

ry:O
Clamped at x=0—+
p Y0 ()
L OX
y=0
Pinned at x=1—< A2

90
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6) Clamped — Clamped

(y:O
Clamped at x=0-—+

oy _
L OX =0 )

V=0

Clamped at x=1—+
P ?:0(6’)
| OX
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Free vibration of beams:

0%y o'y
A + El =0
PR ox
: 2 : d*p(x) .
y(X,t)=@)sin(at) —> —pAo°p(x)sin(at)+El v sin(at) =0
4 4
sin(at) =0 — - pAw’p(x)+El ddz(j():o = pAw’p(x)=El d z(:()
d*p(x) 4 +_ pAD’
= = X =
v B o(x) (B = )
d*p(x) i :
D) If 0=0: i =0 — o(X)=a,+aXx +a,Xx*+a,x"° (Rigid Body Motion)
2) If w#0: @(X)=A cos fx +B sin fx +C cosh gx + D sinh fx
PX | o -Bx PX =B
cos,hﬂx:e +2e , sinh,8x=e ©
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[EXAMPLE] ¢ ¢ o H =

a4y 10%
ox* ¢ ot°
_ C o 1od'(x) 1 dqt) .
y(x,t)=g(x)q(t) — -c pre ek e B
(d*B(X) g on |
y ﬁ4:w2:mw2 e B(x) =0 (1>>
¢’ El d’q(t)
it +w q(t) 0 (2)

(1) ¢(x)= Acos fx+ Bsin px +C cosh px + Dsinh px
(2) q(t)=c,;sinwt+c, coswt

92
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[EKAMPLE|
D y(O0,t)=0 - ¢(0)=0 > A+C=0
2) 52“‘}“:0 L 990, g2 arcy=0
OX dx”
= A=C=0
3 y(lht)=0 — ¢(1)=0 — Bsinpl+Dsinhgl=0 (1)
4) 82y(I2,t):O > d*() =0 > pB*°(-Bsinpl+Dsinhgl)=0 (2)
OX dx”
(1).(2)= {suilﬂl s!nh,BIHB}:{O}_) S|r.1,BI s!nh,BI:
—singl sinh gl | |D 0 —sin Al sinh gl

(sinh Bl 20) — sin Al =0=sinnz — Bl =nx —>ﬁ=”|—”
2 _2
a)n:ﬂzc:”lf C o, =7t % n=123,..
m
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[EKAMPLE] M+(2) — 2DsinhBl=0 — D=0

T ML T b R i A

Nz X

@(X) =Bsin g x=Bsin The natural mode

Nz X

y(x,t) = i B sin [(c))sinw t+(c,)cos aw,t]=

= isin nT 2 [(c,)sinw.t +(c,)cos . t]

H.W.3: n=1
Write boundary condition of follow beams
LLLLL
g m g (D) k
~ g N
k H C K %
7
94
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o'y 10% ‘ |
ox*  ¢? ot?
B C o 1 odY%() 1 diqt)
y(x,t)=¢(x)q(t) - —c 500 d¢ o dtt 0
(d*B(X)  a |
. 184_602:ma)2 | dx* B p(x)=0 (1)>
El d’q(t)

T +w q(t) 0 (2))

(1) ¢(x)= Acos px+ Bsin px+ C cosh fx + Dsinh fx
(2) q(t)=c,sinwt+c, cos wt
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[EKAMPLE|

ST MY AN BT i AL

B.C.
(p(x)=0 > A+C=0 — A=-C

At x=0 —
<df’j(o)zo > f(D+B)=0 —#°, D=_B
L dx
@(x) = A(cos Bx —cosh fx)+ B(sin fx —sinh £X)

d2¢§|):o — — B?A(cos Bl +cosh pl) — p*B(sin Bl +sinh Al)
At x=1 —1 ?X
ddig') —0 — B°A(sin Bl —sinh Bl) - F°B(cos Bl +cosh jl)

—(cos Bl +cosh gl)  —(sin gl +sinh gl) | | Al |0
{ (sin 1 —sinh BI) —(cosﬂl+cosh,8l)} {B}_{O}

96
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[EKAMPLE]

ST WY RN b e 1 AL

—(cos Sl +cosh gl)  —(sin Bl +sinh Sl) 0
(sin gl —sinh gl)  —(cos Sl +cosh pl)
—  (cos Bl +cosh B1)* +(sin® Bl —sinh* 1) =0
cos” Sl +cosh? Bl + 2 cos Bl cosh Bl +sin® Al —sinh? Bl =0
(sin® Bl +cos® Bl =1 , cosh® Bl —sinh® Bl =1) — 2+ 2cos Bl cosh gl =0

cosplcosh gl +1=0  Frequency Equation

w, :(ﬂnl)z‘/% , cosB lcosh g l=-1
m
> B1=1.875, 8| =4.694, B =7.855, f,1 =10.946

97
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Boundary Frequency

Conditions Equations
Free-Free cos Sl cosh gl —1=0
Pinned-Free tan Sl —tanh gl =0
Clamped-Free cos Sl cosh Bl +1=0

Pinned-Pinned sin 51 =0

Clamped-Pinned tan Sl —tanh gl =0
Clamped-Clamped cos Sl cosh Al —1=0

98
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|EKAMPLE ]
Self Align Bearlng Beqring
( XX X
E =206 GN/m’
XX X

p=7860kg/m* | \What are three first

L=15m critical speeds?
d = 20 mm :
4 £l

| Speed =1000rpm

N

tan L —tanh gL =0

Clamped-Pinned \\
,OAL X=0= Q:o x =L=18% _0
OX ox 2
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[EXAMPLE] (AL =3.927
| AL=Tos [aa B
0 =(BLY [ # AL 10210 5 |y e AL TS
P B,L =13.352 4
AL =16.443 v

[ w, =175.4rad/sec
< w, =568.5rad/sec
|, =1186.0rad/sec

Gyration radius

K =5Circle < [E]
| =Ak? > 2 —> o, =(p |_)2 /

b n n L2
k = —— Rectangle P

J2
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[EXARPLE]
k [EI Cross-Section o L°
— L : @, C n —

a, (IBn ) L2 ) (Length)2 =5 o (Lr)Z

A 1.5° , ,

! = ( )2 X @, = ( ~x1675>1000 = L '<0.614m=» L"'=600mm

LI L!

WLV, - {uft)]

n

XX ’
— ’ (4—73j x1675=2430rpm

3.927
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- Vibration of a cantilever beam & wing Play

102
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4.4.1.1. Principal Modes

B singl-sinhgl

A cos 5.1 +cosh 5.1 -
@(x)=A]cos B ,x —cosh B,x —o,(sin B,x —sinh £ x)]
If A =-1.0
— @p (X)) =cosh X —c0s Sy X —o (Sinh S X —sin B X)

(Clamped-Free & Clamped-pinned & Clamped-Clamped)
@r (X)=cosh S x +c0s B X —oy (sinh B X +sin X )
(Free-Free & pinned -Free )

(Clamped-Free)

n

sinh 8 | —sin g_|

O = r r for (Clamped-Free)
cosh ,Brl +COS ﬂrl
cosh S | —cosp |

O = [ [ for (others)

~ sinh B 1 -sinp |

103
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Orthogonality of principal modes:

2 d 4(”
@, — pAa)r @, (X) = El d 4r X P (X) (1)
X
2 d 4(”
(2% — pAa)s P, (X) = El d 4S X @, (X) (2)
X

O-@) —= (o ~0D)php, (V0.0 =El (9, % —cord %)

| I 4
d d’
(@ ~?) pA] 0, (), ()X =E1 [ (0,7, ¢S)dx
0 0 o

e

@, = 9. _ o
4 X | = d
d4 d3 — —UV—IV u
(ir =dv — (zr V
dx dx

d°p d°p - do, d’p.  de d°p
| = r S . S r r 5 )dx
o {(ps dx’ j (\dx dx  dx dx’ )

Telegram: @uni_k I’
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dd%:u dd% du
stx Xd2 — I’=uv—jvdu
ggr:dv — ff:v
| dx dx
_ 3 3 5 =l
o ¢Sd¢r_¢rd<§s do, d°p, dcordcgs N
dx’ dx dx dx? dx dx s

dx? dx?

| 2
J‘(d sd§0r d(”rd(DS)dX 0
0

= (0} - ) pA j @, (X, (x)dx =0
0
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for o, # w,

~ |0, (XD, (x)dx =0

The first orthogonality condition for a beam in flexture

| 2 2
d e d g
r *)dx =0
i(dx2 dxz)

The second orthogonality condition
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I
foro =, — _[[qor (x)]dx =Z  Scaling(*)

0
V() =g, ()sinat , y )=k ()sin@t +5) (A) r=123,.
r=1

Lt A vy =L oAy
T =—| pA(=)"dx == pA|(=)dx

ng () =2p {(&)
¥y _N (%)
P —Za)rkr(pr(x)cos(cortJrgr) —

T = %pAZ D o’k }cos’(wt +¢&) Kinetic Energy
r=1

2 o0
Y, :%EI j(g yz)zdx :%EIZ D @ik }sin’(wt +¢,) Potential Energy
0 X r=1

O if r=s

'ijcor(xm(xmx:ds:{ .
) 1 if r=s

107
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|V.P.

y(x,t) = y(x,0) = g(x)
At 1=0: 4oy(x,0) _g

ot
000 = ko, (sin() (1) <,

(A) > < ) =
0= wkp (X)c0s(s)  (2) <0,

®— [2.00900d=[ 0, 00X [k, sin(z, ), ()]ex =

- j% (x)g(x)dx =zk,sin(e,) s=1,2,3,...

(2)> 0= jcos (0 [0k, (X) c0s(z, 1ok = Zaok, cos(z,)

T 1I
. COS =0 = k == X x)dx
(2)=0 > &= > Kk Z!g(m()

108 (A)— y(x,t)= i K.@. (X)cos(m,t)
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H.W.4: Find the frequency equation of this system.
I

& [
<« »

k
El 5°

_Z(Elkﬂ?’ jg sin(BL)sinh(BL)=0

cos(BL)cosh(BL)—1+2 (sin(BL)cosh(BL)—cos(BL )sinh(AL))

-1

1- In free-free case: k=0 —» cos(SL)cosh(AL)

0

3
2- In pinned-pinned case: k=« — _Z(Elkﬂ?’j sin( AL )sinh(AL)=0—sin(AL)

109
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H.W.4: Find the frequency equation of this system.

