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FOREWORD

These solutions are provided for the benefit of instructors using the textbooks:
Calculus: A Complete Course (8th Edition),
Single-Variable Calculus (8th Editiorgnd
Calculus of Several Variables (8th Edition)

by R. A. Adams and Chris Essex, published by Pearson Education Canada. For the most part,
the solutions are detailed, especially in exercises on core material and techniques. Occasion-
ally some details are omitted — for example, in exercises on applications of integration, the
evaluation of the integrals encountered is not always given with the same degree of detail as
the evaluation of integrals found in those exercises dealing specifically with techniques of in-
tegration.

Instructors may wish to make these solutions available to their students. However, students
should use such solutions with caution. It is always more beneficial for them to attempt ex-
ercises and problems on their own, before they look at solutions done by others. If they ex-
amine solutions as “study material” prior to attempting the exercises, they can lose much of
the benefit that follows from diligent attempts to develop their own analytical powers. When
they have tried unsuccessfully to solve a problem, then looking at a solution can give them a
“hint” for a second attempt. Separaffudent Solutions Manuatsr the books are available

for students. They contain the solutions to the even-numbered exercises only.

Apr, 2012.

R. A. Adams Chris Essex
adms@math.ubc.ca essex@uwo.ca
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CHAPTER P. PRELIMINARIES

Section P.1 Real Numbers and the Real Line
(page 10)

= 0.22222222 .- =0.2

[(eJW\N}

= 0.09090909 - - = 0.09

Ble

If x=0.121212--, then 10& = 12121212 .- = 12+ X.
Thus 9% = 12 andx = 12/99 = 4/33.

If x = 3.277777.--, then 1& — 32 = 0.77777--- and
100x — 320 = 7 + (10x — 32), or 9% = 295. Thus
X = 295/90 = 59/18.

1/7 = 0.142857142857- - = 0.142857

2/7 = 0.285714285714- - = 0.285714

3/7 = 0.428571428571. - = 0.428571

4/7 = 0.571428571428. . = 0.571428

note the same cyclic order of the repeating digits
5/7 = 0.714285714285. - = 0.714285

6/7 = 0.857142857142. - = 0.857142

Two different decimal expansions can represent the same
number. For insﬁance, bothd®9999 .. = 0.9 and
1.000000 - - = 1.0 represent the number 1.

x > 0 andx < 5 define the interval [(B].
X < 2 andx > —3 define the interval {3, 2).

X > —-50rx < -6 defines the union

(—00, —=6) U (=5, 00).
x < —1 defines the interval—oo, —1].
x > —2 defines the interval—2, co).

X < 4 or x > 2 defines the interval—oo, c0), that is, the
whole real line.

If —2x > 4, thenx < —2. Solution: (—oo, —2)

If 3x+5< 8, then X <8—-5-3 andx < 1. Solution:
(—OO, 1]

If 5x — 3 < 7 — 3x, then & < 10 andx < 5/4. Solution:
(=00, 5/4]

6 — X

f —— > , then 6— x > 6x — 8. Thus 14> 7x

andx < 2. Solution: (—oo, 2]

X —4

If 3(2—x) < 2(3+ x), then 0< 5x andx > 0. Solution:
(0, 00)

If x2 < 9, then|x| < 3and—3 < x < 3. Solution:
(=33

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.
29.

30.

SECTION P1 (PAGE 10)

Given: 1/(2 —x) < 3.

CASE I. If x < 2, then 1<3(2—Xx) =6—3%, 50 X <5
andx < 5/3. This case has solutions< 5/3.

CASE Il. If x > 2, then 1> 3(2—x) =6—3%,s0 X > 5
andx > 5/3. This case has solutions> 2.

Solution: (—o0,5/3) U (2, 00).

Given: (x + 1)/x > 2.

CASE I. If x > 0, thenx +1 > 2x, sox < 1.

CASE Il. If x < 0, thenx +1 < 2x,sox > 1. (not
possible)

Solution: (0, 1].

Given: x2 — 2x < 0. Thenx(x — 2) < 0. This is only
possible ifx > 0 andx < 2. Solution: [Q 2].

Given &2 — 5x < —1, then(2x — 1)(3x — 1) < 0, so
eitherx < 1/2 andx > 1/3, orx < 1/3 andx > 1/2.

The latter combination is not possible. The solution set is
[1/3,1/2].

Given x2 > 4x, we havex(x?2 — 4) > 0. This is possible
if x < 0andx? < 4, orifx > 0andx? > 4. The
possibilities are, therefore;2 < x < 0or 2 < x < co.
Solution: (—2, 0) U (2, 00).

Given x2—x < 2, thenx2—x—2 < 0 so (x—2)(x+1) < 0.
This is possible ifx < 2 andx > —1 orif x > 2 and

x < —1. The latter situation is not possible. The solution
setis 1, 2].

. X 4
Given: > >1+ X
CASE I. If x > 0, thenx? > 2x + 8, so that
x2-2x—82>0,0or(x —4(x+2) > 0. This'is

possible forx > 0 only if x > 4.

CASE Il. If x <0, then we must havéx —4)(x+2) < 0,
which is possible forx < 0 only if x > —2.

Solution: [-2,0) U [4, o).

2

Given: i < —.
x—1 x+1

CASE I. If x > 1 then(x — 1)(x + 1) > 0, so that

3(x+1) < 2(x—1). Thusx < —5. There are no solutions

in this case.

CASE Il. If -1 < x < 1,then(x — 1D)(x+1) <0, so

3x+1) > 2(x —1). Thusx > —5. In this case all

numbers in(—1, 1) are solutions.

CASE . If x < —1, then(x — 1)(x + 1) > 0, so that

3(x+1) <2(x—1). Thusx < —5. All numbersx < -5

are solutions.

Solutions: (—oo, —5) U (—1, 1).

If |x| =3 thenx = £3.
If |[x—3] =7, thenx —3= 47, sox = —4 or x = 10.

If |2t + 5] = 4, then 2 + 5 = 44, sot = —9/2 or
t=—-1/2.

Ifjl1—t| =1, then -t =41, sot =0ort = 2.
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SECTION P1 (PAGE 10)

If |8—3s| =29, then 8- 3s=49, so 3= -1 or 17, and
s=-1/3 ors=17/3.

s S
If ‘5—1‘:1, thenz—lzil, sos=0ors=4.

If |x| <2, thenx is in (-2, 2).
If x| <2, thenx is in [-2,2].
If |s—1 <2,then1-2<s<1+2,so0sisin[-1 3].

IfIt+2 <1,then-2—-1<t < —-24+1,s0tisin
(=3,-1).

If I3x —7] < 2,then 7—2 < 3x < 74+ 2,s0xisin
(5/3, 3).

If |2x+5| <1,then—-5—-1 < 2x < -5+ 1, sox isin
(-3, -2).

X
If ‘5_1‘ <1,then1-1< - <141, soxisin[0,4].

X

-2
X 1 .

If ‘2— 5’ <5 thenx/2 lies between 2- (1/2) and

24 (1/2). Thusxisin (3,5).

The inequality|x + 1| > |x — 3| says that the distance
from x to —1 is greater than the distance fraxto 3, so
x must be to the right of the point half-way betweeil
and 3. Thusx > 1.

IXx — 3] < 2|x| & X2 —6x+ 9= (x — 3)2 < 4x?
& 3x24+6x—9> 0« 3x+3)(x—1) > 0. This
inequality holds ifx < —3 or x > 1.

la| = aif and only if a> 0. It is false ifa < O.

The equationx — 1] = 1—x holds if |[x — 1| = —(x — 1),
that is, if x — 1 < 0, or, equivalently, ifx < 1.

The triangle inequalityx + y| < [x| + |y| implies that
IX| =[x +yl—lyl.

Apply this inequality withx =a — b andy = b to get
la—b| > [al — [b].

Similarly, |]a — b| = |b—a| > |b] — |a]. Since‘|a| - |b|‘

is equal to eithelta] — |b| or |b| — |a|, depending on the
sizes ofa andb, we have

ja— bl = [jal - Ibi|.

Section P.2 Cartesian Coordinates in the
Plane (page 16)

From A0, 3) to B(4,0), Ax=4—-—0=4 and

Ay=0-3=-3. |AB| =42+ (-3)2=5.

10.
11.

12.

13.

14.

15.

16.

17.
18.

19.

21.

22.

23.
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From A(—1, 2) to B(4, —10), Ax = 4— (-1) = 5 and
Ay=-10—-2=-12. |AB| = /5% + (=122 = 13.
From A3, 2) to B(—1,—-2), Ax = -1 -3 = —4 and
Ay=-2-2=—-4. |AB| = /(-2 + (—42 =42,
From A(0.5, 3) to B(2,3), Ax=2—-05=15 and
Ay=3-3=0. |AB| =15.

Starting point: (—2, 3). IncrementsAx = 4, Ay = —7.
New position is(—2 + 4, 3+ (—7)), that is, (2, —4).
Arrival point: (-2, —2). IncrementsAx = —5, Ay = 1.
Starting point wagy—2 — (—5), —2 — 1), that is, (3, —3).
x2 + y? = 1 represents a circle of radius 1 centred at the
origin.

x2 4+ y2 = 2 represents a circle of radiug2 centred at
the origin.

x% + y? < 1 represents points inside and on the circle of
radius 1 centred at the origin.

x2 4+ y2 = 0 represents the origin.

y > x? represents all points lying on or above the
parabolay = x2.

y < x2 represents all points lying below the parabola
y = x2.

The vertical line through(—2, 5/3) is x = —2; the hori-
zontal line through that point ig = 5/3.

The vertical line throughv/2, —1.3) is x = +/2; the
horizontal line through that point ig = —1.3.

Line through(—1, 1) with slopem = 1is
y=1+1x+1),0ry=x+2.
Line through(—2, 2) with slopem = 1/2is

y=2+4+(1/2)(x +2), orx — 2y = —6.

Line through(0, b) with slopem =2 isy = b+ 2x.
Line through(a, 0) with slopem = -2is
y=0-2(x —a), ory =2a— 2x.

At x = 2, the height of the linex2+ 3y =6 is
y=(6—-4)/3=2/3. Thus(2,1) lies above the line.

At x = 3, the height of the linex —4y =7 is
y=B-7)/4=—1. Thus(3, —1) lies on the line.
The line through(0, 0) and (2, 3) has slope

m= (3—0)/(2 - 0) = 3/2 and equatiory = (3/2)x or
3x —2y=0.

The line through(—2, 1) and (2, —2) has slope
m=(—-2-1)/(2+ 2) = —3/4 and equation
y=1—-3/4)(X+2) or X + 4y = -2.

The line through(4, 1) and (—2, 3) has slope
m= 3-1/(-2—-4) = —1/3 and equation
y:l—%(x—4) orx+3y=7.
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24. The line through(—2, 0) and (0, 2) has slope
m= (2—0)/(0+2) =1 and equatiory = 2+ X.

25. If m= —2 andb = +/2, then the line has equation
y=—2X+ /2.

26. If m = —1/2 andb = -3, then the line has equation
y=—(1/2)x — 3, orx + 2y = —6.

27. 3x + 4y = 12 hasx-intercepta = 12/3 = 4 andy-

interceptb = 12/4 = 3. lIts slope is—b/a = —3/4.
y 'Y

N

3X + 4y = 12

Fig. P.2.27

28. x + 2y = —4 hasx-intercepta = —4 andy-intercept
b=-4/2=-2. Its slope is—b/a=2/(-4) = —1/2.
y 4

o~

X+2y=-4

Fig. P.2.28

29. V2x — /3y = 2 hasx-intercepta = 2/v/2 = /2
and y-interceptb = —2/4/3. lts slope is
—b/a=2/V/6=./2/3.

y A

Fig. P.2.29

30. 1.5x — 2y = —3 hasx-intercepta = —3/1.5 = —2 andy-
interceptb = —3/(—2) = 3/2. Its slope is—b/a = 3/4.

31.

32.

33.

34.

35.

36.

37.

SECTION P2 (PAGE 16)

15x —2y = -3

/ [

Fig. P.2.30

line through(2, 1) parallel toy = x+2 isy = x—1; line
perpendicular toy =x+2 isy = —x + 3.
line through(—2, 2) parallel to X +y = 4is

2x +y = —2; line perpendicular toX2+y = 4 is
X — 2y = —6.

We have
X+4y=-6 =— ©Ox+8y=-12
2x — 3y =13 6x — 9y = 39.

Subtracting these equations givesy}# —51, soy = —3
andx = (13—9)/2 = 2. The intersection point i€, —3).

We have

X4+ y=8 —
5x—7y=1

14x + 7y = 56
5x — 7y = 1.

Adding these equations gives X1 9= 57, sox = 3 and
y =8 — 2x = 2. The intersection point €3, 2).

If a # 0 andb # 0, then(x/a) + (y/b) = 1 represents
a straight line that is neither horizontal nor vertical, and
does not pass through the origin. Putting= 0 we get
x/a = 1, so thex-intercept of this line isx = a; putting

x = 0 givesy/b = 1, so they-intercept isy = b.

The line (x/2) — (y/3) = 1 hasx-intercepta = 2, and
y-interceptb = —3.
y

Xy

Fig. P.2.36

The line through(2, 1) and (3, —1) has slope
m = (-1-1/@ -2 = -2 and equation
y=1-2(x —2) =5—2x. Its y-intercept is 5.
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39.

40.

41.
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SECTION P2 (PAGE 16)

The line through(—2, 5) and (k, 1) hasx-intercept 3, so 43.

also passes througtd, 0). Its slopem satisfies

1-0 0-5
k-3 3+2

Thusk — 3= -1, and sok = 2.

= Ax + B. If C = 5,000 whenx = 10, 000 and
= 6, 000 whenx = 15, 000, then

10,000A + B = 5,000 44.

15,000A + B = 6,000

Subtracting these equations gives080A = 1, 000, so

A = 1/5. From the first equation,, 00+ B = 5, 000,

so B = 3,000. The cost of printing 100,000 pamphlets is
$10Q 000/5 + 3, 000= $23 000.

45,
—40° and —4Q is the same temperature on both the
Fahrenheit and Celsius scales.
C 'Y
40+
30+
20+
10¢ 46.
-50-40-30 20 -1 ye/‘so "4B0 60 70 80F
0+
5
- ot C== _
9(F 32
-304
(—40, —40540‘
=0t 47.
Fig. P.2.40
A=(21, B=(64), C=(5-3 48.
|AB|=v(6-22+(4—1)2=+/25=5
|IAC| =+ (5—22+(-3-12=+25=5
IBC| = /(6 —5)2+ (4+3)2=+/50=5V2.
Since|AB| = |AC|, triangle ABC is isosceles. 49.
A=(0,0, B=(1+v3), C=(20)
|AB|:\/(1—0)2+(«/§—0)2=\/Z=2 50.

IACI=V(2-02+(0-02=+v4=2

|BC| =\/(2—1)2+(0—ﬁ)2=¢2=2.
Since|AB| = |AC| = |BC]|, triangle ABC is equilateral.

ADAMS and ESSEX: CALCULUS 8

A= (2a _1)’ B= (1a 3)’ C= (_3’ 2)

|AB| =v(1-22+ 3+ 1)2=+17

|AC| = (-3 —22 + (2+1)2 = V/34= 217

IBC|=+/(-3—-1)2+ (2—3)2=+/17.
Since|AB| = |BC| and|AC| = +/2|AB|, triangle ABC
is an isosceles right-angled triangle with right angle at
B. Thus ABCD is a square ifD is displaced fromC
by the same amoum is from B, that is, by increments
Ax=2—-1=1andAy=-1-3=—-4. Thus
D=(-3+12+(-4%4)=(-2-2).

If M = (Xm, ym) is the midpoint ofP; Py, then the dis-
placement ofM from P; equals the displacement &
from M:

Xm—X1=X2—Xm, Ym—Y1=Y2—Ym

Thusxm = (1 +X2)/2 andym = (y1 + y2)/2.
If Q = (Xg, Yq) is the point onPy P, that is two thirds of

the way fromPy to P, then the displacement @ from
P1 equals twice the displacement B from Q:

Xg — X1 =2(X2 — Xq), Yq— Y1 =2(Y2 — Yg)-

Thusxq = (X1 + 2x2)/3 andyq = (y1 + 2y2)/3.

Let the coordinates oP be (x, 0) and those ofQ be
(X, —2X). If the midpoint of PQ is (2, 1), then
X+ X)/2=2, (0-2X)/2=1.

The second equation implies th&t= —1, and the sec-
ond then implies thak = 5. ThusP is (5, 0).

V(X — 2)2 + y2 = 4 says that the distance @£, y) from

(2,0) is 4, so the equation represents a circle of radius 4
centred at(2, 0).

VX =22 +y2 = /x2+ (y — 2)2 says that(x, y) is
equidistant from(2, 0) and (0, 2). Thus(x, y) must

lie on the line that is the right bisector of the line from
(2,0) to (0, 2). A simpler equation for this line ix = y.

The line X + ky = 3 has slopen = —2/k. This line
is perpendicular toX¥+ y = 1, which has slope-4,
providedm = 1/4, that is, provideck = —8. The line is
parallel to & +y =1 if m= —4, that is, ifk = 1/2.

For any value ok, the coordinates of the point of inter-

section ofx + 2y = 3 and X — 3y = —1 will also satisfy
the equation

(X+2y—3)+Kk@x —3y+1) =0
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because they cause both expressions in parentheses to bel3.

0. The equation above is linear inandy, and so rep-
resents a straight line for any choice lof This line will
pass through, 2) provided 1+4—-3+k(2—6+1) =0,
that is, ifk = 2/3. Therefore, the line through the point
of intersection of the two given lines and through the
point (1, 2) has equation

X+2y —3+ §(2x—3y+1) =0,
or, on simplification,x = 1.
Section P.3 Graphs of Quadratic Equations
(page 22)
X2 + y2 =16
X2+ (y—22=4,0rx24y2—4y=0
(x+2%+y?=9,0rx2+y2+4y =5

(X —3)2+ (y+4)2 =25, orx2 + y2 — 6x + 8y = 0.
x> +y?>—2x=3

X2—2x+1+y?=4 18.

(x—12+y>=4
centre: (1, 0); radius 2.

X2 +y?+4y=0 19.
X +y?+4y+4=4 20.

X+ (y+2°=4

centre: (0, —2); radius 2.
X4y —2x+4y=4

X2 —2x+1+y?’4+4y+4=9
x—12+(y+2?=9

centre: (1, —2); radius 3. 23.

X2+y2—2x—y+1=0

X2—2X+1+y?—y+3i=1
2

(=12 (y— =4

1
centre: (1, 1/2); radius 12. 25.

x2 + y2 > 1 represents all points lying outside the circle
of radius 1 centred at the origin.

x2 4+ y2 < 4 represents the open disk consisting of all
points lying inside the circle of radius 2 centred at the
origin.

(x + 1)2 4+ y2 < 4 represents the closed disk consisting of
all points lying inside or on the circle of radius 2 centred
at the point(—1, 0).

x2 + (y — 2)2 < 4 represents the closed disk consisting of
all points lying inside or on the circle of radius 2 centred
at the point(0, 2).

14.

15.

16.

17.

21.

22.

24,

26.

SECTION P3 (PAGE 22)

Together,x? + y2 > 1 andx? + y? < 4 represent annulus
(washer-shaped region) consisting of all points that are
outside the circle of radius 1 centred at the origin and
inside the circle of radius 2 centred at the origin.

Together,x? 4+ y? < 4 and (x 4 2)2 + y? < 4 represent the
region consisting of all points that are inside or on both
the circle of radius 2 centred at the origin and the circle
of radius 2 centred at—2, 0).

Togetherx2+y?2 < 2x andx2+y2 < 2y (or, equivalently,
(x — 1% +y? < 1 andx? + (y — 1)? < 1) represent the
region consisting of all points that are inside both the
circle of radius 1 centred dtl, 0) and the circle of radius
1 centred af(0, 1).

x2 4+ y2 — 4x + 2y > 4 can be rewritten
(x—2)?2+(y+1)? > 9. This equation, taken together with
X +Yy > 1, represents all points that lie both outside the
circle of radius 3 centred g2, —1) and above the line
X+y=1

The interior of the circle with centré—1, 2) and radius
V6 is given by(x + 1)2 4+ (y — 2)? < 6, or
X2+ y?+2x —4y < 1.

The exterior of the circle with centr€, —3) and ra-
dius 4 is given by(x — 2)2 + (y + 3)> > 16, or
x24+y2 —4x + 6y > 3.

xX24+y? <2 x>1
X24+y?>>4, (x—1°+(y—37?<10

The parabola with focug0, 4) and directrixy = —4 has
equationx? = 16y.

The parabola with focug0, —1/2) and directrixy = 1/2
has equatiork® = —2y.

The parabola with focu$2, 0) and directrixx = —2 has
equationy? = 8x.

The parabola with focug—1, 0) and directrixx = 1 has
equationy? = —4x.

y = x2/2 has focug(0, 1/2) and directrixy = —1/2.

Y 4
\< “ (y
X
y=-1/2
Fig. P.3.25

y = —x2 has focus(0, —1/4) and directrixy = 1/4.
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y=1/4

27. x = —y?/4 has focug—1, 0) and directrixx = 1.

y

(10,

x=—y?/4

Fig. P.3.27

28. x = y?/16 has focug4, 0) and directrixx = —4.
y

Fig. P.3.28

29.

www.konkur.in

30.

31.
32.
33.
34.
35.
36.

37.

38.
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Version (c)

(?\)7e3r)sion (b)

Version (d)

(4’ _2)
3Version (@)

Fig. P.3.29

a) has equatiory = x2 — 3.

b) has equatiory = (x — 4)? or y = x? — 8x + 16.

c) has equatiory = (x —3)2 +3 or y = x% — 6x + 12.
d) has equatiory = (x — 4)2 — 2, ory = x2 — 8x + 14.

a) If y = mx is shifted to the right by amounts, the
equationy = m(x — x1) results. If(a, b) satisfies this
equation, therb = m(a—x1), and sox; = a—(b/m).
Thus the shifted equation is
y=mXx—a+ (b/m)) =m(x —a)+h.

b) If y = mx is shifted vertically by amouny;,
the equationy = mx + yp results. If(a, b)
satisfies this equation, thédn = ma + y;, and
soyr = b — ma. Thus the shifted equation is
y = mx+b—-ma= mx - a)+ b, the same
equation obtained in part (a).

y=vx/3)+1
4y =Vx+1

y=+v0@Bx/2)+1
(y/2) = VA + 1
y = 1 — x2 shifted down 1, left 1 givey = —(x + 1)2.

x2 + y? = 5 shifted up 2, left 4 gives
(X+4%+(y—2?=5.

y = (x — 1)2 — 1 shifted down 1, right 1 gives
y=(x-272-2.

y = /X shifted down 2, left 4 givey = /X +4— 2.



39.

40.

41.

42.

43.

44,

www.konkur.in

INSTRUCTOR’'S SOLUTIONS MANUAL

y = x2 4+ 3,y = 3x + 1. Subtracting these equations
gives

x2—3x+2=0,0or(x—1)(x—2) =0. Thusx =1 or
x = 2. The corresponding values gfare 4 and 7. The
intersection points ar€l, 4) and (2, 7).

y = x2 — 6, y = 4x — x2. Subtracting these equations
gives

2x2 —4x —6 =10, or Ax —3)(x +1) = 0. Thusx = 3
or x = —1. The corresponding values gfare 3 and-5.
The intersection points arg, 3) and (—1, —5).

x24y2 = 25, 44y = 0. The second equation says that
y = —3x/4. Substituting this into the first equation gives
25x2/16 = 25, sox = +4. If x = 4, then the second
equation givesy = —3; if x = —4, theny = 3. The
intersection points aré4, —3) and (—4, 3). Note that
having found values fok, we substituted them into the
linear equation rather than the quadratic equation to find
the corresponding values gf Had we substituted into

the quadratic equation we would have got more solutions
(four points in all), but two of them would have failed to
satisfy X + 4y = 12. When solving systems of nonlinear
equations you should always verify that the solutions you
find do satisfy the given equations.

2x? + 2y? = 5, xy = 1. The second equation says that
y = 1/x. Substituting this into the first equation gives
2x2 4+ (2/x%) = 5, or %* — 5x2 4+ 2 = 0. This equation
factors to(2x2 — 1)(x2 — 2) = 0, so its solutions are

X = +1/4/2 andx = ++/2. The corresponding values
of y are given byy = 1/x. Therefore, the intersection

points are(1/v/'2, v/2), (~1/v/2, —v/2), (+/2,1/+/2), and

(=2, —1//2). 46.

(x2/4) + y? = 1 is an ellipse with major axis between
(—2,0) and (2, 0) and minor axis betwee(D, —1) and
O, 1).

4 w2
X
7+y2:1

-
Nl

S

Fig. P.3.43

9x2 4 16y? = 144 is an ellipse with major axis between  47.

(—4,0) and (4, 0) and minor axis betwee(, —3) and
©, 3).

SECTION P3 (PAGE 22)

TOx2+16y°=144

=
o

X

Fig. P.3.44

2 2
x=23) Jr()/4-2)

= 1 is an ellipse with centre at

9
(3, —2), major axis betweel@0, —2) and (6, —2) and
minor axis between3, —4) and (3, 0).

_22 2
(87 0422

Fig. P.3.45

1 2
x — 12 + (S = 4 is an ellipse with centre at

(1, —1), major axis betweeldl, —5) and (1, 3) and minor
axis between(—1, —1) and (3, —1).

2 (Y+1)2_
=145 =4

(x2/4) — y? = 1 is a hyperbola with centre at the ori-
gin and passing througft2, 0). Its asymptotes are
y = +£x/2.
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Fig. P.3.47

48. x2—y? = —1is a rectangular hyperbola with centre at
the origin and passing througl, +1). Its asymptotes
arey = £x.

Fig. P.3.48

49. xy = —4is a rectangular hyperbola with centre at
the origin and passing throug2, —2) and (-2, 2). Its

asymptotes are the coordinate axes.

Fig. P.3.49

50. (x —1)(y +2) = 1is a rectangular hyperbola with centre
at (1, —2) and passing througt2, —1) and (0, —3). lts

asymptotes arg = 1 andy = —2.

ADAMS and ESSEX: CALCULUS 8

yi \
+ + + + + )Z
x-hHy+2 =1

TN

Fig. P.3.50

51. a) Replacingx with —x replaces a graph with its re-

flection across the-axis.

b) Replacingy with —y replaces a graph with its re-
flection across the-axis.

52. Replacingx with —x andy with —y reflects the graph in
both axes. This is equivalent to rotating the graph°180
about the origin.

53. Ix|+1lyl=1.

In the first quadrant the equations+y = 1.

In the second quadrant the equation-iz +y = 1.

In the third quadrant the equation isx —y = 1.

In the fourth quadrant the equationys—y = 1.

Y 4
1
IX|+lyl=1
1 >
-1 X
-1
Fig. P.3.53

Section P.4 Functions and Their Graphs
(page 32)

1. f(x) =1+ x% domainR, range [10c0)
f(x) = 1 — /X; domain [Q c0), range(—oo, 1]

G(X) = +/8 = 2x; domain (—oo0, 4], range [0 c0)

A WD

F(x) = 1/(x — 1); domain(—o0, 1) U (1, c0), range
(=00, 0) U (0, 00)
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t
ht) = «/? domain (—o0, 2), rangeR. (The equa-

tion y = h(t) can be squared and rewritten as

t2 4+ y2t — 2y2 = 0, a quadratic equation inhaving real
solutions for every real value of. Thus the range of
contains all real numbers.)

gx) = # ; domain (2, 3) U (3, 00), range

(—o0, 0) U (0 oo) The equationy = g(x) can be solved
for
x = 2— (1 — (1/y))? so has a real solution provided

y #0.

y y
N graph (i) » graph (ii)
, X , X
y y
N graph (iii) » graph (iv)
> X » X
Fig. P.4.7

Graph (i) is the graph of a function because vertical
lines can meet the graph only once. Graphs (i), (iii),

and (iv) do not have this property, so are not graphs of

functions.

SECTION P4 (PAGE 32)

Y 1 graph (a) Y 1 graph (b)

y t+ graph (c) Yy * graph (d)

\ x 7 X

Fig. P.4.8

a) is the graph ok(1—x)2, which is positive forx > 0.

b) is the graph of&?2—x3 = x2(1—x), which is positive
if x <1.

c) is the graph ok — x#, which is positive if 0< x < 1
and behaves likex near 0.

d) is the graph ok® — x*, which is positive if
0 < x < 1 and behaves lik&® near 0.

x  fx)=x*

0 0
+05 00625
+1 1
+15 50625
+2 16

Fig. P.4.9
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14.

15.

16.

17.
18.

19.
20.

21.
22.

23.

www.konkur.in

SECTION P4 (PAGE 32)

24,
x  f(x)=x%3
0 0
+0.5 0.62996
+1 1
+1.5 13104
+2 15874
y
y = x2/3
25.
I + + :
Fig. P.4.10
f(x) =x?+1is even: f(—x) = f(x)
f(x) =x3+x is odd: f(—x)=—f(x)
__ X CE ) — 26.
f(x) = 21 is odd: f(—x) =—"f(X)
f(x) = ! is even: f(—x) = f(x)
T x2-1 ' -
f(x) = iz is odd about(2,0): f(2—x)=—f(2+Xx)
f(x) = < is odd about(—4, 0):
f(—4—x)=—f(-4+Xx)
f(x) = x2—6x is even abouk = 3: f(3—x) = f(3+x) 27
f(x) = x3 — 2 is odd about0, —2): '
f(—x)+2=—(f(x)+2)
f(x) = |x3] = |x|® is even: f(—x) = f(X)
f(x) =[x+ 1] is even abouk = —1:
f(-1—-x)= f(=1+x)
f (X) = v/2x has no symmetry.
f(x) =/ (x — 1)2 is even abouk = 1:
fl—x)=fA+x)
28.

10
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y=(x—1)2+1

Yy 4




29.

30.

31.

32.

33.
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y=vXx+1

y=+vx+1

v

x

v

y=—Ix|

y=Ix|-1

www.konkur.in

34.

35.

36.

37.

38.

SECTION P4

X=—2

X=—

y=—

(PAGE 32)

11
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39. 45,

Fig. P.4.39(a) Fig. P.4.39(b)
40. 46.

Fig. P.4.40(a) Fig. P.4.40(b)

41.
47. Range is approximately-{0.18, 0.68].
y
0.8t
42.
43.
Yt y=o017
} + + + + T 7——
- -3 -2 -1 1 2 3 4X
44,

12
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49.

o O w N o<

5 4 3 2 31\/ 12\7 4 X

Fig. P.4.49
Apparent symmetry abowt = 1.5.

This can be confirmed by calculatinfy3 — x), which
turns out to be equal td (x).

50.

_ 3—2x+x?
Y=o %2

5% 3 2 T 1 23 4%

1l
Fig. P.4.50

Apparent symmetry about = 1.

This can be confirmed by calculatinfy2 — x), which
turns out to be equal td (x).

51.

Fig. P.4.51

y=x*—6x3+9x%2 -1

52.

53.

SECTION P5 (PAGE 38)

Apparent symmetry abou®, 1), and about the lines
y=x—1andy=3-x.

1
These can be confirmed by noting thiatx) = 1+ — 2’
so the graph is that of /X shifted right 2 units and up
one.

2243 Y

Y= a5 5]

41

31

21

11

E B B Ao e

114

21

Fig. P.4.52

Apparent symmetry about-2, 2).

This can be confirmed by calculating shifting the graph
right by 2 (replacex with x — 2) and then down 2 (sub-
tract 2). The result is-5x/(1 + x2), which is odd.

If f is both even and odd thé(x) = f(—x) = — f (%),
so f(x) = 0 identically.

Section P.5 Combining Functions to Make
New Functions (page 38)

f(X) =%, gx) = /%X —1.

D(f) =R, D(g) = [1, c0).

D(f +9) = D(f — g) = D(fg) = D(g/f) = [1, 00),
D(f/g) = (1, 00).

(fF+9x)=x+vx-1

(f—g9x)=x-vx-1
(fg)(x) =xv/x -1
(f/9)(x) =x/vx -1
(9/H)(x) = (V1-=x)/x
f(X) =v1—x, g(X) =+1+x.
D(f +9)=D(f —g) =D(fg) =[-1,1],

D(f/9) = (-L1], D(g/f) =[-11).
(F+9xX)=+v1—x++/1+x

(f =900 = VI=X —VIFX
(fo(x) =v1-x2
(f/9x) =vA=x/1+Xx)
9/H) =vA+x/1-x)

13
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Ya
b .2 X
g y=X-—X
Al
A
1
’
1
1
y = X l’
1
1
1
1
1
1
1
1
1
y=—x2/
'l
I
N y
<
\\
LY =X
.
. 14
\\
\\
.
\\
-2 X
X
Ty =x3 - x
\\
\\
R .
.
\\
\\
<
21 .
'y
Yiy=x+Ix
. p
~ e
~ _ /’
N Y =X J
~ d
~ 4
N d
\\ ’/
\‘ //
~ 4
~ 4
~ 4
~ d
\\ ’/
N Ay
. Yy =X=[X|
N /
N d
N ’/
|/
y=x . X

ADAMS and ESSEX: CALCULUS 8

7. f(x)=x+5,9(x) =x2-3.
fog0)=f(-3)=2 g(f(0) =9 =22
f(gx) = f(x>—3) =x>+2
go f(x) =g(f(x) = g(x+5) = (x+5)° -3
fof(=5 =10 =5 99@2)=91=-2
f(f(x)) = f(x+5) =x+10
gog(x) =g(g(x) = (x* —=3)* -3
8. f(x)=2/x, g(x) = x/(1— X).
fof(X)=2/2/x)=%; D(fof)={x:x#0}
fog(x) =2/(x/(1— X)) =2(1 - X)/X;
D(fog)={x:x#0,1}

go f(X) = (2/x)/(1 - (2/X)) = 2/(X — 2);
D(go f)={x: x#0,2}

gog(x) = (x/(1—x))/(1 = (x/(1—X))) = x/(1—2x);
D(@og)={x: x#1/2,1}

9. fX)=1/1—-x), g(X) =+/x—1.

fof(X)=1/1-(/1-x)) =X-1/x;
D(fof)y={x:x#0,1}

fogxX)=1/(1 —+/x—1);
D(fog)={x:x>1 X#2}

go f(0) =V/(1/A-x)—1=x/1-x);
D(go f)=1[0,1)

gog(X)=yvx—-1-1 D(gog) =[2,00)

10. f(X)=Xx+21/(x—=21 =1+2/(x—1), g(x) = sgn(x).
fof(X)=14+2/(14+@2/(x—-1)—1)=x;
D(fof)={x:x#1

_sgnx+1 ca) — (—
fog(x)_sgnx_l_o, D(f og)=(—00,0)
Xx+1 1 ifx<—-lorx>1.
g°f(x):sg”<x—1>:[—1 if—1<x<1 °
Do f)={x:x#-1, 1}
go g(x) = sgn(sgn(x)) = sgn(x); D(gog) ={X : x # 0}
f(x) a(x) fog(x)
11. x2 x+1 (x4 12
12. X—4 X+ 4 X
13. JX x2 IX|
14. 2x3 43 x1/3 2x+3
15. X+ 1)/x 1/(x—-1) X
16. 1/(x + 1)2 x—1 1/x2
17. y=.JUx

y = 2+ 4/X: previous graph is raised 2 units.

y =2+ /34 x: previous graph is shiftend left 3 units.
y =1/(2+ +/3+ x): previous graph turned upside down
and shrunk vertically.
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21.
y=24+/x+3
L y =X
y=1/2+ VX +38) 22.
S——
X
Fig. P.5.17
18.
23.
24,
y
y=2f((x-1)/2)
Fig. P.5.18 Hﬁéii)\g*j
19.
25.
y
[ y=rfm
(1,1
2 X
20. 26.
-2y
y =9(x)
(1,1

y=—(1/2)f O

15



27.

28.
29.
30.

31.

32.

33.

34.
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F(x) = Ax+ B

@FoFX =FX)

= AAX+B)+B=Ax+B

= A[((A—Dx+B]=0

Thus, eitherA=0or A=1 andB = 0.
(b) FoF(X) =x

= A(AX+B)+B=x

= (A2-Dx+(A+1)B=0

Thus, eitherA=—-1orA=1andB=0

IX] =0for0<x <1;[x]=0for-1<x <0.

x] = [x] for all integersx.

[—Xx] = —|x] is true for all realx; if x =n+ y wheren
is an integer and & y < 1, then—x = —n — vy, so that
[—X] = —nand|[Xx] =n.

yt y=x-—|x]

f (x) is called the integer part of becausg f (x)|
is the largest integer that does not exceed.e.
IX| = f(X)| +y, where O<y < 1.

y
—o
—o
X
o——o y=f(x)
o——o
Fig. P.5.32

If f is even andy is odd, then: f2, g2, f 0 g, go f,

and f o f are all even.fg, f/g, g/f, andgo g are odd,
and f 4 g is neither even nor odd. Here are two typical
verifications:

fog(—=x) = f(g(—x) = f(=g(x) = F(g(x) = f o g(x)
(f@)(=x) = F(=x)9(=x) = f ()[-9(x)]
=—f(09(x) = =(f9)(x).

The others are similar.

f evens f(—x) = f(x)

f odds f(—x)=—-f(x)

f even and odd= f(x) = —f(x) = 2f(x) =0
= f(x)=0

16
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35. a) LetE(x) = 1[f(x)+ f(—x)].

Then E(—x) = 3[f(—x) + f(x)] = E(x). Hence,
E(x) is even.

Let O(x) = [ f (x) — f(—x)].

ThenO(—x) = 1[f(-x) — f(x)] = —O(x) and
O(x) is odd.

E(x) + O(x)
= 3F00) + F(=x)] + 2[F(x) — F(=x)]
= f(x).

Hence, f (x) is the sum of an even function and an
odd function.

b) If f(x) = E1(X) + O1(x) whereEj is even andO;
is odd, then

E1(x) + O1(x) = f(x) = E(X) + O(x).

Thus E1(X) — E(X) = O(X) — O1(x). The left side of
this equation is an even function and the right side
is an odd function. Hence both sides are both even
and odd, and are therefore identically O by Exercise
36. HenceE;1 = E and O; = O. This shows that

f can be written in only one way as the sum of an
even function and an odd function.

Section P.6 Polynomials and Rational Func-
tions (page 45)

x2—7x+10= (X +5)(X + 2)
The roots are-5 and—2.

x2—3x —10= (X — 5)(X + 2)
The roots are 5 and-2.

—2+./4-8
If x24+2x+2=0, thenx = —— >~

The roots are-1+i and—1—1i.
X4 2X4+2=(X+1—-i)(x+1+i).

=—-14i.

Rather than use the quadratic formula this time, let us
complete the square.

X2 —B6X+13=x2—6X+9+4
=(x—332%42?
= (X —3—2i)(Xx — 3+ 2i).

The roots are 3 2i and 3— 2i.

16x* — 8x2 4+ 1 = (4x2 — 1)2 = (2x — 1)2(2x + 1)2. There
are two double roots: /2 and—1/2.

x* 4+ 6x3 + 9x? = x2(x2 4 6x + 9) = x2(x + 3)2. There
are two double roots, 0 and3.
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x4+ 1= (x+1)(x%>—x+1). One root is—1. The other  15.

two are the solutions of2 — x + 1 = 0, namely

(o 1EVI=A 1 V3, 16.
2 27 2
We have
C+1l=(x+1) x—}—f’i x—}+£’i .
2 2 2 2 17.

X —1=x2-DXP+1D) =X -DX+DX—=i)X+i).
The roots are 1--1,i, and—i.

X8 —3x*+3x2—1=(x2-1)°% = (x — D3(x + 1)%. The
roots are 1 and-1, each with multiplicity 3.

x> — x4 — 16x + 16 = (x — 1)(x* — 16) 18.
= x—DC-Hx* +4)
=X—-DX—-2)X+2)(x —2)(x+ 2).

The roots are 1, 2--2, 4, and-2i. 19.

X4+ x3+8x%+8=x*+1)(x3+8)

= (X+2) (X — )X +i)(X* — 2x + 4)
Three of the five roots are-2,i and —i. The remain-
ing two are solutions 0k? — 2x + 4 = 0, namely

2+ /4-16
X=——o—— =1£3i,

We have

XOx34+8x%+8 = (X+2)(X—i ) (X+i ) (x—a-++/3i ) (x—a—~/3i). 20.

X% —ax" —x® At = x4 - x2 - 43 + 4
=x*x® - 1)(x%> -4
=x*X — (X — 2)(X + 2)(x> + X + 1).

Seven of the nine roots are: 0 (with multiplicity 4), 21

1, 2, and—2. The other two roots are solutions of
X2+ x4 1 =0, namely

Lo —lEvI—2 1
-2 2

The required factorization of — 4x” — x® + 4x* is

2 2

x*(x—1)(X—2)(X+2) <x _1 + @ i) <x — % — ? i) . 23.

The denominator is? 4+ 2x + 2 = (x + 1)2 4+ 1 which is 4

never 0. Thus the rational function is defined for all real
numbers.

The denominator i3 — x = x(x — 1)(x + 1) which
is zero ifx = 0, 1, or—1. Thus the rational function is
defined for all real numbers except 0, 1, and.

22.

SECTION P6 (PAGE 45)

The denominator ix® 4+ x? = x2(x 4+ 1) which is zero
only if x = 0 or x = —1. Thus the rational function is
defined for all real numbers except 0 and.

The denominator ix? + x — 1, which is a quadratic
polynomial whose roots can be found with the quadratic
formula. They arex = (—1 + +/1+4)/2. Hence the
given rational function is defined for all real numbers
except(—1 — +/5)/2 and (-1 + +/5)/2.

x*—1 x3-—2x+2x-1

x2—2 " x2—2
X(x2—2)+2x -1
- X2 —2
:X+2x—1
x2 -2
x2 x24+5x+3-5x—3
x2+5X+3  X2+5x+3
—bx -3
+x2+5x+3'
x3 x3 4 2x2 + 3x — 2x2 — 3x
X2+ 2X +3 X2+ 2X + 3
X(x2 + 2x 4 3) — 2x% — 3x
- X2 42x 4+ 3
X_2(x2+2x+3)—4x—6+3x
N X2+ 2x +3
=x—2+7x+6 .
X2 4+2x+3
xt+x2 xOC+x2+1) —x3—x+x2
x34x24+1 x34+x2+1
—CH X+ D+ X2 +1—x+x2
=X+ 3 >
X2+ xc+1
:X_1+2x2—x+1
X34+ x24+1°
As in Example 6, we wand* = 4, soa? = 2

anda = +/2,b = ++2a = =£2. Thus
P(x) = (x2 — 2x + 2)(x? + 2x + 2).

Following the method of Example 6, we calculate
(x>—bx+a?)(x’+bx+a?) = x*+a*+(2a?—b?)x? = x>+x>+1

provideda = 1 andb? = 1 + 2a? = 3, sob = /3. Thus
P(X) = (X2 = V3x + 1)(X% + +/3x + 1).

Let P(x) = anx" + an_1x""1 + ... 4+ a;x + ap, where
n > 1. By the Factor Theorenx — 1 is a factor of
P(x) if and only if P(1) = 0, that is, if and only if
an+an-1+---+a+a=0.

Let P(X) = anx" + an_1x""1 + ... 4+ a;x + ap, where

n > 1. By the Factor Theorenx + 1 is a factor of

P(x) if and only if P(—1) = 0, that is, if and only if
ap—ay+apy—ag+---+(—1)"ay = 0. This condition says
that the sum of the coefficients of even powers is equal
to the sum of coefficients of odd powers.

17
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Let P(x) = anx" +an-1x""! + ... + ax + a, where the 4 Si“(z) = sin(E + Z)

coefficientsak, 0 < k < n are all real numbers, so that 12 4 3
ax = ax. Using the facts about conjugates of sums and =sinZ cos™ + cos™ sin™
products mentioned in the statement of the problem, we 4 3 4 3
see that ifz= x + iy, wherex andy are real, then _ i} . i\/_§ 1+ V3
S V22 V22 22
P(2) =anz"+an_12" 1+ +a1z+ag
= an2n+an_12n_l+"'+a12+ao 5. Coss_ﬂ: =COS<2—” _ E)
— P@). 12 3 4

2r T . 2n .«
_ = COS? COSZ + Sln? Slnz
If zis a root of P, thenP(zZ) = P(z) = 0= 0, andz is

(0 ()

By the previous exercisg = u — iv is also a root of

P. ThereforeP(x) has two linear factorsx — u — io = E
andx — u +iv. The product of these factors is the real 2V2
quadratic factor(x — u)2 — i2v2 = x2 — 2ux + u? + v2,
which must also be a factor d?(x). 6. sinﬁ _ sinl
12 12
By the previous exercise — sin(z _ 1)
3 4
P(x) _ P(x) — 0,(%) = sin% cos% - cos% sin%
X2 _2ux+ W +02  (X—u—io)x—utio) <20 A 1 1 1
where Q1, being a quotient of two polynomials with real - (7) (E) - (E) (75)
coefficients, must also have real coefficientsz K u+iv J3i-1
is a root of P having multiplicity m > 1, then it must = — "
also be a root 0fQ1 (of multiplicity m — 1), and so, 2V2
therefore,z must be a root 0ofQ1, as must be the real
quadraticx? — 2ux 4 u? + 2. Thus 7. coqm +X) = cos(2n —(z - x))
P(x) _ Q1(x) — ) = cos(—(n - x))
(X2 —2ux + U2+ 022 X2 — 2ux + U2 + 02 ’ = cogr — X) = — COSX
whe_re Qg_is a_polynomia_ll with real coefficients. We can 8. sin2r — x) = — sinx
continue in this way until we get
3 T
9. sin|— —x)=sin(r —(x— =
P(x) — Qn(X). I ( > x) i (n (x 2))
(X2 — 2uX + u2 4 p2)m _ T
] ) = sin (x — E)
where Qm no longer hag (or Z) as a root. Thug andz Nz
must have the same multiplicity as roots Bf =—sin (E - X)
= — COSX
Section P.7 The Trigonometric Functions 3 3 3
(page 57) 10. cof Z 4 x) = cosZ cosx — sin = sinx
2 2 2
cos(—) = cos(n — —) = —C0os— = _1 = (D s = sinx
4 V2 SinX  cosx
3 3 11. tanx + cotx = coox + Snx
— o 7/
tan—— = —tan—- =-1 _ Sir?X + cog x
~ cosxsinx
. V3 1
sm—:s|n<7r——):sm—:— = —
3 2 COSX SinXx

18
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X COSX
tanx — cotx (cosx smx)
tanx + cotx (smx COSX)
cosx = sinx
Si? x — cog x
( COSX SinX )
/S x + co@ x\
( COSX SinX )
= si X — co£ X

cos' x — sir* x = (co€ x — sir? X)(co X + sin? X)
= co€ X — sir X = cog2x)

(1 — cosx)(1 + cosx) = 1 — cogx = siré x implies
1—cosx  sinx

sinx 14 cosx’ «
1—cosx 1-cos 2(5)
: = X
sinx ;
sin 2<—>
2

)

X X
2sin—= cos—
2 2

sinx
_ 2 X
= cosx _tanE
2

1 — cosx 25|r12(2) o
1+ cosx 200@() a ()

cosX —sinx (cosx — sinx)>2
COSX + sinX ~ (COSX + SiNX)(Cosx — sinx)
cog X — 2 sinx cosx + Siré x
- cog X — sire x
1 — sin(2x)
cog2x)
= seq2x) — tan(2x)

Sin X = sin(2x + Xx)
= Sin 2X COSX + €0S X SinX
= 25sinx cog x + sinx(1 — 2 sirf x)
= 2sinx(1 — sir? x) + sinx — 2sirf x
= 3sinx — 4sirf x

cos X = coq2x + X)
= €0S X COSX — Sin 2x sinx
= (2c0 x — 1) cosx — 2 sirf X Cosx
= 2c0S X — cosx — 2(1 — cos X) cosx
= 4.c0S X — 3CosX

cos X has periodr .

SECTION P7 (PAGE 57)

Fig. P.7.19

'

-1

20. sing has period 4.

Fig. P.7.20

21. sinzx has period 2.

y‘1 y = sin(nx)/\ /

22. cos”—zx has period 4.

/\
N

Fig. P.7.22

23.
Y+ y= Zcos<x —

wl| N
N—"

19
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24,
ys (T
y = 1+snn(4>
T X
4t
25. SinX:§, T ex<n
5 2
COSX = ——=, tanx=—-
3 5
X
o X,
Fig. P.7.25

26. tanx = 2 wherex is in [0, %]. Then
se@x=1+tarPx =1+ 4=5. Hence,
seo<:\/§andcos<:i: !

secx ﬁ

. 2
sinx = tanx cosx = —.

NG

27. cosx= -, —%<x<0

sinx = \/é— 2 2
- 37 3
8
tanx:—%:—Zﬁ

3\ |-ve
Fig. P.7.27
28. cosx = 5 wherex is in | = Hence
' -3 [2’”]' ‘
25 12
sinx =+/1—co 169" 13

20

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

ADAMS and ESSEX: CALCULUS 8

sinx = 1 X "
= E, T < < 7
COSX = 3
2
tanx = 1
V3
3N
_1 2
Fig. P.7.29

1 3
tanx = > wherex is in [z, 7”]. Then,

1 5
seéx =1+ > =>. Hence,
4 4

5
SeCX = ——, COSX = ———,
2 NG
SinX = tanx cosx = ——.
V5
T
c=2 B=-—
’ 3
1
a=ccosB=2x§=1
3
b=csinB=2x§=x/§
/4
b=2 B=—
2 , 3 2
—=tanB=+v3=a=—
a f:} Jﬁ B c A
2—sinB—J§ c= 4
c -2 = V3 a b
a=5 B=_
- b _6 C
b=atanB=5xi=i
V3 3

/ 25 10
c=va2+b?=,/254+ —~=—
3 V3

. a .
SinA = p = a=CSinA
a
5 =tanA = a=btanA

a
cosB = p = a=ccosB

b

a =tanB = a = bcotB

. a a

SNA=—-—=¢c= —
c:> sinA



39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.
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b
= COosA = c = bsecA

a
SinA=—
c
. a +/c2—D?
sinA=—=-~"_~
c c
sMA—a— a
¢ JaZip?
a=4,b=3 A="_

sinA 31 3
T4z a2
Given thata=2,b=2,¢c=3.

sinB =b——

Sincea? = b? 4 ¢ — 2bccosA, A
22— p? — 2
COSA = e
4-4-9 3 y b
=203 4
B C

a=2,b=3,c=4 a
b2=aZ+c?— 2acl%os% 1
Thus cosB = ~+=>—2 _ 21

2x2x4 16

. 112 /256— 121 _ /135

sinB=,/1-—

162 16 16

Given thata=2, b=3, C= %

c? = a?+b%2—2abcosC = 4+9—2(2)(3) cos%

Hence,c = [13— 1—2 ~ 2.12479.
V2

12
=13-—

C:3,A:£, B:Z impIiesC:5—7r
4 3 12
a ¢ _i
sinA ~ sinC NN
sin{ —
(%)
a— 3 1
_‘/isin In
12
3 2
V2 (by #5)
fl V3
1+J§
Given thata=2, b=3, C=35". Then

c? = 4+ 9 — 2(2)(3) cos 38, hencec ~ 1.78050.

a=4,B=40r, C=70¢
Thlk.:I,S A= 70"4 in AD

=% sob=a2"" _ 5736
sin70 sin70@

sin40

7

50.

52.

SECTION P7 (PAGE 57)

sinB SinA 1
Ifa=1b=4+2 A=30, then = _ SN2 _ =
b a 2
2 1 3
ThussinB=£=—,B=£or—7r,and
2 V2 4 4
T T r 3r T T
C=r—(—-+—=)=—-—o0rC= —+ ===
”(4+6) 2 ”<4+6> 12
T T T 1-43
Thus cos(::cos—:cos —+ =) = or
us 12 (4+3) 22
T T T 1+4/3
cosC:cos—:cos(———): .
12 3 4 22
Hence,
c? = a + b? — 2abcosC

=1+2—2/2cosC
—1-V3)or3—(1++3)
=2++30r2—+3

Hence,c = v2 + /3 orv2 —

Fig. P.7.50

Let h be the height of the pole and be the distance
from C to the base of the pole.

Thenh = xtan50 andh = (x + 10) tan 3%
Thusxtan50 = xtan 3% + 10tan 35 so

10tan 35

- tan50@ — tan 3%
10tan50tan 3%

=———— ~ 1698
tan 50 — tan 3%

The pole is about 16.98 metres high.

See the following diagram. Since tarf4& h/a, there-
fore a=h/tan40. Similarly, b=h/tan70.
Sincea + b = 2 km, therefore,

h h

tan 40 + tan76
2(tan40 tan 70)

=—————— -~ 1286 km
tan 70 + tan 40

21
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Balloon

Fig. P.7.52
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54. From Exercise 53, area %acsin B. By Cosine Law,

a2 +c?—b?
2ac

a2 2 K2y 2
2ac
_ v=a® —b* — c* + 2a%b? + 2022 + 2aC?
- 2ac '

cosB = . Thus,

V= — b = A + 2802 + 222 + 282
4

Hence, Area=
square units. Since,

ah B acsinB B absinC

1
53. AreaAABC = =|BClh= — =
rea 2| | > >

By symmetry, area\ ABC also= EbcsinA

A
C h b

B P
Fig. P.7.53

22

2

s(s—a)(s—b)(s—c)
_b+c+ab+c-aa-b+cat+b-c
- 2 2 2 2

= 1_16 ((b +0)? - a2) (a2 —(b— c)2>

_ 1 2 2 2 4 2 2\2
_E(a <(b+c) +(b—c))—a —® —c))

1
- <2a2b2 12222 —at— bt —ct+ 2b2c2)

Thus 4/s(s — a)(s — b)(s — ¢) = Area of triangle.
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CHAPTER 1. LIMITS AND CONTINUITY

Section 1.1 Examples of Velocity, Growth
Rate, and Area (page 63)

Ax  (t+h)?2—t2

Average velocity =— m/s.

At h
h Avg. vel. over [22+ h]
1 5.0000
0.1 4.1000
0.01 4.0100
0.001 4.0010
0.0001 4.0001

Guess velocity i9 =4 m/s att =2 s.
Average volocity on [22+ h] is

2+h?-4 444h+h?2—4 4h+h?

—4+h.
2+h -2 h h +

As h approaches 0 this average velocity approaches 4
m/s

x=3t2- 12t +1 m at timet s.
Average velocity over interval [2] is
(Bx22-12x2+1)-Bx12-12x1+1)

2-1 -3
m/s.
Average velocity over interval [3] is
3x3FP-12x3+1)-(B3x22-12x2+1
X3 2x34D - Ox2Rx24D gy
Average velocity over interval [B] is
Bx3FP-12x3+1)—-B3x12-12x1+1) —oms

3-1

Average velocity overtft + h] is

3(t+h)2—12(t+h)+1— (32— 12t + 1)
(t+h)—t

_ 6th+3n?2—12h

- h

=6t +3h—-12 m/s

This average velocity approaches-6 12 m/s ash ap-
proaches 0.

At t =1 the velocity is 6x 1 —12= —6 m/s.

At t = 2 the velocity is 6x 2—12=0 m/s.

At t = 3 the velocity is 6x 3— 12=6 m/s.

SECTION 1.1 (PAGE 63)

At t = 1 the velocity isv = —6 < 0 so the particle is
moving to the left.

At t = 2 the velocity isv = 0 so the particle is station-
ary.

At t = 3 the velocity isv = 6 > 0 so the particle is
moving to the right.

Average velocity overt[— k, t + K] is

3(t+ k)2 — 12(t + k) + 1 — [3(t — k)2 — 12(t — k) + 1]
t+Kk — (t—k)

(3t2+6tk+3k2—12—12<+1—3t2+6tk—3k2

1
T2

+1z_1z<+1)
12tk — 24

K =6t —12 m/s

which is the velocity at timé from Exercise 7.

1
y =2+ —sin(xt)
T

—y

1 5 3 2 5
Fig. 1.1.9

At t = 1 the height isy = 2 ft and the weight is
moving downward.

Average velocity over [11+ h] is

1 1
2+ —sinz(1+h) — (2+ —sinn)
T T

h
_sin( +xh)  sinz cogxh) + cosz sin(z h)
a rh - rh
_sin(z h)
- zh
h Avg. vel. on [1 1+ h]
1.0000 0
0.1000 -0.983631643
0.0100 -0.999835515
0.0010 -0.999998355

11. The velocity att = 1 is aboutv = —1 ft/s. The "

indicates that the weight is moving downward.

23
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12. We sketched a tangent line to the graph on page 55 in
the text att = 20. The line appeared to pass through
the points(10, 0) and (50, 1). On day 20 the biomass is
growing at about(1 — 0)/(50 — 10) = 0.025 mn#/d.

13. The curve is steepest, and therefore the biomass is grow-
ing most rapidly, at about day 45.

we see that
14. a) .

profit
1754 )I(iLnlg(x) does not exist
150+ (left limit is 1, right limit is 0)
1254 lim g(x) =1 lim g(x) =0
1001 aip 90 =5 Mk =1
75+

50+

257 3. lim gx)=1

; : : ; — year x—>1-
2008 2009 2010 2011 2012

4, lim g(x)=0
x—1+

Fig. 1.1.14
b) Average rate of increase in profits between 2010 and - Jm 909 =0
2011724is 62 112 6
— _ e . lim gx)=0
01— 2000= 2 = 56 (thousand$/yr). X3
c) Drawing a tangent line to the graph in (a) at 7. lim(?—4x+1)=4—-44)+1=1
t = 2010 and measuring its slope, we find that x=4
the rate of increase of profits in 2010 is about 43 8. Im31-x)2-x)=3(-1)2-2=0
thousand$/year. x—2
9 Iim X+3 3+3 2
" x>3x+6 3+6 3
Section 1.2 Limits of Functions (page 71) 2 2
. t (-9
10. lim — = =2
t>—44—t 444
1. Fromi ting th h 2.1 1°-1 o0
rom inspecting the grap 11 iim X _ _% ,
x—1 X+ 1 1+1 2
2-1
12.  lim = lim x-1)=-2
x->-1 X+1 x—>-1
2_6x+9 -3
13, fim X289 i (X =97
x>3 X2-9 x—3 (X — 3)(X + 3)
.. x=3 0
= lim =-=0
x-»3X+3 6
Fig. 1.2.1
14. lim X°+2x _ im X _=2_1
we see that " xo>2 X2 -4 xo>-2Xx—-2 -4 2
1
lim f(x)=1, Ilim f(x)=0, lim f(x)=1 15. limp_o2 — does not exist; denominator approaches 0
X——1 x—0 Xx—1 4—h
but numerator does not approach 0.
. 3h + 4h? . 3+44h - .
- | 16. limh_o e r|1|£>no P does not exist; denomi-
2. From inspecting the graph nator approaches 0 but numerator does not approach 0.

24
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VX-3 _

(WX—-3)(v/x+3)

www.konkur.in

lim = |lim .
x->9 X—9  x-9 (X-— 9)([—1— 3 30
_ -9 lim 1 _ 1
_xﬁg(x—g)(\/’+3) Txo9UX+3 6
im JAd+h—-2
h—0 h 31.
_4+h-4
h—>0 h(\/4+ + 2)
= «/4+ +2 4_1
2 2
X—=>1 T X T 32
lim |x—2/=|—4 =4 '
X——2
o Ix=2 | — 2]
lim =——=-1
o x—2 -2
lim | | 1, ifx>2
x—>2 X —2 _X—>2 —l, if x <2.
. Ix=2 . 33.
Hence, lim——— does not exist.
X—2 -2
. t?2—1
lim >———
t—>1 t(z_%(+ l1 L
=D+ . t+ .
I = t t
tinl 12 thH — does not exis 34.
(denominator— 0, numerator— 2.)
fim V4 —4x 4+ x2
X—2 X—2
. Ix=2] .
= lim does not exist.
Xx—>2 X —2
t(WVa+t+v4-1) 35.
’[HO4/4+ —J4 - t»O A+t)—4-1)
—im Vitt+J/A-t )
- t—0 -
- x2-1 im X—DX+DWX+3+2)
x=1JX+3—2 x—1 X+3) —
= lim (x + D(VX+3+2) =@Q2)(4+2) =8
X—
im t2 4+ 3t
50 (t + 2)2 — (t - 2)2 36.
i tt+3)
t—>0t2+4t+4—(t2 4t 4 4)
t+3 3
=lim— ==
t-0 8 8
im (s+1)2—(s—1)>2 —im 4s _
s—0 s >0 S 37.
—4
lim Y= 4/Y +3
y>1  y2—1

— lim W-DHWY-3 _
y=1 (/Y -D(/Y+ D+

o x34+1

lim

x—-1 X+ 1

X4+ D(x%2 - x+1

— im (x4 1)( +1)
x——1 X+ 1
x*—16

im ——

X—2 X3—8

_ i X=X+ +4)

SECTION 1.2 (PAGE 71)

=3

x—>2 (X — 2)(x2 +2x+4)
RO

T A4+44+4 3

x2/3 _ 4
XT3~ 2
_im (x¥3 —2)(x¥3 + 2

x—8 (x¥3 -2

lim (x¥/34+2) =4
X—8

lim 1 4
x—>2\X—2 Xx2—-4

— lim X+2-4
T xo2(X—2)(x+2)

lim 1 !
x—>2\X—2 Xx2—-4

X+2-1

lm 22"
W x—2x+2)
x+1

X—2

_l
X+2 4

= lim —————— does not exist.

X~>2 X=2)(x+2)

fim V2+x2—-2-x2
x—0 X2
2+x%) - (2-x3

l_
=0 R 1 2

= lim

x—0 xz(«/2+ x2) +2— x2>

__ 2 _t
V242 V2

[3x — 1| —
lim
x—0 X
(Bx — 1)2 — (3x + 1)?
e (I3x — 1]+ 3x + 1))
—12x

|3x + 1]

-12

= Ilim
x—=0 X (|3x — 1| + |3x + 1))

f(x) = x?
im f(x+h)y— f(x) _
h—0 h h—0
= |lim
h—0

“ 111

(x +h)2 —x2
h
2hx + h?

= |lim 2x + h = 2x
h h—0

25
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38. f(x)=x3 46.  lim 3s;lnx =sin2r/3=+/3/2
P fXE =00 = -
h—0 h h—0 h 47, -
3x2h + 3xh? + h3 X (sinx)/x
=lm ——a +£1.0 084147098

+0.1 0.99833417
+0.01 099998333
+0.001 099999983

= rI1imo3x2 + 3xh + h? = 3x?

39. f) =1/x 0.0001 100000000
1 1 :
im JEEM T o x+h x It appears that lim o — 1.
h—0 h h—0 h x>0 X
e X—=(x+h) 48.
h—0 h(x + h)x X (1 — cosx)/x2
—lim—-— = _iz +1.0 0.45969769
h—0 (x4 h)x X +0.1 0.49958347
2 +0.01 049999583
40. ) =1/x L L +0.001 049999996
o+ 2 0.0001 050000000
f(x+h) —fx (x+h?2 x2

lim = lim ————
cosx 1
h—0 h h—0 h It appears that I|m—

—im X (x? 4 2xh + h?) 2
" h—>0 h(x + h)2x2 /7 "% —
i 2Eh ox 2 49 Im vZox=0
Tl (x+h2x2 T xA T T3
h=0  (X+ )X X X 50. Iirr21 ~/2 — x does not exist.
41. f(X) = VX e
im f(x+h) —f(x) /X + f 51. x—IjTZ— V2—x=2
h—0 h h—>O
— lim x+h—x 52. lim +/2-x=2
ho0 h(~/x+ h(VX+ N+ /%) o
= lm - _ e 53. IimO\/x3 — x does not exist.
h—0./X+h X 2% x=
Tht VX 2Ux (x¥—x<0if0<x <1
42. f(x) = 1/v/X
1 1 54, Iin& Vx3—x=0
_ X—0—
fx+h—-fx) . J/x+h X
y!lino h = rl]'Lno h 55. lim v/x3— x does not exist. (See # 9.)
x—0+
= lim VX—Vx+h
h—0 h./X+/X+h 56. Iing VX2 —x4=0
l X — (X + h) X—0+
ho hy/Xv/X + (/X + /X + h) 57. lim x —al
-1 " x—a-x2—-a?
. X —a| 1
h—>0 = | —_— = —— O
1«/_\/X+ h(v/X + +/X+h) MLy Py a > @#0
= 5432 — —
237 58. fm = _ gy X728 _ 1
43. lim sinx =sinz/2=1 x—at+ X —af x—at+Xc—ac 2a
X—>7/2 X2 4 0
59. lim =-=
44, I|m ,COSX = cosr /4 = 1/v/2 x>2— |X+2| 4
: x2—4 0
45. lim cosx =cosr/3=1/2 60. i = - =
x—1/3 ~/ / erT2]+ Ix+2 4

26
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x—1 if x <-1 69.
61. f(x)={x2+1 if-1<x<0 y

x+7m)2 ifx>0
I|m f(x) = I|m X—1=-1-1=-2

X—>—1— X—>—1—
62. lim f(x)= lm x*+1=1+1=2
X——14 X——14

63. lim f(x)= lim (x+r)>=x?
X—0+ x— 0+

64. Ilrr(} f(x) = I|m X>+1=1

65. If lim f(x) =2 and limg(x) = —3, then
X—4 X—4

a) Xli_rnl(g(x)+3>:—3+3:0

70.
b) Iim4xf(x):4><2:8 Y4
X—
) 0.8+
. _ 2
0 tm(ac0)’ = 97 = o
y= sin(2z x)
d) lim 9 =3 -3 0.4+ sin(3r x)
x4 f(x)—1 2-1
0.2+
66. Iflimx — af(x)=4 andxlirr;g(x) = -2, then % -0j08 # _0§_04 # # 0_64 # ofogx'
-0.2+
a) Xlina(f(x) n g(x)) =44 (-2 =2 04l
lim f(x)-g(x) =4x (=2) = —
b) Jim T()-90) =4x(=2) Fig. 1.2.70
c) lim 4 =4(-2) = —
) JIm, 4900 = 4(=2) limy_0SiN27 X)/ Sin(3 X) = 2/3
d) im0 -4 _
x—ag(x) -2 71.
Ya
_ ~
67. 1f lim ~X) "2 _3 then o.&\
X—2 X — 2 0.70
1 siny/1—x
im (f(x) - 5) = lim 100 =5 5 —32-2 =0 8'20 R
X—2 - x—>2 X—2 - - '
0.4+
Thus limy_» f(x) = 5. 0.37
0.2+
f00 0.1+
68. If im —5~ = —2 then o1l 02 04 06 08 10 X
« )
limy—o f(X) = limy_gox2 —= ( ) _ 0x (=2) =0, Fig. 1.2.71
and similarly,
fx) f(x) _siny/1
_ — _2) = | ~ 0.7071
limy_o ” )I(anox oz = 0x (—=2)=0. anL m 0.70

27
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72.
Fig. 1.2.72
fim X=X _
x—0+ /SiNX
77.
73.
y
Ty = Xsin(l/
. 0.14
-0.2
78.
-0.24
Fig. 1.2.73
f(x) = xsin(1/x) oscillates infinitely often ax ap- 79
proaches 0, but the amplitude of the oscillations decreases

and, in fact, lim—o f(X) = 0. This is predictable be-
cause|x sin(1/x)| < |x|. (See Exercise 95 below.)

74. Sincev/5—2x2 < f(x) <+/5—x2for -1<x <1, and
limy_0+5—2x2 = limy_0+v5— x2 = /5, we have

limy—o f(X) = +/5 by the squeeze theorem.

75. Since 2— x2 < g(x) < 2cosx for all x, and since

limy—o(@2 — x3) = limy_p2cosx = 2, we have >

limy_09g(x) = 2 by the squeeze theorem.

28
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Fig. 1.2.76

b) Since the graph of lies between those of? and
x4, and since these latter graphs come together at
(£1, 1) and at(0, 0), we have limj_ 1 f(x) = 1
and limy_o f(X) = 0 by the squeeze theorem.

x13 < x3on(-1,0) and (1, 00). x¥3 > x3on

(=00, —1) and (0, 1). The graphs okY3 and x3 inter-
sect at(—1, —1), (0,0), and (1, 1). If the graph ofh(x)
lies between those of'/3 and x3, then we can determine
limy_ah(x) fora = —1,a = 0, anda = 1 by the
squeeze theorem. In fact

lim h(x)=-1, Ilimh(x)=0, limh(x)=1
X—-1 Xx—0 Xx—1

1
f(X) = ssin— is defined for allx # 0; its domain is
(—00,0) U (0, 00). Since|sint| < 1 for all t, we have
[f(X)] < x| and —|x] < f(X) < |x| for all x # 0.
Since limk—o = (—|x]) = 0 = limy_o|X|, we have
limx_o f(x) = 0 by the squeeze theorem.

IOl = 9(x) = —g(x) = f(x) <9(X)
Sincexﬂrr;1 g(x) = 0, therefore O< XI|Lna f(x) <0.

Hence,xlirg f(x) =0.

If lim g(x) = 3, then either—3 < lim f(x) < 3 or
i X—a . X—a

limy_a f(X) does not exist.

Section 1.3 Limits at Infinity and Infinite
Limits  (page 78)

im —>— — fim _1
e oX— 3 X2 3/x) 2

1/x 0

lim lim —————— = - =
x—oo 1—(4/x%) 1

X—>00 X4 — 4
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3 2
im XX+ 12. 5
x—o0 8+ 2x — 5x3 x—3 (3 —X)
3 > + !
) -—-t3 3 13. i =
= lim X X __Z2 3 w3 3°x
x—o00 8 2 5
B2 ° 1
X X 14. lim = —00
2 x—3+ 3 — X
lim X =2 2X+5 0
X—>—00 X — X2 15. im = =0
2 x—>-525x+2 =25
1-— —+2
. X2 1 2
= lim 1 == -1 5
X—>—00 — X
--1 16. i —+ does not exist.
X x——2/5 5X
1.3 2X+5
2 Y T3 17. -
im = +3= ' x_ x3_ g X — (2/5)75x+2
X——00 X3 —+ 2 X——00 2
1+ 3 2x+5
18. im =
1 sinx x——2/5+ 5X + 2
5 >Z
X© 4+ SInX . x2 1 .
- = ——r = - = 19. Im ————=-—
Am, X2 + cosx = hm, 14 SO -1 1 U (2-x)3
x2 X
sinx i —
We have used the fact that im ., —— = 0 (and simi- 20. X'_'[T_ T2 o0
larly for cosine) because the numerator is bounded while
the denominator grows large. 21. lim =
x—1+ |X — 1]
i 33X+ 2%
22. lim
e 1=x) x>1- X — 1]
3+ — 3
: VX 23, lim ——=— —lim X2
le'_,moo 1 1 =-3 " oxo2X2—4AX+ 4 x—2 (X —2)2 e
X VX2 —x . -1
24, lm —— = lm —— = -0
lim 2x -1 x—1+ X —X x—>14+ /X2 — x
X=00 \/3x2 4+ X + 1 X 4 X3 & x5
1 25, lim ————
x{2—-— X—>ool-|—lX2+X3
. X
— — 2
lemoo 1 (but |Xx] = x asx — 00) X_+1+X
X3+ -+ 3 lemoo 1 =
X X +-+1
X3
1 X X
= lim " x 2 3 x+ >
X—00 1 1 \/:—’v, N F _
3+ -+ 52 26. x||—>oo)(2+2_xh—>mool 2 =
2
im 1
x——00 /3xZ - X £ 1 27 iim X X+1(1-+2x+3)
5 1 X—>00 7 — 6X + 4x2
, X 2 T\ [ 1 3
= lim X =—-——, 2 | |l—=- -
X—>—00 1 1 \/:_J) X ( 1+X) <ﬁ 2+
Vet te lim
X. X X—>00 2 7 6
becausex — —oo implies thatx < 0 and sov/x2 = —x. X 27X +4
2X — 2X — 2 1(—v2 1
im X2 iy 225 2 vy 1 g
x——0c [3X + 2| x—>—00 —(3X + 2) 3 4 4
2 2 2
1 . X X . —2X
im —— i 28. lim lim
)I(ans 3 does not exist. X—00 (x +1 x- 1) x—o00 X2 — 1

(PAGE 78)

29
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lim (\/x2+2x—\/x2—2x)
X——00
o (X2 +2x) — (X2 — 2x)
T x> °°«/X2+2X—|—\/X2
= I|m

Rt

1+1

XIi_)moo(\/x2 +2x —/x2 — ZX)
- x2+2x—x2+2x

oo «/x2+2x+«/x2

= lim

X—00
X l+ + X 1——
= lim =2
X—> 00 2
/1+E+,/1—g
X X
. 1
lim
X—>00(/x2 — 2X — X
— iim VX2 = 2x 4+ x
 xmo0o («/x2—2x+x)(«/x2—2x—x)
i VX2 — 22X 4 X
T e —2x —x2
i XWIS@O+D 2
T x—>00 —2X T2

. 1
e T @0 1

1
im —— =
X=>—00 /X2 4 2X — X

By Exercise 35y = —1 is a horizontal asymptote (at the

. 1 .