® Q : :
S [ 51= ' 2F- _ qg —
£l B L 3.1416’ — _ \\ﬁlL 4.9133 / £ | BL=0 - = 1SUF-F)
3 e ~ o ‘é \ / 2 Rigid Body motion T i
S L ~ = / S -7
= oz 4 | 2ot M y2 \ = OF | -
9 Veezd Vozzd 'g \ V4 S - -
g o) N N -7
= = ~-- = -7
e t . . s -
g - =15 (s-S) Sl = =1% (Spring-Spring) | g Alp==—————— ==
A ' 0 Length L |
0 Length L cng 0 Length L
2. ' ' 2f- 2. ‘
g_:: 1 ﬂ2L=?.%§.%2 | gzL:7.8946 j:: plL:4,73oo .
o . . PR — [ . .“- -.” Y __ ..0
3 ~ | 0.5L & 3 ., 10.224L,
E: ; . L 2 - 2 ", ST
O l” K " o Q 0 i ‘ "‘ :: “ ‘ | 2 0 ‘ ". “.‘ ‘
—8 7777 % Nzzd '-8 g % o “‘ i Fg ‘e . 0“ _ '7 ——
E “". .~': 2 "’0. “': "‘ E .... """" - LO776L ‘
= IR N nd . . . B s .
% = I . md (g 22| """ 27" (Spring-Spring) - g = N . 2 (F_F)
Z o ‘ 0 L Z - ‘
0 Length L Length 0 Length L
8 - - o
= ﬂ3L=9.4248 21y B3.L=11.0107 1] = ﬁ3L:7.8532
& 1t S '/'~\ ] ‘\ 3 7\ ! - 12> /‘ 1
3 S NosssL S =3 ! o D8 oz o= 0.868L, ¢
S / 12220 \ < \ / \ / 3 g N /
A ) 1 4 AN 2 ,' ‘\ \ J
=y ¥ . y 2 01 TN 1 \ Fo1 = gl =Y P A
= ) 7 A ——— Q K ’ P ’ = N "
b Yozzd / \\ 7 0 6 6 7L 77 "8 \ I \ I i 5} ’ ‘ s '/
g . /10667 W \ S oSN
‘C_‘G \ /' 2 \,/ \~/ TG " - -
LR . . -1t
g -1+ —=-=3rd (S-S) ) _I—“3rd (Spring-Spring) . g 1 —==3rd (F-F)
Z. : : L Z ‘ ‘
0 Length L 0 Length 0 Length L
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H.VW.5: Find the lateral frequency of the beam.

| 1.5

ANAN)

M = pAl =ml , El

AN

Solution: y (x,t)= iCr {sin(B.x )—sinh(B.x )-

sin(AL)+sinh (AL ) cos(B.x )—cosh(B.x ))!sin(w
cos(,BrL)+cosh(,BrL)( (Bx)—cosh(p, ))} (ort)

C, =-0.0404,C, = 0.7761,C,, = —0.0003
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General Homework (Palm)

»>10.2

»>10.5

»>10.10
»>10.18
»>10.19
»>10.21
»>10.24
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4.4.1.2. Forced Harmonic Response
p(x,t)

O'y(x.t) o 2y(xt)
ot* ox*

y(x,0 =Y Qp, (sin Ot

oA

= p(x,t) =w(X)sin Qt

4

—,oAQZZQ,,gpr (x)sin Qt + EI sin QtZQr dd ng = (X)sin Qt
X

- —pAQZZQr(ﬂr(XHEIZQ ¢f—w<x) (1)

d4
pA0lp, () =El =7 (2)
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@inM) > -pAQ*Y Q0 (x)+pAY Q.0 () =p(x) xo,

pA (e -2, [[o, ()] dx = [y (x o, (x Jdx
P N
Q= e BT j (X o, (x )X
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H.W.6: Find frequency response of the beam.

y  Fysin(t
_,X
h
— |
ANswer:
y (X ,t) = Fo Sin Ot Z¢r (h)(pr (X) =a,, F,sin Qt
pPAZ I
h X
o Zcor( )cor( )
,OAZ r=1

If w, =Q — Resonance
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4.4.1.3. Response to initial excitations (Beams in bending

vibrations) y [ ‘ [
I it

2 4
0 y(2<,t)+EI d"y(xt)
ot ox*
Initial Excitation :

Y(x.0) = Yo (0, 22 2y,

POA

if f(x,t)=0 Using the expansion theorem: y(x,t)=>" ¢ (X7, (t)
r=1

¢. (X) = The normal modes of the system
n, (t) = Time —dependent function

o 0,00 L By S =0 w400

pAZ[j¢(x)¢<x)dx] 20 EIZ[j¢(>d"’(X)dh(t) 0 (1)

r=1 o r=1 o
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I
,oA_[(pr (X))o, (x)dx =0 for @, #w, r,s=12,... The orthogonality relations
0

d4 X | |
phale, () =EN EED s 0l pA [, (), ()i = E1f 0, ()
0 0

d’o, (x)
> dx

2)
|
JpAgprz (x)dx =1.0 r=12,... Normalized the natural modes
0
|
ij(pr(x)gps (x)dx =5, r,s=12,..
0
I 4
2) > EI M(x)%dx =a’5. rs=12,.
X
0

2
D —> %+a)f77r(t):0 r=12,..

116
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The Modal Equation : 7 (t) + o7, (t) =0

n, (t) = The modal coordinates

sinw,t r=12,..

7, (t) — Cr COS(C()rt — ¢r) =1, (O) coS C()rt + 7 (O)
(0

r

r

c, = \/773(0)+[’7r—(0)]2 The amplitudes
(0

@, =tan™ .(0) The phase angle
, 17, (0)

y(XlO):Z(Dr(X)nr(O):yO(X) X/OA(DS(X)
r=1

( |
1. (0) = | PA@, (X)Y o (x )dX
J 0 r=12,..

7, (0) = [ pA@, (X Vo (x )dx

0

117
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4.4.1.4. Response to external excitations

f(x,t)=0 , y(x,t)=> o (x)7,t)
r=1
i.t)+o’n t)=N_(t) r=12..  The Modal Equation
|
N, ()= jgpr (x)f (x,t)dx The Modal Forces
0

For harmonic excitation: f (x,t) =F (x)cosQt

Nr(t):D'(pr(x)F(x)dx}coth =F_cosQt r=12,..

I
F.=[g (x)F(x)dx  r=12.. The Modal Force Amplitude
0

|:
t) = L cos Ot r=12,..
7, (t) Y

118
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The steady state harmonic response:

y(x,t)= {i zFer o, (x)}coth

r=1 a)r _

If F(x)=mX)p (X) —> F =0

forrzk — y(x,t)= 2FkQ2 @, (x)cosQt If ® =CQ — Resonance
W, —

If f (x,t)=arbitrary — N _(t)=arbitrary
The convolution integrals:

t
n0)==[N,t-sino,dr  r=123..
a)r 0
The response to arbitrary:

v (x.t) =iwtj|\| (t=1)sinmdz

a)r 0

119
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mﬁﬁiﬁﬂ Find system response to excitation.

E =200 Gpa y F,sinQt

= 7800 k%g
A=1"x]1"

a) Natural frequencies (10000 rpm =1047 rad/sec “gm ~ 15m
b)y(x,t)="?
El

o, = (1) AT

Simply-Supported Beam: sin gl =0=sinnz — gl =rx
o, =36.07 rad/sec , w, =144.3rad/sec , @, =324.6rad/sec
w, =577.1 rad/sec , o, =901.7rad/sec , w, =1298 ) 1047 rad/sec

v

120
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[ENANPLE]

o)
q‘ T RN SR b R 107 K

Mode shape: ¢, (X) = sm— , L= _I[¢(x)

pAZ:7800><12><%:78><103 , |=%(1x1)x(§)2 , hzgmziI

é,(h) = sin(%) =0.7071, ¢,(h) = sin(%) =1, ¢,(h) = sin(%r) - 0.7071
g, (N)=sinz=0, ¢(h)= sin(%”) =0.7071

0.7071(225in(7z|x) stm(—)
(36.07)° —-Q° (1443) —QZ

50sin Ot
78x10°

y(X,t) = |

0.7071Q25in(3|) 0.7071923in(|)

_|_
(324.6)° —Q? (901.7)° - Q° ]

121
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4.4.2. The Timoshenko beam
Rotating Shafts
(Shear Deformation % Rotary Inertia effects)

k = § =0.83 for - section

6

9 ‘ i
k=—=0.85 for section

10

k=0.92 for I section

Lateral vibration of beam with rotary inertia and shear deformation
@ = The slope due to the moment M
m = Mass per unit lenght of the beam

J = The rotary inertia per unit lenght of the beam
122
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2
ZM:M N J86?(x,t):8M v

ot? O X
0%y
dYF=mx — (\/+—dx)+V Lbve) dx
2
N _n?Y g%y
ox 8t O X
Y = @ — (shear angle) , shear angle = v
0 X KAG
k = a shape factor of the cross - section
for a uniform beam: EI = const.
o* 0° Eim, o° Jm o
b m—y—( — Y _
O X kAG 0 X°0t° kAG@t
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| 4.4.2.

Eﬂﬁjﬂ RI T 7S.D.=0
EL, M
_ _ i _ A2~ _ 2 |EIl
m=pA , J=p.l without R.I. - @, = g% =(nz/l) /AA
o'y 0%y o'y
R.I. El —+ pA——— /ol =0
7O TP TP e

y(x,t) = csin @ sin(a,t+ )

w, = Natural frequency corrected for rotary Inertia effect

2 | nz,|_El nz,
wc[“‘x(l—) }_pA( | )

0! = o’ [1—%%@'—”)2} 1) decrease the N.F.
2) more pronounced for higher modes

125
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4 4
. = I“E IJn 72[ : RI.20,S.D.=0 (Rayleigh beam)
~Jn°z

4 4
o’ = Elnz R1.#20,S.D.20 (Timoshenko beam)

4 -3 222 (Le )
kG

126
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4.4.3. Effect of axial loading Y

T = constant for small deflection
_ mass oy

, 0 =—=slope,V =shear force
lenght OX
2
VN +v 470+ L -To=m%Y dx
OX OX ot’
( 2 2 A
%\; T%:m% * L 0%y, Oy _ &y
. , > = —6—(E|a—) T@ m?
X X X
M_v, 8% m
| OX OX’ )

4 2 2
If El =const. -E|ﬂ+-|-a y_ma_z’
ox' ox° ot

127
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[ENANPLE] |

q‘ a?MﬂgﬂM

4.4.3.

A
v

4 2 2 El,M
IR L B
ox* OX* ot°

' 4 2 A
El ddLSX)—T ddL(zX)—ma)%b(x):o
X X
y(X,t) = ¢(x).q(t) <d 24 (t) g
+ t)=0
T ®*q(t) = )
q(t) = Asinwt+Bcoswt #(x)=Ce**, C,S=const.
EIS*-TS*—mw’ =0 characteristic eq.
S?, S = 2_—[1+(1+4ma)2 2 °%]

if S’=a°, S;=-b’
¢(X) = ¢, sinh ax+c, cosh ax + c, sin bx + ¢, cos bx

128
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BAMPLE] [, -9 "2 0O d2 (1) _
AMPLE] | 0= 280 1) -0 28 o]
| 5.C,=C,=¢, =0 |

c,sinbl =0 — bl =nz,n=12,..

T , El

bZ:(I—)Z:—E[l—(lwma) —)>°]
a)r?:(nﬂ')zT ("7 El

if T=0— a)n:(a)n)as.s.beam
if El =0 o =(w,)

a flexible taut string
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4.4.4. The Eigenvalue problem:
M (w)+Lw)=0

I SRR _ (4) __d_
_C_,w—y,L_8X W (x,t)=¢(x)q ()—(——%—/1

g+4q =0
{L(¢)=1M (¢)

Orthogonality:

},ﬂ = EigneValue, ¢ = EigenFunction
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4.4.4. The Eigenvalue problem:

ZI |:¢]L(¢i)_¢i|‘(¢i )]d(y:zj [Wj'\" (4)-24M (4 )]da

Self adjoint+<
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4.4.4.

Two span beam El,M El,M

¢ (x,)=A,sin(Bx,)+B,cos(px,)+C,sinh(px,)+D,cosh(fx,)
{¢2(x2)=A25in(,Bx2)+Bzcos(ﬂx2)+Czsinh(ﬂx2)+D2cosh(,sz)
oYy, _ 1%,
] ox;! ¢c? ot {yl(xl,t):@(xl)q (t)
'y, 1%y,
ox:  c? ot?

v

 ¢(0)=0—>B,=-D,
BC. atx,=0
T <—d‘bl—(o)zo—ml:{1
dx,

( 4,(0)=0->B,=-D,

atx, =0 <—d¢2—(0):0—>A _c
dX2 2 2

132
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4.4.4.

Two span beam

(¢1(|—)=0—>Bl(cos,BL —cosh AL )+A, (sin SL —sinh L) =0
dg (L) _ dg (L)

dx, dx,
¢,(L)=0—B,(cos SL —cosh AL )+A, (sin SL —sinh 5L )
d’¢,(L) _ d’(L)
dx ; dx,
A, (sin BL —sinh AL )
(cos AL —cosh SL)
A, (sin BL —sinh AL )
(cos BL —cosh AL )
cos L cosh AL =1
tan L =tanh gL

atx, =L, X, =L «
1 2 O

=B, =-

B, =—

Frequency Equation:{

133
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H.\W./7:

Find frequency equation of this two span beam.

Xl X2
— DR —
El,M El,M
| |

134
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4.5. Forced Vibration

1) Distributed harmonic excitation
2) Harmonic motion of the boundaries

3) Harmonic force on the boundary
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@W@ 4.5.1. Distributed harmonic excitation

T ML T b R i A

4.5.1.

4 2
Beam — - y4:i28y2+_p(xit)! CZZ_I y
4 2
C28y4+ay2: P inot pA=m
ox" ot° pA X
: d¥ (x @ F @
y(x,t)=Y (x).sma)t,d—g)—(—)zY (x)=—2=,p*=— |
X C pAcC C < >
Y (X)=c,sin B x +c,cos B X +c,sinh # X +c,cosh f X — Ry >
P A
d¥ (0) d¥ ()
Y (0)=Y (1)=0 = =0
@=r® dx® dx?
c,=cC, i =—0 _nfl - Fo Bl

:2pAa)2’ 1_2,0Aa)2' 2 20 A o*

I I
: cos B(——x) cosh fB(=—x)
Y(X,t):FOSInwt 2 N 2 5

2
2pA @ cos’BzI cosh’BZI

37 5 N2z
—_ ... =
2 2

136
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45.2.

4.5.2. Harmonic motion of the boundaries

ou(x,t) 10U p(x,t) Machines
5 crar ' A CTVE/P

If p(x,t)=0 u(x,t)=U (x).cosat
dU (x)
dx °

(U (x)=0 UX)=Asin?L 4B cosE
C C C

. X X
u(x,t)= (asmw—+b cosw—).cosa)t
C

C
U()=0 U()=Y,cosat b=Y, a:_YOC(_)S(WI/C)
sin(wl /c)
X |/c).sin(wx
(x,1) = Yo(oos X - OB LACLSIMOXE), o

sin(wl/c)

137
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4.5.3. Harmonic force on the boundary

S SF S Jbe plye 40 Joe Wi oo (Sen 8 G50 b b S ailes 50 S5 S

2 e by Syzo 4 plgiee ]y 05d Jleel ToCOSOI 1y il S ol o gl 5o

L85l o
T,cosat
X —+
| .G %zncoswt d(x,t)=6(x)cosmt
X
163908 1 gk )= 0(x ) cos e t

dx

138
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[ENANPLE]

q‘ a?MﬂgﬂM

4.5.3.

4.5.3. Harmonic force on the boundary

Forced longitudinal vibration of a column
Fob Dlolai )| g sbw] M piile lawgs FCOSOE )l sl Sigayla (59,05 o ST LS Jles o

uxt)_1ouxt) 7 sele b oy
aXZ CZ atZ

2
u(x D) =U cosat — Ty ) 050 1) - as‘”( Xj+bcos(wxj
( 2
=0 M ou(0,t) EAaU(O’t):Fcosa)t
B.C.: X 51: OX
\X =L: U(L,t):O

138
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)

q‘ T RN SR b R 107 K

M

\

N

138

4.5.3. Harmonic force on the boundary

2
w—z(asin(ﬂ}rbcos(ﬂn cosat +EA — (acos( j b sin ( XD cos et =F cos ot
C C c /) C c C oo

(asin (a;_xj +b COS(CZ—XDCOSCJI =0

- F i
( 0)2 0, ib = 2

M —-b +EA —acos et =F § M < +EA “)(J/ (i))
c c et e e
. (oL ol |j‘> - b F i
asin| — |+bcos| — |=0 A== > 1 |
\ C C | tan(—) M a)z tan(w—) +EAY i
e C c.____..C¢C C

(a)x j (a)x j
sin cos| —
u(x,t)=F > E ¢ COoS at
M z)—ztan(%) +EA Y - |v| ¢ +EA —( tan(—))
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[EKAMPLE]

T ML T b R i A

y(x.t)= 2F, i Sinz(n”/z)sin(n%xj(sinwt - Zsin a)nt]

F, sin ot

ALp = (a)n —0)2) o,
Y = nZﬂ;ZC F
n L A
y (x,T ):isin(n%xj(An sinoT —B,sinoT) T —t-2 = —
n=1 )
T 2F o & Sin(nﬂ'/Z) . (o7 . (nzX .t
e :‘Afpé(wg_mwn S'”(?}"”(—L ) e

(32 ) 2 SO fy o 0 g 2
) ALpnzl(a)n—a) )a)n L
T0= Y (X ’zj Y (X T ) T-0= Y (X 1£j
@ @

:_ZFOa)i sin(nr/2) {Hcos(ﬂj}’ Bn:_ZFOa) =, sin(nz/2) Sin(g;ﬂ;;}

n AL,O n:1(a)2_a)2)a) W
139
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H.\W.8:

One tip of follow beam drop from inertia state .if there is no energy losses &
jumping in strike time , find free frequency equation?

4.5.3.

Answer :

2

h & . .
y(X,t) = 59 Zi(—cosnn)sm@sma)nt
T S ho I

140
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4.5.3.
H.W.9:
The load is suddenly g/emoved, find free vibration equation?
f
! oy
< I >
Answer :
41" & 1 . Nz X
y(X,t) = Y = cosa,t.sin

5
7 El 435N

141
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4.5.3.

H.W.10:

The load is suddenly removed, find free vibration equation?
y F

|

v
—

A A
v

Answer :

=1 . nzX . nra
y(x,t) = 2—4 X sin T .COS . t
0

142
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45.4.

4.5.4. Special cases

1) The moving taut string

a- wire production
b- belt transmission

:@w@ F :mdxd—u F, mdx—(5~y +U &y)

ot ox dt dt "ot ox u Y 0

5=ux) d_u ou OX 8u 8uU+8u y 4 dx T T

dt  ox ot at ox ot
0,0 0y A7
F =mdx —+U =
B o 8t(8t+ 0 T y
82y 0%y ,
=m + dx g
(U ax axat 8t2) X

2 2 2 2
F =T 5—3’2dx FT % remun L omy T o DY
OX OX OX ox ot ot

143
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2 2
f T=mU®* > -2muU oy :mag
OX ot ot
E[2mU 5_y+ma_y]20 ;.o 2mU a—y+m8—y=f(x)
ot OX ot OX ot
%:Yl(x)_) Yo =Y (Ot+Y,(x) = instability

U =( /m)"“? The threshold of instability
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2) Vibration of pipe at high flow velocity

45.4.

El = pipe flextural rigidity A A
m_ = mass per unit lenght of pipe

m, = mass per unit lenght of carring fluid

U = constant fluid velocity

V = shear force

u(x,t) = Z—‘:w (2—“) fluid velocity in y-axis @t — pipe velocity in y-axis
X
Fom axU2 oY v 0¥ Yy g O
f O X2 ox ot ot P at?

oV o0°M 0 o
F =——dx =- dx =- El dx
Y X O X2 8X2( GXZ)

145
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454,

2) Vibration of pipe at high flow velocity

0° o’y , 0 o’y %y
El +mU‘ " ——+2mU ——+(m, +m =0
5x2( 8x2) o x? ™ ox ot (m; +m,)

5 By alsd ()35 5 et 53 (Wgh) 5 Lag o 1M Sl po IS o5 ) J> Sy ol
555

For instability

1
ESEI jz o) ahaie zhas :A
U >

2
m. L me= Ap
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4.6. Vibration of Membranes
y

Tdy

v

Tdy(0 + 00 dx)-Tdyo =T 00 dxdy
OX OX

0p 0p
Tdx(@+—dy)—Tdxep =T —dxdy
oy oy

OW OW

gp:— 9:—

oy OX
2 2

F =T+ T axay
x> oy°
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O*W O°W  O°W
dxd =T + dxdy + p(x, y)dxd
p dxdy — (ax2 ayz) y + p(X,y)dxdy
o'w L, ., 1
=C°V°W+ — p(X,
pve - p(X,y)
O° O°
Ve = + c=./T
OX> 0y’ /P
W(X,y,t) =W(Xx, y)Q(t)
. O°W
ifp (x,y)=0 e = —w?® W (X, y)Q(t)

2

W
VZW(x,y)+C—2W(x,y):O
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mﬁﬁﬂ} Vibration of rectangular membraglne:

ST WY RN b e 1 AL

W(X1 y1t) :W(X’ Y)Q(t) — X(X)Y(y) q(t) b
o‘'w  o°w 1 o°w
+ = C = T .
oX 0y? G ot VT/p -~ X
d*X d Y 1 d*q
Y.+ X.0=— XY > XY g+YXg=c?gXY
d X2 g dy2 q 2 d 12 q q q
( X” )
c2 _ g2
X 4
X 4 <c2Y—:—/1§ - A, = o = natural frequency
X Y q Y
E:—/15——602
e J

148
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[EKAMPLE|

ST MY AN BT i AL

~

N

\

-

\

A A

“LX+c,C0S =X
C

X (x)=c,sin
C

Y(y):cgsin@y+c4cos@y
C C

q(t)=c.Sinwt+c,cosmt

N

Vv

J

X (x )V (y):sin(nﬂ

B.C.

c,=0
. A nrzc 2 _

¢csin—ta=0-»> A4 =— | ¥
18I~ A= |
c,=0
c3sinﬁb:0—> 12:%

C

|

nzC

a

Professor A.Farshidianfar

X=y=0& x=a,y=b —> W(x,y,t)=0>

M 7zC

b

|
Yo

J

mry

)

a

m=1 n=1

w (X,Y,t) = iisin(mnx/a)sin(nny /b){Asin(at)+B cos(at )|
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Circular Membrane :

2 2
i o[ 10,1 1w o g
or* r@r r oo c° ot
Seperation of variable - w(r,8,t)=R (r)T (t)©(6)
T L/R"” 1R' 10" ,
—=C + + = =—w
T "R rR r° 0]
T +0T =0
(1)
< R” R’ @”
r’*—+r—+(w/c ——— =m?*
\ R (ofc)r? e
(||) (nr)




www.konkur.in

Advanced Vibration Professor A.Farshidianfar

(1)>T (t)=A, cos(et)+B,sin(at)

, 1, m? m?
(1) >R"+=R'+(#*~—5)R =0, = —
I r C
Bessel's equation " The second kind
Rm( ) 3m m(IBr)+BSmYm(IBr)
| The first kind |

__________________

w (r,0)=c,, m(,Br)5|n(m<9)+c2me(,Br)cos(m&’)+c3mYm(,Br)sin(mé')+
CanY m (Br)COS(MO)

w(1,0)=0 Csy =Cyy =0

w (I,0)=c,, m(,BI)sm(m<9)+c2me(,Bl)cos(mé?)
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2
d { +X d—y+(x2—052)y -0

dx dx

Bessel's equation : x °

_ . . o0 (_1)m X 2M+a
The first kind: J,, (x)=>_ Z

—mir'(m+a+1)\ 2

J, (x)cos(ar)-J_,(x)
sin(ar)

The second kind: Y _(x) =

1.0 NEY)

T T T T
0.5 —
- / >\,>'~' ~, e, . _
00 / LN ST o

J (x) ====
v q Jyx) —-—--
i / / r'! \\>~/.:>{i./', Nl T S| \
-0.5 .rf _" 0.6 ~
i /ff ! ] Jf\ N
-Lo H 0.4 T

[N i \
I f ] ] I - II'I. .\ /—\
‘ : A e
-1.5 o 0.2 AN e
! i
I

. T FTs -
| Vo FANCAY IR AN
I 7 \ I} ! \ ‘\ ,f / \\ .
0.0 s \ " ! I, s L N

| 1
-2.0 L ,
- i . \ [ . \ 7 . 0y 7
| I u \ / Fi LY = 7 r 3\ + !.I‘
I . \ SR B LYY Y
w2 : ¥y(x) -0.2 I N A_. e’ et
I
1

I
i
|

* I

- : \ 7 ¥ N =
aE Y, (x) ———— \ K
| - b
—30 H0d == -0.4
0 5 10 15 20 . . - I -
152 X ¢
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O =C len 2\405 /\8'654
e S
m =1 c \ 52"
If - = w, =3.832—
.
(m =1 C N
If 5 = @, =7.016 - m : 2
.
-
m=0 C
If - = @y, = 2.405~
.
1
Ji(x)
3.832 /}9-173/\ Z 2
7016 \ /S
153

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

w(0.1)=3622.343 w(2,0)=3177.072

w(.0)=193641 @ (3.0)=4648.28

154
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1. Mode Shapes for a Circular Membrane Play
2. Two modes of vibration of a square membrane Play
155
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4.7. Vibration of plates

T:iﬁpb(%—w)zdxdy
00

2 t
Dtt o%w, &°w, . O°wWao*w O’W |,
V=— + + 20 +2(1-v dxd
LG + G) w20 5 5y +200) (G 5 )T dwdy
3
= ER > The plate constant
12(1-0°)

156
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ty
Hamilton's principle: 5j Ldt =0
L5}

L =T -V
DVW + phw =0
Viw :[ 22 T 622)[82\,\/2 +62W2j: 64\/\2 +2 5;\,\/ 2 +al\,\2
ox*° oy OX oy OX oy “OXx° oy
0 = mass density of plate
h=Thickness of plate

w(x,y,t)=W (x,y)q(t) - VW (x,y)=rW (x,y)

2:,0_ha)2
D

/4
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[EXAMPLE] y

W (x,y)=Y (y)sin(mzxj b

W (0,y)=W(ay)=0
oW (Oy) oW@y)_

. ox° OX 2

a“v4 oy HM) _72}_252«2@%} 0

oy a oy a

Y (y)=ae?” - ¢4—2¢2(%j +{(mj —7/2}:0
a a

¢12,2 - (Ej x \/7/72

a

-

— o ———
e ——— — ——

B.C.