. 1 . 1

im —— = lim =0,
Xx—>—00 \/x2 _2x —x X=>—2 [X|(4/1-(2/x)+1

y = 0 is also a horizontal asymptote (at the left).
Now +/X2 — 2x — x = 0 if and only if x2 — 2x = x2, that

is, if and only if x = 0. The given function is undefined

atx = 0, and wherex?2 — 2x < 0, that is, on the interval

[0, 2]. Its only vertical asymptote is at = 0, where
1
limyo- —— =0
x>0 X2 —2X — X
since lim 2X=2 _ 2 ang Jim 2X=2 _ _2
x—oc0 [3x +2| 3 x—>-00 [3x+2] 3
y = =£(2/3) are horizontal asymptotes of

y = (2x — 5)/|3x + 2|. The only vertical asymptote
is X = —2/3, which makes the denominator zero.

xl—|>n(1)+ fx)=1

30
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1 =

Fig. 1.3.37

limy_oy f(X)=1

i 109=2

li f = -
Jm T

li f
A, 160

li f =2
Jm, 1o

li f =0
Jm T

Iim f(x)=—
X—5—

lim f(x)=0
X—5+
Xll_)moc fx)y=1
horizontal: y = 1; vertical: x =1, x = 3.

|. =
Ly =3
i 1 =2

lim | x] does not exist
X—3

lim =2

XLZ.SLXJ

len(LL [2=x1= X|l>n2]7 x)=1
xﬂm3f x) ==

tIin? C(t) = C(to) except at integerso
—lo

lim C(t) = C(tp) everywhere
t—>to—

lim C(t) = C(tp) if tg # an integer
t—to+

lim C(t) = C(tp) + 1.5 if to is an integer
t—>to+



www.konkur.in

INSTRUCTOR'S SOLUTIONS MANUAL

6.00 o—e

450 o—e

3.00 s co

1.50 I—o

T 1 2 3 4 x
Fig. 1.3.53
54, lim f(x)=1L
X—0+

(@) If f is even, then f(—x) = f(x).
Hence, Ii(r)n f(x) = L.
X—0—

(b) If f is odd, then f(—x) = —f(X).
Therefore, Ii(r)n f(x) = —L.
X—0—

55. lm f)=A, lm f(x)=B
x—0+ x—0—

a) lim f(x3—x) =B (sincex?—x <0if 0 < x < 1)
X— 0+

b) lim f(x3 — x) = A (becausex® — x > 0 if
—-1<x<0)

c) lim fx>—xH=A

d) xir& f(x?> — x* = A (sincex? — x* > 0 for
0< x| <1)

Section 1.4 Continuity (page 87)

1. gis continuous ak = -2, discontinuous at
x = =1, 0,1, and 2. It is left continuous at = 0
and right continuous at = 1.

(-11

Fig. 1.4.1

2. g has removable discontinuities at= —1 andx = 2.
Redefineg(—1) = 1 and g(2) = 0 to makeg continuous
at those points.

SECTION 1.4 (PAGE 87)

3. g has no absolute maximum value onZ, 2]. It takes

10.

on every positive real value less than 2, but does not take
the value 2. It has absolute minimum value 0 on that
interval, assuming this value at the three poixts- —2,

x = —1, andx = 1.

Function f is discontinuous ak =1, 2, 3, 4, and 5. f
is left continuous ak = 4 and right continuous at = 2
andx = 5.

'Y

Fig. 1.4.4

f cannot be redefined at = 1 to become continuous
there because lign,1 f(X) (= oo) does not exist. do is
not a real number.)

sgnx is not defined ak = 0, so cannot be either continu-
ous or discontinuous there. (Functions can be continuous
or discontinuous only at points in their domains!)

x ifx<O
x2 if x>0
real line, even ak = 0 where its left and right limits are
both 0, which isf (0).

X ifx<-1
Fx) = X2 if x> -1
real line except ak = —1 where it is right continuous,
but not left continuous.

f(x) = is continuous everywhere on the

is continuous everywhere on the

Im f(x)= Im x=-1#1
X——1— X——1—

= f(-1) = XEEnH X2 = Xjrfnl+ f ().

2
f(x) = {1/X if X # 0 is continuous everywhere ex-

0 if x=0
cept atx = 0, where it is neither left nor right continuous
since it does not have a real limit there.

f(x):{xz i_fxgl
0987 ifx>1
except atx = 1, where it is left continuous but not right

continuous becausedB7 # 1. Close, as they say, but no
cigar.

is continuous everywhere

31
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The least integer functiofix] is continuous everywhere
on R except at the integers, where it is left continuous
but not right continuous.

22.

C(t) is discontinuous only at the integers. It is continu-
ous on the left at the integers, but not on the right.

2

Since

= x + 2 for x # 2, we can define the

X —
function to be 2+ 2 = 4 atx = 2 to make it continuous
there. The continuous extensionxst 2.

1+t3  A4+HA-t+1t?)  1-t4t?

= for
1-t2 @A+tH@a-t 1-t
t # —1, we can define the function to bgZBatt = —1

to make 2it continuous there. The continuous extension is
1—t+t

1-—t
t2—5t+6 (t—2)(t—3) t—2

Since = = fort #£ 3,
N t—6 ~ t+2t—-3 t+2 #
we can define the function to be3 att = 3 to make it

Since

. . L t=2
continuous there. The continuous extensmq—f—z.

Since

x2—2 xX—V2)x+v2) X+ /2
Xt—4 (X —VX+ VP +2) X+ V(K2 +2)
for x # +/2, we can define the function to bg4lat

X = +/2 to make it continuous there. The continuous

X + /2 25.

extension is . (Note: cancelling the

X+ 2)(X2+2)
X + +/2 factors provides a further continuous extension to

X = —/2.

limy_op f(X) = k— 4 and limo_ f(X) =4 = f(2). 26.

Thus f will be continuous ax = 2 if k — 4 = 4, that is,
if k=S8.

limy,3-gx) = 3 — mand 27

limy_3+ gxX) = 1 —3m = g(3). Thusg will be con-
tinuous atx =3 if 3—m=1-3m, that is, ifm= —1.

x2 has no maximum value oal < x < 1; it takes all
positive real values less than 1, but it does not take the
value 1. It does have a minimum value, namely 0 taken
on atx =0.

28.

The Max-Min Theorem says that a continuous function
defined on a closed, finite interval must have maximum
and minimum values. It does not say that other functions

cannot have such values. The Heaviside function is not 29.

continuous on |1, 1] (because it is discontinuous at
x = 0), but it still has maximum and minimum values.
Do not confuse a theorem with its converse.

30.

Let the numbers be andy, wherex > 0,y > 0, and
X +y=8. If P is the product of the numbers, then

P=xy=xX(8—x)=8x—x?=16—(x — 42

32

24,
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ThereforeP < 16, soP is bounded. Clearly? = 16 if
X =y =4, so the largest value d® is 16.

Let the numbers be& andy, wherex > 0,y > 0, and
X +y = 8. If Sis the sum of their squares then

S=x2+y?=x2+(8-x)?
= 2x? — 16X + 64 = 2(x — 4)® + 32

Since 0 < x < 8, the maximum value o8 occurs at
X =0 orx =8, and is 64. The minimum value occurs at
X =4 and is 32.

SinceT = 100— 30x + 3x? = 3(x — 5)2 + 25, T will
be minimum wherx = 5. Five programmers should be
assigned, and the project will be completed in 25 days.

If x desks are shipped, the shipping cost per desk is

245 — 2 3
C o 2AX 30T HXT 2 a0k 4245

X
= (x — 15 + 20.

This cost is minimized ik = 15. The manufacturer
should send 15 desks in each shipment, and the shipping
cost will then be $20 per desk.
2

-1

X X
f =0 atx=41. f is not defined at 0.
f(x) > 0on(—1,0) and (1, o).
f(X) <0 on(—o0, —1) and (0, 1).

(x —1)(X + 1)

f(X) =x2+4x+3=(X+1D(x+3)
f(x) > 0 on (—o0, —3) and (—1, 00)
f(xX) <0on(-3,-1).

CxX2—1  (x—D(x+1)
0= 2~ x—2xt2
f =0 atx = =1.

f is not defined ak = +2.
f(x) > 0 on(—o0, —2), (-1, 1), and (2, c0).
f(x) <0on(—2 —1) and (1, 2).
2
F(x) = X +X>; 2 _ (x+2))(gx 1)
f(x) >0o0on(—2,0) and (1, o0)
f(X) <0 on(—o0, —2) and (0, 1).

f)=x3+x—1, f(0)=-1, f() =1
Since f is continuous and changes sign between 0 and 1,
it must be zero at some point between 0 and 1 by IVT.

f(x) = x3 — 15x + 1 is continuous everywhere.
f(-4)=-3 f(-3)=19, f(1)=-13 f(4) =5
Because of the sign changéshas a zero betweer4
and —3, another zero between3 and 1, and another
between 1 and 4.
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F(x) = (x — a)%(x — b)2 + x. Without loss of generality,
we can assume that < b. Being a polynomialF is
continuous ond, b]. Also F(a) = aand F(b) = b.
Sincea < %(a—k b) < b, the Intermediate-Value Theorem
guarantees that there is anin (a, b) such that

F(x) = (a+b)/2.

Letg(x) = f(x) —x. Since 0< f(x) <1if0<x <1,
therefore,g(0) > 0 andg(1) < 0. If g(0) =0 letc =0,
orif g(1) =0letc= 1. (In either casef (c) =c.)
Otherwise,g(0) > 0 andg(1) < 0, and, by IVT, there
existsc in (0, 1) such thatg(c) =0, i.e., f(c) =c.

The domain of an even function is symmetric about the
y-axis. Sincef is continuous on the right at = 0,
therefore it must be defined on an interval {i)) for

someh > 0. Being even,f must therefore be defined
on [—h,h]. If x = -y, then

Jim f(x) = yiﬁ& f=y) = yﬂ[& f(y) = (0.

Thus, f is continuous on the left at = 0. Being contin-
uous on both sides, it is therefore continuous.

fodds f(—x)=—-f(x)
f continuous on the right Iin(} f(x) = f(0)
X—0+

Therefore, letting = —x, we obtain
A 100 = lig 10 = Ip ~ 10
=—f(0) = f(-0) = (0).
Therefore f is continuous at 0 and (0) = 0.
max 1593 at—0.831, min—0.756 at 0629
max 0133 atx = 1.437; min —0.232 atx = —1.805
max 10333 atx = 3; min 4762 atx = 1.260

max 1510 atx = 0.465; min 0 atx =0andx =1

root x = 0.682
root x = 0.739
rootsx = —0.637 andx = 1.410

roots x = —0.7244919590 ancd = 1.220744085

fsolve gives an approximation to the single real root to
10 significant figures; solve gives the three roots (includ-
ing a complex conjugate pair) in exact form involving the

1/3
quantity (108+ 12J6_9> ; evalf(solve) gives approxi-

mations to the three roots using 10 significant figures for
the real and imaginary parts.

SECTION 1.5 (PAGE 92)

Section 1.5 The Formal Definition of Limit
(page 92)

We require 3® < L <40.1. Thus

39.9 < 39.6+ 0.025T <40.1
0.3 <0.025T < 0.5
12<T < 20

The temperature should be kept betweert@2and 20°C.

Since 1.2% of 8,000 is 96, we require the edge length
of the cube to satisfy 7904 x3 < 8096. It is sufficient
that 19920 < x < 20.079. The edge of the cube must be
within 0.079 cm of 20 cm.

3—-002<2x—1<3+0.02
3.98<2x <4.02
199<x <201

4-01<x2<4+01
1.9749< x < 2.0024

1-01<4/x<11
08l<x<121

—-2-001<-<-2+4001
1 1

T201- 1.99
—0.5025< x < —0.4975

X X|p

Z_

We need—0.03 < (3x+1)—7 < 0.03, which is equivalent
to —0.01 < x — 2 < 0.01 Thusé = 0.01 will do.

We need—-0.01 < «/2x + 3 -3 < 0.01. Thus

299 < /2x+3<3.01

8.9401< 2x + 3 < 9.0601
2.97005< x < 3.03005

3-0.02995< x — 3 < 0.03005

Hered = 0.02995 will do.

We need 8- 0.2 < x3 < 8.2, or 19832 < x < 2.0165.
Thus, we need-0.0168< x — 2 < 0.0165. Here
6 = 0.0165 will do.

33
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We need 1- 005 < 1/(x + 1) < 1+ 0.05,
or 1.0526 > x + 1 > 0.9524. This will occur if
—0.0476 < x < 0.0526.
0 = 0.0476.

To be proved: I|m(3x +1) =

Proof: Lete > O be given. Therj(3x+ 1) — 4| < ¢ holds
if 3]x—1| <€, and so if[x—1] < d = ¢/3. This confirms
the limit.

To be proved: Iig‘(s —2x) =1

X—
Proof: Lete > 0 be given. Ther(5—2x) — 1] < € holds
if |2x—4| < ¢, and so if[x—2| < d = ¢/2. This confirms
the limit.
limx? = 0.

Xx—0
Let € > O be given. Therjx? —
X — 0] = |X| < J = .[€.

To be proved: lim>—% =
x—>2 1+ X2
Proof. Lete > 0 be given. Then

To be proved:
0] < € holds if

19.

X—2 X—2
—0=| |§w—a<e
1+ x2 1+ x2

provided|x — 2| < d = €.
_1—4x2
lim =
—1/2 1 —2x
Proof: Lete > 0 be given. Then ifk # 1/2 we have

To be proved:
X

1
X — —
2

’1—4x2
< €

2| =|(1+2X)—-2| = |2x—1| =2
—— ’|(+) | =12x—1]

provided|x — 3| <9 = €/2.

242
To be proved: lim X7+ X = -2.
x—>—2 X+2

Proof: Lete > O be given. Foix # —2 we have 21

X2 + 2x
X+ 2

(- 2)‘ IX+2| <e

provided|x + 2| < d = €. This completes the proof.

To be proved: I|m .
x=>1 X+ l 2
Proof: Lete > 0 be given. We have

1 1

[x —1]
Xx+1 2 2(x+1)

T2x+1

If Ix—1 <1,then O<x <2 and 1< x+ 1 < 3, so that 23.

X+ 1] > 1. Leto = min(1, 2¢). If [x — 1] < 4, then

X — 1] 26

x+1 -2

Xx+1 2

aal

34

In this case we can take 18.

20.

1 22.
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This establishes the required limit.
X+1 1

To be proved: lim ——— .
x—>—1 X2 — 1 2
Proof: Lete > 0 be given. Ifx # —1, we have

Xx+1 NN | 1 0|
x2—1 2/ Ix=-1 2/
If x+1] <1,then-2<x<0,s0-3<x-1<-1and
X —1 > 1. Lero =min(1,2¢). If 0 < [x — (-1)| <o

X + 1]
2x — 1|

then|x — 1| > 1 and|x + 1| < 2¢. Thus
x+1 1\ Ix+1] <2€_
x2—1 2] 2x=1 2

This completes the required proof.

limy/x = 1.
x—1

Proof: Lete > O be given. We have

To be proved:

VX =1 =

1
<I|Ix=1 <e€

provided|x — 1| < é = €. This completes the proof.

To be proved: Iir2nx3 =8.

Proof: Lete > 0 be given. We have

X3 =8 = |x —2|[x> +2x +4|. If [x -2 < 1,
thenl < x < 3andx? < 9. Therefore

X2 +2x 4+ 4 < 94+2x3+4 = 19. If

X — 2| <0 =min(1, e/19), then

IX— 2%+ 2X + 4] < — x 19=.

3
xX°—8| =
| | 9

This completes the proof.

We say that lim_a— f(x) = L if the following condition
holds: for every numbet > O there exists a number
J > 0, depending or, such that

a—od<Xx<a

implies |[f(x) —L| <e.

We say that lim_, _o, f(x) = L if the following condi-
tion holds: for every number > O there exists a number
R > 0, depending or, such that

X <—R

implies |f(x) —L| <e.

We say that lim_.5 f (X) = —oc if the following con-
dition holds: for every numbeB > O there exists a
numberd > 0, depending orB, such that

O<|x—a|l <o

implies f(x) < —B
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We say that lim_, -, f(x) = oo if the following condition
holds: for every numbeB > 0 there exists a number
R > 0, depending orB, such that

x> R

implies f(x) > B.

We say that lim_4+ f(X) = —oo if the following con-

dition holds: for every numbeB > O there exists a

numberd > 0, depending orR, such that
a<x<a+d imples f(x) <-—B.

We say that lim_.5— f(x) = oo if the following con-

dition holds: for every numbeB > O there exists a

numberd > 0, depending orB, such that
a—-d<x<a

implies f(x) > B.

= o0o. Proof: LetB > 0

1
1 x—1
be given. We havem > Bif0 <x—1<1/B, that

is,if 1l <x <149, vVhere(S = 1/B. This completes the
proof.

To be proved: lim_ 1+

. 1
To be proved: lim_1- —— = —o0. Proof: LetB > 0

x—1:
1
be given. We havem <-Bif0>x—-1> —-1/B,

that is, if 1— 6 < x <_1, whered = 1/B.. This completes
the proof.

To be proved: lim_ = 0. Proof: Lete > 0

_ x2+1
be given. We have

‘ 1 ‘ 1 1
= < —
V2+1 Ix2+1 X

<€

providedx > R, whereR = 1/¢. This completes the
proof.

To be proved: lim_, /X = co. Proof: LetB > 0 be

given. We have/x > B if x > R whereR = B2. This

completes the proof.

To be proved: if limf(x) =L and lim f(x) = M, then

X—a X—a

L =M.

Proof: Supposé. # M. Lete = |[L — M|/3. Then

e > 0. Sincexlirgf(x) = L, there exists); > 0 such that
—

[f(X)—L]| <€ if |x—a] < d1. Sincexlin;1 f(x) = M, there
existsdo > 0 such that f (x) — M| < € if [x —a| < do.
Let 6 = min(d1, d2). If [x —al < J, then

e =L —-M|=[(f(X)— M)+ (L—-f(X)
<|fX)—M|+|f(X) —L| <e+e€=2e.

32.

33.

34.
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This implies that 3< 2, a contradiction. Thus the origi-
nal assumption that = M must be incorrect. Therefore
L =M.

To be proved: ifXIing(x) = M, then there exists > 0

such that if 0< |x — a| < d, then|g(X)| < 1+ [M].

Proof: Takinge = 1 in the definition of limit, we obtain
a numberd > 0 such that if 0< |x — a| < 4, then
lg(x) — M| < 1. It follows from this latter inequality that

19C)1 = [(9(x) = M)+ M| < |G(X) = M[+[M] < 1+[M].

To be proved: ifXIier(x) =1L and XIirr;g(x) = M, then
)I(ima f(xX)g(x) = LM.

Proof: Lete > 0 be given. Since)z( Iignf (X) = L, there
existsd; > 0 such thaf f(x) — L| < €/(2(1 + [M)))
if0 < |x—a| < d1. Sincexlirgg(x) = M, there ex-
istsd2 > 0 such thatg(x) — M| < €¢/(2(1 + [L})) if

0 < |[x —a| < d2. By Exercise 32, there existiz > 0
such thatig(x)] < 1+ M| if0 < |[x —a| < d3. Let

0 = min(d, d2, d3). If |x —a| < 4, then

f()9(x) — LM = [ (x)g(x) — Lg(x) + Lg(x) — LM|
= [(f(x) — D)g(x) + L(g(x) — M)]
= 1(f(x) = D)9l + [L(g(x) — M)
= 1() = LIIgO)[ + [LIIg(X) — M|

14 M) + L]

€
= 2+ M) 21+ L))
€

Thus X'L”; f(X)g(x) = LM.

To be proved: ifxﬂ)rgg(x) = M whereM # 0, then
there existsy > 0 such that if 0< |[x — a| < 4, then
1900 > [M]/2.

Proof: By the definition of limit, there exist§ > 0 such
thatif 0 < |[x —a| < 4, then|g(X) — M| < |[M]|/2
(since|M|/2 is a positive number). This latter inequality
implies that

M
IM| = 19()+(M—g(x))| = [9()[+Ig(x)—M]| < Ig(X)I+%-

It follows that|g(x)| > |[M| — (IM|/2) = [M|/2, as
required.

35
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To be proved: ifXIing(x) = M whereM # 0, then
. 1

Iim — = —.

x—a g(X) M

Proof: Lete > 0 be given. Sincc—;( Iigg(x) =M #0,
there existsy; > 0 such thaig(x) — M| < €|M|%/2 if
0 < |x —a] < 01. By Exercise 34, there exists > 0
such thatjg(x)|] > |[M|/2if0 < |[x —a|] < d3. Let
J = min(dy, d2). If 0 < [x —a| < 4, then

1 1|_IM—gxl _eMP? 2

'@_M Mgl ~ 2 MR ©

This completes the proof.

To be proved: ifxlier(x) =1L andxlirrell f(X) =M #0,
then lim T = L

x>ag(x) M
Proof: By Exercises 33 and 35 we have

1 1

. f(x)_. L
lim —= Ilmf(x)xg(x)_ XM_M'

x—a g(X) ~ x—a

To be proved: iff is continuous aL and Xlirrg gx) =L,
then Xling f(g(x)) = f(L).

Proof: Lete > O be given. Sincef is continuous atL,
there exists a number > 0 such that ifly—L| < y, then
[f(y) — f(L)|] < e. Since limy¢cg(x) = L, there exists
d > 0 such that if O< |[x — ¢| < 4§, then|g(X) — L| < y.
Taking y = g(x), it follows that if 0 < |x — c| < 4, then
[f(g(x)) — f(L)I <, so that lim—.c f(g(X)) = f(L).

To be proved: iff (x) < g(x) < h(x) in an open interval
containingx = a (say, fora — d1 < x < a+ d1, where
01 > 0), and if limk_4 f(X) = limx_ah(x) = L, then
also limy_.39(x) = L.

Proof: Lete > 0 be given. Since ligp,a f(X) = L,
there exists)» > 0 such thatif 0< |x — a] < do,
then|f(x) — L| < ¢/3. Since lim_ah(x) = L,
there existe)3 > 0 such thatif 0< |x — a|] < d3,
then|h(x) — L| < ¢/3. Letd = min(dy, d2, d3). If

0 < |x—al <4, then

g(x) = L[ = 1g(x) — f(x) + f(x) —L|
<19(x) = FO)I + [ f(x) — L]
<|h(x) = fO) +[f(x) — L]
=lhxX)—L+L—-fX)|+]|f(x)—L|
<lh(X)—=L|+|f(xX)—L|+[f(x)—L]|
< E+E+—=6.

3 3 3

Thus limy_ag(x) = L.

36
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Review Exercises 1 (page 93)

The average rate of change %t over [1, 3] is

3¥-13 26
= -13
3-1 2 3

The average rate of change ofxdover [-2, —1] is

/) - @/ =2y -2 1

—-1-(-2) ] 2

The rate of change of3 atx = 2 is

@2+h®-282  8412h+6h2+h3—38
Im ———— = lim
h—0 h h—0 h

= r!imo(12+ 6h + h?) = 12.

The rate of change of/k at x = —3/2 is

= lim
h—0 h h—0

i 28420 -3)
“ho0 3(2h—3)h

1 _( 1 ) 2 +2
lim —(3/2)+h —3/2 2h—ri3 3

. 4 4
=lim-— =
h-03(2h—3) 9

Iiml(x2—4x+7):1—4+7:4
X—>

i x2 2 4

x-21—-x2  1-22 3
2

lim

x—11—x2 " _

0 (from both sides) while the numerator does not.

2_ _
lim =4 im X=2&+2) _

_ X+2
x—>2X2 —BX+6 x—>2(X—2)(x—3) x>2x-—3

x2—4 (X=2(x+2 . Xx+2
x—2)2  x>2x-—2

lim S =
x—>2 X4 —4xXx + 4 X—>2

does not exist. The denominator approaches 0 (from both

sides) while the numerator does not.

does not exist. The denominator approaches
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x2—4 o X+2

lim ———— = Im
x—2— X*—4X+4  x—»2-X-—2

= —00

im gy X2
X2+ X2+ 4X + 4 x—>-2+ X+ 2
—JX 4—x 1
= lim =_Z
x—4 (24 /X)(x — 4) 4
im x2—-9 im (X —3)(x + 3 (VX + V3
x=>3 /X —+/3 X—3
= lim (x + 3) (VX ++3) =12V3
X—

= —00

lim
x—4 X—4

X—3

h h(v/X + 3h + /X)
h—>04/x-|—3 f h—0 (X—|—3h)—X
lim VX+3h+x  2X
_h—>0 3 - 3
lim vVx—x2=0

X—0+

I|m VX — x2 does not exist becausgx — x2 is not de-

flned forx < 0.

Iim1 VX — x2 does not exist becauséx — x2 is not de-
X—

fined forx > 1.

lim vVx—x2=0
X—1—
i 1-x2 a/x»y-1 1
x—>003x2 —x —1 x—>003—(1/X) — (1/x3) 3
- 2x +100 (2/X) + (100/x?)
x—>-00 X243  x——co 1+ (3/x3)
im oL XA
x——00 X2 +4  x——co 1+ (4/x2)
i 4 _ x2
Xl—>oo X2 — 4 X|—>m<>o 1-— (4/x2)
lim ! =
x=>0+ /X — X2 o
lim = 1 =
x—>1/2 4/—)( X2 J1/A

XIim sinx does not exist; sirR takes the values-1 and 1
—> 0

in any interval(R, co), and limits, if they exist, must be
unique.

. COSX .
lim ~ = 0 by the squeeze theorem, since

X—>00

COSsX
<——=
X

forall x >0

X |
X |

and limx— oo (—1/X) = liMx— 00 (1/X) =
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. 1 .
lim xsin— = 0 by the squeeze theorem, since
x—0 X

1
—|x| < xsin— < |x| forall x#0
X

and limk—.o(—[x|) = limyx—o|x| = 0.

1
lim smx does not exist; sifi/x?) takes the values-1

x—0

and 1 in any interval—d, J), whereo > 0, and limits, if
they exist, must be unique.

lim [X++v/x2—4x+ 1]
X——00

_ i x2— (X2 —4x + 1)
S x=—0 x — X2 —4x + 1
4x —1

= |im

X==00 X — [X|y/1— (4/%) + (1/x?)
— lim X[4 — (1/x)]

X—>—00 x 4 x\/l (4/x) + (1/x?)
— lim —(1/x) _

x—>—00 1 4 \/1 — (4/X) + (1/x2)

Note how we have usek| =
line), becausex — —oo.

lim [Xx +vX2 —4x +1] =
X—00

f(x) = x3 — 4x2 4+ 1 is continuous on the whole real line
and so is discontinuous nowhere.

fx) =
which consists of all real numbers except= —1. It is
discontinuous nowhere.

—X (in the second last

o0 + 00 = 00

—1 is continuous everywhere on its domain,
X

if x> 2

2
f(x) = {X , is defined everywhere and dis-

x ifx<
continuous atx = 2, where it is, however, left continuous

since lim_o— f(X) =2 = f(2).
H
f(x) =

x ifx<
erywhere, and so discontinuous nowhere. Observe that
limy_1- f(X) =1=Ilimy_14+ f(X).

fX)=Hx-1) = {é :I § i 1 is defined everywhere
and discontinuous at = 1 where it is, however, right

continuous.

if x > i is defined and continuous ev-

. 2y _ |1 if -3<x<3
o) =H® X)__[o_ if x<—30rx>3"
everywhere and discontinuoust= +3. It is right
continuous at-3 and left continuous at 3.

f(X) = |x|+|x+1| is defined and continuous everywhere.
It is discontinuous nowhere.

f(x) = IXI/1x + 11 'I]; if :i is defined everywhere

and discontinuous at = —1 where it is neither left nor
right continuous since ligy, —1 f (X) = oo, while
f(-1) =1

is defined

37
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Challenging Problems 1  (page 94)

Let 0 < a < b. The average rate of change %t over
[a,b] is
b® —ad

b—a

=b? +ab+a’
The instantaneous rate of changexdfat x = c is

. (c+hm3®—c®  3c®h+43ch?+hd )
im — = |lm ——— = 3c~.
h—0 h h—0 h

If c = /(a2 +ab+b?)/3, then 3% = a% + ab + b?, so

the average rate of change ovex If] is the instantaneous
rate of change a{/(a2 + ab + b2)/3.
Claim: /(a2 +ab+b?)/3 > (a+ b)/2.

Proof: Sincea? — 2ab + b? = (a— b)2 > 0, we have

432 + 4ab + 4b? > 332 + 6ab + 3b?
a2+ab+b2>a2+2ab+b2_ a+b)\?
3 4 a 2

a?+ab+b? N a+b
3 2

For x near O we havéx — 1| =1—x and [x+ 1| = x+ 1.
Thus

. X . X 1
im ———=Im ———— = ——,
x=0|X—=1 —|x+1 x-0(1—-%x)—(X+1) 2

For x near 3 we havgs — 2x| =2x — 5, [Xx — 2| =X — 2,
X -5 =5-x,and|3x — 7| =3x — 7. Thus

im S—2x|—|x—-2] i 2X—5—-—(x—2)
x—>3|X—5/—|3x—7]  x>35—x—(3x—7)
X—3 1

=lim —> ==,
x=343—x) 4

Let y = x¥/6. Then we have

fim XA Y4
x—64x/2 -8

y-2@ky+2

T2 (y—2) (Y2 2y +4)
y+2 4 1

=Im — = =_-.
y>2y24+2y+4 12 3

38
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as — b3 )
Usea — b = ——— to handle the denominator.
a2 4 ab + b2
We have
im VJ3+x—-2
x—>1 3T+x—-2
im 34x—4  (T+xP4H27+x)Y3+4
= X
x=>1/34+X+2 7+x)—8
(TP 427+ +4 44444
= lim = =
x—>1 V3+X+2 242
-1+J1+a -1-JV1+a
@)= r@=

a) lima—or_(a) does not exist. Observe that the right
limit is —oo and the left limit isco.

b) From the following table it appears that
lima—or4(a) = 1/2, the solution of the linear equa-
tion 2x — 1 = 0 which results from setting = 0 in
the quadratic equatioax? + 2x — 1 = 0.

a r+(@)
1 041421
0.1 0.48810
-01 051317
0.01 049876
—-0.01 050126
0.001 049988
—0.001 050013
. . A/l14+a-1
I = lim ———
©) ainor+(a) aino a
i 1l+a) -1
a-0a(vI+a+1l)

1 1
=lim — = —.
a>0./1+a+1 2

7. TRUE or FALSE

a) If limy_4 f(x) exists and lim_, 5 g(x) does not
exist, then Iim(_m(f(x) + g(x)) does not exist.

TRUE, because if Ii%a<f(x) + g(x)) were to
exist then

lim g0 = lim (£ () + 900 = 1)
= fm,(700 -+ 900) = Jim, 9
would also exist.

b) If neither limy_ 5 f(X) nor limy_ 5 g(x) exists, then
Iimx%a<f x) + g(x)) does not exist.
FALSE. Neither limx_.o1/x nor limy_,o(—1/x) ex-
ist, but |imHo((1/x) n (—1/x)) — limy.00 = 0
exists.
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c)

d)

e

~

a)

b)

If f is continuous a#, then so is| f|.
TRUE. For any two real numbers andv we have

[0 = ol < Ju=wl.
This follows from

u=u—ov+o|<|u—o|+1v], and
ol =1lo—u+ul <o —ul+|ul = |u—2o|+|ul.

Now we have
[ = [f@I| = [f(XX) — f@)]

so the left side approaches zero whenever the right
side does. This happens whgn— a by the conti-
nuity of f ata.

If | f| is continuous a#, then so isf.

. -1 ifx<0.
FALSE. The functionf (x) = 1 ifx>0 is
discontinuous ak = 0, but|f (x)| = 1 everywhere,

and so is continuous at = 0.

If f(xX) < g(x) in an interval around and if
limyx_a f(X) = L and limk_.39(x) = M both
exist, thenL < M.

2 .
FALSE. Letg(x) = {X ',:( x#0

if x=

f(x) = —g(x). Then f(x) < g(x) for all x, but
limy—o f(X) = 0 = limy_og(x). (Note: under the

given conditions, it is TRUE that < M, but not
necessarily true that < M.)

and let

To be proved: iff is a continuous function defined
on a closed intervald, b], then the range off is a
closed interval.

Proof: By the Max-Min Theorem there exist num-
bersu ando in [a, b] such thatf(u) < f(x) < f(v)
for all x in [a, b]. By the Intermediate-Value The-
orem, f (x) takes on all values betweeh(u)

and f(v) at values ofx betweenu andv, and

hence at points ofd, b]. Thus the range of is
[f(u), f(v)], a closed interval.

If the domain of the continuous functioh is an
open interval, the range of can be any interval
(open, closed, half open, finite, or infinite).

9. f(x)=

CHALLENGING PROBLEMS 1 (PAGE 94)

x2 -1
Ix2 —1]

f—-1<x<1
fx<—-1lorx>1

={,"

f is continuous wherever it is defined, that is at all
points excepix = +1. f has left and right limits—1
and 1, respectively, at = 1, and has left and right limits

1 and—1, respectively, ak = —1. It is not, however,
discontinuous at any point, sineel and 1 are not in its
domain.

1 1 1

10.

T-(3-x+x?) 1_ X_;)z'

Z 2
Observe thatf (x) > f(1/2) = 4 for all x in (0, 1).

11. Supposef is continuous on [01] and f (0) = f ().

a)

b)

To be proved: f (a) = f(a—i—%) for somea in [0, %].
Proof: If f(1/2) = f(0) we can takea = 0 and be
done. If not, let

g = f(x+3) = f(x).
Theng(0) # 0 and
9(1/2) = £(1) — £(1/2) = £(0) — f(1/2) = —9(0).

Since g is continuous and has opposite signs at
x = 0 andx = 1/2, the Intermediate-Value The-
orem assures us that there exiatbetween 0 and
1/2 such thag(a) =0, that is, f (a) = f(a + %).

To be proved: ifn > 2 is an integer, then

f(a)= f(a+ 1) for someain [0,1— 1.

Proof: Letg(x) = f(x + 1) — f(x). Consider

the numbersx = 0, x = 1/n,x = 2/n, ...,

x = (n—1)/n. If g(x) = 0 for any of these num-
bers, then we can let be that number. Otherwise,
g(x) # 0 at any of these numbers. Suppose that the
values ofg at all these numbers has the same sign
(say positive). Then we have

fQ)> (= >..> 1(3) > L 1(0),

which is a contradiction, sincé (0) = f(1). There-
fore there existg in the set{0, 1, 2,...,n — 1} such
thatg(j/n) andg((j +1)/n) have opposite sign. By
the Intermediate-Value Theoremg(a) = 0 for some

a betweenj/n and (j + 1)/n, which is what we had
to prove.

39
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CHAPTER 2. DIFFERENTIATION 7. Slope ofy=+x+1latx=31is
m— lim VAi+h—-2 JA+h+2
Section 2.1 Tangent Lines and Their Slopes " h—>0 h " JArh+2
(page 100) _im _Afh-4
~h>oh(Vh+h+2)
Slope ofy =3x — 1 at(1,2) is i 1 1
= lim — = -.
h—0 4
 31+h-1-@x1-1 . 3h Va+h+2
m = lim = lim — =3
h—0 h h—0 h

1
Tangent line isy — 2 = Z(X —3),0orx —4y = -5,
The tangent line iy —2=3(x—1), ory =3x—1. (The

tangent to a straight line at any point on it is the same 8. The slope ofy = 1 atx=9is
straight line.) VX
Sincey = x/2 is a straight line, its tangent at any point . 1 1
(a,a/2) on it is the same lingy = x/2. m= rlmanoﬁ J9+h 3
Slope ofy = 2x2 —5 at (2, 3) is — lim 3—v9+h 3++9+h
h—0 3n/9+h 3+./9+h
m— fim 22+ h)2 —5—(2(22) - 5) _ lim 9-9-h
" hoo h h—03hv/9+h(B++v/9+h)
_ i 880+ 2n% -8 -+ _ 1
~ o h 336 54
= lim(@+2h)=8
h—0 The iangtlent line a9, 3) isy =3 — Z(x—9), or
Tangent line isy — 3= 8(x — 2) or y = 8x — 13. y=2-=m*
2X .
The slope ofy =6 —x —x2 atx = —2 is 9. SIopeofy:X—Jrzatx:le
(= (= 2 _
m=Aim06 ( 2+h)h( 2+hy? -4 2040
3h — 2 m= t!ln'n0 2+h+2
=am =ame-m =3 o At2h-2-h-2
The tangent line at—2, 4) is y = 3x + 10. h—0 ';](2 +h 4‘12)
Slope ofy =x®+ 8 atx = —2 is :fllanOh(4+h) T 7
3
m = lim (=2+h) +h8 —(=8+9) Tangent line isy — 1= %(x —-2),
h—0
orx —4y = —2.
. —8+12h—6h?+h%4+8-0 =
= A'L“O h 10. The slope ofy =+/5—xZatx =1 1is
— i _ 2\ _
= lim (12— 6n+n?) = 12 N
m= I!lm0 —
Tangent line isy — 0= 12(x + 2) or y = 12x + 24. _im 5-(1+h?2—4
. ) e _
The slope ofy = xz—i—l at(0,1) is h( 5—(+h?+ 2)

—-2-h

h—0,/5—(1+h)2+2

The tangent line afl, 2) is y = 2 — 3(x — 1), or
The tangent line a0, 1) is y = 1. y=3—3X

1
2

m=tim ~( .t 1) = lim —h -0
T hsoh\h24+1 Thsoh24+1°

40
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Slope ofy = x2 at x = xg iS
(o +h?2—x2  2xgh+h?
m:“mM:“mL

h—0 h h—0 h = 2.

Tangent line isy — x2 = 2xo(X — Xo),
2

or y = 2XoX — Xg.
1
The slope ofy=;at(a, 1y is
—im Ity YY) o, 2ah 1
“hooh\a+h ' a/ hsoh@+hy() a2
1 1 1
The t tli —-)isy=—-—-—=((x-a),
e tangent line aa, a) isy a az(x a), or

2 X
y=—--

m

a a2’
JI0+h][ =0 1
Since lim_o % = h@om does not

exist (and is nobo or —oo), the graph off (x) = /[x|
has no tangent at = 0.

The slope off (x) = (x — D)¥3 atx=1is
1+h-1¥3—-0
_ jim &Y

m= = =~  —limh¥3=0
h—0 h h—0

The graph off has a tangent line with slope 0 at= 1.

Since f (1) = 0, the tangent has equatigh= 0
The slope off (x) = (x +2)%% atx = —2 is
. (=2+h+2% -0

m = lim
h—0 h

= lim h™%° = .
h—0

The graph off has vertical tangermnt = —2 atx = —2.

The slope off(x) = [x2 — 1l atx = 1is
[(A+h2 -1 —1-1] __|2h+h?
= lim ,
. . h . h—0 h
which does not exist, and is netoco or co. The graph
of f has no tangent at = 1.

m = limp_o

100 ={ Vg 2 mer
im QN -fO _ VR
h—0+ h h—0+ h
lim w: lim _—‘_h:oo
h—0— h h—»0- h

Thus the graph off has a vertical tangent = 0.

The slope ofy =x2 — 1 atx = xg is

SECTION 2.1 (PAGE 100)

If m= -3, thenxp = —%. The tangent line with slope
m= —3at(-3,3)isy = 3 —3(x + 3), that is,
y=-3x-23

19. a) Slope ofy=x3atx =ais

. (@a+h3-a
m= lim ———
h—0 h
_a®+3a?h +3ah? +h3-ad
= lim
h—0 h

= lim (3a® + 3ah + h?) = 3a?
h—0

b) We havem =3 if 3a2 =3, i.e., ifa = +1.
Lines of slope 3 tangentty = x3 are
y=143x-1andy = -1+ 3(x + 1), or
y=3x—2andy = 3x + 2.

20. The slope ofy =x3 —3x atx =a is

—im L 3 3
m = lim H[(a+ h)® — 3@+ h) — (a Sa)]
= lim 5[a3+3a2h+3ah2+h3—3a— 3h — a3+3a]
h—0 h
= lim[3a + 3ah + h? — 3] = 3a® - 3.
h—0
At points where the tangent line is parallel to thexis,
the slope is zero, so such points must satisfy 33 = 0.

Thus,a = +1. Hence, the tangent line is parallel to the
x-axis at the pointg1, —2) and (—1, 2).

21. The slope of the curvg = x3—x+1 atx =a is

3_ _ (a3 _
m=|irn(a+h) @+h+1-@—-a+1l

h—0 h

_ 3a%h+3ah?+a%—h
= lim

h—0 h

= tLimo(e,a2 +3ah+h?—1)=3a%—1.

The tangent ak = a is parallel to the liney = 2x + 5 if
3a2 —1=2, that is, ifa= +1. The corresponding points
on the curve aré—1,1) and (1, 1).

22. The slope of the curvg = 1/x atx = a is

1 1
m = lim a+h a

_ a-@+h 1
h—0 h " h>0 ah(@a+h) = a?’

The tangent ak = a is perpendicular to the line

y = 4x — 3 if —1/a2 = —1/4, that is, ifa = +2. The
corresponding points on the curve dre2, —1/2) and
2,1/2).

41
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23. The slope of the curvg = x2 atx = a is

h 2 52
m = lim @+h”-a = lim (2a + h) = 2a.
h—0 h h—0

The normal atx = a has slope-1/(2a), and has equa-
tion

a?= 1(x a), or =+ —1+a2
y-a& =% . a YT TE

This is the linex + y = kif2a = 1, and so
k= (1/2) + (1/2)2 = 3/4.

24. The curvesy = kx? andy = k(x — 2)2 intersect at(1, k).
The slope ofy =kx? atx =1 is

k(1+h)2 —k
h

The slope ofy = k(x —2)2 atx =1 is

mp = rlmano = rI1|210(2 + h)k = 2k.

_ 2 _
iy fim K@= A2~k
h—0 h

The two curves intersect at right angles if
2k = —1/(=2k), that is, if 4% = 1, which is satisfied

= Jim (—2+ hk = 2

if k=41/2.
25. Horizontal tangents a0, 0), (3, 108), and (5, 0).
Y4 (3,108

Fig. 2.1.25
26. Horizontal tangent af—1, 8) and (2, —19).
Y 3
20t
1 — oy3 _ay2 _
(-1,8) 10. y =2x"—3x*— 12X +
4 1 X

201 2.-19)

-30
Fig. 2.1.26

42
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27. Horizontal tangent at—1/2, 5/4). No tangents at

(=1,1) and (1, —1).
y

y=|x2—-1]—x

Fig. 2.1.27

28. Horizontal tangent afa, 2) and (—a, —2) for all a > 1.
No tangents atl, 2) and (—1, —2).

y
y=IXx+1—|x—1

N+
Xy

Fig. 2.1.28

29. Horizontal tangent af0, —1). The tangents atd-1, 0)
are vertical.
y

y= (XZ _ 1)1/3 21

N+
Xy

3 2 k}J

Fig. 2.1.29

30. Horizontal tangent a0, 1). No tangents af—1, 0) and
1, 0).
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Ya

y= (62 - D)
24

!
N
1
=
4
N
x

Fig. 2.1.30

31. The graph of the functiorf (x) = x%3 (see Figure 2.1.7
in the text) has a cusp at the origd, so does not have
a tangent line there. However, the angle betw&xdn
and the positivey-axis does— 0 asP approaches 0
along the graph. Thus the answer is NO.

32. The slope ofP(x) atx =a is

h—0 h

SinceP(a + h) = ag + ath + ash? + - - - + a;,h" and
P(a) = ap, the slope is

ah+ah?+... hh —
m= ljm 20t +ah"+ - +ah — 8
h—0 h
=lima +ah+---+a,h"1=a.
h—0

Thus the liney = ¢(x) = m(x — a) + b is tangent to

y=PX) atx =aifand only if m = a; andb = ag,

that is, if and only if

PO)—{(X) = ap(x —@)* + a3(x —@)> + - + an(x — )"
=(X— a)z[az +ag(X —a)+ - +an(x — a)”‘z]
= (x —a)°Q(x)

where Q is a polynomial.

Section 2.2 The Derivative (page 107)
1.
y A
y= ()
o0——o0 + o—o0
o o >

SECTION 2.2 (PAGE 107)

2.
y
oO———0
o—-0
y=9gX)
o—-0 o
o——o0
3.
y
y=h(x)
X
4.
y
l # ‘ +
y=K(x)

5. Assuming the tick marks are spaced 1 unit apart, the
function f is differentiable on the intervalé-2, —1),
(-1,1), and (1, 2).

6. Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the interval6-2, —1),
(=1,0), (0,1), and (1, 2).

7. y= f(x) has its minimum ak = 3/2 where f'(x) =0

43



www.konkur.in

SECTION 2.2 (PAGE 107)

y = f(x) has horizontal tangents at the points ne& 1

y=f(x)=3x-x?>-1

\w
y=f'(x)

\ ‘ ‘
t t t

Fig. 2.2.7

and 32 where f'(x) =0

y = f(x) fails to be differentiable ak = —1, x = 0,
andx = 1. It has horizontal tangents at two points, one
between—1 and 0 and the other between 0 and 1.

44

Y 4

/

I
k
I
k

4 4 4
T t t >
X

/ T y=fx)=x3—-3x2+2x+1
wy\

~—

T T T >
X

y=f'(x)

Fig. 2.2.8

10.

11.
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Xy

T T S R R R B
1

T T S Y N N
11

Fig. 2.2.9

y = f(X) is constant on the intervals-oco, —2), (—1, 1),
and (2, c0). It is not differentiable ax = +2 and

X ==1.

y y
y=f()=Ix*—1 [|x? -4

N A
N

: : z
y /

y=f'(x)

/

Fig. 2.2.10
y = x% — 3x
2 _ _(x2 _
Y = lim (X 4+ h)* —3(x + h) — (x= — 3x)
h—0 h
2xh +h? — 3h
— jim 205 3
h—0 h
dy = (2x — 3) dx
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12. f(x) = 14 4x — 5x° 17. FH) =2t +1
_ 2 _ _5y2 _
£ = fim 1+4(x +h) —5(x +h)2 — (1 + 4x 5).(=/)<t) _im 20+ +1-J/2t+1
h—0 h h—0 h
4h — 10xh — 5h? . 2t+2h+1-2t -1
= lim ——————— =410 = lim
h—0 h h—oh (V2 +h) +1+ V2t +1)
df (x) = (4 — 10x) dx 2

= lim
h—0 .2+ h) +1+ /2t +1
1

2t+1
13.  fx)=x° 1
dF(t) = dt
, . (x+h3=x3 VA +1
f'x) = lim ——
h—0 h
2 2. 13
— iim 3x°h 4+ 3xh“ +h _ 3,2
h—0 h
df (x) = 3x%dx
09 18.  f(x)=3v2-x
3 3
V2—(X+h) —3v2—x
f/(x) = lim V2= XHN - 4
h—0 h
2-x—h-2
14, s—_1_ =Iim—[ X +x }
3+4t h—~04 [ h(v2—(xX+h) +v2-x)
dS_ im 1 1 1 B 3
dt ~nh-oh[3+4t+h) 3+4t - 8/2—x
im 3TA4-3-4t—4n 4 df 34
= = — X) = — X
h—0 h(3 + 4t)[3 + (4t + h)] (3+4t)2 ) 82 — X
ds = 4 dt
(3442
1
19, y=x+-
2—X X
15. 9(><)=2 1 1
+ X X+h+—— —x—=
2—-(x+h)y 2-x y = lim +h X
, i - _h—>0 h
g(x)zmo 2+x+rr1] 24X | N
_im @XM+ - R+ x+ MR =X ﬂ'ﬂh(” h(x+h)x>
h—0 h2+ x+h)(2+ x) 1 lim _1_i
4 T T U hso(x4+hx x2
= 2 2 1
d =——-d
g(x) 21 %2 X
16. y=3x®-x 20, 7= _>_
1 5 13 1+s
y =lim =|3x+h3 = x+h) —ExE-x) dz . 1] s+h s
h-ohl3 3 —=lm=|— = —
1/, s 13 ds h-oh|1l+s+h 1+s
= lim = (x?h+ xh? + 3h° ~ h) L (s+hA+s)—sd+s+h 1
=rI]imO(x2+xh+%h2—1)=x2—1 hﬁol h(1+s)(1+s+h) (1+5s)?
dy = (x2 — 1) dx dz = (1+s)? ds

45
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1

21. S
/14 %2

F(x) =
1 1

2 2

F/(x) = lim Vi+x+h? Vitx

h—0 h

_ lim V1I+x2 -1+ (x+h)?

S h=0 h/1T+ (x+ h)2VI1 2

14+x2-1-—

x2 — 2hx

www.konkur.in

25.

26.

_n2
h 27

= lim

B —2X B X
T 21+ x2)3/2 T+ x2)3/2
dF(x) =

A

WY B N
h—oh | (x+h)2 x2
= |lim w — _3
h—0 hx2(x + h)2 x3
2

——dx
XS

dy

1

23.
V14X

y:
1 1
ron o A/ IEX+h 14X
Y00 = Jm
. A1I+X—J/1+x+h

= lim
h—0 hy/1+ X+ hy/1+ X
1+x—-1-x-—h

h=~0h/1+ (x +h)2V1+ x2 <\/1+ X2+ /14 (x + h)2>

28.

29.

= lim
h—~0hyT+Xx+hyT+x(vVI+x+/IT+x+h)

. 1
= lim

h—0 I+ x+hvI+x(VIFX+/1
1

T 21+ x)32
1

dy = ———>d

Y= "2a+x2 ¥

t2-3
"W=r3
1<(t+h)2—3

t?—-3
t+h2+3 243

24.

f/(t) = lim

li
h—0h

+x+h)

30.
[(t 4+ h)2 = 3](t2 + 3) — (t2 — 3)[(t + h)? + 3]

= Jim, h(t2 + 3)[(t + h)2 + 3]

12th + 6h? 12t

= he T Mt +h2+3] (24372

12t
df (t) = mdt

46
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Since f(x) = xsgnx = x|, for x # 0, f will become
continuous ax = 0 if we define f (0) = 0. However,
f will still not be differentiable atx = 0 since|x| is not
differentiable atx = 0.

x2  ifx>0 g
-x2 ifx<0

will become continuous and differentiable xat= 0 if we
defineg(0) = 0.

h(x) = |x? + 3x + 2| fails to be differentiable where
x2+3x+2=0, that is, atx = —2 andx = —1. Note:
both of these are single zeros xf + 3x + 2. If they
were higher order zeros (i.e. (k +2)" or (x + 1)" were
a factor ofx2 + 3x + 2 for some integen > 2) thenh
would be differentiable at the corresponding point.

Sinceg(x) = x2sgnx = x|x| = {

y = x3 —2x
f(x) — _
« x) - @ « fx)— ()
Xx—1 Xx—1
0.9 0.71000 1.1 1.31000
0.99 0.97010 1.01 1.03010
0.999 0.99700 1.001 1.00300
0.9999 0.99970 1.0001 1.00030
d 1+h)P¥—21+h)— (-1
23— 2 =Iim(+) (1+h)—-(=1
dx xe1 h—0 h
. h+3nh%2+hd
= lim ———
h—0 h
=lim1+3h+h?=1
h—0
f(x) =1/x
f(x) — —
« x)—-f@ « fx)— (2
X—2 X—2
1.9 —0.26316 2.1 —0.23810
1.99 —0.25126 2.01 —0.24876
1.999 —0.25013 2.001 —0.24988
1.9999] -0.25001 2.0001| —-0.24999
—l 2
- 2+h . 2—(2+h
f'(2) = | =
(@) = fim) = heb N2+ h)2
1 1

Mo 212 4

The slope ofy =5+ 4x — x? atx =2 is

Y im 5+4(2+h) —(2+h?-9
dX|y_p h—0 h
_n2
= lim — =0.
hILnO h

Thus, the tangent line at = 2 has the equatioy = 9.
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37.
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39.
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y = /X + 6. Slope af(3, 3) is

. 4/94+h-3 . 9+h-9 1
m= lim = lim = -.
h—0 h h—0h(v/9+h+3) 6

1
Tangent line isy — 3 = 6(x —3), or x — 6y = —15.

t
The slope ofy = v att=—-2andy=-1is

dy 1 —2+h

dt|__, “nsbh [(—2+ h2—-2 (_1)]
_”m—2+h+[(—2+h)2—2]__§
" ho0 h[(—2+ h)2 — 2] T2

Thus, the tangent line has the equation
y=-1-3(t+2), thatis,y = -3t — 4.

Slope att = a is

2 2
m = lim @+h2+@+h a%2+a
h—0 h
—im 2@®+a—a2—2ah—h?—a—h)
h—0 h[(@a+h)?2+a+hj@2+a)
= lim —da-2n-2
h—0[(@a+h)2+a+h]@+a)
4a+2
=T @rar

Y=t

2 20a+1)
aZ+a (a2+a)2(t_a)

f'(x) = —17x 18 for x £ 0
g'(t) = 22421 for all t

Tangent line isy =

dy 1 53
— ==X for x #£0
dx .
dy 1 43
— =—=X for x £0
dx 3 a
9225 _ —2253% fort > 0
dt
d
L1194 _ 1_193115/4 fors> 0
ds 4
d 1 1
—a/S = — = —.
dsf s=9 2JSlszg 6
1 1 1

Fx)==, FX)=—=, F/'{=)=-16

0= Fx=—, ( 4)

2 1

f/(8) = —=x"°/8 =——

® 3 X8 48
dy| _Lise _ 1
dt t=4 4 t=4 8\/2

SECTION 2.2 (PAGE 107)

44. The slope ofy = /X atx = Xg is

dy 1

dX |y,  2J%0

Thus, the equation of the tangent line is

y = .%o+ (X — Xo), thatis,y:x+xo.

1
2% 2%

1 1 1
45. Slope ofy= - atx=ais —— ==
X X2y &

Normal has slop&?, and equatiory — 2= a’(x — a),

1
ory:azx—a3+a

46. The intersection points of = x2 and x + 4y = 18 satisfy

4x24+x—18=0
(4x +9)(x —2) =0.

Thereforex = —§ or x = 2.

. d
The slope ofy = x2 is my = d_z = 2X.
9 9
The slope ofx + 4y = 18,ie.y = —ix + 8 is
mp = —%.
Thus, atx = 2, the product of these slopes is
(4)(—%1) = —1. So, the curve and line intersect at right

angles at that point.

47. Let the point of tangency bé, a2). Slope of tangent is

—X =2a
X=a
This is the slope from(a, a) to (1, —3), so
a®+3
+ = 2a, and
a—1

a2+3=2a%2-2a
a>-2a—-3=0
a=3o0r —1

The two tangent lines are
(fora=3): y—9=6(x—3) or6x—9
(fora=-1): y—1=-2x+1)ory=-2x-1

47
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Y 2a++/4a2 —4b
Hencet = — = a++vaZz—b.

Ifb < a? ie.a2—b > 0,thent = a++vaZ—b
has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through, b) with equations

y = b+2(ai\/a2—b) (x —a). If b=a?, thent = a.
There will be only one tangent line with slopa 2nd
equationy = b + 2a(x — a).

X If b> a2, thena?—b < 0. There will be no real solution
for t. Thus, there will be no tangent line.

(a,a?)

1,-3)
Fig. 2.2.47
1 .
48. The slope ofy = X Ax=als 51. Supposef is odd: f(—x) = —f(x). Then
(o) — fim LEXEM =10
d 1 h—0 h
gy == i _fx =) — f0)
X x=a a " h>0 h
. L (leth = —k)
If the slope is—2, then—; = —2,0ra = +—. — iim fX+K —f(x) F(x)
Therefore, the equations of the two straight lines are h , k=0 k
1 1 Thus f’ is even.
y=+2-2 (x - —) andy = —v/2-2 <x + —) Now supposef is even: f(—x) = f(x). Then
V2 V2 , f(=x+h) = F(=x)
ory=—2x+2/2. Fi(=x) = lim h
im f(x—h)— f(x)
49. Let the point of tangency béa, /a) h—0 h
d 1 im LXK~ 00
Sl f t ti = =
ope of tangen |s&\/§ "o k_>0, K
Thus ! va-o soa+2=2a, anda=2 i —
272 a+2’ t+2=2a, =2 so f’ is odd.
The required slope isL
q p N
y
52. Let f(x) =x~". Then
/ e
y=vx ’ T (X + h)_n —x"
- X Feo = r|1|£>n0 h
. 1 1 1
Fig. 2.2.49 —fm (T =
9 h@oh((x—i—h)” x”)
_ X1 — (x +h)"
50. If a line is tangent toy = x2 at (t, t2), then its slope is ~ h—0 hx"(x + h)"
dy = 2t. If this line also passes thro b), then = lim wx
ax | e P uga, b), = ho0 hxT((x + R

its slope satisfies
P <x”‘1 + X" 2(x +h)y 4+ (X + h)”—1>

=2t, thatist?—2at+b=0. = _t x nx"l = —_px— (D)
t—a x2n

48
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53. f(x)=xY3 If f'(a+) is finite, call the half-line with equation
(x4 h)3_x13 y = f(@ + f'(a+)(x — a), (x > a), theright tangent
f'(x) = A@OT line to the graph off atx = a. Similarly, if f'(a—)

(x + Y3 — x1/3 is finite, call the half-liney = f(a) + f'(a—)(x — a),

= lim (x < a), theleft tangent line. If f/(a+) = co (or —oc0),
h—0 5 3h 1313 03 the right tangent line is the half-line =a, y > f(a) (or
L B 4 (A 4+ x x=a,y< f@) If f'lam) = oo (or —o0), the right
(X +h)2/3 + (x + h)1/3x1/3 4 x2/3 tangent line is the half-link = a, y < f(a) (or x = a,
i X+h—x y > f(a).
- hanO h[(x + h)2/3 + (x + h)1/3x1/3 4 x2/3] The graph has a tangent linesat= a if and only if
) 1 f’(a+) = f/(a—). (This includes the possibility that both
= A'Lno (X + )23 + (x + h)1/3x1/3 + x2/3 quantities may bet-co or both may be—oo.) In this
1 1 case the right and left tangents are two opposite halves of
=325~ 3 —23 the same straight line. Foir(x) = x%/3, f/(x) = $x~1/3.
At (0, 0), we havef’(0+) = 400 and f'(0—) = —oo.
In this case both left and right tangents are pasitive
y-axis, and the curve does not have a tangent line at the
origin.
54. Let f(x) =x¥". Then For f(x) = ||, we have
/ 1 if x>0
hyY/n _ x1/n f'(X) = sgn(x) = .
f/(x):rl]imo—(x+ )h X (letx +h=a", x = b") %1 ix <o
_ lim a—b At (0,0), f'(0+) = 1, and f/(0—) = —1. In this case
T asbal —bn the right tangent iy = x, (X > 0), and the left tangent is
— lim 1 y = —X, (x < 0). There is no tangent line.
- a—b an—l + an—Zb + an—3b2 4+t bn—l
= ':_1 _Lam- Section 2.3 Differentiation Rules
nb n (page 115)
1. y=3?-5x—7, y =6x-5.
5
2. y=4x12_ o y =2xY2 4 5x72
d (x4 —x"
55. X" =im ———— 3. f(x)=Ax*+Bx+C, f/(x)=2Ax+B.
T I | B nn-1 .., 6 2 , 18 4
_M]oh[x +1x h+ 1><2x h 4., f(x):Fer_z, f(x):_F_F
N n(nl— 1;(n;2)xn_3h3+---+hn—xn] _— $_3  dz 1, 152
xex 1 ST 715 0 dx 3 5
. 1 n(n — P
= r|1|Ln0<nxn + h[ T3 x""%h 6. y=x¥_ x5y = a5 | 456
n(nl_ 1;(” ; 232 hn—l]) 7. gt) = tll/3 + 2t1/:‘: +3tY® ,
xex Iy t4—2/3  T.-3/4  S._as5
R g =gt + St 2t
2
8. y=3Vi2- — —3¥3 %2
Vs
dy .1 _
= =23 352
56. Let dt +
. fla+h) - f(a 3 5
/ — 5/3 —3/5
F@a+) = lim h 9. u=gx/ - 35X /
. f@a+h)— f(@ du
f'(a=) = lim ———————~ au 23, -8/5
@) hl[g— h dx X7+ X

49



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

SECTION 2.3 (PAGE 115)

F(X) = (3x —2)(1 —-5x%)
F/(X) = 3(1 — 5%) + (3x — 2)(-5) = 13— 30x

, 5 53/2
N f

1 -
gt = A3 g = @37

_ 1
y_x2+5x
, 1 2x+5

o s YT o s

T
fo = 2—nmt

T

IR R

4y

Q(Y)Zm

2

2
f()_l a5 4

f'(x) = —

Ji-3

u -1/2
Iw=—/7F—=u /

—3u2

12— uu

1 3
_T3/2 6 -3 _
2U + obu 03

g =
_24t+t?
RS

dy _ 2, L
at 2J

=272 4 Vi 4132

A2+t —2
_[ A

x—1 1
— — x1/3
zZ= 23 =X
dz 1

dx 3

_x-23

2 X+ 2
—2/3 | £,-5/3 _
X + 3~ = 357

T 34+4x
B+4)(—4 - B-4X(

(3 + 4x)2
24

(34 4x)2

f'(x) =

50
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22.

23.

24,

25.

26.

27.

28.

ADAMS and ESSEX: CALCULUS 8

42
T t2-1
, (=D +2) — (24 20)(20)
2= -1y
2P +t+1D)
T2—1?
14+t
=1
1
ds 1-VD=——= [ -1+ «/t')(—ﬁ)
dt 1-vb?
B 1
RVACEINGY
x3—4
oo = X+ 1
s X+ DEXH) - (3 - H(Q)
P = X+ 1)2
23432+ 4
T (x+1)2
ax+b
100=d
yon  (ex+d)a— (ax+ by
Feo = (cx + d)?
_ad—hc
T (ex+d)?
t2+7t 8
FO = —t+1
) — (t —t+DE+7) — 2+ 7t —8)(2t — 1)
®= (t2—t+41)2
_ -ef41s -1
T2 —t+1)72
f(x)=A+x)A+ 2x)(1+ 3x)(1 + 4x)
£/(x) = (14 2x)(L + 3x) (1 + 4X) + 2(1 + x)(1 + 3X)(1 + 4x)

+ 3(1 4 X)(L+ 2X) (1 + 4x) + 4(1 + x)(1 + 2X)(1 + 3x)
OR
f(x) = [(14 X)L+ 4)] [(1 + 2x)(1 + 3x)]
= (145X + 4x%)(1 + 5x + 6x?)
= 1+ 10X + 25%? + 10x?(1 + 5x) + 24x*
=1+ 10x + 35x2 + 50x3 + 24x*
f/(x) = 10+ 70x + 150x> + 96x°

fO)y=02+r2-9r2+r3+1)
') = (22 =3 Hr2+r3+1)
+ 0243 s +3r?
or
f)y=—2+rt+r 241341 — 4243
f'ry=-r2-—2r3_3r“4+1-8 —12x2
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29. y=(0C+HVX+DEXP -2 35,

y = 2x(VX + 1)(5x%/2 — 2)

1 e 23 _
+ 3 0+ AE-2)

+ 1_3())(_1/3()(2 +AHWx+1) 36.

C+D(x2+2)
T X2+ 23+ 1)
X+ X422+ 2
= 2d 2
s (O 4+ 23 X%+ 2)(5x* + 3x? + 4x)
y = (5 +2x3 4 x2 + 2)2
(x5 4+ x3 4+ 2x2 + 2)(5x* + 6x2 + 2X)
a (x5 +2x3 + x2 + 2)2
_2x7 =3x8 — 3x* — 6x% 4 4x
T (x5 +2x3+x242)2
2x7 — 3x8 — 3x% — 6x2 + 4x
(X2 +2)2(x3 + 1)2

30.

X 3x2 4+ x
I ~x2t2x+1
x+1
;o (6X% 4+ 2x 4+ 1)(6x + 1) — (3x% + X) (12X + 2)
y= 62+ 2x + 1)2

31. y=

2X +

_ 6x + 1
T(6x2 4 2x + 1)2

32. fXx) XE12x)

1\ 2—x—2x2+x3
JX 3+ 2x

, 1 _5,\2—x—2x2+x3 1
f (x)=(§x 3/2>—3+2x +(1_ﬁ)
5 B+2X)(—1—4x+3x%) — (2—x — 2X2 + x3)(2)
(3+ 2x)2

=01 -x?

~ 2323@+ 2x) 40.

( 1 )4x3+5x2—12x—7
+(1-

JX (3+ 2x)2
d [/ x2 0% — x21/(x)
%= 5 ()

x=2 B [ f (X)]2 x=2

_4f@ -4t 4

[f(2)]? T4 41,

X2 f7(x) — 2xf(x)
B X4 X=2
_ AR -4f _ 4 1

d /fXx)

X=2

16 16 4

37.

38.

_ (X=De-0a-x) 30,

SECTION 2.3 (PAGE 115)

= (2xf(x) +x2f’(x))
— 4 (2) +4f'(2) = 20

2 o)

x=2

d f(x)
& <X2+ f(X)) X=2

O+ )0 = FO0@x + /(X))
B (X2 + f(x))? Xx=2
G+t -fM@+ ') 18-14 1

x=2

@+ ()2 & 9
d (x*—4 e 3 (1__8
dx \x2+4) "=~ dx X2+ 4)|,__,

8
= (2x
(X2+4)2( )x=—2
32 1
64 2

d [t@+ 0
E[ 5t }

. d [t+t3/2]
dt [ 5t [l

B+ Y2 — t+1¥2) (-1

t=4

- 5-1)2 t=4
D@ - (12(-1)
WX
oo = X+1
1
/ X+ 1)2—ﬁ —Vx(1)
f'(x) =
(X +1)2
3
2
9 182

di[(l FOL 4201 + 3L+ 4]
t t=0

= (D)L + 2t)(1+ 3L+ 4t) + (L + ) () (L + 3t)(1 + 4)+

L+ )L+ 2t)(B)(1 + 4t) + (1 + t)(L + 2t)(1 + 3t)(4)

t=0
=1+2+34+4=10

pm gy ()
3-4X (3—4ﬁ>2 NG

Slope of tangent atl, —2) ism = m =4
Tangent line has the equatign= —2 + 4(x — 1) or
y=4x—-6

51



42.

43.

44,

45.

46.

47.
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X+1
Fory = x—+1 we calculate

Y = x-DBH-x+H@ _ 2
(x—1)2 (x =12
At x = 2 we havey = 3 andy = —2. Thus, the

equation of the tangent line i = 3 — 2(x — 2), or
y = —2x + 7. The normal line isy = 3+ %(x —2), or
y=3x+2.

1
y=1- 2 .
For horizontal tangent: &y =1 — 2 sox? =1 and
Xx==%1
The tangent is horizontal &t, 2) and at(—1, —2)

— x4
y=x+<,

48.
If y=x2(4—x?), then
y = 2X(4 — x?) + x3(—2x) = 8x — 4x° = 4x(2 — x?).
The slope of a horizontal line must be zero, so
4x(2 — x?) = 0, which implies thaix = 0 or x = ++/2.
At x=0,y=0 and atx = £/2,y = 4.
Hence, there are two horizontal lines that are tangent to
the curve. Their equations age= 0 andy = 4.
_ 1 ;L 2x+1
Y=+ Y T (X2 + X + 1)2
For horizon- 49
tal tangent we want G= y' = —ﬂ Thus .
T+ x+12
1
2X+1=0andx=—=
2 114
The tangent is horizontal only <t—§, 5).
If y= X—+1 then
X+ 2
y = x+2@D - x+DH@Q) _ 1
(x+2)? (X +2)2?
In order to be parallel ty = 4x, the tangent line must
have slope equal to 4, i.e., 50.
1 or (x +2)% = 1.
(X +2)2 ’
Hencex + 2 = £3, andx = —3 or —3. Atx = -3,
y=-1, and atx_—— y=3.

Hence, the tangent |s parallel o= 4x at the points
(-3,-1) anc(—%, )

Let the point of tangency béa, l). The slope of the

-1 2

=0 4 Thusb——:%anda:B.
b? b?

Tangent has slopez so has equatioly = b — ZX'

tangent is——

52

ADAMS and ESSEX: CALCULUS 8

Fig. 2.3.47

. 1
Since— =y = x?> = x%? =1, thereforex = 1 at

X

the intersection point. The slope gf= x2 atx = 1 is

1
2x =2. The slope ofy = — atx=11is
x=1 ﬁ
dy| _ 1 -ae 1
dx |y_q 2 el 2

The product of the slopes i) (—3) = —1. Hence, the
two curves intersect at right angles.

The tangent toy = x2 at (a, a) has equation

y = a® + 3a%(x — a), ory = 3a’x — 2a%. This line
passes througk2, 8) if 8 = 6a2 — 2a or, equivalently, if
a®—3a2+4=0. Since(2,8) lies ony = x3, a =2 must

be a solution of this equation. In fact it must be a double
root; (a — 2)2 must be a factor of® — 3a2 + 4. Dividing

by this factor, we find that the other factoras+ 1, that

is,

a®—3a’+4=(a—2>%@+1.

The two tangent lines ty = x3 passing through2, 8)
correspond ta = 2 anda = —1, so their equations are
y=12x — 16 andy = 3x + 2.

The tangent toy = x2/(x—1) at (a, a2/(a— 1)) has slope

(x — 1)2x — x3(1) _a?-2a
(x —1)2 - (@a-1?

X=a
The equation of the tangent is

a2 a2
a-1 (a— 1)2

y-— 2 x—a.

This line passes througf2, 0) provided

a2 a2

(a 1)2 (2 a),
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53.
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or, upon simplification, 82 — 4a = 0. Thus we can have

eithera = 0 ora = 4/3. There are two tangents through

(2, 0). Their equations arg =0 andy = —8x + 16.

d _ JTRER — /TR
760 = YT
o FOCER) — F00 1
" h>0 h JTXFh) +/TX)
X
2/TX)
d 2l 2x _ X
dx S22+l X+l
s
fo) =3 =1% . TX=0 Thereforef is differen-

—x3 ifx<0
tiable everywhere excegossibly at x = 0, However,

im FOEN =10 _ W2 g
h— 0+ h h—0+

im FCFN-TO _ (-h?) =o0.
h—0— h h—0—

Thus f’(0) exists and equals 0. We have

/ 3*x2  ifx>0
f(x) = =
) { —3x2 if x <O0.

d n
To be proved: —x"? = —x™"?=1forn=1, 2, 3,....
Proof: It is already known that the case= 1 is true:
the derivative ofx¥/2 is (1/2)x~1/2.
Assume that the formula is valid for = k for some
positive integerk:

d k
/2 _ (k/2)-1
—X¥e = —x .
dx 2

Then, by the Product Rule and this hypothesis,

d vz _ 9 12 k2

dx dx

_ %X—l/zxk/z n gxl/zx(k/Z)—l _ szr L in2-1

Thus the formula is also true far = k + 1. Therefore it
is true for all positive integera by induction.
For negativen = —m (wherem > 0) we have

d n2 d 1
dx T dx xm/2
_ZIm oz
xm 2

m n

_ —-m/2-1 _ " m/2)-1

=——=X ==X .
2 2

SECTION 2.4 (PAGE 120)

To be proved:

(fifz--- fn)’
= f{foe fnt fof)ee fodb oo frfpeo )
Proof: The cas& = 2 is just the Product Rule. Assume

the formula holds fon = k for some integek > 2.
Using the Product Rule and this hypothesis we calculate

(fafa-- i fpr)’

=[(f1f2 - fi) figr]’

=(fafa- f) fpa + (fafa- - f) fey

= (f{fp- f+ fofsee fot oo+ frfore £ fipn
+ (fifa--- fi) fq

= fifo - fifips + fofoe ficfigr + -+
+ fafoeo fefigr 4+ fafa- fiofiyy

so the formula is also true far = k + 1. The formula is
therefore for all integers > 2 by induction.

Section 2.4 The Chain Rule (page 120)

y=(2x+3)° y =6(2x+3)°%2=122x+3)°
X\ 99

y=(1-3)

ol () w6y

f(x) = (@4-x*™
f/(x) = 10(4 — x?)2(=2x) = —20x(4 — x?)°

dy d N —6x 3x
== _/1-32= =—
dx dx 2J/1—-3%2 V1-3x2

-10
F(t):(2+§)

3\ -3 30 3\ 1
F'(t) = —-10(2+ 2 —==(2+:
® <+t> t2 t2<+t>

z=(1+x%3)%2
Z/ — %(l 4 X2/3)1/2(%X—1/3) — X—1/3(1 + X2/3)1/2

3 (a)— 12

T (5-4x)2 )= (5 — 4x)2
y=(@1-2%)7%2
y =31 - 2%)752(—at) = 6t (1 - 22 ~%2

23— 2x
T 1—x2]

/

y=]1-x%, y =—2xsgn(l— x?)

ft) =2+t
3t2(2 4+ t3)

/ _ 3 2y _
fi(t) = [sgn(2+ t)](3t%) = 20
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12.

13.

14.

15.

16.

SECTION 2.4 (PAGE 120)
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y =4x+ [4x — 1| 17.
y' =4+ 4(sgn(4x — 1))
_ {8 if x > %
0 ifxx< ‘—11
y =@+ x3¥3
y =12+ x13)7?3@Ix1?)sgn(x)
= IX2@+ X% 77 (%) = x|x|@+ |x|*)~%/* 18,
.
Y= i /AT
y/ _ 1 < 3 )
- 2
(2+v3cTa) \2VF4
3
- 2
2/3x +4(2+ V3x 1 4)
19.
4
f(x)=<1+ X_—Z) 2.
3
£(x) = +\/X‘2 i 1\/i 1 21
- 3 2Vx=2)\3 :
3
2/ 3 X—2
=3 22.
- 3\/x—2<1+\/ 3 )
23.
1 -5/3
i (U * u-— 1) 24.
8 1) (1
du 3 u—1 u—1)2
5 1 1 -8/3
:‘§<1‘m)<“+u_1> o5
26.
T (4+x3)3
1 3x5
= B XD? | XV X+ X | ——
S <( ) [ aid)| o
— V3834 + XZ)Z(ZX)D
28.
(44 x) [543+ x0) + 31| — X33+ X8)(6%)
B (4 +x2)4/3+ x5
_60x* — 3x0 + 32x10 4 2x12
T 4+ Bx0

54

ADAMS and ESSEX: CALCULUS 8

3
4

y=[2+t3]
_21/3 t'
yl
slope 8
y=4x+]4x—1|
slope 0
(11)
\*7) X
d , d 1 1 1
dxx dxﬁ 2/XX2x 4X
d aa_ d
/4 _ ~ ==
dx dx XX = 2/ <f+ )
d x¥? = d\/_— (3x2)_ 12
dx

%f(Zt +3)=2f'(2t +3)

d vy _ / 2
&f(SX x%) = (56— 2x) f'(5x — x%)

T OO
NEE)

)

axV3+2reo= 2¢§i(2>(12(x) = \/Si(lez(x)

—f(«/S’Jr—Z)—f(x/—)m
sz,(M)

;—Xf(3+2ﬁ)=%f/(3+2ﬁ)

%f(Zf <3f(x))>
- f/<2f<3f(x))> . 2f
- ef/(x)f/(sf(x)) f/<2f (3f(x)))

/(3f(x)) .3f/(x)

x—1/4
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29. dd—xf<2—3f(4—5t))

= f/(z— 3f(4— 5t)) (—3f’(4— 5t))(—5)
— 15f/(4— 5t)f/(2— 3f(4— 5t))

d x2—1
30. &(xz—kl)

X=—2
X
_(x2+1)m—\/x2—1(2x)
(x241)2 X=—
2
5 —— ) — V3(—4
=()( ﬁ,) V3( )= 5
25 25/3
d 3 3
31, V3 -7 =———| =—0
dt t=3 23t —Tlis 2V2
1
32. f(x):J2><—4—l
e — 1 1
e 1 M

33. y=x34+9%?

17
Y _ E(Xs +9)15/23,2

X=—2

17
= (12 =102

X=—2
34, F(X)=1+x)2+x%B+ x4+ x)*
F/(X) = 2+ x)2B+ )34+ x)*+
21+ X2+ )B4+ )34 + )+
31+ X) (24 x)2B + X)°(4+ x)*+
41+ X2+ x)°B+x)3(4+x)°
F'(0) = (2@ @) + 2D @) @h+
32 (3 @) + 41 (2 (3 4%
=4(2°.3%. 4% =110 592

35. y= (x + ((3X)5 - 2)_1/2) -

y =— <x + ((?»x)5 - 2)_1/2> -
x (1 - %((3x)5 - 2)_3/ ? (5(3x)43))

B 15 4i & \-32
_—6<1—7(3x) ((3x) —2) )

x (x + ((3x)5 _ 2) - 2) -

36. The slope ofy =+v1+2x2atx =2 is

dy _ 4x 4
dX |,  2V1+2¢2|x_n 3

37.

38.

39.

40.

41.
42.
43.
44,
45,

46.

SECTION 2.5 (PAGE 125)

Thus, the equation of the tangent line(@t 3) is
y=3+2(x—2), 0ory=ax+1.

Slope ofy = (1+x%3)%2 atx = —1is

§(1 4 x2/3)12 (Ex—l/sx) — 2

2 3

X=—1
The tangent line af—1, 22) has equation

y =252 _ /2(x + 1).

b
The slope ofy = (ax + b)® at x = < is

dy

= 1024b".
dx

x=b/a

= 8a(ax + b)’
x=b/a

b
The equation of the tangent line at= 3 and
y = (2b)8 = 25608 is
b
y = 25608+1024ab’ (x — 5), or y = 210ah7x —3x 28p8.

Slope ofy = 1/(x2 — x+3)¥2 atx = -2 is

3 2 —5/2 3 —5, S
—Z(x2—x+3)"%2(2x~1 = -—2(97%?)(-5) = —
S0P —x+3)%2(2x-1) SO5) =

X=—2

. 1 .
The tangent line a{—2, 2—7) has equation

1 5
e+ 2 (x+2)
Y=gt 1%+

Given that f (x) = (x — a)™(x — b)" then

/) =mx —a)™ 1 x —b)" + n(x —a)™(x — b)" !
= (x —a)™ 1(x — b)"(mx — mb + nx — na).

If x # a andx # b, then f/(x) = 0 if and only if
mx —mb+nx —na=20,

which is equivalent to

n m

X=——a+——b.
m+n m+n

This point lies lies between andb.

x(x* + 2x%2 — 2)/(x? + 1)°/?

A(7X* — 4? + 54)/x”

857,592

5/8

The Chain Rule doeBot enable you to calculate the

derivatives of|x|2 and |x?| at x = O directly as a compo-

sition of two functions, one of which |, becauséx|

is not differentiable ax = 0. However,|x|?2 = x2 and

Ix2| = x2, so both functions are differentiable at= 0
and have derivative 0O there.

It may happen thak = g(x + h) — g(x) = 0 for values
of h arbitrarily close to 0 so that the division lyin the
“proof” is not justified.
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SECTION 2.5 (PAGE 125)

Section 2.5 Derivatives of Trigonometric
Functions (page 125)

d 1 COSX
& CSCX = &m = —m = —CSCXCOtX
d d cosx  —cogx — SirPx 5
ax O Gxsinx © T siex 00X

y=cosX, Yy =-3sinX
/—1cosx
Yy =5%%%

y =x seCrx

—sinX
y= 5

y = tanzx,
y' = asecax tanax.
y' = 3csé(4— 3x)

y = secax,
y = cot(4 — 3x),
i sin =
dx 3 3 3

f(x) =cogs—rx), f'(X)=rsin(s—rx)
y =sin(Ax + B), Yy = AcogAx + B)

d
4 Sin( x%) = 2z x coqr x?)

d 1
ix cogV/x) = N sin(v/x)

y=4/14+cosx, Yy =

—sinx

2\/1+ cosx

dd_x sin(2 cosx) = cog2 cosx)(—2 sinx)
= —25sinx coq2 cosx)

f (X) = cogx + sinx)
f/(x) = —(1 + cosx) sin(x + sinx)

g(6) = tan(@ sing)
g'(0) = (sind + 6 cosd) seé (0 sind)
u=sin(rx/2), U = 37” coqw x/2) Sirf(r X/2)

y = seql/x), Yy =—(1/x%) seql/x)tan(1/x)
F(t) = sinatcosat (= % sin 2at)

F’(t) = acosat cosat — asinat sinat

(=acosat)
sinad
G@O) =
©) coshd
G'6) = acoshf cosad + bsinad sinbf).

co bd

(f—x (sin(zx) — cos(zx)) = 2c0g2X) + 25in(2x)
d . d

&(cosz X — siP x) = I S0

= —25sin(2x) = —4sinx cosx
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d

&(tanx + cotx) = se€ x — csE X

d

&(secx — CSCX) = Secx tanx + cscx cotx
i(tanx —x) =seéx —1=tarfx

dx

d tan(3x) cot(3x) = d D=0

dx Tdx T

d . . .
a(t cost — sint) = cost — t sint — cost = —t sint

d . . :
a(t sint + cost) = sint + t cost — sint =t cost

d sinx (1 + cosx)(cosx) — sin(x)(— sinx)
dx 1+ cosx (14 cosx)?
cosx +1 1
T+ cosx)?2 ~ 1+ cosx
d cosx  (1+sinx)(—sinx) — cogx)(cosx)
dx 1+sinx (1+ sinx)2
—sinx —1 -1

- (1 + sinx)?2 ~ 1+ sinx

d
Ix x2 cog(3x) = 2x cog3x) — 3x? sin(3x)

g(t) = v/ (sint)/t

‘o 1 t cost — sint
= X
g 2./(sint)/t t2

_ tcost — sint

T 2t3/2,/sint

v = sedx?) tan(x?)
v/ = 2x sedx?) tarf(x%) + 2x sec(x?)

L sin/X
1+ cosy/x
7 - (14 cosyX)(€osy/X/2y/X) — (siny/X) (= siny/X/2/X)
- (14 cos/X)>?
1+ cosy/x 1

T 2/X(1+ cosyX)2  2JX(L+ cosyX)

%sin(cos(tant)) = —(sect)(sin(tant)) cogcogtant))

f(s) = coqs + cogs + coss))
f/(s) = —[sin(s + cos + coss))]
x [1 — (sin(s + c0ss))(1 — sins)]
Differentiate both sides of si@ix) = 2sinx cosx and
divide by 2 to get co@x) = co x — sir x.

Differentiate both sides of c&x) = co€x — si?x and
divide by —2 to get siri2x) = 2 sinx cosx.

Slope ofy = sinx at (z, 0) is cost = —1. Therefore
the tangent and normal lines {o= sinx at (x, 0) have
equationsy = —(x — ) andy = X — &, respectively.
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The slope ofy = tan(2x) at (0, 0) is 2seé(0) = 2.
Therefore the tangent and normal linesyte= tan(2x) at
(0, 0) have equationy = 2x andy = —x/2, respectively.

The slope ofy = +/2cogx/4) at (r, 1) is

—(V/2/4) sin(z /4) = —1/4. Therefore the tangent and
normal lines toy = v/2 cogx/4) at (x, 1) have equations
y=1—-(X—=x)/4 andy = 1+ 4(x — x), respectively.

The slope ofy = co€ x at (z/3, 1/4) is

—sin(2r/3) = —+/3/2. Therefore the tangent and normal
lines toy = tan(2x) at (0, 0) have equations

y = (1/4) — (v/3/2)(x — (z/3)) and

y = (1/4) + (2/+/3)(x — (7 /3)), respectively.

oy e (X
Slope <7)Tfy = ”s;n(x ) = S|n<180> is
r_ = ~-n — H
y = _1SOCOS<180>' At x = 45 the tangent line has
equation
1 T

=— 4+ —(x—45).
=% 180\/2( Y

X
Fory = sec(x®) = sec(l—go) we have

o = 150> 50) = (g0)-
7V/3
s

0
Thus, the normal line has slope—3 and has equation
T

At x = 60 the slope isl%)(Z«/é) =

90
=2— ——(x — 60).
y n«/§( )

The slope ofy = tanx atx = a is seéa. The tan-
gent there is parallel ty = 2x if seca = 2, or

cosa = +1/+/2. The only solutions i—z/2, 7/2)
area = +x /4. The corresponding points on the graph
are(r/4,1) and(—=x/4,1).

The slope ofy = tan(2x) atx = a is 2seé(2a). The
tangent there is normal tp = —x/8 if 2sec(2a) = 8, or
coq2a) = +1/2. The only solutions i(—xz /4, = /4) are
a = +x /6. The corresponding points on the graph are

(77:/61 \/§) and (_7[/6a _\/§)

d
— sinx = cosx = 0 at odd multiples ofzr /2.

dx

™ cosx = —sinx = 0 at multiples ofz .

d .

ax secx = secx tanx = 0 at multiples ofr.

d )

ax cscx = — csex cotx = 0 at odd multiples ofr /2.

X
Thus each of these functions has horizontal tangents at
infinitely many points on its graph.
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d
Ix tanx = seé x = 0 nowhere.

d
g Cox = — cs@ x = 0 nowhere.
Thus neither of these functions has a horizontal tangent.

y = X + sinx has a horizontal tangent at= = because
dy/dx = 1+ cosx = 0O there.

y = 2x + sinx has no horizontal tangents because
dy/dx = 2+ cosx > 1 everywhere.

y = X + 2sinx has horizontal tangents at= 2z /3 and
X = 4z /3 becausealy/dx = 1+ 2cosx = 0 at those
points.

y = X 4+ 2cosx has horizontal tangents at= = /6 and
X = 5z /6 becausaly/dx = 1 — 2sinx = 0 at those
points.

im tan(2x) i

li
x=>0 X x—=0 2X

sin(2x) 2

=1x2=2
co92x) x

Xlim sedl+ cosx) =seql—1) =secO0=1
—> T

. 2 ; X 2 2
lim x“cscx cotx = lim (— ) cosx=1"x1=1
x—0 x—0 InXx

. T — 1 coE X ) sinx\ 2
lim cos — )= lim cosz (—) =C
x—0 X x—0 X

fim 2750 _ iy
h—0 h2 ) h2

2sirt(h/2) im L (sin(h/2)>2 1

_h—>05 h/2 _E

f will be differentiable atx = 0 if

2sin0+ 3cos0= b, and
d

— (2 sinx + 3 cosx) =a.
dx X=0

Thus we need = 3 anda = 2.

There are infinitely many lines through the origin that
are tangent toy = cosx. The two with largest slope are
shown in the figure.

™\

I

27 X

Y = COSX

Fig. 2.5.59
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SECTION 2.5 (PAGE 125) ADAMS and ESSEX: CALCULUS 8
The tangent toy = cosx atx = a has equation 3. y= 6 =6(x — 1)72
y = cosa — (sina)(x — a). This line passes through (x —1)2
the origin if cosa = —asina. We use a calculator with y =—12(x —1)73
a “solve” function to find solutions of this equation near "_ -4
: . y’ =36(x—1)
a = —z anda = 2z as suggested in the figure. The . 5
solutions area ~ —2.798386 anca ~ 6.121250. The y'=-144x -1

slopes of the corresponding tangents are givensina,

so they are (836508 and (161228 to six decimal places. 4. y=+ax<b Yy =— a?
' a 4(ax + b)3/2
60. 1 = 3
Y= 2/axib yro . 3 -
ax +
61. —v2r +3@2r%? — 4z +3)/x ( )
5 y = x¥3 _ x-1/3
62. a) As suggested by the figure in the problem, 1 1
the square of the length of chodiP is y = x84 Zx~43
(1 — cosh)? + (0 — sind)?, and the square of the 3 2 3 4
length of arcAP is 2. Hence y = —§x‘5/3 - §x‘7/3
10 28
2 . 2 m_ —-y—8/3  =2,-10/3
(1+ cost)? +sirf 0 < 62, y" =S 4 oox
and, since squares cannot be negative, each termin g y = x10 1 o8 y" = 90x& + 115

the sum on the left is less tha#?f. Therefore , 9 7 - 5
y = 10x” + 16x y" = 720" + 672

O0<|1-cosf| <1|0], 0<|sind| < |0|.
7. y=(2+3)/Xx=xY%43x1?

Since lim_o10] = 0, the squeeze theorem implies y = §X3/2 + §X—l/2
that 2 2
lim1—cosf =0, limsing =0. y' = 1_5)(1/2 _ §x—3/2
6—0 6—0 4 4
From the first of these, lig1,gcost = 1. y" = %‘:’x—l/2 + §X—5/2
b) Using the result of (a) and the addition formulas for
cosine and sine we obtain 8 o x=1 0 4
' Tx+1 Y = Ty 03
tI1imO cog6p +h) = Aimo(coseo cosh — sinfp sinh) = cosy Y 2 W 12

l!imosin(ﬁo +h)= Aimo(sinf)o cosh + cosfp sinh) = sinfo. x+1) x+1
— —

9. y=tanx Yy’ =2seéxtanx

This says that cosine and sine are continuous at any y =se@x y" =2seéx+4selxtarfx

point p.
10. y=secx y’ = secxtarf X + se€ x
Section 2.6 Higher-Order Derivatives y'=secxtanx y” = secxtar? x + 5se x tanx
(page 130)
11. y=cogx?) y’ = —2sin(x?) — 4x? cogx?)
1. y=@-2x) y = —2xsin(x?) y"” = —12xcogx?) + 8x>sin(x?)
y = —143 - 20)° 12 sinx
y” = 1683 — 2x)° o YE
Y = —16803 — 2x)* y = cosx _ sinx
X X2
1 2 ,  (2—x%sinx 2cosx
2 - _
2 yZX—; y//=2—g y XS X2
, 1 6 (6—x%)cosx 3(x2—2)sinx
y = 2X + F y/// = F y/// = x3 + x4
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1
f(x) = T =X
f/(x) = —x?
f7(x) = 2x~3

£7(x) = —3Ix ™4
f@(x) = 41x™>
Guess: fM(x) = (=1)"nix~ D ()
Proof: (*) is valid forn=1 (and 2, 3, 4).
Assume f ® (x) = (=1)¥kIx~&+D for somek > 1
Then £ &1 (x) = (—1)kk! (—(k + 1))x-<k+1>—1
= (=D)*L(k + 1)Ix~(k+D+D which is (*) for n = k + 1.
Therefore, (*) holds fom = 1,2, 3, ... by induction.

1 -2
f(x)=F=x

f,(X) = —2)(_3
f7(x) = —2(=3)x ™4 = 3Ix~*
fO(x) = —2(~3)(—4)x 5 = —4Ix 5
Conjecture:
f(n)(x) = (_1)n(n + 1)!X—(n+2) forn=1,2 3, ...

Proof: Evidently, the above formula holds for= 1, 2
and 3. Assume it holds fon = k,
e, fO) = (=1KK + 1)!Ix~&®+D Then

foFD (x) = % £ 0 (x)

= (=¥ + D[ (=) (k + 2)]x~*+2-1
= (D} (k4 2)x 10D+,

Thus, the formula is also true far= k + 1. Hence it is
true forn=1, 2, 3, ... by induction.

1
fx)=——=02-x)t
) =5——=@2-x

f'(x) = +@2-x)72

f7(x) =22 —x)"2

f7(x) = 4312 — x)~*
Guess: fMW(x) =n!(2—x)~ ™D ()
Proof: (*) holds forn =1, 2, 3.
Assumef®(x) = k(2 — x)~®k+D (i.e., (*) holds for
n = k)
Then £+ (x) = kI (—(k 12— x)—<k+1>—1(—1))

= (k+ 1)!(2 — x)~(+D+D,

Thus (*) holds forn = k + 1 if it holds for k.
Therefore, (*) holds fom = 1,2, 3, ... by induction.

fx) = X = x1/?

f'(x) = $x71/2

f7(x) = 3(=3)x 32
() = 3(=3)(=3x">2

17.

18.

SECTION 2.6 (PAGE 130)

Proof: Evidently, the above formula holds for= 2,3
and 4. Assume that it holds for=k, i.e.

ke11:-3:5---(2k—3) x—(@-1)/2

f900 = (=) X

Then

0D () = d'ix £ (x)

-1

(11:3:5...(2k—=3) [—(2k—1)
2 [ 2

} X 12k-1)/21-1

_ i1l 35 @R =IRK+D —3] a2

2k+1

Thus, the formula is also true for = k + 1. Hence, it is
true forn > 2 by induction.

f(x) = T (a+bx)™t

f/(x) = —b(a+bx)~?

f”(x) = 2b%(a+ bx)~3

£ (x) = —3lb3(a + bx)~*
Guess: fM(x) = (=1)"n!b"(@ + bx)~ MY (x)
Proof: (*) holds forn=1,2,3

Assume (*) holds fom = k:
£ (x) = (=1)*KkIb* (@ + bx) =+

Then
£ kD (x) = (—1)KkIbK (—(k + 1)) (@ + bx)~+D-1(p)

— (_1)k+l(k + 1)!bk+l(a + bx)((k+l)+l)
So (*) holds forn =k + 1 if it holds for n = k.
Therefore, (*) holds fon =1, 2, 3,4, ... by induction.

f(x) = x?/3

f/(x) = §x~1/3

/() = §(=3x 3
700 = 3(=3)(=g)x77®

Conjecture:
1-4.7----3Bn—=5) _a_
_ o(_1)n-1 (3n—2)/3
fM(x) = 2(-1)" & X for
n>2.

Proof: Evidently, the above formula holds for= 2 and
3. Assume that it holds fon =k, i.e.

11:4:7 (k=5 _@cays

fOx) = 2(-1)% =

Then,

f (k+1) x) = dd_x f (k) (x)

é(c;‘r:”()efz:tjre%.(_%)(_%)(_%)X—WZ _ 2(_1)k—1 1-4.7. 3k Bk —5) ' |:—(3|;— 2)] X—[(3k—2)/3]—1
,1.3.5...2n—3) _ ktp-11-4-7---- Gk=5BK+1D —5] k1213
(n) _ (_1\n—1 (2n-1)/2 — 2(— .
fW(x) = (-1 o X n=2. =2(-1 3kt 1) X
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Thus, the formula is also true far = k + 1. Hence, it is
true forn > 2 by induction.

f (X) = cogax)
f/(x) = —asin(ax)
f7(x) = —a? cogax)
£(x) = a°sin(ax)
f@(x) = a*cogax) = a*f (x)
It follows that f ™ (x) = a*f "4 (x) for n > 4, and
a"cogax) if n=4k
My ) —a"sin@@x) ifn=4k+1 ,
P00 = —a"coqax) if n=4k+2 k=012 ..)
a" sin(ax) if n=4k+3
Differentiating any of these four formulas produces the
one for the next higher value @f, so induction confirms
the overall formula.
f (X) = x cosx
f/(X) = cosx — xsinx
f”(x) = —2sinx — X cosx
f”(x) = —3c0osx + X sinx
f @ (x) = 4sinx + x cosx
This suggests the formula (fe=0, 1, 2, ...)
Nsinx + X Cosx if n=4k
£ (x) = ncosx —xsinx  if n=4k+1
~ ]| —nsinx —xcosx if n=4k+ 2
—ncosx + xsinx if n=4k+3
Differentiating any of these four formulas produces the
one for the next higher value of, so induction confirms
the overall formula.
f (X) = x sin(ax)
f/(x) = sin(ax) + ax cogax)
f”(x) = 2acogax) — ax sin(ax)
f7(x) = —3a? sin(ax) — ax cogax)
£4(x) = —4a® cogax) + a*x sin(ax)
This suggests the formula
—na""lcogax) + a"xsin(ax) if n =4k
£ (x) = na"lsin(ax) + a"xcogax) if n=4k+1
na"lcogax) — a"xsin(ax) if n=4k+2
—na"1sin(ax) — a"xcogax) if n=4k+3
fork =0, 1, 2, .... Differentiating any of these four
formulas produces the one for the next higher value,of
so induction confirms the overall formula.
1 d
f(x) = m = |x|‘1. Recall that&|x| = sgnx, SO

f/(x) = —|x|~%sgnx.

60
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If x # 0 we have

d
dngnx and (sgnx)

Thus we can calculate successive derivatived afsing
the product rule where necessary, but will get only one
nonzero term in each case:

f7(x) = 2|x|~3(sgnx)? = 2|x| 3
£®(x) = —31x|*sgnx
@ (x) = 41x|75.

The pattern suggests that

if nis odd

£ (x) = —n!|x|~MDsgnx
if nis even

n!|x|~(+D

Differentiating this formula leads to the same formula
with n replaced byn + 1 so the formula is valid for all
n > 1 by induction.

f(x)=v1I—-3x=(1-3x)2
00 = 2(-3)1 - 32

2

" _1 _1 _§ _ 31 _ —5/2
f (X)—2< 2)( 2)( 3)°(1-3x)

Wy (1 _§><_§>_ 401 _ ay7/2
¢ (x)_2< 2)( 2)(-3) 3fa-39

1x3x5x--- 2n —3
Guess: f(M(x) = =2 2X 2% x ( )3“

2I"I
(1—3x)"=D/2 (y)
Proof: (*) is valid forn = 2, 3,4, (but notn = 1)
Assume (*) holds fom = k for some integek > 2
e, 10 (x) = ~1x3x 5><él.(. X (2k—3)3k
(1 _ 3X)—(2k—l)/2

Then f®D(x) = _1x3x 5Xél'<' X (k= 3) 4

(_ 2(|<2— 1)) (1— 3~ @-D/2-1(_3)

1x3x5x --.(2(k+1)—1)
= k+1
(1 — 3x)~@+D-1/2
Thus (*) holds forn = k + 1 if it holds for n = k.
Therefore, (*) holds fom = 2, 3, 4, ... by induction.

P00 = = (—%) (=321 - 30?2

3k+1

24. If y=tankx), theny = kse&(kx) and

y” = 2k?sec?(kx)tan(kx)
= 2k?(1 + tarf(kx)) tan(kx) = 2k?y(1 + y?).
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If y=seckx), theny’ = ksedkx) tan(kx) and

y" = k?(se@(kx) tarf (kx) + sec(kx))
= K?y(2seé(kx) — 1) = k?y(2y? — 1).

To be proved: iff (x) = sin(ax + b), then

if n=2k

_1\kan qj
f(n)(x)z{( 1)*a" sin(ax + b) 1

(=Dka" cogax + b)

fork=0, 1, 2, ... Proof: The formula works fok =0
mM=2x0=0andn=2x0+1=1):

fOx) = f(x) = (=1)%°sin(ax + b) = sin(ax + b)
fD(x) = f/(x) = (—~1)%al cogax + b) = acogax + b)

Now assume the formula holds for sorke> 0.
If n=2(k+ 1), then

d d
f(n) (X) — & f (n—-1) (X) — & f (2k+1) (X)
= dd_x ((—1)ka2k+1 cogax + b))
= (-1)*1a®*2 sin(ax + b)

and ifn=2k+1) + 1= 2k + 3, then

f™(x) = dd_x ((—1)"+1a2k+2 sin(ax + b)

= (—1)**1aZ+3 cogax + b).

Thus the formula also holds fdr+ 1. Therefore it holds
for all positive integersk by induction.

If y=tanx, then
y =se€x=1+tarfx =1+ y?= Py(y),

where P, is a polynomial of degree 2. Assume that
y™ = P,,1(y) where Po,1 is a polynomial of degree
n+ 1. The derivative of any polynomial is a polynomial
of one lower degree, so

d d
YT = = Pra) = Pay) gy = Pa)(A+Y?) = Pasay),

dx

a polynomial of degre@ + 2. By induction,
(d/dx)"tanx = Phy1(tanx), a polynomial of degree
n+1in tanx.

(fg)// — (f/g_"_ fg/) — f//g+ f/g/_"_ f/g/_"_ fg//
— f//g_"_zf/g/_"_ fg//

29.
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d "
(fg® = - (fg)
d
— &[f//g_i_zf/g/_i_ fg//]
— f(S)g+ f//g/+2f//g/+2f/g//+ f/g//+ fg(S)
— f(3)g+3f//g/+3f/g//+ fg(S)

d
(fg)@ = &(fg)@)
d
= &[f(e’)g+3f”g/+3f’g”+ fg®
— f(4)g+ f(3)g/+3f(3)g/+3f//g//+3f//g//

+3f'g® + 1/g® + fg@¥
= f@g+4fOg +6f"g" +41'g® + g9,

|
fog)M = (M f(n=1dad n f (=2
(fg) g+nf(n )9+2!(n_2)! g
n! f-3g® L ... £ nfign-D 1 fgm

TG

nt
" g
k; K —K)! g

Section 2.7 Using Differentials and Deriva-
tives (page 136)

1 0.01

Ay ~dy = —-= dx = — 2 = —0.0025.

If x = 2.01, theny ~ 0.5 = 0.0025= 0.4975.
3d 3
Af(X) ~ df (x) = X _ 2008 =006

2J3x+1 4
f(1.08) ~ f(1) + 0.06 = 2.06.

t 1 1
Ah(t) ~ dh(t) = —%sin% dt — %(1)E -

1 1 1 40

1 s 1
Au~du = = se@ (—) ds = 5(2)(~0.04) = —0.04.
If s=x —0.06, thenu~1-0.04~ 0.96.

If y = x2, thenAy ~ dy = 2xdx. If dx = (2/100)x,
then Ay ~ (4/100x2 = (4/100)y, soy increases by
about 4%.

If y = 1/x,thenAy ~ dy = (—=1/x%)dx. If
dx = (2/100)x, then Ay ~ (-2/100)/x = (—2/100)y, so
y decreases by about 2%.

If y = 1/x2 thenAy ~ dy = (-2/x%)dx. If
dx = (2/100)x, then Ay ~ (—4/100)/x2 = (—4/100)y,
soy decreases by about 4%.

If y = x3, thenAy ~ dy = 3x2dx. If dx = (2/100)x,
then Ay ~ (6/100x3 = (6/100)y, soy increases by
about 6%.
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If y = X%, thendy ~ dy = (1/2/x)dx. If
Ax = (2/100)x, then Ay ~ (1/100/X = (1/100)y,
S0y increases by about 1%.

If y=x"23 thenAy~dy = (—=2/3)x>3dx. If
dx = (2/100)x, then Ay ~ (—4/300x%3 = (—4/300)y,
so y decreases by about 1.33%.

If V = 3ar3 thenAV ~ dV = 4zr2dr. If r increases
by 2%, thendr = 2r /100 andAV = 8zr3/100. There-
fore AV/V =~ 6/100. The volume increases by about
6%.

If V is the volume an is the edge length of the
cube thenV = x3. ThusAV ~ dV = 3xZAx. If

AV = —(6/100V, then—6x3/100 ~ 3x2dx, so

dx ~ —(2/100x. The edge of the cube decreases by
about 2%.

Rate change of Are& with respect to sides, where

A=¢52 is ?j—': = 2s. Whens = 4 ft, the area is changing

at rate 8 fR/ft.

If A = s2 thens = /A andds/dA = 1/(2VA).
If A = 16 n?, then the side is changing at rate
ds/dA = 1/8 m/n?.

The diameterD and areaA of a circle are related by

D = 2,/A/x. The rate of change of diameter with re-
spect to area isD/dA = /1/(z A) units per square
unit.

Since A = = D?/4, the rate of change of area with re-
spect to diameter idA/dD = 7 D/2 square units per
unit.

4 . .
Rate of change o¥/ = §7rr3 with respect to radius is
dv

a s 4zr2. Whenr = 2 m, this rate of change is 6

m3/m.
Let A be the area of a squarg,be its side length and
be its diagonal. Then, 2 = s? + s = 252 and

dA
A=¢g?= %Lz, S0 i = L. Thus, the rate of change of
the area of a square with respect to its diagdnas L.

If the radius of the circle is thenC = 2zr and
A=rxr2
A
ThusC = 2”\/j =27 VA
T
Rate of change o€ with respect toA is
dCc  Jz 1
dA~ JA '
Let s be the side length and be the volume of a cube.
ds
ThenV =s® = s = VY3 and — = V%3 Hence,

the rate of change of the side length of a cube with re-
spect to its volumeV is 3V ~%3,
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21. Volume in tank isV (t) = 35020 — t)2 L at t min.

a) Att =5, water volume is changing at rate

dv
—| =-70020—t
at 0( )

t=5

= —10, 500
t=5

Water is draining out at 10,500 L/min at that time.
At t = 15, water volume is changing at rate

dv

——| =-70020-t
at 0( )

t=15

= —3,500
t=15

Water is draining out at 3,500 L/min at that time.

b) Average rate of change betwetn- 5 andt = 15 is

V(15 — V(5) _ 350x (25— 225 — _7.000
15-5 10

The average rate of draining is 7,000 L/min over that
interval.

22. Flow rateF = kr#, so AF ~ 4kr3 Ar. If AF = F/10,
then

o F ket
T a0kr3 T 40k
The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. F =k/r? implies thatdF/dr = —2k/r3. Since
dF/dr = 1 pound/mi whenr = 4,000 mi, we have
2k = 4,000°. If r = 8,000, we have
dF/dr = —(4,000/8,000° = —1/8. Atr = 8,000
mi F decreases with respect toat a rate of 1/8
pounds/mi.

Ar = 0.025.

24. |If price = $p, then revenue is B = 4, 000p — 10p2.
a) Sensitivity of R to p is dR/dp = 4, 000— 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$,
0 $/$, and—2, 000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

25. Costis £(x) = 8,000+ 400x — 0.5x2 if x units are
manufactured.

a) Marginal cost ifx = 100 is
C’(100 = 400— 100 = $300.

b) C(101) — C(100) = 43,29950 — 43,000 = $29950
which is approximatelyC’(100).

26. Daily profit if production isx sheets per day isFx)
where
P(x) = 8x — 0.005x% — 1, 000.

a) Marginal profitP’(x) = 8 — 0.01x. This is positive
if X <800 and negative ik > 800.

b) To maximize daily profit, production should be 800
sheets/day.
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80, 000 n?
C = 2 4n R
TN 100

n
dc 80, 000 4 n

an - e +4+ 50’
dC .
(& n = 100 an = —2. Thus, the marginal cost of
production is—$2.

dC 82
(b) n = 300, an=9 ~ 9.11. Thus, the marginal cost

of production is approximately $9.11.
2
X

Daily profit P = 13x — Cx = 13x — 10x — 20— 1000

2
—3x 20—

Graph of P is a parabola opening downward® will be

maximum where the slope is zero:

_dP _ 2X
Tdx 1000

Should extract 1500 tonnes of ore per day to maximize
profit.

0 so x = 1500

One of the components comprisi@yx) is usually a

fixed cost, %, for setting up the manufacturing opera-
tion. On a per item basis, this fixed coss&, decreases
as the numbek of items produced increases, especially
when x is small. However, for large other components
of the total cost may increase on a per unit basis, for
instance labour costs when overtime is required or main-

tenance costs for machinery when it is over used.

cto

Let the average cost bA(x) = . The minimal av-

erage cost occurs at point where the graphA@f) has a
horizontal tangent:

_dA _ xC'(x) — C(x)

0_ R
dx x2

Hence,xC'(x) —C(x) = 0= C'(x) = = AX).

Thus the marginal cosE’(x) equals the average cost at
the minimizing value ofx.

C(x)
X

If y=Cp™", then the elasticity ofy is
pdy p

ydp  Cp~'

(-ncpt=r.

Section 2.8 The Mean-Value Theorem
(page 143)

f(x)=x% f'(x)=2x
b2—a2 f(b)— f(a)
b+a= b-a b-a
=f'(c)=2c :>c=b¥1

SECTION 2.8 (PAGE 143)

If f(x)= % and f'(x) = _X_lz then

fQ-f1 1 11
-1 2 1T 27 e~

wherec = +/2 lies between 1 and 2.

fx)=x3-3x+1, f'x)=3x2—3,a=-2,b=2
fo)— f@) f(2)— f(-2)

b—a 4
_8-6+1-(-8+6+1)
- 4
4
:—:1
1 _ 2 _ 4
f'(c) =3¢ -3

2
302—3=lz>302=4:>c=i—3
(Both points will be in(—2, 2).)

If f(x) = cosx + (x2/2), then f’(x) = x — sinx > 0
forx > 0. By the MVT,ifx > 0, then

f(x) — f(0) = f’(c)(x — 0) for somec > 0, so
f(x) > f(0) = 1. Thus cox + (x?/2) > 1 and
cosx > 1— (x2/2) for x > 0. Since both sides of
the inequality are even functions, it must hold for< O
as well.

Let f(x) =tanx. If 0 < x < n/2, then by the MVT
f(x) — f(0) = f'(c)(x — 0) for somec in (0, = /2).
Thus tarx = xse@c > x, sincesecc > 1.

Let f(X) = (L+x)" —1—rx wherer > 1.

Then f'(x) =r(1+x)""1 —r.

If —1<x <0 thenf’(x) <0;if x > 0, then f’(x) > 0.
Thus f(x) > f(O)=0if —1<x <0orx>0.
Thus(1+x)" > 1+rxif —1<x <0orx > 0.

Let f(x) = (1+ x)" where O<r < 1. Thus,
f/(x) = r(1 + x)'~1. By the Mean-Value Theorem, for
X > —1, andx # 0,

f(x) — f(0)
x—0
R 1-x" -1
X

= f'(c)

=r(l+c?

for somec between 0 an&. Thus,
QA+x)" =1+rx(L+of L
If —1<x <0, thenc<0and O<1+c < 1. Hence

A+c)t>1
rx(L+c) 1 <rx

(sincer —1 < 0),
(sincex < 0).
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Hence,(1+ x)" < 1+rxX.
If x > 0, then
c>0
l1+c>1
1+c)t<1
rx(1+c) 1t <rx.

Hence,(1+ x)" < 1+rx in this case also.
Hence,(1+X)" < 1+rx for either—1 < x <0 orx > 0.

If f(x) = x3 —12x + 1, thenf’'(x) = 3(x? — 4).

The critical points off arex = £2. f is increasing on
(—o00, —2) and (2, o0) where f’(x) > 0, and is decreas-
ing on (-2, 2) where f’(x) < 0.

If f(x) =x2— 4, thenf’(x) = 2x. The critical point of
f isx =0. f is increasing on0, co) and decreasing on
(=00, 0).

If y=1—x—x5 theny = —1—-5x% < 0 for all x. Thus
y has no critical points and is decreasing on the whole
real line.

If y = x3+6x2 theny = 3x2 + 12x = 3X(x + 4).
The critical points ofy arex = 0 andx = —4. y is
increasing on(—oo, —4) and (0, co) wherey’ > 0, and is
decreasing or{—4, 0) wherey’ < 0.

If f(x) =x%2+2x+2thenf/(x) = 2x +2 = 2(x + 1).
Evidently, f'(x) > 0if x > —1 and f’(x) < 0 if x < —1.
Therefore, f is increasing on—1, co) and decreasing on
(—o0, —1).

fx)=x3—4x+1

f'(x) =3x2 -4 X

f'(x) > 0 if |x| > ?

f'(x) <0 if |X|<f§ , ,

f is increasing on(—oo, _ﬁ) and(ﬁ, 00).
f is decreasing om—%, %).

If f(x) = x3+4x+ 1, thenf’(x) = 3x2 + 4. Since
f’(x) > 0 for all realx, hencef (x) is increasing on the
whole real line, i.e., or(—oo, o).

f(x) = (x2 —4)2

f/(X) = 2x2(x2 — 4) = 4x(X — 2)(X + 2)
f'(x) >0if x>20r-2<x<0
f'(x) <0ifx<—-20r0<x <2

f is increasing on—2, 0) and (2, c0).

f is decreasing ofi—oco, —2) and (0, 2).

1 —2X
If f = ——— thenf'(X) = —/——.
0= 1 oen 0 (X2 +1)?
f'(x) > 0if x <0 andf’/(x) <0 if x > 0. Therefore,f
is increasing on—oo, 0) and decreasing ofD, co).

Evidently,
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f(x) =x3(5—x)?
f/(x) = 3x%(5 — x)% + 2x3(5 — x)(—1)
= x2(5 — X)(15 — 5%)
=5x%(5 - x)(3= X)
f’(x) >0if x <0,0<x <3,0rx>5
f'(x) <0if3<x<5
f is increasing on—o0, 3) and (5, c0).
f is decreasing 013, 5).

If f(X) = x — 2sinx, thenf’(x) = 1—2cosx = 0 at
X=+r/3+2nzforn=0,+1,+2,....

f is decreasing olt—=z /3 + 2nz, = + 2nx).

f is increasing onz /3 + 2nz, —z /3 + 2(n + L)x) for
integersn.

If f(x) =x+sinx, then f’(x) =1+ cosx >0
f/(x) = 0 only at isolated pointx = +z, +3x, ....
Hence f is increasing everywhere.

If f(X) = x+ 2sinx, thenf’(x) = 1+ 2cosx > 0
if cosx > —1/2. Thus f is increasing on the intervals
(=(4x/3) + 2nz, (47 /3) + 2nx) wheren is any integer.

f(x) = x3 is increasing on(—oo, 0) and (0, co) because
f/(x) = 3x2 > 0 there. Butf(xy) < f(0) =0 < f(x2)
wheneverx; < 0 < Xp, so f is also increasing on inter-
vals containing the origin.

There is no guarantee that the MVT applications for
and g yield the samec.

CPsx = 0.535898 andx = 7.464102
CPsx = —1.366025 andx = 0.366025
CPsx = —0.518784 andx =0

CP x = 0.521350

If X3 <X2 <...< X belong tol, and f(x;) =0,
(1 <i < n), then there existy; in (X, Xj+1) such that
f'(yi)=0,(1<i <n-—1) by MVT.

For x # 0, we havef’/(x) = 2xsin(1/x) — cog1/x)
which has no limit ax — 0. However,

f/(0) = limp_o f(h)/h = limp_ohsin(l/h) = 0
does exist even thoughi’ cannot be continuous at 0.

If f’ exists on &, b] and f'(a) # f'(b), let us assume,
without loss of generality, that’(a) > k > f/(b). If

gx) = f(x) — kx on [a, b], theng is continuous on

[a, b] becausef, having a derivative, must be contin-
uous there. By the Max-Min Theorerg, must have a
maximum value (and a minimum value) on that interval.
Suppose the maximum value occurscatSinceg’(a) > 0
we must havee > a; sinceg’(b) < 0 we must have

¢ < b. By Theorem 14, we must hayg(c) = 0 and so
f’(c) = k. Thus f’ takes on the (arbitrary) intermediate

valuek.
f(x) = { X+ 2x?sin(1/x) if x #0
0 if x=0.
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a) f'(0) =A@0w

h
2 -

— lim h + 2h<sin(1/h)
h—0 h

= rI1im0(1 + 2hsin(1/h) =1,
becausd2hsin(1/h)| < 2lh| - 0 ash — 0.
b) Forx # 0, we have

f/(x) = 1+ 4xsin(1/x) — 2 cog1/x).

There are numbers arbitrarily close to 0 where
f’(x) = —1; namely, the numbers = +1/(2nx),
wheren =1, 2, 3,.... Since f/(x) is continuous at
everyx # 0, it is negative in a small interval about
every such number. Thug cannot be increasing on
any interval containing« = 0.

31. Leta, b, andc be three points il where f vanishes;
thatis, f(a) = f(b) = f(c) = 0. Supposaa < b < c.
By the Mean-Value Theorem, there exist pointf
(a,b) ands in (b, ¢) such thatf’(r) = f’(s) = 0. By
the Mean-Value Theorem applied fd on [r, s], there
is some point in (r, s) (and therefore in) such that
f”(t) =0.

32. If ™ exists on interval and f vanishes an + 1 dis-
tinct points ofl, then f ™ vanishes at at least one point
of I.

Proof: True forn = 2 by Exercise 8.

Assume true fom = k. (Induction hypothesis)
Supposen = k+ 1, i.e., f vanishes ak + 2 points of |
and f&+D exists.

By Exercise 7,f’ vanishes ak + 1 points ofl.

By the induction hypothesist &1 = (/)& vanishes at
a point of | so the statement is true for=k + 1.
Therefore the statement is true for alk> 2 by induction.
(casen =1 is just MVT.)

33. Giventhatf(0) = f(1) =0 and f(2) = 1:
a) By MVT,
f-fO0 1-0 1

f'(a) = -
@ 2-0 2-0 2

for somea in (0, 2).
b) By MVT, for somer in (0, 1),

f()— f0 0-0
o= (i—o()zl—ozo'

Also, for somes in (1, 2),

f@—-f(1) 1-0
o= (:)2—1()22—121'

SECTION 2.9 (PAGE 148)

Then, by MVT applied tof’ on the interval I, s],
for someb in (r, s),

f'9)—f'r) 1-0

f//b: —
® s—r S—r

=—>
S—r

NI =

sinces—r < 2.

c) Since f”(x) exists on [02], therefore f’(x) is con-
tinuous there. Sincd’(r) = 0 and f’(s) = 1, and

since 0 < % < 1, the Intermediate-Value Theorem

assures us that’(c) = % for somec betweenr and
S.

Section 2.9 Implicit Differentiation
(page 148)

Xy—x+2y=1
Differentiate with respect ta:
y+xy —1+2y' =0
-y
Thusy = —=
y 2+ X
+ydi=1
2 2y, / X2
33X+ 3y“y' =0, soy =—F.
X2 +xy=y3
Differentiate with respect ta:
22X+ Yy +xy = 3y%y
,_ 2X+y
T 3y2 —x

x3y +xy®? =2
3x%y + x3y' 4 y° + 5xy?y’ =0
—3x%y —y°

A
y= x3 + Bxy4

x2y3=2x —y
2xy3 + 3x2y2y =2y
2 — 2xy®

L
Y =3&y711

X2 +4y—-12=4
2x+8(y—1y =0, soy =

X
41-vy)

X—y X2 X2 +y
Xx+y y
Thusxy — y2 = x3+ X2y + xy+Yy2, or x3+x2y+2y2 =0
Differentiate with respect ta:
3x% 4+ 2xy + X%y + 4yy’ =0

3x2 + 2xy

X2 + 4y

/
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XJX+Yy=8-xy
A+y)=-y—xy

VIFY X5
2x+y) +x(1+Y) = —-2XF y(y + xy’)
. X+ 2y + 2y X Ty

B X+ 2X/X Ty
2x24+3y2=5
4x +6yy' =0 5

At (L 1): 4+6y =0,y =3

2
Tangent line:y — 1 = _§(X —Dor2x+3y=5

X2y3 _ X3y2 =12

2xy2 4 3x2y2y’ — 3x2y? — 2x3yy' = 0

At (—1,2): —16+ 12y’ — 12+ 4y’ = 0, so the slope is
_12+16 28 7

12+4 16 4

Thus, the equation of the tangent line is

y= 2+4(x+1) or 7x —4y+15=0.

X Y3
vyt (3) =2
x4+ y4 = 2x3y

4x3 + 4y3y’ = 6x2y + 2x3y/
at(—-1,-1): —4—-4y' = -6-2y

2y =2,y =1

Tangent line:y+1=1(x+ 1) ory = X.

!

y2
X+2y+1= 11
(x — 12yy’ — y*(1)

(x—1)2
At (2, -1) we have 12y’ = -2y’ —1soy = —3.
Thus, the equatlon of the tangent is
y_—l——(x 2),orx+2y=0.

1+2y =

2X +y — +/2sinxy) = 7/2

2+y —2cogxy)(y +xy) =0

At (/4,1 24+ Yy — 1+ (z/4y) = 0,s0
y' = —4/(4— ). The tangent has equation

tan(xy?) = (2/z)xy

(sec(xy?))(y? + 2xyy') = (2/m)(y + xy).

At (-, 1/2): 2((1/4) —zy)= (/) — 2y, so

y = (& —2)/(4n(x — 1)). The tangent has equation

74( )(X+7r)

66

15.

16.

17.

18.

19.

20.

ADAMS and ESSEX: CALCULUS 8

xsin(xy —y?) =x2 -1

sin(xy — y2) + x(cosxy — yA))(y + Xy’ — 2yy’) = 2x.

At (1,1): 0+(D(QD)(A-Y) =2, soy = —1. The tangent
has equatiory =1— (x — 1), ory =2 — x.

- s.n< : )] D 20
At (3,1): —? w =6-9y,

soy = (108 — +/37)/(162 — 3/3x). The tangent has
equation

108— /3
y=1+_——~-—Kx-3).
162— 331
Xy=X+y
y—1
/ — 1 / / —
y+xy =14y =y =1—
y/ + y/ + xy// — y//
1! 2y/ 2(y_ l)
Therefore,y” = Tox = T-%7?
X2 +4y? = 4,X 2Xx+8yy' =0, 2+8(y)2+8yy’=0
Thus,y’ = — and
us,y 2y an
s, —2-8(y)? 1 x2  —4y?-x2 1
y = 8y T T4y 16y3 T 16y3 | 4y3
x3—y2+y3=x
1—3x?
2 _ 2vy + 3 2y — 1 / _
X yy + 3y°y =Yy = 3y2 2y
6x — 2(y')* — 2yy” + 6y(y)? + 3y?y’ = ps
1-3
"2 (2-6 )%
v _ 2-6y)(y)” —6x _ By- —2y)
3y2 -2y 3y2 -2y
_ (2-6y)(1—3x?)? 6x
o @By2-2y)8 3y2 -2y
—3Xy+y3 =1
3x? —3y —3xy’ +3y%y' =0
6X — 3y/ _ 3y/ _ 3xy” 4 Gy(y/)Z + 3y2y// =0
Thus
’_ y— X2
=%
g = 2 2y’ —2y(y)?
= 7
2
2 y —x2 y —x2
“yrs o () () ]
y2 — X y2 — X y2 — X
2 -2xy |1 My
Sy -xLy2-x2] (x—y)¥
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2, 2 _ g2

2x+2yy =0sox+yy =0andy = —3

1+y'y +yy’=0so0

www.konkur.in

x2
1 -
y' = 1+y? Ty
y y
y2 + x2 a2
Ax?+By?=C
2AX+2Byy =0= y = ——
+ 2Byy =Yy By
2A+2B(y')? + 2Byy” = 0.
Thus,
AX 2
) -A-B
/7 —-A B(y )2 — ( By)
By By
—A(BYy? + Ax?) AC
= B2y3 T T B%y3

Maple gives 0 for the value.

SECTION 2.9 (PAGE 148)

2 2
Similarly, the slope of the hyperbol%E — é =1at
(X, y) satisfies

2x 2y ] . B%
2 g) = ory = oy

If the point (x, y) is an intersection of the two curves,

then

2 2

x2 vy x2 y
2 e B

(1 1\ /1 1
“\m—z)=V \etie)

x2 b?+ B%2 A%a?
Thus, —- = —5—— - PORRYE
sz2 — AZ
Sinceéa\2 b2 = 82 thereforeB? + b? = a? — A?,
X A2a?

and V2 = B2 Thus, the product of the slope of the
two curves aft(x, y) is

b’x B _ b’B? A%A®

a2y A2y  a?A?2 B2 7

Therefore, the curves intersect at right angles.

29. If z=tan(x/2), then
24. Maple gives the slope 206 1 d 1 R(x/2) d 1+722 ¢
. . t
55 1=s5e(x/2) 5 x _lrtarx/2 dx 1427 dx
2 dz 2 dz
25. Maple gives the value-26.
Thusdx/dz = 2/(1 + Z3). Also
855 000
26. Maple gives the value- 37i 293" 2 2
=2 2)—1=—5— —
COSX cos (X/2) 5e8(x/2)
27. Ellipse:x?+2y?> =2 2 1-7
2x+4yy' =0 T 1+z22 T 1422
N . . 2tan(x/2) 2z
Slope of ellipse:yg = —— =2 2 2) = = .
p pse.ye 2y sinx sin(x/2) cogx/2) Ttfx2 12
Hyperbola: %% — 2y? =1
4x—4yy'=0 X—y X 2 2 2
Slopeofhyperbola:y;_|=5 30. X+y=§+1©xy—y =X"+Xy+Xxy+y
- - o x2y2y2=2 & x2+2y°+xy=0
At intersection pomts{ o2 2 Differentiate with respect ta:
Xc—2yc=1
x> =3s0x?=1,y?=Z , , , 2x +
X X y 2 2X+4yy +y+xy =0 = y:——y.
X X x2 4y + x
TRUSYEYH =~y = 52 =~
Therefore the curves intersect at right angles. However, sincex” + 2y + xy = 0 can be written
1o 72 Yo T 2_
28. The slope of the elllpse— + % =1 is found from XEXy+ gyt gy = 0, or (x+ E) T = 0
the only solution isx = 0, y = 0, and these values do not
2X 2yy’ _ ey = _& satisfy the original equation. There are no points on the
b2 0. le. a2y’ given curve.
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Section 2.10 Antiderivatives and Initial-Value
Problems (page 154)

dex:5x+C
fxzdx:%xg’—kc
2 3
12 1,13
fx dx:1—3x +C

1

3 4
x°dx = =x C
f 4 *

2
X .
(X 4+ cosx) dx = > +sinx+C

ftanx cosx dx = fsinx dx = —cosx+C

co X

1+ cos
f 20X iy = f(seé X4c0osx) dx = tanx+sinx+C

f(az—xz)dx=a2x—%x3+c

B C
/(A+ Bx+Cx2)dx=Ax+Ex2+§x3+K

4 9
f(2X1/2 +3xY3dx = §X3/2+ ZX4/3+C

6(x — 1) ~1/3 —4/3
/de=f(6x 73 _ 6x~4/3) dx

=ox¥3t1ex 3 4 C
x3 X2 1 1 1
— - x—1)dx==x*-x3+Zx>—x+C
f(s 2 ' ) 12 6¢ 12 +

105[(1+t2+t4+t6)dt

=105t + 33+ it° + 2ty + C
= 105 + 35t% + 21t° + 157 + C

fcos(Zx) dx = % sin(2x) + C
fsin(g) dx = -2 cos(%) +C

f dx 1 LC
14+x2 " 14x

fsec{l—x)tan(l—x)dx: —seql—-x)+C

1
f«/2x +3dx = Z(2x + 3¥24C
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d 1
Since —v/X+1= , therefore
dx 2VX +1
4
———dx=8/x+1+C.
[ o=V

/ 2x sin(x?) dx = —cogx?) + C

d X
Since —+v/x2 + 1= ———, therefore
dx /x2 + 1

2
f X dx =2v/x2+14C.

X241

/tanzxdx=f(se@x—1)dx=tanx—x+c

1 1
/sinx cosxdx = / > sin(2x) dx = ~2 cog2x) +C

[ 1+ cog2x) _ X sin(2x)
/co§xdx_/ > dx_2 7 +C
. [ 1-co92x) _ X sin2x)
/smzxdx_f 5 dx_2 7 +C

1
{y/zx—Z :>y=—X2—2X+C
y(0) =3 = 3 =0+ C thereforeC =3
1
Thusy = Ex2—2x+3for all x.

Given that
{ y/ — X—Z _ X—S

theny = /(x‘2 —x¥)dx=-x"t+3x2+C

and 0= y(-1) = —(-) '+ 3(-)2+CsoC=—3.
1 1 3 o .
Hence,y(x) = —Xt32" 3 which is valid on the
interval (—oo, 0).
y=3/Xx = y=2x%4cC
y4=1= 1=16+CsoC=-15
Thusy = 2x32 — 15 for x > 0.

Given that
{ y = x1/3
y(0) =5,

theny = [ x¥3dx = 3x*3 4+ C and 5= y(0) = C.
Hence,y(x) = 2x#3 + 5 which is valid on the whole real
line.

Sincey’ = Ax? 4+ Bx + C we have

A B
y= §x3 + Exz + Cx + D. Sincey(1) = 1, therefore

A B
1=y =5 +5+C+D. ThusD =1- 2 — = — C,
and

A 5 B ,
y=§(x —1)+5(x —1)+C(x—1)+1 for all x
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Given that P theny’ = /x—4 dx = —ix3+C.
{ y(1) = —4, Since 2= y'(1) = —3 + C, thereforeC = ,

andy’ = —3x=3+ L. Thus
theny = fX‘gﬂdx = _Ix?%4cC.

Also, -4 = y(1) = —% + C,soC = —%. Hence, y = / _% dx_% 2,7 x+ D,
y = —4x~2/7 — %, which is valid in the interval0, oo).

y = cosx — _1 _3
For , we have and 1=y(1) = 5+ 3 + D, so thatD = —3. Hence,
y(x/6) =2 y(x) = x72 + Ix — 3, which is valid in the interval
(0, 00).

y:fcosxdx:sinerC

4

1
2:sin%+C:}+C = C:3 39. Sincey” = x3 — 1, thereforey’ = Zx* — x + C.

2 2
) 3 Sincey’(0) = 0, therefore 0= 0 — 0 + C3, and
y =sinXx + = (for all x). , 1,
2 y =-x"—x.
4 1 1
Y = sin(2x) Thusy = —x° — =x? + C».
For , we have . 20 2
y(z/2)=1 Sincey(0) = 8, we have 80— 0+ C».

5

Hencey = —x° — =x? + 8 for all x.
1
y= fsin(Zx) dx = —3 cog2x) +C 20 2
1 1 1 40. Given that

1 = —3 C = = C C = = "

) 5 CosT + > + = > J = 5x2 — 312
y==(1-cog2x) (for all x). y()=2

2 ) y1) =0,

For Iy/ =seCX o have we havey’ = f —3xY2dx = 3x3 —ex¥2 4 C.

yo=1 "~

19
Also, 2= y'(1) = 2 — 6+ C so thatC = 3 Thus,

y=/se(,2xdx = tanx + C
y =35x3—6x¥2+ 2, and

l1=tan0+C=C — C=1
y=tanx+1 (for —z/2 < X < 7 /2). /
y:

5X3_6X1/2+1_39) dx = 5x4

ox*—4x32 4 ¥x +D.

/
For { y _se@x’ we have

y(@)=1 , 19 1
Finally, 0 = y(l) = 12 -4+ 3 + D so thatD = — 3.

_ 5,4 32 u
y = /se(?xdx =tanx +C Hence,y(x) = — 4x%/ 3 a

l=tanr +C=C = C=1
y=tanx +1 (for /2 < x < 3r/2).

y” = cosx

41. For [ y(0) =0 we have
Yy =1

Sincey” = 2, thereforey’ = 2x + Cj.

Sincey’(0) = 5, therefore 5= 0+ C1, andy’ = 2x + 5.

L L
Thusy = x? + 5x + Cp. y _/COSde_S'nX+C1

Sincey(0) = —3, therefore—3 = 0+ 0+ Cp, and 1=sin0+C; = Cp=1
Cyr=-3.
Finally, y = x2 + 5x — 3, for all x. y= /(sinx +1)dx = —cosx+x+ Cp
Given that , . 0=-c0s0+0+C; = Cp=1
y =X — _
V(1) =2 y =1+ X — CcOsX.

y@ =1,
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Yy’ = X + sinx
For { y(0) =2 we have
y'(© =0

2
y/:/(x—ksinx)dx:%—cosx—kcl

0=0—-cos0+C; = Ci1=1

x2 x3
y:/(;—costrl) dx:E—sinererCz
2=0-sin0+0+C;, = Cy=2
3
y:E—sinx+X+2.

B B 2B
Lety = AXx+ —. Theny = A— —, andy’ = —..
y + X y x2 y x3

Thus, for allx # 0,

2B B B
2.,/ /

X Xy —y="A4 AX—— —AX—— =0.
Yy +Xy —y X+ ” ”

We will also havey(1) = 2 andy’(1) = 4 provided

A+B=2 and A-B=4

These equations have solutigh= 3, B = —1, so the
initial value problem has solutiog = 3x — (1/x).

Letry andrz be distinct rational roots of the equation
arr—1)+br+c=0
Let y = Ax" 4+ Bx" x> 0)
Theny = Aryx"2~1 4 Brox2—1,
andy” = Ar1(r1 — 1)x"1=2 4+ Bra(rp — 1)x"272. Thus
ax2y” + bxy’ +cy

= ax?(Ary(ry — )X 72 + Bra(rz — 1)x272

+ bx(Arix™1 4+ Brox"271) + c(AX + Bx"?)

= A(arl(rl -1 +br;+ c)xrl
+ B(ara(ra — 1) + bro + c)xr2
=0x"+0x2=0 (x>0

4x%y" +4xy' —y=0 () =a=4b=4c=-1

y4) =2
y'(4) =-2
Auxilary Equation: 4(r —1)+4r —1=0
42-1=0
1
F=+>
By #31,y = AxY/2 + Bx~¥/2 solves(x) for x > 0.
Now y' = —x~ 12 — B2

Substitute the initial conditions:

B B
2_2A4+ > 1A+
5 = +3

A B B

e S Y S

2" 16 7
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B 7
Hence 9= X soB=18, A= —3

7
Thusy = —Exl/z +18x~12 (for x > 0).
Consider
x2y" —6y =0
ybh =1
y(@ =1

Lety=x", y=rx"1 y"=r(@ —1)x 2. Substituting
these expressions into the differential equation we obtain

X2[r(r —1)x" 2] —6x" =0
[rc -1 —6]x"=0.

Since this equation must hold for all > 0, we must
have

rc—1)-6=0
r2—r—-6=0
r—3)(r+2=0.
There are two rootsr; = —2, andro = 3. Thus the

differential equation has solutions of the form

y = Ax 2+ Bx3. Theny’ = —2Ax~3 + 3Bx2. Since
1=y = A+ B and 1=y’ (1) = —2A + 3B, therefore
A=2ZandB = 3. Hencey=2x2+ 3x°

Section 2.11 Velocity and Acceleration
(page 160)

do

dx
=t? 443, 0=—"=2—-4a=— =2
X + 3,0 at a at

a) particle is moving: to the right far > 2

b) to the left fort < 2

c) particle is always accelerating to the right
d) never accelerating to the left

e) particle is speeding up fdar> 2

f) slowing down fort < 2

g) the acceleration is 2 at all times

h) average velocity over 8t <4 is

X(4) —x(0) 16—16+3—3

= =0
4-0 4
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X=4+5—t2,0p=5-2t,a=—2.

a) The point is moving to the right i > 0, i.e., when

5

b) The point is moving to the left it < 0, i.e., when
t > g
¢) The point is accelerating to the rightaf > 0, but

a = —2 at allt; hence, the point never accelerates to
the right.

d) The point is accelerating to the leftaf < 0, i.e., for
all t.

e) The particle is speeding up if anda have the same
sign, i.e., fort > 3.

f) The particle is slowing down ih anda have oppo-
site sign, i.e., fott < 3.

g) Sincea= -2 at allt, a= -2 att = 3 wheno = 0.

h) The average velocity over [@] is
X4 -x@0 8-4 1

4 4

dx d
X=t3—4t+l,v=a=3t2—4,a=d—lt)=6t

a) particle moving: to the right for < —2/4/3 or
t > 2/4/3,

b) to the left for—2/4/3 <t < 2/4/3
c) particle is accelerating: to the right for- 0
d) to the left fort <0

e) particle is speeding up far > 2/+/3 or for
—2//3<t<0

f) particle is slowing down fot < —2/4/3 or for
0<t<2/V/3

g) velocity is zero at = +2/+4/3. Acceleration at these
times is+12//3.

h) average velocity on [@1] is
£ _4x44+1-1

4-0 =12
ot @+ -m@E) 1-t?
X_t2+1’ - (t2+1)2 - (t2+1)2’
2+ 12(=2t) — A —-tDH(t2+ 1)(2) 2t(t2—13)
a— = .
(t2+1)4 (t2 +1)3

a) The point is moving to the right i > 0, i.e., when
1-t?>0,0or-1<t <1

b) The point is moving to the left it < 0, i.e., when
t<—1lort>1.

¢) The point is accelerating to the rightaf > 0, i.e.,
when 2(t2 — 3) > 0, that is, when

t>+v3or—v/3<t<0.

SECTION 2.11 (PAGE 160)

d) The point is accelerating to the leftdf < 0, i.e., for

t<—+/3o0r0<t <3

e) The particle is speeding upifanda have the same
sign, i.e., fort < —/3, or—1 <t <0 or
1<t <43

f) The particle is slowing down ih anda have oppo-
site sign, i.e., for—v/3 <t < —1,0r0<t < 1 or

t > /3.

2(-2) 1
At=1,a=-22_1
)

h) The average velocity over [@] is
X4 -x(0) -0 1
4 T4 AT

y = 9.8t — 4.9t2 metres { in seconds)
d
velocity v = d—i’ — 98- 98t

accelerationa = g—lt) =-98

The acceleration is.8 m/€ downward at all times.

Ball is at maximum height when =0, i.e., att = 1.

Thus maximum height isl‘t_l = 9.8 —-4.9 =49 metres.
Ball strikes the ground whey = 0, (t > 0), i.e.,
0=t(9.8—49)sot=2.

Velocity att =2 is 98 — 9.8(2) = —9.8 m/s.

Ball strikes the ground travelling at 9.8 m/s (downward).

Given thaty = 100— 2t — 4.9t2, the timet at which
the ball reaches the ground is the positive root of the
equationy = 0, i.e., 100— 2t — 4.9t2 = 0, namely,

‘(— -2+ JAF4(4.9)(100
- 9.8

~ 4318 s

—100
The average velocity of the ball i 318 = —23.16 nys.
Since —23.159=» = —2 — 9.8t, thent ~ 2.159 s,

D=t% D indrgetres,t in seconds
velocity v = e 2t

Aircraft becomes2 8irk(>)%r61e if500
v = 200 km/h= Q =

3600 9 250
Time for aircraft to become airborne is= o s, that
is, about 27 s.

Distance travelled during takeoff run i ~ 7716 me-
tres.

m/s

Let y(t) be the height of the projectile seconds after it
is fired upward from ground level with initial speeg.
Then

y'(t) = —9.8, ¥'(0) = vo, y(0) =0.
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Two antidifferentiations give
y= —4.9t 4+ vot =t(vp — 4.9t).

Since the projectile returns to the groundtat 10 s,
we havey(10) = 0, sovg = 49 m/s. On Mars, the
acceleration of gravity is 3.72 nf/sather than 9.8 mfs
so the height of the projectile would be

y = —1.86t% + vot = t(49 — 1.86t).

The time taken to fall back to ground level on Mars
would bet = 49/1.86~ 26.3 s.

The height of the ball after seconds is

y(t) = —(g/2)t2 + vot m if its initial speed wasig
m/s. Maximum height occurs wherdy/dt = 0, that is,
att = vp/g. Hence

2 2
g vg 0o Vg

h=-=.—= ==
2 g "y T2y

An initial speed of 29 means the maximum height will

be 4)3/29 = 4h. To get a maximum height oftRan

initial speed ofyv/2vq is required.

To get to 31 metres above Mars, the ball would have to
be thrown upward with speed

om = /6gwh = /6gmv3/(29) = v0\/30m /9.

Sincegm = 3.72 andg = 9.80, we haveny ~ 1.067vg
m/s.

If the cliff is h ft high, then the height of the rocksec-
onds after it falls isy = h — 16t2 ft. The rock hits the

ground { = 0) at timet = \/h/16 s. Its speed at that
time isv = —32t = —8vh = —160 ft/s. Thusvh = 20,
and the cliff ish = 400 ft high.

If the cliff is h ft high, then the height of the rock sec-
onds after it is thrown down iy = h—32t —16t2 ft. The
rock hits the groundy= 0) at time

‘(_ —32+4+4/322 + 64h

16+ h s
32 +

= 1+1
- 4

Its speed at that time is
v =-32—32 = -8V16+ h = —160 ft/s

Solving this equation foh gives the height of the cliff as
384 ft.
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Let x(t) be the distance travelled by the train in
thet seconds after the brakes are applied. Since

d2x/dt2 = —1/6 m/€ and since the initial speed is
vp = 60 km/h=100/6 m/s, we have
1, 100

The speed of

the train at timet is v(t) = —(t/6) + (100/6) m/s, so
it takes the train 100 s to come to a stop. In that time it
travelsx(100) = —100°/12 + 100?/6 = 100°/12 ~ 833
metres.

x = At?2 + Bt + C,v» = 2At + B.
The average velocity ovet] to] is
X(t2) — X(t1)
to—11
AtZ+Bt;+C— AtZ — Bty — C
th—11
At -tH) +B(ta—ty)
(t —ta)
Atz +t1)(t2 — t1) + B(t2 — t1)
(to —t1)
At +t1) + B.
The instantaneous velocity at the midpoint of, 2] is

t t t: t
1)(2—; 1>=2A<2—; 1>+B=A(t2+t1)+B.

Hence, the average velocity over the interval is equal to
the instantaneous velocity at the midpoint.

t2 0O<t<?
S=414t-4 2<t<8
—68+20t—t2 8<t<10

Note: s is continuous at 2 and 8 sincé 2 4(2) — 4 and
4(8) — 4= —68+ 160— 64

ds 2t ifo<t<?2
velocityu:d—: 4 if2<t<8
_ t loo-2t ifs<t<10
Since 2 — 4 ast — 2—, therefore,p is continuous at 2

(v(2) =4).

Since 20— 2t — 4 ast — 8+, thereforev is continuous
at 8 (v(8) = 4). Hence the velocity is continuous for
0<t<10

acceleratiora = 2 0 if2<t<8

dt |2 ifg<t<10
is discontinuous at = 2 andt =8

Maximum velocity is 4 and is attained on the interval
2<t<8.