.

0 a X

158
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=0 , Q=0 fp?,:"'fﬁ > ';94:_f13

Y =C,coshay +C,sinhay +C, cos Sy +C, sin By

2 2
i 71 D

2
@ =1 - m,n=12,....
" (.-::.f2 E?E) ph
. mmT . AT
w(x,y)=sIn——x SIn—y

a

159

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

p=a, @=-a, @=Hp @ =-1p
Y =C,cosh(ay)+C,sinh(ay )+C,cos(By )+C,sinh(Sy )

For a plate clamped at y =0, y =b
Y (0)=Y (b)=Y '(0)=Y '(b)=0

Characteristic equation:
2—2cos(fb)cosh (aﬂ)+[%—£j5in (fb)sinh(af)=0
(94
y
A |D
gt A a) - _2 h
T o
b | |
I |
| |
'Ile6le(gjram: @uni_k - a X
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For a plate supported on all the four edges:

W, :sin(mﬂX jsin(mbﬂj; m, n=1,2,3,...

a
2 2
w, . = mz +n2 E; m, n=1,2,3,...
| a“ b oh
y
|
|
b |
L
a X

161
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Chapter 5. Approximate and Numerical Methods

5.1. Dunkerley’s Equation

The fundemental frequency of multi—rotor system.

{q}:[dij]{— m¢}  Thefree vibration of undanped system
{q}=The displacement vector

|d,, |=The flexibility matrix=|K, |*

[~ m¢j]=The vector of inertia forces

Assumeing harmonic modes, {q}:{— cozq}
{q}:[dij]{a)zmq} The ferquency equation

1

{qu dlemelql}% o M e {q}{o}
d,) [dn dyp]|@’m,g, —d,,m, ig_dzzmz 02 0
)]
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_ 1 _
602 _d11m1 _d12m2
Aw) = =0
—d..m i —d.,.m
12772 2 22''12

1
(w—) (@AM, +d,M, ) (5 )+Imm (dy,0,, —dy,05) =0

Ayt Lo
)

w o, 0 0

1 1 1 1
~+—=d,;m, +d,,m, If o <<w, > —<<—
w a)z @)
1 ~d,.m,+d..m
_)_2"’ 11 1"' 22112
@)
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diimi:mi = 12
kll a)ii
— 12=1+1+1+ ..... +——Z—

2 2 2
W W) Wy Wi Wy,

i1 @

The estimated fundamental frequency < The exact value

1 1 1

2
aw, =

+ +
dllml d22m2 d33m3

(Southwell equation)

Slr s Gy Jy Dole Aslas 5 (b WU 2 (0SS 8L Glr e ) (JSls Aol
SYolee (pl ojls oo 5l b Gl 8 Sl 4 (K (s, C8s el 5,8 0 i85 8L
o558 YL g Sl 5l ae e e SOl ISl Lo a4y g aiiis ool Ll caiylo (goga0me 0 )18

e oo 1y lools les 5l oolal b anbs
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[EXAMPLE]

]

ST MY AN W BT 12

165
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______________________

<3
~
~~
~
~
~
~.
N\, ~.
~
~.
~
~
~~
~.
~

2J

3] 6

.

+
K

t

_I_
k
(@,),, =0.408k, /]

k

t t

(@), =0.445k,/J

Professor A.Farshidianfar

a,, =—
11
J
K
2 ™
D5y =

= error =8 %
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[EXAMPLE]

]

ST MY AN W BT 12

3ElI
6()121 _ . Beam B m,
ml / e Ea— 4
/| IS
50222:(3.52)2 EI3;12.7 EI3 4 l
m,| m, | 5
If m, =m
3
12; 12 + 12 :0.412ﬂ
@ W Wy El
El
@, =1.56 ~E

166
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[EKAMPLE]

ST WY RN b e 1 AL

1 1 1 m 2m 3m

| L @ ol @ kKK
m
k
% (@), =0.333k/m
- ()., =036k /m

The error =7.59%
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5.2. Rayleigh Method

The fundemental frequency of multi-rotor systems.

M [{x}+[k |[{x}=0 free vibration of undamped system.

(o} [k {0}V =a?[M 1{e}") i —1,2,3,..n

w. =elgenvalue
@' =eigenvector

101 K]} NN
o} M o} 1+e
{z } =orbitrary vector

RN
Ty M)

Rayleigh's quotient
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P.S. of Rayleigh Method

A 10% error in the form of the eigenvector (natural mode)
will result in only 1% error in the eigenvalue (natural

frequency)
o <R, (z)< &}

The Rayliegh’s quotient is never lower than the smallest
eigenvalue or higher than the greatest eigenvalue.

2

Rr(Z):1+:92
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Rayleigh’s principle. n

In a conservative system.

E =T +V =Constant. V

T, +0=0+V__ —>T =V __

max

usually the dynamic deflections are estimeted from the static deflections.
{zy={z,,2,,....2,} fora discrete system.

T . =%{z }T [M ]{z}®* for a diagonal mass matrix.

max

T :%[ml(a)zl)z +m,(wz,)? +.....+m_ (a)zn)Z]:% 0* > mz}

Vmax:a)1—>2:%(m1921+m2922+ ----- +mngzn):_zmizi

169
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gz m; Z;
=1
Zn: m.z’
=1

For continuous system: y (X)) = mode shape

M (W )+L W )=0, W(x,t):iqﬁi(x)qi(t)

=—jW|v| :—_[WL(\N

W (x, )_c,u(x )q(t) w(x)=Assumed mode shape

T =V = =

maxXx max

I
jWL (w)dx
Ay =7 Rayleigh's quotient for continuous system
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A,

w’=R(y)=

Professor A.Farshidianfar
Beam i

jE I(r){d Y (”] dx

dx

!

| pGx)y?(x)ax

Shaft

_‘.GJ(I){ ]

w*=R(0)=2

Ru)=2

jf(x) 62 (x )dx

Bar

dx

_‘.Eﬁ(t)[du (”] dx

171
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|EXAMPLE —
e S JzL ) K K K K

K, K, K., tl — "Mt2 T TMt3 T t
J,=J,=3,=1J
A=l T=2362+23621 102
JA, =2 ) 2 2 2
2= 1,21 2 1 2
Ag=3 \V =5 Ké +§K(92—91) +§K(93—92)
. (0, = A coswt

/\

T =50 (A7 +Af+A]) 6 = Ay cos ot

1 |03 = Ag COs ot
2 2
Vmax :EK [A12+(A2_A1) +(A3_A2) }
T =V
= ma}z ;axl , {wexact—0-445 K, /] o
, 14 — 4% error
LA — w=0.463./K /] _
O =T =T72:9% / »=0.463,/K, /J
172
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[EXARPLE]

Beam B I m

Find the natural frequency.

» EEE— 4

¥ i - l

2

Fl°
3El

1] ., X5 X3
Y(X)ZE[??(I—) —(I—) })ﬁ

1 o Xy X3
Y(X)ZE{??(I—) —(I—) }

Fl°
3El

y(D)=y, =

y, =as the coordinate y (x):%{B(T—)2 —(T—)ﬂ Y,
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1 1 1 ,33m ..
T==|y?dm, +=my’*== lim)y? The Kinetic ener
zgy oMy =2 (S em)y, gy
Vv =%k y? =;3|%y|2 The potential energy
y, =Acosat — y,=—A osinat — Y1 )ma =A
| | (Y Dmax = @A
Tmax :Vmax
1 33 >~ 1 3EI 5
—(——m, +m)w° A =— A
2(140 1+ m) 2( |3)
3ElI
3 k
w° = I - If m,=m = w? =2.429 EI3
0.235m;+m | m, mi
El El
(@); =1589,|—= . (@), =1554,|—
(a)l)D S a)exact S a)Ray
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P
¥
I |
1 b 7
6f)E'DIXI(|2_bZ_x2) 0<x<a
Y(X) =9 _ paq] —
Pa(l X) (a2 4 XZ . 2|X) a< x<|
. 6Ell
Pa’b?
X=4a)=
yx=a)="p
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r%m@__m?__l
(LTS —

d =25 mm
7~
| . /A 4 l 125mm A 250mm 250 mm |
-, | | | |
64 294 N 490 N
| =1.1917x10° m* 2 : ¥

— m.zZ,+mM.,Z
o’ =—1 _9( 2 222):15640
mz, +mM.,Z
z m. Zi2 141 262

w=125rad/sec=1194 rpm
,_0.6125 1.2760 _1.8885

Z, =Y, +Y, = = - = — 0.49 mm
2=y +yé,:o.7Ec:‘56+ 2.2;86:3.(;25:0.799 -
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[ENANPLE]

o)
q‘ T RN SR b R 107 K

d,=3in , dizléin , P o= 0.2810f/in® | E =29x10° psi
a) Dankerly's Method

110 Ibf 110 Ibf
1 1 1 1
s =—t—+— () A l l B
O W Oy A - =
0)11 k g _ g , 0)222 zhzi 15" | 15" I 30"
m A Y. m 'y | iy
2 2
y. = 15 X§610X45 —0.002577 in
3x29%x10”° x3.727 x60 1 1 1 1
110x 30* ] (I) N — + +
= =0.004581 In 2 2 2 2
Yo 3x29x10% x3.727x60 W Wy Oy O
g=12x32.2ft/sec’ = 386 in/sec’ (w)p #207.34 rad/s
4 4 6
, 7'El 7*x386x29x10°x3.727 o 60
— - =211200 rad”/sec
T Al 0.28x A x 60° /58" (@), XE=(H1)D =1980 rpm
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b) Rayleigh’s Method:

11.14 |bf 132.3 Ibf 143.4 Ibf 22.28 Ibf
LT |
M A
15 15 | 30" |
. |
gimizi
2= 4424
7.5x1.482=11.14 Ib @ anm . 0
15%1.482=22.28 Ib =

(@,); =210.33 rad/sec
(n,), =2008 rpm

(nl)D < (nl) exact < (nl)R

/ "

Z, =Y + Y =
/ "

Z, =Yy + Yy =,

178
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H.W.11:

p=7840 kg/m’

AnNs:
E.... =210 Gpa
d=4 om (n,) =516 rpm
m =21 kg (n,)=2114 rpm
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Y RREDEF | y, =total deflection mid span of strut -
iiTEKﬁMFiﬂ { o = total defl d sp
 Eaniiuieupteishoaaing i 3