{2 fo<t<?2

This exercise and the next three refer to the following
figure depicting the velocity of a rocket fired from a
tower as a function of time since firing.
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°1 (4, 96)

(14, —224)
Fig. 2.11.16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 86= 24 ft/s.

The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from

its maximum height to the ground is the area between the 3

velocity graph and the part of theaxis wherep < 0.
The area of this triangle i€1/2)(14 — 7)(224) = 784 ft.
This is the maximum height the rocket achieved.

The distance travelled upward by the rocket while it was
rising is the area between the velocity graph and the part
of the t-axis wherev > 0, namely(1/2)(7)(96) = 336 ft.
Thus the height of the tower from which the rocket was
fired is 784— 336 = 448 ft.

Let s(t) be the distance the car travels in theeconds

after the brakes are applied. Thef(t) = —t and the
velocity at timet is given by

t2
st) = /(—t) dt = —3 +Cy,

whereC; = 20 m/s (that is, 72km/h) as determined in
Example 6. Thus

t2 t3
s(t) = 20— — | dt=20t — — +C
(t) /( 2) 6+ 2,

whereCy = 0 becauses(0) = 0. The time taken to come
to a stop is given by/(t) = 0, so it ist = +/40 s. The
distance travelled is

5. The tangent toy = cogz x) at x = 1/6 has slope

1
s = 20/40— 6403/2 ~ 84.3 m.

4,

REVIEW EXERCISES 2 (PAGE 161)

Review Exercises 2 (page 161)

y = (3x + 1)?

dy _ im (3x 4 3h + 1)2 — (8x + 1)?

dx h—0 h

i 9x2 4 18xh + 9h? + 6x + 6h + 1 — (9x? + 6x + 1)
h—0 h

= rI]imo(l8x +9h+6)=18x+6

4 155

dx

V1—(x+h2-y1-x2

= lim
h—0

h

1—(x+h?2—-1-x%

= |
"0 h(/T— (1 2+ VI )

. —2x—nh X
= lim =
=0 /1 — (x + h)2 + VI —x2 1—x2
f(x) = 4/x°
4
(2+h)2_1
f/2) = lim =221
2 hILnO h
. 4—(4+4h+h? - —4—h L
" h>0  h(2+h)? T h>0(2+h)2
-5
t =
g(t) 1Tt
44h 1
/ . 14+.9+h
g(g)zrmqo%

—iim B+h—-v9+h)B+h++/9+h)
h—=0 h(l++/9+h)@+h+v/9+h)
_im 9+6h+h?2—(9+h)

h—0h(1+ 9+ h)B3+h+/9+h)

5+h

=r!i210 1+/9+h)@B+h+V/9+h)
5

T 24

dy
dX |y=1/6

.
=—7SIN— = —
6

T

>
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Its equation is

=35 00)

At x = x the curvey = tan(x/4) has slope
(se@(x /4))/4 = 1/2. The normal to the curve there
has equatiory = 1— 2(x — x).

d 1 _ 1 — cosx
dx x —sinx (X — sinx)2
d1l+x+x2+x3 d 3. 2 1
A X X
ax v = I ( +X T4+ xT)
= Ax 34 —2x3—x?
4+ 3x +2x2 4+ x3
d 5 2
G4 %2552 — _ 24 _ 2572 ( _Ey-3/5
dx( ) 2( ) 5
= x~¥5(4 — x?/5)~7/2
d \/7 —2C0SXSiNX  — sinX cosx
—V/2+coEx = =
dx 2v/2+cogx 2+ coFx

d
3 tano =0 se€d) =sedd — secd — 20 seé f tand

= —20sedftand
d vV1i+t2—
dt V14+t2+1
t t
V1+tZ+1 -(V1+t2-1
:( )«/1+t2 ( )v1+t2
(V1+1t241)2
2t
VI R(V1+1241)2
lim W — iXZO_ 20)(19
h—0 h dx
. «/4x+ . /9 + 4h —
lim = lim 4
x—2 X — h—0 4h
4 2
- —4 X = —— = =
dx VX w9 29 3
im coq2x) — (1/2) — m 2005((71/3) + 2h) — coqxn/3)
x—7/6 X—1m/6 h—0 2h
= 2i COSX
X=m/3
= —2sin(z/3) = —v/3
1 1
2y _ 2 — 2 T o\2
im /X9 - A/e) _ m Fath? (-3
X——a X+a h—0 h
_d1 2
Cdxx?|__, a8
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d e
&f(3—x )= —2xf'(3—x?)
d 2 W)
gl F VP2 = 2F (V) ' (VX) 5= f Y, S
d e f (209 (x/2)
ax f(2x)y/9(x/2) = 2f'(2x)\/9(x/2) + e
d 100 - g0
dx f(xX) +g(x)

1 ) ,
- m[f(x) +9())(f'(x) — g'(x))

(£ 00 = g00) (00 + g/(x)]

_ 27699 = F(99'(x)
(f () + g(x))?

d
g fo+ (9(x))?) = (L+290)g (X)) f'(x + (9(x))?)

gx®)\ _ 2x%g'(x?) —
dx ( X >_ x2

d .
™ f (sinx)g(cosx)

= (cosx) f’(sinx)g(cosx) —

X

g(x?) ” (g(x2)>

(sinx) f (sinx)g’(cosx)

i cosf (x)
dx\ sing(x)

1 [sing(x)
~ 2\ cosf(x)

—f/(x) sin f (x) sing(x) — g'(x) cosf (x) cosg(x)
(sing(x))?

If x3y+42xy® =12, then X2y +x3y’ +2y3 +6xy?y’ =0
At (2,1): 12+ 8y’ + 2+ 12y’ =0, so the slope there is
y' = —7/10. The tangent line has equation

y =1 {5(x —2) or 7x + 10y = 24.

3v2xsin(zy) + 8y cogr x) = 2
3V2sin(zy) + 3 +/2x cogry)y' + 8y’ cosx X)
—8rysin(zx) =0
At (1/3,1/4): 3+ zy + 4y — 7+/3 = 0, so the slope
7/3-3

T+4

4 3
/1” dx:f 1y dx——E+x—+C
x2 3

1
/ﬂdx

f 2+ 3sinx
cog X

there isy’ =

2
/(x—l/2 +xY2)ydx = 2¢/X + éxs/2 +C

= f(z seé x + 3secxtanx) dx

=2tanx + 3sexx +C
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/(Zx + 1*dx = f(lsx“ + 32x3 4 24x% + 8x + 1) dx

16x°
=T+8x4+8x3+4x2+x+c

or, equivalently,

5
/(2x+1)4dx=w+c

10
If f/(x) = 12x2 + 12x3, then f(x) = 4x3 + 3x* + C.
If f() = 0,then4+ 3+ C = 0,soC = —7 and
f(x) =4x3+3x* - 7.

If g'(x) = sin(x/3) + cogx/6), then
g(x) = —3cogx/3) 4+ 65sin(x/6) + C.

If (z,2) lies ony = g(x), then—(3/2) + 3+ C = 2, so
C =1/2 andg(x) = —3cogx/3) + 6sin(x/6) + (1/2).

dd—x(x SiNX + COSX) = SiNX + X COSX — SiNX = X COSX
;—X(x COSX — SiNX) = COSX — X SiNX — COSX = —X SinX
/ X cosx dx = xsinx + cosx + C

/xsinx dx = —xcosx + sinx + C

If f'(x) = f(x) andg(x) = x f(x), then

gx) = fx)+xf'(x) =1 +x) f(x)
g’ =fX)+A+x)f'(x)=2+x) f(x)
g"x) = fX)+2+x)f'(x)=@+x)f(x)

Conjecture:g™(x) = (n+x)f(x) forn=1, 2, 3,...
Proof: The formula is true fon = 1, 2, and 3 as shown
above. Suppose it is true for = k; that is, suppose
g®(x) = (k+ x) f (x). Then

000 = 2 ((k+3)100)
= F00 + (K4 %) £/ = ((K+ 1) + %) F(X).

Thus the formula is also true far = k+1. It is therefore
true for all positive integers by induction.

The tangent toy = x3 + 2 atx = a has equation

y =a’+ 2+ 3a%(x —a), ory = 3a’x — 2a% + 2. This
line passes through the origin if-8 —2a® + 2, that is, if
a = 1. The line then has equation= 3x.

The tangent toy = +/2+x2 atx = a has slope
a/+/2+ a2 and equation
y = 2+a2+L(x—a).
V2+a?

37.

38.

39.

40.
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This line passes througt?d, 1) provided

2
a
1=v2+a%-
2+ a?
V2+a2=2+a’-a’°=2
2+a’=4

The possibilities ar@ = ++/2, and the equations of the
corrresponding tangent lines aye= 1 + (X/+/2).

dd_x (sinn X sin(nx))
= nsin"1 x cosx sin(nx) + nsin" x cosnx)
= nsin"! x[cosx sin(nx) + sinx cognx)]
=nsin™ 1 xsin((n + 1)x)
y = sin" x sin(nx) has a horizontal tangent at
x =mz/(n+ 1), for any integem.
dd_x (sinn X cos(nx))
= nsin"™1x cosx cognx) — n sin x sin(nx)
= nsin"! x[cosx cognx) — sinx sin(nx)]
=nsin"!x cog(n + 1)x)
dd_x (coé1 X sin(nx))
= —ncod ! x sinx sin(nx) + n cog' x cosgnx)

= ncod" ! x[cosx cognx) — sinx sin(nx)]
=ncod ! x cog(n + 1)x)

d

ix (coé1 X cos(nx))

= —ncog" ! x sinx cognx) — nco<' x sin(nx)

= —ncod~ ! x[sinx cognx) + cosx sin(nx)]
= —ncod" I xsin((n + 1)x)

Q = (0,1). If P = (a,a®) on the curvey = x2, then
the slope ofy = x2 at P is 2a, and the slope oPQ is
(@ —1)/a. PQ is normal toy = x2if a=0 or

[(@ — 1)/a](2a) = —1, that is, ifa = 0 ora® = 1/2.
The pointsP are (0, 0) and (+1/+/2, 1/2). The distances
from these points t@ are 1 andy/3/2, respectively.

The distance fronQ to the curvey = x2 is the shortest
of these distances, namely3/2 units.

The average profit per tonne xf tonnes are exported is
P(x)/x, that is the slope of the line joiningk, P(x)) to
the origin. This slope is maximum if the line is tangent
to the graph ofP(x). In this case the slope of the line is
P’(x), the marginal profit.

2

ifr>R
fo<r <R

mgR
FO) =12
mkr

a) For continuity ofF(r) atr = R we require
mg = mkR, sok = g/R.
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b) Asr increases fronR, F changes at rate

d mgR2

_ _2mgR* _ 2mg
dr r2 '

r=R B S R

As r decreases fronR, F changes at rate

=—-mk = —@.

d
_E(mkr) r=R R

Observe that this rate is half the rate at whigh
decreases whenincreases fronR.

PV = kT. Differentiate with respect t& holding T

constant to get

v+PdV—o
dP —

Thus the isothermal compressibility of the gas is
1dv_ 1/ vy 1
vdp v\ P/ P’

Let the building beh m high. The height of the first ball
at timet during its motion is

y1 =h+10t — 4.9t°.

It reaches maximum height whety;/dt = 10—9.8t = 0,
that is, att = 10/9.8 s. The maximum height of the first
ball is

_,, 100 49x100 100
1=N+98 @82 " 196

The height of the second ball at timeduring its motion
is
y2 = 20t — 4.9t%.

It reaches maximum height
whendy,/dt =20— 9.8t =0, that is, att = 20/9.8 s.
The maximum height of the second ball is

400 4.9x400 400

Y2=98 " @82 196

These two maximum heights are equal, so

100 400

196 196’

which givesh = 300/19.6 ~ 15.3 m as the height of the
building.

The first ball has initial height 60 m and initial velocity
0, so its height at time is

y1 = 60— 4.9t> m.
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The second ball has initial height 0 and initial velocity
00, SO its height at time is

Y2 = vot — 4.9t2 m,

The two balls collide at a height of 30 m (at ting
say). Thus
30= 60— 4.9T?

30 = poT — 4.9T2.

ThuswveT = 60 andT2 = 30/4.9. The initial upward
speed of the second ball is

v = @ = 60,/ﬁ ~ 24.25 m/s
T 30

At time T, the velocity of the first ball is

dy1

— = —9.8T ~ —24.25 m/s
dt

t=T

At time T, the velocity of the second ball is

dy>

W =vo—9.8T=0m/S

t=T

Let the car’s initial speed beyg. The car decelerates at
20 ft/& starting att = 0, and travels distancgin time t,
whered?s/dt?2 = —20. Thus

ds
Fri vo — 20
X = vot — 1062,

The car stops at timé = v9/20. The stopping distance is
s =160 ft, so

160= 10 % _ %
20 40 40

The car’s initial speed cannot exceed

vo = /160 x 40 = 80 ft/s.

46. P =2rx.L/g=2zLY2g"12

a) If L remains constant, then

dpP
AP = el Ag = —nLY2g732 Ag

AP  —xLY2g=32 1 Ag
P 2zLi2g 12 7T T2 g

If gincreases by 1%, theng/g = 1/100, and
AP/P = —1/200. ThusP decreases by.5%.
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b) If g remains constant, then

dp
AP~ o= AL =rL Y2g Y2 AL

AL

£ N n.L—l/Zg—l/Z AL
L

1
P~ 2rzg 2 Mt T2
If L increases by 2%, thenlL /L =2/100, and
AP/P = 1/100. ThusP increases by 1%.

Challenging Problems 2 (page 162)

The line through(a, a2) with slopem has equation
y =a?+m(x — a). It intersectsy = x? at pointsx
that satisfy

x> =a’+mx—ma, or
x2—mx+ma—a’=0

In order that this quadratic have only one solutioe- a,
the left side must béx — a)2, so thatm = 2a. The
tangent has slopea2

This won’t work for more general curves whose tangents
can intersect them at more than one point.

f/(x) = 1/x, (2) = 0.

f(x2+5)— f(9) f(9+4h+h?) — (9

= lim

a) lim

X—2 X—2 h—0 h
im f(9+4h+h?) — f(9) 4h+h?
= X
h—0 4h+h2 h
:”mwxnm(4+h)
k—0 k h—0
4
=f'9 x4=—
©) x4=3
JIX) -3 Jf2+h) -3
b) |imL=|imL
x=2 X—2 h—0 h
im f2+h)y—9 1
= X
h—0 h JT@2+h)+3
1 1
— / - = —.
=@ xg=1

f/4)=3,9d@) =7,9(4) =4,9(x) £4 if x #£4.

. )= (4
A Jim (100~ f@) = fm, =709
= f'@@4-4=0
b) lim f(x;—f(4):“m f(X)—f(4)>< 1
x—>4 X4—16 X—4 X—4 X+4
1 3
:f/(4)><§:§
- f@ ) —- (4
R v U e A
= f'(4 x4=12

CHALLENGING PROBLEMS 2 (PAGE 162)

R0 @ f—f@)  x—4
DINTT T “WN T x=F CG-wkx
X 4
— f/(4) x (—16) = —48
fx) — f(4)
) -f@ X —4
O g0 4 kg0 — 9@
X—4
_t@ _3
9@ 7

§ lim 1) — &)
x—4 X—4
im fgx)) — f(4) » gx) — g
x>4  g(x)—4 x—4
(@) xgd@ ='W xg@d=3x7=21

_[x ifx=1,1/2, 1/3, ...
Feo = [x2 otherwise
a) f is continuous except at/2, 1/3, 1/4, .... ltis
continuous ax = 1 andx = 0 (and everywhere
else). Note that

lim x? = 1= f(1),

Xx—1

lim x? = lim x = 0= f(0)
x—0

x—0

b) If a=1/2 andb = 1/3, then

f@+fb) 1/1 1\ 5
— 2 —5<5+§)—1—2-

If 1/3 < x < 1/2, thenf(x) = x2 < 1/4 < 5/12.
Thus the statement is FALSE.

c) By (a) f cannot be differentiable at = 1/2, 1/2,
. It is not differentiable ai = 0 either, since

2

jm o0 =1.% 0= i

f is differentiable elsewhere, including at= 1
where its derivative is 2.

If h #0, then

— o0

‘f(h)— f(O)‘ LW - VIhI
h [hi [hi
ash — 0. Thereforef’(0) does not exist.

Given thatf’(0) =k, f(0) #0, and
f(x+y)= f(x)f(y), we have

f(0)= f(0+0) = f(0O)f(0) = f@O) =0 or f(O) =1
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Thus f(0) = 1.
£/(x) = rl]imo—f X+ hr)] ity
M-
= lim ~PED =2 100 £1(0) = kT (),

Given thatg'(0) = k andg(x + y) = g(x) + g(y), then
a) g(0) = g(0+0) = g(0) + g(0). Thusg(0) =0.

b) g'(x) = A@ow

h
_ lim gx) +g(h) — g(x) _ im g(h) — g(0) 10.
h—0 h h—0 h
=g'(0) =k

c) If h(x) = g(x) — kx, thenh’(x) =g'(x) —k=0
for all x. Thush(x) is constant for alx. Since
h(0) = g(0) — 0 = 0, we haveh(x) = 0 for all x,
and g(x) = kx.

f(x+k) — f(x)

a) f'(x) = |limo k (letk = —h)
— lim f(x—h)y— f(x) — im f(x)— f(x—h)'
h—0 —h h—0 h

f/(x) = %(f/(x)Jr f/(x)>
1 (Iim f(x+h) — f(x)

2 \h—0 h
+ lim f(x) — f(x—h))
h—0 h
. f(x+h)— f(x=nh)
= | .
hILnO 2h
b) The change of variables used in the first part of (a)
shows that
im SXEM =00 g gim T == gy
h—0 h h—0 h
are always equal if either exists.
c) If f(x) =|x|, then f’(0) does not exist, but
. fO+h)—-f@O-h . |h[—|h] . 0
r!ano 2h - r!ano h r!ano h— 0. 12

The tangent toy = x3 at x = 3a/2 has equation

_27a3+27 . 32
Y= T \* 72 )

This line passes througta, 0) because

27a3+27 a3\ _,
8  4a? 2) 7
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If a # 0, thex-axis is another tangent tp = x2 that
passes througl@a, 0).

The number of tangents tp = x2 that pass through
(X0, Yo) is

three, ifxo £ 0 andyp is between 0 and3;

two, if Xo # 0 and eitheryp = 0 or yo = x3;

one, otherwise.

This is the number of distinct real solutiobsof the cu-
bic equation B3 — 3b2xg + Yo = 0, which states that the
tangent toy = x2 at (b, b%) passes througlixo, yo).

By symmetry, any line tangent to both curves must pass
through the origin.

Fig. C-2.10

The tangent toy = x2 + 4x + 1 atx = a has equation

y=a’+4a+1+ (a+4(x —a)
= (2a+4)x — (@% — 1),

which passes through the originaf = +1. The two
common tangents ang = 6x andy = 2x.

The slope ofy =x% atx = a is 2a.

The slope of the line fron{0, b) to (a, a2) is (@ — b)/a.
This line is normal toy = x2 if eithera =0 or

2a((@? — by/a) = —1, that is, ifa=0 or 222 = 2b — 1.
There are three real solutions farif b > 1/2 and only
one @=0)if b<1/2.

The pointQ = (a,a2) ony = x2 that is closest to
P = (3,0) is such thatPQ is normal toy = x? at Q.
Since PQ has slopea?/(a — 3) andy = x2 has slope &
at Q, we require
a2 1
a-3 2a’

which simplifies to 23 + a — 3 = 0. Observe thaa = 1

is a solution of this cubic equation. Since the slope of

y = 2x3 + x — 3 is 6x2 + 1, which is always positive,

the cubic equation can have only one real solution. Thus
Q = (1,1) is the point ony = x? that is closest tdP.

The distance fronP to the curve is|PQ| = +/5 units.
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The curvey = x2 has slopen = 2a at (a, a%). The
tangent there has equation

2

y=a2+m(x—a)=mx—m7.

The curvey = Ax? 4 Bx + C has slopem = 2Aa + B
at (a, Aa® + Ba+ C). Thusa = (m— B)/(2A), and the
tangent has equation

y=Aa2+Ba+C+m(x—a)

(m—B)2  B(m-B) m(m — B)
= C —
™t A 2A T 2A
(m—B)> (m—B)?
= C _
mx 4+ C + aA oA
=mx+ f(m),

where f(m) = C — (m — B)2/(4A).

Parabolay = x2 has tangeny = 2ax — a2 at (a, a2).
Parabolay = Ax? + Bx + C has tangent

y = (2Ab + B)x — Ab®> 4+ C
at (b, Ab? + Bb+ C). These two tangents coincide if

2Ab+ B =2a ()
Ab? — C = a2

The two curves have one (or more) common tangents if
(*) has real solutions foa andb. Eliminatinga between

the two equations leads to 15.

(2Ab + B)? = 4Ab? — 4C,
or, on simplification,
4A(A — 1)b% + 4ABDb + (B2 + 4C) = 0.
This quadratic equation ib has discriminant
D = 16A%B2—16A(A—1)(B?+4C) = 16A(B>—4(A—1)C).
There are five cases to consider:
CASE I. If A=1, B # 0, then(x) gives

B2+ 4C B2 —4C
b=—-—+——, a=————.
4B 4B
There is a single common tangent in this case.

CASE Il. If A=1, B =0, then(x) forcesC = 0, which
is not allowed. There is no common tangent in this case.

CASE IIl. If A# 1 but B2 = 4(A— 1)C, then

-B

CHALLENGING PROBLEMS 2 (PAGE 162)

There is a single common tangent, and since the points
of tangency on the two curves coincide, the two curves
are tangent to each other.

CASE IV. If A# 1 andB2—4(A—1)C < 0, there are no
real solutions forb, so there can be no common tangents.

CASE V. If A # 1 andB2 — 4(A — 1)C > 0, there are
two distinct real solutions fob, and hence two common
tangent lines.

Y4 : : Y4
X
one common
two common  tangent

tangents

T

tangent cur

ves
Y4 VR
X X
no common
tangent

Fig. C-2.14

~\

a) The tangent toy = x2 at (a, a%) has equation
y = 3a’x — 2a°.
For intersections of this line witly = x® we solve

x3—3a’x +2a°=0
(X —a)?(x + 2a) = 0.

The tangent also intersecs= x2 at (b, b%), where
b= —-2a.

b) The slope ofy = x3 at x = —2a is 3(—2a)? = 12a2,
which is four times the slope at = a.

c) If the tangent toy = x3 at x = a were also tangent
at x = b, then the slope ab would be four times
that ata and the slope aa would be four times that
atb. This is clearly impossible.

d) No line can be tangent to the graph of a cubic poly-
nomial P(x) at two distinct pointsa andb, because
if there was such a double tangent= L (x), then
(x —a)2(x — b)2 would be a factor of the cubic poly-
nomial P(x) — L(x), and cubic polynomials do not
have factors that are 4th degree polynomials.
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a) y = x* — 2x2 has horizontal tangents at points
satisfying 43 — 4x = 0, that is, atx = 0 and
X = #£1. The horizontal tangents age= 0 and
y = —1. Note thaty = —1 is a double tangent; it is
tangent at the two point&t1, —1).

b) The tangent toy = x* — 2x2 at x = a has equation

y = a* — 2a? + (4a® — 4a)(x — a)
= 4a(a® — 1)x — 3a* + 2a°.

Similarly, the tangent ax = b has equation
y = 4b(b? — 1)x — 3b* + 2b%.

These tangents are the same line (and hence a dou-
ble tangent) if

4a(a® — 1) = 4b(b® — 1)
—3a* 4+ 2a% = —3b* + 2%

The second equation says that eitaér= b? or

3(a? 4 b?) = 2; the first equation says that

a® — b3 =a—b, or, equivalentlya + ab + b? = 1.

If a2 = b2, thena = —b (a = b is not allowed).
Thusa? = b2 = 1 and the two points arét1, —1)
as discovered in part (a).

If a2+b% = 2/3, thenab = 1/3. This is not possible
since it implies that

0O=a?+b?—2ab=(a—b?>0.
Thusy = —1 is the only double tangent to
y = x* — 2x°.

c) If y = Ax + B is a double tangent to
y = x*—2x2 +x,theny = (A—1)x+ Bis a
double tangent to
y = x* — 2x2. By (b) we must haveA — 1 = 0
andB = —1. Thus the only double tangent to
y=x*-2x>+xisy=x-1.

a) The tangent to
y=fx)=ax*+bx®+cx’>+dx+ e
at x = p has equation
y = (4ap’+3bp?+ 2cp+d)x —3ap* — 2bp® —cp® +e.

This line meetsy = f(x) at x = p (a double root),
and

= —2ap — b + /b2 — 4ac — 4abp — 8a2p?
- 2a ’

80

ADAMS and ESSEX: CALCULUS 8

These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under
the square root is 0, that is, if

8a?p? + 4abp + 4ac — b% = 0.

This quadratic has two real solutions fprprovided
its discriminant is positive, that is, provided

16a°b? — 4(8a°)(4ac — b?) > 0.
This condition simplifies to
3b? > 8ac.

For example, fory = x*—2x2+x—1, we havea = 1,
b=0,andc= -2,s03?=0> —16 = 8ac, and
the curve has a double tangent.

b) From the discussion above, the second point of tan-
gency is
_ —2ap-b o b
9=—% = 2a’
The slope ofPQ is
f(a)— f(p) b3 —4abc+ 8a’d
q-p 8a? '

Calculating f’((p + q)/2) leads to the same expres-
sion, so the double tange®Q is parallel to the
tangent at the point horizontally midway betweBn
and Q.

¢) The inflection points are the real zeros of
f7(x) = 2(6ax? + 3bx + C).

This equation has distinct real roots provided
9b? > 24ac, that is, % > 8ac. The roots are

. _ 30— J/O? —2dac

12a
< —3b + /92 — 24ac
- 12a '

The slope of the line joining these inflection points

is
f(s)— f(r) b®—4abc+8a%d

S—r 8a? ’
so this line is also parallel to the double tangent.

n

. d n Nz
18. a) Claim: e coqax) = a cos(ax + 7)

S

Proof: Forn =1 we have

d . T
™ cogax) = —asin(ax) = acos(ax + E) R
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so the formula above is true far= 1. Assume it is
true forn = k, wherek is a positive integer. Then

k+1 d K ki
kil coqJax) = ™ [a cos(ax + 7)}

— | -asin(ax+ 7 )|

k+ 1)7r>

— gktt cos(ax +—

Thus the formula holds fon = 1, 2, 3, ... by
induction.
b) Claim: a sin(ax) = a" sin <ax + n—”)
dxn 2

Proof: Forn =1 we have
d . . T
™ sin(ax) = acogax) = asin (ax + E) ,

so the formula above is true for= 1. Assume it is
true forn = k, wherek is a positive integer. Then

gt sin(ax) = d asin( ax + kn
dxk+1 T dx 2

Loems(ox )
=a acosax—i—?

k+ 1)7[)

K+l g
= a*Lsin( ax
( T2

Thus the formula holds fon = 1, 2, 3, ... by

induction.
¢) Note that

d . . .
&(coé X 4 sin* x) = —4cos x sinx + 4 Sirt x cosx

= —4sinx cosx(cos — sir’ x)
= —25sin(2x) cog2x)

= —sin4x) = cos(4x + %) .

It now follows from part (a) that

n

d 4 n—1 nz
M(co§x +sin*x) = 4 cos<4x + 7) .

19.
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v (m/s)

y 3,39.2
40 | ( )

30 |
20|
101

Fig. C-2.19

a) The fuel lasted for 3 seconds.
b) Maximum height was reached bt 7 s.
¢) The parachute was deployedtat 12 s.

d) The upward acceleration in,[8] was
39.2/3 ~ 13.07 m/3.

€) The maximum height achieved by the rocket is the
distance it fell fromt = 7 tot = 15. This is the
area under thé-axis and above the graph ofon
that interval, that is,

12 49+ 1

> (15— 12) = 1975 m.

~7
(49 +

f) During the time interval [D7], the rocket rose a
distance equal to the area under the velocity graph
and above thé-axis, that is,

%(7 —-0)(392) =1372 m.

Therefore the height of the tower was
1975 — 137.2 = 60.3 m.
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SECTION 3.1 (PAGE 169)

CHAPTER 3. TRANSCENDENTAL FUNC-
TIONS

Section 3.1 Inverse Functions (page 169)

fx)=x-1
fx))=fx)=x1—1=x2— 1= X1 = Xo.
Thus f is one-to-one. Ley = f~1(x).
Thenx = f(y)=y—1andy =x+ 1. Thus
flx) = x + 1.
D(H=D(FH=R=R(f)=R(f™D).

f(x) =2x—1. If f(x1) = f(x2), then X3 —1=2x,—1.
Thus Ax; — x2) = 0 andx; = x2. Hence, f is one-to-
one.

Lety = f~1(x). Thusx = f(y) =2y —1, so
y=3(x+1). Thus f1(x) = 3(x + 1).

D(f) = R(f1) = (o0, 0).

R(f) = D(f1) = (—o0, ).

fx)=+vx-1

fx)=fxx) & Vxi—1=yx2—1,
S Xx1—1=x2-1=0
& X1 = X2

Thus f is one-to-one. Ley = f~1(x).

Thenx = f(y) = V/y—1, andy = 1+ x2. Thus

f71(x) =1+ x%, (x > 0).

D(f) =R(f™) =[1, 00), R(f) = D(f ) = [0, 00).

(X1, X2 > 1)

f(x) =—+/x—1forx> 1.

If f(x1) = f(x2), then—/x1 —1 = —/x2 —1 and
X1 —1=x2 — 1. Thusx; = x2 and f is one-to-one.
Lety = f~1(x). Thenx = f(y) = —/y—1 so
x?=y—1andy=x?+1. Thus, f1(x) = x> + 1.
D(f)=R(FH =[1,00). R(f)=D(f 1) = (=00,0].

f(x) = x3

fx) = fx) &% =x3
= (1 — %)+ x1x2 +x3) =0
= X1 = X2

Thus f is one-to-one. Ley = f~1(x).

Thenx = f(y) = y3 soy = x¥/3,

Thus f~1(x) = x1/3,

D) =D(f H=R=R(f)=R(f D).

fx) = 1+ ¥ If f(x1) = f(x2), then

1+ 3/X1 = 1+ 3/X2 s0x3 = X2. Thus, f is one-to-
one.

Lety = f~1(x) sothatx = f(y) = 1+ ¥/y. Thus
y=x-13%and f1(x) = (x — 1)3.

D(f) = R(f1) = (—o0, 00).

R(f) = D(f1) = (—o0, ).
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f(x)=x% (x=<0)

fxa) = f) & xf=x5, (1 <0, X2 <0)
& X1 = X2

Thus f is one-to-one. Ley = f~1(x).
Thenx = f(y) = y* (y < 0).
thereforey = —/x and f ~1(x) = —/X.
D(f) = (-00,0] = R(f™D,
D(f71 =0, 00) = R(f).

f(x) = (1—2x)53. If f(xq) = f(x2), then

(1=2x1)% = (1 — 2x2)® and x1 = xo. Thus, f is one-to-
one.

Lety = f~1(x). Thenx = f(y) = (1 —2y)3 so

y= 31— ¥x). Thus, f~1(x) = 3(1 - ¥%).

D(f) = R(f 1) = (=00, 0).

R(f) = D(f 1) = (=00, 0).

1
[0 =577 DO =(x#-1= R(F71).

fow = F00) & g = 15
S Xo+1=x1+1
& X2 = X1

Thus f is one-to-one; Ley = f ~1(x).

1
Thenx = f = —
W=7

soy+1= % andy = f—l(x):%—l.
D(F 1 ={x:x 0} = R(f).

X X1 X2
f =—— If f =f , th = .
®)=17x (1) = T xe), then 7= 1 1+x

Hencexi(1 + X2) = X2(1 + x1) and, on simplification,
X1 = X2. Thus, f is one-to-one.
Lety = f~1(x). Thenx =

y
f = ——— and
Sy

x(1+y)=y. Thusy = ﬁ = f1(x).

D(f) = R(f1) = (—o0, —1) U (—1, o0).
R(f)=D(f 1) = (=00, 1) U (1, 0).

f(x) = 11_72: D(f)y={x:x#-1}=R(f™H
1-—2x1 _ 1— 2%

1+x1 1+x
S 14 Xo — 2X1 — 2X1X2 = 1 4+ X1 — 2X2 — 2X1X2

& X2 = 3X1 & X1 = X2
Thus f is one-to-one. Ley = f~1(x).

f(x) = f(x) &

1-2y

Thenx = f(y) = ———

W =175
SOX+Xy=1-—2y

—X

dflx)=y= .

an =y 2+ X

D(F Y ={x:x# -2} = R(f).
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X
f(X) = ———. If f(x1) = f(x2), then
(x) Nl (X1) (x2)

X1 X2

()

\/xf—i—l: \/x§+1.

Thusx2(x2 + 1) = x3(x? + 1) and x? = x2.
From (*), X1 andx2 must have the same sign. Hence,
X1 = X2 and f is one-to-one.

Lety = f~1(x). Thenx = f(y) = y

Y2+
2

Since f(y) andy

and

x2(y2 4+ 1) = y2. Hencey? =

1—x2
. X
have the same sign, we must have= ——, so

Vi—x2'

f1x) = X

V1 —x2

D(f) = R(f1) = (—o0, 00).
R(H=D(fH =(-1,1).

gx) = f(x) -2
Lety = g~1(x). Thenx = g(y) = f(y) — 2, so
f(y)=x+2andg 1(x) =y = f1(x+2).

h(x) = f(2x). Lety = h~1(x). Thenx = h(y) = f(2y)
and & = f71(x). Thush=2(x) =y =  f ~1(x).

koo = —3f(0). Lety = k7'(x). Then
x = kiy) = -3f(y),s0f(y) = —= and

gy oy g1 X
kX)) =y=f ( 3).
m(x) = f(x —2). Lety =m~1(x). Then
x=m(y) = f(y—2), andy — 2= f1(x).
Hencem 1(x) =y = f~1(x) + 2.

p(X) = Lety = p~1(x).

1
1+ f(x)°

Thenx = p(y) = so f(y) = % -1,

1+ f(y)
andplx)=y=f1 (% - 1).

100 =3 | o y=q~1(x). Then
f(y)—3

ax) =

x=q(y) = and f(y) = 2x + 3. Hence
g lx) =y=f-12x+3).

r(x) =1—2f(3-4x)

Lety =r—1(x). Thenx =r(y) =1—2f(3—4y).

1—-x
f(3—4y)=T

e f1-x
3—-4y=f ( 5 )

1oy _} el 1-x
andr (x)_y_4<3 f (—2 ))

20.
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SECTION 3.1 (PAGE 169)

1+ f(x)

_ o1
S(X) = - T Lety =s7(x).
1+ f(y) : .
Thenx =s(y) = . Solving for f we obtain
yl) T g for f(y) ‘
_ X 1y — v -1 X2
f(y)_x+1. Hences*(x) =y = f <x+1)'

f(X)=x2+1if x>0, andf(x) =x+1if x <O0.

If f(x1) = f(x2) then if x; > 0 andxz > 0 then

X2 +1=x2+1s0x1 = X

if x1 > 0andx; < 0thenx? +1=x+1s0x = X?
(not possible);

if x1 <0 andxz > 0 thenx; = X3 (not possible);

if X3 <0 andxz <0 thenx; +1=x2+ 1 sox; = Xo.
Therefore f is one-to-one. Ley = f~1(x). Then

2 .
_ _Jy“+1 fy>0
X_f(y)_{yﬂ if y < 0.
Thusf‘l(x)zyz{m if x > 1
x—1 if x < 1.
yA
U y=1)
X#
Fig. 3.1.21

g(x) = x3 if x > 0, andg(x) = x¥3 if x < 0.
Supposef (x1) = f(x2). If X3 > 0 andxz > 0 then
X3 = %3 s0X = Xo.
Similarly, x; = x2 if both are negative. Ik, and x> have
opposite sign, then so dg(x1) and g(x2).
Thereforeg is one-to-one. Ley = g~1(x). Then
g Y ify=0
X_g(y)_ly1/3 if y<O.
x¥3 if x>0

Thusg™ (0 =y = {x3 if x <0

If x1 andxy are both positive or both negative, and
h(x1) = h(x2), thenx? = x3 sox1 = xo. If x1 andx,
have opposite sign, them(x;) andh(x2) are on opposite
sides of 1, so cannot be equal. Herités one-to-one.
2 .
_h-1 _ _Jy*+1 ify=0

If y=h7*(x), thenx = h(y) = {—y2+1 ity <0 If
y >0, theny=+/x—1. If y <0, theny = /1—x.
Thus h-1(x) — IXx—=1 ifx>1

ush™(x) {«/1—x if x <1

y=f1x)ex=1f(y)=y3+y. Tofindy = f-1(2
we solvey® + y = 2 for y. Evidentlyy = 1 is the only
solution, sof ~1(2) = 1.
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SECTION 3.1 (PAGE 169)

gx) = 1if x3+x = 10, that is, ifx = 2. Thus
gl =2

h(x) = =3 if x|x| = —4, thatis, ifx = —2. Thus
h-1(-3) = —2.
If y= f~1(x) thenx = f(y).
Gy dy 11
Thus 1= f (y)dx o] - Ty I =y
y
(since f/(x) = 1/x).
f(x) =1+ 2x3
Lety = f~1(x).
Thusx = f(y) = 1+ 2y3.
dy _ dy 1 1
_ 27 1y/ — ) _ = _
1=6y"g S0 (™00 = 50 = 572 = [T 2
3
If f(x)= 21 then
P — 2+ D23 —432x)  4x3(x2+3)

(X2 +1)? X2+ 12~

Since f’(x) > 0 for all x, exceptx = 0, f must be one-
to-one and so it has an inverse.

If y= f-1(x), thenx = f(y) = Y’ and
y - i - y - y2+ 11
(Y2 + D(A2y2%y) — 4y32yy)
1=1f(y)= :
(y2+17?
y*+1? o
4 = —-——- =
Thusy' = VIR Since f (1) = 2, therefore
f~1(2) =1 and
2 2
(f—l)/(Z):% :},
ayt+12y¢| ., 4

If f(x) =x+/3+xZandy = f~1(x), then

x = f(y) =yv/3+y? so,

1:y/ 3+y2+yLy/ /:iyz'
2/3+y? 3+2y2

Since f (=1) = —2 implies thatf ~1(—2) = —1, we have

(f_l)/(_z) _V3+y? 2

3+2y?|_ 1 5

Note: f(x) =Xx+/3+x2=—-2= x>(3+x%) =4
> x4 43?2 —4=0= (X2 +4H(x>-1) =0.
Since (x? + 4) = 0 has no real solution, therefore
x2—1=0andx =1 or —1. Since it is given that
f (x) = —2, thereforex must be—1.
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y=1"12 & 2= f(y)=y?/1+ /y). We must solve
242y = y? for y. There is a root between 2 and 3:
f~1(2) ~ 2.23362 to 5 decimal places.

g(x) = 2x + sinx = g'(x) = 2+ cosx > 1 for
all x. Thereforeg is increasing, and so one-to-one and
invertible on the whole real line.

y=971(x) & x=g(y) = 2y +siny. Fory = g~*(2),
we need to solve Y+ siny — 2= 0. The root is between
0 and 1; to five decimal placas1(2) = y ~ 0.68404.
Also

dx dy
1= ax = (2+cosy)&

dy 1
—1y/

2 = — = —
@ dx|y_o, 2+ cosy

~ 0.36036

If f(x) = x secx, then f/(x) = secx + xsecxtanx > 1
for x in (—x /2,7 /2). Thus f is increasing, and so one-
to-one on that interval. Moreover,

limy— _(z/2+ f(X) = —oo and lim (z/2)+ f(X) = oo,
so0, being continuousf has rangg—oo, o0), and sof~1
has domain(—oo, 00).

Since f(0) = 0, we havef~1(0) = 0, and

1 1

—1v/ _ _ _
(750 = f/(f-10) ~ /(0 =1

If y=(f og)~1(x), thenx = f o g(y) = f(g(y)). Thus
g(y) = f71(x) andy = g73(f 1(x)) = g7t o f71(x).
Thatis,(fog)y 1=g 1o 1

X—a

Lety = f-1(x). Thenx = f(y) = 22

bxy —cx=y—asoy= >

y =Yy y—abx_cl- 5
RPN L X—a  CX-— . .
f=r(x) = fx) if e~ b1 Evidently it is

necessary and sufficient that= 1. a andb may have
any values.

Let f(x) be an even function. Thef(x) = f(—x).
Hence, f is not one-to-one and it is not invertible.
Therefore, it cannot be self-inverse.

An odd functiong(x) may be self-inverse if its graph is
symmetric about the ling = y. Examples argy(x) = x
andg(x) = 1/x.

No. A function that is one-to-one on a single interval

need not be either increasing or decreasing. For example,

consider the function defined on,[B] by

fo<x<1
ifl<x<2.

f(x) = {)ix

It is one-to-one but neither increasing nor decreasing on
all of [0, 2].
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First we consider the case where the domainf aé a
closed interval. Suppose thdtis one-to-one and con-
tinuous on @, b], and thatf(a) < f(b). We show that

f must be increasing ora[b]. Suppose not. Then there
are numbers; andx, with a < X1 < X2 < band
f(x1) > f(x2). If f(x1) > f(a), letu be a number
such thatu < f(x1), f(x2) < u,and f(a) < u. By

the Intermediate-Value Theorem there exist numlogris
(a, x1) andcy in (X1, X2) such thatf(c1) = u = f(cp),
contradicting the one-to-oneness bf A similar con-
tradiction arises iff (x1) < f(a) because, in this case,
f(x2) < f(b) and we can fincty in (X1, x2) andcy in
(X2, b) such thatf (c1) = f(c2). Thus f must be increas-
ing on [a, b].

A similar argument shows that if (a) > f(b), then
f must be decreasing oia,[b].

Finally, if the intervall where f is defined is not
necessarily closed, the same argument shows that i [
is a subinterval offt on which f is increasing (or de-
creasing), thenf must also be increasing (or decreasing)
on any intervals of either of the formsj|, b] or [a, x2],
wherex; andxz are inl andx; <a < b < x2. So f
must be increasing (or decreasing) on the whole .of

Section 3.2 Exponential and Logarithmic
Functions (page 173)

33
V3E
21/281/2 — 21/223/2 — 22 -4

_ 3352 _3l2_ /3

(x3)"2 = x5
2X

1\x4%/2
(?)X4X/ = ? =1
logs 125= logg 5° = 3

If IOg4(%) = ythen 4 = :—é, r 22 — 2-3 Thus
2y=-3and log(3) =y=—3.

> l —2X
|O 3 X = |O — = _2X
91/3 91/3 (3)
#2-8 = log8=3 = 2°68_-232_22
10~ 10910(1/%) _ i —=x
1/x

Since log (xY/(1°% %) = logy x = 1, therefore

log, x
Xl/(|09a X) — al =a.

(lOga b)(|09b a) = |Oga a=1
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SECTION 3.2 (PAGE 173)

log, (x(logy yz)) = log, (2x) = log, x + log, 2
1
log, x

=1+log,2=1+

1
(log, 16)(log, 2) = 2 x 5= 1

|Ong 75+ |09153 - |0915 225= 2
(since 15 = 225

logs 9 + logg 4 = logg 36 = 2

42 .32
2log; 12— 410036 = logs (ﬂ)
=logy(37%) = -2

log, (x* + 3x% + 2) + log, (x* 4 5x2 + 6)

—4log, VX242
- Ioga<(x2 +2)(x% + 1)) + Ioga<(x2 + 2%+ 3))

— 2log, (x? 4 2)
= log, (x* + 1) + log, (x* + 3)
= log, (x* + 4x?% + 3)

log, (1 — cosx) + log, (1 + cosx) — 2log, sinx
_ log [(1 —cosx)(1 + cosx)] _ ﬂ

i Siré x T S x
=log,1=0

y =372 logyoy = /2 logy 3,
y = 10V2 10803 . 4,72880

logs 5 = (logy(5)/ (109193 ~ 1.46497

22X = 51 2x10g192 = (X + 1) logy5,
x = (log1o5)/(210g;92 — l0gyo5) =~ —7.21257

X«/E = 3, \/E |Oglox = |09103,
x = 10009103/v2 ~ 2 17458

log, 3 =5, (10g193)/(logigx) = 5,
log;ox = (I0g;53)/5, x = 10109109/5 ~ 1 24573

logz x =5, (10g19%)/(109193) = 5,
logyox = 5log;03, x = 10°'°%03 = 35 = 243
1 1 1 -
Let u = log, ; thena' = =X Hence,a™ = x
andu = —log, x.

Thus, log, <%) = —log, X.

Let log, X = u, log, y = v.
Thenx =aY, y = a’.

x aY
Thus= = — =a'™?
y

al)

and log, (3) =u—ov =logyx —log, y.
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Let u = log, (xY), thena = x¥ anda"/¥ = x.
ThereforeE =log, X, or u = ylog, x.

Thus, log (x¥) = ylog, x.

Let log, x = u, logya =o.

ThusbY = x andb’ = a.
Thereforex = bY = brU/) = gu/v

u logyx
and log x = — = %X
v logya

1
log,(x +4) — 2logy(x + 1) = >

o X+ 4 _1
Unr12 =2
X+4 12

=4Y2_2

X +1)2

2x2 4+ 3x — 2 =0 but we need + 1 > 0, sox = 1/2.
First observe that lagx = logz x/logz 9 = % logz x. Now
2log X + logg x = 10

logs x2 + logg x¥/2 = 10

logg x%? = 10

x52 =310 gox = (310)2/5 — 3¢ — g1

Note that log 2 = 1/log, x.

Since limy_, » l0g, X = oo, therefore lim_, « log, 2 = 0.

Note that log(1/2) = —log, 2 = —1/log, X.
Since lim_, 04 logox = —oo, therefore
limy— o4+ log,(1/2) = 0.

Note that log 2 = 1/log; X.
Since lim_, 14 log, x =
limy_, 14 logy 2 = 0.

0+, therefore

Note that log 2 = 1/ log; X.
Since lim1-log, x =
limy_1- logy, 2 = —o0.

0—, therefore

h

o rn g @ =1
f(x)=a* and f (0)_||1|Lno h =k. Thus
x+h —aX
f'x) =1

(X) im h
aXah — a*

hano h

ah —
=a* rI]imO =a* f’(0) = a*k = kf (x).

y=f1=x=f(y=2a

dx dy
= dx a dx
dy 1 1

dx — ka¥  kx’

Thus (f 71y (x) = 1/(kx).
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Section 3.3 The Natural Logarithm and Ex-

ponential (page 181)
e 352 _ ol/2 _ /e

— =e =@ = e
Ved

Ine"?2e?3) =3 +2=1_

e5Inx _ X5

e(SInQ)/Z — 93/2 — 27

1
In = =Ine ¥ = —3x

e3X
\2
g?incos< . (In es'”x) =cogx +sifx=1

43 64
3IN4—4In3=In— =In —
n n n34 n81
4In/X + 6In(x3) = 2Inx + 2Inx = 4Inx
2Inx +5In(x — 2) = |n(x2(x - 2)5)

In(x? + 6x 4+ 9) = In[(x + 3)?] = 2In(x + 3)

2X+l=3X
X+1)In2=xIn3
In2 In2

*=h3a—in2 _ InG2

3X — 91—X = 3X — 32(1—X)
= x=21-x) = x=3
1 5
2% T g3
—xIn2=In5—-(x+3)In8
=In5—-Bx+9)In2
2xIN2=In5-9In2
_In5-91In2
T 2In2

X8 X = 92X oy 323 )
X2 -2x—3=0=(x—-3)(x+1) =0
Hence x = -1 or 3

In(x/(2 — x)) is defined ifx/(2 — x) > 0, that is, if
0 < X < 2. The domain is the intervdD, 2).

In(x2 — x — 2) = In[(x — 2)(x + 1)] is defined if
xX—=2)(x+1) > 0, thatis, ifx < =1 orx > 2. The
domain is the unior(—oo, —1) U (2, o0).

IN2x —5) > In(7—2x) holds if 2 —5> 0, 7— 2x > 0,
and X —5> 7 —2x, thatis, ifx > 5/2,x < 7/2, and
4x > 12 (i.e.,x > 3). The solution set is the interval
3,7/2).
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IN(x2 —2) < Inx holds if x2 > 2, x > 0, andx? — 2 < x.
Thus we neek > /2 andx? — x — 2 < 0. This latter
inequality says thatx — 2)(x + 1) < 0, so it holds for

—1 < x < 2. The solution set of the given inequality is

(+2,2].
5X

y=¢>, y =5e

y =xe* —x, y =e+xef -1
y= % = xe~ &
y/ — e—2x o 2xe‘2x
=(1-2x)e
y= X2 ex/z’ y/ — 2xex/2 + %XZ ex/2
3
=In(3x -2 =
y ( ) Y =33
3
=In|3x — 2|, =
y=In]| I Y=3 >
e
=In(1l+¢€* (S
y 1+¢€") y 11 &
fx)=e°, f(x) = @20’
_ex+e—x ,_ex_e—x
—T 2 > YT
dx 1
at at at
x =¢e> Int — =3 Int+ -e
S 1
y=e©) y = eXe®) = gt
e 1 1 , €
Y =11 = T 17 Y T @xe
y =€e*sinx, Yy = e*(sinx 4 cosx)
y = e ¥ cosx, y = —e *cosx — e *sinx
=Inlnx .
y= Y = Xinx

y=XxInx—x

1
y/=Inx+x<;>—1=Inx

2
2 X
=Xx°InX — —
y 2
X2  2x
'=2xInx+ — — — =2xInx
y + X 2
y = In|sinx]|,
y:52X+l
y/ — 2(52X+1) |n5 — (2 |n 5)52X+1

y = 2(x2—3x+8)’ y' = (2x — 3)(In 2)2(x2—3x+8)

g/(X) — txxt Int + tX+lXt—l

h(t) = xt*1 — x'Inx

g(x) = t*x",
ht) = tX = xt,

41.

42.

43.

44,

45,

46.

47.

48.
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_ _ In(bs + ¢)
f(s) = Ioga(bbs +C) = “na
P = (bs+c)lna

_ _In(2x +3)
9(x) = logy(@x +3) = ———

In x (ﬁ) — [In(2x + 3)] (%)

g0 = (In x)2
_ 2XInx — (2x +3) In(2x + 3)
- x(2x 4 3)(In x)2

y = Xﬁ — e\/?Inx

Inx /X
/_ oVXInx (02 VA
Y= <2ﬁ+ x )

= xVX (% (%Inerl))

Inx
Given thaty = (;) ,letu =Inx. Thenx = e" and

1\ 2
y = (@) = (eH¥ = e, Hence,

dy dy du _e (1) 2Iinx /1 Inx
ax —du ax e T %)

y = In|secx + tanx|
, _ secxtanx + seéx

secx + tanx
= Secx

y =In|x 4+ v/x2 —a?|
2X
14—
Y = 2V/x2—a? _ 1
X++/x2—a2 /xZ2-2a?

y=In(vx2+a2—x)
X
—= 1
;X2 +a?

Y= Vx2+a? —x
1

Ut a

y = (COSX)X — xCOSX _ X Incosx __ e(cosx)(ln X)

1 .
y = exIncosx [In COSX + X <ﬁ> (- smx)]

. 1
— g(cos)inx) [— sinxInx + cosx}
= (cosx)*(In cosx — x tanx)

. 1
— XCOsX (— sinxInx + x cosx)
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f(x) = xe™
f'(x) = (1 + ax)
£7(x) = e™(2a + a®x)
£7(x) = e™(3a% + a°x)
f ™ (x) = e®(na"* + a"x)
Since

d
&(axz + bx 4 ¢)e¥ = (2ax + b)e* + (ax? + bx + ¢)&*
= [ax? + (2a 4 b)x + (b + ¢)]e*
= [AX? + Bx + CJ€*.
Thus, differentiating(ax? + bx + c)e* produces another

function of the same type with different constants. Any
number of differentiations will do likewise.

y=¢°
y = 2xe*’
y" = 2¢° 1+ 4x2e° = 2(1 + 2x2)e°
y" = 2(4x)€° + 2(1 + 2x2)2xe*” = 4(3x + 2x3)eX
y@ — 43 + 6x2)e” + 4(3x + 2x3)2xe"’
— 43+ 12¢2 + ax4)e”’

f(xX)=In(2x + 1)
f7(x) = (=1)2°(2x + 1) 2
f@x) = —@N2*@x + 1)~

Thus, ifn=1,2,3,... we have
fMx) = (=) (n=112"@2x + "

f/(x) =22x + 1)t
£7(x) = (22°(2x + 1)~2

a) fx) = (X =x®

In f(x) = x?Inx
%f/:ZXInerx
' = x+12Inx + 1)

b) g(x) =x*"

Ing = x*Inx

1, x*
—g =x*Q+Inx)Inx + —
g,g 1+Inx)Inx+ ”

1
g = x¥x* ~ Hinxt (Inx)?
Evidently g grows more rapidly than doeé as x grows

large.

Given thatx** = a wherea > 0, then

"
Ina=x* Inx=alnx.
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1/a

1
Thus Inx = ElIna:lna , sox = al/a,

fX)=x—-DX—2)(x—3)(x—4)
InfxX)=Inx—-21 +In(x—=2)+In(x —3) +In(x — 4)

1oy L 1 1 1
f(x) (X)_x—1+x—2+x—3+x—4

po 1 1 1 1

f(X)_f(x)(x—l—i_x—Z—i_x—3+x—4)
VTEXA -3

PO =1 509

INF(X)=3INL+X) + 3IN(L—x) — £ In(L+ 5x)

Foo 1 1 4

FX) 2(14+x) 31-x) (1+5x)

o —rFoli L Al i B
F(o)_F(O)[E_E_E]_(l)[z 3 4]_ 6
¢ 0 =D(x2-2(x? -3

= DT 26219

3x2x1 1
f(2)=5§6§7=3_5’ f@=0

In f(x) = In(x®> — 1) + In(x*> — 2) + In(x> — 3)
—In(x?+1) — In(x?> + 2) — In(x?> + 3)
1 2X 2X 2X
—f(x) =
fo W1t 2t 3
2X 2X 2X
X24+1 x24+2 X243

1 1 1
f/(x) :2xf(x)(x2_1+ 7 + 7 3

111
x24+1 x242 x243

4/1 1 1 1 1 1
f'@Q=—(Z+Z+>-Z-2-2
2 35(3+2+1 5 6 7)

4 139 556

~ 357105 3675
Since f (x) = (x2 — 1)g(x) whereg(1) # 0, then
f/(x) = 2xg(x) + (x2 — 1)g'(x) and
1y L, EDE2 1
f'(1)=29(1)+0=2x X 3%4" 6

Sincey = x2e~°, then
y = 2xe ™% — 2x3e™* = 2x(1 — x)(1 + x)e ¥,
. . 1
The tangent is horizontal &0, 0) and (il, E)'

f(x) = xe X
f'(x)=e*(1-x), CPx=1, 1= %

f/(x) > 0 if x < 1 (f increasing)
f'(x) <0 if x > 1 (f decreasing)
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Lley =xe*

Fig. 3.3.59

1
60. Sincey=Inx andy = M =4 thenx = %1 and
y= In%1 = —In4. The tangent line of slope 4 is
y=-INd+4(x—3), ie,y=4x—1-In4.

61. Let the point of tangency bé, €?).
Tangent line has slope

g-0_du =
a—-0 dx |,

Therefore,a =1 and line has slope.
The line has equatioy = ex.
y A

(a,6?)

Fig. 3.3.61

1 1
62. Theslopeofy:lnxatx:aisy’:—‘ ==
line from (0, 0) to (a, Ina) is tangent toy X::?nx if

Ina—O_ 1

a-0 a

i.e., ifIna=1, ora=-e Thus, the line isy = 2.
y

(a,Ina)

y=Inx

Fig. 3.3.62

SECTION 3.3 (PAGE 181)

63. Let the point of tangency béa, 22). Slope of the tangent

is
22-0 d
= —2f =22In2.
a—1 dx |,
Thusa—1= = a=1+ !
" In2’ - 2

n
So the slope is@In2 = 21+1/IN2 |n 2 = 2e|n 2.
1
(Note: In2/In2 = in2=1= 22 — ¢)
The tangent line has equatign= 2eln 2(x — 1).

The tangent line toy = a* which passes through the
origin is tangent at the pointb, a®) where

ab—O_iax

_ b
b0 — dx =a’lna.

x=b

1 . .
ThusB =Ina, soa? = a2 = e The liney = x will
intersecty = a* provided the slope of this tangent line

. e
does not exceed 1, i.e., prowd%d < 1, orelna < 1.

Thus we needh < el/e,

y
(b, a°)
X
Fig. 3.3.64

X 1
eYin—=x+ =
y y

X y[(y—xy 1
XYy / | XY l 7
e (y+1xy)n—y+e _x< ¥ )—
At (e, E) we have

1 / 1 3
z 24e(e—ey)=1—ey
e<e+ey) +ee2(e e’y’) y

24 2%y +1— €2y =1—¢?y.

1
Thus the sl iy =—-=.
us the slope iy =2

xe¥+y—2x=In2=>e¥Y+xe¥y +y —2=0.
At (1,In2),2+2y +y —2=0=Yy =0.
Therefore, the tangent line = In 2.

89
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67. f(x) = AxcosInx + BxsinInx
f/(x) = AcosInx — AsinInx + BsinInx + B cos Inx
= (A+ B)cosInx + (B — A)sinlnx

1
If A=B= > then f/(x) = cosInx.

72.
1 1
Therefore/ cosinxdx = EX cosInx + EX sininx + C.
1 1 .
If BZE' AZ_E then f’(x) = sininx. 3
1 1
Therefore/ sinlnxdx = Ex sinlnx — Ex coslnx + C.
68. Fap(X) = Ae* cosx + Be* sinx 74
d
—F
Ix A,B(X)

= Ae* cosx — Ae* sinx + Be* sinx + Be* cosx
= (A+ B)e* cosx + (B — A)e" sinx = Fay.g—A(X)

d
69. Since&FA,B(x) = Fa+B,B—A(X) we have

2 d
a) W FA,B(X) = &FA+B,B_A(X) = FZB,—ZA(X)
da® ds3 d
b) me COSX = e F1o(x) = ax Fo,—2(x)

= F_2_2(X) = —2€* cosx — 2€* sinx

d
70. &(Aeax cosbx + Be®™ sinbx)

= Aae®™ cosbx — Abe® sinbx + Bae®™ sinbx
+ Bbe®™ cosbx
= (Aa + Bb)e®™ cosbx + (Ba — Ab)e® sinbx.
a
a) If Aa+Bb=1andBa— Ab =0, thenA= ——
@) + P

b
andB = 20 Thus

+b

/ e® cosbx dx

(aeax cosbx + be®™ sin bx) +C.

T a2
(b) If Aa+Bb=0 andBa—Ab=1, thenA = b
. - TaZ1p?
andB = Z b Thus
e sinbx dx

P ) (aeax sinbx — be® cosbx) +C.

90
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1 .
Therefore In)—( + Inx = C (constant). Takingk = 1, we

1
getC=In1+1In1=0. Thus In;:—lnx.
X 1 1
INn—=In{x-)=Inx+In-=Inx—1Iny.
y y y

d r rx
&[ln(x)—rlnx]_x———_

Therefore Iiix") — rInx = C (constant). Taking
x =1 wegetC=INn1-rinl=0-0=0. Thus
In(x") =rInx.

Let x > 0, andF (x) be the area bounded by= t2, the
t-axis,t = 0 andt = x. Forh > 0, F(x +h) — F(x) is
the shaded area in the following figure.

y

X X+h t
Fig. 3.3.74

Comparing this area with that of the two rectangles, we
see that

hx? < F(x + h) — F(X) < h(x + h)?.
Hence, the Newton quotient fdf (x) satisfies

W2 - F(xX+h)—F(X)

- < (X +h)2

Letting h approach 0 from the right (by the Squeeze The-
orem applied to one-sided limits)

lim w = xz.
h—0+ h

If h <0 and O< x+h < X, then

(x+h)2 < w < XZ,
so similarly,
lim w — xz.
h—0— h

Combining these two limits, we obtain

F(x+h) — F(x) _ 2

d F(x) = lim
dx " h=0 h
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ThereforeF (x) = fxzdx = ix® + C. Since
F(0) = C = 0, thereforeF (x) = 3x3. Forx = 2,

the area of the region i5(2) = g square units. 1.
a) The shaded areA in part (i) of the figure is less
than the area of the rectangle (actually a square) 2.
with base fromt = 1 tot = 2 and height 11 = 1.
Since INn2= A <1, we have < el =g ie.,e> 2. 3
v 4 @ y ii .
_ y=1/t
= 4,
5.
~—— 6
A .
A1 A
1 2 ; 1 2 3 ; 7.
Fig. 3.3.75
b) If f(t) = 1/t, then /() = —1/t2 and 8.
f/(t) = 2/t3 > 0fort > 0. Thusf’(t) is an
increasing function of for t > 0, and so the graph 9.
of f(t) bends upward away from any of its tangent
lines. (This kind of argument will be explored fur-
ther in Chapter 5.)
c) The tangent toy = 1/t att = 2 has slope-1/4. Its
equation is
y:%—%(x—Z) ory:l—%.
10.
The tangent toy = 1/t att = 3 has slope-1/9. Its
equation is
1 1 2 X
y:§—§(x—3) ory:§—§.
d) The trapezoid bounded by=1,x =2,y =0, and
y =1— (x/4) has area
1/3 1 5
A=s (z * 5) =8
The trapezoid bounded by=2,x =3,y =0, and
y = (2/3) — (x/9) has area 11.

N NI AU
2=2%\973) " 18

5 7 73
e)|n3>A]_+A2=§ 1—827—2>1

Thus 3> el = e. Combining this with the result of
(a) we conclude that 2 e < 3.

SECTION 3.4 (PAGE 189)

Section 3.4 Growth and Decay (page 189)

3

. 3ex _ i X0 . .

Xll_)moox e _Xll_)moo = = 0 (exponential wins)
X

e = lim e_szoo

X—00 X—00 X

im 2" -3 im 2-3* 2-0

x>00 X +5 x>0 l+4+5e X 140

im x—2e 1—2/(xe><)_1—0_1

x—>00 X 4+ 3e X x—>00143/(xeX)  14+0

lim x—3

2

lim xInx =0 (power wing
+

X—0-
Inx

im — =—-o0
x—0+ X

lim x(In|x)®> =0
Xx—0

_ (Inx)®
x||—>moo ﬁ

Let N(t) be the number of bacteria present aftdrours.
ThenN(0) = 100, N(1) = 200,

dN
Sincea = kN we haveN(t) = N(0)ek! = 100eM.
Thus 200= 100 andk = In2.
= 100e®/21n2 ~ 565685.

=0 (power wing

. 5
Finally, N >
There will be approximately 566 bacteria present after
another % hours.

Let y(t) be the number of kg undissolved aftehours.
Thus, y(0) = 50 andy(5) = 20. Sincey'(t) = ky(t),
thereforey(t) = y(0)ekt = 50eKt. Then

5k 1in2
20=y(5) =50e* = k= {In 2.

If 90% of the sugar is dissolved at time then
5= y(T) = 50T, so

1 1 5In(0.)

T=-In— ~ 12.56.
In(0.4)

k 10

Hence, 90% of the sugar will dissolved in about 12.56
hours.

Let P(t) be the percentage undecayed aftgrears.
Thus P(0) = 100, P(15) = 70.

Sincez—f = kP, we haveP(t) = P(0)ek = 100K,

1

Thus 70= P(15) = 100e'* sok = 7507,

The half-life T satisfies if 50= P(T) = 100T, so
1 15In(0.5

T =105 = BIOS 2915,

In(0.7)
The half-life is about 29.15 years.
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Let P(t) be the percentage remaining afteyears. Thus
P/(t) = kP(t) and P(t) = P(0)e" = 100K, Then,

1
_ 169k
50 = P(1690 = 100e =>k= 1690

1
In > ~ 0.0004101
a) P(100 = 1001k ~ 9598, i.e., about 95.98%
remains after 100 years.

b) P(1000 = 100e'%°% ~ 66.36, i.e., about 66.36%
remains after 1000 years.

Let P(t) be the percentage of the initial amount remain-
ing aftert years.
Then P(t) = 100K and 9957 = P(1) = 100eX.
Thusk = In(0.9957).
The halfl-life T satisfile%OSS): P(T) = 100T,
n(0.
soT = K In(0.5) = 0995 160.85.
The half-life is about 160.85 years.

Let N(t) be the number of bacteria in the culturelays
after the culture was set up. Thilg3) = 3N(0) and
N(7) = 10 x 10°. SinceN(t) = N(0)é¥, we have

3N(0) = N@3) = N(0)e* = k= 1In3.
10" = N(7) = N(0)e™® = N(0) = 107e~"/3"3 ~ 770400

There were approximately 770,000 bacteria in the cul-
ture initially. (Note that we are approximating a discrete
guantity (number of bacteria) by a continuous quantity
N(t) in this exercise.)

Let W(t) be the weight days after birth.

Thus W(0) = 4000 andW(t) = 400G,

Also 4400= W(14) = 400, is k = 1—14 In(1.2).
Five days after birth, the baby weighs

W(5) = 400((>/19In(1.1) ~ 413850 ~ 4139 grams.

Since

1/(t) = kI (t) = 1 (t) = | (0)e! = 40X,
15=1(0.01) = 40e%0% = K = 1o 100|n§,
0.01 40 8

thus,

3 3\ loa
I (t) =40 exp(lOOt In §> = 4o<§> )

$P invested at 4% compounded continuously grows to
$P(E*%%7 = $Pe®28 in 7 years. This will be $10,000 if
$P = $10, 0002028 = $7,557.84.

Let y(t) be the value of the investment afteyears.
Thusy(0) = 1000 andy(5) = 1500. Since
y(t) = 100X and 1500= y(5) = 100G, therefore,
k=2In3.

502
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a) Lett be the time such thag(t) = 2000, i.e.,

10064 = 2000
1 5In2
= t=>In2=_—" =855
k In(3)

Hence, the doubling time for the investment is about
8.55 years.

b) Letr% be the effective annual rate of interest; then

r_ _ K
10001 + 755) = ¥(1) = 100C¢

=r = 100" — 1) = 100[exp(} In 3) — 1]
— 8.447.

The effective annual rate of interest is about 8.45%.

Let the purchasing power of the dollar Byt) cents af-
tert years.
Then P(0) = 100 andP(t) = 100K,
Now 91= P(1) = 100X sok = In(0.91).
If 251 = P(t)l (o=2 5 100¢ then
n(0.
t=1 In(0.25) = In©.9D) ~ 14.7.
The purchasing power will decrease to $0.25 in about
14.7 years.

Let i% be the effective rate, then an original investment

of $A will grow to $A<1 + ﬁ)) in one year. Let%

be the nominal rate per annum compoundetimes per
year, then an original investment oA3will grow to

n
r
Al 1+ ——
$ < + 1001)
in one year, if compounding is performedtimes per
year. Fori = 9.5 andn = 12, we have

95 r 12
$A<1+ ﬁ)) = $A<1+ —1200>

—r = 1200( 2/1.095— 1) —9.1098

The nominal rate of interest is about 9.1098%.

Let x(t) be the number of rabbits on the islahgears
after they were introduced. Thug0) = 1,000,
x(3) = 3,500, andx(7) = 3,000. Fort < 5 we have
dx/dt = k1x, so

x(t) = x(0)eat = 1,000k

X(2) = 1,002 = 3500 = &% =35

5/2
x(5) = 1,000e%¢ — 1,ooo(e2kl) — 1,000(3.5)%/2
~ 22,918
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Fort > 5 we havedx/dt = kox, so that

X(t) = x(5)eet=>

3,000
7) = x(5)e2 = 3,000 e D
X(7) = x(5)e \ = 22018
5/2 3,000\ %2
10) = x(5)3%2 = x(5)(e%?) " ~22918( —
X(10) = x(5) x(5)(e*) 2918( 57518

~ 142

so there are approximately 142 rabbits left after 10 years.

Let N(t) be the number of rats on the islahdnonths
after the initial population was released and before the
first cull. ThusN(0) = RandN(3) = 2R. Since

N(t) = Rek, we havee™ = 2, soek = 213, Hence
NG) = Re* = 253R. After the first 1,000 rats

are killed the number remaining i/2R — 1,000. If

this number is less thaR, the number at the end of
succeeding 5-year periods will decline. The minimum
value of R for which this won’t happen must satisfy
25%/3R—1,000= R, that is, R = 1,000/(2%3 —1) ~ 4598.
Thus R = 460 rats should be brought to the island ini-
tially.

f’'(x) = a+ bf (x).

a) Ifux) = a + bf(x), then
U (x) = bf'(x) = bla + bf(x)] = bu(x).
This equation fowu is the equation of exponential

growth/decay. Thus 26.

ux) = C1e™,

f(x) = % (ClebX - a) =Ce™ — %.

b) If g—i = a+ by and y(0) = yo, then, from part (a),

a
yo:CeO——.

a
:CbX__
y=te""v b

ThusC = yp + (a/b), and

y=(vo+ )€™~

a
b b’

a) The concentration (t) satisfiesz—: = a — bx(t).
This says thak(t) is increasing if it is less than/b
and decreasing if it is greater tharib. Thus, the
limiting concentration isa/b.

SECTION 3.4 (PAGE 189)

b) The differential equation fox(t) resembles that of
Exercise 21(b), except that(x) is replaced byx(t),
andb is replaced by—b. Using the result of Exer-
cise 21(b), we obtain, since(0) = 0,

X(t) = (X(O) - %) e bt a

b
-30-e)

c) We will havex(t) = 2(a/b) if 1 —e™® = 1, that is,
if e = 1, or —bt = In(1/2) = —In2. The time
required to attain half the limiting concentration is
t =(n2)/b.

Let T(t) be the reading minutes after the Thermometer
is moved outdoors. Thu$(0) = 72, T (1) = 48.

T
By Newton’s law of cooling,a = k(T — 20).

dv
If V(t) =T() — 20, thena =kV, so
V(t) = V(0)ekt = 526K,
Also 28= V(1) = 52, sok = In(7/13).
ThusV (5) = 52e°n(7/13 ~ 2354. Att = 5 the ther-
mometer reads abodt(5) = 20+ 2.354= 22.35°C.

Let T(t) be the temperature of the objecminutes after
its temperature was #5C. ThusT (0) = 45 and

dT
T(40) = 20. Also—- = k(T + 5). Let
ut) = T() + 5, sou(0) = 50,u(40) = 25, and
u dT
— = — =Kk(T+5) =ku. Th
at at (T+5) u us,
u(t) = 50e",
25 = u(40) = 50e*%,
1,25 1,1

=20"50 40" 2

We wish to knowt such thatT(t) = 0, i.e.,u(t) = 5,
hence

5= u(t) = 504

5
401n (ﬁ))
=——""7 =13288min

Hence, it will take abouf13288 — 40) = 92.88 minutes
more to cool to O C.
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Let T(t) be the temperature of the bodyminutes after it 31.

was 5°.
ThusT(0) =5, T(4) = 10. Room temperature = 20

By Newton'’s law of cooling (warming)?j—:— = k(T — 20).

If V(t)=T(t)—20 thenz—\t/ =KV,
soV () = V(0¥ = —15*.

1 (2
Also ~10=V(4) = ~15¢%, sok = /In <_)

3
If T(t) =15, then—5=V(t) = —15"
1
In

1 /1 3
t==In(z)=4 ~ 10.838.
S0 kn<3) 2

In{3 32.

It will take a further 6.84 minutes to warm to 16.

By the solution given for the logistic equation, we have

__ Ly
Yo+ (L — yo)e=%

LYo

T Yot L-ypek

Y1

Thusyi(L — yo)e K = (L — y1)yo, and
y2(L — yoe = (L — y2)yo.
Square the first equation and thus eliminat&:

((L —~ yl)Y0>2 _(L—y2)yo 33.

yillL —yo)/ — ya(L — Yo)

Now simplify: yoy2(L — y1)? = y2(L — yo)(L — y2)
yoy2L2—2y1yoYaL +YoyZy2 = YZL2—y2(Yo+Y2) L +YoyZy2

Y2(Yo + Y2) — 2yoy1Y2

AssumingL #0, L = 5

Y1 — YoYy2
If yo=3,y1=05, y2=6, then
L= 29 - 180 = 4 ~ 6.429. 1
25-18 7
The rate of growth ofy in the logistic equation is 2.
dy y
Since 4.
dy  k L)? L
aa- V" 2) T 5.
dy . L 6
thus It is greatest whery = 5 .
The solutiony = % is valid on the
Yo+ (L — yo)e~ 7.

largest interval containingg = 0 on which the denomina-
tor does not vanish.

If yo> L thenyp+ (L — yo)e ™ =0 if 8.

Yo
yo— L
Then the solution is valid oiit*, co).
lim¢_t«4 y(t) = oo.

t=t*=—=1In
k

ADAMS and ESSEX: CALCULUS 8

The solution
_ Lyo

Yo+ (L — yoe ™
of the logistic equation is valid on any interval containing
t = 0 and not containing any point where the denomina-
tor is zero. The denominator is zeroyi§ = (yo— L)e™ ,

that is, if
1 Yo
t=t*=——1I .
k n(YO— L)

Assumingk and L are positive, butyp is negative, we
havet* > 0. The solution is therefore valid ofoo, t*).
The solution approachesco ast — t*—.

y

L
)= —
yo 1+ MeK
200=y(0) =
YO =177
1,000=y(1) = ——
’ yd 1+ Mek

10,000= lim y(t) = L
t—o0

Thus 20@1 4+ M) = L = 10,000, soM = 49. Also
1,000(1 + 4% %) = L = 10,000, soe™® = 9/49 and
k = In(49/9) ~ 1.695.

L 10, 000
3 = = - ~ 7671 cases
YO = T Ve & = 11 49(9/49)3
—3K
y(3) = LkMe ~ 3,028 cases/week

(1+ Me3k)2

Section 3.5 The Inverse Trigonometric Func-

tions (page 197)
sint v3_z
2 3

T

tan (-1 = -2

=D 1
sect V2= %

sin(sin"10.7) = 0.7

cogsin~t 0.7) = /1 — sin?(arcsin 07)
=+/1-049=+051

2
tar* (tan?”) =tan 1(—/3) = —%

sin~! (cos 40) = 90° — cos ! (cos 40) = 50°

cos‘l(sin(—O.Z)) = % - sin‘1<sin(—0.2))

P
=—+02
2+
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sin(cos‘l(—%)) - \/1 — co(arccog—3)

V8 _2v2

= 1-—
3 3

1_
1

1 1
cos(tan‘l —) R
sec( tamr1 2=

\/1 + tar? (tarrl %)

tan(tan~ 200) = 200
sin(cos 1 x) = v/1 — cof(cos 1 x)
=v1-x2

cogsin ! x) = /1 —sir? (sin"1x) = V1 — x2

1 1
sedtamrlx) /It x2

tan(arctanx) = x = sed arctarx) = v/ 1+ x2

Gl

cogtan ! x) =

1
= cog arctarnx) =
) 1+ x2
. e
= sin(arctarx) =
( ) A1+ %2
3 sin(cos 1 x)
tancos 1x) = >~~~ "7
n X) cogcos1x
/1_ 2
- X by # 13
X
1 1 Jx2-1
cogsecix) = = = sin(sec? :\/1——:
g X) i in( X) 2 X
= tan(sec 1x) = v/x2 — 1 sgnx
:{«/xz—l if x>1
—/x2—-1 ifx<-1
2x—1
L1
= sin
y=5 ( 3)
y_ 1 2
1 2x —1 23
3
_ 2
V9 — (4x2 — 4x + 1)
1
2+ x-x2
a
=tan ! b (.
y =tan ~(ax + b), y 1T (ax + b)2

SECTION 3.5 (PAGE 197)

21. y=cos? x=b
y/ = —71 E
(x-b?2?2

1- 2
-1 .
= m (assum|ng)a > 0)

22.  f(x) =xsin"tx

X
f/(x) =sin! x + ———.

23. f(t)=ttan 't
f/(t) = tan 1t +

1412
24. u=72Zseclt(1+7

du
— =2zsect(1+ 7
iz z QA+ +

=2zsect(1+ 2% +

25. F(x)=(1+x%tantx
F/(x) = 2xtan *x + 1

26. y=sin" (;)

72(22)

1+22/1+22)?-1

272sgn(z)
1+ 22)V2+2

(Ix] > 1al)

;. 1 ail_ a
y—w[‘ﬁ]—‘m

X
sin1x
27. G(X) = ————
) sin—1(2x)
1 2
- P
SINTH(2X) —— — Sin " X———
G'(x) = ( )v1—x2 V1-—4x2
= 2
(sin—1(2x))
_ VI-4sin(2x) — 2v1— x2Zsin1x
= 2
VI—x2V/1= 4x2(sin—1(2x))
sin1t
28. H@) =
® sint
sint ( ! ) sin 1t cost
H () = Vi-t2
Siné t
= 1 csct cott sin 1 t
 (sint)VI—t2

29. f(x) = (sin1x?)¥?

1 2X
f/(x) = =(sin1x?)~1/2
x) 2( ) T
B X
1 — x4/sin~1x2

95



31.

33.

34.

35.

SECTION 3.5 (PAGE 197)

www.konkur.in

ADAMS and ESSEX: CALCULUS 8

y = cost ( a ) 36. Since the domain of seé consists of two disjoint inter-
a2 4 x2 vals (—oo, —1] and [1, c0), the fact that the derivative of
a2 “2r 4 5 o3 sec’! is positive wherever defined does not imply that
y = —<1 - m) [_E(a +x%)7Y (2X)} sec’! is increasing over its whole domain, only that it is
asgn(x) increasing on each of those intervals taken independently.
_ as0nx) In fact, secl(=1) = = > 0 = sec’1(1) even though
a? +x? 1<
y=+a?— x2+asin‘1§l
y = X n a 1
VaZ —x2 \/ 2 @
1-5 1
a2 37. —csclx=—sint=
a— x 3 d d X
_ _ (@a>0) _ 1 _ 1
az —x? a+x = T 2
1= %
X
y=acos‘1<1——)—\/2ax—x2 (a>0) __ 1
a IX|v/X2 — 1
24-1/2
r— _al1—(1-% L)oo 2x ¥
y a a 24/2ax — x2 (1,7/2)
_ X
© J2ax — x2
-
tarr! (%) _ X y=csctx
y y2
1 2y-2 vy -2y (~L-7/2)
) 4%2 y2 y4
Ty Fig. 3.5.37
14-2y 4— 4y
At (1,2) = =
25— =" 15 ,
8—4y,:47[ —477_'y/:> y/: 77.';
) T —1
At (1, 2) the slope is”
T —
38. cotlx = arctan(1/x);
- 1
, 1 . —cotlx=—" ==
If y = sin"! x, theny = ——. If the slope is 2 1 2 2
y y N p dx 14 ¥ X 1+ X
V3 .
then = 2 so thatx = +—. Thus the equations Yo
V1I=x2 _ 2 a { y = cot1x
of the two tangent lines are
3 3
y=£+2 x—£ andy:—£+2 x+£. X
3 2 3 2
—7/2
d 1 Fig. 3.5.38
—sin " x = Oon(—-1,1).

Therefore, sin? is increasing.

Remark: the domain of cot can be extended to include

d tarmlx — 1 - 0 on (—oo, 00) 0 by defining, say, cof 0 = /2. This will make cot?!
dx T 14 x2 e right-continuous (but not continuous) at= 0. It is also
Tdherefore tan! is increasing. possible to define cot in such a way that it is contin-

1 .
& costix=— <0on(-1,1). uous on thelwhole re_::ill line, but.we would then Iosg the
dx J1—x2 identity cot*x = tan ~(1/x), which we prefer to main-

Therefore cos! is decreasing.

96
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30. i(tan‘l X 4 cot 1 x) =

d tan x + tan ! 1
dx dx X

1 1 1
=— S+ ——>(—-=])=0if x#0
1+x2+ 1 ( x2> #
1+
X
Thus tam® x + cot 1 x = C; (const. forx > 0)

T T
At x =1 we have— + — =C
2t 4 !
Thus tamlx + cot1x = > for x > 0.

Also tam 1 x + cot 1 x = C, for (x < 0).
At x = -1, we get—% T Co.

4
Thus tamlx +cot1x = —% for x < 0.
40. If g(x) = tanttan ! x) then
sed (tan ! x
g(x) = 172)
+ X
_ 14ftanttan )] 14x2
B 1+x2 S
If h(x) = tan ! (tanx) thenh is periodic with periodr,
and 2
sec X
h/ = =
) 1+ tar? x

provided thatx # (k+ %)n wherek is an integer.h(x) is
not defined at odd multiples c%
y y

y=tan(tan 1 x) /
X / -

(n/2,7/2)

°
4

y=tan1(tanx)

Fig. 3.5.40(a) Fig. 3.5.40(b)
d -1
41. — cos(cosx) = ————(—sinx
dx ( ) V1 —co2 x( )

_[1 if sinx >0
T l-1 ifsinx <0

cos 1(cosx) is continuous everywhere and differen-

tiable everywhere except at= nz for integersn.

Y 1
y = €O0S *(COSX)
T+

Fig. 3.5.41

SECTION 3.5 (PAGE 197)

a2 4 sin1(cosx) =

X (—sinx)

1
V1 —cogx
[—1 if sinx >0
1 if sinx <0

sin~1(cosx) is continuous everywhere and differen-
tiable everywhere except at= nz for integersn.

Y 4
/2

ANEIVANFEYA
NN

Fig. 3.5.42

y = sin~1(cosx)

d

43. — 1
X tan - (tanx) =
multiples of z /2.

1
m(se@ x) = 1 except at odd

tan~1(tanx) is continuous and differentiable every-
where except ak = (2n + 1)z /2 for integersn. It is not
defined at those points.

s o]
e

y = tanL(tanx)

Ay
Az

Fig. 3.5.43

d _1 1
44, &tan (cotx) = T+ cofx (—cs@x) = —1 except at

integer multiples ofr .

tan1(cotx) is continuous and differentiable every-
where except ak = nrz for integersn. It is not defined
at those points.

= tan1(cotx)

\\\\\
NIANINERNE

Fig. 3.5.44
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X
45. If |x] <1 andy =tant ———, theny > 0< x>0 Thus sey = x andy = sec ! x.
A1 —x2
and « If x<—1andy=x —sin! , thenZ <y <32
tany = —
N and sey < 0. Therefore
seCy 1+—X2 1 VX2 VX2
= = -1 -1
1-x2  1-x? siny:sin<7r—sin‘l X ): X
sify=1-—cofy=1—(1-x%) = x> X X
. 2
siny = X. _ -1 1
) cody=1— =
Thusy = sin"1x and simlx = tam? = seCy = x?
—X
An alternative method of proof involves showing that the secy =X,
derivative of the left side minus the right side is 0, and
both sides are 0 at = 0. because botlx and sey are negative. Thuy = sec!x

in this case also.

46. If x > 1 andy = tan1/x2—1, then tary = v/xZ2—1 ,
and sey = x, so thaty = sec®x. 49. '(x) =0 on (~oo, _1))( 1
If x<—1andy=xz—tartv/xZ-1, then <y < 3, Thus f(x) = tam? (—) —tanlx = Con
so seq < 0. Therefore (o0, —1) x+1

tany = tan(zr —tan 1 v/x2 — 1) = —/x2 — 1

2 2 Evaluate the limit ax — —oo:
seCy=1+(xx>-1)=x

secy = X, ; A
m  f00 =tanm1 ( 2) =2
because botlx and sey are negative. Thuy = sec!x x—1 3
in this case also. Thus tar! ( ——= ) —tan1x = = on (—o0, —1).
x+1 4
. X
47. If y=sin?t Nk theny > 0« x > 0 and 50. Since f(x) = x — tan~! (tanx) then
X
seé x
siny = — fl) =1 —— ~ _ —1-1=0
Vit x2 1+ tar? x
. x2 1
cody=1-sify=1- T2 - 15 if x # —(k + 3)z wherek is an integer. Thusf is
tafy =se@y—1=1+x%—1=x2 constant on intervals not containing odd multipleszrzef
tany = X. f(0O)=0but f(xr) =7 —0 = =. There is no contra-
diction here becausé¢’ r is not defined, sof is not
X . .
Thusv = tan~1 x and tam® x = sin-1 ] constant on the interval containing 0 and
Y V14 x2
51. f(x)=x—sin"i(sinx) (-7 <X <)
/x2 _ 1 ’ _ l
48. If x> 1 andy =sin! XX , then 0< y < % and reo=1- mcosx
_ ., cosx
] | cosx|
siny = 2 _ 0 if—%<x<%ﬁ i
x-1_1 2 if - —~or >
COSZy:]__ v :ﬁ | T < X< 277: 2<X<7r
se@y = x2. Note: f is not differentiable attE.
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vt (.7 2. coshx coshy + sinhx sinhy
=2 +e)(E +eY)+ (€ —e ) —e V)
= 12t 4 267%7Y) = J(@HY + e HY))
= coshix +y).
-n/2 R sinhx coshy + coshx sinhy
/2 X =3[ —e ) +e V) + (€ +e7)(E —eV)
y=f() = (&Y — e M) = sinh(x + y).
coshix — y) = coshi + (—y)]
= coshx cosi(—y) + sinhx sinh(—y)
(=7,~7) = coshx coshy — sinhx sinhy.
Fig. 3.5.51 sinh(x — y) = sinh[x + (-Y)]
= sinhx cosi(—y) + coshx sinh(—y)
/o _ =1 = sinh hy — hx sinhy.
y_1+x2:>y_tan X+ C sinhx coshy — coshx sinhy
y@=C=1
Thus y =tan ! x + 1.
1 X sinh(x £ y)
'=—— - S y=ZtanlZ +C _>2AEY)
y 912 y1 3 3 3. tanhx+vy) costx = y)
y(@) =2 2= étan—ll +C C=2- 152 _ sinhx coshy + coshx sinhy
1 X - coshx coshy =+ sinhx sinhy
Thusy = Jtam"= +2— 5. _ tanhx +tanhy
1 " 14+ tanhx tanhy
/ -
=—==Yy=sin"x+C
y T y
yG) =sint($H+Cc=1
Tic=1=sc=1-2
»gtC=1=C=1-+. X e X 2
T 4. y=cothx = — y=sechx = -——
Thusy:sin‘lx+1—g. e —e e +e
y y
y=——_ Sy=ssiriiic
V25— x2 5 1y sechx
y@@ =0 0=0+C=C=0 y = sec

Thusy = 4sin‘1§.

Section 3.6 Hyperbolic Functions
(page 203)

d d 1
il K = —
dx sec dx coshx
=— L sinhx = — sechx tanhx
costf x
d d 1
dx csehx = dx sinhx
=—— 1 coshx = — cschx cothx
sink? x
d cothx — d cosh
dx ~ dx sinhx
_sinfPx —cosi¥x 1
N sink? x sinftx

Fig. 3.6.4(a) Fig. 3.6.4(b)
2

=cschx = ———

y eX —e X
y

y = cschx
X
csch'x Fig. 3.6.4
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X
1+ ——
d_ .4 _d JXZ11 7
—sinhix=—In(x+vx2+1) = —Y2T=
dx 1 dx ( ) X+ VX2 +1
N
X
d d 1+ /x2 _ 1
~ coshlx = — | e =_ vx -1
OIXcos X X nx + v X ) NS v
1
_d ol
1 14X
—tanhitx = —ZIn( == 8.
dx ann =X dx2n<1—x)
C11-x1-x-(1+x(-1) 1
J T 214X (1-x)2 T 1-x2
X
=sinhix+C
fVX§+1
X _cosiilx+C (x> 1)
X2 —1
[ I tanirix4c (-l<x<1
1-x2

_sint® (X —asi _ dy
Let y = sinh (a) & x=asinhy = 1= a(coshy)dx.
Thus,

d . /X 1
ax Sinh (5) ~ acoshy
1 1

a\/lJrsinh2 y vaZix?

dx X
——— _=sinh!Z+cC. a>0
/ vaZ 4 x2 a ( )
Let y = cosh? g < x = aCoshy = acoshy 9.

d
for y>0,x > a. We have 1= a(sinhy)d—i. Thus,

d X 1
il -
dx cos a asinhy

1 1
a\/cosr?y _1 Vx2-a?

X
:cosh‘15+C. (@>0, x> a)

/ dx
JxZ—a?

d
Let y= tanh_l g & X = atanhy =1= a(secﬁ y)%
Thus,
d tanit X = 1
dx a asecRy
— a . a
" a2 —a?tanlf x a2 —x2

dx 1 X
az —x a a

100
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1 1 2.1
a) sinhInx = E(e'nx —e Iy = (x — _> _X

1
2 X 2X
1 1 1 x2+1
b) coshink = =X +e M) = = (x+ =) =
) 2( + ) 2( +x) 2x
sinhlnx x2-1
c) tanhinx = ——— = ———
coshinx  x2+1
d) coshin +sinhinx — x2+1+(x*—-1)  ,
coshlnx —sinhlnx =~ (x2+1) — (x2—-1)

1 X+1
The domain of cothlx = > In (Ll) consists of all

X+1

+ > 0.
) ) ) x—1

Since this fraction takes very large values foclose to
1 and values close to 0 for close to—1, the range of
coth™1 x consists of a Il real numbers except O.

x satisfying|x| > 1. For suchx, we have

d d 1
—coth! x= —tanhit =
dx co X dx an X

1 -1 1

T1-(1/x)2 x2 x2-1

y 4

Fig. 3.6.8

Since sechx = coshr(1/x) is defined in terms of
the restricted function Cosh, its domain consists of the
reciprocals of numbers in [bo), and is therefore the
interval (0, 1]. The range of sech! is the domain of
Cosh, that is, [Doo). Also,

d 1 d 1
™ sech = x = ™ cosh

y
y = Sechrlx
. .
Fig. 3.6.9
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10. csch™! has domain and range consisting of all real num-

bersx exceptx = 0. We have

d 1 d . ;1
&csch x_&smh -

-H1<1>z<le)-x¢x§—+1-

Fig. 3.6.10

11. fap(x) = A 4+ Be ¥
fa5(X) = KAE™ — kBe™®
fA(x) = KZA* + k2Be™

Thus f;-{,B — K2 fag=0

gc,p (X) = C coshkx + D sinhkx
dc.p (X) = KC coshkx + kD sinhkx
0¢.p (x) = k*C coshkx -+ k?D sinhkx

Thus gg’D —k?gcp =0

coshkx + sinhkx = e

coshkx — sinhkx = e~k

Thus fa g(X) = (A+ B) coshkx + (A — B) sinhkx, that

is,

faB(X) = ga+B,A-B(X), and

0c.0(x) = S(@ + &) 1 2 @ _ ek,

that isgc,p (X) = f(c1py/2,(c—D)/2(X).

12. Since

hi,m(X) = L coshk(x — a) + M sinhk(x — a)
! m(x) = LK? coshk(x — &) + MK? sinhk(x — a)
= KhL M (X)

hence,hi m(x) is a solution ofy” —k?y = 0 and

he,m(X)

_ Lxka | kxtka) L M/ kxeka  —kxtka

L) B g
L —ka M —ka ) Jkx L ka M ka | o—kx

=(=e —e k)¢ —g@_ —ga)e
<2 3 T2 2

= A + Be™™ = fap(x)

13.

SECTION 3.7 (PAGE 210)

where A = 1e73(L + M) and B = 3€@(L — M).

y =Ky =0=y=hmX)

= L coshk(x — a) + M sinhk(x — a)
y@=Yo=Y=L+0= L=Y0.D
y@ =v=0v0=0+Mk=M :?0
Thereforey = hy, o/k(X)
= ypcoshk(x — a) + (vo/K) sinhk(x — a).

Section 3.7 Second-Order Linear DEs with
Constant Coefficients  (page 210)

y' +7y + 10y = 0

auxiliary eqn r2+7r +10=0
r+5r+2=0 = r=-5-2
y=Ae ™ 4+ Be™?

y' —2y' —3y=0

auxiliary eqn r2—2r —3=0 = r=-1,r=3
y = Ae' + Be
y"+2y' =0

auxiliary eqn r?4+2r =0 = r=0, -2
y=A+Be?

4y//_4y/_3y=0
4?4 -3=0= 2 +1@& -3 =0

Thus r1 = —1, ro =3, andy = Ae" /2" 4 Be®/2t,

y'+8y +16y =0
auxiliary eqn r°+8r +16=0 = r=—-4, —4
y=Ae ¥ 4 Bte™

y' =2y +y=0

r2—2r+1=0=(r -1%=0

Thus r =1, 1, andy = Ae' + Btel.
y’ — 6y +10y =0

auxiliary eqn r2—6r +10=0 = r =3=i
y = Ae™ cost + Be¥ sint

9y" +6y +y=0

I2+6r+1=0= 3 +1°=0

Thus r = -3, -1, andy = Ae=3' 4 Bte~ /3L,
y'+2y +5y=0

auxiliary eqn r24+2r +5=0 = r=-1+2
y= Ae'cos2 + Belsina

For y” — 4y’ + 5y = 0 the auxiliary equation is
r2 — 4r +5 = 0, which has roots = 2+ i. Thus, the
general solution of the DE ig = Ae® cost + Be? sint.
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For y” 4+ 2y’ + 3y = 0 the auxiliary equation is 16.

r24+2r +3 =0, which has solutions = —1++/2i. Thus
the general solution of the given equation is
y = Ae~! cog+/2t) + Betsin(v/2t).

Given thaty” +y' +y =0, hencer?+r + 1 = 0. Since
a=1,b=1 andc =1, the discriminant is

D = b? —4ac = -3 < 0 and—(b/2a) = —3 and

o = +/3/2. Thus, the general solution is

3 3
y = Ae- /2t cw(%t) + Be~ /2t sin(%—t).

[2y”+5y/—3y:0

y(0) =1 17
y'(0)=0 '
The DE has auxiliary equatiorr2+ 5y — 3 = 0, with

rootsr = 1 andr = —3. Thusy = Ae"/2 + Be™ 3.

A
Now 1= y(0) = A+ B, and 0= y'(0) = 5~ 3B.
ThusB = 1/7 and A = 6/7. The solution is

6 1
/2 3t
= —e + —e .
y=3 7

Given thaty” 4+ 10y’ + 25y = 0, hence
r2+10r +25=0= (r +52=0=r = —5. Thus,

y = Ae™™ 4 Bte™
y = —5e (A + Bt) + Be ™.

Since
0=y(1)=Ae®+Be®
2=y(1) = —5¢"°(A+ B) + Be™®,

we haveA = —2e® and B = 2¢°.
Thus,y = —2e%e™ 4 2tePe=5 = 2(t — 1)e~>t-D),

y//+4y/+5y=o

y(0) =2

y'(0)=0
The auxiliary equation for the DE i2 + 4r +5 = 0,
which has roots = —2+i. Thus

y = Ae % cost + Be % sint
y = (—2Ae 2 + Be ) cost — (Ae™% 4 2Be %) sint.

Now 2=y(0)=A= A=2, and

2=y (0) =-2A+B= B=6.
Thereforey = e 2 (2 cost + 6 sint).
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The auxiliary equatiom? — (2 + €)r + (1 + ¢) factors
tor—1—¢)(r —1) =0andso hasroots =1+ ¢
andr = 1. Thus the DEY” — (2+¢)y + (L +¢€)y =0

has general solutioy = Ae*+9t 4 Be'. The function
eltot _ gt

Ye(t) = is of this form with A= —B = 1/e.
€
We have, substituting = h/t,
e(l+e)t _ et
lim y.(t) = lim
lim ye () = lim
gt+h _ gt
=t lim
h—0 h

d
= t —_— et = t et
(&°)
which is, along withe', a solution of the CASE Il DE
y//_2y/+y=o'
Given thata > 0, b > 0 andc > O:

Case 1: IfD = b% — 4ac > 0 then the two roots are

—b+ +/b? — 4ac

1,2 =
’ 2a

Since
b? — 4ac < b?

+vb2 —4ac < b
—b++vb%2—-4ac <0

thereforer; andrz are negative. The general solution is
y(t) = Ae'tt + Be'?.

If t > oo, thenel! — 0 ande2 — 0.
Thus,t limy(t) =0.
—> 0

Case 2: IfD = b? — 4ac = 0 then the two equal roots
ri =ro = —b/(2a) are negative. The general solution is
y(t) = Ae't! + Bte'?t.

If t - oo, thene'!! — 0 ande?t — 0 at a faster rate
than Bt — oo. Thus,t limy(t) = 0.
—00

Case 3: IfD = b? — 4ac < 0 then the general solution is
y = Ae” /2 cogpt) 4+ Be™®/2 sin(wt)

4ac — b?
wherew = ———

a
both termsAe~®/28t . 0 andBe~ /20t _, 0. Thus,
tIim y() =0.

—00

. If t -> o0, then the amplitude of

The auxiliary equatiorar? 4 br + ¢ = 0 has roots

—-b-vD ~b++/D
=" 2a > T T
whereD = b? — 4ac. Note that
ara —r1) = /D = —(2ar; + b). If y = €1ty then
y = (U +r1u), andy” = €1 (u” + 2r1u’ +r2u). Sub-
stituting these expressions into the BE’+by’ +cy =0,
and simplifying, we obtain

et (au” + 2ariu’ + bu') = 0,

ri
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or, more simply,u” — (ro — r1)u’ = 0. Puttingo = U’
reduces this equation to first order:

v/ = (rz —ro,
which has general solution = Ce("2"Ut. Hence
u= fCe(rz"l)t dt = Be"2"t 1 A
andy = €1ty = Ad'1t + B2,
If y= Acoswt + Bsinwt then

Y 4 0%y = — Aw? coswt — Bo? sinmt
+ w?(Acoswt + Bsinwt) = 0

for all t. Sovy is a solution of t).

If f(t) is any solution of(t) then f”(t) = —w?f (t) for
all t. Thus,

d 2 2
ql@’(10) +(ro)]
=20% f (1) £/(t) + 2/ (1) £/ (t)
=202 f () f'(t) — 202 F () ') =0

24,

2 2
for all t. Thus,wz(f(t)) + (f’(t)) is constant. (This
can be interpreted as a conservation of energy statement.)

If g(t) satisfies(t) and alsog(0) = g'(0) = 0, then by

Exercise 20, 25.

coz(g(t))2 + (g’(t))2
- w2<g(0))2 n (g/(O))z -0

Since a sum of squares cannot vanish unless each term

vanishesg(t) = 0 for all t. 26.
If f(t) is any solution of(f), let
gt) = f(t) — Acoswt — Bsinwt where A = f(0)
and Bw = f’(0). Theng is also solution of(1). Also
g(0) = f(0)— A= 0anddg'(0) = f'(0) — Bw = 0.
Thus, g(t) = 0 for all t by Exercise 24, and therefore
f(x) = Acoswt + Bsinwt. Thus, it is proved that every
solution of (1) is of this form.
2
We are given thak = _b andw? = dac — b which is
2a 432

positive for Case Ill. Ify = étu, then

27.

y =€t (u’ + ku)
y' = ek (u” +2ku’ + kzu).

SECTION 3.7 (PAGE 210)

Substituting intoay” + by’ + cy = 0 leads to
0=ek (au” + (2ka + b)u’ + (ak? + bk + c)u)
— ekt (au” 104 ((b?/(4) — (b%/(2a) + c)u)
=aek (u” + wzu).
Thusu satisfiesu” 4+ w?u = 0, which has general solution
u = Acoqwt) + B sin(wt)

by the previous problem. Therefoey” + by’ +cy = 0
has general solution

y= A coqwt) + Bekt sin(wt).

Becausey” + 4y = 0, thereforey = Acos2 + Bsin 2.
Now
yO =2= A=2,

5
y(©0) =-5=B=-3.

Thus,y = 2c0s2 — 3sin2.

circular frequency =v = 2, frequency =
© _ 1 o318
2r T

2
period = L 2 ~314
(0]

amplitude =,/(2)2 + (—3)2 ~ 3.20

y” 4+ 100y =0

y(0) =0

y'(©0)=3
y = Acogq10t) + Bsin(10t)
A=y(0) =0, 10B=Yy'(0) =3

3
y = Esm(l()t)

y=ecA cos(w(t - c)) + .Bsin(w(t — c))
(easy to calculatg” + w?y = 0)
y=cA (cos(a)t) coqwcC) + sin(wt) sin(a)c))
+ B(sin(mt) cojwc) — coqwt) sin(wc))
= (,A cojwc) — B sin(wc)) coswt
+ (A sin(wc) + B cos(wc)) sinwt

= Acoswt + Bsinwt
where A = « cogwC) — B sin(wc) and
B = o sin(wC) 4+ B cogwcC)

Fory” +y =0, we havey = Asint + Bcost. Since,

y(2) = 3= Asin2+ Bcos2
y'(2) = —4 = Acos2— Bsin2,
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therefore 31.

A=3sin2—4cos?2
B =4sin2+3cos2

Thus,

y = (3sin2— 4 cos 3 sint + (4 sin 2+ 3 cos 3 cost
= 3cogt — 2) —4sint — 2).

y// + wa =0
y(@ =A
y'(@ =B

y= Acos(w(t - a)) + g sin<w(t - a)) 32.

From Example 9, the spring constant is

k = 9 x 10* gm/se@. For a frequency of 10 Hz (i.e., a
circular frequencyw = 20z rad/sec.), a masm satisfy-
ing +/k/m = 20z should be used. So,

k 9x 10
=——=—-=228
M= 200c2 ~ 200¢2 gm
The motion is determined by
y” +400z%y = 0
y(0) =-1
y'(0) =2

therefore,y = Acos 206t + Bsin20zt and

yO) = -1= A=-1 33.

2
'0)=2=B=—-—=—.
YO =2=B= >

1 . .
Thus,y = —cos20crt + 100 sin20rt, with y in cm
andt in second, gives the displacement at timeThe

amplitude is, [ (—1)2 + (%)2 ~ 1.0005 cm.

2

k
Frequency= 22 = = (k = spring constm = mass)
T

Since the spring does not chang€m = k (constant)
For m = 400 gm,w = 2z (24) (frequency = 24 Hz)
47 ?(24)(400)

If m= 900 therw? =
m gm, thernw 900

27 x 24 x 2
SOa)=f

32r
Thus frequency :2— =16 Hz
T

472(24)2400
Form= 100 gm,w = 4z (247400

=32r.

109 34.

sow = 967 and frequency =23 = 48 Hz.
T
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Using the addition identities for cosine and sine,

y = e¥[Acosw(t — tg)Bsinw(t — tg)]
= ekt[ACOSwt coswtp + Asinwt sinwtg
+ B sinwt coswtg — B coswt sinmt]

= ekt[Al coswt + B1 sinwt],

whereA; = Acoswty — Bsinwty and

B1 = Asinwtg + Bcoswty. Under the conditions of

this problem we know thagX coswt and e sinwt are
independent solutions afy” + by’ 4+ cy = 0, so our func-
tion y must also be a solution, and, since it involves two
arbitrary constants, it is a general solution.

Expanding the hyperbolic functions in terms of exponen-
tials,

y = é4[Acoshw(t — to)B sinha (t — to)]

kt [ 7 so(t—to) M —w(t—tg)
=€ | <€ + —€
[2 2

B B
_ew(t—to) _ _e—w(t—to)
+ 2 2

— Ale(k+a))t + Ble(k—a))t

where Ay = (A/2)e®° 4+ (B/2)e % and

B1 = (A/2)e” — (B/2)e”™. Under the conditions of
this problem we know thaRr = k + » are the two real
roots of the auxiliary equatioar 2+br +c = 0, soekE)t
are independent solutions af” + by’ + cy = 0, and our
function y must also be a solution. Since it involves two
arbitrary constants, it is a general solution.

y'+2y'+5y=0
y@d) =2
y® =0

The DE has auxiliary equatior? + 2r + 5 = 0 with
rootsr = —1 + 2i. By the second previous prob-
lem, a general solution can be expressed in the form
y = e '[Acost — 3) + Bsin At — 3)] for which
y = —e'[Acos At — 3) + Bsin At — 3)]
+ e [-2Asin At — 3) + 2B cos At — 3)].
The initial conditions give

2=y@) =e3A
0=y @) =—-e3(A+2B)

Thus A = 2e3 andB = —A/2 = —e®. The IVP has
solution

y = e3> [2cosat — 3) —sin2At — 3)].

y' +4y +3y=0
y@ =1
y@ =0
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The DE has auxiliary equatior? + 4r 4+ 3 = 0 with roots
r=-241=-1landr = -2-1= -3 (i.e. K+ o,
wherek = —2 andw = 1). By the second previous
problem, a general solution can be expressed in the form
y = e 2[Acosht — 3) + Bsinht — 3)] for which

y' = —2e"?[Acosht — 3) + Bsinh(t — 3)]
+ e ?[Asinh(t — 3) + Bcosht — 3)].

The initial conditions give

1=y@B) =e°A
0=y (3 =-e%-2A+B)

Thus A = €% and B = 2A = 2e%. The IVP has solution
y = 52 [cosht — 3) + 2sinht — 3)].
Let u(x) = ¢ — k2y(x). Thenu(0) = c — k?a.
Also U'(x) = —k2y'(x), sou’(0) = —k2b. We have
u’(x) = —k2y"(x) = —kz(c - kzy(x)) = —k2u(x)

This IVP for the equation of simple harmonic motion has
solution

u(x) = (c — k?a) cogkx) — kb sin(kx)

so that

2 w0

k—CZ (c — (c — k?a) cogkx) + kb sin(kx))

k—cz(l — cogkx) + acogkx) + E sin(kx).

y(x)

Sincex’(0) = 0 andx(0) = 1 > 1/5, the motion will be
governed byx” = —x + (1/5) until such timet > 0 when
X'(t) = 0 again.

Letu = x — (1/5). Thenu” = x” = —(x — 1/5) = —u,
u(0) = 4/5, andu’(0) = x’(0) = 0. This sim-

ple harmonic motion initial-value problem has solution
u(t) = (4/5)cost. Thusx(t) = (4/5) cost + (1/4) and
x'(t) = U (t) = —(4/5)sint. These formulas remain
valid until t = # whenx/(t) becomes 0 again. Note that
X(7) = —(4/5) + (1/5) = —(3/5).

Sincex(z) < —(1/5), the motion fort > = will be
governed byx” = —x — (1/5) until such timet > =«
when x'(t) = 0 again.

N

REVIEW EXERCISES 3 (PAGE 211)

Letv = x + (1/5). Thenv” = X" = —(x + 1/5) = —o,
o(r) = —@B/5 + (/5 = —(2/5), and

v'(r) = X'(x) = 0. Thius initial-value problem has
solutiono(t) = —(2/5) cogt — =) = (2/5) cost, so that
x(t) = (2/5) cost — (1/5) andx/(t) = —(2/5) sint. These
formulas remain valid fot > z until t = 2z whenx’
becomes 0 again. We hav€2z) = (2/5) — (1/5) = 1/5
andx’'(2r) = 0.

The conditions for stopping the motion are met at
t = 2z ; the mass remains at rest thereafter. Thus

gcost+% if0o<t<z
Zcost—% ifr<t<2z
: if t> 27

X(t) =

Review Exercises 3 (page 211)

f(x) = 3x+x3 = f'(x) = 31+ x?) > 0 for all x,
so f is increasing and therefore one-to-one and invertible.
Since f (0) = 0, thereforef ~1(0) = 0, and

_ 1 _ 1 _ 1
wo [(f7X0) (0 3

d 1
axfFH®

f(x) = seéxtanx = f'(x) = 2seéxtarfx + seé¢ x > 0
for x in (—z/2,7/2), so f is increasing and therefore
one-to-one and invertible there. The domainfof! is
(—o00, 00), the range off. Since f (z/4) = 2, therefore
f-1(2) = x /4, and

1 11
f/(f-12)  f'(x/4 8

(Y@=

. . X
xﬂToo FOo0 = x—||>q:1c>o @ =0.

Observef’(x) = e (1 — 2x?) is positive ifx2 < 1/2
and is negative ix? > 1/2. Thusf is increasing on
(=1/+/2,1/+/2) and is decreasing of-co, —1/+/2) and
on (1/4/2, o).

The max and min values of are +/2e (at x = 1/+/2)
and—1/v/2e (at x = —1/4/2).

y = e %sinx, (0 < x < 2r) has a horizontal tangent
where q
y _x :
0=-—-~=-= COSX — SinXx).
X (cosx — sinx)

This occurs if tarxx = 1, sox = 7 /4 or x = 5z /4. The
points are(z /4, e "/4/\/2) and (5z /4, —e57/4//?).

If f/(x) = x for all x, then

d fx) _ f/(x) — xf(x) _o
dx ex®/2 ex?/2 o

105
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Thus f(x)/e°/2 = C (constant) for allx. 12.

Since f(2) = 3, we haveC = 3/€? and
f(x) = (3/2)eX/2 = 3e*/2-2,

8. Let the length, radius, and volume of the clay cylinder at
timet be¢, r, andV, respectively. TheV = zr2¢, and

dv _, O ode
a T ar T ar

SincedV/dt = 0 andd¢/dt = k¢ for some constant
k > 0, we have

dr kr

dr 2
Zﬁrfaz—kn'l’ l, = a= > 13.

That is,r is decreasing at a rate proportional to itself.

9. a) Aninvestment of $ atr% compounded continu-
ously grows to $€7/100in T years. This will be
$2P providede 7/100 — 2 that is,r T = 100In2. If
T =5, thenr =20In2~ 13.86%.

b) Since the doubling time i§ = 100In2/r, we have

14.

dT

100In2
AT~ — Ar=—""""Ar
dr

r2
If r =13.863% andAr = —0.5%, then

100In2

AT ~ —
13863

(—=0.5) ~ 0.1803 years

The doubling time will increase by about 66 days.

an—1  adth a0 4
=lm —=—a =Ina.
h—0 h dx  |y—o

10. a) hIim0

Puttingh = 1/n, we get lim n (al/” - 1) =Ina.
n—oo

b) Using the technique described in the exercise, we 15.

calculate

210 (21/21° - 1) ~ 0.69338183

P (21/2“ - 1) ~ 0.69326449

Thus In2~ 0.693.

11. dd—x<f(x)>2: (f/(x)>2

= 2f(x) f/(x) = (f/(x))2

= f'(x)=0or f'(x) = 2f (x).
Since f (x) is given to be nonconstant, we have
f/(x) = 2f (x). Thus f(x) = f(0)e* = &

16.

106

ADAMS and ESSEX: CALCULUS 8

If f(x) = (Inx)/x, then f'(x) = (1 — Inx)/x2. Thus
f’(x) > 0ifInx < 1 (i.e.,,x < €) and f’(x) < O if

Inx > 1 (i.e.,x > €). Since f is increasing to the left

of e and decreasing to the right, it has a maximum value
f(e)=1/eatx =e. Thus, ifx > 0 andx # e, then

In x
— <
X

DIl

Puttingx = = we obtain(inz)/z < 1/e. Thus
INz® =elnz <z =xlne=1In¢e",

andz € < e* follows because In is increasing.

y =x* =eXI"X = y = xX(1+Inx). The tangent to
y = x* at x = a has equation

y=a®+a%1+Ina)(x — a).

This line passes through the origin if
0=a%[l1-a(l+Ina)], that is, if (1+Ina)a = 1. Observe
thata = 1 solves this equation. Therefore the slope of
the line is £(1+1In1) = 1, and the line isy = x.

In x In2 . P
a) — = — is satisfied ifx = 2 or x = 4 (because

X
In4=2In2).

b) The liney = mx through the origin intersects the
curvey = Inx at (b, Inb) if m= (Inb)/b. The same
line intersectsy = Inx at a different point(x, In x)
if (Inx)/x = m = (Inb)/b. This equation will have
only one solutionx = b if the line y = mx intersects
the curvey = Inx only once, atx = b, that is, if the
line is tangent to the curve at= b. In this casem
is the slope ofy =Inx atx = b, so

1_m_lnb
b~ b’

Thus Inb =1, andb =e.

Let the rate be %. The interest paid by account A is
1,000 /100) = 10r.

The interest paid by account B is @00(e"/190 — 1). This
is $10 more than account A pays, so

1,000(¢'/1%0 — 1) = 10r + 10.

A TI-85 solve routine gives ~ 13.8165%.

If y=cos1x, thenx =cosy and 0<y < z. Thus

— x2
tany:sgnxmzsgnx\/x_lz_lz x/lx X .

Thus coslx = tan 1((v1 — x2)/x).

Since cok = 1/ tanx, cot 1x = tan1(1/x).
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1 1
csCix=sint- =2 —cos?t=
X 2 X
V= WX?
T2 1/x
= % — sgnxtan1v/x2 — 1.

T
cosix =  —sin Ix.

If y=cot1x, thenx =coty and O< y < z/2. Thus

cscy = sgnx,/ 1+ cof y = sgnxv/ 1 + x2

sgnx

Vi+x2

sgnx
1+ %2

siny =

Thus cot!x = sin? = sgnxsin—1

N

14X

. 1
cscix =sin 1=,
X

Let T(t) be the temperature of the mitkminutes after it
is removed from the refrigerator. Lé&t(t) = T(t) — 20.
By Newton’s law,

U'(h =kUt) = U =U(©0)e".

Now T(0) = 5= U(0) = —15 and
T(12 =12= U(12 = —8. Thus

—8=U(12 = U(0)e!* = —15e!%
elX = g8/15, k=4 In(8/15).

If T(s) = 18, thenU(s) = —2, so—2 = —15. Thus
sk =1In(2/15), and

o In@15 _  In@/15

” =12 6/15 ~ 38.46.

It will take another 3816 — 12 = 26.46 min for the milk
to warm up to 18.

Let R be the temperature of the room, LEtt) be the
temperature of the watérminutes after it is brought into
the room. LetU(t) = T(t) — R. Then

U =kut) = U(t)=U(©0)e".
We have

T©0)=96=U() =96— R
T(10) = 60=> U(10) = 60— R= 60— R = (96 — R)e'*

T(20) = 40= U(20) = 40— R = 40— R = (96 — R)e?*.

20.

21.

1.

CHALLENGING PROBLEMS 3 (PAGE 212)

Thus

2
60— R\?_ o _40-R
96— R 96— R

(60— R)? = (96 — R)(40— R)
3600— 120R + R? = 3840— 136R + R?
16R=240 R =15

Room temperature is 15
Let f(x) =€* —1—x. Then f(0) = 0 and by the MVT,

fx)  fx)—- 10
X  x-0

=fc)=€e"-1

for somec between 0 an«. If x > 0, thenc > 0, and
f’(c) > 0. If x <0, thenc < 0, and f’(c) < 0. In either
casef (x) = xf’(c) > 0, which is what we were asked to
show.

Suppose that for some positive intederthe inequality

x4 x? xK
&> 14X+ ot

holds for allx > 0. This is certainly true fok = 1, as

shown in the previous exercise. Apply the MVT to

" t2 tk+l
y=e'—-1—-t— — — ... — S
9b =¢ 2 K+ 1!
on the interval(0, x) (wherex > 0) to obtain

gx) _gx)—g9@ _
_— — = C

X 0 g(c)
for somec in (0, x). Sincex andg’(c) are both positive,
so isg(x). This completes the induction and shows the
desired inequality holds fox > O for all positive integers
k.

Challenging Problems 3 (page 212)

a) (d/dx)x* =x*(1+Inx) > 0if Inx > —1, that is, if
x > e~1. Thusx* is increasing ond 1, 00).

b) Being increasing ond 1, 00), f(x) = xX is invert-
ible on that interval. Leg = f~1. If y = x, then
X = g(y). Note thaty — oo if and only if x — oo.

We have
Iny = xInx
In(Iny) = Inx + In(In x)
jim IVNY) -, X x - Inlnx))
y—00 Iny X—00 xIn x

— lim <1+ Inn X)).
X—00 In x
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Now Inx < /x for sufficiently largex, so
In(In x) < +/Inx for sufficiently largex.

Therefore, 0< Indin x) < ! — 0 asx — oo,
Inx JInx
and so
jim IVINMY) oy
y—00 Iny
do
— = —g — ko.
at -~ 97
du do
a) Letu(t) = —g — ko(t). Thena = —ka = —ku,
and

u(t) = u0e ™ = —(g + kog)e ™
1 1
o) == (9+ud) = =7 (9- @+ kuo)e™).
b) limt—eo v(t) = —g/k

d ki
y g + Koo ekt

ot =9 _
) g=rO=—p+— . YO =yo
_ gt g+kvo _kt
yt) = ” z ¢ +C
+ ko + ko
yoz—O—g 2 °4c = C:yo+g 12 0
_ gt  g-+kog Kt
Y(t)—)/o—?—l— 2 (1—e)
%:-g+kuz(k>0)
_ _ [gl-¢
a) Letu=2t/gk. If v(t) = \/E Tra then
do /g (1+e")(—€") —(1—ehe
E‘\/; (14 e4)2 2ok
_ —4ge!
T (L+eu)?
N ey
ko g_g<(:|__+_eu)2 1
_ A _dv
T (@A+e2 T dt’

[g 1— e?VoK
+

—2t/ok _
b) lim o) = lm (3 Y —1__ /9
50 TV K g ave g K
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1, 142K
0) It yt) = yor | 2t— =1 27" theny(0) = yo
k k 2
and
dy _ /a 1 2,/gke? VK
dt k k14 e2t\/ok
\/6 1- VoK ©
VeV
Thus y(t) gives the height of the object at tinie
during its fall.
dp e (dy
If p=ePy, then— =e™ (=2 —by).
p =e "y, then p e . Y
dp p
The DE i kp (1 — m) therefore transforms to
dy = by + kpe™ (1— b )
dt e btm
ky? y
= b+ky - - = Ky<1— E)’
b+k
whereK = b+ k andL = btx M. This is a standard

Logistic equation with solution (as obtained in Section
3.4) given by

LYo

Y= Yo+ (L —ype Kt

whereyp = y(0) = p(0) = po. Converting this solution
back in terms of the functiom(t), we obtain

L poe—bt

po + (L — pp)e—(b+kt
(b+kyMpo

T pokedt + ((b FROM — kpo)e—kt '

p(t) =

Since p represents a percentage, we must have
(b+kM/k < 100.

If k = 10,b = 1, M = 90, andpp = 1, then

bikk M = 99 < 100. The numerator of the final expres-

sion for p(t) given above is a constant. Therefopét)
will be largest when the derivative of the denominator,

f () = poke™ + ((b+kM - kpo)e-kt — 10¢' + 9801

is zero. Sincef’(t) = 10e! — 9,800 1% this will
happen at = In(980)/11. The value ofp at thist is
approximately 48.1. Thus the maximum percentage of
potential clients who will adopt the technology is about
48.1%.
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CHAPTER 4. MORE APPLICATIONS OF
DIFFERENTIATION

Section 4.1 Related Rates (page 218)
If the side and area of the square at timare x and A,
respectively, themA = x2, so

dA_2xdx
d ~ T dt’

If x = 8 cm anddx/dt = 2 cm/min, then the area is
increasing at ratel A/dt = 32 cn?/min.

As in Exercise 1dA/dt = 2xdx/dt. If dA/dt = -2
ft2/s andx = 8 ft, thendx/dt = —2/(16). The side
length is decreasing at 1/8 ft/s.

Let the radius and area of the rippleseconds after im-
pact ber and A respectively. ThemA = zr2. We have

dA 5 rdr

— =2 —.

dt dt

dr
Ifr = 20cm anda = 4 cm/s, then
dA
o= 407 (4) = 160r.

The area is increasing at 16@m?/s.

Let A andr denote the area and radius of the circle.

Then
A
A=nrl=r=,/=
V3
dr 1 dA
5 —=—)—.
dt 2/ Ar /) dt
dr _ 1
dt — 107’

L . 1 .
radius is decreasing at the rate— cm/min when the
10/

When(:j—':\ = -2, and A = 100, The

area is 100 crh

For A = zr?2, we havedA/dt = 2zr dr/dt. If

dA/dt = 1/3 kmé/h, then (a)dr /dt = 1/(6zr) km/h, or
(b) dr /dt = 1/(6x /A7) = 1/(647 A) km/h

Let the length, width, and area bew, and A at timet.
Thus A = lw.

dA _ldw . dl
dt dt dt
Whenl =16, w = 12, @ =3, d—A =0, we have
dt dt
dl dl 48
0:16><3+1za:>a:—1_2:_4

The length is decreasing at 4 m/s.

10.
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Whenr = 30 cm anddV/dt = 20 cn®/s, we have

dr
20 = 47 (30)° —
(30" 4
ar 20 1
dt ~ 3600r 1807
The radius is increasing af/ @80r) cm/s.
The volumeV of the ball is given by

4 4 (D\® =
V=card=— (<) =%D3
3" 3( ) 6

where D = 2r is the diameter of the ball. We have

dav. =

v _ =z ,,dD
dt 2 dt -
WhenD = 6 cm,dD/dt = —.5 cm/h. At that time

dav. =
5= E(36)(—0.5) =97 ~ —283.

The volume is decreasing at about 28.3%¢m

The volumeV, surface ared, and edge lengtlx of a
cube are related by = x3 and S= 6x2, so that

dv ,dx dS dx

W — X E, E —_ 12)( E.
If V = 64 cn? anddV/dt = 2 cnf/s, thenx = 4
cm anddx/dt = 2/(3 x 16) = 1/24 cm/s. Therefore,

dS/dt = 12(4)(1/24) = 2. The surface area is increasing

at 2 cnf/s.

Let V, r andh denote the volume, radius and height of
the cylinder at time. Thus,V = zr?h and

d dr 2
E_anhaJrnr e
IfV:6O,d—V:2, 5, — =1, then
dt
\Y 60 12
h:—:—:—

:_<2_107[ 12) 22

5¢)  25¢

The height is decreasing at the raﬁzlej? cm/min.
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Let the length, width, depth, and volume at timéel,
w, h andV respectively. Thus/ =Ilwh, and

dv _dl h Ihdw | dh
at @ e T
dl
If | =6 cm,w =5cm,h=4cm, — = — = 1m/s, and
4 dt dt
ke —2cm/s, then
dt
dv

Y o 20-48+30=2
ot +

The volume is increasing at a rate of 2 ¥m

Let the length, width and area at tinhébe x, y and A
respectively. ThusA = xy and

dA  _dy dx

at ~ ‘ot Var
dA dx
If E:S, i =10, x =20,y = 16, then
dy dy 31
5= ZOE +16(10) = Frnie
. .31
Thus, the width is decreasing aAf m/s.
dy dx dx
p— 2 — = —_— = — _— = —
y_>;. Thus ar 2xOIt If x 2 and at 3,
then d—i/ = —4(—3) = 12. y is increasing at rate 12.
Sincex?y® = 72, then
dx dy dy 2y dx
xyP = 4 3x?y? L =0 2 = 2222
VATV @ T o T T
dx dy 8
If x =3,y =2, ES_ 2, thena =g Hence, the
vertical velocity is—§ units/s.
We have
Xy=t= xﬂ + yd—x =1
y= dt dat —

dy dx
y=tx= at X +2xtdt

Att=2we havexy =2, y=2x2 = 2x3=2=x = 1,

y=2.
dy  _dx dx dy
Thusa—i—Za_l(,jand 1“37‘&'
X g X oY
So 1+6Olt =1= at =0= at =1=.
DistanceD from origin satisfiesD = /x2 + y2. So
dD 1 dx dy
—— = | X+ 2y
dt 2\/X2+y2< “ar " ydt)
1 2
(10 +20) = =

110
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The distance from the origin is increasing at a rate of

2/+/5.

From the figurex? + k? = s?. Thus

dx s ds
a " tar
When anglePCA = 45°, x = k ands = /2k. The radar
gun indicates thatls/dt = 100 km/h. Thus
dx/dt = 100v/2k/k ~ 141. The car is travelling at about
141 km/h.

-U”Q

Fig. 4.1.16

We continue the notation of Exercise 16.dk/dt = 90
km/h, and anglePCA = 30°, thens = 2k, x = +/3k, and
ds/dt = (v/3k/2k)(90) = 45,3 = 77.94. The radar gun
will read about 78 km/h.

Let the distances andy be as shown at time Thus

d d
2 4y2 =25 and x> + 2y — 0.

dt dt

dx 1 4 dy
If P andy = 3, thenx_4and§+SE =0 so
dy__4
dt = 9

4
The top of the ladder is slipping down at a rate—gof
m/s.

—_—
1/3 mis

Fig. 4.1.18
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Let x andy be the distances shown in the following fig-
ure. From similar triangles:

x_x+y:> 2y dx 2dy
2 5 T3 dt — 3dt’
. dy 1
Slncea =5 then
dx_ 1andd(x+ _ 1 1_ 5 21.
at - 3Gt ="5-3="%
Hence, the man’s shadow is decreasin% at/s and the
shadow of his head is moving towards the lamppost at a
rate of 2 m/s.
22.
y x
Fig. 4.1.19

Fig. 4.1.20

Refer to the figures, y, andx are, respectively, the
length of the woman’s shadow, the distances from the
woman to the lamppost, and the distances from the
woman to the point on the path nearest the lamppost.
From one of triangles in the figure we have

y? = x2 425,
If x =12, theny = 13. Moreover,

dy — oy dx

oy D o X
Yt at

SECTION 4.1 (PAGE 218)

We are given thatx/dt = 2 ft/s, sody/dt = 24/13 ft/s
whenx = 12 ft. Now the similar triangles in the figure

show that
S sty

6 15 °
so thats = 2y/3. Henceds/dt = 48/39. The woman'’s
shadow is changing at rate 48/39 ft/s when she is 12 ft
from the point on the path nearest the lamppost.

2

X
C = 10,000+ 3x + m

dC_ 34 X dx
dt 4,000/ dt’

If dC/dt = 600 whenx = 12 000, thendx/dt = 100.
The production is increasing at a rate of 100 tons per
day.
Let x, y be distances travelled b and B from their
positions at 1:00 pm i hours.

dx dy
Thusa =16 km/h, i 20 km/h.
Let s be the distance betweeh and B at timet.
Thuss? = x? + (25+ y)?

ds dx

25— = 2X—

dat ~ “at

At 1:30 (t = 3) we havex = 8, y = 10,

s= /8 + 3% = /1289 so

ds
\/1289a =8x 16+ 35x 20= 828

dy
2(25 -
+225+y)3]

andﬁ = ﬁ ~ 23.06. At 1:30, the ships are
dt /1289

separating at about 23.06 km/h.

A 16 km/h |Pos. of A at 1:00 p.m.

25 km

pos. of B at 1:00 p.m.

120 km/h

B

Fig. 4.1.22

23. Letd andw be the angles that the minute hand and hour

hand made with the vertical minutes after 3 o’clock.
Then
do m

s %rad/mln
dw T .
i %rad/mm.
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Sinced =0 andw = % att = 0, therefore

9—%1: and a)—ﬁ)tﬁ-g

At the first time after 3 o’clock when the hands of the
clock are together, i.ef = w,

:>7Tt— T t+7r:>t_180
30 360 2 T 11

Thus, the hands will be together atIi.leinutes after 3
o’clock.

Fig. 4.1.23

24. Lety be the height of ballooh seconds after release.
Theny =5t m.
Let & be angle of elevation aB of balloon at timet.
Then tar® = y/100. Thus

o 1dy 5 1
SeCO 5 = Tooat = 100~ 26

100
(1 + tarf 9) ‘;— 210

d _ 1
100 dt ~ 20

0 1 df) 1
Wheny = 200 we have g— — .
dt dt 100

The angle of elevation of baIIoon & is increasing at a

©

rate of i rad/s.
100

p

B 100 m

>

Fig. 4.1.24
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25. LetV, r andh be the volume, radius and height of the
cone. Sinceh =r, therefore

V= énrzh = énhs

av hzdh dh 1 dVv
dat dt ~ dt  zhZ2dt"
dv 1 dv
If e andh = 3, thena j o Hence, the

height of the pile is increasing afg m/min.

26. Letr, h, andV be the top radius, depth, and volume of

the water in the tank at time ThenrH = 1_80 and
V_§ rrch = 316h We have

1 7r253h2dh dh 16
~ 250rh?’

10316 dat  dt

dh 1
Whenh =4 m, we hav% = 250”.1
The water level is rising at a rate % m/min when
depth is 4 m.

Fig. 4.1.26

27. Letr andh be the radius and height of the water in the
tank at timet. By similar triangles,

r—10:>r—5h
h™ 8 T4

The volume of water in the tank at tinteis
1 25z

V = Zzr’h = =—hs.
3"’ 48
Thus,
dv. 257 ,dh dh 16 dV
dt ~ 16 ' dt  dt _ 257hZ dt
dv. 1 h3
If Ezﬁ—mandh_4 then
dh 16 1 #N 9
dt = (257)(4)2 \10 1000/ = 62507
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Hence, the depth of water is increasing m/min

when the water is 4 m deep. The maximum depth occurs

when @ =0, ie.,
dt

16 1 h3 1 h3
25zh2 \ 10 1000 10 1000
— h = ¥100

Thus, the maximum depth the water in the tank can get
is /100~ 4.64 m.

Letr, h, andV be the top radius, depth, and volume of
the water in the tank at time Then

r 3 _ 1
h 9 3
1
V = Zxr?h = Zp3
3 27
av th@
dt 9 dt

If @ =20 cm/h= 3 m/h whenh = 6 m, then
dt 10

d—V:£x36x£:4§~

2.51 mi/h.
dt ~ 9 10

Since water is coming in at a rate of 1G#m, it must be
leaking out at a rate of 10 2.51~ 7.49 ni/h.

Fig. 4.1.28

Let x ands be the distance as shown. Then
s2 = x2+ 30 and

x dx
sdt’

ds dx ds

d
Whenx = 40, d—)t( — 10,s = VA 1 3% = 50, then
ds 40

Fri —(10) = 8. Hence, one must let out line at 8
m/min.

31.
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Py

- 10 m/min

30 m

Fig. 4.1.29

Let P, x, andy be your position, height above centre,
and horizontal distance from centre at timelLet @ be
the angle shown. Thep = 10sind, andx = 10 co9.
We have

ﬂ = 10co¥ do do

dt at’ i 1 rpm= 2z rad/min

Whenx = 6, then coﬁ_E soﬂ =10x E x 12rx.
10’ t 10

You are rising or falling at a rate of Z2m/min at the
time in question.

Fig. 4.1.30

Let x andy denote the distances of the two aircraft east
and north of the airport respectively at times shown in
the following diagram. Also let the distance between the
two aircraft bes, thens? = x2 + y2. Thus,

ds dx dy
ZSE = ZXE ZyE

Sincez—)t( = —200 and% = 150 whenx = 144 and

V142 + 60?2 = 156, and

y = 60, we haves =

ds
o= ﬁ;[lM( 200 + 60(150] ~ —1269.

Thus, the distance between the aircraft is decreasing at
about 126.9 km/h.
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-150 km/h
.
. X
airport 200 km/h
Fig. 4.1.31
1
32. P— §XOA6y0A4
— = x0T 06y m06 2
-3 YV a3 dt

If dP/dt =0, x =40, dx/dt = 1, andy = 10, 000, then

dy  6y** y®® dx 6y dx
dt C4x dt

= —375
X04 4x06 qt

ax dt

The daily expenses are decreasing at $375 per day.

33. Let the position of the ant bé&, y) and the position of
its shadow b€, s). By similar triangles,

S—y Yy 3y
x —3-x_°T3_x
Then,
dy dx
%ZS(S—X)E—FByE
dt (3-x)?

d 1d 1
If the ant is at(1, 2) and o y_

gt =3 at - g then

ds  3Q(-+32(F) 1
dt 4 -8

Hence, the ant’s shadow is moving %tunits/s upwards
along they-axis.

y
| o5
y “"”‘--;,_ant
X lamp x
Fig. 4.1.33
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Let x andy be the distances travelled from the intersec-
tion point by the boat and car respectivelytiminutes.
Then

dx 1000 1000

E =20x E = Tm/m"-]
dy =80 x @: ﬂ)m/min
dt 60

The distances between the boat and car satisfy

Sds;_xdx+ dy
at = %ar T Yao

y:@soszﬂm m.

s = x2 + y? + 207,

1000

After one minute x = 3

Thus

13745% _ 10001000 40004000

at 3 3 + 3 3 ~ 1, 888 889

Hence$ ~ 13742 m/min ~ 82.45 km/h after 1 minute.

Fig. 4.1.34

35. Leth andb (measured in metres) be the depth and the

surface width of the water in the trough at tirhe We
have

h 2
— =tan60 =3 = b= —h.
(b V3

2
Thus, the volume of the water is

1 10
V = ( =hb }(10) = ==h?,
(2 )( =73
and

dv. 20 dh dh  V3dV
dt ~ /3 dt ~ dt _ 20ndt’

If d_V = } andh = 0.2 metres, then

dt ~ 4

dh V3 (1) _ 3
dt — 20(0.2) (Z)_E'

o 3 .
Hence, the water level is rising % m/min.
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60",
b/2 b/2
30 cm h
30°
Fig. 4.1.35

36. LetV andh be the volume and depth of water in the

pool at timet. If h < 2, then
1 2

If 2 <h <3, thenV =160+ 160h — 2).

dv dh
a) If h=25m, then—1= — = 160—.
dt dt
So surface of water is dropping at a rate1 o
m/min.
dv dh dh

So surface of water is dropping at a rate of

1 m/min
80 '

Fig. 4.1.36

37. Let the various distances be as shown in the figure.

38.
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Fig. 4.1.37
a) By similar triangles,
y 3 30
10 Ve ) ek
Thus,
dy dydx —30x  dx
dt —dxdt  9+x2)32dt’
If x=4 andd—x = 1 then
dt 5
dy -304) [1 24
dt — (9+16)372 (5) T 125

Hence, the free top end of the ladder is moving ver-
tically downward at 24/125 m/s.

b) By similar triangles,

X s _ 10x
Zie 107 °T o
Then,
ds dsdx
dt — dxdt
> 2X
_ (v9+x2)(10) — (10x) (m) dx
9+ x?) dt
90 dx
GRS
dx 1
If x=4 anda =z then
ds 90

. 1\ 18
dt ~— (9+16%2\5/ 125
This is the rate of change of the length of the hori-

zontal projection of the ladder. The free top end of

the ladder is moving horizontally to the right at rate
dx ds 1 18 7 mis
dt dt 5 125 125

Let x, y, ands be distances shown at tinte Then

s = x? + 16, (15-9)> =y?+ 16
ds dx ds dy
sa_xa, —(15—3)a_ya.
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Whenx = 3 and dx _1 thens = 5 and 40. Lety be height of ballt seconds after it drops.
dat 2’ d? d
y = VIF % = J8a. Thus =5 = —9.8, = }i—o = 0, yli—o = 20, and
ds 3/1\ 3 dt dt
Also —=—-(=)=—=s0
y = —4.9t2 + 20, g = o8
dy 103 3 ~ 0.327
dt ~ /8410 84 " Lets be distance of shadow of ball from base of pole.
—10
. . By similar triangles,S = i.
Crate B is moving towardQ at a rate of 0.327 m/s. y 20
200
20s — 200= =
sy, s 20—y
ds ds dy
ZOE = ya + SE'
dy
a) Att =1, we havea =-98,y=151,
ds 200
4.9a = E(.—9.8)..
The shadow is moving at a rate of 81.63 m/s after
one second.

b) As the ball hits the groundy = 0,s = 10,

/20 dy /20
t = E,anda = -98 E,so

Fig. 4.1.38 2098 _ 04 10%Y
dt 0%
N 20
39. Let 6 be the angle of elevation, andandy the horizon- Now y = 0 implies thatt =, / T Thus
tal and vertical distances from the launch site. We have ’
dy dx §=_1(98)‘/@~—990
y do *gr Yar dt 277V 49 e
tan9:; = SGGGEZT
The shadow is moving at about 9.90 m/s when the
At the instant in question ball hits the ground.
g oy Oome
X 4cos30 = 23, Y _ 4sin30 =2, g
dt dt 120y
X =50km y = 100 km S
100 P
Thustamzﬁzz,se€9=1+tar?9=5, and 20 m !
do  1502) —1002v3) 1-2V3 M
— == = ~ —0.0197 ‘
dt ~ 5 (50)2 125 ;
10 i s—10 ‘.
Therefore, the angle of elevation is decreasing at about s
0.0197 rad/s.
4 km/ Fig. 4.1.40
130°
41. Let y(t) be the height of the rocketseconds after it
blasts off. We have
A0
x d?y dy
Fig. 4.1.39 gz =10 5 =y=0

116



www.konkur.in

INSTRUCTOR’'S SOLUTIONS MANUAL

att = 0. Hencey = 5t2, (y in metres,t in seconds).
Now

oy do  dy/dt
tane_zooo, soseé@dt = 2000,and 0
y \2yd0 10t t
1 _— _——=— = —
(+(5000) ) et = 2006~ 200
do  t 1
dt — 200 254
1+ —
200C
ot 1 8ox
~ 200 t4 7 400 +t4
* 200 10.
do 8000

At t = 10, we have— = ~ 0.047 rad/s.

dt  40( + 10C?

50

Fig. 4.1.41

Section 4.2 Finding Roots of Equations
(page 227)

1 . .
lterate xn.1 = —e ™ starting withx + 0 = 0.3. Both xy9
and x;1 round to 0.35173.

To solve 1+ %sinx = X, start withxg = 1 and iterate 12.

Xne1 =1+ %sinxn. X5 and xg round to 1.23613.

To solve cogx/3) = x, start withxg = 0.9 and iterate
Xn+1 = COY(Xn/3). X4 and xs round to 0.95025.

To solve (x + 9)1/3 = x, start withxg = 2 and iterate
Xnt1 = (Xn + 9)Y3. x4 and xs round to 2.24004.

To solve ¥(2 + x?) = x, start withxp = 0.5 and iterate
Xn+1 = 1/(2+ x2). X and x7 round to 0.45340.

To solvex3 + 10x — 10 = 0, start withxg = 1 and iterate
Xn+1 = 1 — 15%3. x7 and xg round to 0.92170.

f(x) = x2 -2, f'(x) = 2x.

Newton’s formulaxn+1 = 9(Xn), where

x2—2 x242 13.

90 =x - 2x 22X

Starting withxg = 1.5, getxs = x4 = 1.41421356237.

f(x) =x2 -3, f'(x) = 2x.

Newton’s formulaxn+1 = 9(Xn), where

x2—3 x2+3
2x  2X

g(x) = x

Zkm 11.
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Starting withxg = 1.5, getxqa = x5 = 1.73205080757.

fO)=x3+2x—1, f'(x) = 3x2 + 2.
Newton’s formulaxn+1 = g(xn), where

x$3+2x—1  23+1
X242 3242

9(x) = x —

Starting withxp = 0.5, getxz = x4 = 0.45339765152.

f(x) =x3+2x% - 2, f'(x) = 3x? + 4x.
Newton’s formulaxny+1 = g(xn), Where

x3+2x2 -2 234 2x2 42
32 +4x 32 44x

g(x) = x —

Starting withxg = 1.5, getxs = xg = 0.839286755214.

f(x) =x*—8x2—x+16, f'(x) = 4x3 — 16x — 1.
Newton’s formulaxn+1 = g(Xn), where

x?—8x2—x+16 3x*—8x*—16
43 —-16x—1 =~ 4x3—-16x—1"

g(x) = x —

Starting withxg = 1.5, getxy = x5 = 1.64809536561.
Starting with xo = 2.5, getxs = xg = 2.35239264766.

f(x) = x3+3x% -1, f'(x) = 3x? + 6x.
Newton’s formulaxny+1 = g(xn), where

x34+3x% -1 23432 +1
3x24+6x  3x246X

g(x) = x —

Becausef (-3) = -1, f(-2) = 3, f(-1) = 1,

f(0) = -1, f(1) = 3, there are roots between3 and
—2, between-1 and 0, and between 0 and 1.

Starting withxg = —2.5, getxs = xg = —2.87938524157.
Starting withxg = —0.5, get

Xq4 = X5 = —0.652703644666.

Starting with xo = 0.5, getxqs = x5 = 0.532088886328.

f(x) =sinx — 1+ x, f’(x) =cosx + 1.
Newton’s formula isxn+1 = g(Xn), where

sinx —1+x

90 =x cosx + 1

The graphs of sim and 1-x suggest a root neat = 0.5.
Starting with xo = 0.5, get
X3 = X4 = 0.510973429389.
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y=1-—x

y = sinx

0.5 1b\ 1.5¢

Fig. 4.2.13

f(x) = x2 — cosx, f'(x) = 2x + sinx.
Newton’s formula isxn+1 = g(Xn), where

X2 — cosx

90x) = x - 2X +sinx’

The graphs of cos and x2, suggest a root near

x = £0.8. Starting withxp = 0.8, get

X3 = Xq4 = 0.824132312303. The other root is the neg-
ative of this one, because crsand x2 are both even
functions.

y = cosx

-15-1.0-05 | 051.0 1.
Fig. 4.2.14

Since tarx takes all real values between any two consec-
utive odd multiples ofz /2, its graph intersectg = x
infinitely often. Thus, tax = x has infinitely many solu-
tions. The one between/2 and 3 /2 is close to 3/2,

so start withxg = 4.5. Newton’s formula here is

tanxn — Xn

X+l =Xn = se@xp— 1
N —

We getxs = X4 = 4.49340945791.
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y = tanx

Fig. 4.2.15

A graphing calculator shows that the equation
1+x)v/X—1=0

has a root neax = 0.6. Use of a solve routine or New-
ton’s Method givesx = 0.56984029099806.

Let f(x) = % Since|f ()] < 1/(1+ x2) — 0

asx — oo and f(0) = 0, the maximum and minimum
values of f will occur at the two critical points off that

are closest to the origin on the right and left, respectively.
For CP:

(14 x?) cosx — 2x sinx
1+ x2)2
0= (1+ x?) cosx — 2x sinx

0= f/(x) =

with 0 < x < « for the maximum and-z= < x < 0 for

the minimum. Solving this equation using a solve routine
or Newton's Method starting, say, witkp = 1.5, we get

X = £0.79801699184239The corresponding max and
min values of f are +0.437414158279.

COSX . .
Let f(x) = T2 Note thatf is an even function, and
that f has maximum value 1 at=0. (Clearly f(0) =1
and|f(x)| < 1if x #0.) The minimum value will occur
at the critical points closest to but not equal to 0. For

CP:

(1 + x3)(— sinx) — 2x cosx
1L+ x2)2
0= (1+ x?) sinx + 2X COSX.