= y = total deflection any point of strut

T ML SR b R 1

0, =max Initial eccentriciting of strut at mid span when P =0

p o =deflection at any point on strut when P =0
¥
I Yy Yo B, _7’El
o o, P,-P M
| y=Y,SIn— deflection from of the strut
y
T
‘ = L |5, sin—
X d (Pcr —P] ° |
t |
) . g j&dx o
n= — the frequency of transverse vibration of a beam
2r )
\ j o° dx
0
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vance Ioration roressor arsnialantar
I
. g jy dx
n, = — the frequency of transverse vibration of a laterally
27 J‘yzdx
\!
I. I y I. I
» |y dx | o%dx (—Oj Sadx 5 dx
[ | 2 | P
n - ' P
y 2dx j&dx Lh] 52 dx j5dx Yo cr
0 ’ %) ¢ ’ A N
2
@y, P , El
= = L.
( 0 j P, “ ml*
1 |9 Za)i 2 B _X_ -
n —_
21 Za)i S5° Yo
, — L.
D2 1_1 w2_167z2EI N _4rx*El
o) P, % ml* S I A
C A
181 P
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5.3. Holzer Method -
o J, J, J,
316, =— K1 (&, - 67) \
1207 ==Ky (67 — ) — Ki2(67 — 63) { ky : ks
J3b3 =—Ki2 (63 - 65)
6 =0sinat =123 Shaft (1) Shaft (2)
-0’00, =-K,, (6,06, M (o)
yoh J,0,=—K,(8,-6,)-K,(68,-6,) (2)
\_a’z‘]s‘gs =—K, (6;-6,) (3) e
3 a)oz 0)12
(1+2+3) = > J,60°=0
i=1
assume a trial ferquenc ( .
( q y f(a)Z):ZJieia)z
6,=1.0 < PEENE!
1 6,=0,-0%,6,IK, 6, =9,._1—K—Zji 0 j=23,...,n
\ ‘93:‘92_a)2(J1‘91+J2‘92)/Kt2 - (= 1=

T="f(0*)=) ji6 ®° residul Torque

182
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@ﬁ_mmfi;ﬂ J, =04 kg.m? J,=0.1 kg.m’ J,=04 kgm®  J,=0.1 kgm’
B I

k,=10 kN.m/rad  k, =20 kN.m/rad k., =10 kN.m/rad

J
Iy ~ @,=0

=) - pee

110 20

'k, +Vk, 110+1/20 3
o=k JI,+K J(I;+3,) =

13 J(20/3)(10°)[1/0.4+1/(0.4+0.1)] =173 adisec

kN.m/rad

First trial
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A. First trial: First mode: =173 rad/s

1
2 = 2
o) 0 107 D J6w kr kr 2. J 0w
(m?.kg) (rad) (KN.m) (KN.m)  (kN.m/rad) (rad)
1 0.4 1.000 11.97 11.97 10 1.197
2 0.1 -0.197 -0.59 11.38 20 0.569
3 0.4 -0.766 -9.17 2.21 10 0.218
4 0.1 -1.043 -3.12 -0.92 «~— Residual torque
B. Second trial: First mode: =165 rad/s
1
2 — D JOw’
row 0 0 Y JOw ke s > 36w
(m?.kg) (rad) (KN.m) (KN.m)  (kN.m/rad) (rad)
1 0.4 1.000 10.89 10.89 10 1.089
2 0.1 -0.089 -0.24 10.65 20 0.532
3 0.4 -0.621 -6.77 3.88 10 0.388
4 0.1 -1.009 -2.74 1.13 «—— Residual torque
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[EXAMPLE]

]

ST MY AN W BT 12

First trial ®=173 rad/sec

The residual torque is -0.92 kN.m
The negative sign is indicates that the trial frequency
IS too high for the first modes, then:

Second trial ®=165 rad/sec

The residual torque is 1.3 KN.m.
The linear interpolation between the first and second
trial gives:

Third trial ®=170 rad/sec

183
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C. Third trial; First mode: »=170 rad/s

1
2 2
cow ) 0 10 Y00 ki k—rZJ O
(m?.kg) (rad) (KN.m) (KN.m)  (kN.m/rad) (rad)
1 04 1.000 11.56 11.56 10 1.156
2 0.1 -0.156 -0.45 11.11 20 0.555
3 04 -0.711 -8.22 2.88 10 0.288
4 0.1 -1.000 -2.89 -0.01 «—— Residual torque
D. Second mode: ©=354 rad/s
1
2 = 2
ow J 0 10 Y 0w Kr kr > 10w
(m2.kg) (rad) (KN.m) (kN.m)  (kN.m/rad) (rad)
1 0.4 1.00 50.1 50.1 10 5.01
2 0.1 -4.01 -50.3 -0.2 20 -0.01
3 0.4 -4.00 -200.7 -200.9 10 -20.09
4 0.1 16.09 -201.6 -0.6 l—— Residual torque

184
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E. Third mode: »=588 rad/s

2 1 2
ow J 0 1607 D 6w Kr EZJ O
(m2.kg) (rad) (KN.m) (kN.m)  (kN.m/rad) (rad)
1 0.4 1.00 138.3 138.3 10 13.83
2 0.1 -12.83 -443.6 -305.3 20 -15.26
3 0.4 -2.43 336.7 31.4 10 3.14
4 0.1 -0.70 -24.4 | 7.0 _~— Residual torque

Advantageous of Holzer:

1. Gives exact mode shapes (Modal vectors)

2. Provides torque in elastic axis with natural frequency, which
can easily leads to find shear stress

16T

7d ®

T

184
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J1=0.4 m’kg Js=0.4 m*kg
J2=0.1 m’kg Ja+=0.1m’kg

kt1:10 kt2:20 kt3:10®

KN.m/rad , KN.m/rad : KN.m/rad *
| |

: . :
' 2" mode: w= 354rad’s . '
10F : ] , :
[ | 'i‘ [
| | 3 |
I | |
- 1 y I
| Funda.mental mode: 1= 170rad/s "_q__ :

s 1

+ " *

"
Sk " * *
M | r.—' |
gy | P
, [ P N
a I ra rd
-10F S 3 mnde W= 588 rad's
M &
|

184
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with damping

(AUin :AUout
< Y 7O M;sing=> 7C, 67 w
Forced Vibration

N (J,0°0,-My)=0
M =M; sin wt
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5.3.
H.W. 12:
n A | propeller
A B
turbine
J; =2000 kg.m’ , ;
J ) _ 500 kgmz rigid shaft |
— 2 Number of teeth in gear:
J, =250 kg.m2 . 9 AnNS -
— Z, =
ok AT f,=1.919 Hz
J. =350 kg.m =
3 : : f,=3.839 Hz
J, =1500 kgm?  Zg =90
k,=50 kN.m/rad 24 = 200 E_H"é_l_b_i """""""""""""""""""""""""""""""""""""""""""""" g
k. =288 kN.m/rad |
B / Gear ratio = Speed of motor shaft Q, _G

The kinetic Energy Speed of impeller shaf Q.

186
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5.4. Transfeg_l\l/latri% Method (TMM)

@ K,
( ( | L

L R s Jn N
n-1 R Tn—l k T L L R
n /\n\ /\
G - E 4)@ e e p———— [ kj{ C C
| = L ) T R
L R n
T n-1 Tn -1 gn -1 " n Hn "
Torsional system with subsystems: —_—_———————,S—G—G :
. . . ] . The point inertia matrix |
T -T -=J6 Eqg. of motion
v
T" =-J @0 +T - for harmonic motion:> 6)" 1 o]fe )
6, =6F =6 T 3,0 1|7/
'Ile8le79am:@ k
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shaft:
T R
R L R _ +nd
T -1 —T » 5;;: _HH—I -
KH
The field matnx
- ~ L — -
6 1 YK |(6)"
! Fo=
I 0 1 I
e < M - — H— ].

A,

6" 1 I/K
N —
] | -Je 0

1 I/K
{—Jm? 1-Jo' [K { }

— _H]H {Z'}H_1 The recurrence formula

-|H,H, H,,. . H H]{Z}

188
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5.4

‘] n-1 ‘] n ‘] n+1

n n+1

Bn—l B

e - n - n+1

i e
Torsional system with damping

N" [ 1 0] (01" o |
v =] , The point inetia matrix
\T)n _Ia)B—Ja) 1n T )

PR i 1 i R

01" |1 0 . .

<T S K +iac {T} The field matrix

L Jn _O 1 | n-1

189
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mﬁfmﬁ J,=0.4 kg.m’ J,=01kgm* J,=04 kgm?* J,=0.1 kg.m’

T RN AN W T i

@/ 77T

ky=10 kN.m/rad  k,=20 kN.m/rad k, =10 kN.m/rad

assuming 6,=1.0 rad ; T, =0
0" [ 1 o0]fe)" [ 1 o0lf1 1
{T }1 e 1HT }1 {0.4# 1}{0}:{—0.40)2}
S
0" K, 0" 1 10 o)\" 1 10 1
{T }2 |y g 3 {T }1 :[_o.laf 1- (105)}{T }1 :[—0.10)2 1- (105)}{0.4#}
L 2 12

T, =08(10")0"-4(10™)0° +4.55(10° )0’ &’ =0 = @ =170 rad/sec

A R e B A ey

190
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Professor A.Farshidianfar

Natural frequencies and state vectors

190

LN

(0
(rad/s)

170 1.00 -0.156 -0.711 -1.00
-11.56 -11.11 -2.88 0.01

354 1.00 -4.01 -4.00 16.09
-50.1 0.2 200.9 0.6

583 1.00 -12.83 2.43 -0.70
-138.3 305.3 -31.4 -7.00
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5.4.
H.W.13:
J1=3 kg.m2 J2=6 kg.m‘?
Jy=4 kg.m*
k4 MN.mirad k,2 MN.miad
I I Generator
Coupling Coupling

Compressor

191
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5.5. Myklestad — Prohl Method

mn—l mn
J Span n |
) i
. Segment n

A
R
yn—l M nR—l n T

Y

192
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y .M
dx V2w
2El El

Im=g) 32 4
dx VIE MI?
y=—+

dy - 3El  2El

Q=—

dx

193
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VL

(

Yo

Yo

.
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_ R

_Vn—l

_ naR R
=M n-1 In Vn—l

§0n -1 (—)

§0n -1 (—)

ynl_lngpn 1+(

yn 1+In¢n 1+(

2

2El

|2

2EI

—(

)nM

=M

|2

2EI

),V

Professor A.Farshidianfar

R
n"n-1

(SE)

(GE) n n—l
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_ .
B 5L 1 I - - - YR
y 2El 6EI | | Y
3 4 > 0 1 | I’ 4
= — - X >
M El 2El | |M
\V N O O 1 _I \V J n-1
R L 2 L R L 2 I
The Field transfer matrix Vn :Vn —omy, , I\/In ~ l\/ln 0 ‘Jngﬁn
L R
iz} =[Fl {z} o =gf Y =Yr
r YR B ] r L
y 1 0 0 0] [y
@ 1 0 0 @
] = ) $ >
M 0 — ] 1 0| |M
VI, [-e'm 0 0 1 Vv,
~—

The Point transfer matrix

zn =[Pl iz =[P [F Lz}, =[H L z)ss

195
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_ . ’ _
1 I —

- 3R 2EI 6EI - R
y 0 1 I |2 y
120 El 2E| 121
M 2 2 | 2 |2 M

0 —0°J) l1-0°J—) (-l + o J )
\V n E2| 23E| \V J n-1
I I
—w’m —w’ml —w’ 1+ ®*m
_(w ") (~o'ml) (o 2EI) 1+ 6EI) n
X
The transfer matrix
Common B.C.
y Q M V
Simple
support 0 P 0 4
Free y ®» 0 0
Fixed 0 0 M V
196
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[EXAMPLE]

)

T ML T b R i A

Find the natural frequencies of the lumped-mass .Asuume m, =m, =20 kg station

and the flexural stiffnessEl of the beam is 3 KN.m? . \ C O

R R R ; ,
{Z }1 =H1{Z }0 and {Z }2 :HZ{Z }1 :HZHl{Z }0 x 250 mm 500 mm
Where {Z} ={Y ® M V} ={0 0 M, V,} ‘7‘
and M, and V, are the unknown moment and shear at the fixed end.So we have

YT [ 1 025  10.4(10°) ~0.87(10°) [0 T
ol | 0 1 83.3(10°%) -10400°) |0 |
M 0 0 1 ~0.25 M

'V || [-200® -50° -208.310°)e® 1+17.36(10°)w® |V |,
YT [ 1 0.50 41.7(10°°) 6.9(10°%) [YT
®| | 0 1 166.67(10°°) ~41.7(10°%) || @
M| | o 0 1 ~0.50 M
V|, |-200® -100® -833.3(10°)w? 1+138.9(10°%)e ||V |,