0= f'(x) =

The first CP to the right of zero is between?2
and 3r/2, so start withx = 2.5, say, and get

X = 25437321475261. The minimum value is
f(x) = —0.110639672192.
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20. For x2 = 0 we havexni1 = Xn — (X2/(2Xn)) = Xn/2.
If xo=1, thenxy =1/2, %2 =1/4, x3=1/8.

a) xp = 1/2", by induction.
b) x, approximates the root = 0 to within 0.0001

provided 2 > 10,000. We neech > 14 to ensure
this.

c) To ensure thax? is within 0.0001 of 0 we need
(1/2"?2 < 0.0001, that is, 2 > 10, 000. We need
n>7.

d) Convergence of Newton approximations to the root
x = 0 of x2 = 0 is slower than usual because the
derivative X of x2 is zero at the root.

X ifx>0
2L f(x)_IJ—_x if x <0’
£/(x) = 1/(2V/X) if x>0
Tl -1/2/-x) ifx<0
The Newton’'s Method formula says that
f (%
Xn+1 = Xn — f/((XI;)) = Xn — 2Xn = —Xn.

If xo = a, thenxy —a, X2 = a, and, in general,

xn = (—=1)"a. The approximations oscillate back and
forth between two numbers.

If one observed that successive approximations were 0s-
cillating back and forth between two valuasandb, one
should try their averagga + b)/2, as a new starting

guess. It may even turn out to be the root!

22. Newton’s Method formula forf (x) = x/2 is
3
Xn+1 = Xpn — 7_2/3 = Xn — 3Xn = —2Xn.
(1/3)xn

If xo =1, thenx; = -2, X = 4, X3 = —8, X4 = 16, and,
in general,xn, = (—2)". The successive “approximations”
oscillate ever more widely, diverging from the root at

x = 0.

23. Newton’s Method formula forf (x) = x%2 is
23
n 3 1
X+l =Xn — ———73 = Xn — 3Xn = —35Xn.
/3% Y

If xo = 1, thenx; = —1/2,x0 = 1/4,x3 = —1/8,
X4 = 1/16, and, in generalk, = (—1/2)". The succes-
sive approximations oscillate around the reot 0, but
still converge to it (though more slowly than is usual for
Newton’s Method).
2 _
24,

Sincexny1 = , we have

n

2 2 2 2
x5 —1 X5 +1
1+x%,,=1 n = (= .
+ X +< 2%n ) < 2%n

SECTION 4.2 (PAGE 227)

It follows that

_ 2Xn 2
Yn+1 = X,%-i-l

1-vn
Yi

= 4yn(1 — yn).

25. Letyj = sinz(u,-).

a) Since
Sir(Un41) = 4 Sirf(un)(1—sir?(un)) = 4 sirf(un) cof(Un) = sir(2un),
we haveuny1 = 2up. Thusupy1 = 2Mug. It follows
that
dyn = 2sin(up) cogun) 2" dup.

1

b) Sincey, = ——, we have

) Si Yn 1+x§ Wi \Y

2Xn
dyp = ———— dxn.
=TT O
Hence
1 2\2
dxn = Cha 2 sin(un) cos(un) 2" duo.

n

Since the values of, are assumed to neither con-
verge nor diverge, the exponential factdy &ill
dominate for largen

26. Letg(x) = f(x) —x fora < x < b. gis continuous
(becausef is), and sincea < f(x) < b whenever

a < x < b (by condition (i)), we know thag(a) > 0
andg(b) < 0. By the Intermediate-Value Theorem there
existsr in [a, b] such thatg(r) = O, that is, such that
f(r) = r. The fixed pointr is unique because if there
were two such fixed points, say andr,, then condition

(i) would imply that
Ire—rol =[f(r1) — f(r2)l < Kiry —raf,

which is impossible ifr; #£r2 andK < 1.

27. We are given that there is a constadfitsatisfying

0 < K < 1, such that

If(u) — f @) < Klu—o|
holds wheneveu andv are in fa, b]. Pick anyXxg in
[a, b], and letx; = f(Xp), X2 = f(x1), and, in general,
Xn+1 = f(xn). Letr be the fixed point off in [a, b]
found in Exercise 24. Thud$ (r) =r. We have

[Xp —r|=[f(X0) — T(r)] < Kixg—r]
X2 —r| = |f(x)) = F()| < K|xg —r| < K?[xg —r],
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and, in general, by induction 8 lim 1—cosx 0
x~0In(1+x2) |0
Xn =11 < K"xo —r]. = Jim ——X
x—0 ( 2X )
SinceK < 1, liMnoeo KN = 0, S0 liMhooo Xn = T. 1+x2 ,
The iterates converge to the fixed point as claimed in = lim (14 x?) lim sinx
Theorem 6 X—0 x—0 2X
— iim cosx 1
T xs0 2 2
Section 4.3 Indeterminate Forms
age 233
(Pag ) _ sirft [0]
9. Ilim —
tort—7 0
lim 3x 0 . 2sint cost
x—0 tan 4x 0 =t|'_rjjrf =0
3
=lm ———=-
x—>04seé4x 4 1 e 0
. —e
i In@x -3 [9] 0. m =~ — [6]
x—2 X2—4 0 10%In 10— &

=Ilm ——— =In10-1.

i X—0 1
2x—3

_ 1
Z 2 11, lim 205¥ 0
sinax 0 " x—r2m — 2X 0
im o g i SN _3 3
acosax a Xx—r/2 =2 2 2
=T bcosbx _ b
In(ex) — 1 0
.1 - cosax 0 12. lim L —
im —— — x—1 SinmTX 0
x—0 1 — cosbx 0 1
asinax [0 - 1
=1 bb n =||m7X = — .
x-0bsinbx | 0 x—1 1 COY7 X) T

i a’cosax  a’
" x-»0b2cosbx = b?’ 1
13.  lim xsin— [oo x 0]

sin~1x 0 X—>00 X
im — o1
x—0 tam1 x 0 snn; 0
2 = i —_— p—
= lim X M [o]
Xx—0 4/1 — X2 ;
1 1
x¥3—-1 10 — 52 COSy
im ——— | = T — i -
Xx—1 X2/3 -1 |:0] X||—>moo Xll—>moo COSX 1
Gx2B 1 -z

= lm 2>—— = —.
x—1 (%)x—1/3 2

14, Jim 2230 [9]

)I(iinoxcotx [0 x o0] x>0  x3 0
. X . 1—cosx 0
- i (g o “im =5z [o]
—1x lim —— [9] _ lim 3% [9]
x—0 Sinx 0 x—0 6X 0
Cim L im0 _ 1
T x—>0COSX T x>0 6 6
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. X —sinx 0 22 li -
15. | et . im (sed tant) [oo — 00]
*2bx — tanx [O] t=(@/2)
1 — cosx 0 . 1-—sint 0
= lim ———~ = = _lim o
x—>01— se@ X 0 t—>(z/2—- cost 0
—cost
— CcosX m
= I|m (co§ x) v ety Zsint
cosx -1
=—-1x lim
x—0 (cosx — 1)(cosx + 1) 1
1 ; -_ = _
=3 23. lim, (t teat) (00 — o0)
Ilm —1 0
. 2—x2—2cosx [O o0 teat 0
_ —2x+2sinx [0 -0 +atedt
— m 2277 | 2
x—0 4x3 [0]
_ Ly X Sinx Inx 0
T 2x»0 X8 24. Since I|m JxInx = Ilm vy [(—)]
1/1 1
=——-(Z)=—-=— (by Exercise 14
2 (6) O ) (E>
n2 0 x—0+ (__) x—3/2
17, lim — X - 2
x—0+ tanx — x 0 s
2 sinx cosx 0 hence X_'Jnl X
= lim —— -
x—0+ se@x—1 cos 0 _ l"B‘ eVXinx _ 0 _ 1.
= 2 x 1 x || s o
x>0+ 25e@ xtanx
Insinr 10 25. Lety = (cscx)S™X,
18. r—I>T/2 cosT [5] Then Iny = sir x In(cscx)
In(csc
<cosr> lim Iny = I| (cscx) [E]
sinr x—0+ >0+ CSEX 00
= e s % _ csexcotx
— 1im csex
sint 2 x—>0+ —2 CS& X COtx
19. lim — =— = lim =
tor/2 1 T T x>0+ 2CS@X

Thus lime o (cscx)S™ X = €9 = 1.

x->1- X—1 0
. X 1
(1 26. lim ( ——> [00 — 00]
- 1—x2) x=1+\x—1 Inx
= o 1 =% — im xInx—x+1 [0
" x=>1+ (x—1)(nx) 0
21.  lim xQtanlx—z) [0 x 0] — fim _x [0
X=00 T x> 1t 0
i 2tamix — x 0 Inx +1— =
- x|—>moo E 6 1
X : X
= |lim —2—
T 2 /_ i X—>1+E i
x—o00 1 4 x2 x2 X X2
2x2 ) X 1
— = lim = =-.
X"_m 1+x2 —2 x>+ X+1 2

121



27.

28.

29.

30.

SECTION 4.3 (PAGE 233)

im 3sint —sinX 0
t—03tant —tan 3 0
3(cost — cos 3) 0
m - —
~ 1—03(se@t — sed 3t) 0
cost —cos 3
=|lm ————
t—0 co 3t — coft

cot co 3t
cos 3 — cost

im —-—————
t—0 coZ 3t — coFt

| =

—-lim —=-
t—0 cos 3 + cost 2
Loty <sinx>l/x2
y= X .
sinx
M 0
X—0 x2 0

lim Iny = lim
Xx—0
< X > X COSX — SinXx
sinx x2

= lim
x—0 2X
i X COSX — SinXx 0
~ x>0 2xZsinx 0
—Xxsinx

im
" x>0 4x sinx 4+ 2x2 cosx

_ lim —sinx 0
x—>0 4 sinX + 2X COSX 0
— COSX 1

m--— = ——
x—0 6 COSX — 2X SinX 6

) sinx\ 1/x?
Thus lim <—) =e 8,
x—0 X

Let y = (cos 2)¥/t%.
I 2
Then Iny = % We have
. . In(cos 2)
imlny = lim ————=
t—0 y t—0 t2
—2tan 2
= lim
t—0 2t
_ 2se@2t
= —Ilim
t—0 1

Therefore lim_.o(cos 2)Y/* = e~2.

cscx o0
m e (2]
x—0+ Inx o0
. — CSCX cotx 0
_ iy ZOSOReON ]
X— 0+ 1 00
X

im —X COSX 0
- x—>0+ sir? x 0

. 1
= lim cosx| Im ——
x—0+ x—0+ 2 SINX COSX

= —OQ.

122

www.konkur.in

31.

32.

33.

34.

35.

ADAMS and ESSEX: CALCULUS 8

Insinz x 0
im [ ]
x—1- CSCrm X oo
7T COS7T X
— lim sinz X
x—1— —7m CSCx X COotm X

—7T
= — Ilm tantx =0

T X—1-
Let y = (1 + tanx)¥/*,
In(1 + tanx) 0
Iiminy = I|m —_— | =
x—0 x—0 X 0
seé x

x—0 1+ tanx
Thus lim (1+tanx)Y* =e.
Xx—0

i T = 2600 + Fx—h) 0
h—0 h2 0
o F(x+h) - F(x—h) 0
= jim, 2h [(_)]
” iy
i £ + 7=y
h—0 2
2t o,
== =1
 f(x43n) —3f(x+h)+3f(x—h)— f(x—3h)
lim
h—0 h3
. 3f'(x+3h) —3f'(x+h)—3f'(x—h)+3f'(x—3h)
= lim
h—0 3h2
_lim 3f7(x+3h) — f"(x+h)+ f/(x —h) — 3f"(x — 3h)
) 2h
i 97030 — £7(x ) — £7(x— ) +91"/(x — 3h)
" h>0 2
—8f"(x).

Suppose thaf andg are continuous onal b] and
differentiable on(a, b) andg(x) # O there. Let

a < X <t < b, and apply the Generalized Mean-Value
Theorem; there exists in (x,t) such that

fx)—f@t)  f'(c)

gx)—gt) g
N [f(X)— f(t)][ g(x) ]z f’(c)

a(x) gx) —g(t) g

N foo o f'© [g(X)—g(t)]

gx) gx) g g(x)
L f_foe_e®fe foO

gx) g@© gx) g gx

foo f’(c) 1 [ B f’(c)]
90 9o Tawl Y9050

f (%) f/(c) 1 [ ’(C)]

L= L+ —|f@) —
T o "Tael P90y
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Since|m + n| < |m| + |n|, therefore,

100
9(x)

f’(c)
g'(c)

—L‘< f'(c)
“19(©

—L‘Jr [|f(t)|+|g(t)|‘

]

l9()|

Now suppose that is an arbitrary small positive number.

Since lim—a+ f'(c)/g’(c) = L, and sincea < x <c < t,
we can choose sufficiently close toa to ensure that

f’(c) €
—L| <=
g'(c 2
In particular,
f’(c) €
<|L|+ =.
‘g’(c) L3

Since lim_a+ |g(X)| = oo, we can choosa betweena
andt sufficiently close toa to ensure that

€

[f®1+1g01(1Li+5)] < 5.

Ig(X)I 2
It follows that
f(x) € €
g(x) L‘<§+§—6.
fx)
Thus limy_a+ —— 0
Section 4.4 Extreme Values (page 239)

f(X)=x+2on[-1,1]

f’(x) =1 so f is increasing.

f has absolute minimum 1 at= —1 and absolute maxi-
mum 3 atx = 1.

f(xX) =x+2 on(—o0, 0]
abs max 2 ak = 0, no min.

f(x)=x+2on[-11)

f has absolute minimum 1 at= —1 and has no abso-
lute maximum.

f(x)=x2—-1
no max, abs min-1 atx = 0.
f(x) =x2—1on[-2, 3]

f has abs min-1 atx = 0, abs max 8 ak = 3, and
local max 3 atx = —2.

f(x)=x2—1o0n(2,3)
no max or min values.

f(x)=x3+x—4on [, b

f/(x) = 3x2+ 1> 0 for all x.

Thereforef has abs mira® + a — 4 atx = a and abs
maxb®+b—4 atx =b.

8.

9.

12.

13.

14.

15.

16.

17.

SECTION 4.4 (PAGE 239)

f(x) =x3+x—4on(a,b)

Since f/(x) = 3x2 + 1 > 0 for all x, thereforef is
increasing. Sincéa, b) is open, f has no max or min
values.

f(x) =x>+x3+2x on(a,b]

f/(x) = 5x* + 3x2 4+ 2 > 0 for all x.

f has no min value, but has abs max vab¥et b® + 2b
atx =b.

-1
f(x) = . Since f'(x) = 1)2 < O forall xin
the domaln off, thereforef has no max or min values.
1
f(x) = T—1 on (0,1
f(X)Z _71)2<00n(0,1)

f has no max or min values.

f(x) = i on [2 3]

abs m|n2 atx_3, abs max 1 ak = 2.

Let f(X)=|x—1on[-22]: f(-2)=3, f(2)=1.
f’(x) =sgn(x —1). No CP; SPx =1, f(1) =0.
Max value of f is 3 atx = —2; min value is 0 at
x =1

Let f(X) = X2 —x — 2| = |(Xx — 2)(X + 1)| on [-3, 3]:
f(=3) =10, f(3) =

f/(x) = (2x — 1)sgn(x2 — x — 2).

CPx =1/2; SPx = —1, andx = 2. f(1/2) = 9/4,
f(-1) =0, f(2)=0.

Max value of f is 10 atx = —3; min value is 0 at
X=-lorx=2.

2X

1
f f'X) = ————
) = R ) = “xer2
f has abs max value 1 at=0; f has no min values.

f(x)=(x+2@3
no max, abs min 0 ax = —2.

) = (x =23, 100 = %(x ~2723 50

f has no max or min values.

-/

y=x-2"

Fig. 4.4.17
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18. f(x)=x2+2x, f/(X) =2x+2=2(x+ 1) 20. f(x) = (X2 —4)2, f'(X) = 4x(x2 — 4) = 4x(X + 2)(x — 2)
Critical point: x = —1. Critical points: x =0, +2.
f(X) > o0 asx — *oo0. f(X) > o0 asx — Foo0.
cpP CP CP CP
f/ _ -1 + o - -2 + 0 - 42 +
, X '[ = : X
abs loc abs
f AW r%?r? V f N min / max N min /
Hence, f (x) has no max value, and the abs min+4 at )I;Iiu(:)e,f(x) has abs min O at = +2 and loc max 16 at
X = —l ’ y
y
y = x%+2x
X
>y -2 2 M
. Fig. 4.4.20
Fig. 4.4.18
21. f(x) = x3(x — 1)2
f/(x) = 3x%(x — 1)% + 2x3(x — 1)
= x2(x — 1)(5x — 3)
19. fx)=x3-3x-2 CPx:O§1
f/(x) =3x2—3=3(x — 1)(x + 1) 5’
CcP CP CP CP CpP
o+ -1 - 1 + - + o + & - 1 +
I i X I I I
loc loc loc loc
f “ max N mn f 7 max N min /7
f has no absolute extrema. f has no absolute extrema.
y 4 y
e
— 3 _ a2y _|
y=x>—3x—2 %
Fig. 4.4.19 Fig. 4.4.21
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22. f(x) = x3(x — 1),
f/(x) = 2x(x — 12+ 2x2(x — 1) = 2x(2x — 1)(x — 1)
Critical points: x =0, 3 and 1.
f(X) > o0 asx — +oo.

CP CP CP

f - 0o + 3 - 1 +
i I i X
abs loc abs

f N mn /7 max Y min /

SECTION 4.4 (PAGE 239)

23.

Hence, f (x) has loc maxZ atx = 3 and abs min 0 at

x=0andx =1.
y

f(x) = x(x? — 1)?
f/(x) = (X% — 1)? + 2x(x? — 1)2x
= (X% = 1)(x® — 1+ 4x%)
=% - 1)(Bx?—1)
= (X — )(X + 1)(+/Bx — 1)(+/Bx + 1)

CP CP CP CP
e -1 - -5+ = - 1 +
I I I i X
loc loc loc loc
f max N min 7 max N min /

f(£1) =0, f(+1/+/5) = £16/25/5

y 4

1/+/5

y =x02 - 1?

Fig. 4.4.23

N 1—x2
24, f = f = —
) x2+1 9 (x2+1)?
Critical point: x = £1.
f(xX) > 0 asx — +o0.
CP CP
' - -1 4+ 41 -
| |
T T
abs abs
f N min 7 max N
Hence, f has abs ma atx = 1 and abs min-3 at
X =-1.
y
bl.’w\
X X
(~1,-0.5) y= X2+1
Fig. 4.4.24
X2 1
25. f =———=1-——<1
)=l +1 24l
X
F(X) = —s
0= ey
CP
fr - 0 +
- X
-
y 'y
y=1
Y= +1
>
Fig. 4.4.25
N 1-x4
26. f = f'X) = ————==
= Jar1 "= e
Critical points: x = +1.
f(x) > 0 asx — +o0.
CP CP
7 - -1 + 41 -
| |
T T
abs abs
f N min / max N

Hence, f has abs ma% atx = 1 and abs min—i2 at

X =-1.
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y 1
Lﬁ)
y=—— "
(_1_L> RN
T V2
Fig. 4.4.26
27. f(X)=xv/2=x2 (x| <+?2)
x2 2(1—x2)
f'(x) =v2—-x2— =
® NoE AN
SP CP CP SP
V2 — -1 + 1 — 2
| | = X
loc abs abs loc
fomax N min 7 max N min
y 4 Ly
-2
Nz
(-1,-1)
Fig. 4.4.27

28.

29.

f(X) =x+sinx, f'(xX) =1+ cosx >0

f'(x) =0 atx = +x, +3r, ...

f(X) > *oo asx — £oo.

Hence, f has no max or min values.
y

(2r,27)

(m,7)

y = X + sinx

Fig. 4.4.28
f(x) = x — 2sinx
f’(x) =1 — 2cosx
CP: x= i% + 2nz

n=0,+1+2,.--
alternating local maxima and minima
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.| cold

/ y = X — 2sinx

Fig. 4.4.29

X

30. f(x)=x—2tanlx, f'(x)=1- 2__ E
o ' T 1+x2 T x2+1
Critical points: x = £1.
f(X) > oo asx — +oo.
CP CP
f’ + -1 — +1 +
i f X
loc loc
f / max N min /
Hence, f has loc max—1 + % atx = —1 and loc min
T
1—-—-atx=1.
2
y
(-1-145)

=x—2tarmix

Fig. 4.4.30
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31. fx)=2x—sin'x (-1<x<1) 33. f(x)=x27*
1 !/ — 2 X _9—X
Fx) =2 f'(x) 2_ +x(=27"In2)
1_x2 =21 -xIn2)
_2/1-x2-1
IV CP
33— 4X2 f’ + 1/ In2 —
— !
VI x22V1I-x2 +1) abs X
f N
V3 max
CP: x= i?’ SP: (EP:)x = +1 < ) >
3 In2°eln2
V3 T y
sp cp cp SP X
3 3
fro-1 - _é + % -1 y=x2%
I I I F—X
loc abs abs loc
f omax N min /" max N min
y 4 Fig. 4.4.33
34, f(x)=x2%, f/(x) = 2xe X (1 — x?)
3 Critical points: x = 0, 1.
_—17 f(X) > 0 asx — *o0.
. ‘ 1 X
B cP cP CP
y =2x —sin1x f + -1 - 0 4+ 1 -
| I I X
abs abs abs
fr/ max N mn /7 max N
) Hence, f has abs max /e at x = £1 and abs min 0 at
Fig. 4.4.31 X =0.
y
(1,1/e)
32. f(x)=e*/2, f'(x) = —xe /2
Critical point: x = 0. I y=x2ex* X
f(x) > 0 asx — +o0.
Fig. 4.4.34
CP
o+ 0 — nx
I X 35, f(x)=— x> 0)
abs X
f /Y max \ X
00 = X "X 1 inx
Hencef has abs max 1 at = 0 and no min value. - 2 X2
f(X) > —o0 asx — 0+ (vertical asymptote),
f(x) — O0asx — oo (horizontal asymp-
tote).
ASY CcpP
f 0 4+ e -
X } } X
Fig. 4.4.32 f 7 r%te)& N

127



36.

37.

www.konkur.in

SECTION 4.4 (PAGE 239)

Fig. 4.4.35
Since f(x) = |x + 1],

if x> —1;

1
/ _ _ >
P09 =sgn(x +1) = {—1, if x < —1.

—1 is a singular point;f has no max but has abs min 0
atx = —1.
f(X) > o0 asx — +oo.

y=IXx+1
1 X
Fig. 4.4.36
f(x) = |x° — 1]
f/(x) = 2xsgn(x? — 1)
CP: x=0
SP: x=%+1
SP CP SP
fo - -1 4+ 0 - 1 +
} I I X
abs loc abs
N mn 7 max N min /
yl
y=Ix2—1]
1 X

Fig. 4.4.37
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38. f(x) =sin|x|
3 5
f'(x) = sgn(x) cos|x| =0 atx = i%, i%, i%,
0 is a singular point. Sincé (x) is an even function, its
graph is symmetric about the origin.
CP CP SP CP CP
3r T T 3r
f— -— 4+ - - 0 + = - — +
2 2 | £ (R
abs abs loc abs abs
fN min /7 max N min /7 max N min /
Hence, f has abs max 1 at = +(4k + 1)% and abs min
—1atx = +(4k + 3)% wherek = 0, 1, 2,... and loc
min 0 atx = 0.
y
1
\0/ \0/ x
y = sin|x|
Fig. 4.4.38
39. f(x) =|sinx|
CPix =+ 2D oo e
f has abs max 1 at all CP.
f has abs min 0 at all SP.
y y = | sinx|
x ‘ ™ o X
Fig. 4.4.39
40. f(x)=(x—-1%3 - (x+1%3

f/(x) = 2(x — )73 - Z(x + 1)~ 3

Singular point atx = +1. For critical points:
X-DV=x+1D)"=2x-1=x4+1=2=0,s0
there are no critical points.

SP SP
o+ -1 - 41 4
i f X
abs abs
f / max N min /
Hence, f has abs max?3 atx = —1 and abs min

—228 atx = 1.

(-1,223) y
_/\} y=(X— 1)2/3 —(x+ 1)2/3
!\/-X
(1,-2%3)

Fig. 4.4.40
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f(x) = x/v/x2+ 1. Since

X2+ 1-x 2
2Vx2+1 _ 1
x2+1 (X2 +1)%2

f'(x) = > 0,

for all x, f cannot have any maximum or minimum
value.

f(x) = x/+/x*+1. f is continuous orR, and
liMmy— 100 f(X) = 0. Sincef(l) > 0andf(-1) < O,
f must have both maximum and minimum values.

3
X4+1—XL 4
F(x) = 2V/x%+1 _ _1-X
x4+1 (x4 +1)%2°

CPx = 1. f(+1) = +1/v/2. f has max value A/2
and min value—1/+/2.

)
X
(-1,_%> Vo X
Fig. 4.4.42

f(x) = x+/4 — x2 is continuous on+2, 2], and
f(£2) =0.

-2x  22-x?)
2VA—x2  JA—x2

f'(xX) = vV4—x2+x

CPx = +/2. f(£+/2) = £2. f has maximum value 2
atx = +/2 and min value-2 atx = —/2.

f(x) = x2/+/4 —x2 is continuous or(—2, 2), and
limy— 24 f(X) = limy_2_ f(X) = oco. Thus f can

have no maximum value, but will have a minimum value.

—2X
2XVh —x2 — x? ——— 3
F(x) = 2/4—x2 _ 8 —x
4—x2 (4—x2)3/2°

CPx =0, x = ++48. f(0) = 0, and++/8 is not in the
domain of f. f has minimum value 0 at = 0.

f(x) = 1/[xsinx]is continuous on0, =), and
liMmy—or f(X) = co = limy—,_ f(x). Thus f can

have no maximum value, but will have a minimum value.

Since f is differentiable on(0, z), the minimum value
must occur at a CP in that interval.

46.

47.

48.

49,
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f(x) = (sinx)/x is continuous and differentiable di
except atx = 0 where it is undefined.

Since lim_o f(x) = 1 (Theorem 8 of Section 2.5), and
[ f(X)| <1 for all x #0 (becausésinx| < |x|), f cannot
have a maximum value.

Since limy— 1~ f(X) = 0 and sincef (x) < 0 at some
points, f must have a minimum value occurring at a crit-
ical point. In fact, sincd f (x)| < 1/|x| for x #£ 0 and f

is even, the minimum value will occur at the two critical
points closest tox = 0. (See Figure 2.20 In Section 2.5
of the text.)

If it exists, an absolute max value is the maximum of

the set of all the local max values. Hence, if a function
has an absolute max value, it must have one or more
local max values. On the other hand, if a function has a
local max value, it may or may not have an absolute max
value. Since a local max value, sdyxp) at the point

Xo, is defined such that it is the max within some interval
X — xo| < h whereh > 0, the function may have greater
values, and may even approash outside this interval.
There is no absolute max value in this latter case.

No. f(x) = —x2 has abs max value 0, but
g(x) = | f (x)] = x2 has no abs max value.

1
f(x) = xsin; if x>0
0 . if x<0O
[f(X)| < |x]if x> 0so0 limo+ f(X) =0= f(0).
Therefore f is continuous ak = 0. Clearlyx sin;
is continuous ak > 0. Thereforef is continuous on
[0, 00).
Given anyh > 0 there existxz in (0, h) andxz in (0, h)
such thatf(xy) > 0 = f(0) and f(x2) < 0 = f(0).
Therefore f cannot be a local max or min value at 0.
. o . 1
Specifically, let positive integem satisfy 2z > n

1
and letx; =

7 X2 =
2N + > 2nw +
Then f(x1) = x1 > 0 and f(x2) < 0.

3’

Section 4.5 Concavity and Inflections
(page 244)

1
f(X) = ﬁ, f/(X) = Z—ﬁ'

f”(x) <0 for all x > 0. f is concave down o0, co).

f//(x) — _%X—S/Z

f(x)=2x—=x2, f'(x)=2—=2x, f"(x)=—-2<0.
Thus, f is concave down ori—oo, 00).

f)=x2+2x+3, f'x)=2x+2, f'(x) =2 > 0.
f is concave up orf—oo, 00).
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4, fx)=x—-x3 f'(x)=1-3x%
f”(x) = —6x.

5. f(x)=10x>—3x°,
f/(x) = 30x? — 15x%,
£7(x) = 60(x — x°) = 60x(1 — X)(1 + X).

f+ -1 - 0 + 1 -
I I I X
f < infl ~ infl — infl ~
6. f(x)=10x3+3x>, f’(x) = 30x2 + 15x%,
£7(x) = 60x 4 60x3 = 60x (1 + x2).
f// _ o +
| X
f ~ infl <
7. f(x)=@-x%2
f/(x) = —4x(3 — x?) = —12x + 4x5,
£7(x) = —124 12x° = 12(x — 1)(x + 1).
7+ -1 - 1 +
| } X

1
f — infl  ~ infl <

8. f(X)=@+2x—x%%  f/(x)=22+2x —x?)(2—2x),
£7(x) = 2(2 — 2x)% + 2(2 4 2x — x?)(-2)

= 12X(X — 2).
f + 0 — 2 +
I | X
f - infl ~ infl <
9. f(x) =(x%-4>3
f/(x) = 6x(x% — 4),
7(x) = 6(x? — 4)? + 24x*(x* — 4)
= 6(x% — 4)(5x% — 4).
" o _ _2 2 _
7+ I2 % + s I2 + ’
1 | | 1
f — infl ~ infl — infl ~ infl —
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X , 3-x?
f(x) = )(2—_}_32- f/(x) (x2 +3)2°
pion  2X(X2—9)
M0 = e r3p
f. - -3 4+ 0 - 3 +

f(x) =sinx, f’(x) =cosx, f”(x)= —sinx.

f is concave down on interval@nz, (2n + 1)z ) and
concave up on interval§2n — 1)z, 2nz), wheren ranges
over the integers. Points = nz are inflection points.

f(x) =cos¥, f'(x) =—-3sinX, f’(x) = -9cos X.
Inflection points: x = (n + 3) % forn=0, +£1, +2,....

. In+1 4n+3
f is concave up o 5 g " and concave
<4n+3 an+5 >
down on T, 6 7).

f(X) = x 4 sin 2,
f'(x) = 1+ 2cos X,
f7(x) = —4sin .

@n -z

f is concave up on interval ,nn), and con-

cave down on interval{nn,

@n+ Dz
=)

..n
. Pomts%r are
inflection points.

f(x) = x —2sinx, f/(x) =1—2cosx, f”(x) = 2sinx.
Inflection points:x = nz for n=0, £1, +2, ...
f is concave down or((2n+1)7r, (2n+2)7r) and concave

up on ((Zn)n, @n+ 1)71').

1
— —1 / —
f(x) =tan ; f'(x) = T
" _ —X
F0=arer
f// + 0 _
} X
f — infl ~
f(x) = xeX, f'(x) = e*(1+x),
f7(x) = eX(2+ X).
£ — -2 +
] X
f ~ infl -
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f(x) = e, f'(x) = —2xe~ %,
f7(x) = e ¥ (4x2 — 2).

V2

” 1 a4
7+ v
|

I
f — infl ~ infl —

2 _ 2
f(X) = ln())(( ), f/(X) = 72 )l(r;(x )’
_ 2
fN(X) = 764_53'”()( )

f has inflection point ak = +e¥2 and f is undefined at
x =0. f is concave up ori—e%2, 0) and (€2, c0); and
concave down or{—oo, —e¥2) and (0, e¥/2).
2X
fx)=InA+x%, f'x)=—

() (1+x9), () T

2 - _y2
f//(x) _ @A+ x9)(2) — 2x(2x) _ 21— %3

(14 x2)2 T 1+x9)2
7 - -1 + 1 -
I I X
f ~ infl — infl ~
2 ’ 2
f(x) = (Inx)%, f'(x) = X Inx,
2(1 —Inx)
f7(x) = —z for all x > 0.
f 0  + e -
I i X
f — infl  ~
3
X 2 25
00 =5 -4 +12x - =,
f/(x) = x? — 8x + 12,
f7(x) =2x —8=2(x — 4).
f” - 4 +
: X
f ~ infl  —

f(x) = (x — D3 + (x + 1V3,

/00 = 3Lx = D73 + (x + 1723,

f7(x) = —3[(x — D=3 + (x + )73,

fX) =0 x—1=—-(xx+1) < x=0.

Thus, f has inflection point ak = 0. f”(x) is undefined
atx = £1. f is defined at-1 andx = +1 are also in-
flection points. f is concave up orf—oo, —1) and (0, 1);
and down on(—1, 0) and (1, o).

23.

24,

25.

26.

27.

28.

29.
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According to Definition 4.3.1 and the subsequent discus-
sion, f(x) = ax + b has no concavity and therefore no
inflections.

f(x) =3x3—36x — 3, f'(x) =9(x%2 —4), f"(x) =18x.
The critical points are

x=2, f’(2)> 0= local min;

x=-2, f’(-2) <0= local max

fx)=x(x—22+1=x3—ax®>+4x +1
f/(x):3x2_8x+4:(x_2)(3X_2)

2
CPix=2,x=—
X X

f/(x)=6x—8, f'(2=4>0, f”

Therefore, f has a loc min ak = 2 and a loc max at
2

X==.
3

2
- ]=-4<0.

4
, £7(x) = 8x 3,

4 /
f(x)=x+;,f(x)_1—ﬁ

The critical points are

x=2, f”’(2)> 0= local min;
x=-2, f’(-2) <0= local max

1
fo)=x3+2
xX) =x +X

1 3x*-1 1
/X)) =3x2—- ="~ CP:x=+4—.
(x) X2 X2 73

2
f7(x) = 6x + 3

1 -1
f”(—) >0 f” <—) <0.
V3 V3 L .
Therefore f has a loc min at— and a loc max at—.
7 {

V3

1-xIn2

X 1

f(x) = % f'(x) =

£(x) = In2(xInXZ—2).

The critical point is

1 1
=—, "= 0 local max
X In2 <In2> =v=

X
fX) = ——
9 1+ x2
F(x) = (14 x2) — x2x _ 1= x2
1+ x?)? 1+ x?)?
CP:x==#1
£ = 1+ x)2(=2x) — (1 — x¥)2(1 + x3)2x
a (14 x2)*
X =23 a4+ 43 —6x+2¢
B (14 x2)3 - (1+x3)3

1 1
f7(1) = —5 f7(-1) = >
f has a loc max at 1 and a loc min afl.
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f(x) =x€e*, f'(x) =1 +x), f"(xX) =2+ x).
The critical point isx = —1.
f”(-1) > 0,= local min

f(x) = xInx,
1
f'(xX) =1+Inx, CP:x:E
1 1
f’x) = = () = 0.
)= (G)=e>

. 1
f has a loc min até.

f(x) = (=42, f/(x) = 4x3—16x, f"(x) = 122 —16.
The critical points are

x=0, f”’(0) <0= local max;
x=2, f’(2) > 0= local min;
x=-2, f’(-2)> 0= local min

fo) =02 —4°

f/(x) = 6x(x> — 4)2
CP:x=0,x=42

f7(x) = 6(X? — 4) + 24x°*(x?> — 4)

= B6(x? — 4)(5x% — 4)

f7(0) >0, f"(*£2) =0.

f has a loc min ak = 0. Second derivative test yields
no direct information about-2. However, sincef” has
opposite signs on opposite sides of the points 2 -ald
each of these points is an inflection point bf and
therefore f cannot have a local maximum or minimum
value at either.

f(x) = (X2 — 3)e,
f/(X) = (X% + 2x — 3)* = (X + 3)(x — 1),

£7(x) = (x? + 4x — 1)e~.
The critical points are

x=-3, f”’(-3) <0= local max;
x=1 (1) > 0= local min.
f(x) = x2e~2¢

f/(x) = e 2% (2x — 4x3) = 2(x — 2x3)e~2¢

1
CP:x=0,x=4+—

2 ﬁ
£7(x) = €727 (2 — 20x2 + 16x%)
1 4
f7(0)>0, f'"(+x—=)=--<0.
2 e

Therefore, f has a loc (and abs) min value at 0, and loc
1
(and abs) max values at—.

V2

Since
if x>0
if x <0,

2
f(x):{’ixz
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we have
reon _ [2x ifx=0 _
f(X)_[—Zx ifx<0_2|x|
" _ 2 ifX>0_
f(x)‘[—z if x <0 — 259

f'(x) = 0if x = 0. Thus,x = 0 is a critical point of

f. It is also an inflection point since the conditions of
Definition 3 are satisfied.f”(0) does not exist. If a the
graph of a function has a tangent line, vertical or not, at
Xo, and has opposite concavity on opposite sideggof

the xp is an inflection point off , whether or notf”(xp)
even exists.

Supposef is concave up (i.e.f”(x) > 0) on an open
interval containingxo.

Let h(x) = f(x) — f(Xp) — f'(X0)(X — Xp).

Sinceh’(x) = f/(X) — f'(Xp) =0 atx = Xp, X = Xg is a
CP ofh.

Now h”(x) = f”(x). Sinceh”(xp) > 0, thereforeh has a
min value atxg, soh(x) > h(xg) = 0 for x nearxo.
Sinceh(x) measures the distange= f (x) lies above the
tangent liney = f(xg) + f'(X0)(X — xo) at x, therefore

y = f(X) lies above that tangent line nezs.

Note: we must havéa(x) > 0 for x nearxp, X # Xo,

for otherwise there would existy # xo, X1 nearxp, such
thath(x1) = 0= h(Xp). If X1 > Xg, there would therefore
exist X such thatxp < x2 < x1 and f'(x2) = f’(Xp).
Therefore there would existz such thatxg < x3 < xo
and f’(x3) = 0, a contradiction.

The same contradiction can be obtainedjif< Xg.

Suppose thaf has an inflection point atg. To be
specific, suppose that”’(x) < 0 on(a, xp) and
f”(x) > 0 on (xg, b) for some numbers. andb satis-
fying a < xo < b.

If the graph of f has a non-vertical tangent line =3,
then f’(xp) exists. Let

F(x) = f(x) — f(x0) — f'(x0)(X — x0).

F (x) represents the signed vertical distance between the
graph of f and its tangent line atg. To show that the
graph of f crosses its tangent line &g, it is sufficient to
show thatF (x) has opposite signs on opposite sides of
X0.

Observe thaf (xg) = 0, andF’(x) = f’(x) — f'(xo),

so thatF’(xp) = 0 also. SinceF”(x) = f”(x), the as-
sumptions above show th&’ has a local minimum value
at xg (by the First Derivative Test). Hende(x) > O if

a <X <X 0rx < x < b. It follows (by Theorem

6) thatF(x) < Oifa < x < Xg, andF(x) > O if

Xo < X < b. This completes the proof for the case of a
nonvertical tangent.

If f has a vertical tangent &b, then its graph necessar-
ily crosses the tangent (the line= xp) at xo, since the
graph of a function must cross any vertical line through a
point of its domain that is not an endpoint.
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39. fx)=x"
gx)=—x"=—-f(x), n=2234,...

fl)=nx""1=0atx=0
If nis even, f, has a loc ming, has a loc max at

x = 0.
If nis odd, f, has an inflection ak = 0, and so does
On-

40. Let there be a functiorf such that

f'(x0) = f"(x0) = ... = f*V(x0) =0,

f®(xg) £0  for somek > 2.

If k is even, thenf has a local min value at = xg
when f®(xg) > 0, andf has a local max value at
X = Xo when f®(xg) < 0.

If k is odd, thenf has an inflection point at = Xo.

41, f(x) = {e‘l/xz if x #0
0 if x=0
—1/x2
DM T = g S Guty =172
= lim y”e‘y2 =0 by Theorem 5 of Sec. 4.4

y— o0
Similarly, limy_o_ x " f(x) = 0, and
limy_ox "f(x)=0.

b) If P(x) = >[_gajx! then by (a)
1 n -
i 2 _ lim x— _
lim P <X> f(x) = j;)a, lim x71f (x) = 0.
c) If x # 0 and Py(t) = 2t3, then
, 2 _1 2 1
f'(x) = 3¢ % = Pl(;> f(x).

1
Assume thatf ®(x) = P X f (x) for some

k > 1, wherePx is a polynomial. Then

£+ () = _%plg (%) f(x) + P (%) P (%) f(x)

1
= P (;) f(x),

where P (t) = t2P(t) + P1(t)Pc(t) is a polyno-
mial.

1
By induction, f™ = P, (ﬁ) f (x) for n £ 0, where

P, is a polynomial.

SECTION 4.5 (PAGE 244)

d) f(0) =limnh-o hH-10_ rI]imoh—lf(h) =0 by

(a). Suppose thaf ® (0) = 0 for somek > 1. Then
fOh) — £0(0)

h
= lim h=1f®(h
hlo )

f &+ (0) = lim

_imh-lp (L _
= lim h w(h)f(h)_o

by (b).
Thus f™M(0) = 0 for n =1, 2, ... by induction.

e) Sincef’(x) < 0if x < 0andf’(x) > 0if x > O,
therefore f has a local min value at 0 andf has a
loc max value there.

f) If g(x) = xf(x) theng'(x) = f(x) + xf'(x),
g’ (x) = 2f/(x) + xf"(x).
In general,g™(x) = nf™D(x) + xf M(x) (by
induction).
Theng™(0) = 0 for all n (by (d)).
Sinceg(x) < 0if x < 0andg(x) > 0if x > 0,9
cannot have a max or min value at 0. It must have
an inflection point there.

42. We are given that

1
2an L )
f(x)={XSin-. if X #0;
0, if x=0.

If x # 0, then

1 1
f/(x) = 2xsin= — cos—
X X

1 1 1

.12 .
f”(x) =2sin= — —cos- — —sin_.
X X X X X

If x =0, then

1
h?sin= — 0
f/(x) = lim =0.
) hl—>0 h
Thus 0 is a critical point off. There are pointx ar-
bitrarily close to 0 wheref (x) > 0, for example

X = m and other such points wherg(x) < 0,

for examplex = . Thereforef does not have

(4n+ 3z
a local max or min ak = 0. Also, there are points

arbitrarily close to 0 where”(x) > 0, for example

1
X = @t D’ and other such points wher&’(x) < 0,

for instancex = P Thereforef does not have con-

Nz
stant concavity on any intervaD, a) wherea > 0, so 0
is not an inflection point off either.
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SECTION 4.5 (PAGE 244)

Section 4.6  Sketching the Graph of a Func-
tion (page 252)

Function (d) appears to be the derivative of function (c),
and function (b) appears to be the derivative of function
(d). Thus graph (c) is the graph df, (d) is the graph of
f’, (b) is the graph off”, and (a) must be the graph of
the other functiorg.

(@) Y,

Fig. 4.6.2

The function graphed in Fig. 4.2(a):

is odd, is asymptotic toy = 0 at +o0,

is increasing on—oo, —1) and (1, c0),

is decreasing oK—1, 1),

has CPs ak = —1 (max) and 1 (min),

is concave up or{—oo, —2) and (0, 2) (approximately),
is concave down ori—2, 0) and (2, o) (approximately),
has inflections ak = +2 (approximately).
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The function graphed in Fig. 4.2(b):

is even, is asymptotic tg = 0 at o0,

is increasing on(—1.7, 0) and (1.7, co) (approximately),
is decreasing ori—oo, —1.7) and (0, 1.7) (approxi-
mately),

has CPs ak = 0 (max) and+1.7 (min) (approximately),
is concave up ori—2.5, —1) and (1, 2.5) (approxi-
mately),

is concave down of—oo, —2.5), (—1, 1), and (2.5, c0)
(approximately),

has inflections at:2.5 and+1 (approximately).

The function graphed in Fig. 4.2(c):

is even, is asymptotic tg = 2 at o0,

is increasing on0, co),

is decreasing oli—oo, 0),

has a CP ak = 0 (min),

is concave up ori—1, 1) (approximately),

is concave down ori—oo, —1) and (1, co) (approxi-
mately),

has inflections ak = +1 (approximately).

The function graphed in Fig. 4.2(d):

is odd, is asymptotic ty = 0 at o0,

is increasing on(—1, 1),

is decreasing ori—oo, —1) and (1, c0),

has CPs ak = —1 (min) and 1 (max),

is concave down offi—oo, —1.7) and (0, 1.7) (approxi-
mately),

is concave up or{—1.7,0) and (1.7, co) (approximately),
has inflections at 0 anet1.7 (approximately).

f(x) = x/(1 — x?) has slope 1 at the origin, so its graph
must be (c).

g(x) = x3/(1 — x* has slope 0 at the origin, but has the
same sign at all points as dodgx), so its graph must

be (b).

h(x) = (x3 — x)/+/1 + x5 has no vertical asymptotes, so
its graph must be (d).

k(x) = x3/4/|x4 — 1| is positive for all positivex # 1, S0
its graph must be (a).
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(b)

y
3+
2+
1+

—5-4-3-2— 1 2 3 4X -5-4-3-2—f |

Fig. 4.6.4

The function graphed in Fig. 4.4(a):

is odd, is asymptotic tx = +1 andy = X,

is increasing on—oo, —1.5), (—1, 1), and (1.5, co) (ap-
proximately),

is decreasing ori—1.5, —1) and (1, 1.5) (approximately),
has CPs ak = —1.5, x =0, andx = 1.5,

is concave up ort0, 1) and (1, c0),

is concave down oKf—oo, —1) and (—1, 0),

has an inflection ak = 0.

The function graphed in Fig. 4.4(b):

is odd, is asymptotic to« = +1 andy = 0,

is increasing on(—oo, —1), (—1, 1), and (1, 00),
has a CP ax =0,

is concave up ori—oo, —1) and (0, 1),

is concave down ori—1, 0) and (1, o),

has an inflection ak = 0.

The function graphed in Fig. 4.4(c):

is odd, is asymptotic tx = +1 andy =0,

is increasing on(—oo, —1), (-1, 1), and (1, c0),
has no CP,

is concave up or{—oo, —1) and (0, 1),

is concave down ori—1, 0) and (1, o),

has an inflection ak = 0.

The function graphed in Fig. 4.4(d):

is odd, is asymptotic ty = +2,

is increasing on—oo, —0.7) and (0.7, o) (approxi-
mately),

is decreasing o1t—0.7, 0.7) (approximately),

has CPs ak = £0.7 (approximately),

is concave up ori—oo, —1) and (0, 1) (approximately),
is concave down ori—1, 0) and (1, o) (approximately),
has an inflection ak = 0 andx = +1 (approximately).

5.

SECTION 4.6 (PAGE 252)

fO=1 f(x)=0 f@ =1
liMyooo F(X) =2, liMmy oo F(X) =—1

SP CP
7+ 0 - 1 +

f I X

loc loc
f / max N min
f7 + 0 + 2 -

i | X

f — — infl =~ ~

0 must be a SP becaudé¢ > 0 on both sides and it is a
loc max. 1 must be a CP becau$é is defined there so
f’ must be too.

Fig. 4.6.5

According to the given properties:

Obliqgue asymptotey = x — 1.

Critical points: x = 0, 2. Singular point:x = —1.
Local max 2 atx = O; local min O at

X =2.
SP CP CP
f"o+ -1 + 0 — 2 +
i i I X
loc loc
f 7 max N min
Inflection points: x = —1, 1, 3.
o+ -1 - 1 + 3 -
I i I X
f — infl ~ infl — infl ~

Since lim (f(x) +1— x) =0, the liney=x—1is an
X—t00
oblique asymptote.
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Fig. 4.6.6

y=0x*-1°
y = 6x(x* — 1)
= 6X(x — D?(x + 1)?
y’ = 6[(x? — 1) + 4x3(x? — 1)]
= 6(x% — 1)(5x% — 1)
= 6(X — 1)(X + 1)(+/5x — 1)(+/Bx + 1)

From y: Asymptotes: none. Symmetry. even. Intercepts:
X ==+£1.
Fromy’: CP:x =0, x==+1. SP: none.

CP CP CP

y — -1 - 0 + 1 +
i i I X

YN N @S
Fromy”: y”:Oatx:il,x:ii.
J/5
% 1 _ _1 1

y" + -1 7 + NG I1 +
T

y — infl ~ infl — infl ~ infl —

X
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Fig. 4.6.7

y=x(x2—1)2, y = (x3—1)(5x2—1), y’ = 4x(5x2 - 3).
Fromy: Intercepts: (0, 0), (1,0). Symmetry: odd (i.e.,
about the origin).

1
From y’: Critical point: x = +£1, +—.
y p N
CP CP CP CP
P S
= I
loc loc loc loc
Y /" max N min /" max N min /
Fromy”: Inflection points at
x =0, j:\/g.
y - —J2 + o - JE +
f i X

T
y -~ infl.' — infl ~ infl —

ﬂ
]

y = x(x2 — 1)2

Fig. 4.6.8
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2—-x 2 2 4 Y
9. = =--1 = —— "= . 1
Fromy: Asymptotes:x =0, y = —1. ;
Symmetry: none obvious.
Intercept: (2, 0). Points: (—1, —3). §
Fromy’: CP: none. SP: none. ;
(=2,3)
ASY |
y’ _ 0 _ R IO ,,,,,,}’f,l, ,,,,,,,,,,,,,,
| X : _—
Yy N N /l X
Fromy”: y” = 0 nowhere. et -1
ASY
yl/ _ O +
| X
v _2-X
="
2,0) .
S —— .
X
""""""""""""""""""""""""""""""""""""""""""""" 11. =
-1 Y=1rx
,(1+03% —x3  3x%42x3
Cis - (1+x)2 T (14x)2
13 o A X)2(6x + 6x2) — (3x2 + 2x3)2(1 + X)
1+ x)4
_Bx(L+x)?2—6x?—4x®  6x+6x*+2x3
Fig. 4.6.9 - 1+ x)3 T @A+x)8
_ 2X(3+3x+Xx?)
N (1+x)3
_ _ Fromy:
10. y= §+i =1-- i 1 y = ( -fl)z’ y' = ﬁ Asymptotes:x = —1. Symmetry: none.
X X ;
Fromy: Intercepts: (0, —1), (1, 0). Asymptotes:y = 1 Intercepts(0, 0). Pomts(—%/z, 21/4).
(horizontal),x = —1 (vertical). No obvious symmetry. Fromy CP:x=0,x = —5
Other points: (-2, 3).
From y’: No critical point.
CP ASY CpP
ASY y - -3 + -1 + 0 +
y o+ -1+ | | = X
|
S L y NS / /
Fromy”: No inflection point. Fromy”: y” =0 only atx = 0.
ASY ASY
yl/ + _1 _ y// + _1 _ 0 +
I X | | X
y N — y - —~ infl N
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y A

Fig. 4.6.11

1 , —2x ., 6x>-8
2. y= arx2 Y T @Y T arxp
Fromy: Intercept: (O, %1). Asymptotes:y = 0 (horizon-
tal). Symmetry: even (abouwt-axis).
From y’: Critical point: x = 0.

CP
y + 0 -
I X
y o/ AN
2
Fromy”: y =0 atx = +—.
yy 73
y// + _i _ i +
BoBm
I T
y ~— infl ~ infl <
y
1/4 B
/"\'y\—4+ X2
=2 z ;
V3 V3
Fig. 4.6.12
1 2x
13. = "
Y=752 YT o
1 8X2 4+ 6X2
y = + =
(2-x32  (2-x3° " (2-x3)3
Fromy: Asymptotes:y =0, X = ++/2.
Symmetry: even.
Intercepts(0, 3). Points(£2, —1).
Fromy’: CPx =0.
ASY CP ASY
y" - V2 - 0 + 2 4+
I | I X
AN N S J
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y” 1 y” = 0 nowhere.

ASY ASY
y - 2+ 2 -
i | X
y ~ - —
y A
x=—«/§§ §x=«/§
; 7 ; ‘

Fig. 4.6.13
14y X XHl L X043
YT Y T oY T e

From y: Intercept: (0, 0). Asymptotes:y = 0 (horizon-
tal), x = £1 (vertical). Symmetry: odd. Other points:
2 %), (-2,-%).

Fromy’: No critical or singular points.

ASY ASY

y - -1 - 1 -
i | X
Yy N\ N N
Fromy”: y" =0 atx = 0.
ASY ASY

y - -1 + 0 - 1 +

I I I X
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Fig. 4.6.14
x2 1
15. = =1

y x2 -1 + x2 -1

, . —2X

Y= -1
yi— 2(x2 — 1)2 — x2(x2 — 1)2x _ 2(3x% 4+ 1)

(x2—1)4 (x2—1)3

Fromy: Asymptotes:y = 1, x = +1. Symmetry: even.
. 4

Intercepts(0, 0). Points (iZ, 5).

Fromy’: CPx =0.

y + -1 + 0 -
| |
I

ASY CcpP ASY
1
i

1
y VAR AN N
Fromy”: y” = 0 nowhere.

-1 =

ASY ASY
y// + 1
|
|

Fig. 4.6.15

SECTION 4.6 (PAGE 252)

16 yo X, _X0¢-3 206343
Y=Y T2 T e
Fromy: Intercept: (0, 0). Asymptotes:x = +1 (ver-

tical), y = x (obliqgue). Symmetry: odd. Other points:
(iﬁ, i?’ﬁ’).

2
Fromy’: Critical point: x = 0, ++/3.

CP ASY CP ASY CP
y + -3 - -1
|

A N N

Fromy”: y" =0 atx = 0.

ASY ASY
y' = -1 + 0 - 1 +
I | I X
y -~ N infl  —~ N
y
V3!
| i \/é M
: ix:l
Fig. 4.6.16
x3 x3 4+ x —x X
17. = = = —
Y=% +1 X241 XT3 +1
;D32 —x32x x*43x? x3(x?+3)
N (X2 +1)? (X2 +1)2 (x241)2
s O+ D243 + 6x) — (x* 4 3x?)2(x2 + 1)2x
o= 2+ D)3
40+ 10x3 + 6x — 4x° — 123
- (x2+1)3
_ 2X(3—x?)
To(x241)3

From y: Asymptotes:y = x (oblique).
Intercepts(0, 0).
Points (£+/3, £3v3).

Symmetry: odd.
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Fromy’: CP:x =0.

CP
y o+ 0 +
|
I

y / /

Fromy”: y" =0 atx =0, x = ++/3.

Y + V3 - 0 + V3 -
| | |

T T T X
y — infl ~ infl — infl ~
y 'y
y= x2+1
3/3
(2¢)
3 <
3V3
(2 5f)
//y=X
Fig. 4.6.17
x2 2x . 2(1-3x%)

18. y= VY = Y = .
Y=Y T ez 2+ 1)
Fromy: Intercept: (0, 0). Asymptotes:y = 1 (horizon-
tal). Symmetry: even.
From y’: Critical point: x = 0.

CP
y - 0 +
} X
y N\ as o
Fromy”. y"=0atx =+ 1
. — - \/é-
1 1
7
— R + - —
’ B
T 1 X
y ~ infl - infl  —~
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y
,,,,,,,,,,,,,,,,,, Y=Y
=3z +1
=1 L X
3| V3
Fig. 4.6.18
x2—4 3
19. = =x—-1-
y x+1 Xx+1
3 x+1°2%+3
! = 1 =
Y = r 2T T xr12
y// — _L
(x+1)3

From y: Asymptotes:y = x — 1 (oblique),x = —1.
Symmetry: none.

Intercepts(0, —4), (£2, 0).

Fromy’: CP: none.

ASY
y + -1 +
} X
y / /
Fromy”: y” = 0 nowhere.
ASY
y// + _l _
| X
y ~— —~
y A

Fig. 4.6.19
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2 2
20, y= x2 2’ y = 22x _ 2(;’>x +31)
xc—1 x¢=1 x¢=1
Fromy: Intercept: (0, 2), (£+/2, 0). Asymptotes:y =1
(horizontal),x = +1 (vertical). Symmetry: even.
From y’: Critical point: x = 0.

ASY CP
f' — -1 - 0

\poc s /

N
Fromy”: y” = 0 nowhere.

ASY
y - -1 +

§x=1

Fig. 4.6.20

x3—4x  x(X—2)(X +2)

x2_1 x2—1

(X2 — 1)(3x2 — 4) — (x3 — 4x)2x
(x2-1)2

2. y=

/

y:

3x4 — 7x2 4+ 4 — 2x* + 8x2 22.

(x2 - 1)?

x4+ x2+4

T

L (2= 1D2(Ax3 4+ 2x) — (x* + X2 4+ 42(x% — 1)2x
Y= 1)
4x5 — 2x3 — 2x — 4x5 — 4x3 — 16x
N (2 —1)3
_—6x3 — 18 x?+3

—6x
x2—1)3 (2 = 1)3

From y: Asymptotes:y = x (oblique),x = +1.

Symmetry: odd. Interceptd, 0), (2, 0).

SECTION 4.6 (PAGE 252)

Fromy’: CP: none.

ASY
y + -1 +

y / / /

ASY

Fromy”: y" =0 atx = 0.

ASY
y" + -1 - 0 +

|
I

Fig. 4.6.21
x2—1 i, 2 6
y=—e =l e V=@V ="a

Fromy: Intercepts: (1, 0). Asymptotes:y = 1 (hori-
zontal),x = 0 (vertical). Symmetry: even.
Fromy’: No critical points.

Fromy”: y” is negative for allx.
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Fig. 4.6.22

x® 2x3 — x
B A o
y = (x2 — 1)25x% — x52(x2 — 1)2x
(x2—1)4

5x6 — 5x* — 4x®  x*(x? —5)

x2-13 = x2-18
s (x2 = 1)3(6x5 — 20x3) — (x6 — 5xH)3(x2 — 1)22x

(x— 1)
6x7 — 26x5 + 20x3 — 6x7 + 30x5
(x2—1)4

_ 43(x% +5)

NCE
Fromy: Asymptotes:y = x, x = £1. Symmetry: odd.
Intercepts(0, 0). Points (i\/E, ii—g \/§>

Fromy: CPx =0, x = ++/5.

23. y

cP ASY CP ASY CP
y + —v/56 - -1 + 0 + 1 - 5 +
} 1 t I I X
Y /09N s NG
Fromy”: y"=0if x=0.
ASY ASY
y - -1 - 0 + 1 +

|
|
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y
i//}=x
V5
‘ : - .
1 x5
Y= 12
Fig. 4.6.23
2-x? (X —2)(x — 6)
=T YT T
y = 2(x2 — 12+ 24)  2(x — 6+ 2/3)(x — 6 — 2/3)
- x5 - x5 )

Fromy: Intercept: (2, 0). Asymptotes:y = 0 (hori-
zontal), x = O (vertical). Symmetry: none obvious. Other
points: (-2, —2), (—10, —0.144).

From y’: Critical points: x = 2, 6.

ASY CP CP
y - 0 - 2 + 6 -
I I i X
loc loc
y N N omin /7 max N
Fromy”: y" =0 atx = 6+ 2//3.
y — 0 + 64+2/3 — 6-2J3 +
I | I X
y ~ o~ il ~ il —
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(—10,—0.144)

Fig. 4.6.24
1 1
2 Y= e s T X261 D)
, 3% —4 3x2—4
T2 T x2(x2—ay?
s (33— 4x)2(6x) — (3x2 — £)2(x3 — 4x)(3x? — 4)
y == oG — 407
6x* — 24x2 — 18x* 4 48x2 — 32
T (x3 — 4x)3
_12(x2-1)2+20
D

Fromy: Asymptotes:y =0, x =0, -2, 2.
Symmetry: odd. No intercepts.

Points: (i 2 + 16 ) <i3 + 1)
. \/ﬁ’ 3\/§ ’ > 15
Fromy’: CP:x =+

%-
ASY CP ASY CP ASY
y - -2 - -2 4+ 0 + 2 2
| R K |
y N e 7N
Fromy”: y” = 0 nowhere.
ASY ASY ASY
y - -2 + 0 - 2 +
' I I X

y/'\ ~— —~ ~—

26.
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y
i x3—4 x=2§
L H
3 V3
‘ —r
_2
/3
X=—2
Fig. 4.6.25
. X . X
Y e e x—2T 2+ 0ox-1’
y —(x2+2) , 203+ 6x+2)

T x+22x—12"7 T X+ 23(x— 13
Fromy: Intercepts: (0, 0). Asymptotes:y = 0 (horizon-
tal), x = 1, x = —2 (vertical). Other points(—3, —3),

2 3)-
Fromy’: No critical point.
ASY ASY
y - 2 - 1 -
i I X
Yy N\ N N

Fromy”: y" = 0if f(x) = x3+ 6x + 2 = 0. Since
f/(x) = 3x2 +6 > 6, f is increasing and can only
have one root. Sincd(0) = 2 andf(-1) = -5,
that root must be betweenl and 0. Let the root be
r.

ASY
y// _ _2 + r _
i i
y ~ — infl ~
y
x=—2
r X
(—=3,-3/4)
k:l
Fig. 4.6.26
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27. y= X3—3X2+1=1_§+i Fromy”: y” = 0 atx = kz, wherek is an inte-
' x3 x  x3 ger.
, 3 3 3x2-1
XA T A
//__24_1_2_2__)(2 vy + -2 — - + 0 — © + 2r -—
y = x3 ' x5 x5 | ! I I I X

Fromy : Asymptotes:y = 1, x = 0. Symmetry: none.
Intercepts: since ligL, o+ Y = oo, and limk_o— y = —o0,
there are intercepts betweerl and 0, between 0 and 1,

| |
y — infl ~ infl — infl ~ infl — infl ~

and between 2 and 3. 1 y
Points: (-1,3), (1, ~1), 2, =), (3, 55)-
Fromy’: CP:x = +1.
2r
CP ASY CP
y + -1 - 0 - 1 + ™ y = X 4 sinx
I i i |1' X
oc oc
Y /' max N N min /7 X
T 2r
Fromy”: y’ =0 atx = +/2.
ASY
Y + —v2 - 0 + V2 -
i f I X
y — infl ~ — infl ~

Fig. 4.6.28

29. y=x+2sinx, Yy =1+2cosx, Yy’'=-2sinx.
y=0ifx=0

1 2
y/:Oifx:—é, i.e.,x:j:?”j:Znn

y'=0if x=+nz
From y: Asymptotes: (none). Symmetry: odd.

2 2 8 8
Points: <i?ﬂ i—” + «/5) <i—7[, i—” + \/1—’))

3 3 3
4 4
_ <i—”, + 7 ﬁ).
Fig. 4.6.27 3 3 )
Fromy’: CP:x = ig =+ 2nz.
CP CP CP CP CP
28. y=x+sinx, y =1+cosx, Yy’ = —sinx. y - —%” + —%” + —%” + %” — %” +
Fromy: Intercept: (0, 0). Other points:(kz, kz), where i f 1 i i X
k is an integer. Symmetry: odd. y N, foc , loc - loc o loc . - loc .
From y’: Critical point: x = (2k + 1)z, wherek is an min max min max min
integer. Fromy”: y” =0 atx = +nz.
CcP CP CP
f " + -z + =z - 3 + y' + =21 — -z + 0 — 7 + 21 -
I I I X I I I I I X
f /! /! S y — infl ~ infl — infl ~ infl — infl ~
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vt Fromy”: y" =0 atx = -2.
y// _ _2 +
T\ } X
y ~ infl  —
y
y ™ 2w X
y=x " oy 7 y = xe&
y = X + 2sinx >
Fig. 4.6.31
Fig. 4.6.29
32. y=-e*sinx x> 0),

y=e%,y =-—2xe™¥, y’ = (4x? — 2.

Fromy: Intercept: (0, 1). Asymptotes:y = 0 (horizon-

tal). Symmetry: even.
From y’: Critical point: x = 0.

CP
y o+ 0 -
- X
y o g
1
Fromy”. vy =0atx = +—.
y'©y NG
- 1 L
’ V2
I T
y - infl ~ infl  —

y = e *(cosx — sinx), y’ = —2e X cosX.
From y: Intercept: (kz, 0), wherek is an integer.
Asymptotes:y =

0 asx — oo.

Fromy’: Critical points: x = % + kz, wherek is an

1
72
Fig. 4.6.30

y=xe, y=¢€e1+x), Yy =€e@2+x.
Fromy: Asymptotes:y = 0 (atx = —o0).
Symmetry: none. IntercegD, 0).

. 1 2
Points: (—1, _5)' <—2, —g).

Fromy’: CP:x = —1.

CP
y - -1 +

- X
y N s

integer.
CP CpP CcpP
v 0 + T 5r . (73
| 4 4 4 X
| Ib Ibs Iolc
abs al
y 7 max N min 7 max N
Fromy”: y" = 0atx = (k + %)n, wherek is an
integer.
T 3r 5z
y 0o - - + = - - +
| 2 2 2 X
1 1 I 1
y ~ infl — infl ~ infl <
X y
(5.22)
N\ y=eXsinx
5¢ 3
i ™ 72
z
2

Fig. 4.6.32
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33. y=x%* Y
y = e ¥ (2x — 2x3) = 2x(1 — x2)e ¥ , (-2.4e°2)
— X
Yy = e 2 - 6x2 — 2x(2x — 2x3)) y=xte
— (2 - 10x% + ax¥e ; :
Fromy: Asymptotes:y = 0. —2-42 —2++/2 X
Intercept: (0, 0). Symmetry: even. .
1 Fig. 4.6.34
Points (jzl, E)
Fromy: CPx =0, x = £1.
In x 1—Inx
cp cp cp 3. y=— V=—3
y + -1 - 0 + 1 - o 1 |
| } | X X <——>—(1— n x)2x _
abs abs abs y' = X = 2Inx —3
Y /" max N min 7/ max X c A txt4 0 0 x3
. romy: Asymptotes:x =0, y = 0.
Fromy”: y" =0 if
Symmetry: none. Intercept(l, 0).
4 2 _
P20 points: (e, 1), (€32 3
X2_5j:«/25—8 \Te) > 2e3/2 )"
- 4 Fromy: CP:x =e.
5+ 17
=" ASY cP
! 0 + e —
|5+ V17 |5— V17 y
sox=da=4= J”/_,x:ib:i */—_ | | X
4 4 abs
y 7 max O\
7
y' + _|a - _|b + kl) - ?- + . Fromy”: y" =0 atx = e3/2.
1 T 1 I
y — infl ~ infl — infl ~ infl — ASY
y// 0 _ e3/2 +
I I X
y ~ infl  —
y A
(e1/e)
b N
1 e¥2 X
34, y=x2%*, y = (2x + x)e* = x(2 + x)e¥,
Y = (X% 4+ 4x+ 2 = (X + 2 — V2)(x + 2+ V2)e~.
Fromy: Intercept: (O, 0).
Asymptotes:y = 0 asx — —oo. y= Inx
From y’: Critical point: x =0, x = —2. X
CP CP
y o+ -2 - 0 +
i f X
y rlrggx N %ti)r? y Fig. 4.6.35
Fromy”: y" =0 atx = -2+ /2.
In
36. y= X_ZX x> 0),
y' 4+ —2-v2 - -2+V2 + . 1-2Inx , 6lhx-5
| | X =" Y =@
y — infl ~ infl — Fromy: Intercepts: (1, 0). Asymptotes:y = 0, since
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In I
lim _2x =0, andx =0, since lim —5 = —o00.
X—>00 X x—0+ X
Fromy'’: Critical point; x = el/2,
CP
y 0 + Je -
I | X
abs
Fromy”: y’ =0 atx = %5,
y// 0 /6 +
i i X
y ~ infl —
38.
y
e@ee™
1 gm X
In x
- X2
Fig. 4.6.36
1 2y-1/2
4—x2
1 X
R PR NV, S
y - 2(4 X ) ( 2X) - (4—X2)3/2
3
L A=Y xS @ xA A (=2x) 39.
= @—x2)7?
44232
- 4- X2)5/2

Fromy: Asymptotes:x = +2. Domain—2 < X < 2.
Symmetry: even. Intercept, %).
Fromy’: CP:x =0.

ASY CP ASY
y =2 — 0 + 2

= ! X
y N s

Fromy”: y” = 0 nowhere,y” > 0 on (-2, 2).
Therefore,y is concave up.

SECTION 4.6 (PAGE 252)

1/2

Fig. 4.6.37

y= . , y/ — (X2 4 1)—3/2, y// — —3X(X2 + 1)—5/2_
X

Fromy: Intercept: (O, 0). Asymptotes:y = 1 as

X — 00, andy = —1 asx — —oo. Symmetry: odd.
Fromy’: No critical point. y’ > 0 andy is increasing
for all x.

Fromy”: y" =0 atx = 0.

y// + 0 _
| X
y o~ infl ~
y
Lyt
— X X
"""""""""" " R
Fig. 4.6.38

y=(Z-1¥3
2
Y = 3x0¢ =7

2 2
y// — §[(XZ _ 1)—2/3 _ §X(X2 _ 1)—5/32)(]

_ 2.5 -5/3 X2>

= 3(x 1) <1+ 3

From y: Asymptotes: none.

Symmetry: even. Interceptd+1, 0), (0, —1).
Fromy’: CP:x =0. SP:x = +1.

SP CcP
y - -1 - 0o +
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Fromy”: y” = 0 nowhere.

y// _ —l + 1 _

i 1' X
y ~ infl — infl ~

yl

y=@*-1l3

-1 1

-1
Fig. 4.6.39

According to Theorem 5 of Section 4.4,

lim xInx=0.
X—0+

Thus,
lim xIn|x| = lim xInx =0.
x—0 X— 0+

If f(x) = xIn|x| for x # 0, we may definef (0) such
that f(0) = Iimoxln|x| = 0. Thenf is continuous on
X—>

the whole real line and

f7(x) = isgn(x).

f'(x) =In|x| + 1,
(X) X

From f: Intercept: (0, 0), (£1, 0). Asymptotes: none.
Symmetry: odd.

1
From f’: CP:x:iE. SP:x =0.

CP SP CP
1 1

f + -= - 0 - - +
L : g X
loc loc

f /" max N min /S

From f”: f” is undefined ak = 0.

7 _ 0 +

I
T
f ~ infl —
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y
-1 1
(%38
X
1 -1
(¢ %)
y = XxIn|x|
Fig. 4.6.40
sinx
=0 is an asymptote of = —.
y ymp oy 11 %2

Curve crosses asymptote at infinitely many points:
X=nz (n=0,41,+2,...).

y4 _ sinx
1 Y= 1
=1
,,,,, A\ e
1
Y="Tr
Fig. 4.6.41

Section 4.7 Graphing with Computers
(page 258)

The longest (rightmost) of the exponential stripes in the
given figure seems to begin at abd0t71, 35.7). Ac-
cordingly, the plot command

> plot([exp(x)*In(1+1/exp(x)),

> 0.71*exp(x-35.7)], x=33..38,

>y =0..2, style=point, sym-
bol=[circle, point],

> color = [red, black], numpoints =
1500);

will produce the curve as shown in the given figure (in
red), and also the exponential curve (black) conforming
to the rightmost stripe as shown in this figure:
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1.81
1.6
1.4
1.2

0.81
0.6
0.4
0.2

033 314 3‘5X3‘6 37 38

Fig. 4.7.1

(The red curves appear gray here.) Other exponential
stripes can be handled similarly

The square of any number will tend to require an in-
creased number of digits to represent it—especially for
squares of numbers with large numbers of digits to be-

gin with. However on a computer the number of digits is
fixed so the least significant digits are discarded. The re-
sulting number is different from the square of the original
number. Consequently the square root will not be quite
the same and the expression cannot be expected to vanish
exactly.

(a) We have

g(x):ln(ZX— 22X—1)
=—In <;>
X — 22X -1
:_|n< X+ V21 )
(2% — VX Z1)(2X 4+ V22X = 1)
:—|n(2X+ 2ZX—1):f(x).

(b) The problem is withg(x). Whenx grows large
enough, the argument of the square root is evalu-
ated as %, as the computer discards the 1. When
this happens, the argument of the logarithm vanishes
and the computer could be expected to retus.
However we now arrive at the case of the previous
exercise. The computer will return a variety of com-
plex numbers, infinite values, and finite real values,
produced by the computer evaluation of the loga-
rithm of the expression in question 2. The computer
only plots the finite real values, but all of them are
completely spurious.

(c) The argument of the square root B@L — 272X,
The computer will begin to encounter serious diffi-
culties for values of beginning where 22X ~ ¢,
that is,—2x = —52 or x = 26. This is evident in the
figure.

SECTION 4.8 (PAGE 264)

4. Since there are 64 52— 2 = 10 bits left to represent the

exponent the absolute value of the exponent, the smallest
possible exponent is

~111111110% - (1424 24+ 2),

that is, —1023 in base 10. The smallest positive mantissa
is 0.000. --001 = 2752, 50 the smallest positive binary
floating-point number is

2—52 x 2—1023 — 2—52—1023

— 10-1075l0g02 , 1324

As in the previous exercise, there are 10 bits available
for the exponent, so the largest possible exponent is
1111111111 in base 2, or 1023 in base 10. The largest
possible mantissa is

0.111.--111 (52 digits)
1 1 1
1

Thus the largest positive floating-point number is
approximately 2023 = 10102310402 ~; 108308,

Section 4.8 Extreme-Value Problems
(page 264)

Let the numbers b& and 7— x. Then 0< x < 7. The
product isP(x) = x(7 — x) = 7x — x2.
PO = P(7) = 0andP(x) > 0if0 < x < 7. Thus
maximum P occurs at a CP:

_dP

7
0= —=7-2x X=—.
dx = 2

The maximum product i$(7/2) = 49/4.
8
Let the numbers b& and; wherex > 0. Their sum is

8 .
S=x+ " SinceS — oo asx — oo or X — 0+, the
minimum sum must occur at a critical point:

ds 8
0=-—=1-—— = x=2V2
dx x2

8
Thus, the smallest possible sum g2+ —— = 4/2.

22
Let the numbers b& and 60— x. Then 0< x < 60.
Let P(x) = x2(60 — x) = 60x2 — x3.
Clearly, P(0) = P(60) =0 amdP(x) > 0 if 0 < x < 60.
Thus maximumP occurs at a CP:
dP

0= —— =120 — 3x? = 3x(40 — x).
ax X X (- X)

149
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Therefore,x = 0 or 40.
Max must correspond t& = 40. The numbers are 40
and 20.

Let the numbers be and 16 — x. Let
P(x) = x3(16 — x)°. Since P(x) - —oo asx — =+oo,
so the maximum must occur at a critical point:

0= P'(x) = 3x?(16 — x)° — 5x3(16 — x)*
= x%(16 — x)*(48 — 8x).
The critical points are 0, 6 and 16. Clearly,

P(0) = P(16) = 0, andP(6) = 216x 10°. Thus,P(x) is
maximum if the numbers are 6 and 10.

Let the numbers be and 10— x. We want to minimize
S(x) = x34+ (10— x)?2, 0<x <10
S(0) = 100 andS(10) = 1, 000. For CP:
0= S(x) = 3x% — 2(10— x) = 3x% + 2x — 20.
The only positive CP i = (—2 + /4 + 240)/6 ~ 2.270.

Since S(2.270) ~ 71.450, the minimum value 08 is
about 71.45.

If the numbers arex andn — x, then 0< x < n and the
sum of their squares is

S(x) = x? + (n — x)2.
Observe thaS(0) = S(n) = n2. For critical points:
0=SX)=2x—2(n—X) =2(2x —n) = X =n/2.

Since S(n/2) = n2/2, this is the smallest value of the
sum of squares.

Let the dimensions of a rectangle keandy. Then the 10.

area isA = xy and the perimeter i® = 2x + 2y.
Given A we can express

2A
P:P(x):2x+7, (0 < x < 00).

Evidently, minimum P occurs at a CP. For CP:

_dP_, A X2=A=xy=x=Yy.

0= — =
dx x2

Thus min P occurs forx =y, i.e., for a square.

Let the width and the length of a rectangle of given
perimeter 2 be x and P — x. Then the area of the rect-
angle is

A(X) = X(P — x) = Px — x2.
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Since A(X) —» —oo asx — Foo the maximum must
occur at a critical point:

dA P
0=—""—_=P—2 -
ix X=X = >

P
Hence, the width and the length a¥2e and

P P
(P — =) = —. Since the width equals the length, it
is a sq%are.

Let the dimensions of the isosceles triangle be as shown.
Then X + 2y = P (given constant). The area is

[ 2
A=xh=x,/y2—x2=x (g—x) — X2,

Evidently,y > x so 0< x < P/4. If x =0 orx = P/4,
then A = 0. Thus the maximum ofA must occur at a
CP. For maxA:

dA p2 Px
0=—= ——Px—i2 ,
2 P——Px
V 4
2

dx 4
) P
ie., — —2Px—Px =0, 0rx = 5 Thusy = P/3 and
the triangle is equilateral since all three sides Bi3.

Fig. 4.8.9

Let the various dimensions be as shown in the figure.
Sinceh = 10sind andb = 20cod, the area of the
triangle is

A(@®) = 1bh = 1005sir cosd
—50sin?  for0<@ < %

Since A(¥) — 0 asfd — 0 andfd — % the maximum

must be at a critial point:

0=A@)=100c0s2 =20 = - = 0 =

T
2 .

NN

Hence, the largest possible area is

A(r/4) = 50 sir{Z (%)] — 50n?.
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(Remark: alternatively, we may simply observe that the
largest value of sin@is 1; therefore the largest possible
area is 501) = 50 n?.)

p=

b/2 b/2

Fig. 4.8.10

Let the corners of the rectangle be as shown.

The area of the rectangle & = 2xy = 2x+/R2 — x2 (for
0<x<R).

If x =0 orx = R then A = 0; otherwiseA > 0.

Thus maximumA must occur at a critical point:
2

dA X
0= —=2|VR2 = x2 - —— R? —2x? = 0.
dx [ /R2 — x2 Xz] =
Thusx = —= and the maximum area is
V2
R R? .
2—,[R?2 — — = R? square units.
2 2
y A
5 06Y)
X x'
Fig. 4.8.11

Let x be as shown in the figure. The perimeter of the
rectangle is

P(x) = 4x + 2V R? — x?

For critical points:

O=<x<R).

dP —2X
0= — =44+ —
dx + RZ — x2

=22VRZ —x2=x=x =

&I%

Since
P —2R?

2 (RR—x2)32 0

SECTION 4.8 (PAGE 264)

thereforeP(x) is concave down on [(R], so it must
have an absolute maximum valuexat 75 The largest

perimeter is therefore

2R 2R 4R?2  10R .

NG V5 5 5
X,/ R2—x2)
X
Fig. 4.8.12

13. Let the upper right corner bé, y) as shown. Then
2
X
x>0andy=Dhb 1—;, SoX < a.

The area of the rectangle is

/ 2
A(X) = 4xy = 4bx 1—%, O<x<a).

Clearly, A= 0if x =0 or x = a, SO maximumA must
occur at a critical point:

2x2
dA 2 22
0= g 1oL - &
dx a2 X2
21—;
x2  x2 a b
Thus 1- - — < =0andx = —. Thusy = —.
e BV R N

b
The largest area isj—— = 2ab square units.
g V22 a

y
X2 y?
2=l

(xy)

Fig. 4.8.13

14. See the diagrams below.
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a) The area of the rectangle &= xy. Since

b b(a—
y _b_ _ba-x
a—-x a a
Thus, the area is
b
A:A(x):;x(a—x) O<x<a).

For critical points:
b a
0=A(X) =—-(a—2x X==.
) = ( ) = >

. 2b .
Since A’ (x) = = < 0, A must have a maxi-

a
mum value atx = > Thus, the largest area for the
rectangle is

P(E) a—E —a—bs uare units
al2 2)= 7™

that is, half the area of the trianglaBC.

A
c
b
y
S 1 ax g A D B
Fig. 4.8.14(a) Fig. 4.8.14(b)

(b) This part has the same answer as part (a). To see
this, letCD L AB, and solve separate problems for
the largest rectangles in trianglé«CD and BCD
as shown. By part (a), both maximizing rectangles
have the same height, namely half the lengthCdd.
Thus, their union is a rectangle of area half of that
of triangle ABC.

NEED FIGURE If the sides of the triangle are 10 cm,
10 cm, and & cm, then the area of the triangle is
A(X) = x+/100— x2 cn?, where 0< x < 10. Evi-
dently A(0) = A(10) = 0 and A(x) > 0 for 0 < x < 10.
Thus A will be maximum at a critical point. For a criti-
cal point

— N = V100— 32 — 1 )
0=A(X)=+v100— x x(zm( 2X)

_100—x2—x?

- J100—x2
Thus the critical point is given byx2 = 100, so
x = +/50. The maximum area of the triangle is

A(v/50) = 50 cn?.
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NEED FIGURE If the equal sides of the isosceles trian-
gle are 10 cm long and the angles opposite these sides
ared, then the area of the triangle is

A@©) = %(10)(10 sing) = 50sind cn?,

which is evidently has maximum value 50 £mwhen

6 = n /2, that is, when the triangle is right-angled. This
solution requires no calculus, and so is easier than the
one given for the previous problem.

Let the width and the height of the billboard beand

h m respectively. The area of the boardAs= wh. The

printed area iSw — 8)(h — 4) = 100.

Thush =4+ andA:4w+&, (w > 8).
w—8 w—8

Clearly, A — oo if w — oo or w — 8+. Thus minimum

A occurs at a critical point:

o 9A _ as 100 100w
T dw w—8 (w-—8)?2
100w = 4(w? — 16w + 64) + 100w — 800
w? — 16w — 136=0
16+ /800
= — =8% 10V2.

w

Sincew > 0 welg(])ust haveo = 8 + 10//2.
Thush=4+ —— =4+45/2.

10v2
The billboard should be 8 10/2 m wide and 4+ 5./2

m high.

0

w—38 4

Fig. 4.8.17

18. Let x be the side of the cut-out squares. Then the vol-

ume of the box is

V(X) = x(70— 2x)(150— 2x) (0 < x < 35).
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SinceV (0) = V(35 = 0, the maximum value will occur
at a critical point:

0= V/(X) = 4(2625— 220x + 3x?)
= 4(3x — 175)(x — 15)

175
:> X:15 Or?.

The only critical point in [035] is x = 15. Thus, the
largest possible volume for the box is

V (15) = 15(70 — 30)(150 — 30) = 72, 000 cn.

150
S — L
X 150-2x
E70—2x 70
I C
Fig. 4.8.18

Let the rebate beX Then number of cars sold per
month is

2000+ 200(%) — 2000+ 4x.

The profit per car is 1006 x, so the total monthly profit
is

P = (2000+ 4x)(1000— x) = 4(500+ X)(1000— X)
= 4(50Q 000+ 500 — x?).

For maximum profit:

dpP
0= o 4(500— 2x) = x = 250
_d?p . o
(Since o —8 < 0 any critical point gives a local

max.) The manufacturer should offer a rebate of $250 to
maximize profit.

If the manager charge40+x) per room, then80—2x)
rooms will be rented.

The total income will be 80— 2x)(40+ x) and the total
cost will be 80 — 2x)(10) + (2x)(2). Therefore, the
profit is

P(x) = (80— 2X)(40+ X) — [(80 — 2X)(10) + (2X)(2)]

= 2400+ 16x — 2x2  for x > O.

If P/(X) = 16 — 4x = 0, thenx = 4. Since

P’(x) = —4 < 0, P must have a maximum value at

x = 4. Therefore, the manager should charge $44 per
room.

21.

22.

SECTION 4.8 (PAGE 264)

Head for pointC on roadx km east of A. Travel time is

122 4 x2 N 10— x
15 39 °

12 10
We have T(0) = 15 + 39— 1.0564 hrs

/244
T(10) = 5 = 1.0414 hrs

For critical points:

_dT 1 x 1
T dx 1512 1 x2 39
= 13x = 5y/122 4 x2

=5 1P -5)x°=5"x12=x=5

13 5 T(0)
T(G) = — + — =0.9949
®=15"39 = IT(10).
(Or note that
VIZ %2 X2
d2T_ 1 1274 x5 - /122 + X2
dtz ~ 15 122 + x2

B 122 0
T 1512 +x232

so any critical point is a local minimum.)
To minimize travel time, head for point 5 km east Af

_/; X

12 3
15 km/h
! /)

A/1224x2

Fig. 4.8.21

This problem is similar to the previous one except that
the 10 in the numerator of the second fraction in the ex-
pression forT is replaced with a 4. This has no effect
on the critical point ofT, namelyx = 5, which now lies
outside the appropriate interval© x < 4. Minimum T
must occur at an endpoint. Note that

12 4
T(0) = 3z + 3g = 0.9026

T4 = %5\/ 122 4+ 42 = 0.8433
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The minimum travel time corresponds xo= 4, that is,
to driving in a straight line tdB.
23. The time for the trip is 300Q» — 100), so the total en-
ergy needed for the trip is

3

[
E =300k ———
v — 100°

wherek is a constant. Evidently we must have> 100
or the trip would be impossible. The minimum value of
E will occur at a critical point where

_dE 203 —300?
T dv T (v—1002

The minimum thus occurs at = 150 knots, and the

time for the flight at this speed would be 3080 = 60
hours, or 2.5 days. This is much slower than commercial
airliners can travel; the time for the flight at that speed is
not much shorter than a fast ship could cross the Atlantic
ocean.

24.

(@) As shown in the previous exercise, the energy
for a flight with airspeed into the headwind is
Eh = kév3/(v — u). Similarly, the energy for a
flight of the same distance with airspeedand a
tailwind of speedu is Ey = kfw3/(w + u).

SinceE{ = afw?(2w + 3u)/(w + u)®> > 0 for all

w > 0, Et is an increasing function ab. Thus

its smallest value occurs for the smallest valuewof
that permits flight, namelyp = s. The minimum
energy for the tailwind trip isE; = k£s3/(s + u).

(b)

(c) The minimum energy for the tailwind part of the
round trip in part (b) is independent af However,
for the headwind part, the minimua, = v = 3u/2
only applies as long as > s. Otherwise the plane
cannot fly. Ifu > 2s/3, thenv = 3u/2 and the least
total energy for the trip i%¢(s3/(s + u) + 27u?/4).

If u < 2s/3, then the minimum value foEy, at

v = 3u/2 implies a speed too slow to stay airborne.
As E{ > 0 wheno > 3u/2 the the least value for
En that is admissible happens for=s. Thus the

total energy becomesk2s*/(s? — u?).

25. Usex m for the circle and + x m for square. The sum

of areas is
2 2
X 1—-x
A=rr?4s?="2 (==
Tre+ 47r2+( 4>
2 2
X 1—x
-2+ B0 e=xs=y
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1 1
Now A(0) = 7, A(l) = 7~ > A(0). For CP:

0_dA_x 1-x « 1+1 1 = T

“ix 2z 8 Nz Te)Ts T T 1
SincedZA— 1 +l>0 the CP gives local minimum
AR g

or A.

a) For max total area use none of wire for the square,

e, x=1.
- T 4
b) For minimum total area use-1 = m
44r 44r
for square.
1 metre
X ¢ 1-x
S
S
x=C=2xr 1-x=P=4s
Fig. 4.8.25

26. Let the dimensions of the rectangle be as shown in the
figure. Clearly,

X = asingd + bcosh,
y = acosd + bsing.

Therefore, the area is

A@@) = xy
= (asind + bcosh)(acosh + bsing)
= ab + (a® 4 b?) sind cosd

:ab+%(a2+b2)sin29 forOgﬁg%.
If A@) = (@% + b?)cosd = 0, thend = % Since
A'(@) = —2(@% +b>)sin® < 0when 0< 6 < %
therefore A(#) must have a maximum value ét= %

Hence, the area of the largest rectangle is
T _ l 2 2 . T
A(Z) =ab+ E(a +b )sm(E)
=ab+ %(a2 +b%) = %(a+ b)?> sq. units.
a
- + R

containing the given rectangle with sidasandb, has
largest area when it is a square.)

(Note: x =y = indicates that the rectangle
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Fig. 4.8.26

Let the line have intercepts, y as shown. Lebt be an-
gle shown. The length of line is

9 , V3

T
=— 0<0 < =)
cosd  sind ©<6< 2)

Clearly,L - oo if § — 0+ or 0 — %—.
Thus the minimum length occurs at a critical point.

For CP:
dL  9sing 3cow 1\3
do  cogo sire e V3
T
0=—
~%~%
Shortest line segment has length
9 V3
L=——+ - =8V3 units
V32 12
y '
Y

Fig. 4.8.27

29.

The longest beam will have length equal to the minimum
of L = x4+ y, wherex andy are as shown in the figure
below:

v 2 b
=Cos’ YT sino
Thus,
a b bia

SECTION 4.8 (PAGE 264)

a X
[ Yy
b— )
Fig. 4.8.28
If L’(9) = 0, then
asind bcosd _
co?d sito
- asin® 0 —bcos 6
coZ 4 sir? 0
& asinfd—bcogd =0
& tar® 6 = b
a
b1/3
<:> tan9 = m

Clearly, L(#) — o0 asfé — 0+ or 6 — %—. Thus, the

- bl/3 .
minimum must occur af = tan ! (W) Using the
1/3
triangle above for tafl = —73 it follows that
al/3
al/3 . pl/3
oS = ——, SN = ———ru—.
/a2/3 1 b2/3 /223 1 b2/3
Hence, the minimum is
a b

+

1/3 pl/3
() ()
32

- <a2/3 + b2/3) units.

If the largest beam that can be carried horizon-

tally around the corner is m long (by Exercise 26,

| = (@%3 4 b%3)%/3 m), then at the point of maximum
clearance, one end of the beam will be on the floor at
the outer wall of one hall, and the other will be on the
ceiling at the outer wall of the second hall. Thus the hor-
izontal projection of the beam will bk So the beam

will have length

VI2 + 2 = [(@%° + b%3)3 4 c2)V/2 units.
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30. Let#d be the angle of inclination of the ladder. The

height of the fence is

h(9) = 6sind — 2tand (o <0< %)

Fig. 4.8.30

For critical points:

0=h'(¥) =6cos —2sel
=3co¥) =sef 0 = 3coS 0 =1

= cosf) = (%)1/3.

Sinceh”(#) = —6sind — 4se€ ftand < O for
0 <8 < % thereforeh(9) must be maximum at

0 =cost (3)°. Then

. /323 -1
sing = ——=——, tand = /323 - 1.

31/3
Thus, the maximum height of the fence is
/3273 _
ho) = 6 <%) _ /@R _1
=23 -1)%?~224m

31. Let (x,y) be a point onx2y* = 1. Thenx?y* = 1
and the square of distance frofr, y) to (0, 0) is

1
S=x2+y2=F+y2. (y #0)

Clearly, S— oo asy — 0 ory — 400, SO minimumsS

must occur at a critical point. For CP:

ds -4
0=—=—+2 6_2 = 42l/6
dy y5+ y =y =y

1
ﬁxzim

Thus the shortest distance from origin to curve is

3 31/2

1 1 :
_ /3 _ _
S= \/—22/3 4+ 27° = 273 = 2173 units.
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The square of the distance fro8, 1) to the curve
y=1+x%2is
S=(x—8)2+(y—1)?
=(x—82+ 1 +x¥2-1)?
=x3 4+ x% — 16x + 64
Note thaty, and therefore als®, is only defined for

x>0. If x=0thenS=64. Also,S— ~ if x - co.
For critical points:

ds
0=&=3x2+2x—16=(3x+8)(x—2)
=x=-8or2

Only x = 2 is feasible. Atx = 2 we haveS = 44 < 64.
Therefore the minimum distance i¢44 = 24/11 units

Let the cylinder have radius and heighth. By sym-
metry, the centre of the cylinder is at the centre of the

sphere. Thus
2

h
2 2
r<+— =R".
4

The volume of cylinder is

2
V:nrzh:nh<R2—hZ>, 0<h<2R).

Clearly,V = 0if h = 0 orh = 2R, so maximumV
occurs at a critical point. For CP:

2 2
o:dV [ h Zh]

- = 2____
an 7| R
_ 2R

4 4
4
=h?=_R? =h=
3 73

2
r=/=R.
S5

2R
The largest cylinder has heightg units and radius

f
/2
=R units.
3

Fig. 4.8.33



34.

www.konkur.in

INSTRUCTOR’'S SOLUTIONS MANUAL

Let the radius and the height of the circular cylinderrbe
andh. By similar triangles,

~ _H(R-T)
R TR "R

Hence, the volume of the circular cylinder is

7r2H(R =)
R

3
r
=7rH(r2——) forO<r <R
R
SinceV(0) = V(R) = 0, the maximum value o¥ must
2
be at a critical point. Ifd—v =aH|2r — ?L =0,
dr R
thenr =

?. Therefore the cylinder has maximum

o L 2R . . . .
volume if its radius i = 3 units, and its height is

2R
H<R— ?>
h=————%2 = — units.

R

Fig. 4.8.34

35. Let the box have base dimensioran and heighty m.

Thenx2y = volume= 4.
Most economical box has minimum surface area (bottom
and sides). This area is

4
_ 2 _ 2
S=X"4+4xXy =X +4X(ﬁ)
16
=x2+7, (0 < X < 0).

Clearly, S - oo if X - oo or X — 0+. Thus minimum
S occurs at a critical point. For CP:

_ds__ 16

3_ — -
O—a—b‘—p:”‘ =8=x=2=y=1

Most economical box has base 2xn2 m and
height 1 m.

36.

SECTION 4.8 (PAGE 264)

Fig. 4.8.35

Fig. 4.8.36

From the figure, if the side of the square base of the
pyramid is X, then the slant height of triangular walls
of the pyramid iss = +/2 — x. The vertical height of the
pyramid is

h=\/52—x2=\/2—2x/§X+x2—x2=«/§\/1—«/§x.

Thus the volume of the pyramid is

V:4—fx2\/l—x/§x,

for 0 < x < 1/+/2. V = 0 at both endpoints, so the
maximum will occur at an interior critical point. For CP:

dv 42 V2x2
0= == 3 |:2x\/1—«/§x— Nﬁ}

4x(1 — V/2x) = V/2x?
4x =5V2x% | x = 4/(5V2).
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V(4/(5v?2)) = 32/2/(75/5). The largest volume of
such a pyramid is 322/(75/5) ftS.
37. Let the dimensions be as shown. The perimeter is
n'g + X 4+ 2y = 10. Therefore,

(1+%)x+2y= 10, or (24 7)x +4y = 20.

The area of the window is

1 /x\2 x2 24 m)x
To maximize light admitted, maximize the aréa For
CP:
_dA_7rX+5 2+7rx 2-|-7rx = 20
T dx 4 4 A
y— 10
y 44z

20
To admit greatest amount of light, let width e m
T

10
and height (of the rectangular part) I%reJr— m.
T

Fig. 4.8.37

38. Let h andr be the length and radius of the cylindrical
part of the tank. The volume of the tank is

V = zr?h + %7{[‘3.

h

Fig. 4.8.38
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If the cylindrical wall costs & per unit area and the
hemispherical wall $ per unit area, then the total cost
of the tank wall is

C = 2zrhk + 8zr2k

V — %nr3 2
— 2nrk——3" 1 grrk
Tr
2Vk 16
=r—+€ﬂ.’r2k (0<r<00).

Since C — oo asr — 0+ orr — oo, the minimum cost
must occur at a critical point. For critical points,

dc L, 32 3v\Y3

SinceV = zr?h + 3ar3,

3 4 1
3_ 2 4 3 _ =z
r _—16”<7rrh+37rr>:>r 4h
3v \ /3
h=d4r =4(—) .

= (167r>

Hence, in order to minimize the cost, the radius and
length of the cylindrical part of the tank should be

3v \ /3 3v \ /3
(E) and 4(@) units respectively.

Let D’ be chosen so that mirroAB is the right bisector
of DD’. LetCD’ meetAB at X. Therefore, the travel
time alongC XD is

CX+ XD CX+ XD’ CcD’
X = = =
speed speed speed

If Y is any other point orPAB, travel time alongCYD is

CY+YD CY+YD CD’
Ty = = >
speed speed speed

(The sum of two sides of a triangle is greater than the
third side.) ThereforeX minimizes travel time. Clearly,
XN bisects/CXD.

Fig. 4.8.39
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40. If the path of the light ray is as shown in the figure then

the time of travel fromA to B is

VaZ+x2 N Vb2 + (c — x)2

T=T =
) 01 02
A c
a il

x “e—x
Kb
B
Fig. 4.8.40

To minimize T, we look for a critical point:

0_dT 1 X 1 c—X
Cdx nVaZ4x2 2 b2+ (c—x)2

T .. 1
— sini — —sinr.
01 02

Thus, o
sini o1

sinr oy’

41. Let the width bew, and the depth bla. Therefore

() + =

The stiffness isS = wh® = h3J4R2 —h?2 for

O<h<2R). We haveS = 0if h = 0orh = 2R.

For maximum stiffness:

ds h*
0=— =3n%/4R2 —h2 —

~ dh ARZ —nh2’

Thus 34R2 —h?2) = h? soh = /3R, andw = R.
The stiffest beam has widtR and depthy/3R.

fw/2

Fig. 4.8.41
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42. The curvey = 1+ 2x — x3 has slopam =y’ = 2 — 3x2.
Evidently m is greatest forx = 0, in which casey = 1
andm = 2. Thus the tangent line with maximal slope
has equatiory = 1 + 2x.

43, % QL -Q° (kL>0)

Q grows at the greatest rate whéfQ) = Q3(L — Q)°
is maximum, i.e., when

0= f'(Q) =3Q%L - Q°-5Q%L - Q)*
—Q%L-0Q*BL-8Q = Q=0L, =

?.

3L
Since f(0) = f(L) =0and f <§> > 0, Q is growing
3L

most rapidly whenQ = e

44. Leth andr be the height and base radius of the cone
and R be the radius of the sphere. From similar trian-

gles,
r R
vhzyrz  h-R
2r2R
= h = m (r > R)

Fig. 4.8.44

Then the volume of the cone is

1 2, _ 2 ré
V:§77.'r :§77.'Rm (R<r<OO).

Clearly V. — oo if r — oo orr — R+. Therefore to
minimize V, we look for a critical point:

oIV _2 [(rz— RZ)(43)—r4(2r)]
dr 3 (r2 — R?)2
& AP—4PR-2°=0
&  r=+2R
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Hence, the smallest possible volume of a right circular
cone which can contain sphere of radiRgs

V= 2 R 4R" _8 R® cubic units
3" \2re—R2) T 3" '

If x cars are loaded, the total time for the trip is

X 1,000t
T=t+1+-— herex = f(t) = = .
147000 Wherex=TO="F

We can minimize the average time per car (or, equiva-
lently, maximize the number of cars per hour). The aver-
age time (in hours) per car is

T el'4+t et4t 1
A T _e't +

x 1,000 1,000t + 1,000
1 " 1
= 1000 [(e +1) <1+ ?> + 1] .

This expression approaches ast — 0+ ort — oc.
For a minimum we should look for a positive critical
point. Thus we want

0= 1’300 [(—e‘t +1) (1+ %) — (et +1) tiz] )

which simplifies to

t?+t+1=1t%e".

Both sides of this equation are increasing functions but
the left side has smaller slope than the right side for

t > 0. Since the left side is 1 while the right side is 0 at
t = 0, there will exist a unique solution in> 0. Using

a graphing calculator or computer program we determine
that the critical point is approximately= 1.05032. For
this value oft we havex ~ 75015, so the movement

of cars will be optimized by loading 750 cars for each
sailing.

. 2
Let distances and angles be as shown. Them tan;,

12
tar(l9 + 0() = ?

2
12 tand 4+ tana tang + X

X 1—tanftana

2
1— —tand
X

12 24 2
— —ztanf):tan9+—
X X X

24 10
tand <1+ —2> = —, SO targ =
X X

10x
Zraa= 1™
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To maximized (i.e., to get the best view of the mural),
we can maximize taft = f (x).

Since f(0) = 0 and f (x) — 0 asx — oo, we look for a
critical point.

x2 4 24— 2x?

0= f/(x) = 10[ o 1247

]:>x2=24

= x=2V6

Stand back 2/6 ft (=~ 4.9 ft) to see the mural best.

Fig. 4.8.46
Letr be the radius of the circular arc afidbe the angle
shown in the left diagram below. Thus,

2r6 =100 =

S \

r y=tanx

fence

Fig. 4.8.47(a) Fig. 4.8.47(b)

The area of the enclosure is

20
A= —zr?— (r cost)(r sinb)
2r

_ 50 50°sin®
9 02 2
1 sin2
_sp(i_sSn?
(9 202 )
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for 0 < & < =. Note thatA — oo asf§ — 0+, and 49. Let the various distances be as labelled in the diagram.
for & = = we are surrounding the entire enclosure with
fence (a circle) and not using the wall at all. Evidently
this would not produce the greatest enclosure area, so the
maximum area must correspond to a critical pointfof

0— dA _ e 1 292(2 cos @) — sin 29(49)
do 404
1 cos:B sin2
¢ @t T
& 20cof O = 2sind cost Fig. 4.8.49

& cosd =0 or tarnd=4.
From the geometry of the various triangles in the diagram
Observe that tafh = § has no solutions if0, z]. (The we have
graphs ofy = tand andy = 6 cross at? = 0 but
nowhere else between 0 and) Thus, the greatest en- x2 =h?+ (a— x)? = h? = 2ax — a2
closure area must correspond to €os- 0, that is, to

2 2 2 2 2
0 = % The largest enclosure is thus semicircular, and y v ) y

2 5000 —
has area> (50)2 = m2. hencehy = ax. Then
T T
48. Let the cone have radiusand heighth. ) a?x?
Let sector of angl# from disk be used. L2 =x2+y? =x*+ e
Then 2Zrr = RA sor = 259. . a’x?  2ax®
L R@Z - 2ax —a? 2ax —a?
Alsoh=+vRZ—-r2= -z ,/4 2_p2 . .
T
The cone has volume for > < X < a. Clearly,L — oo asx — §+' and
7L'I’2h T R ,R L(a) = +/2a. For critical points ofL?:
_ 2 _
V_ 3 34 w? o e d(L?) (2 %) (6ax?) — (2ax®)(2a)
ax — a%)(6ax?) — (2ax3)(2a
24 —— () where f(®)=0/4z2-62 (0<0 < 2r) O=—( = (2ax — a2
V() = V(2r) = 0 so maximumV must occur at a _ 2a%x2(4x — 3a)
critical point. For CP: (2ax — a?)2
— £/ / 2 _ a 3a
0=F'0)=20v4z?-0 Ar2 — 92 The only critical point in{ —,a| isx = —. Since
2 4
8
2(472 — 0%) = 62 6% = —z2. 3a 3/3a
= 24x ) = 3" L (Z) = { < L(a), therefore the least possible
8 21 R® 33
The largest cone has volumé n\/j = = _ ; a
g < 3> 93 length for the fold is ) cm

Cu. units.

Section 4.9 Linear Approximations

(page 272)
R
1. fx)=x% f'x)=2x, f(38) =9, f'(3) =6.
Linearization atx = 3: L(X) =9+ 6(x — 3).
2. f(x) = x3, f'(x) = =374 f(@ = 1/8,
f/(2) = —3/16.
Fig. 4.8.48 Linearization atx = 2: L(x) = § — (x — 2).
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fxX)=vV4—x, f'(x) =—-1/(2J/4—x), f(0) =2,
£/(0) = —1/4.
Linearization atx = 0: L(x) =2 — 1x.

f(x) = V3+x2, f'(x) = x/¥/3+x2, f(1) = 2,
f' (1) =1/2.
Linearization atx = 1: L(x) =2+ 3(x — 1).

f)=Q+%x72 f'(x) = =21+ x)73, f(2) = 1/9,
f/(2) = —2/27.
Linearization atx = 2: L(x) = § — &(x — 2).

f(x) = x2, /(x) = (-1/2)x 32, f(4) =1/2,
f/(4) = —1/16.
Linearization atx = 4: L(x) = 3 — 1x(x — 4).

f(x) = sinx, f/(x) =cosx, f(x) =0, f'(x) = —1.
Linearization ak =z: L(X) = —(X — &).

f(X) = cog2x), f'(x) = —2sin(2x), f(z/3) = —1/2,
f'(z/3) = —/3.
Linearization atx = 7/3: L(x) = —3 — +/3(x — &).

f(x) = sirx, f'(x) = 2sinxcosx, f(z/6) = 1/4,
f'(z/6) = V/3/2.
Linearization atx = z/6: L(x) = 1 + (v/3/2) (x — X).

f(x) = tanx, f'(x) =se@x, f(x/4) =1, f'(z/4) = 2.
Linearization atx = 7 /4: L(X) =142 (x — %).

If A andx are the area and side length of the square,
then A= x2. If x = 10 cm andAx = 0.4 cm, then

dA
AA ax AX = 2x Ax = 20(0.4) = 8.

The area increases by about 8%<m

If V andx are the volume and side length of the cube,
thenV = x3. If x =20 cm andAV = —12 cn?¥, then

dv
—12= AV ~ o AX = 3x2 AX = 1, 200AX,

so thatAx = —1/100. The edge length must decrease by
about 001 cm in to decrease the volume by 12%m

The circumferenceC and radiug of the orbit are linked
by C = 2zr. ThusAC = 2z Ar. If Ar = —10 mi then
AC =~ 2z Ar = 20x. The circumference of the orbit will
decrease by about 20~ 62.8 mi if the radius decreases
by 10 mi. Note that the answer does not depend on the
actual radius of the orbit.

a = g[R/(R+ h)]? implies that

-2

AaNdaAh— R? A
~ =9 R¥n)3

h.
dh
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If h=0 andAh = 10 mi, then

20y 20x 32

= =~ 2980 ~ 0.16 ft/$.

Aa ~

15. f(x)=x¥Y? f'(x)= %x‘l/z f7(x) = _%X—s/z
VB0 = f(50) ~ f(49) + f'(49)(50 — 49)

1 99
=7+===~7071L
14~ 14

99

f”(x) < 0 on [49 50], so error is negativei/50 < 4
1

T ~ 0.00073= k

" 1 _
| f (X)l < 4 % 49';/2 -
on (49, 50).

k 1
Thus |errorl < = (50— 49)> = ——— = 0.00036. We have
2 2744

1372

99 1

99
2 77 = V0%

i.e., 7.071064< /50 < 7.071429

16. Let f(x) = /X, then f'(x) = 1x~%2 and

f7(x) = —3x~¥2. Hence,

VAT = f(47) ~ £(49) + f'(49)(47 — 49
1 48
=7+ (Q) (-2) = — ~6.8571429

Clearly, if x > 36, then

1

1
f// < — _=— =K
P00 = 756 = 8ea

Since f”(x) < 0, f is concave down. Therefore, the
48
error E = /47 — - <0 and

K 1
El < =(47—49° = —.
Bl <S¢ )= 13

Thus,
48 1

48
7o Vo <7
6.8548 < V/47 < 6.8572

1 3
= 1/4 ! = - _3/4 " == - _7/4
17. f(x)=x"%, () 4x , ') 16x

V85 = f(85) ~ f(81) + f'(81)(85— 81)

4 1 82
=3+ ——-=3+_—-=—-~3037
+4><27 +27 27
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82
f7(x) < 0 on [81 85] so error is negative/85 < 57
3 1
£/ — - _=____ —kon]|[8185].
7001 < 163 ~ 11664 (81, 85]
Thus |Error| < E(85 — 81)% = 0.00069.
82 1 s 82
< 85« =
27 1458~ VT o7

or 3.036351< +/85 < 3.037037

1 1 2
Let f(x) = 3 then f'(x) = 2 and f”’(x) = 3

Hence,

1 I
003 = (2009 ~ () + {'(2)(0.003
1

1
=2+ (-2)(0.003 = 049925
>+ ( 4) (0.003

If x > 2, then|f"(x)| < g = 4 Since f”(x) > 0 for

x > 0, f is concave up. Therefore, the error

and

|E| < —(o 0032 = 0.000001125

Thus,

1
0.49925 < 5003 < 0.499254- 0.000001125

1
0.49925 < 2003 < 0.499251125

f (x) = cosx, f7(x) =

cos46 = cos( + 7;0)

~cosg = (7) (1g0)

_ % (1 - %)) ~ 0.694765

f”7(0) < 0 on [45, 46°] so

f'(x) = —sinx, — COSX

T

E 1 ? ~ 00001
rror; — | — ~ U.
[Errort < 5% (180)

We have

1 T x2 1 T
= (- 2T 46 < — (1- =
ﬁ( 180 2x 1802> < 08B < ﬁ( 150

i.e., 0694658< cos 46 < 0.694765.

20.

21.

22.
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cosx and

+7(5) (3)

Let f(x) = sinx, thenf/(x) =
f”(x) = —sinx. Hence,

sin() = (% 3~
(3l) ~ 0.5906900

1
If x < % then|f"(x)| < —

I\)ll—‘

Since f”(x) < 0 on

)

0 < x <90, f is concave down. Therefore, the errér
is negative and

1 T \2
El < —(Z) = 00038772
Bl <37 (30)

Thus,

0.5906900— 0.0038772< sin (%) < 0.5906900

0.5868128< sin (%) < 0.5906900

Let f(x) = sinx, thenf/(x) = cosx and
f”(x) = —sinx. The linearization ak = = gives:

sin(3.14) ~ sinz +cosz (3.14—7) = 7 —3.14~ 0.001592654

Since f”(x) < O between 34 andz, the er-
ror E in the above approximation is negative:
sin(3.14) < 0.001592654. For 34 <t <, we have

| f”(t)| = sint < sin(3.14) < 0.001592654

Thus the error satisfies

0.001592654
2

|E| < (3.14 — 7)? < 0.000000002

Therefore 0001592652< sin(3.14) < 0.001592654.

Let f(x) = sinx, then f'(x) = cosx and
f”(x) = —sinx. The linearization ak = 30° = n/6
gives

sin(33) = sm(6 + 60)

~ sing + cosg (%)

= 1, ? (&)) ~ 0.545345

Since f”(x) < 0 between 30 and 33, the errorE in the

above approximation is negative: €33°) < 0.545345.
For 3 <t < 33, we have

| f7(t)| = sint < sin(33°) < 0.545345

Thus the error satisfies

0.545345(%)2

[E| <
2

< 0.000747
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Therefore

0.545345— 0.000747 < sin(33°) < 0.545345 25.

0.544598< sin(33) < 0.545345

From the solution to Exercise 15, the linearization to
f(x) = x¥/2 at x = 49 has value ax = 50 given by
L(50) = f(49) + /(49)(50 — 49) ~ 7.071429

Also, 7071064 < /50 < 7.071429, and, since
700 = —1/(4(V%)),

A S
ame = %) = 3508 = amoriaee

for 49 < x < 50. Thus, on that interval,
M < f”(x) < N, whereM = -0.000729 and
N = —0.000707. By Corollary C,

M 2 N 2
L(50) + 5(50— 49)° < f(50) < L(50) + 5(50— 49)
7.071064< /50 < 7.071075

Using the midpoint of this interval as a new approxima-
tion for +/50 ensures that the error is no greater than half
the length of the interval:

V50~ 7.07107Q

From the solution to Exercise 16, the linearization to
f(x) = x¥/2 at x = 49 has value ax = 47 given by

L(47) = f(49) + f'(49)(47 — 49) ~ 6.8571429

Also, 68548 < /47 < 6.8572, and, since
700 = —1/(4(V%)?),

-1 < -1 <
4(6.85483 ~ 4(\/47)®

for 47 < x < 49. Thus, on that interval,
M < f”(x) < N, whereM = -0.000776 and
N = —0.000729. By Corollary C,

" -1
(%) < W

M N
L(47) + = (47~ 49 < {(47) < L(47) + — (47 49
6.855591< v/47 < 6.855685

Using the midpoint of this interval as a new approxima-
tion for /47 ensures that the error is no greater than half
the length of the interval:

V47 ~ 6.855638 |error| < 0.000047
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From the solution to Exercise 17, the linearization to
f(x) = xI/4 at x = 81 has value ak = 85 given by

L(85) = f(81) + f'(81)(85— 81) ~ 3.037037

Also, 3036351 < 85Y4 < 3.037037, and, since
f7(x) = —3/(16(x/4)"),

< f"(x) < S =3
16(3)7 16(85Y/4)7 = 16(3.0370377

for81 < x < 85. Thus, on that interval,
M < f’(x) < N, whereM = -0.000086 and
N = —0.000079. By Corollary C,

M N
L(85) + 7(85— 81)2 < f(85) < L(85) + E(85— 81)2
3.036351< 85%4 < 3.036405

Using the midpoint of this interval as a new approxima-
tion for 854 ensures that the error is no greater than
half the length of the interval:

854 ~ 3.036378 |error| < 0.000028

From the solution to Exercise 22, the linearization to
f(xX) = sinxatx = 30° = =x/6 has value at
x =33 ==z /6+ 7 /60 given by

L(33) = f(z/6) + f'(x/6)(x/60) ~ 0.545345

Also, 0544597 < sin(33) < 5.545345, and, since
f7(x) = —sinx,

—sin(33) < f”(x) < —sin(30°)

for 300 < x < 33. Thus, on that interval,
M < f”(x) < N, whereM = —0.545345 andN = —0.5.
By Corollary C,

L(3%) + %(n /60)? < sin(33) < L(3%) + g(n/GO)z
0.544597< sin(33°) < 0.544660
Using the midpoint of this interval as a new approxima-

tion for sin(33°) ensures that the error is no greater than
half the length of the interval:

sin(33°) ~ 0.544629 |error| < 0.000031
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f@Q=4 t@=-1 0<f'(x < % if x > 0.

fR~ QR+ (B-2)=4-1=3.
f’(x) > 0= error>0= f(3) > 3.

7 (x)| < % =5 if 2 < x <3, so|Error] < %(3— 2)2.
Thus 3=< f(3) <3}

The linearization off (x) atx =2 is
LX)=f@2+ f'Qx—2)=4—(x—2).
ThusL(3) = 3. Also, since ¥(2x) < f”(x) < 1/x for

x > 0, we have for 2< x < 3, (1/6) < f"(x) < (1/2).
Thus

1/1 2 < } } Y4
3+§<5> (3-22%< f(3)_3+2<2> B-27.

The best approximation fof (3) is the midpoint of this
interval: f(3) ~ 3%.

The linearization ofg(x) atx =2 is
LX)=d@+dQx -2 =1+2x—2).

ThusL(1.8) = 0.6.
If1g"(x)] < 1+ (x — 22forx > 0, then
19"(X)] < 1+ (—0.2)2 = 1.04 for 18 < x < 2. Hence

g(1.8) ~ 0.6 with |error| < %(1.04)(1.8 - 2)2 = 0.0208

If f(@) = sind, then f’(0) = cosd and f” (@) = —sind.

Since f (0) = 0 and f/(0) = 1, the linearization off at
0=0isL@)=0+1@ —0) =4.

If0<t<éd, thenf”(t) <0, so 0<sind < 6.
If0>t>4, thenf’(t) >0, so 0> sind > 4.

In either case|sint| < |sind| < |0]| if t is between 0 and

6. Thus the erroiE(#) in the approximation sié ~ 0

satisfies

1912
E@©@) < —0|1°=
IE@) < 2||

If 18] <17° =17z /180, then

[E@) 1 /1772
— 2 <2 (=) ~0044
v — 2\ 180

1013
R

Thus the percentage error is less than 5%.

V =32r3= AV ~4zr? Ar

If r =20.00 andAr = 0.20, then

AV ~ 47 (20.00)2(0.20) ~ 1005.

The volume has increased by about 1005 cm

1.

2.

3.

4,

5.
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Section 4.10 Taylor Polynomials
(page 280)

If f(x) = e * thenf®(x) = (=1ke *, so
f®©0) = (=K. Thus

x2  x3 x4
Pa) =1—x+ 25—+ o0
If f(x) = cosx, thenf’(x) = -—sinx,

f’(x) = —cosx, and f”/(x) = sinx. In par-
ticular, f(z/4) = f{"(x/4) = 1/4/2 and
f'(x/4) = t"(x/4) = —1/+/2. Thus

0= [t (-5 -0 30 )

f(x) =Inx f(2 =In2
f'(x) = % f'(2) = %
f7(x) = ;—21 £7(2) = _Tl
£7(x) = % 7(2) = g

£ (x) = ;_f @ (2) = I_g
Thus

24 S 2 — 224 L (k2P L (x2)t
P4(x)_ln2+2(x 2) 8(x 2) +24(x 2) 64(x 2)".

f (x) = secx f(0)=1
f'(x) = secxtanx f/(0)=0
f”(x) = 2seé x — secx f7(0) =1
£(x) = (6seéx — ) secxtanx | (0 =0

Thus P3(X) = 1+ (x2/2).

f(x) = x%? f(4)=2
f'(x) = %x‘l/z f'(4) = %
f7(x) = _Tlx*/2 f7(4) = ;—;
f(x) = gx—f’/z f(4) = %6

165
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Thus
_5, 1 i e, 13
Ps(x) =2+ 4(x 4) (x 4)° + 512(X 4)°,
f(x)=1-—x)"t f(0)=1
f'(x)=(1-x)"2 f'(0)=1
£/(x) = 21— %) 2 PO =2
f///(x) — 3|(1 _ X)—4 f (O) =3
M0 =i — -y PO =n
Thus
Pa() =14+ X+ X2+ x3+ - +x".
1
F00=37% =3
-1 -1
f()_7(2+x)2 f'() = g
2' "
” _ f7(1 —
f7(x) = TP 1) = >7
fW(X) — —3! fw(l) —3
2+ x)8 E
n (=1"n!
(n) . (=1)"n! f(n)(l) = o
) = (24 x)n+1 3t
Thus
1 2 (_ n
Pa(X) = ———(x 1)+—(x 1 - 3n+1 (x "
f (X) = sin(2x) f(z/2) =0
f/(X) = 2cog2x) f'(m/2) = —
7(x) = —22sin(2x) f’(z/2) =0
£(x) = —23 cog(2x) f"(x/2) =22
f@(x)=2sin@2x) = 2*f(x) fP@/2=0

fO(x) = 24/ (x) fO(/2) = -2°

Evidently f@(z/2) = 0and
f@-D(z/2) = (=1)"22-1, Thus

a0 = 2(x-5) 5 5)' 5 (- 5)
2n—1

4t (_1)n(2if1)! (x - %>Zn_l.
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1
f(x) = xl/3 f/(x) = =x~2/3,
”(X) —5/3 fW(X) — _OX—8/3_
f7(8
a=8: f(x) ~ f(8) + f'(8)(x — 8) + 2( )(x—8)2
1
=24+ —=(x—8) — -8y
. 1+ %Y gz Y
92 ~24 — — — ~ 207986
+W( A 288 0
_ a3 _
Error = 9-18) = 5726 X073 for somec in
(8, 9].
For 8< c < 9 we havec®3 > 88/3 = 28 — 256 so
0 < Error< 5 < 0.000241
— 81x 256 '
Thus 207986 < 9%/2 < 2.08010.
Since f (x) = /X, then f/(x) = 1x~%/2,
f7(x) = —3x¥2 and f”(x) = 3 ‘5/2. Hence,

V61~ f(64) + f/(64)(61— 64) + = f”(64)(61 64)2
1/ 1
g4 E(_B) -3 (2048> (—3)% ~ 7.8103027

/// (C)

(61 — 64)3 for
Ift > 49,

The error isR; = Rx(f; 64,61) =

somec between 61 and 64. CIeang < 0.
and in particular 61X t < 64, then
I7(t)] < 3(497>/2 = 0.0000223= K.

Hence,

K
IRel = 3161~ 641° = 0.0001004
Since Ry < 0, therefore,

7.8103027— 0.0001004< /61 < 7.8103027
7.8102023< /61 < 7.8103027

1
fx)=-, f'x)= 2
2 -6
f//(x) _3 f///(x) = —.
a=1: f(x)%l—(x—l)—k;(x—l)z
i 2 _
102 1-(0.02) + (0.02)“ = 0.9804.
I//( ) 1 3
Error = 3 (0.023 = W(O.OZ) where
1<c<102.

1
_ 3o~ _
Therefore,—(0.02)° < 102 0.9804 < 0,

i.e., 0980392< 1 < 0.980400.
1.02
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Since f (x) = tan! x, then

—2x —2+6x2

f//(x) — m’ f///(X) — m

1
f'(x) = ——
0 1+4x2’°
Hence,

tan (0.97) ~ f(1) + /(1)(0.97 - 1) + 3 £(1)(0.97 — 1)

T 1 1
= +2(-003 — =) (~0.03?
"+ 5009+ (-3) (-009
= 0.7701731

. f”(c) 3
The error isRy = | (—0.03)° for somec between

0.97 and 1. Note thaR» < 0. If 0.97 <t < 1, then

—2+6
7)) < (1) = ﬁ <0.5232= K.
Hence,
K 3
IRel < 5;10.97— 1° < 0.0000024
Since Ry < 0,

0.7701731— 0.0000024< tan™* (0.97) < 0.7701731
0.7701707< tan* (0.97) < 0.7701731

fy=e%, fOx) =efork=123...

X2
f(x)%1+x+7

(0.5)2

a=0:

e05~1-05+ = 0.625

f ///(C)

eC
Error = 0.5)° = E(—O.OS)3 for somec between
—0.5 and 0. Thus

|Error| <

0.5)3
( 6) < 0.020834

and —0.020833< e 95 - 0.625< 0, or
0.604 < e 95 < 0.625.

Since f (x) = sinx, then f’(x) = cosx, f”(x) = —sinx
and f”’(x) = — cosx. Hence,
Sin(47) = f (% + %) 1 2
~ (373G 3" 7))
1 1 /=x 1 T \2
=ﬁ+ﬁ(%)—2—ﬁ(%)
~ 0.7313587

15.

16.

17.
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. f(c 3
The error isR; = Sf ) (%) for somec between 45

and 47. Observe thaR, < 0. If 45° <t < 47°, then

[f”(t) < | —cos48| = — =K.

N

Hence,

K 3
IRel < 5; (%) < 0.0000051

Since R, < 0, therefore

0.7313587— 0.0000051< sin(47°) < 0.7313587
0.7313536< sin(47°) < 0.7313587

f (x) = sinx
f/(x) = cosx
f”(x) = —sinx
f”(x) = — cosx
f @ (x) = sinx
a=0 n=7:
. x3 x> x7
S|nx=0+x—0—§+0+a —O—ﬁ+R7,
x3 x> X’
X—§+§—?+R7(X)

sinc
where R7(x) = Fxs for somec between 0 anc.

For f(x) = cosx we have

f”(x) = sinx
£©(x) = — cosx.

f”(x) = —cosx
£ O (x) = —sinx

f'(x) = —sinx

f @ (x) = cosx
The Taylor's Formula forf with a=0 andn =6 is
2 44

—1-% x° f;0
COSX = _§+E_E+R6(”X)
where the Lagrange remaind® is given by

fD(c sinc

Re = Re(f;0,x) = = TR

for somec between 0 anc.

f (X) = sinx a=£,

Lo 1 1 T 11 T\2

sik= >+ (x=7) = 53 (x- %)
11 T\3 11 T\4

-5 (7)) + Ha(-3)

where Ry(x) = é(cosc) (x _ %)5

/4
for somec betweenz andx.
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Given that f (x) = 1—1x then

f N(X) 2

/ — 1 —
P =gz =g

In general,
n!

00 = 1— X))

Sincea =0, f(”)(O) =n!. Hence, forn = 6, the Taylor's
Formula is

1 0,
oy

n=1 !
=14+ x+X2+x3+x*+x°+x8 + Re(f; 0, x).

X"+ Re(f;0,x)

The Langrange remainder is

£® (c) o X
Re(f:0,%) = ==
for somec between 0 anc.
f(x) =Inx
f'(x) ==
" _ -1
f'(x) = v,
n 2'
) = ~3
3
4
000 = 57
4!
(© —
fOx) = e
—5l
6 _
o0 =55
6!
£ = 7
a=1 n=6
1 , 2! 3
INnx=0+1x-1) — —(x—l) +§(x—l)
4I 5!
- —(x — D+ 5= 1° = (= D°+ Re(x)
B x-1* x-1D® (x-1*
=x-1 > + 3 2
x-1° (x-1°
t T Re®)
where Rg(X) = =X — 1)7 for somec between 1 anck.
Given thatf(x) = tanx, then
f/(x) = se€ x

f7(x) = 2seé xtanx
f®(x) = 6seé x — 4seé x
f@(x) = 8tanx(3seé x — sed x).
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Given thata = 0 andn = 3, the Taylor's Formula is

// "
00, 10 4

2! 3l
2
:x+§x3+ Rs(f;0,x)

tanx = f(0) + f'(0)x +

13, 2.5
=X+ X"+ —=X
+3 +15

The Lagrange remainder is

@ B
Re(f:0.%) = f (C)x“ _ tanc(3seé¢ X — se@C) )
4! 3
for somec between 0 anc.

e — @30+ o3

P3(x) = e 3 [1+ 3x+1)+ g(x +1)%+ g(x + 1)3] .

y T TE T )
Fore", P4(u) =14+u+ — —. Letu = —x~.
4() HUF oo o
Then fore*
x4 6 8
X X
Pg(X)—l—X +§_§+E.

For sirfx = }(1 — cos(2x)) at x =0, we have
2
1 202 20"\, x*
Pa() = E[ (1_ TR )] XT3

sinx = sin(:r + X - n)) = —sin(x — )

x-7)}® x-=n)
331 5l

Ps(x) = —(x —7) +

1
For =—— atu = 0, P3(u) = 1+u+u?+ud Let

u= —2x2. Then for atx =0,

1
14 2x2

Ps(x) = 1 — 2x% + 4x* — 8x5.

cog3x — 7 ) = — coq3x)

32 2 34X4 36)(6 38X8
PoX) = ~1+ =~ S+ g~ g
Sincex® = 0+ 0x 4+ 0x2 + x3 4+ 0x* + - - - we have

Pax)=0if0<n<2; Ph(x)=x3if n>3

+ R3(f; 0, x)
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1
sinhx = E(eX —-e™

1 X2 x2n+1
P, X)==1(1 X — N R
2n1(X) 2( TXHt +(2n+1)!)

1 X2 x2n+1
——(1—X — e —
2( Tt (2n+1)!>
3 x5 x2n+1
=X+ — ——
+ 3! T 5! ot @n+ 1!
For In(1 4+ x) at x = 0 we have
2 3 2n+1
X X X
P, X)=X——+ = —--- .
on+1(X) = > T3 +2n+1
For In(1 — x) at x = 0 we have
2 X3 x2n+1
P X)= —-X— — — — — ... —
2n+1(X) > "3 nrl
1.1 1

For tanh* x = > N+ x) — > In(1 — x),

3 x5 x2n+1
P X)=X+—+—=—+--- .
2n+1(X) t3t+tg+ +2n+1

f(x) =eX

o .

£ if nis even

) = { —e* if nis odd
N 2 8 nxs

=1-x+= o —§+ -+ (=D H+R"(x)

X fi X bet 0
where R, (x) = (=1)" or some X between
Ri() = ()Mo

and x.

For x = 1, we have
! =1-1+ 1+ +(1)”1+Rn(1)
e 21 3 n!

+1e—x n+1 . b
where R,(1) = (-1)"**———— for some etween
Ri(D) =~
—1and 0. 1
Therefore,|Ry(1)| < ———. We want
n+ 1!

|Rn(1)] < 0.000005 for 5 decimal places.
Choosen so that——— < 0.000005.n = 8 will do
n+ 1!
since 79! ~ 0.0000027.

Thuslwl l+1 l+1 l+1
e 21 3 4 5 6 718

~ 0.36788 (to 5 decimal places).

In Taylor's Formulas forf (x) = sinx with a = 0, only
odd powers ofx have nonzero coefficients. Accordingly
we can take terms up to ordef"+! but use the remain-
der after the next termx3+2, The formula is

3 5

X3 X n
CTR TR i o

2n+1

sinx = x — + Ron2,

33.

34.

35.
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where

cosc
(2n +3)!

Ron2(f; 0, x) = (—1)"F? an+3

for somec between 0 andk.

In order to use the formula to approximate

sin(1) correctly to 5 decimal places, we need
|Ron42(f; 0, 1)] < 0.000005. Sincdcosc| < 1, itis
sufficient to have A(2n + 3)! < 0.000005.n = 3 will do

since /9! ~ 0.000003. Thus
1 1 1
sin(l) ~1— §+§ T ~ 0.84147

correct to five decimal places.
f)=x-1% f(0)=2x-1),
f(x)~1—2x+ gxzz 1—2x+4x?
Error =0

gx) =x3+2x2 +3x + 4
Quadratic approx.: g(X) ~ 4+ 3x + 2x2

Error = x°

6 =3l

f7(x) = 2.

g/// (C) 3

Sinceg”(c) = error =

so that constama— in the error formula for the quadratic
approximation cannot be improved.

1—x" = Q- x)L+x+x2+x3+ .- +xM). Thus
1 5 5 xn+1
=l X XXX
1—x 1-x

If |x] <K <1, then|]1-x|>1-K >0, so

Xn+l
<
1-x|71-K

|Xn+1| — O(xn+l)

asx — 0. By Theorem 11, thath-order
Maclaurin polynomial for 1(1 — x) must be

Pa(¥) =1+ X+ x2+x3 4+ x".
Differentiating
1 Xn+1
R S G RPN
1- 1-
with respect tox gives
1 n+1-nx
=14 2X+3C 4 X T D
a1—x? + 2X + + + 1= x)?
Then replacingh with n + 1 gives
1 n+2—(n+ 1x
= 14243 A (DX —— T L
T2 = Lt +(n+1)x"+ Y
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If X <K <1,then|1-x|>1—-K >0, and so

N+2-M+DX 11

n+1, _ n+1
- | = 06"

+2 X
T (1-K)?
asx — 0. By Theorem 11XXX, thenth-order

Maclaurin polynomial for 1(1 — x)2 must be
Pa(X) == 1+ 2X 4+ 3x2+ - - + (n+ 1)x".

Section 4.11 Roundoff Error, Truncation Er-
ror, and Computers (page 284)

Since the normal rules of algebra (commutativity, asso-
ciativity, distributivity, etc.) don’t apply to floating-point
calculations, we should not expect the plots of mathemat-
ically equivalent expressions to be the same in all cases.

Since f (x) — Pa(x) = O(|x|®) asx approaches 0, on

this very small interval centred at zero we would expect
the graph to be the horizontal line through the origin.
Instead, there is a band of points having a peculiar struc-
ture. The plot can vary between different implementa-
tions of Maple on different operating systems, but some
of the four horizontal lines (actually envelop curves) pro-
posed in the exercise seem to provide natural boundaries
for most of the points.

As noted in section 4.7, a real numbercan be repre-
sented in binary form as,

X = 40.d10p ... 00k 110k42... x 2P

where each of the base two digis is either 0 or 1,
butd; = 1, and p is the appropriate power of 2.

Consider the floating point numbey, (having the
same sign ag) given by

y = £0.d1d>...d; x 10P,

which has onlyt significant binary digits. The distance
betweenx andy thus satisfies

X — y| = 0.0k 10hsz--- x 2P,

Sincedy+1 may or may not be 1, this distance is less
than or equal to 2. ThusF (x), the nearest floating
point number tox, can be no further than half that dis-
tance away, or

1
X — F(x)| < > 2p—t = pp—t-1,

It follows that

Ix — F(x)| < 2P~t"1 <27 x|
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becausdx| > 2P~1. Clearly 2 is the smallest value
when added to 1 that will not be discarded thus

[F(X) — x| < €[X].

a) The result of question 3 suggests that computer pro-
duces a numbe€(1 + «) for one expression and
C(1 + p) for the other.a and g will both be dis-
carded positive numbers that are both less than
by assumption. Thus for each expression, individu-
ally the computer return€, however the difference
between these two expressions(is— f)C, where
[(a — B)| < €. Thus the computer returns a value for
the difference which is less thaC but not neces-
sarily equal to 0.

b) Yes. In certain cases, internal errors may grow suf-
ficiently that the computer returns a value different
from C, meaning that either or both of and # may
not be entirely discarded. The algorithm evaluating
such expression may be in need of improvement in
such a case.

¢) Yes. In certain cases internal errors can be negligible
or zero, or they can cancel one another. Consider

for example the expression. 1+£12, which will not
challenge machine precision at all.

Review Exercises 4 (page 285)
Sincedr/dt = 2r /100 andV = (4/3)zr3, we have

dV 4z _ ,dr 2 eV
¥ 5t =%V 100~ 100

- = r —
dt 3 dt
Hence The volume is increasing at 6%/min.

a) SinceF must be continuous at= R, we have

mg R2
R2

g
mkR, or =

b) The rate of change df asr decreases fronR is
d
——(mk
( dr (m r))
The rate of change of asr increases fronR is
d mgR?
dr r2

Thus F decreases asincreases fronR at twice the
rate at which it decreases agdecreases froni.

=—-mk = —@.
r=R R

2mgR2 mg
TR - R

r=R
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1/R=1/R; + 1/Ro. If Ry =250 ohms andR; = 1, 000
ohms, then 1R = (1/250) + (1/1, 000) = 1/200,
so R =200 ohms. IfdR;/dt = 100 ohms/min, then

_1dR_ 1dR 1 dR
RZdt R dt RS dt
1 dR 1 1 dR,
20 dt ~ 25¢ (100)+1,0002 dt -

a) If R remains constant, theshR/dt = 0, so

dR; 1,000 x 100

r 2~ 600

R, is decreasing at 1,600 ohms/min.

b) If R is increasing at 10 ohms/min, then then
dR/dt = 10, and

dRy 10 100
o = 1, 000 <@ - ﬁ) = —1, 350

R> is decreasing at 1,350 ohms/min.
If pvV =5.0T, then

dp dv dT

a) If T =400 K,dT/dt = 4 K/min, andV = 2.0 n?,
thendV/dt = 0, sodp/dt = 5.0(4)/2.0 = 10. The
pressure is increasing at 10 kPa/min.

b) f T = 400K,dT/dt = 0O,V = 2
m3, anddV /dt = 0.05 ne/min, then
p = 5.0400/2 = 1,000 kPa, and
2dp/dt + 1,00000.05 = 0, sodp/dt = —25.
The pressure is decreasing at 25 kPa/min.

If x copies of the book are printed, the cost of printing
each book is

C +8+6.25x 1077 x2.

10,000
X

SinceC — oo asx — 0+ orx — oo, C will be
minimum at a critical point. For CP:

_dC 10,000

==z t125x107x,

0

sox3 =8x 10° andx = 2 x 10%. 2,000 books should be
printed.

If she charges % per bicycle, her total profit is B,
where

X—75

P =(x—75N(x) = 4.5 x 10° e

REVIEW EXERCISES 4 (PAGE 285)

Evidently P < 0 if x < 75, andP — 0 asx — oo. P
will therefore have a maximum value at a critical point in
(75, 00). For CP:

2y
0= 9P _ 45, 108 X T X=X

dx x4 ’

from which we obtainx = 150. She should charge $150
per bicycle and ordeN (150 = 200 of them from the
manufacturer.

Fig. R-4.7

Letr, h andV denote the radius, height, and volume of
the cone respectively. The volume of a cone is one-third
the base area times the height, so

V:§77.'r2h.

From the small right-angled triangle in the figure,
(h—RZ+r2=R2
Thusr?2 = R2 — (h — R)2 and
_ _r 2 o2 _* 2 13
V =V(h) = 3h(R (h—R) ) - 3(2Rh h )

The height of any inscribed cone cannot exceed the di-
ameter of the sphere, so® h < 2R. Being continu-
ous, V (h) must have a maximum value on this interval.
SinceV = 0 whenh = 0 orh = 2R, andV > O if

0 < h < 2R, the maximum value o¥ must occur at a
critical point. (v has no singular points.) For a critical
point,

0=V'(h) = % (4Rh — 3h?) = % h(4R — 3h),

h=0 or h:ﬁ.
3
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REVIEW EXERCISES 4 (PAGE 285)

V/'(h) > 0if0 < h < 4R/3 andV’(h) < O if
4R/3 < h < 2R. Henceh = 4R/3 does indeed give
the maximum value fol. The volume of the largest
cone can be inscribed in a sphere of radRiss

4R\ 7 4R\? [4R\®
V(?)=§ <2R<?> ‘(?))
32 2 . .
_8—17rR cubic units

T (X, C(x)

7 C(x
.-~ slope = )

= average cost

a)

b)

c)

172

X

Fig. R-4.8
For minimumC(x)/x, we need

d C(x) xC'(x)-C(x)
dx  x x2 ’

so C’(x) = C(x)/x; the marginal cost equals the
average cost.

The line from(0, 0) to (x, C(x)) has smallest slope
at a value ofx which makes it tangent to the graph
of C(x). ThusC’(x) = C(x)/x, the slope of the
line.

The line from(0, 0) to (x, C(x)) can be tangent to
the graph ofC(x) at more than one point. Not all
such points will provide a minimum value for the
average cost. (In the figure, one such line will make
the average cost maximum.)

side flap
side i bottom i side: top 50 cm
side flap
* 80 cm >
Fig. R-4.9

10.

11.

ADAMS and ESSEX: CALCULUS 8

If the edge of the cutout squaresxscm, then the vol-
ume of the folded box is

V (X) = x(50 — 2x)(40 — x)
= 2x3 — 130x? + 2, 000,

and is valid for 0< x < 25. SinceV(0) = V(25 = 0,
andV(x) > 0if 0 < x < 25, the maximum will occur at
a CP:

0= V'(x) = 6x% — 260 + 2, 000
= 2(3x% — 130x + 1, 000)
= 2(3x — 100)(x — 10).

Thusx = 10 orx = 100/3. The latter CP is not in the
interval [Q, 25], so the maximum occurs at= 10. The
maximum volume of the box i¥ (10) = 9, 000 cn¥.

If x more trees are planted, the yield of apples will be

Y = (60+ x)(800— 10x)
= 10(60 + x)(80 — x)
= 10(4, 800+ 20x — x?).

This is a quadratic expression with graph opening down-
ward; its maximum occurs at a CP:

dy
0= = 1020~ 2x) = 20(10 - X).

Thus 10 more trees should be planted to maximize the
yield.

e

2 km

Fig. R-4.11

It was shown in the solution to Exercise 41 in Section
3.2 that at timet s after launch, the tracking antenna
rotates upward at rate

dé 80t

ot dF e O say
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Observe thatf (0) = 0 and f(t) — 0 ast — oo. For
critical points,
(4007 + t%) — 4t*
0= f'(t) =800 ——————
© [ (40 + t%)2
= 3t*=400, or t= 15197
The maximum rate at which the antenna must turn is
f(15.197) ~ 0.057 rad/s.

The narrowest hallway in which the table can be turned
horizontally through 180 has width equal to twice the
greatest distance from the origin (the centre of the table)
to the curvex? + y* = 1/8 (the edge of the table). We
maximize the square of this distance, which we express
as a function ofy:

1
Sy =x*+y*=y*+ 2 -y, O=y=@8"h

Note thatS(0) = 1/8 and S((1/8)/4) = 1/4/8 > S(0).
For CP:

ds
0= Fvie 2y — 4y® = 2y(1 — 2y?).

The CPs are given by = 0 (already considered), and
y2 = 1/2, whereS(y) = 3/8. Since 38 > 1/4/8, this is
the maximum value ofs. The hallway must therefore be
at least 2/3/8 ~ 1.225 m wide.

Let the ball have radius cm. Its weight is proportional
to the volume of metal it contains, so the condition of the
problem states that

47rr3
3 3 3
r3— 12424 —16=0.

Graphing the left side of this latter equation with a
graphics calculator shows a root between 9 and 10. A
“solve routine” or Newton’s Method then refines an ini-
tial guess of, say, = 9.5 to giver = 9.69464420373 cm
for the radius of the ball.

et .. trajectory

1,000
Y=11(x/5002

Fig. R-4.14

15.

REVIEW EXERCISES 4 (PAGE 285)

If the origin is at sea level under the launch point, and
x(t) andy(t) are the horizontal and vertical coordinates
of the cannon ball's position at times after it is fired,
then

At t = 0, we havedx/dt = dy/dt = 200/+/2, so

dx 200 dy 200
o o g 8
dt V27 dt +ﬁ

Att = 0, we havex = 0 andy = 1,000. Thus the
position of the ball at time is given by

200 200
X="" =162+ 2 +1,000
V2 y V2

We can obtain the Cartesian equation for the path of the
cannon ball by solving the first equation forand substi-
tuting into the second equation:

2

2
~16 2 4 x+1,000

y=""%%¢c

The cannon ball strikes the ground when

2x2 1,000
16— +Xx+1,000= —————
200 TXTh 1+ (x/5002

Graphing both sides of this equation suggests a solution
nearx = 1,900. Newton's Method or a solve routine
then givesx ~ 1,873. The horizontal range is about
1,873 ft.

The percentage error in the approximation
—(g/L)sind ~ —(g.L)d is

sing — 6 0
—— | =100 — —1}.
sing ‘ <sin9 )

Since limy_06/(sind) = 1, the percentage erres 0
asf# — 0. Also,d/sind grows steadily larger a®|
increases from O towards/2. Thus the maximum per-
centage error fofd| < 20° = = /9 will occur atéd = = /9.
This maximum percentage error is

100

/9 N
00<Sin(7r/9) — 1) ~ 2.06%
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16. sifx = %(1 - cos(2x)>

1 222 244 266
=§[1—<1——X+—X——+O(x8))]

2! 4! 6!
x4 2x8
=x’- 4+ 108
3 + 45 +0(%
_ 3sirfx — 3x2 + x4
lim 5
Xx—0 X
2
3 —x*+ x84+ o(xB) —3x% —x*
= lim 15
x—0 X
2 2
=lim — + O(x?) = —
15t O =15
—2X
17. f(x) = tanlx, f'(x) = f/X) = ————
() x, f'(x) = 1+ — () = 17
6x2 — 2
F7(0) = ——— =,
= a8
_ 12
Aboutx = 1, Py(x) = = + X= 1 x=17
4 2 4
Thus taml(11) ~ % + — — X ~ 0832898 On
' 4 20 400 '
[1,1.1], we have
[f7(x)] < w — 0.6575
- (1413 '

0.6575
Thus the error does not exceedsl— (1.1-1)° ~ .00011
in absolute value. '
18. The second approximatioxy is the x-intercept of the
tangent toy = f(x) at x = xo = 2; it is the x-intercept
of the line 2y = 10x — 19. Thusx; = 19/10= 1.9.

19.

Fig. R-4.19

y = cosx andy = (x — 1)2 intersect atx = 0 and at a
point x betweenx = 1 andx = z/2 ~ 1.57. Starting
with an initial guessxg = 1.3, and iterating the Newton’s
Method formula

(Xn — 1)2 — cosxn

Xnil = Xy — M = T 2N
LN T % — 1) + sinXn

174
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we getxq = X5 = 1.40556363276. To 10 decimal places
the two roots of the equation are= 0 (exact), and
X = 1.4055636328.

20. The square of the distance fro, 0) to (x, Inx) is
S(x) = (x — 22+ (Inx)?, for x > 0. SinceS(x) — oo
asx — oo or X — 0+, the minimum value ofS(x) will
occur at a critical point. For CP:

0= S/(x)_2<x—2+|n—x>

We solve this equation using a TI-85 solve routine;

X ~ 1.6895797. The minimum distance from the origin
to

y = e*is /S(x) ~ 0.6094586.