197
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From {Z}, =H,{Z}] =H,H,{Z} ,we get

_Y ] Hll H12 H13 H14 O

D _ H21 H22 H23 H24 O
M H31 H32 H33 H34 I\/IO
_V 2 _H41 H42 H43 H44__V0 _

M and V,*must be zero at the free end of the beam,that is
MzR =0=H M, +H WV,

sz :O=H43M0+H44Vo

198
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VzR :O:H43M0+H44Vo

For a nontirival solution:

H33 H34 _
H43 H44

1+104.2(10 ®)@* ~0.75-8.68(10 %) w? -
—2.08(10 %)w? — 28.9(10 °)w* 1+486(10 *)w? +2.41(10°) "

Or

w* —73.3(10%)w’ +75.4(10°) =0
w, =32.3 rad/s or f,=5.14 HZ
w, =269 rad/s or f,=42.8 HZ

199
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H.W.14:

A Turbine Blade :

Answer:

1 —(L+FL%/6El)
0 (L+FL?/2EI)

0 —(L+FL°/6El) (1+FL?/2El) (L +FL°/6EI)

0 0

Professor A.Farshidianfar

F=m,@?X,
, >
, e
D
Yn
yn—]
Xn-1 Xn
2 3 1 -
L2/2El L3/6EI v 1
—L/El —L?/2El D
M
V
0 1 |




www.konkur.in

Advanced Vibration Professor A.Farshidianfar

Y1 [ 1 o0o00O0][YT
®| | 0 10 0|
M| | 0 01 0||M
N | |mew? 0 0 1]|N |
I 2ml3 FI3 |2 1
s ) o
y 26EI|2 EEI 2EII GI?! y
m
A R B R L
M El 2E| El 2El |\ M
V a)zm(I+F|3) —(|+F'3) (1+ F'2) (|+F'3) Vv
-~ /n-l oEl 6El 2E| 6El /N
(*m) 0 0 1]
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H.W.15:

Compute the natural frequencies of the system:

40m
m 2m 2m m
. L, El . L, El . L, El . L, El .

20m 2m

201
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Rigid transformation

-
-—o
-
-
-
-
-
-~
-

2 o W v N igi i
@, =0 O () = \,/ O Rigid rotation
w; =0.632 EII3 . J,/Z
m S //
% e e 5First flextural mode
% =—-17.549 O \\Q\ Ol Y, J/J}TQ" (symmetrical)
(Yo  TTeee -7
( El o . Yz
a)22 =6 3 ,’/ \\\\\ e
< ml O N 70 )\ " | Second flextural mode
Y _10 ' -/ N N yJI\/ o (Anti - symmetrical)
L Yo . 2 ——t_--7
©? =11.195 1 iz
) ml d\\ O il O ‘\\ /,”J Third flextural mode
Y2 _ 14266 RN P S X (symmetrical)
L Yo T Yig=---
202
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Coupled flexure — Torsion Vibration
- y 5 R - 1 O 0 0 O O— - y N L
y 0 100 0 0| |¢
M 0 010 0 0 M
3 e X 4 S
\Y; ~o'm 0 0 1 —w’me 0| |V
0 0 0 0O 1 0 0
T ), [~@o'me 0 0 0 —-o'm(R*+e’) 1] (T J.
{Z}S =[p] {z 'n The point matrix
_ p : _
e |t zE Temr 0O e
y | i y
¢ 01 — — 0 ¢ :
El 2El Airbus A350
M M
3 =0 0 1 —| 0 0 | x< ¢
V V
00 O 1 0O O
0 | 0
00 O 0 1 —
\T Jn GJ \T J n-1
00 0 0 0 1]

(2} =[F]. {z}:f_1 The field matrix
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s =lPLIFL {hs =[T] {2

[ |2 K
1 I — -
. 2El 6El
y 0 1 il L
¢ El 2E|
M 0 0 1 ~1
V[ 7| -e'm —oml _w2m|2 1+a)2m|3
9 2El 6El
T 0 0 0 0
\ N 5 3
—o'me —o’mel —cozmel— wzmel—
i 2El 6El
204
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0
( y\ R

0 ¢

0 M
—o'me— V[

| 0

G‘] | \T Jn-1

1-o’m(e’ +R*) —
GJ |,
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flextural mode
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2.5.

ANSYS

ANSYS
Torsional mode
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5.5. Transfer matrix method (TMM) for continuous

system

4 2

0 y 1 0%y 2 EI
=0 , C=— y(x, ) =Y (x)q(t)

ot C2 o2 M

44 2 2

Y(X)—,B4Y() 0 /))4:ma) _ o

dx? El 2

Y (x) = C, sinh x+C, cosh x+C,sin gx+C, cos Ax

(x)—% B(C, cosh px+C, sinh Ax +C, cos fx —C, sin fX)

dy?® (x)

M (x) = El = B?EI(C,sinh Ax +C, cosh fx —C,sin fx—C, cos fX)

V(x) = —El dT:Ix(X) = —°EI(C, cosh px+C, sinh fx—C, cos Ax +C, sin )

207

Telegram: @uni_k



www.konkur.in

Advanced Vibration

Professor A.Farshidianfar

sinh Ax cosh fx sin X cos x|

@ fcosh px £sinh px 3 Cos X — fsin X C,

M B2El sinh fx B?Elcosh fx  —pB%Elsingx  — B%Elcos px| |Cs

! _—,33E| cosh fx — B°El sinh Sx BEl cos fx _ BEl sin X | Cy)
| X
. -
{Z(x)}=[T(_x)]{c} _ & / ! j
(y | O 1 O 1 (C1\ [
¢ p 0 J;; 0 C, at x=0 @
< > = 5 ) < > Z(O):Z-
M 0 pB°El 0 -p°El||C, g
Vv Jig | BE 0 pBEl 0 ||C, at_x=/
& {Z0)}={Z}=[TOHC}
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zh 1 =[To)]ic} - {C}=[T(0)]_1{Z fi-1

1
0 —— B 3
25 2E1
1 % 0 ZET,B2 0
[T(O)] = 1 1
0 — 0 5
25 2EI1
1 1
_ 0 — >
2 2EIB |
sinh AL cosh AL sin AL cospL |

(L S cosh L gsinh gL [ cos SL —sin SL
T (L)]= B’El sinh BL B%El cosh BL  —B%El sin BL —SB°El cos AL
| —B°El cosh L —pB°El sinh L B°El cospL  —pB°El sin AL |

Az =TI [T {Z)i_1 =[H]i{Z i1
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Transfer matrix

Mz}

—

A A A A
B EIFE  EIF
A A
[H]i = % A Elg B | =[O
pew  mw o on A
-BEIA -BEIA, -pA A
Ao = —(cosh Pl +cos Al) |
’ 2 =IAT AT a2 -
= = (sinh Bl +sin A = _
<Ai 2(sm Al +sin A1) T
A, = %(cosh Bl —cos A)
Aazé(smhﬁl—sinﬂl) ﬂ
10 n - Shaft

Rotor
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5.6. The Rayleigh — Ritz Method

Admissible functions

w2 = R(z) = 2'kz > o comparison functions
z’Mz
Q. = eigen vector
Eigen functions
7 = arbitrary vector
B.C.

1— The geometric B.C. (Displacements & Slopes)
2—The natural B.C. (Force & Moments)

211
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The procedure of the Rayleigh — Ritz Method

@ RE@)=22 Ty = 0f [MOF K =0T,

= the reference Kinetic energy

n
y(x):C1¢1(x)+C2¢2(x)+ ......... +Cn¢n (x)= E

C. 4 (x) deflection curve

¢ (x)= admissible function

ZZkU | the potential energy

T":EZZmUCiCj the Kkinetic energy

212
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!
kU:IEAQ¢ﬁX
0

e

for Rods : -

(1 2

~ oU max __| J aTmax
aa)Z a Umax i aCl i aCl aU max Umax aTr:ax
( ) - . 2 — O — — < =
oC.  oC. T T oc. T, éC,
. oU max —6()2 8Tmax _ ’ oU max _ Zkijcl ’ 8Tmax _ Zmijcl
oC, oC, oC, 4 oC, S
C,(k, —@’m. ) +C, (K, — @’M,) +.eevern.+C. (K. —0’m. ) =0

213
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(Ky—@'my)  (Kp—@°My,) e, (kyy —@°my,) C,| [0

(k]-@’[m]){C1=0 — det([k]-a’[m])=0

= |w| & |modeshape| as a function

214
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s ..;m‘»g_m#_,_i
ENRRPLE]
y(x)=ax*+ax’ The admissible function

D,(X)=x> ,@,(x)=x> |, ®I(x)=2 ,Dj(x)=06X

-

vy

| |
ky = [EI0] ()@ (x)dx — k,, =4El [ dx =4EIL
0 0

| I 2
ki, = EI [ @)@ (x )dx =k, = EI [2x6x dx =12EI [xdx =12E L7=6E|L‘2
0 0

0 0
| | 6 | | 7
mL mL
m12=m21=m£®1®zdx =m£x5dx =75 , m22=m£®§dx =m£x6dx ==
[ 4EIL — o mg‘s 6EIL? — 02 mé‘ﬁ _ N
=0 = det|k-0’M |=0= 0" -1224(El/  )w?+15120(El/ ,)?=0
6EIL? — 2 MY 1oE12 — 2 ML {aZ} [ } %m' %m'
i 6 ]
3.533 3.516
( 1)app = |2 EI m ' ( 1)exa = |2 EI m
34.81 22.03
216(w2)app = |2 EI m ' (a)z)exa = |2 EI m
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r

u,(x) =1.0sin % +0.03689sin 32—”|X

U, (x) = —0.63819sin =X +1.0sin 2
2 2l 2|

(.
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P.S. of HW.16
1)u, (x)=C,sin(zx/2L) = Yo, = 2.4146,/AE /mL>
\ a(x) /
2) U,(x)=C,sin(zx/2L)+C,sin(3zx /2L )
\ a(x) J \ 22(x) j
) @, = 2.4062\/AE /mL? ul? =sin(7zx /2L )-0.0369sin (37x /2L )
j{<2)w2:5_5292\/AE/m|_2 | {ugz):sin(ﬂx/ZL)—1.5651sin(37zx/2L)

3) U,(x)=C,sin(zx/2L)+C,sin(3zx /2L )+C,sin(5zx /2L)
\ a(x) / \ 22(x) J \ 2s(x) J
(O, =2.4049AE/mL? (U =sin(zx /2L )~ 0.0319sin (37x /2L )~ 0.0072sin (57x /2L )
® @, =5.5216,\AE/mL? , Jul? =sin(zx /2L )~1.5440sin(3zx /2L )+0.0666sin (57x /2L )
J u;” =sin( (

®) 9, =8.6646AE /mL? sin(zx /2L )-1.2110sin (37x /2L ) +2.0270sin (5zx /2L )

Y

215
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P.S. of HW.16

(), =2.4048JAE /mL? < P, = 2.4049,/AE /mL? < P, < Y,
(), =5520L/AE/mL? < @@, =55216,|AE /mL* < P,
0 =8.6537\/AE /mL? < ® g, =8.6646,/AE /mL>
3 Jexact 3
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5.7. The Galerkin Method
LW ]=AM[wW] The characteristic equation
y=> Co, @, = Comparison function
j=1
Lw]-AMWw]=0 , Lly]-AM[y]=error=E
[pEdD=0  i=1,2,....n (1)
D

..(Di L[Y]dD = Zn:Cj J‘% I—[(Pj ]dD :Zn: kijCi
-1 i1

>k =k = j¢iL[¢j}jD L =self -adjoint oprrator  (2)
D

I¢iM [Y]dD :_Zn;cjj¢iM [Q’j]dD :an:mijcj

>m; =m; = j@iM [qoj }JID (mass matrix) (3)
DA2)S) >Z(kij —Am; )C; =0 (Galerkin equation)
j=1

217
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)

R A

Determine the natural frequencies of the beam with the Galerkin method.