21. If the car is at(a, €?), then its headlight beam lies along
the tangent line to/ = €* there, namely

y=e+e(x—a)=e*(1+x—a).

This line passes througfl, 1) if 1 = €2(2 — a). A solve
routine givesa ~ —1.1461932. The corresponding value
of €% is about 0.3178444. The car is @, €%).

Challenging Problems 4 (page 286)

dv
— = kx?(Vo — V).
at x“(Vo — V)
dx dVv
=x3, 2 k2 43
a) If V =x°, then X dt_dt_kx(vo x>), SO
dx k 3
at — 3V

b) The rate of growth of the edge {&/3)(Vo — x3),

which is positive if 0< X < Xp = Vol/s. The time
derivative of this rate is
dx k2
|<2dt x(Vo—x3)<0

for 0 < x < xp. Thus the edge length is increasing
at a decreasing rate.

c¢) Initially, x grows at rate&k\Vjo/3. The rate of growth
of x will be half of this if

k kV(
V0 —x%) =2

that is, if x = (Vo/2)¥3. ThenV = Vy/2.

2. Let the speed of the tank bewherev = % = ky

Thus,y = Ce¥. Given thatat = 0,y = 4, then
4 =y(0) = C. Also given that at = 10, y = 2, thus,

=y(10) =4e'* = k= -4 In2.
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1 d 1
= 4e- 102t Ay _ 2
Hence,y = 4e ando at ( 0 In2)y. The

. dy
slope of the curvexy = 1 ism = ool Thus, the

. . (1 .
equation of the tangent line at the poéty—, yo) is
(o

fom- g (x- L
- (1)2 Yo

Yo

), i, y=2yo— Xy3.

Fig. C-4.2

. . 2 . .
Hence, thex-intercept isx = — and they-intercept is
0
y = 2yp. Let# be the angle between the gun and the

y-axis. We have
2
Yo 1 4

tand = X _ = =
Y 2%  yg Yy?
do —8dy
Co— =—-2.
= R TV a

Now

4
se@f):l—ktar?ﬁ:l—ki—f:%‘lle,

)
do 8y dy  8ky?

dt ~ yi+i1edt  yi+16
2
The maximum value of—y occurs at a critical
_ y4+16

point:
_(y*+16)2y — y24y®)
B (y*+16)2
& 20 =3,

0

CHALLENGING PROBLEMS 4 (PAGE 286)

or y = 2. Therefore the maximum rate of rotation of the

gun turret must be

22

1
~8K o= = —k = — In2~ 0,0693 rad/m,
2116 0" racim

and occurs when your tank is 2 km from the origin.

a) If g = 0.99, the number of tests required is
T = N({(1/x)+1-0.99). T is a decreasing
function for small values ok because the term
1/x dominates. It is increasing for largebecause
—0.99¢ dominates. Thud will have a minimum
value at a critical point, providedll is sufficiently
large that the CP is if0, N). For CP:

dT 1
0=—=N <_ﬁ —0.99 In(O.99))

T odx
, (099~
~ ZIn(0.99)
X = M - f(x) say
/—1n(0.99) P

b) Starting withxg = 20, we iteratexp+1 = f(xn). The
first three iterations give

X1~ 1103, xp =~ 10.54, x3~ 10.51

This suggests the CP is near 10.5. Sinceust

be an integer, we test = 10 andx = 11:

T(10) ~ 0.19562 andT (11) ~ 0.19557. The
minimum cost should arise by using groups of 11
individuals.

P =2r.L/g=2rxLY2g"12
a) If L remains constant, then

dP
AP~ a5 Ag=—rwLY?g7%2 Ag

AP —gl12g=%2 1 Ag
P 2zLY2g 12 g__EE'

If gincreases by 1%, theng/g = 1/100, and
AP/P = —1/200. ThusP decreases by.5%.

b) If g remains constant, then

dp
AP~ - AL =rL V2g7 2 AL

AL

£ N HL_l/Zg_l/z AL
O

1
p "~ 2rti2g iz AT 2

If L increases by 2%, theAL /L =2/100, and
AP/P = 1/100. ThusP increases by 1%.
dv

— =-k V = Ay.
dt \/_’ y
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dy dv dy k
a) Aa =g = —k/y, SOE = —Zﬂ.

2
b) If y(t) = (ﬁ— ZK_L\) , theny(0) = yo, and

dy kt k
dt ‘2<‘/y°_ﬁ> (‘ﬁ)
k
=2 y(®).

Thus the given expression does solve the initial-value
problem fory.

c) If y(T) =0, then;—; = /Yo, SOk = 2A/Yo/T.
Thus

B 2A Vot \* t)?
v = (i~ 52%) =w(1- 1)

d) Half the liquid drains out in timeéy, where

1\ yo
1-=) ==
YO< T) 2

Thusty = T(1 — (1/v2)).

If the depth of liquid in the tank at timeis y(t), then
the surface of the liquid has radiugt) = Ry(t)/H, and
the volume of liquid in the tank at that time is

7 (Ry(®))? x R? 3
v =5 (B2) yo = 25 (vo)

By Torricelli's law, dV/dt = —k,/y. Thus

7 R? dy dv
S 1V ek A
32> Gt T VY

or, dy/dt = —kyy~%2, wherek; = kH2/(z R?).
£\ 2/5
It y(t) = yo (1 _ ?) . theny(0) = yo, y(T) = 0, and

dy 2 t\%° 1 3

2 _Z 1—— ) = Ky 32

dt 5y°< T) ( T) v
whereky = 2yo/(5T). Thus this functiony(t) satisfies
the conditions of the problem.

If the triangle has legx andy and hypotenuse

VX2 +y2 then
P=x+y+x2+y2

(P—x—y?=x*+y?
P? + x2 + y? 4 2xy — 2Px — 2Py = x? 4+ y?
y(2P — 2x) = P?2 — 2Px
_ P(P—2x)
2(P —x)

176
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The area of the triangle is

Al XY _ P Px — 2x2
T2 4 P-—x

A=0ifx=0o0rx = P/2andA > 0 between these
values ofx. The maximum area will therefore occur at a
critical point.

dA P (P —x)(P —4x) — x(P — 2x)(—1)
“dx 4 (P —x)2
0= P2 —5Px 4 4x? + Px — 2x2
2x% — 4Px + P? = 0.

This quadratic has two roots, but the only one infg2]
is

4P — /16PZ — 8P2
X = =P<l—i)
4 V2

2
This value ofx gives A(x) = 3 P? (1 - %) ur? for the
maximum area of the triangle. (Note that the maximal
triangle is isosceles, as we might have guessed.)

The slope ofy = x3 4 ax? + bx +c is
y = 3x? 4 2ax + b,

which - oo asx — Zoo. The quadratic expression

y’ takes each of its values at two different points except
its minimum value, which is achieved only at one point
given byy” = 6x + 2a = 0. Thus the tangent to the
cubic atx = —a/3 is not parallel to any other tangent.
This tangent has equation

B a3+a3 ab+c
Y="2779 "3

(55009

——a3+c+ b—az X
27 3)7

P
A | B
0 |
h
c
Fig. C-4.9
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a) The total resistance of pathPC is

k|AP| k|PC|
R=—5—+—%—
ry ra
L —hcotd hcscod
=k > +— .
r r
1 2

We have

dR cs o _ csof cotd
do ’

— =kh
2 2
ry ra

2

cscd r
so the CP ofR is given by—— = -1, that
cotd r2

is, cos) = (r2/r1)2 or® = cos 1((ra/r1)?).

This CP will give the minimum resistance if it

is in the interval of possible values 6f namely
[tan~1(h/L), = /2]; otherwise the minimum will oc-
cur for P = A. Thus, for largeL, P should be
chosen to make cds= (r2/r1)2.

b) This is the same problem as that in (a) except that
r1 andr, are replaced Withlf andr22, respectively.
Thus the minimum resistance corresponds to choos-
ing P so that cog = (ro/r1)*. This putsP closer
to B than it was in part (a), which is reasonable
since the resistance ratio between the thin and thick
pipes is greater than for the wires in part (a).

\_|_| |
Fig. C-4.10

a) Let the origin be at the point on the table di-
rectly under the hole. If a water particle leaves
the tank with horizontal velocity, then its position
(X(1), Y(1)), t seconds later, is given by

d?X d?y
dt2 — dt2
dx dy .
dt at -~ 9
X =t Yz—%gtz‘i‘h

11.

CHALLENGING PROBLEMS 4 (PAGE 286)

The rangeR of the particle (i.e., of the spurt) is the
value of X whenY = 0, that is, at time = /2h/g.

Thus R =wv/2h/qg.

b) Sincev = k/y — h, the rangeR is a function ofy,
the depth of water in the tank.

R= k\/gx/h(y “h).

For a given deptly, R will be maximum if h(y — h)
is maximum. This occurs at the critical point
h = y/2 of the quadratidQ(h) = h(y — h).

¢) By the result of part (c) of Problem 3 (with re-
placed byy — h, the height of the surface of the
water above the drain in the current problem), we
have

2
Y(t)—h=(yo—h)(1—%) , for0O<t<T.

As shown above, the range of the spurt at titrie

R(t) = k\/g /h(y(t) - h).

Since R = Ry wheny = yp, we have

S
> .
\/g«/“(yo—“)

\/h<y(t) - h) t
ThereforeR(t) = Rp———— =Ry (1_ _)_

vh(yo—h)

k

Fig. C-4.11

Note that the vertical back wall of the dustpan is perpen-
dicular to the plane of théop of the pan, not the bottom.
The volume of the pan is made up of three parts:

177
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a triangular prism (the centre part) having
height x, width 25— 2x, and depthy (all dis-
tances in cm), wherg? + x? = (25 — x)?, and
S0y = +/625— 50x = 5/25— 2x, and

two triangular pyramids (one on each side) each
having heightx and a right-triangular top with
dimensionsx andy.

The volume of the pan is, therefore,

1 1\ /1
V = Exy(25— 2X)+2 <§> <§xy> X
1 2
= Exy (25— 2X + §x>

= 2x«/25— 2X(75 — 4x) = V(X).

178
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The appropriate values for are 0< x < 25/2. Note that
V() = V(25/2) = 0 andV(x) > 0in (0, 25/2). The
maximum volume will therefore occur at a critical point:

dv 254x2 — 85x + 375

Tdx T 6 J2Bo2x

(after simplification). The quadratic in the numerator
factors to(x — 15)(4x — 25), so the CPs are& = 15 and
x = 25/4. Only x = 25/4 is in the required interval.

The maximum volume of the dustpan\&25/4) ~ 921
cnr.
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CHAPTER 5. INTEGRATION

Section 5.1 Sums and Sigma Notation
(page 293)

4
Yit=134+22434 4

00 _1,2.8 100
~j+1 2 3 4 101
n
> 8 =3+3+3+.. 43
i=1
Gey 11 et
i+l 2 3 n
2“: (-2 23+24 25+ (=1n2n
= (j - 272 12722 3 (n—2)72
N2 1 4 9 n?
;@znfi_ﬁ—i_ st E

9
5+6+7+8+9=) i

i=5

200

242424 .42 (200 terms) equaliz
i—1

99 )
=9 =) (-1)i?
i=2

100

2_F 452y

1+2x+3x% + 43+ - -
i=1

n
THx+x2+x3 4 x" ="
i=0
2n o
T-x+x2=x34 . X =) "(-D'x
i=0
1 1 -yt (-1t
O S i Y )
4 9 n2 £ i2
i=1
1 2 3 4 n o i
2tate T tro L7
100
ZSII’]] = ZSII’I(I -1

m4-6 1

LU |
k;5k2+1:i;((i —6)2+1

+10x%*° = Zixi‘l
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

SECTION 5.1 (PAGE 293)

Z(i 2+2i) _ nn+1)2n+1) +2n(n +1) nh+D)@n+7)

L 6 2 6
1,000

’ . _2(1,000(1, 001
Y@ +y =" —

=1

Z(nk_g)zw_gn

+ 3,000= 1, 004 000

= T —1
Z(z' —iy=2""_2-lnn+1@n+1
ZlnmzInl+|n2+---+|nn=|n(n!)
m=1
e(n+l)/n 1
Y- St
n-1
24+ 2+ ...+ 2 (200 terms) equals 400
1_Xn+l ]
1+x+x2+---+x”:{ﬁ if x#1
n+1 if x=1
14 x2+1
2 .3 2 - _
1—x+x%—x +~-+x”=[ T x '_fx?é 1
2n+1 if x=-1
-1
Let f(x) =14+ X+x2+ - +x10= if x £ 1.
Then
f/(X) = 14 2x + 3% + - - - 4+ 100x%°
Cd x¥01-1 100x101-101x1004 1
Tdx x—1 (x —1)2
22 32+42 -+ 98 — 99

49

= Z[(zk)2 — (K+ D =) [4K* — 4 — 4k — 1]
k=1

k=1

49 x 50
X0 49—

49
=) Mk+1]=- —4,949
k=1

1 2
;t+-+5+- +— Then

Lets = 3
T2 4 8 2n
1

S _ +2+3+ + n
2 4 8 16 on+l”

Subtracting these two sums, we get

s_1, 1.1 1 n
2 2 4 8 2n  2n+l
1-@/2Y n

(1/2) 2n+l
n+2
on+1”

=1-

179
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Thuss =2+ (n +2)/2".

n

S (ti+n-10)

I=m

Zf(i+1)—_2f(i)
n+1

>t - Z f0)
j=m+1
= f(n+1) — f(m),
because each sum has only one term that is not cancelled
by a term in the other sum. It is called “telescoping”
because the sum “folds up” to a sum involving only part
of the first and last terms.

10
>t —n
n=1

1)* = 10* — 0* = 10, 000

m
Z(zl —2imhy=om_20_pm_1
j=

36.
% 11 >_i_ 1 m+1
\i i+1) " m 2m+1 m@m+1)
m m
Z Z( ) -1 __n
1J(J+1) — j+1 n+1 n+1

The number of small shaded squares i 2+ --- + n.
Since each has area 1, the total area shadédls; i.

But this area consists of a large right-angled triangle of 37

arean?/2 (below the diagonal), and small triangles
(above the diagonal) each of area 1/2. Equating these
areas, we get

n 1 _nn+9
Z| >

Fig. 5.1.34

To show that
n(n + 1)

i

i=1

180

38.

ADAMS and ESSEX: CALCULUS 8

we write n copies of the identity
k+1)°2—K>=2k+1,
one for eachk from 1 ton:
22-1°=21)+1
F_22=22+1
42 _32 =23 +1
(n+1)2%—-n?=2(n)+ 1.

Adding the left and right sides of these formulas we get

n
M+D?-12=23 i+n.
i=1
1 nn+1
Hence, > L, | =§(n2+2n+1—1—n): (2+ )

The formula}_ ;i = n(n + 1)/2 holds forn = 1, since
it says 1= 1 in this case. Now assume that it holds for
n = some numbek > 1; that is,>¥ ;i = k(k + 1)/2.
Then forn = k+ 1, we have

k(k + 1)
2

k+1 [

dli=)i+k+) =
i=1

i=1
Thus the formula also holds far = k + 1. By induction,
it holds for all positive integers.

The formulay""_;i% = n(n + 1)(2n + 1)/6 holds for
n =1, since it says & 1 in this case. Now assume that
it holds for n = some numbek > 1; that is,

K 1i2 = k(k + 1)(2k + 1)/6. Then forn = k + 1, we
have

k+1k+2
—

+(k+1) =

k
2=Zi2+(k+1)2
i=1
Kk D@k D)
N 6
:kL61[2k2+k+6k+6]

+ (k+ 1)?

k+1

= T(k +2)(2k +3)

Ck+D(k+D)+DRK+1)+ 1)

= : .
Thus the formula also holds far = k + 1. By induction,
it holds for all positive integers.
The formulay [ ;r'=1 = (r" — 1)/(r — 1) (for r # 1)
holds forn = 1, since it says = 1 in this case. Now
assume that it holds fan = some numbek > 1; that is,

Sk ri=1 = (k- 1)/ —1). Then forn = k+1, we
have
k+1 [k K+l
-1 r -1
i—1 i— l _
Zr Zr =r-1t r—1 -
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Thus the formula also holds for = k + 1. By induction,
it holds for all positive integers.

39.
n
3
2
104
Fig. 5.1.39

The L-shaped region with short sidds a square of side
i(i +1)/2 with a square of sidéi — 1)i /2 cut out. Since

ii+D\%> [Gi-21i\?

( 2 )‘( 2 )
_ 2342 (123407 g
= n —i3,

that L-shaped region has area The sum of the areas
of the n L-shaped regions is the area of the large square

of siden(n+1)/2, so
(n(n + 1))

i=1

40. To show that

SO UR

n
Y oit=14+224+3+ 2

j=1
we write n copies of the identity
K+ 1% —k* = 43 +6k?> + 4k + 1,

one for eachk from 1 ton:

22— 1'=41)° +6(1)%+41) +1
F-_22=42°+6(22+42 +1
44— 3*=43)°+6(3%+4(3) +1
(n+1*—n* 4(n)3 +6(n)2 +4(n) + 1.

SECTION 5.1 (PAGE 293)

Adding the left and right sides of these formulas we get

n n n
M+ —1"=4>"j3+6> j?+4) j+n
=1 i=1 i=1

nn+ D@ +1  Ann+1)

n
=4y "%+ +
~ 6 2

Hence,

n
4Y P=m+D*-1-nn+DH@n+1)-2nn+1)—n
j=1

=n?(n+ 1)2

_n’(n + n?

The formuIaZi=1|3 = n2(n + 1)2/4 holds forn = 1,
since it says & 1 in this case. Now assume that it holds
for n = some numbek > 1; that is,

K i3 =K2(k+ 1)2/4. Then forn =k + 1, we have

41.

k+1

k

=Y i%+k+1?
i=1

_ Ke(k+1)?

=—0
(k+1)

+k+13=

2
k+ 17 21) [K2 + 4(k + 1)]

(k+ 2)%.

Thus the formula also holds for = k + 1. By induction,
it holds for all positive integers.

42. Tofind Y[, j4=1%+2"+3"+
copies of the identity

..+ n% we writen

(k+1)° — k® = 5k* + 10k® + 10k? 4+ 5k + 1,
one for eachk from 1 ton:

25— 15 =5(1)* + 10(2)% + 10(1)% + 5(1) + 1

3P - 25=512)* +102)° + 102)° + 5(2) + 1
—3°=5(3)* +10(3)° + 10(3)* + 5(3) + 1
(n+1)°— n5.: 5(n)* + 10(n)2 + 10(n)? + 5(n) + 1.

Adding the left and right sides of these formulas we get
n n n n
5% j*+10) j®+10) j2+5> j+n.
j=1 j=1 j=1

j=1
Substituting the known formulas for all the sums except
Zj”:l j#, and solving for this quantity, gives

n
2 0=

i=1

(h+1)>°-1°

n(n + 1)(2n + 1)(3n? +3n — 1)
30

181
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Of course we got Maple to do the donkey work!

=>-n®+Zn°+ —n*— n
R T
1, 1. 1. 1. 1
-6 7 6 5
=n"+Zn®+2n°-Zn¥4+ =n
B A e

1n+1n+7n 7n—|r12
8 2 12 24 12

19 18
=-n -n
9 +2 +

We would guess (correctly) that

n 1 1
leo n11+ “nl04.
i=1 2

Section 5.2 Areas as Limits of Sums
(page 299)

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

1[3 3x2 3x3 Bn]
+ + +
n n

tim_ —(1+2+3+ +n)

= lim 3 nh+1 _ 35 units
_neooﬁ 2 - E q-
y A
7(1~3)
y=3x
1234 n-10_ 1 X
n nnn n N
Fig. 5.2.1

182
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This is similar to #1; the rectangles now have width
3/n and theith has height @i /n)+1, the value of +1
atx =3i/n. The area is

& 3/.3i
A:nlimooZﬁ<2F+l>

I
=
83
3

L[]

_|_
5

— im 18n(n+1)
_nLooﬁ 2

+ 3 =9+ 3=12sq. units

This is similar to #1; the rectangles have width
(8—1)/n =2/n and theith has height the value ofx2-1
atx =14 (2i/n). The area is

n o 2
A= lim Z—<2+2—'—1>
N— 00 4 1n n

lim i n
n—co N2 Z 4

. 8 n(n + 1)
n||—>moo F 2

+ 2 =4+ 2= 6sq. units

This is similar to #1; the rectangles have width
(2 - (-1))/n = 3/n and theith has height the value of
3X+4 atx =—1+4 (3i/n). The area is

n.3 3i

A= lim Z ( 3+3= +4)

n—>ooi:1n
“mooFZH_ n

27n(n + 1) 27 33
nl—»oo?T +3= > +3= —sq units

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

2 2 2 4 2 2 2
A= lim —[<1+—> +<1+_> +...+<1+_”>
n—oo N n n n

2 4 4 8 16
n—oo N n
4n 4n2
ot e — 4 o5
n
g 8 n(n+1) n(n+1)(2n+1)
8 26
=2+4+ — = —s(Q. units
+ +3 3 q
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y=x

11+% 1+2—r?=3

Fig. 5.2.5

a
Divide [0, a] into n equal subintervals of lengthx = -

by pointsx; = %, (O <i<n). Then

i=1 i=1
(Use Theorem 1(a) and 1(c).)
_ (2)3 n(n + 1)6(2n +1 n %(n)
3
_&o+hen+dh o

6 n2
ad
Area= lim S, = — + asq. units
n— oo 3

y=x2+1 7

ol 4

X1 X2 a

Fig. 5.2.6

SECTION 5.2 (PAGE 299)

7. The required area is (see the figure)

3 3\? 3
A= lim —[(—H—) +2<—1+—>+3
n—oo N n n
6\ 6
+(—1+—) +2(—1+—>+3
n n
3n\?2 3n
+oo+-1+=) +2(-1+=)+3
n n
3 6 3 6
= lim —[(1——+—2—2+—+3>
n—oo N n n n
12 62 12
+<1——+—2—2+—+3>
n n n
6n 9n? 6n
+.~+<1——+—2—2+—+3>]
n n n

( 27 n(n+1)@n+ 1))

=i 6+ —
im +n3 6

n—oo

=6+ 9 = 15sq. units

y=x2+2x-+3

_1 X
_]_+§ _1+3—r_r|1=2

n
Fig. 5.2.7

Fig. 5.2.8

The region in question lies between= —1 andx = 1
and is symmetric about thg-axis. We can therefore dou-
ble the area betweex = 0 andx = 1. If we divide this
interval inton equal subintervals of width/h and use

the distance 8- (x2 — 1) = 1 — x2 betweeny = 0 and

183
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y = x2 — 1 for the heights of rectangles, we find that the
required area is

nn+1)@n+1)\ 4 4 .
- )= 2 £=3 sg. units

9.
Fig. 5.2.9
The height of the region at positionis
0—(1—x) =x—1. The “base” is an interval of length 2,
SO we approximate using rectangles of width 2n. The
shaded area is
N2 2i
A=n|LmOO;ﬁ <2+ = —1)
/2 4
~im (47
2 1
— lim (—” 44000 F )> —242=4 sq. units
n—oo \ N 2n2
10.
‘ 2 X
A
y =x?—2x
Fig. 5.2.10

184
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The height of the region at positian is

— (x2 — 2x) = 2x — x2. The “base” is an interval of
length 2, so we approximate usimgrectangles of width
2/n. The shaded area is

o 2/.2 4
Aznlmw;ﬁ(zﬁ‘?)
lim

8 8?
n—>ooZ R nd

im <§2 n(n+1)

8 n(n+1)(2n + 1))

n—o0 n3 6
:4——:— t
3 sQ. units
11.
yu
y=4x—x?+1
A
/ ’ ’ T4\ X
Fig. 5.2.11

The height of the region at positionis

4x — x2+1—1=4x —x2 The “base” is an interval of
length 4, so we approximate usimgrectangles of width
4/n. The shaded area is

A

O /64 642
im 2\

. (64n(n+1) 64n(h+1)@2n+1)
= Ilm | = - —
n—oo\n2 2 n3 6
64 32
=32— — = — s(. units
3 -3

b
12. Divide [0, b] into n equal subintervals of lengthx = A

ib
by pointsx; = IF (O<i <n). Then

E(eab/n)) _ Ei(em/n))i
n n

i=1

i=1
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b n i—1
- ﬁe<'°/ n Z(e(b/ ”>) (Use Thm. 6.1.2(d).)
i=1

b
_bome”™ -1

n elb/m) _1

b
_bom -1
n elb/n) _1°

b
Letr = —.
n

r 0
Area= lim S,=@€" -1 lim & lim —— |-
n—>ooS] ( )r—>0+ r-0+€ —1 |:O]

. 1 .
(e — 1)(1) r|—|>rg+ = e® — 1sq. units

13. The required area is

.2
A= lim ﬁ[2—1+(2/n)Jr2—1+(4/n)Jr..__|r2—1+(2n/n>]

n—oo
2/n

o S [ @) (@) ()]

2/n 22/n n—l

n—oo n 22/n _ 1
. 1
= lim 22" x3x ———
n— oo n(2z/n — 1)
=3 lim

n— o0 n(22/n — ]_)'

Now we can use I'Bpital’'s rule to evaluate

. 22N 0
lim n(2¥" —1) = lim [—]
n—o0 n—oo

1 0
n
-2
22/"In2 (—2)
. n
= n||—>moo -1
n2
= lim 2@+t n2=2In2
n— o0

3
Thus the area is—— square units.
5in o0

y A

=2

X
. S - - ~1420

Fig. 5.2.13

SECTION 5.2 (PAGE 299)

3 3 3
14. Area= lim 9[@) +<2_b> +...+<“_b> }
n—oo N n n n

. b*
=lm —(+22+3%+...4+nd
n—oo N
b* nP(n+1)? b*

= nI|_>mOO T = qu. units
y A
y=x3
'77 >
b 2 (-p nb_,
n n n n n—
Fig. 5.2.14
b 1/n
15. Lett = (5) and let
Xo=a, X =at, xp=at?, ..., X, =at" =h.

Thei th subinterval Xi_1, X;] has lengthAx; =

at'~1(t — 1). Since f(xi_1) = T we form the sum

Nl (L

Sq_;at (t 1)<ati—1>
b 1/n

=n(t—1)=n[(5> —1].

1 b .
Letr = - andc = " The area under the curve is

. . c -1 170
A= lm S = lim —
n— o0 r—0+ 0
. c'Inc
= lim
r—0+

b .
=Inc=In <5> square units.

This is not surprising because it follows from tbefini-
tion of In.

185
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YA
1
=3
\
18.
%
a X X2 b
Fig. 5.2.15
16.
i —
Fig. 5.2.16 19.

N2 i
S = ; - (1 n) represents a sum of areas rof
rectangles each of width/h and having heights equal to
the height to the graply = 2(1 — x) at the points
X =i/n. Thus lim_~ S is the areaA of the triangle

in the figure above, and therefore has the value 1.

17.

Xy

Fig. 5.2.17

186
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n .
S = ZZ (1— 2—') represents a sum of areasrof

iz N n
rectangles each of width/& and having heights equal
to the height to the grapg = 1 — x at the points
x = 2i /n. Half of these rectangles have negative height,
and lim_ o $ is the differenceA; — A, of the areas of
the two triangles in the figure above. It has the value 0
since the two triangles have the same area.

1 X
Fig. 5.2.18
N, 2n+3i n1 3j
S = 2; o = X; - 2+ ) represents a sum
= i

of areas ofn rectangles each of width/h and having
heights equal to the height to the graph= 2 4 3x at
the pointsx = i/n. Thus lim_ . $ is the area of the
trapezoid in the figure above, and has the value
12+5)/2=7/2.

=L ()

= sum of areas of rectangles in the figure.

Thus the limit of S, is the area of a quarter circle of unit
radius:

. /4
n||—>moo S= 4’
y A
y=+/1-x2
1 2 n-1 D_ g
n n n N
Fig. 5.2.19
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. .. Y 4
Section 5.3 The Definite Integral t y=cosx
(page 305)
fx)=xon[0,2], n=8 /2 T .
o 011315371 /2 m X
Tlhrzerrryw
1 1 3 5 7 7
L(f’PS)ZT[O+Z+E+Z+l+Z _+Z]=Z
2—-0 1 3 5 3 _ 9 Fig. 5.3.6
U(T, Pg) = —— [4+2+4+1+4+2+ +2]—4 1 L
7. r1:(x):xon[o,1]. Po={02%2,..., 22 0 we
f(x)=x?on[0,4], n=4 ave
4-0 1 1 2 n—1
L(f, P4)=(—)[o+(1)2+(2)2+(3)2]=14. L(f, Pn)zﬁ<o+ﬁ+ﬁ+ o
4-0 1 n-n n-1
U1, Py = (—)[(1)2+(2)2+(3)2+(4)2] —30 = =
101 2 3 n
U(f, Pn)_—( +—+—+---+—)
f(x)y=e*on[-2,2], n=4. n n.n n
@1 :i.n(n+1)n:n+1
L(f, P4)=1(e‘2+e‘1+e°+e1)—ez( 5 ~4.22 n2 2 2n -
et 1 Thus limh— oo L(f, Pn) = limno oo U(F, Pp) = 1/2.
U(f,Pp) =1+l +el+e?) = e ~ 1148, If P is any partition of [01], then
n+1
f(x)=Inx on [L2], n=5. L(f.P) = U(f. Pn) = on
2-1 6 7 8 9 .
L(f,Ps)=(—=)[InN1+In=+In=+In=+1In= for everyn, soL(f, P) < limn_oU(f, Pn) = 1/2.
S S > > > Similarly, U(f, P) > 1/2. If there exists any numbdr

~ 0.3153168
2-1

U(f,P;):(—) [Ing+lng+lng+ln§+ln2]

5
~ 0.4539462

f(x) =sinx on [0,z], n=6.

(14 +/3) ~ 1.43,

oly ol oly ol
I I

(1 V3
S+ X2 1414
5t Lt

(3++/3) ~ 2.48

~|$

f(x) =cosx on [0, 2z], n=4.

2 3
L(f, Py = (Tﬂ) [cos% + cosrt + cosw + cos—”] = —7.

2 3
U(f, Py = (Tﬂ) [cosOJr cos% + cos% + cosZr} =

such thatL (f, P) < | < U(f, P) for all P, thenl can-

not be less than 1/2 (or there would exisPa such that
L(f, Py) > I), and, similarly,I cannot be greater than

1/2 (or there would exist &, such thatU (f, P,) < 1).
Thus| = 1/2 and [} xdx = 1/2.

8 f(x)=1-x

We have
L(f, Py = 2
=2-
2
U(fa Pn) - ﬁ
2
a n

2

on[02]. Py=1{024 . 22

()4 (-3

4 0.
"l

4 n(n+1) 2

—2_

n2 2

((-5)+(

nZZ'

4 (n—l)n

n2 2

2
Thus/ (1-x)dx=0
0

2
1- =2

2

>+...+
n

(1_

=ﬁ—>0asn—>oo.

— — 0 asn — oo,

2n—2

187
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fx) =x3on[0,1]. P, ={0,2,2, ..., 221 0} We 14
have (using the result of Exercise 51 (or 52) of Section )
6.1)
15.
1(/0\ [1)\3 n—1)\3
=3 (- (5)
n\\n n n
_A15Rs_ 1 -1
ot nd 4
- ) 16.
1(n—1)
=_(— ~ asn— oo,
4 n
17.
1(/1\* [2\° n\3
U(f,Pn)=ﬁ<<ﬁ) +<ﬁ) ++(ﬁ)>
1 & ;3 1 nd(n+1)?
“mX=n
I=
1(n+1)2
= — —asn— o
4 n
1
Thusf X dx—}
0 4
f(x) =€ on[03]. Py={032 28 .. 33311 we

n
have (using the result of Exercise 51 (or 52) of Section
6.1)

3
L(f, Py =~ (eo/” 43/ 4 e¥/n +---+e3(”‘1)/”)
o 3en_1  3e-1
T ne¥n—1" neEn-1’
3
U, Po) = = (e3/” L L B e3”/”) — ¥/NL(f, Py).

By I'H opital’s Rule,

. . oedn_1
lim n@Ee¥" - 1) = lim
n—oo

n— oo 1/n
i e/N(-3/n?) 3" s 18.
= —-1/n2  neoo 1 T

Thus

3
lim L(f, Py) = lim U(f, Pn):e3—1:/ e* dx.
n—oo n—o0 0

=

n

1 /i—-1

lim ) —==] xdx
=,

n
. /4 .
lim Z—sm— —f sinx dx
n—>o<;>i::L n 0

188
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o2
n&mm;ﬁm(u

; 2
2—') =/ In(1 + x) dx
i= n 0

1 2i—1 1
lim Z—tan—1 (I—) :/ tam1x dx
n—oof=n 2n 0

2i -1 i—1 i
Note that ! is the midpoint of[l—, I—].
2n n n

_/1 dx
N 0 1+ x2

a . .
andxi =a-+iAx where 1<i <n-—1.

lim Xn: n__ lim anl !
n— 00 “ nZ 4+ i 2_n—>ooi=ln ]_-|—(i/n)2

b—
Let AX = .
Since f is continuous and nondecreasing,

L(f, Py) = f(@Ax + f(x1))Ax+
f(xQ)AX + -+ -+ f(Xn—1)AX

—a n—1
2@y fon)
i=1
U(f, Ph) = f(x)AX+ f(X)AX + -+
f(xn—1)AX + f(b)Ax

b—a[tl
=— [;f(xi)+f(b)].
Thus,
U(f, Py) — L(f, Pp)

_b-a [Zf(x.)+ f(b) — f(a) — Zf(x. ]

_ (b a)(f(b) — f(@)
. .

Since
lim [U(f, Py) — L(f,P—-n)] =0,
n—o0

therefore f must be integrable ora[ b].

P={Xo <X1 <+ <Xn}

={Xo <Xp <--- <Xj_1 <X <Xj <--- < Xn}.
Let mj and M; be, respectively, the minimum and max-
imum values off (x) on the interval Xi_1, x;], for
1<i<n. Then

L(f, P) = mi(x —x-1),
i=1

U(F,P) =) Mi(x —X-1).
i=1

If mg and Mjf are the minimum and maximum values
of f(x) on [xj_1, x], and if m]f’ and Mj” are the corre-
sponding values forx, x;], then
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Therefore we have 4
y=3x+1
m;j (Xj — Xj—1) < m} (X' = xj—1) + mj/(Xj —x)),
Mj (Xj — Xj—1) > Mj’(x’ —Xj-1) + Mj”(xj —x).
HenceL(f, P) < L(f, P") andU(f, P) > U(f, P').
If P” is any refinement oP we can add the new points R
in P” to those inP one at a time, and thus obtain 2 X
, , Fig. 5.4.4
L(f, P) < L(f,P"), U(f, P") <U(f, P).
2 2
b b a
5. [pxdx= -3
y A
Section 5.4 Properties of the Definite Inte- y=x
gral (page 310)
b c a
1. / f(x)dx+f f(x)dx+f f (x) dx a b X
b
: y Fig. 5.4.5

C (o3
:f f(x)dx—/ f(x)dx =0

a a
6. [ (1—2x)dx=A1— A =0

2 3 3
2. /OBf(x)dx—i—/l ?»f(x)dx—/O 2f(x) dx

2
—f 3f(x)dx
1

1 2
:/ (3—2)f(x)dx+/ B+3-2-3)f(x)dx
0 1

3
+f B-2)f(x)dx Fig. 5.4.6
2
3
— [ fooax 7. [ VTRt = (VD =
y y=+/2-12
1
3. [5x+2dx= @@ =8
y4 2.4 % % .t
-2 N
Fig. 5.4.7
y=x+2 /|2 0
8. / V2 — x2dx = quarter disk= }71'(\/5)2 _
_J? 4 2
_2 2 X= T
Fig. 5.4.3 9. - sin(x®)dx = 0. (The integrand is an odd function
and the interval of integration is symmetric about 0.)
4, f02(3x + 1) dx = shaded are& 3(1+7)(2) =8 10. [° (a- Is|)ds = shaded aree 2(3a?) = a?

189
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y=a-|s|

AT N

Fig. 5.4.10

11. (Y -3B +r)du=x [ du=2zx
y A

Fig. 5.4.11

12, Lety=v2x—x2= y? + (x —1)? = 1.
2 1
V2x — x2dx = shaded area =7 (1)2 = —.
2 2
0

Fig. 5.4.12

4
13. f (e — e *)dx =0 (odd function, symmetric interval)
-4

3 3 3
14. /(2+t)\/9—t2dt=2/ \/9—t2dt+/ tv/9 —t2dt
-3 -3 -3

1
:2(57132) +0=09r

1
15. / V4 —x2dx = areaA; in figure below
0

1 .
= Z‘rarea of circle— areaAy

(see #14 below)

_1 5 2 J3
ﬁﬁ”“‘(?‘?)

+

wl
NG

190

16

17.

1

oo

19

ADAMS and ESSEX: CALCULUS 8

Fig. 5.4.15

2
. f V4 —x2dx = areaA; in figure above
1

= area sector PO@- area triangle POR
1 1

=-x2%) - Z(1)V3
s@2) = S(WV3

B 2 J3

3 2

2 2 33
/ 6x2dx:6/ x2dx =6— =16
0 3

0

3 3 2
. f (x2—4)dx:f xzdx—f x2dx — 4(3—2)
2 0 0

3
2 2
. /(4—t2)dt=2/ (4 —t?)dt
-2 0
3

20.

22.

N

23.

24,

3P 28 7
— 4 =
3 3

:2(2(4)—%> _32

3
2 28 22 2
2
_odp =2 -2 %
(w°—v)do 3 > 3
! 1?1
. f(x2+\/1—x2)dx:§+z(n12)
0
_1+7r
3 4

J

41

6 6 6
f x2(2 + sinx) dx :f 2x2 dx +/ x2 sinx dx
-6 -6 -6

6
4
=4/ x?dx +0 = 5(63)=288
0

2

1

/ —dx=1In2
1 X

4 2
—dt:f }dt—/ }dt
t 1t 1t

=In4—In2=1In(4/2) =In2
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INSTRUCTOR’S SOLUTIONS MANUAL SECTION 5.4 (PAGE 310)
1 1 1/3 1 1 y
25. f —dt:—f —dt=-In==1In3
13 1 1t 3 1 Y=g
3 1 3 1 1/4 1
26. / —ds:f —ds—f Zds -t R
1/4 S 1 S 1 S X
1 p
=In3—In2 =In3+In4=1In12 ?-1
1 4
27. Average = —/ X+ 2)dx Fig. 5.4.33
4-0 J,
1[1 )
—>|Z¢4 )+2(4)] =4
412 34. Let
b _J1+x ifx<0
28. Average:if (X + 2)dx o) = {2 if x > 0.
b—al/;
111, Then
_b—a[Z(b a‘)+2b a)]
2
_ %(b ta)+2= 4*%“’ f f(x) dx = aredl) + area?) — ared?3)
-3
1 z =2x2+ i)W - 3@ =25
29. Average = ——— (1 + sint)dt )+ 20 -39 2
T —(-7) /)
T T Y 4 _
:iU 1dt+f sintdt] y=2
2r - - 3
1 ) |
=7 +0]=1 i
2r >
2 X
1 3, 13
30. Average_ﬁ A X dx_§§_3
1 2 2\1/2
31. Average value= ﬁfo (4 — x9)7=dx Fig. 5.4.34
1
= E(shaded area
1/1 . 2 1, 2
= (Zz@?%)=2 35. f xdx:/xdx+/xdx
2(4”( ) ) 2 0 90%) 0 1
ya 1 22-12 1
y= 4—X2 = ? —‘r 2 = €
3 2 3
36. f |2—x|dx:f(2—x)dx+/(x—2)dx
0 0 2
x2 ? x2 :
. =(2x—?> +(5—2x>
> 0 2
? 42042 G-244=>
- 2 T2
Fig. 5.4.31
2
21 _ /a_ x2
32. Average value= ———— [ =ds 37. 1= / 4 — x2sgr(x — 1) dx
2—(1/2) Jip2 s 0
2 1 4 = areaA; — areaAo.
=§<ln2—|n§>=§ln2 Area A; = 1722 — 1(1)(V3) = 37 — V3.
, Area A = 1122 areaA; = in + /3.
33. [fsgnxdx=2-1=1 Thereforel = (z/3) — v/3.
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7 /3

A2

_/

Fig. 5.4.37

38. [3°[x]dx = shaded area 1+ 2+ 1.5= 45.

Ya

y=1x]

Xy

39.

y=|X+1I—|X—1I+|X+2|/

www.konkur.in
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!
+

Xy

Azg ‘ 3

Fig. 5.4.40

3,2
x2 — x

/—dx

o Ix—=1

= areaA; — areaA,

1+3 1 7
= T(z) - 5(1)(1) = E

2
41. Average = —f [X + 1|sgnx dx
2

2 0
f(x+1)dx—/ |x+1|dx>
0 -2

<1+3x2—2x%xlxl>

Alw

vt 2,3)

\A/

Fig. 5.4.39

4

/ (Ix+1 —|x =1+ |x+2))dx
-3

= areaA; — areaAy

15 5+8 1+2
)
2§)+

1+2

40.

192

X =X+1

1 As

IA}Zl 2 X
. 1

Fig. 5.4.41

11 41

7 O D5 W=530=75 4 ijuy-de:/bumdx—fbfm

b
=b-af-f[ d
b-a)f—f [ o
=b-af-b-af=0



www.konkur.in

INSTRUCTOR’S SOLUTIONS MANUAL SECTION 5.5 (PAGE 316)
b 2 7/3 /3 _
43, / (f (x) — k) ax 11. / sinfdd = —cosd| = v2-1
a /4 /4 2

:/ab(f(x)>2dx—2k/: f(x)dx+k2f:dx

= /b(f(x))zdx—2k(b—a)f+k2(b—a)

—(b—ayk — f)2+fb(f(x))2dx—(b—a)f2 13. /ﬂ edx = ¢"

2
12. / (1 + sinu) du = (u — cosu)
0

0

A

=€ —e"

This is minimum ifk = f. 5

14. / (€ — e *)dx = 0 (odd function, symmetric interval)
Section 5.5 The Fundamental Theorem of -2
Calculus (page 316)

e X e _
15, /ade:a_ _a-1
2 412 16-0 0 Inal, Ina
1. /xgdx=— == " _4 .
4 2 ..* 16 B “In2|, In2 2In2" 2In2
2. /ﬁdxz_x3/2 _16
0 3 o 3 L gy L
17. —  —tanlx il
19 =1k / 5
3. / —dx=— =-1-(-2)=1 114X )
12 X2 X |12
1/2 dx 1/2 .
111 11\t 18. / =sinlx| ==
LG e
-2 \X X X 2X _2
1 (1 1\ 7 1 gx |t
:1 - — — — = — — '—l_
+2 <2+8) 8 19. [174_)(2 sin 3|,
2 2 I S !
5. f(3x2_4x+2)dx:(x3_2xz+2X) -9 =sin E_Sm —5
. ) -1 (3)-1
2 3 NG =5 "8)=3
6. f()%—%)dx:(—x—lz_%> =-9/8 .
1 1 0
2 2 20. / %:%tan‘lg :O——tan‘l(—l):%
7. /(x2+3)2dx=2f (x* 4 6x2 + 9) dx 2 -2
_2 0
1
5 2 1.4 X5 1 ]
X S = — - —
=2<€+2x3+9x) 21. AreaR= [yx*dx = 5|, = =50 units
0
yl
32 404
:2(—+16+18):_
5 1Ly
8. /g(f—i>dx:gx3/2—2ﬁg
4 VX 3 4
2 2 32
=|29%2-2/9| - |Z@¥?2-2va| ==
3 3 3 =
—7/6 —/6
9. / cosx dx = sinx
o A Fig. 5.5.21
_ 1,1 _2-y2
2 V2 22 @ &
/3 /3 22. Area:f ;dlenx
T e e
10. fo se@@de_taneo _tang_\/ﬁ =Ine’? —Ine=2—1=1 sq. units.
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Fig. 5.5.22

4
23. AreaR= —f (X% — 4x) dx
0

www.konkur.in

ADAMS and ESSEX: CALCULUS 8

Thusx = 1 or x = 2. The indicated region has area

2
AreaR:l—f (x? — 3x + 3)dx
1

3 2
X 3x
(3 2+X>1

8 1 3 1 .
=1—<§—6+6—[§—§+3]> =6sq. units

2

y A
x3 4
- (E — 2)(2) y=x2—3x+3
0
64 32 .
= (E - 32) = —'50. units a y=1
y A
{1 g 1 2 x'
R Fig. 5.5.25
y=x?—4x 26. Sincey = /X andy = g intersect where/x = g that
] is, atx = 0 andx = 4, thus,
Fig. 5.5.23
24. Sincey = 5—2x —3x? = (54 3x)(1—x), thereforey = 0 /4 fA' X
. ) Area—= dx — —d
atx = —2 and 1, andy > 0 if —2 < x < 1. Thus, the rea Oﬁx , 2%
- 73 3
area is ~ 2)(3/2 42t
1 1 37 o 4o
/_1(5—2x—3x2)dx:2f0(5—3x2)dx 16 16 4
1 —3 3 3
= 2(5x — x%)
0 . Va
=2(5-1) =8 sqg. units.
Ya y:ﬁ 4,2)
79 y=Xx/2
M
‘ 1 Fig. 5.5.26
I VX
Fig. 5.5.24

25. For intersection ofy = x> — 3x + 3 andy = 1, we have

x2-3x+3=1
X2 —3x+2=0
(X —2)(x—1)=0.

194

27. AreaR =2 x shaded area
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y Ya
x=y? (1.1 § ANy =€
R 3 >
y=x2 —a X
X
Fig. 5.5.30
Fig. 5.5.27 .
31. Area R= (1 — cosx) dx
0
2
28. The two graphs intersect &3, 3), thus = (X — sinx) " 27SQ. units
0
3 , 3 vt
Area= 2/0 (12— x%)dx — 2]0 x dx y=1—cosx
3 3
1 1
= 2(12x - —x3) - 2(—x2>
3 0 2 0
=2(36—9) — 9 =45 sq. units. R
2nX‘
Fig. 5.5.31

27

27 3
32. Area:f x 13dx = “x%/3
1 2 1

3 3
= 5(27)2/3 — 5 =12 sq. units.

Fig. 5.5.28
Ay

1 1
29. AreaR:/ xl/sdx—f x1/2 dx
0 0

1 1

3.4 2 3 2 1 :
=x¥3| —Zx¥? =Z - Z = —sq. units
2,73 |, TaT T 1
v 4 1 27 X
Fig. 5.5.32
3 /2 /2 3 /2
33. f |cosx|dx:f cosxdx—/ cosx dx
0 0 72
/2 3 /2
= sinx — sinx
0 /2
X —1+1+1=3
Fig. 5.5.29
3sgn(x —2 2d 3d
34. fwdx:—/ —X+f &
1 x2 1 X2 2 X2
0 2 3
30. Area:ff)ae—xdx=—e—X =e*—1 sqg. units. _oy_t
X[1 X[, 3

—a
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0
35. Average value a9 /co 1 _ dx
1 2 do Jsing 1—x
:—f 1+ x + x4+ x3) dx d cosd 4 sing q
) Al e [ e
1 X2 XS X4 2 de a 1—-x a 1-x
:E(X+7+§+Z) _ —sing cosy
L g 16 0 T 1-coghd 1-sirh
=z 2+2+—+4>=—. _ 1l s —sew
2 ( 3 3 sind  cosd s se
1 2 '
36. Average value= 7/ e dx 45. F(© :f cog(x?) dx
2—(-2) J-2 0
2 VX
_1(1s Fx) = [ cost?)du
a\3~ )|, 0
1 iF(\/i) = COSsX 1 _ cox
=5 -, dx TETOX T 2%
2
1/In2 x |12 46. H(x) = 3xfX e Vidt
37. Avg. :—f 2%dx = (In2) — =e-1 4
1/In2 Jo In2j, 2
X
38. Since H(x) = 3/ e Vdt + 3x(2xe ™)
) = 0, f0o<t<1, 44
IM=11 if1<t<3, H'(2) = 3/ eVidt + 3(2)(4e2)
4
i 24
the average value aj(t) over [0,3] is —30) + ose2 _ 24
e?
1 1 3 1 3 X
5[/0 (O)dt+/l 1dt]:§[0+t } 47, f(x)=n+7r/l f(t)dt
1
21(3_1)=g. f'x)=nf(x) = f(x)=Ce*
3 3 r=f1)=Ce® = C=re"
f(x)=m e,
X Qi H X
30. i/ SInt ¢ = Sinx 48, f(x):l—/ f(t) dt
dx J, t X 0
ffx)=—Ff(x) = fx)=Ce*
3 o t ai i
40. % ﬂdng[_ ﬂdx]z_%”t 1=f@O=C
t X 3 X f(x)=ex
a1 d 0 sint =~ d x? sint at 49. The function ¥x2 is notdefined (and therefore not
Todx Sy t T odx Jo t continuous) ax = 0, so the Fundamental Theorem of
sinx2 sinx2 Calculus cannot be applied to it on the intervall] 1].
=X T e Since ¥x? > 0 wherever it is defined, we would ex-
1d
q 2 ginu pectf x_)z( to be positive if it exists at all (which it
2 -1
42. % /o — v doesn’t).
X2 o X2 X sint sinx
sinu d sinu 50. If F :f = dt, thenF/(x) = d
o [0 Sauee g [0 S a 00 = |, T b thenF'00 = 7755 an
°. 0 F(17) =0.
2xfx sinu du 4 X2 [2xsinx2] , 1
= _ 2X—X
0 ] u X2 51. F(Xx)= /] cos<1+t2> dt
X sinu 5
— 1
- 2xf0 u du + 2x sin(x%) Note that 0< —— < 1 for all t, and hence
1+1t2
d [t cosy cost 1
43. a/_ﬂryzdy_m 0<cos(1)§cos<1+t2)§1
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The integrand is continuous for dl] so F(x) is defined
and differentiable for alk. Since

liMy—s 100 (2X — X2) = —o0, therefore

liMy_ +00 F(X) = —00. Now

oy (o 1
F'(xX) =(2-2x) cos<71+ > x2)2>

only atx = 1. ThereforeF must have a maximum value
atx =1, and no minimum value.

5 5 5
52.  lim E|:<1—i—£) +<1+g> +...+<1+E>i|
n—oo N n n n

= area belowy = x>, abovey = 0,
betweenx = 1 andx =2

2 2
1
=/ x®dx = =x8
1 6

. T LT . 2r . nm
53. I|m—<sm—+sm—+~-+sm—>
n n n

n—oo N

1 21
=22-1n="=
8¢ V=3

1

= lim sum of areas of rectangles shown in figure

n—oo
a
=2

T
=f sinxdx = — cosx
0 0

y 4

y=sinx

Fig. 5.5.53

54. gim (40 [
" nsoo\n2+1 n24+4 n2+9 2n2

Y (L S
T nsoon\n24+1 n24+4 n249 2n2

1 1 1 1

_ni—>moon 1 2+ 2 2+
1+(_) 1+(—)
n n

= area belowy =

1
—, abovey =0,
14+ x2 y

betweenx =0 andx =1

1 1 1
=/ —— _dx=tanlx
0 1+ x2

0

SECTION 5.6 (PAGE 324)

YA
1
mine
/ I~
1 2 ;
non 1
Fig. 5.5.54

Section 5.6 The Method of Substitution
(page 324)

fe5‘zxdx Letu =5— 2x
du = —2dx

1[0, 1 1
=—=[e'du=—-Ze"+C=—-=
2/ 2 +

5—2X
e C.
> +

fcos(ax+b)dx Letu=ax+b
du = adx

1
:—fcosudu:isinu—kc
a a

1
=3 sin(ax + b) + C.

f\/3x+4dx Letu=3x+4
du = 3dx

1 2 2
= §ful/zolu = §u3/2+c = 5(3x+4)~°’/2+c.

du = 2e® dx

fezx sin(e®)dx Letu = e*
1 ) 1
= Efsmudu = —Ecosu+C

1
=-3 coge®) + C.

x dx

m Letu=4X2+1

du = 8x dx

1 _5 1 4 -1
== du=—— Ce— -
8[“ U="Y Tt T ey d T

fSi:]/%/idx Letu = /X

du = dx
=25
:2/sinudu:—2005u+c
= —2cosyX + C.

C.
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7. /xexzdx Let u = x2

du = 2x dx
10, 1 1,
= - du=Z&"+C = Z¢&* C.
2[ u 2e + 2e +
8. /x22xs+1dx Letu=x3+1
du = 3x2dx
1 12
== [ 2%du==—+C
3] 3In2+
2X3+1
=-__+cC.
3In2+
cos .
9. /mﬁdx Let u = sinx
du = cosx dx

_/ du
I T

1. _4u 1. /1
=—tan "=+ C = —tan = sinx C.
2 2 + 2 (2 >+

10 / sec'x dx Letu = tanx
V1-tartx du = se@ x dx
_ du
V1o
=sintu+C

= sin~1(tanx) + C.

X
11, [ g«
ex—-1
ex/2 e—x/2
= ﬁdx LetuZeX/Z—e_X/z
du = 3 (e¥2 + e7/2) dx
d
:2]7“:2|n|u|+c
:2In‘ex/2—e‘x/2‘+C:In‘ex+e‘x—2‘+C.
12. /lnTtdt Letu =Int
dt
du= —
t
1 1
= [udu=Zu?+C=2(nt)2+C.
/ S0+ C= St +
ds
13. /7 Letu=4—>5s
VA=5S 4, — _5ds
_ 1 du
- 5/ Ju
2, 2
=—-u’?y+Cc=-=JV4-5s+C.
5U + 5 +
X+1
14. — = _dx Letu=x2+2x+3
VX2 4+2x+3

du = 2(x + 1) dx
:%f%du:ﬁ+€=\/x2+2x+3+c

198
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15.

16.

17.

18.

19.

20.

21.

22.

ADAMS and ESSEX: CALCULUS 8

t
/7dt Letu = t2
_t4
va-t du = 2t dt
_1[ du
2] Va2
1. _,u 1., (t?
=—sin =+ C = =sin — C.
pSN Tt =5 (2 +

2
f—dx Letu = x3
24 x8 2
du = 3x“dx
1

= f du__ 1 tan‘l(u>+c
T 3) 24u2 32 Nz

1 _1(x3>
= ——tan — | +C.
3V2 V2
dx _/e‘xdx
eX+1 ) 14ex

Letu=1+4+¢e%
du = —eXdx

d

=—f7u=—In|u|+C=—In(l+e‘X)+C.
f dx e* dx
eX+eXx | exX41

du
=fu2+l=tan‘1u+c

=tanleX +C.

Letu = &*
du =e*dx

ftanx Incosxdx Letu=Incosx
du = —tanx dx

1, 1 2
_—fudu_—éu +C_—§<Incosx) + C.

X+1 dx
V1 —x2
x dx / dx
= —/—+ [ —— Letu=1-—x?
J1 = x2 /1 x2
1-x 1-x du = —2x dx
in the first integral only

1 du — ]
=—— | —+sin*x=—-yu+sin " x+C
2] & Vi+sin s

=—V/1-x2+sintx+C.

dx dx
P rex+13 ) (1324 etu=x+3
du = dx
du 1 L u
=[] 0—=ZtanlZ+C
/u2+4 2 2+
1 X+3
— a2y

C.
2 2

f dx _ dx
VEir2x—x2  /5-(1-x)72

Letu=1-x
du = —dx

= _sint ({;;) +C=sin? (%) +C.
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23. / sin® x co® x dx

= /sinx(coéx —cod x)dx Letu = cosx
du = — sinx dx

=/(u7—u5)du
ut  ub cofx cofx
Y - C.
8 6 + 8 6 +

24, /sin“t cot dt

= /sin"’t(l —sirPt)®costdt Letu = sint
du = cost dt

5 27 9
=/( b pddu=L oM Y e

5 7

1 2 .4 1 .4
= —sirt—=sin't + =—sin°t + C.
5 7 +9 +

25. /sinax cofaxdx Letu = cosax

du = —asinax dx
1
- ——/uzdu
a

= US+C 1cos°’ax+C
T 3a T 3

26. /sinzxcogxdx=f(smzzx>2 dx

_ 1/1—cos4<dx_x sin 4x
T4 2 ~ 8 32

+C.

B 3
27. /sin%dx:/(%) dx

1
= gf(1—3c052<+3co§2x—co§2x)dx

X 3sin X
8 16

3
— |1 X)d
16/(+cos)x

1
—éfcosa(l—sin22x)dx Let u = sin
du = 2cos X dx
Bx  3sinX 3S|n4x
= /(1—u2)du

9

16 16

5x  3sinX 33|n4< S|n2x sim3 2x
=16 16 ' 64 16 48
_ 5 sinx  3sin& | sin®2x c
“T6 a4 " ea T
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+C

28.

29.

30.

31.

32.

33.

SECTION 5.6 (PAGE 324)

codt x dx =

/ [1 + cog2x)]? d
4

1
=3 / [1 + 2cog2x) + cog(2x)] dx

sin(2
:2 I(4X) 8/1—#005(4x)dx
_ X sin(2x) X sin(4x) ic
4 4 8 32
3x  sin(2x)  sin(4x)
— C.
8 + 4 32 +

fseé xtanxdx Letu = secx
du = secx tanx dx

5
4 u se® x
= udu:— C= C.
f 5+ 5 +

fse@xtanzxdx

= fse@xtar?x(lﬂanzx)zdx Let u = tanx
du = se@x dx

1 2 1
:/(u2+2u4+u6)du=—u3+—u5+—u7+c
3 5 7
1
:§tan3x+ tarf’x+7tan7x+C.
f\/tanxseé‘xdx

:f\/tanx(l—ktanzx)se@xdx Let u = tanx

= sed
:f(um 5/2) N du = sec x dx

2u3/2 2u7/2
= — _— C
3 + 7 +

3/2 72

2
= é(tanx) + (tanx)
fsin‘z/sxcos°’xdx Let u = sinx
du = cosx dx

1—u? 3
=f—u2/3 du=3u¥3 - Zu"¥4+C

. 3 .

=3sin/3x — ?smmx +C.

fcosx sin*(sinx)dx  Let u = sinx
du = cosx dx

2
=fsin4udu=f<$> du

1 1 4
=Zf<1—200521++c%> du

_ 3u  sin2u n sindu
~ 8 4 32

3 1 1
= —sinx — = sin(2sin — sin(4sin C.
8|x 4|(|x)+32|(|x)+

+C
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34, / sin’(In X)XCO§(|n X) dx Letu = sin(Inx)
U— cogIn x) dx
X
1 1

_/u(l u)du 4u 6U +C

_1 sin*(Inx) — 1 sir’(Inx) + C

= 4 6 '

Siré x

35. /@ dx

=/tar?xse@xdx Let u = tanx
du = seé x dx

—/uzdu— u3+C— 1tan?‘x—kC
- 3 3 '

co x

36. /snn3x dx=/tarr°’xsecxdx

= /(se@ X —1)secxtanxdx Letu = secx
du = secxtanx dx

/(uz—l)du=%u3—u+c

= Isedx —sexx +C.

37. / cs@ x co x dx

= / csex cotx csé x(csé x — 1) dx

Let u = cscx
du = —cscx cotx dx

:—/(u8—2u6+u4)du

9+7 5

1 2 1
:—§csc9x+?csc7x—gcscr’x+c.

38. /COéde=/col“xcsé"xdx

sin8 x
:/col"’x(1+cotzx)csc.2xdx Let u = cotx
du = —cs@xdx
4 2 d u> o’
/u (1+udu 5 7 +

1 1
= —-coPx— Zcot' x+C.
5 7

200

39.

40.

41.

42.

43.

44,

ADAMS and ESSEX: CALCULUS 8

4
f x3(x?4+1)72dx Letu=x2+1, x2=u-1
0 du = 2x dx

1 17
= Ef (u—1u=Y?du
1

17
1(2 302 o002

= (Zu¥? -2
2<3 1

:17J£7—1_(m_1):14gf7

winN

+

Letu=rxInXx

Ve sin(r |

/ sin(z nx)dx

! du=Zdx
X

X

/2

1 (72 1
:—f sinudu = —— cosu
T Jo T

0
1

T

/2 /2 _ 2
f sin® x dx =f (ﬂ)
0 0 2

1 [7/2 1+ cos &
=—f <1—20052<++7) dx
0

= _1(0_ 1) =

4 2
3 /2 sin2x”/2+sin4x ”/Z_Sn
8 |, 4, 32, 16
T
f sin® x dx
/4
T
=f (1 —cogx)’sinxdx Letu = cosx
/4 du = —sinx dx
-1 2 1/4/2
=—/ Q-2 +uHhdu=u—Zud+ U
12 3 5 14
11, <1+21>—43+
V2 32 2002 3 5/ 6042

¢ dt
Tt Letu =Int
e
au— ot
t
2d 2
=f —u=Inu‘ =In2—-Inl=In2
1 U 1

72/9 23inﬁ cos
f de Let u = siny/x
72/16 ﬁ COSﬁ
du = dx
2/%

V372 uy (V3/2
= 2/ 2Ydu = 22)

2 V32 1/7/2
= (2v3/2 _2WV2
In2( )

8

15
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/ VIFcosxdx = / [2c02 X dx 49. We start with the addition formulas
co9X + Y) = COSX COSy — sinx siny
N f/ COS dx = 2v/2 Sln2 o 2 cogX — y) = COSX cosy + sinx siny
/ v1-—sinxdx and take half their sum and half their difference to obtain
/1— - _ 1
/ COS dx I(;Et u= d2 X COSX COSYy = > (cos(x +y)+ cosx — y))
u=—dx
L 1
/ V1= cosudu sinxsiny = E(cos{x—y)—cos(x+y)>.
/ [2sire Y du Zcosg) i Similarly, taking half the sum of the formulas
= 2|,
= —24+2/2= 2(\/— —1). sin(x + y) = sinx cosy + cosx siny

2 sin(x — y) = sinx cosy — cosxsiny,
46. Area= / ———dx Letu=x%2+16
0 )(2 + 16 .
du = 2x dx we obtain
1 (0dqu 1, |*®°
= = — ==Inu 1
2 fla u 2 16 sinx cosy = > (sin(x +y) + sin(x — y)).
1 1 5
= E(In 20—1In16) = > In (Z) sg units

47 2 xdx )
du = 2xdx
1 (% du 1 ul®
— _/ - — Ttaml:z —sq units /cosax cosbx dx
2Jo u2+16 8 4], 32
vt = % /[cos(ax — bx) + cogax + bx)] dx
1 1
y=ﬁ =5 / cosfa — b)x] dx + > f cosfa + b)x] dx
Let u = (a— b)x, du = (a — b)dx in the first integral;
R ’\ let v = (a+ b)x, dv = (a+ b)dx in the second integral.
X = ! /cosu du + ! /cos d
~ 2a—b) 2(a+b) v
__1[sin[(a—b)x]  sin[(a+ b)x] LC
T2 (a—b) (@+h) ’
Fig. 5.6.47
g /sinax sinbx dx

48. The area bounded by the ellipge?/a2) + (y2/b?) = 1 is 1
=5 /[cos(ax — bx) — coqax + bx)] dx

/ b /1_ x“ dx Let x — au 1 [sin[(a— b)x]  sinf(a + b)x]} L
2| @@a—b @+b)

dx = adu

_ 4abf /1—u2du /sinax cosbx dx
0

1 H .
=5 /[sm(ax + bx) + sin(ax — bx)] dx

The integral is the area of a quarter circle of radius 1. 1
Hence = E[/ sin[(a + b)x] dx + / sin[(a — b)x] dx]

2 —
Area= 4ab <E(4) ) = rab sg units —% [cos[(a+ b)x] | cosf(a - b)x]

(a+hb) (a—b) ]+Q
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51. If m andn are integers, anth # n, then For m = 0 we have
- T T
f COSMX COSNX { 4 / f (x) cosmx dx = / f (x) dx
_z | sinmxsinnx - -
1 /" _2% i dx
=5 f_” (cos(m —n)x £ cogm + n)x) dx 2 ).,
. . T k
- 1 (sin(m — nx + sin(m + n)x + Z (an cognx) + by sin(nx)) dx
2 m-—n m-+n _,r n=1
=0+0=0. = 220)+0+0=aor.
T
f sinmx cosnx dx
-z so the formula foray, holds form = 0 also.

= % fﬁ (sin(m + N)X + sin(m — n)x) dx

-7

Section 5.7 Areas of Plane Regions

_ _1(cosm+mx  cosm—nx i (page 328)
2 m+n m-—n . L
= 0 (by periodicity). 1. AreaofR= f (x — x?)dx
0
If m=n =0 then 2 x3A\r 101 1 _
=(%-%) =2-3=7Zsq. units.
) (2 3)0 5~ 3= g S0 units
/ sinmx cosmx dx y4
_,,1 .
=5 /_,, sin 2mx dx Wy
_ 1 €O0s 2nx ’ = 0 (by periodicity) y=x
=1 = y p Y)- </ v
52. If 1 <m <Kk, we have X
s ao s
f_,, f(x) cosmxdx = 2/ cosmx dx Fig. 5.7.1
k ,, 1
+ Zan/ cosnx cosmx dx 2 Area of R— / (VX — x2) dx
n=1 - 0
+2k:b /” sinnx cosmx dx = (2x3/2 - lx3) l _2 1.1 SQ. units
~ ") ' 3 3" )l 3 3 3" '

YA

By the previous exercise, all the integrals on the right
side are zero except the one in the first sum having
n = m. Thus the whole right side reduces to

T T 1 2
am [ cof(mx)dx = am w dx

- ?(Zn +0) = ram.

Thus 1 _
am = —f f (x) cosmx dx. Fig. 5.7.2
T J_x )
A similar argument shows that 3. AreaofR= 2/0 (8 — 2x?) dx
2
g 4 64 _
bm = lf f(x) sinmx dx. = (16x — —x3> = — SQ. units.
/4 - 3 0 3
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Fig. 5.7.5

Fig. 5.7.3

6. For intersections:
T+y=2y°—y+3=2y°—2y—4=0
2y—2)(y+1) =0= ie,y=—-1or2

2
Area of R = f_l[(7+ y) — (2y? — y + 3)] dy

For intersections:
X2 —2Xx=6Xx —x°=2x2—8x =0
i.e, x=0o0r4

4
Area of R = / [6x —x?— (x° - 2x)] dx
0

4 2
=/(8x—2x2)dx =2/1(2+y—y2)dy
A _
2

4
2 64 . 1, 1 3> .
_ 2 4.3 _ o =22y + —y-— = =9 sqg. units.
<4x 3x ) T3 Sg. units. (y 2y 3y . q
Ya y=6x—x2 AN
(4,8)
R
y=x2—2x
*
Fig. 5.7.4 Fig. 5.7.6
1
5. For intersections: 7. Area of R = 2/ (x — x3) dx
0
4x — x2 = 6—3x NG
e w2 X X .
22y14;><(_x6] & Xx2_T7x+6=0 :2(7_7) zisq.umts.
y+x= (X—1)(x—6) =0 v

Thus intersections of the curves occurxat= 1 and
X = 6. We have

6 2 3
AreaofR:f (2x—x——3+—x> dx
1 2 2
752 3 6
= ~x X 3x
4 6 L (-1,-1)
245 1 125 .
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1
8. 4Shaded area:f (x% = x3) dx
0
1
1 1 1
= <§x3 - Zx“) T sg. units.
Y 4

Fig. 5.7.10

Xy

1 5—2x
11. For intersections:; =y= >

) Thus %2 —5x+2 =0, i.e.,,(2x —1)(x —2) = 0. The
Fig. 5.7.8 graphs intersect at = 1/2 andx = 2. Thus

2 _
Area of R =f <5 G - E) dx
1/2 2 X

1
9. Area ofR:/ (WX = x3) dx
0

2 4
(5532 %
3 4

y

1

= — s(. units.
o 12

X=y’
y=vX

Fig. 5.7.11
Fig. 5.7.9
1
12. Area of shaded regios: 2] [(A = x?) — (x? = 1)?] dx
0
1 1, 1" 4
= 2/ 2 —xhHdx=2(=x3— —x5> = — s@. units.
b 37 75 )|,” 15
YA
10. For intersections: y=(x2-1)2

y’=2y*-y-2=y’—y-2=0 y=1-x°

yY-2(y+1)=0= ie,y=—-1or2

2
Area of R = / [y?— (2y? —y - 2)]dy
—1

2 1 1\
=/ 2+y-yiddy=(2y+-y*—2y®
. 27 73

-1

9 .
=3 Sg. units. Fig. 5.7.12

204



www.konkur.in

INSTRUCTOR’'S SOLUTIONS MANUAL

2
X 1
13. The curvesy = — andy = ——— intersect atx = +1.
Y= andy =150

Thus

1 1 2
AreaofR:Z/ - X dx
0 1'+'X2 2
1

=2 tan‘lx—x3 —”—ls units
= 6), 2 3%
y A
1
Y=x11
2
=7
R/
—1 i X
Fig. 5.7.13
14. For intersections:
4x
— _=1=x?>—4x+3=0
3+ x2 = +
ie, x=1o0r3
3
4
Shaded area= f [—Xz - 1} dx
1 L3+X
3
=[2In(3+x?) —x]| =2In3—2 sq. units.
1
Ya
4X
=312
y=1
) (31
M
Fig. 5.7.14

4 .
15. The curvesy = 2 andy = 5 — x2 intersect where

x*—5x2+4=0, i.e., where(x?2 — 4)(x2 — 1) = 0. Thus
the intersections are at= +1 andx = +2. We have

2 4
AreaofR:Z/ (5—x2——2)dx
1 X

3 2
:2<5x—x—+f)
X

_4 sg. units
3 = 3 54 unis.

1

SECTION 5.7 (PAGE 328)
16. Area A = (siny — (y* — z2)) dy
2 y3 T 4z 3 .
= —cosy+ny - =3 sd. units.

Fig. 5.7.16

5z /4

17. Areaof R= f (sinx — cosx) dx
/4

5z /4

= —(cosx + sinx)

/4
=2+ /2 =22 sq. units.
y
g y=sinx
% R 5z /4 /
y=CO0SX
Fig. 5.7.17
/2
18. Area :f (1 — sir? x) dx
—n/2
/2
:2/ 1+ cog2x) dx
0 2
=(x+ sin2x) " — 2 sq. units
= > . T2 qg. .
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Ya
y=tanx
_ax /(%1)
y=1 =7
7 N
A
y=sir? x ;
T X
2
Fig. 5.7.18 Fig. 5.7.21
, 22. For intersectionsx/3 = tan(z x/4). Thusx = +1.
T/
19. Area A :f (sinx — sir? x) dx N <
T
0 . /2 Area A = 2/ <x1/3 —tan—) dx
( COSX + SINX cosX _X> 1-Z sg. units ° N
=|- _— =1-—sq. . 1
2 4 3 4 X
0 =2(>x¥3 - _In ’sec”—‘
Y4 4 T 4 0
3 8 3 4
=Z - —Inv2=Z2—_=1In2 sq. units.
2 2 =«
y=sinx y
y=sir? x
. y=itan(7rx/4)
X 10X
Fig. 5.7.19

T

/4
20. Area A =2/ (co€ x — sir? x) dx

0 Fig. 5.7.22

/4 /4
= 2/ cog2x) dx = sin(2x) =1 sq. units.
0 0

y

23. For intersections: sec= 2. Thusx = +x/3.

/3
Area A :2/ (2 — secx) dx
0

/3
= (4x — 2In|secx + tanx|)

4
= ?ﬂ —2In(2+ +/3) sq. 