Professor A.Farshidianfar

1 2nx /1 1 Arex |1 W
y (x)=c (1-cos(2mx/I))+c (1-cos(4nx/l))=c ¢ (x) .
+ng0z(x) < L >
ion-: 2 2 !
Solution: R s _d Z(EI d 2)
k IjEl LI Ij d N
. = ) X, m.. =|me.p.dx '
IJ i dX4 IJ 17 B _I d2 d2¢ B
0 o ) 0 kij_iﬂL[gﬁj]dD_!qﬁidxz(El dx;}x_
|4 O 1 1 d d2¢ I d d2¢ |
K]=E M-n; ) o[ o(engh )] -al(e )
0 1287 * 11 dx dx odx dx )
L 14 ' d 24 d?o.
El —2 I
det([K ] ~w? [ ]) =0 B e
() = 22|'248 IrEnI ,01:{23 1} ,Y.(x)=23 (1- COSZT—x}—l— COS47II—X
<
(,)e =12|i'1 Enl ,c,=1{-069 1} ,y,(x)=-0.69 (1- cosZT—ijrl- cos4T—x
218
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The Reyleigh-Ritz method with same function :

R il Sk

(@), = 22|'235 = . ¢,={L0 0575
<
124.0 |EI
(a)z)R = ¥ - , czz{l.O —1.447}
22.4 |EI 61.6 |EI 120.9 |EI
(wl)exact - |2 m ! (a)z)exact - |2 m : (a)3)exact - |2 m

219
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HW. 17:

Write transfer matrix for longitudinal vibration of rods with E, p, L and
A parameters. Consider rod as a continuous system.

(cos BL —EA Bsin AL |
Pl sin AL " ,32=£602=£a)2
u |, cospL  |U ], E EA

| EApB ]
dU ) :
dX2+,8U(X)=O, U (x)=C sin(Sx )+B cos(/x )
H.W. 18: L
Write transfer matrix for shown system. P E,A p k= T
(cos S —EABsin L] g WN\—E

1 P E v]
Uj, [k 1 EAp cos AL Uj,

219
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H.W. 19:
Solve previous H.W. with Rayleigh — Ritz method.

U (x)=C,(x/L)+C,(x/L) +C,(x/L) +C,(x/L)’

Sol.:

((a)l)R 223291/E/,0 U,(x)=(x/L)+1.06346(x /L )" —0.8993(x /L) +0.2805(x /L)’

(@,), =#«/E/p, U,(x)=(x/L)-0.9260(x /L) —2.2310(x /L)’ +1.9780(x /L)’

((a)l)exact 2029,/E/p U, (x)=sin(2.029x /L)
(@), 00 = 4913«/E/p U,(x)=sin(4.913x/L)

219
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H.W. 20:
Regarding to given function, solve HW. 18 with Rayleigh — Ritz
method. U (x) =C, sin(7x /2L )+C,sin(3zx /2L )
Sol - ((a)l)R :2'0560«/E/p, U, (x) =sin(zx /2L )+0.1003sin (37x /2L )
(@,), =4'9:140«/E/,0, U,(x)=sin(zx/2L)-9.9700sin (37X /2L )
H.W. 21: - Lt
Regarding to given function, find natural frequency
of shown system with Rayleigh — Ritz method.

y () =C | 3(x/L)" ~(x/L)’|

Sol.:
_ |12E1/L® +0.3906k
4m +0.9428 pAL

219
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H.W. 22:

The constant force (/) is applied to shown beam. Regarding to given
function, find natural frequency of system with Rayleigh — Ritz method.

y () =C[3(x/L)" ~(x/L)]

Find approximation buckling force too.

Sol. _ [12E1 /L3 +4.8F, /L
0.9428 pAL

§ -€— F
EAILLp

H.W. 23:

Regarding to given function, find two first natural frequencies and mode
shapes of shown system with Rayleigh — Ritz method.
m=pAL/10

u(x)=C,sin(zx/2L)+C,sin(37x/2L)
Sol.: m

§ EALpPp
1431\/? U,(x) =sin (zx /2L )—0.0208sin (37x /2L )

4.370
w, =——
219 L
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5.8. Direct integration (Numerical Methods)

[M X} +[CIXG+ KX} =1F}

X(t=0)=x,
1.C. %(t=0)=x,
X(t=0) =X,

t=0 , t=T , At=T/n
t=0,At,2At,. .. T
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1-Finite Difference Method
1.1-Forward Difference
1.2-Backward Difference
1.3-Central Difference(CDM)

The Taylor expansion x,,, X_, about the pivotal point

h* h*
X: =X +hX; +—X. +—X; +..

2! 3!

h? h?
X:, =X, —hX: +—X, ——X +.

2! 3!
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x(t)

ti—o  ti-qg b Tix1 liyo

X; = —( 1~ X ) The ignored items are of order h’

X ;%(Xi—l_zxi +Xi41)

222
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The CDM for Lumped Systems:
[M ], +[C Jix, +[K ]ixj, ={F},

{2 e X ki), -
((Ai)z [M]+ZLM[C]}{X}H1 ={F}, —([K]—(;)Z [M]j{x}i _((Ai)z [M]—Zim[c:]]{x}i1

— [M ]{x b= {RA}i An explicit integration scheme

Solution:

L sy =[MT (R, - [Clix), - [K]{x,)
(X(1=0)) =X, &X (t=0)} =X,
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Tn
2: Choosing At <Ay =Ate o Aty =%

7T
(for stability)

T, = The smallest natural period in the system Hence the
CDM is conditionally stable.

T
h=At<-% Asaferule, h:AtzT—” Good
10 20
In practice, use for continuous element:
At < i—L , C=,E/p AL=Thesmallest distance between nodes

(At)°

3t X)L = X, ALK+ K
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{F }i - {F (=t )} The recurrence formula

. 1
[} = o (=200 + )

C.D.M = Conditionally stable = error ——order( h?)




www.konkur.in

{Fl(t)=0 {{X}o={><(t=0)}=0 jﬁ(ok:z R

O R TV ey B ey T

Sol.:

J{x} =
s B mf ALY

S THe ol Rl o)
[k]-o?| -

5 e
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[EXAMPLE] oo
w, =1.807747rad/sec , 7, = 2% _ 34757 sec C Xy =T
) 1.3661
1.000
w, =2.594620rad/sec , 17, = 27 _ 4216 sec C XY=
, ~0.3661

75

h = At :%2520'24216 sec
=M (-, = 3 o] (1=
)=l ), +{a2) ), = ]
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F Kﬁﬁiﬂﬂ Using the recurrence formula

ev svmm-m:i&m;ﬁm

Time ({=/AD) Displacement Time ({=/AD) Displacement

0.9027

£=A£=0.24216 { 0.1466 > L=6Al <\2.5 47of
0.0172] (1.2354)

h=2Al {o 5520 h=IAL 12.6057]
0.0931 (1.4391)

LR {1-1222} G=8A! | 2.4189|
0.2678 (1.4202)

4=aal {1.7278} L=9A! |2.0422f
0.5510 1.1410

E=0A! {2.2370} ho=1041 {1.5630}

225

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

e | N€ C.D.M for continuous systems:
@ﬁﬁjﬁﬁ} 1. Longitudinal vibration of bars

R L

2 2 2
dU(X) 2 (X):O 2_0) :,00) h |

Ve cZ E " (n-1)
U, = U, = U, = U, = U, =
a(x) u(x,) u(x) o u(x) o u(x,)
@) Q O @)
1 2 3 i n
/

h—lz(ui+1 —2u, +Uu;, )+ a’u, =0

U, —(2—=2)u; +u, =0 A=h’a’
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For /=2 =—> U,—(2-4)u,+u, =0

Fo.r i=n-1 —> un—(Z—Z)un_ﬁun_Z:O

(2-1) -1 o - 0 |(u, 0)
-1 (2-1) -1 0 u, 0
0 -1 (2-1) : u, |=/0

| : :

0 - =1 2-2)]\u,,) (0
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B.C : 1-Both end are fixed

u(x=0)=u(x=1)=0  or u,=u =0
(2-1) -1 0 0 J(u,) (0
1 (2-4) -1 0 u, | |0

0 1 (2-2) u, |=|0

. -1 E E

0 -1 (2-4)|J\u,,) (0
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2 1.0 - 0
1 2 -1 0
[A]=|0 -1 2 -1

i o d(n-2)x(n-2)

228
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B.C : 2- One end is fixed and another one is free

du, U,-U_

Atthefreeend—>P:EAdi\X:0 — l-0->U_=U,
dx dx 2h
U,-(2-AU,+U_, =0
U,=U, >-(2-AU,+2J, =0
At the fixed end >U | =0 ([A]-A[1]){u} =0
2 2 0 - 0] (U,
-1 2 -1 0 U,

[A]l=|0 -1 2 -1 :|, {U}=1 . ¢

0 - -1 2 U,
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2. Torsional vibration of shafts

d’o(x) , @ pot Jo°
+a?0(x) =0, _O_ _PY_ @y
e o) YT 6 e e
= (0.4-20,+0,,)+ a0, =0
0..-(2-2)0+0,,=0 , A=h%d’

228
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[EKAMPLE]

ST WY RN b e 1 AL

3. Lateral vibration of beams

L
d'w(x) _, ., pAw° me’
— WL X :O . = —

dx* P ( ) P El El

diw, 1

dx? — h (Wi+2 _4Wi+l +6Wi _4Wi—1 +Wi—2)

W, — 4w, +(6—-24)w, —4w,_ +w_, =0 , A=h*p*

289 o @uni
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2h3D3 =

h4D4 —
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5.9.3.

1+1 1+2 1+3

OI00/0k
Q01008
00100

(&
0

Central difference operators
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+h20(h?)

A

245
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Central difference partial operators
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Methods which increase precisions:

1. Decreasing / or increasing number of freedom

2. Using more accurate operators (some terms in Taylor’s expansion
IS omitted)

/+1

h°D°x, =X, ,—2X. +X,

12h*D*x, :—xi_2+16x._ —30x; +16x. ,

i+2

/+1 /+2

12h?D? = g @ @ e a {e:o(h4)}

230
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Methods which increase precisions:

3. Richardson Extrapolation:

Ao, =GA, +aA

NNy
Anl,nz,n3 = /BlAn1 + IBZAn2 + IBBAI"I3
A, =Answer for n,
A, =Answer forn,

A, =Answer for n,

23@gram: @uni_k

A

nn,

= 0(1An1 + ozzAn2

h?-Extrapolation coefficient

mln a, a,
2/1 | -0.3333333333 | 1.3333333333
3/2 -0.8 1.8
4/3 | -1.2857142867 | 2.2857142867
5/4 | -L.7777777778 | 27777777778
6/5 | -2.2727272727 | 3.2727272727
716 | -2.7692307693 | 3.7692307693
8/7 | -3.2666666667 | 4.2666666667
3/1 -0.125 1.125
5/3 -0.5625 1.5625
7/5 | -1.0116666667 | 2.0116666667
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Richardson Extrapolation
A = Answer for n,

1

Anin,ng = Pib, + BoPo, + B, A, = Answer for n,

(h3: h*-Extrapolation coefficient A”s = Answer for s

15l m,l b b Ps

3/2/1 0.0416666667 -1.0666666667 2.025

4/2/1 0.0222222222 -0.4444444444 1.4222222222
4/3/2 0.2666666667 -2.3142857443 3.0176490176
5/4/2 0.6310206319 -2.3763703701 3.3069788069
5/4/3 0.7232142867 -4.0634920635 4.3102777773
6/5/4 1.4222222222 -6.3131313131 5.8909090909
716/5 2.3074242424 -9.0620870628 7.6956428515
8/7/6 3.5601399001 -12.3128206423 9.7523809524
8/3/1 0.005208888 -0.688826 1.6276611667
716/3 0.1265625 -1.6276011667 8.6040116667

23@gram: @uni_k
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Eﬁﬁﬂ} Richardson Extrapolation

ST WY RN b e 1 AL

Find natural torsional vibration of clamped-free shaft with length of L.

NN NN

2

O e 2B20=0=>0,-20,+0, =, FON

For node 1= >

dx

[ 0,=0 (x =0)

B.C. =- d_0|

M, =GJ a0

L :O:(&l:O:@z:é’o

dx

(2-Lip%)6,=0= ,5* =2/L* =2/n* = p?L* =2

23@gram: @uni_k
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|EXAMPLE| Richardson Extrapolation
[ Clmlinfesttophes Bt “F‘uniw p
Second: n=2
g [ [T
/] L ,
L
For nodel= 6, —26,+ 6, =—, B° " 6,
L2
Fornode 2= 6, -20,+6, =—, §° 792
([ 0.=0 (x =0
° (x=0) = B2 =8-442=2.35
B.C. =/ do dé
M; =Gl-—|, =0=|—| =0=6,=6,
| dx dx /,

Third: n=3 = L% =243

= o B =B B) B () B ()

23@gram: @uni_k
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ST MY AN BT i AL

s B AL B (L) (L)
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Richardson Extrapolation

n B2L? 12847 235212 123827 W, L
1 2
2.46
2 2.35 2.48 2.48
2.49
3 2.43

23@gram: @uni_k
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5.8.
1-The first approach.
1 0 1 2 3
] I ]
h L=h h h

i=1: W, —4w, +(6-A)w, —4w,+w , =0 (1)

X:O ’WO:O (2),(Cdl—\:(vj :O':> Wl_W_l =0 W1:W_1 (3)
0
2
X ) h
3 J— —_—
X=L ,V:O ’(Ciix\;v] == W3 2W22_:]32W0 W_1=O':>W3:5W1(5)
1
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(2),3),(4),5) —™ (1) — (4—/11)w1 =0 = (1)ﬂ1 _4
The second app.

1 0 1 2 3 4
::::::::::::::i | BTSN S
h h h h h
1: w, — 4w, +(6—A)w, — 4w, +w, =0

W, — 4w, +(6—1)w, —4w, +w, =0
B.C. w,=0,w,=w, W,=-wW+2w, , W, =—4w, +4w,
(6—2)w, —2w, =0
{—4w1+(2—/1)w2:o —):

231 L
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The third app. 0 ! 2 3
| | | h=L/3
h h h
(7 4 1] (w] W,
4 5 2{wt=alw, = P4=01278
2 -4 2 ||Wy (W |

1&2: A, =1.333x0.536-0.333x4 =-0.617/6

2&3: A, =1.8x0.127/8-0.8x0.536 =0.1988
1&2&3: 2, =2.025x0.1278—-1.066x0.536 —0.042 x 4 = —0.1446

| /El /EI /EI
h=—,0=p0°|— = . =3.42 ... =3516
3 IB m app m|4 exact m|4

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar
Writing equation for V|C|n|ty element near abutment of curve
.............................................. 2
h
.................................... . h o o wh
3 B' 1
h
4
(@ —
— (a)+u(b)
j o O
] O<u<1
:> P + LDy =¢0(1—|—/,l)—|— /J(1+/U)h [82¢J
21 2x ),
62¢ ~ . 21 62¢ —_ ¢2_2¢0+¢4
[8X2j0~[ﬂ¢3+¢8 ¢O(l+ﬂ)]ﬂ(l+ﬂ)h2 [ayzjo"” h2

23@gram: @uni_k
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Writing equation for vicinity element near
abutment of curve

In torsional vibration: V24+2GO=0

2 2 1
G, +P, +—— P, + & —2[1+—j¢ +2G 6h? =0
,Ll(1+ﬂ) B 2 1+,Ll 3 4 7, ()

(a)- 4 (b) = [%l i el S A L

OX 2h (1+ ,u)

(a)-u(b) can be used but it had less accuracy.

H.W. 24:

3
Find a relation for (6—%,) .
X~ ),

23@gram: @uni_k
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5.9. Implicit Integration Scheme
5.9.1.Houbolt Method (Backward difference)

Error =0 (hS)
Xiq = 1= OX +4X 41— X 5)
(AL o 031 T,
For better accuracy: At < =
Levy & Kroll , Unconditionally stable , | _ @
w 1S the biggest natural frequency

[M] %50 +ICHX L + K]0, ={F R ={F =t}

The recurrence formula:

2 5 3
oM 1+ gar C 1 D) =Fh (5 M T e )
4 1
_((At)z[ ]+ m[c]){ bt (A1) >[M |+ E[C]){ Vi o
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(xt=0)={x}, & {Xt=0)}={X,
(Xt =0}=MTI"{FRI-[CI{x},-[KI{x},)

2-Time step At is chosen based on accuracy consideration.
3- (X}, =0k — ARy + 2 ) %
4+ (), &0 >COM :>

(x }.ﬂ ] (x,

(A)
)i .

[M]+—[C]){ |

5.9.1.

/”
PRe

() OAt ()

'?gi}ram:@uni_k - (At) 2At { }l -1 (At) 3At { } )
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[EKAMPLE]

T ML T b R i A

5.9.1.

Solve with Houbolt method.
X1(9) Xo(1)

~—
>
——
o
Il

0
{5}, At =0.24216 sec

234
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[EXAMPLE]

]

T ML T b R i A
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5.9.1.

Time ({=/AD)

Displacement

t,=At=0.24216

t,=2At

t=3At

t=4At

L=5At

0.0000
{0.1466}
0.0172
{0.5520}
0.0917

9
1.1064

f0.2501}

11.6906

0.4924
3
12,1941

Time ({=/AD) Displacement
(0.7867
6=bAl 12.5297}
1.0734
h=1AL <\2.6489}
(1.2803
6=8A 12.5454}
1.3432
G=9A! 4\2.2525}
”1.2258}
,=10At¢ .
1.8325

234
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5.9.2. Wilson Method

X.,= {x (t, +2')} = {x (t, )} +9Tit({>'<' (ti+e)} —{X' (t, )})

If @>1.37 unconditionally Stable 0<7<6At

)‘(‘ A

A

/
I |
Xii Xip1; 40

' : ' >1
ti = ti+1: t|+9:
. iAt L AUt 4+ oAt
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X(4 +T)} = {X(ti )} +T{X(ti )} + 2;At ({X(tiw)} _{X(ti )})

{
[+ =[x+ X))+ 5 7 (RO} oo (00} {2(0))
{
|

5.9.2.

x
~
-t
S~
N—
o

x
~

—+

' .)} = Integration constants, 7 = 6At

x(ti+9At)}={x(ti)}+9At{>‘<(ti)}+%({>‘<(ti+9)}—{>‘<(ti)}) (1)

0* (At)’

[x(t +ont)h = {x(t )} +ont{x(t )} + - ({x(t,o)} +2{x(t;)})

Telegram: @uni_k
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(1),(2) {X (ti+9)} :{X }i+9 :M({X }i+9 _{X }i )_Z{X }i _9;;[{)(}.
[M{&},,, +[CI{R,,, +[K]{x},,, = (F), = {F) +0((F},, ~{F}) ()

{ ° [M1+6,jt[c]+[k]j{x}iw:{F}i+g+[M][

0° (At)

A
o] i <20, + B,

The recurrence formula
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5.9.2.

Procedure:
1-1C. {x(t=0)}={x}, & {X(t=0)}={x},

— {X}o - [M ]_1({F}o _[C]{X}o _[K]{X}o)
2-The time step(A t) is chosen on accuracy
consideration only, normally 9=1.4

3- {x}.,, ={x(t+6nt)} (=2 Using the recurrence formula

(%) =0, = g (06~ )~ D81 (13 )18,
(K =X =X, 50 (),
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[EKAMPLE]

T ML T b R i A

5.9.1.

Solve example with Wilson method.
X1(2) )

e

234
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[EXAMPLE]

]

T ML T b R i A

5.9.1.

Time (Z=/A%) Displacement Time ({=/AD) Displacement

J0.00SS 0.8074

,=At=0.24216 0.1392} [;=6At {2.4981}
(0.0289 1.1035

h=eAl <\o.5201} h=IAl {2.6191}
0.1072 1.3158

G {1.0579} GO0 |2.5056/
0.2649 (1.3688 |

L=4At {1.6408} L,=9At <\2.1929 >
0.5076 1.2183)

L=5AL {2.1529} t,=10A¢ {1.7503,>

234
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5.9.3. Newmark Method

5.9.3.

(X} = O+ @-B) {5}, + B{x},, |t (1)
X = X X, (At){(%—aj{x}t +a{x'}tw}m2 2)

1
If a= %& p= > Wilson Method(Linear Acc. Method)

If 4-1&p- % (Averaging Acceleration Method)
A
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(Equation of motion at t+At)

[M o +CJX G+ K, =1F
o= o 000, (00~ 5o ),

Telegram: @uni_k
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The recurrence formula:

p
[]m[]j{}

Fliat

( t)
M] a(it)z (), + i), +(%—1}{>‘(‘}i }[c](ait{x}i +(§—1j{x‘ ) +A_2t(§_zj{x"}i]
=~ or (=000 1 - G D 1),

(X =X, + AL AR}, At (8],
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5.9.3.

The Newmark Procedure

1-Calculating [K] , [M] , [C]
2-Using Initial Conditions

(xt=0)}={x}, & (X{t=0)}={x},
((t=0)} = M {FY ~[CIH{x} —[KI3o)

3- The time step (At) Is chosen based on accuracy
consideration only (unconditionally stable)

Choosing :a, 3
—_ 1 — /B _ 1 a, = i_l
o= a(At)2 %= a (At) 2= a(At) ° 2a

=1 a-TC-2) a=mE-p & =LY

o (04
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4- [K]=[K]+a[M]+&[C] The effective stiffness matrix

5-{F}.1 ={F}.. +IM1(a, 0 +a, {5, +a,{x3)
+[Cl(aix} +a, X} +as1Xy)

The effective force vector
6- [KI{x}.., ={F}... Displacement

Xia =X} +as{X) +a,{X},,  Velocity
(0 = 2 ([, —0%) — a0 + {5}, Acceleratior
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[EKAMPLE]

T ML T b R i A

5.9.1.

Solve with Newmark method.
X1(D) X2(D)

~—
>
——
o
Il

0
{5}, At =0.24216 sec

234
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]
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5.9.1.

Time (i=/A%) Displacement Time ({=/AD) Displacement
0.0026 (0.8530)
L=A1=0.24216 { 0141 1} L=6At <\2.5336j
0.0246 (1.1730
haAl {0.5329} h=1Al |2.6229]
(0.1005| 1.3892)
G=3A1 |1.0884 6=8A |2.4674]
0.2644) (1.4134)
L=aAl |1.6870 G=9A! 12.1137]
fo.5257} ”1.1998}
L=5At J t,=10At J
|2.2027 1.6426

234

Telegram: @uni_k



www.konkur.in

Advanced Vibration Professor A.Farshidianfar

Comparison of methods

5.9.3.
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Comparison of methods

5.9.3.

1.5 . '
- -Houbolt x D

IR Wilson

— ¥ -Newmark

—o—C.D.M.
D — Exact
\E/ 0.75
R

0
1.5
- Time (s)

Telegram: @uni_k
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Comparison of methods

5.9.3.

3 |
é 1.5+ ]
= - % -Houbolt
I Wilson
—% -Newmark
—0— C.D.M.
— Exact

1.5
Time (s)

245
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p=a , @g=-a , @e=Hp , @ =-1p

Y =C,coshay +C,sinhay +C,cos gy +C,sin By

2 2
m2 +n2) D m,n=12,...
a- b\ ph

o =71

.Mz . Nz
W (X,y)=sIn——2xX Sin—Yy
a b

159
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\

0’ =R(y)=

w° =R (0) =

w°=RU)=

Beam

I!El(x)[

d?y (x)
dx 2

Professor A.Farshidianfar

2
}dx

J P(x)y 2(x)dx

Shaft

fosc0[2]

2

jl (x) 6%(x)dx

Bar

du (x)

jE A(x )[
J P(x)u?(x )dx
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shaft:
T R
TE =T} , G-t ="
KH

The field matrix

61" [1 1Yk~
e
T mn-1

D

0 1

L ~ 1 | —

6

T

61" 1 1/1(
N —

T | -Jo 0

|1 I/K
{—J.ﬁf 1-Je&' /K { }

— _H ]H {Z }H_1 The recurrence formula

-[H,H, H,,. . .H H]{Z}

A

188
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